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V4aebHO-MeToAnYecKe MaTepruasbl MOATOTOBIEHBI B pAMKaX WHHOBAIMOHHON 0Opa3oBa-
resibHOI mporpaMmel HHI'Y: O6pasoBarenpro-HayaHblii meaTp "M HGOpMAIIIOHHO-TEIEKOM-
MYHHUKAIITOHHBIE CHCTEMBI: (DH3MYECKHe OCHOBBI H MaTeMaTHIeckoe obecrnedenue"

banangun JI.B., Koran M.M. Hcnons3zosanune LMI toolbox nmakera Matlab B cuntese
3aKOHOB yIpaBJeHUd. Y 9e0HO-MeTOANYeCKe MaTePUAJIBI [0 ITPOrPAMME TTOBBIIIEHN S KBAJIH-

dukanun "MapopMannonHble TeXHOJIOIAA U KOMIbIoTepHasd MareMmaruka'. Huxuuit Hos-
ropo, 2006, 135 c.

B ydebHo-MeTo uUeCKHX MaTepuaJiaxX HW3J0KeH eJIUHBIN TOJX0/ K CHUHTE3Y PeryJasiTo-
POB JI/Isd IMHAMUYECKHX OOBLEKTOB, 3a/JaBaeMbIX juddepeHnuaabHbIMI UId PA3HOCTHBIMA
yPaBHEHUAMH, KOTOPBIH HCIOJIb3YeT allapar JUHEHHBIX MATPHYHBIX HEPABEHCTB M IIAKET
npukaaaHbpX nporpaMM MATLAB. Iloaydensl ypaBHEHUs PEryIsTOPOB MO COCTOSHUIO U 10
U3MEPSIeMOMY BBIXO/1y, KOTOpbie 00eCIednBalOT yCTORYMBOCTH 3aMKHYTONH CHCTEMbI, OITH-
MaJIbHOCTh TEPEXOIHBIX ITPOIECCOB, 3aaHHbIN YPOBEHDb rallleHusl BHEIITHUX BO3MYIIEHMUIA.

st crienuaucToB B 00JACTH TEOPUM yHPABIEHUS, aCIUPAHTOB W CTYIEHTOB CTAPITNAX
KyPCOB YHUBEPCUTETOB U TEXHUYECKUX BY30B, CIICIUAJTU3UPYIONIUXCA B 00/ 1aCTH NPHUKJIaTHON
MaTeMaTHKH, HHGOPMAIMOHHBIX TEXHOJOTHH, CUCTEMHOTO aHAJIN3a U TEOPUU YIPABJICHU.
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OrjiaBJjieHue

Bsenenue

1 JIuneitHble MaTpUYHBIE HEPABEHCTBA
1 Omnpenenenus u cBoiicTBa

2 OcHoBHBIE 3a7a4U

3 Hepasenctso ¥ + PTOTQ +QTOP <0
3.1  VCAOBUS PABPEITUMOCTH . .« o .t v o e e e e e e e e e e e e e e
3.2 IlapaMeTpm3amus BCeX PENTEHUH . . . . . . . . . . v v v v i v e e e
3.3 CHCTEMA HEPABEHCTB . . « © « v v v v e v e e e e e e e e e e e e

4 PemeHnue JJUHEHBIX MaTPUIHbIX HepaBeHCTB B nakere MIATLAB

II Cunte3 3aKOHOB yIpaBJEeHUS

5 Crabuausamuga
5.1 Crabuau3amus M0 COCTOTHIIO . . . v v v v v e e e v e e e e e e e e e e e
5.2 OpHoBpeMeHHas CTAOWIN3AINS HECKOJIBKUAX OOBEKTOB . . . . . . . . . . . ..
5.3 Crabuam3anms MO BBIXOMLY . « « « « v v v v v e e e e e e e e
5.4 Crabunmusamnusa ¢ UCHOAbL30BAHUEM HadIOgaTe el . . . . . . . . . . . . ...
5.5 Crabuiu3aius IUCKPETHBIX OOBEKTOB . . . . . « v v v v v o e e e e e e e

6 MopganbHOE ynpaBJieHTE
6.1 LMI-obmactu . . . . . . ..
6.2 CuHTE3 MOATBHOTO YIPABIEHUST . . . « o o o o e oo e e e e e e e e e

7 OntumMaabHOE JUHENHO-KBAAPATUYHOE YIIPAaBJIEHUE
7.1 Beruucienne Ho-HOPMBI TIepeIaTOTHON MATPHIIBI . . . . .« « .« o o o o o o . . .
7.2  Cunre3 y-ONTUMAJLHBIX PEIYASTOPOB MO COCTOSTHUIO . . . . . . . . . . . . . .
7.3 CunHTe3 V-ONTUMAJBHBIX PETYASITOPOB MO BBIXOAY . .« « « « « o o o o o o o . .

8 OmnrTuMmaabHOE raimeHue BO3MYIIeHUId
8.1 YpoBeHb raimeHns BOSMYIIEHUN B HEMIPEPBIBHOM OOBEKTE . . . . . . . . . . .
8.2  H,-perysiaropbl I HENPEPBIBHBIX OOBEKTOB . . . . . « o o o o v o v o o . .
8.3 Vpoenb raienusi BO3MYIIEHUN B JUCKPETHOM OOBEKTE . . . . . . . . . . . .



4 Oryasjenne

8.4  H_ . -peryagaropsl I AUCKPETHBIX O0BEKTOB . . . . o v v v v v v e o o v . 92
9 AJuropuTM momcka B3aMMHOOOPATHBIX MaTPUIL 99
IIT TIIpunokeuus 105
A BiouyHble MaTPUIIBI 107
B JIluneiinble MaTpu4YHbIE YyPAaBHEHUSA 113
C JluneiliHble ypaBHEHUd U IICEBIO0OPATHHIE MATPUIILI 115
D CrpykTypHBIE CHCTEMHBIE CBOIICTBA 119
E Pacmmpennas nemma JIamyHoBa 121
F KpouekepoBo mpomu3BeaeHIE 125
G S-mponeaypa 127
H YacrorHasga Teopema 129

JImrepaTtypa 131



BBenenne

e 31X yuebHO-METOAMIECKUX MATEPUAJIOB — TOKA3aTh, KAK HA OCHOBE YHCJIEHHOTO perlre-
HUS JUHERHBIX MaTpuIHBIX HepaBeHCTB B makere MATLAB M0XKHO CHHTE3MPOBATH 3aKOHBI
yIpaBJIeHUs THHAMHIECKHME OObeKTaMH.

B Teopun ynpasienus quHeiiHbIie MATPUIHBIE HEPABEHCTBA MPUMEHSI/IUCH OY€Hb JTABHO.
VYike u3BecTHOE ypaBHeHue JIsmyroBa [22] B Teopuu ycroiauBocTH

ATX + XA=—Q

[PU [IPOU3BOJILHON CUMMETPUYIECKON MOJIOKUTEIBHO OIIPEIe/IeHHON MaTpune () MOXKHO pac-
CMaTPHUBATh KaK JUHEHHOe MATPHYIHOE HEPABEHCTBO

ATX + XA <0

OTHOCUTEJBHO HEW3BECTHOH MaTpuibl X. YCIoBUS abCOTIOTHON YCTONIMBOCTH TWHAMUYE-
CKUX CHCTEeM, YPABHEHUsI KOTOPBIX COJAEPZKAT HEU3BECTHYIO HEJUHEHHYIO (DYHKIUIO, PACIIO-
JIOZKEHHYO B 33JJaHHOM CeKTOpe (Tak Ha3bIBaeMble CHCTeMBbI JIyphe), TakKe OblIH BbIDAZKeHbI
B BHJIE JUHEHHBIX MATPUIHBIX HepaBeHCTB [40, 28]. OaHAKO TOJBKO MOCHE TOTO, KaK ObLIN
Pa3BUTHI COOTBETCTBYIONINE BBHIYUCIUTEIbHBIE MeTObI B KOHIIE 20-TO BeKa, OCHOBAaHHBIE HA
UJesX BBITYKJIOH ONTHMW3AIUHN, U JJI UX PEATH3AINY MOSBUIHCH AJITOPUTMBI ¥ TPOTPAMM-
Hoe obecreuenne |71, 59|, muHeiiHbIe MATPUYHBIE HEPABEHCTBA CTAJIN AKTHBHO MPUMEHSITHCS B
pa3AMYHbIX 0OIACTAX TEOPHH CHCTEM U Teopuu yupasienus [51, 77). B wactaocTn, B [58, 62|
OBLITO MTOKA3aHO, KaK CUHTE3 H  -peryasiTOpoB CBOAUTCS K PEIIEHUO JIMHEHHBIX MATPUIHBIX
HEPABEHCTB.

Cunresy peryasiTopoB Ha OCHOBE JIMHEHHBIX MATPUUHBIX HEPABEHCTB B HOC/IEIHUE TO/bI
OBLIIO TIOCBAIIEHO OT'POMHOE YHUCIO IMyOJUKAIUA B TAKUX U3BECTHBHIX KypHasax Kak [EEE
Transactions on Automatic Control, Automatica, Systems and Control Letters, Internatio-
nal Journal of Control u MHOrEX JIpYTHX, & TAKZKe B TPYJIAX BCEX HOCJETHIX KOH(pEePEeHIHH 110
reopuu ynpasierust (World IFAC Congresses, IEEE Conferences on Decision and Control,
European Control Conferences u npyrunx).

JluHeiiHbIe MAaTPUYIHBIE HEPABEHCTBA MO3BOJIAIOT C €IWHBIX TO3UINN PACCMATPUBATH U
pelnraTh MHOTHe TTPOOJIEMBl TEOPUH YIIPABJIeHUS W, B YACTHOCTHU, TAKWe BayKHbIE KaK CTaOU/In-
3alHsd HEYCTONIUBOTO OOBbEKTA 1O COCTOSHHIO U IO T3MePIeMOMY BBIXOLY, MOJAJIBHOE YITPaB-
JIEHUE, ONTHMAJIbHOE JIMHEHHO-KBAIPATUIHOE YIIPAB/ICHIE, ONTUMAJHHOE TAIEHNE BHEITHIX
BO3MYIIEHUI B paMKax Teopun H, -yupasieHus, pobacTHas yCTONINBOCTD U CTAOUIN3AIASI,
abCcoJIIOTHAS YCTORYUBOCTD U cTabuin3arus, podbactuoe H. -yrnpasieHue.

B xadecTBe 00BEKTOB yHpaBIeHHS PACCMATPUBAIOTCS JIMHEHHbIe HEPePBhIBHbIE H JIHC-
KPETHbIE JIMTHAMUYECKUE CUCTEMbI ¢ M3BECTHBIMU MOCTOsIHHBbIMU. CHHTE3UPYEMbIE PEryJisaTo-
pPBI BRIOMPAIOTCS B KJIACCe JIMHEHHBIX, B O0IIEM Caydae, TUHAMUYECKUX O0OPATHBIX CBsi3eil.



6 Oryasjenne

OcHoBHasI ujiest, TOJI0KEHHAs! B OCHOBY CHHTE3a, 3aK/II04aercs B cie/ryoneM. Llesas yrnpas-
Jenns HOpMyJIHpYyeTcsa B BUJE HepPaBeHCTBa OTHOCHTEJbHO KBaJIpaTHdHON dynkmum Jlamy-
HOBa 3aMKHYTO# cucteMbl V (z) = 27 X2 ¢ cUMMeTpHYICCKON MOTOKHUTEIBLHO ONPEIeTIeHHOM
marpuieit X = X7 > 0. Jlus 3a/a4u crabuiu3aiuy 3T0 1IPOCTO HepaBeHcTso JldiyHosa, a
Juid 3a7a9u H o ,-ynpaBIeHns 3T0 HEPABEHCTBO HEIOCPEICTBEHHO MOJIy4YaeTcs IIyTeM Ipeod-
pa3oBaHusi Ha OCHOBE YaCTOTHOI Teopembr [13] 11e1eBOro yeI0BUS, BBIPAZKEHHOIO B 9aCTOTHON
00J1acTH, B 9KBUBAJCHTHOE €My MAaTPHYHOE HepaBeHCTBO. B o0oMm ciydae mosydaromeecs
HEepaBeHCTBO MOXKET OBITH IIPE/CTaBJICHO B BHJE JUHEHHOrO MaTPHYHOI'O HEPABEHCTBA OT-
HOCHTEIBHO HEH3BECTHOH MATPHUIBI MapaMeTPOB PeryIsaTopa © HEeKOTOpPOTo CIeNHAILHOTO
BHIA

v+ PTe’Q +Q"erP <0, (I)

rae P, Q m ¥ — MaTpuipsl cOOTBETCTBYIONIUX TOPSIKOB, 3aBUCSIINE OT UCXOIHBIX TAHHBIX,
HpuydeM cuMMeTpuyeckas Marpuna WU 3aBUCUT TaKzKe OT HeM3BeCTHON Marpuibl X (HyHKIUN
JlganyHoBa. 9TO HEPABEHCTBO UMEET HEIYCTOE MHOYKECTBO DEIIeHWl TOTAa W TOJHKO TOIJA,
KOT/Ia BBITIOJIHEHBI /1B HEPABEHCTBA

WEUWp <0, WHEW, <0, (IT)

B KOTOpBIX crosonel Marpuny Wp u Wy obpasyior 6asucsl saep marpur P u () COOTBETCTBEH-
Ho. [locenane nBa HepaBeHCTBa Y Ke HE COIEPXKAT IepPeMeHHBIX O, M I peryasToOpOB II0
COCTOSTHUIO HJIH PETYJISITOPOB 10 BBIXOJY TOJHOTO MOpsijika (KOTIa MOPSIOK PEryIsiTopa COB-
aJlaeT ¢ MOPSAIKOM OOBEKTa) 9T HEPABEHCTBA SIBJSIOTCS JIMHEHBIMI MATPHYHBIME Hepa-
BEHCTBAMU OTHOCUTEIbHO MaTpuibl X . Takum o0pa3zoM, MCXojHas 3ajada pa3iesasiercsda Ha
JIBe 33Ja4d: CHAadaja HAXOAWTCI MaTpuma X, yIOBAETBOPSIONAas JUHEHHBIM MaTpPHIHBIM
nepapedctBaM (II), a 3arem HalijleHHAash MATpPHUIA IOJCTABISAETCA B JIMHEHHOE MATPUIHOE
nepasercTBo (I) U HaxomATCS MApaMeTpsl peryistopa O.

B Gosee CIIOXKHBIX CIydasX, KOIa COCTOSHHE O0BbEKTa He HU3MEPSAeTCs W CTPOUTCS pe-
TYJISATOD 10 BBIXOJY MOHUZKEHHOIO TOPSAIKA (KOTJIa MOPSIOK PEryasTtopa MeHBINe MOPSIKa
o0bekTa), ofHa W3 Marpuil P mwin () TakzKe 3aBHCUT OT MaTPUIbl X, W 9TO HPUBOAUT K
ToMy, 4T0 cooTBercTByonne HepasencTsa (II) comepxkar kak Marpuiy X, Tak u o6paTHyto
K Heit Marpuiy Y = X ! Tenepb 9TH HepaBeHCTBA OKA3bIBAIOTCS JTHHEHHBIMI MATPIIHBIMIE
HEpPaBEeHCTBAMHU OTHOCUTEIBHO ABYX B3aHMHOOOPATHBIX MaTpull X u Y, ¥ 3a71a9a CBOJIUTCH K
ONTUMHUBAINY HEKOTOPOH HEBBIIYKION (DYHKINY MPY OIPAHUICHUSX, 3a1aBA€MbBIX JTHHEHHbI-
MH MAaTPHYHBIMH HEPABEHCTBAMH. YKa3aHHOE OOCTOSTEJHCTBO MPUHIUIAAIBHBIM 00pPa3soM
VCJIOKHSIET CHHTE3 PEryJsgaTOPOB, TaK KaK OTCYTCTBYIOT PEryJIspHBbIE METOIBI ONTUMHA3AINN
HEBBIMYKABIX GyHKIMi. K HacTosmemMy BpeMern pa3paboTaHbl PA3JIMIHBIE ATOPUTMBI TUC-
JIEHHOTO DeIlleHus JanHoil 3amaum [4, 7, 8, 9, 43, 44, 46, 48, 60, 64, 65, 79, 80|. Bo muorux
MPAKTUIECKHN BasKHBIX CJIYUIAAX YIAETCS OCYIIECTBHTH TpeOyeMblil CHHTE3, XOTs HU OIUH U3
HU3BECTHBIX AJITOPUTMOB HE FapaHTUPYyeT PelleHus JIEo00i 3a1adu.

[Ipu HammcaHUU TOTO MOCOOHUSI ABTOPHI CTABUIN Iepen co0oii 3a1ady MO3HAKOMHUTD UH-
TaTesisd C OJMHUM M3 COBPDEMEHHBIX HAIPABJIEHUN TEOPHHU YIIPABJIEHHUS, KOTOPOE B OCHOBHOM
pasBuBaJioch He B Poccun, xorsa dysgament 3toit Teopun 0611 3am0xken B CCCP B Tpynax
AN. Jlypoe u B.A. fdky6oBuda. C 3T0ii 11e71610 aBTOPHI CHCTEMATH3UPOBAIH OOIIHPHBIH Ma-
TepHaJ, CoIep:KaIuiics B 3apyOeKHBIX KYPHAJIBHBIX IIYOJIHKAIUSIX, IPUBEIH COOCTBEHHBIE
JIOKa3aTeJbCTBA HEKOTOPBIX YTBEPXKICHNH U COOCTBEHHBIE PE3YJIbTATHI, a TAKrKe MPOMLIIO-
CTPUPOBAJIH HpE/JIaraeMble IIPOLEAYPHl CHHTE3a PEryasTOPOB HA, MHOMOYUCICHHBIX MTPHMe-
pax yhpaBJ/IeHHsI MEXaHHIeCKUMEI CHCTEMaMHU.



Orjiapienune 7

Cnenyer 106aBUTH, ITO HEKOTOPbIE U3 00CYZK/IaeMbIX BOIPOCOB YACTHIHO OTPAYKEHBI B
PYCCKOSI3BIYHOI JTuTepaType B AByX MOHOIpadusax |27, 39| u #HeGoIbIIOM qucTe Ky PHATBHBIX
crareii [17, 18, 19, 20, 10, 11, 4, 7, 26, 30, 9].

ITocobue opranuzoBano cjejpayiomum obpazom. B yactu I npuBoisiTcst OCHOBHbBIE CBE/ICHUS
O JUHEHHBIX MATPUIHBIX HEPABEHCTBAX: OMPeIe/IeHNe M OCHOBHBIE CBOWCTBA; 3a/1a91 Pa3pe-
MMTAMOCTH, ONTUMU3AINNA U 0DOOIIEHHOIO COOCTBEHHOIO 3HAYEHUsI, KOTOPbIE HCIIOJIB3YIOTCS
B CHHTE3€ Pery/saToOpoB; IMOJAPOOHOE HCCJIE/IOBAHUE CIEHAJbHOTO JIMHEHHOTO MaTPUYHOIO
nepaperctBa (I); onucanue ocHOBHBIX ucmoab3yeMbix koMmana LMI Toolbox makera Matlab.

Yacte I mocBsimnena cuHTe3y 3aKOHOB yHpPaBACHUS JTHHEHHBIMA HEIPEPHLIBHBIMU U TUC-
KPETHBIMHU JHHAMUYECKAME 00 beKTaMu. PaccMaTpuBaoTcs 3aa49u CTabu/In3amun mo COCTOsI-
HHUIO U 110 U3MEPpAEMOMY BbIXOAY, MOAAJIbHOE YIIDaBJIEeHUE, OIITUMAJIBHOE ﬂHHefIHO—KBa,ZLpaTHq—
HOe yupasJienue, H.,-onTuMaabHOe YIIPaBJIeHue.

Yacte III cocrouT m3 mpuIoKeHUi, COAeprKalluX HeoOXomuMble (PAKThl U3 JHHEHHO
anreOpel ¥ MaTpuYHOTO aHamu3a [12; 33|, a Takxke wactorHyo Teopemy [42; 13|, KoTopbie
HUCIIOJIB3YIOTCA JAJIA O6OCHOBaHI/IH IPpUBOAUMBIX B KHUI'€ TEOPETUYICCKHUX PE3YyJIbTaTOB.

CHI/ICOK JIATePaTypbl BKJIIOYa€T TOJBKO KJIIOYEBbLIE l'[y6JH/IKaJ_[I/H/I7 CBA3aHHBIC C MW3JIar'ae-
MBIM MaTepraJoM, U He TIPETEHAyeT Ha MOJHOTY.

YdaebHo-MeTou4YecKoe 1mocobue ajapecyercs CTYIeHTaM CTapIIuX KypcoB U acIHUApaHTaM
VHHUBEPCUTETOB U TEXHUYECKHUX BY30B, CICIUAJTUIUPYIONIUMCS B 00JIACTH TPUKJIAIHON MaTe-
MaTHUKU, I/IH(bOpMaLH/IOHHbIX TeXHOJ’IOl—‘I/IIU/I7 CUCTEMHOI'O aHaJIN3a U TEOPpUH YIIpaBJICHUA.
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Yactp 1

JImaeiinbie MaTpniHbl€e HEPaBEHCTBa






I'maBa 1

OnpeselieHnus U CBOCTBA

JInneifinbimM MATPpUYHBIM HEPABEHCTBOM Ha3bIBa€TCA HEPaBEHCTBO OTHOCHUTE/ILHO HEU3BECT-

HBIX MEPEMEHHBIX & = (X1, , Tp,) CJAEIYIOIEro BUIA
B KoTtopom Fy, I, -+, F,, — deficTBUTeILHBIE CHMMETPHYIECKIE MAaTPHIILI pa3Mepa n X n, T.e.
F, = F'' e R i =0,1,---,m. 3uak > ( o3Ha4aeT MOJIOKUTEILHYIO OIPEIeJeHHOCTD

MaTPHIILI B JIEBOIl YaCTH HEPABEHCTBA, T.€.
wW' F(r)u>0 YueR", u#0.

YeaoBre MoJM0KATETHHON OpeIeIeHHOCTH MATPHIBL F' (1) MOXKeT ObITh SKBUBATIEHTHO BbIPa-
XKEHO B BUJE \pin(F'(2)) > 0, rue A(+) o6o3Hauaer cobCTBEHHOE 3HAYEHUE COOTBETCTBY IOILEH
MAaTPHIIBL.

B smneitnom marpuanom nepasenctse F(x) > 0 dyukius F(z) asisiercs abdunnoii (B
CBsi3U ¢ 9TUM Bbipazkenuto F'(x) > 0 6611 661 Gostee ajexparer Tepymut "addunHOe MATPHI-
HOe HepaBeHCTBO") 1 0ToGpazkaeT KOHEYHO-MEPHOE BEKTOPHOE IPOCTPAHCTBO V' B MHOXKECTBO
S*={M| M= MT e R"™"} nelcTBUTCILHBIX CHMMETPUICCKAX MATPHIL,

[TycTs umeerca adpdunnoe orodparkenue

F(x) = Fy+ L(x) | (1.2)

rie Fy € 8™ u L(x) — nuneiinoe orobpaxkenne V — S" a x € V. Torga, BeiGupas 6a3uc
{e1, -+, en} BV, MOXKEM 3amucaTh

L(x) =Y z;F;
=
rie

X:ijej, F;=L(e), j=1,---,m,
j=1

1 Hepasenctso F'(x) > 0 npumer sux (1.1).
B npmioKeHusx 9acTo BCTPEYAIOTCS JIMHEHHBIE MATPUYHBIC HEPABCHCTBA, 3AMHCAHIBIC
OTHOCHTE/IbHO MATPUIHBIX IePeMEeHHBIX. TaKoBbIM, HAIIPHMEp, ABJISETC HEPABEHCTBO

ATX + XA+Q >0, (1.3)

11



12 I'masa 1. Onpenesennst u ¢BOHCTBA

B koTopoM A, () € R™™ — 3amanabie marpunp, a X € R™" — HewsBecTHas MaTPUIIA.
3aMeTuM, ITO 3TO HEPABEHCTBO OYIET JIMHEHHBIM MATPUIHBIM HEPABEHCTBOM TOJBKO B CJIy-
Jae CUMMeTpUIecKoit MaTpuipl (). B 9ToM ciiydae BEKTOPHOE MPOCTPAHCTBO V' COBMAIAET C
pocTpaHcTBoM 8™ cUMMETPUUECKUX (1 X 1)-MATPULL, WK ¢ U30MOPMHBIM €My €BKJIUIOBbIM
npocrpancroM R, rie m = n(n+1)/2. Beitbupas B srom npocrpancrse 6azuc { £y, - -+, E,, }
n 3anuceiBag X = 37", x; Fj, NPeJCTaBUM 9TO HEPABEHCTBO B BUJE

Q + ZIj(ATEj + E]A) >0 ,

j=1

r.e. B Buze (1.1). Hanpuwmep, nepasencrso (1.3) npu

01 00
A= , Q= ,
2 3 00
10 0 1 0 0 T1 To
X:.I'l + X2 + x3 =
0 0 10 01 To I3

CBOANTCA K JIMHEAHOMY MaTPUYHOMY HEPABEHCTBY

0 1 4 3 0 2
X1 + 22 + I3 > 0.
1 0 3 2 2

B mHecTpornx JUHEHHBIX MATPHYHBIX HEPABEHCTBAX 3HAK > 3aMeHsgeTcs Ha >. Marpudambie
repaserctsa F(z) < 0u F(z) > G(x) c abdbunabivu dynknusvu F(z) n G() 3a0uchBaoOT-
s Kak JinHelHble MaTpudnsie Hepasencrsa —F(x) > 0 u F(z) — G(x) > 0 coOTBeTCTBEHHO.

Jluneiinoe MarpudHoe HepaBeHcTBO (1.1) ompefesisieT HeJqWHEHHOe, HO BBIMYKJIOE OTpa-
HOYeHne Ha T, T.e. MHOXKecTBO F = {z| F(z) > 0} aBnsgercsa BIIyKIbIM. [leficTBUTEIBHO,
ecin 1,9 € F u « € [0, 1], To, yuursiBas, uro dpyukuus F(z) abdurnas, nmeem

Flaz; + (1 —a)xg) = aF(x1) + (1 — a)F(xg) >0 .

CucreMoil JTHHENHBIX MAaTPUYHBIX HEPaBEHCTB Ha3bIBacTCdAd KOHEYHOE MHOXKECTBO JUHEH-
HbIX MAaTPpUYHbIX HEPABCHCTB

Fl(x) >0, ,Fk(l’) >0. (14)

Baxkno orMeruTh, 4To J1100as cucTeMa JIMHEHHbIX MAaTPUYHBIX HEPABEHCTB MOXKET ObIThb 3a-
IHUcaHa Kak OJHO JIMHeiHOe MaTpHYHOe HepaBeHCTBO. A umenHO, (1.4) BBIOJHAETCS TOIIA
7 TOJBKO TOTJIa, KOTJA

Fi(z) 0 0
0 Fyz) - 0
F(r) = : L >0.
0 0 Fi(x)

Dto caeayer u3 TOro Gakra, 9T0 MHOXKECTBO COOCTBEHHBIX 3HadeHuil marpunst F(x) ecrnb
00beIHHEeHIe MHOYKECTB COOCTBEHHBIX 3Hadennii marpun F(x),-- -, Fi(z), 1 Mmunnvansmnoe
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CO6CTB€HHO€ SHa4YeHue MaTpuiibl F(I‘) COBIIada€T € MUHHUMYMOM N3 BCEX MHUHUMAaAJBbHBIX
cobeTBeHHBIX uncest marpur, Fj(x),i = 1,---, k. CiaenosaresbHo, JT060d &, Jjisi KOTOPOTO
F(z) > 0, takxke ynosaersopsiet cucreme (1.4) u Ha060pOT.

B HIPUJIOZKCHUAX BCTPEYAIOTCA 3a/Ja494 C TaK Ha3blBa€MbIMHA KOM6I/IHI/IpOBaHHbIMI/I orpa-
HUYCHUAMU, KOTODPbIC 3adal0TCA JINHEeTHBIMU MAaTPpUYHBIMHI HEPpaBEHCTBaMM M JINHEeTHBIMU
ypapHenusmu. Hampumep, paccMaTpuBaioTcst 00/1aCTH, ONpeeIseMblie YCIOBUIMI

F(z) >0
Ar =b
WK
F(z)>0
r=Ay+b
JUIS IIPOM3BOIBLHOrO Y. Kazkaoe w3 9TUX orpaHudYeHHil MOXKeT ObITH MPEeICTABIEHO OIHHM

JIMHEHTHBIM MaTPHYHBIM HepaBeHCTBOM. /[leiicTBUTENLHO, 00001IAsT 9TH CIyYand, PaCCMOTPUM
YCJIOBUS

]; (g) /\i ? (1.5)
rie M — addunHOE mOIMHOKECTBO R™, T.€.
M=uzq+ Mo={xg+m| me My},
g € R™ u My — nognpocrpanctso R". Ilycts {ey,- -+, e} — 6a3uc B My u nycrb, Kak u B

(1.2), F(x) = Fy + L(x). Torma
0< F(J]) = F() + L(l’o + zk:l J]j€j) = Fg + L(l’o) + Z l’jL(@j) =
j=

=R+ B 4+ B, = F(T)

rie Fy = Fy + L(zg), Fy = L(ej), @ = (21, -, ;). Takum obpazom, x € R™ ynoBieTBopsier
(1.5) Torma u ToBEKO TOTAA, Koraa F(Z) > 0, T/ie © U T CBA3aHBI COOTHOIIEHHEM T = T -+
Z?:l xje;j.

Cuenyronee CBOMCTBO JMHEHHBIX MATPUYHBIX HEPABEHCTB OYeHb BAzKHO I IPeobpaso-
BaHWs HeJIMHEHHBIX HEPABEHCTB B SKBUBAJEHTHBIE MM JIMHEHHbIe HepaBeHcTBa. Ilycrh cum-
MeTPHUIeCKad U HeBLIPOXKIeHHad Marpuiia M npejcrabieHa B OJI0YHOM BHJIE

My, My
M{‘FQ Moy

M=

u 670k My, = M, nepbipoxennsiit. CresaeM cJie/Tyioniue BbIK/Ia/ KK
a:TMx = .T{MHIEl —+ 2${M121}2 + l'gMQQfﬂg =
= (ZEl + M1_11M12$2)TM11(1’1 + M1_11M12.T2) + xg(MQQ — Mlng_llMlg)(L’g s

rie pasbuenne x = col (z1, x5) coorBeTcTBYeT pasbuenuto Marpunsl M. Orcoma cienyer, 9To
M > 0 Torma um ToabKO TOrma, Koraa My > 0 u S = My — MngﬂlMlg > 0. 910 yTBep-
KJeHne HOcUT Haspauue Jemmbl [Ilypa (cm. semmbl A.2 u A.3 B IIpuiokenun), a MaTpUIA
S maswiBaerca jgonosanenueM no Ilypy marpunsr Mp; B matpune M. HenocpencrBeHHBIM
CJICJICTBAEM 3TON JIEMMBI ABJISETCA CJeAYyIoNee yTBEPXKJIeHUE JIJid JUHEHHBIX MaTPUIHBIX
HEPABEHCTB.
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YrBepxkaeuue 1.1 ITycmo F YV — 8" — appuntan Gyrurkyui, Komopas npedcmasieta
6 6.404HOM 6ude

FH((L’) Fm(l’)

Fiy(x)  Fo(w)

ede Iy (x) xeadpammnaa. Hepaserncmeo F(x) > 0 ewnoanerno mozda u moavko mozda, kozda
Fy(z) >0, Fy(z) — Fo(z)Fy () Fh(z) >0 . (1.6)

OtrmeTuM, 4T0 BTOpOe HepaBeHCTBO B (1.6) ABJIsI€TCST HEJMHEHHBIM OTHOCHTEIBHO Mepe-
MeHHBIX . TakuMm 06pa3oM, HUCIOIb3Ys yTBepKIeHne 1.1, HetmHeiHbIe HepaBeHCTBA YKa3aH-
HOI'O BH/Ia MOT'YT ObITH IIpeobpa30BaHbl B JIMHEHHbIE MATPUIHbIE HepaBeHcTBa. Kpome Toro,
M3 9TOTO yTBEPXKACHHsI TAKKe CJe/lyeT, 9To HelnHeiiHbie HepaBeHcTBa Buaa (1.6) onpeness-
IOT BBITTYKJIbIE OTPAHUYEHUS IO TePEeMeHHbIM T.

B kagecTBe mpumepa mpeobpa3oBaHus HEJIUHEHHOIO MATPUIHOIO HEPABEHCTBA B JIMHEI -
HOE MAaTPUIHOE HEPABEHCTBO PACCMOTPHM CJIEAYIONIee KBAJIPATUIHOE MATPUUHOE HEPaBEH-
cTBO Pukkaru, xapakrepHoe Jyid 3a/a4 H,,-ylupaBjieHust

ATX + XA+ XBR'BTX +Q <0 (1.7)
[Ipumenssa gemmy Ilypa, npejicraBum 310 HEPABEHCTBO B BUJIE

~ATX - XA-Q XB
BT Y R > 0.
D10 03HAYAET, YTO HeJMHelHOe HepaBeHCTBO (1.7) sBJisleTcsl BBIMYKJIBIM 10 X, 9TO GBLIO
JIAJIEKO He OYEeBHUIHO.
Eme oaun npumep: MaTpuuHoe HepapeHcTBo X > Y ™! > 0 B cuny jemmbl [lypa sxBu-
BaJICHTHO JIMHEMHOMY MaTPUYHOMY HEPABEHCTBY

X I
1Y

>0

oTHOCHTEILHO MaTpull X u Y.



I's1aBa 2

OcHOBHBIE 3aJIa9N

Pemenne MmuOrnX nmpobyeM B TEOPUU yIPABICHHUS, KaK OyeT TOKA3aHO B MOCAEAYIOIINX TJ1a-
BaX, CBOJIUTCS K PEIIEeHUIO ONpeeIeHHBIX MAaTeMAaTHIeCKIX 33,124, BKIYAOININX JHHEHHbIe
MaTpHYHbIE HEpaBeHCTBA. V3 MHOrooOpasus Takux 3aja4 MOKHO BBLIEJHTH TPH OCHOBHBIE,
KoTopble 3dpdekTuBHO pemaiorcs ¢ nomomnbio LMI Toolbox nakera MATLAB.

Samaua paspemumMoCTH: CyNEeCTBYeT WM HEeT PEelleHue X JIMHEHHOr0 MaTpUYHOIO
uepapeHcTa F(z) > 0. Ecan Her, T0 3a/1aua Ha3bIBAETCS HEPA3PEIINMOI.

Bamaua onTUMMU3AUUKA C JUHEHHBIMUA MATPUYHBIMUA OTPaHUYEHUAMU: i [ :
) — R BBIYUCIUTD

DTa 3a/1a9a BKIOYAET HAXOXK/EHHE E-ONTUMAJBHOIO Pelllenus , s Koroporo F(z) > 0 u
f(2) < fopt + € € 3a1aHHOI TOYHOCTBIO €.
3amaua Ha 0000IIEHHOE COOCTBEHHOE 3HAYE€HUeE: HaiiTh MuHUMaJIbHOe N\ € R, g
KOTOPOTO
AF(z) = G(z) >0,
F(x) >0,
H(z) >0,

rae F(z), G(x), H(z) € 8" — addbunubie GbyHKImm.
[Tpupenem HecKOJILKO TPObJIeM, IS PeIeHnsT KOTOPhIX MPUMEHSI0TCs ChopMyITHPOBaH-
HbIE 3a/Ia49H1.

Ilpumep 2.1 Cozaacno meopeme Jlanyrosa (cm. aemmy E.1) aunetnasn dunamuneckas cu-
cmema
T = Az, (2.1)

ede A € R™", acumnmomusecky ycmoliuuea, m.e. 6ce cOOCMEEHHLE 3HAYEHUA MATNPULDL
A seosrcam 6 omEpoimots 46607 KOMNAECKCHOT NOAYNAOCKOCTU, MO0206 U MOADKO M020a, k0204
cywecmeyem X = X1 > 0 maxas, wmo

ATX + XA <0 .

Taxum obpaszom, acumnmomuyeckas ycmotuusocms cucmemo, (2.1) sxsusarermmua paspe-
WUMOCTNU CAEIYIOULE20 AUHETTHO20 MAMPUYHO20 HEPABEHCNEA

X 0
0 —ATX - XA

>0.

15
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IIpumep 2.2 Cozaacno meopeme Jlanynosa (cm. semmy E.2) aunetinas duckpemnas ou-

HamMuveckaa Cuctmema
Ti41 = Al‘t (22)

ACUMNMOMUYECKY, Ycmotuuea, m.e. 6ce cobcmeennvie 3Hauerus mampuyoe A aescam 6 om-
KPOIMom eOUHUNHOM KPY2e KOMNACKCHOT NAOCKOCTU, 0206 U MOAbKO mo20a, ko20a cyuie-
cmeyem X = XT > 0 maxaa, wmo

ATXA-X <0.

Taxum 06pazom, acumnmomuyeckas ycmotuusocms cucmems, (2.2) sxeusarermmua paspe-
WUMOCTNU CAEIYIOULE20 AUHETHO020 MAMPUYHO20 HEPABEHCNGA,

X 0
>0 .
0 X—-ATXA

IIpumep 2.3 Vpostem 2awerus 603MyweHull 8 ycmotiuusom AUHETHOM 00BeKMe
t=Axr+Bv, z(0)=0,
z=Cx+ Dv ,

na Komopwill deticmeyem ozparudennoe no nopme Lo sosmywenue v(t), m.e.

ol = ([ o) < oo

HA3vlBACTNCA BEAUYUHA
_ [El
= sup —r .
lof2o [Vl
Kax 6ydem noxasaro 6 pasdese 8.1, yposers 20weHUA 603MYWEHUT PadeH MUHUMAAOHOMY
v, OAA KOMOPO20 CNPABEIAUBO AUHETHOE MAMPUYHOE HEPABEHCNEO

ATX +XA XB C7
BTX  —~I DT |<0.
C D —I

Ve

Ipumep 2.4 ITycmo F(x) = FT(x) > 0 — afpunnas dynrxyus. Paccmompum 3adany mu-
numudayuy Gyrryuy f(r) = Apae(F(2)).

Tax kax Apax(F (7)) = A2 (FT(2)F (7)), mo, npumenas semmy A.2, umeem

Mnae(FL(2)F(2)) < v <=~y — F'(2)F(2) > 0 <= I F) >0
ma x)F(x v v x)F(x) Flo) ; )

Ecau onpedeaumo

T B vl FT(x) _
xr = , F(z)= ) T)=7,
(7) (Z) (F(x) ; ) (@)=~

mo F(Z) — afdunnas dynruyua, v 300a4a MUHUMUSQUUL MAKRCUMAALHOZ0 COBCMEENHO20
anavenus mampuup, F(x) sxeusasermma munumusavuy dynxuuu f(T) npu ozpanuvienuds
F(z) > 0. Taxum 06paszom, paccmampueaemasn 3a0a4a c600Umca % 3a0aue onmuMUSGUUL ¢
AUHETHDLMY MAMPULHBMU 02POHUNEHUAMUY.



17

ITpumep 2.5 Pacemompum 3a0auy naxoscoenun cmenent yemotiuusocmiy acumMnmomuse-
crU Yyemoluusot Auretnot cucmemot

T = Az .

9ma 3adava c600UMCA K NOUCKY MUHUMAAOHO20 3HAUEHUA N < 0, NPU KOMOPOM 6bINOAHA-
eMCA HEPABEHCNEO
ATX + XA -)AX <0

ora X = XT > 0, m.e. x 3a0axe na obobwennoe cobemeennoe anavenue. Ipu amom cmeneno
yemotiwusocmu 6ydem pasha |\, |/2.

IIpumep 2.6 /Jlra yemotivusozo obsexma
t=Ax+ Fv, z(0)=0
PACCMOMPUM 0OPAMHYN 360a4Y HAUTYIULE20 B03MYULEHUA: K0200 B03MYUEHUE
v=~"2Hz

ede H u v > 0 — 3adannvie Mampuya u “Uucao, ABAAEMCA HAUTYOWUM NO OMHOWEHUN K
dynryuonary euda

J(v) = /(:L‘TQx —y%Tv)dt (2.3)

npu nexomopoti Q = QT > 0 (nodpobree 06 obpammnvir 3a60a4aT HAUTYOULE20 GOZMYULEHUA
U MUHUMAKCHO20 Yynpasaenus cm. [16, 68, 69]). Hanommum, wmo nwauxrydwee 603myuserue,
makcumuaupyouee gynyuonan (2.3) ¢ sadannot mampuuet Q = QT > 0, onpedessemea
BULPAIHCEHUCM,

Ve = 7_2F TXx ,

8 KOMopom mampuua X = X7 > 0 — emabuausupyrowee peusenue ypasHenus Purkamu
ATX + XA+~y2XFFTX +Q =0,

m.e. maxoe, wmo mampuuya A + v 2FFTX eypsuyesa. Taxum obpasom, paccmampusae-
MGA 00PaMHAs 360040 IKGUBGAEHMHG 3G0GYE PA3PEWUMOCTNY AUHETHLLT MAMPUSHBIT HePa-

BEHCIMB
ATX + XA+~ 2HTH <0 ,

(A + 'Y_QFH)TXl + XI(A + ’Y_ZFH> <0

ommocumenvro mampuuv, X1 = X{ > 0 u mampuyee X = X7 > 0, ydosaemeoparoweri
AUHETTHOMY MATMPUYHOMY YPABHEHUNO

FTX =H,

m.e. 3adave paspewumMoctnnu HOM6UHUp06aHHT)LLL’ AURETIHBLT MAMPULYHDLL HEPABEHCINE.
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I'maBa 3

Hepagencrso ¥ + PLolQ + Q1oP < 0

3.1 YcjaoBus pa3penimMoOCTH

B 3amadax cuaTe3a peryIsaTopoB, paCCMATPUBAEMBIX B IaHHON KHUTE, KIIOYEBYIO POJIb OVIET
UrpaTh JUHEITHOE MATPUYHOE HEPABEHCTBO BU/IA

v+ PTeTQ +Q'er <o, (3.1)

B KoTopoM W — 3ajlaHHAsT CAMMeTpUYecKas MaTpuna nopsijika (n X n), a P u () — 3aJaHHbIe
marpuibl 10psiikoB (I X n) u (k X n) coorsercrsenno. Hac OyjuyT unrepecoBarb ycjoBus
Pa3penmMOCTH 3TOI0 HEPABEHCTBA OTHOCHTEILHO HEM3BECTHOH MaTpuilsl © nopsaka (k X [).

Ecan panru marpun, P u () paBHBI n, T.e. 3TH MATPUIILI UMEIOT JHHEHHO HEe3aBUCHUMbBIE
cToabIBI, TO HepaBeHCTBO (3.1) Beerga paspentuMo. B caMoMm Jieie, B 9TOM cJIydae ypaBHe-
e QTOP = K paspemnMo 0THOCHTeIBbHO MaTpHIB O mpu aob6oif MaTpume K cooTBeT-
crBytomiero mopsiiika (cM. gemmy B.2), a HepaBeHcTBO (3.1) BBINOIHSIETCS, HATIPUMED, MPU
K < —(1/2)V. B sroii riraBe GyayT HOJIy9eHbl YCJIOBUS Pa3PeNTUMOCTH HepaBeHcTBa (3.1) u
IpeCTaBAeHbl B apaMeTpUUecKoil hopMe BCe ero penreHud B IBYX APYTUX CJAYYadxX: PaHT
onHoit n3 Marpun, P wim () paBeH n, a paHr Apyroi — MeHbIIE n; pauru odbenx marpul P u
() MeHbIIe N.

Vreepxkaenue 3.1 ITycmo danvi cummempuueckas mampuya ¥ = U € R™" 4 dse mam-
puyee P € R u Q € R¥™, npuvem rank P = n u rank Q = rg < n. Jlunetinoe mampun-
noe mepasencmeo (5.1) paspewumo ommocumenvro mampuuyv, © € R mozda u moavko

moeda, Koz2da
WHIWo <0, (3.2)

ede cmoabyv, mampuyve Wo obpasyrom basuc adpa mampuyvt Q.

Hokazaresnbcreo. Heobxomumocts., Ymuoxus (3.1) cieBa Ha Wg u cupasa Ha Wy, noiy-
anm (3.2).
JloctarouHocTh. Pa3jioKuM mpocTpancTBO R™ B HPAMYIO CyMMY

R"=R(Q") ®N(@Q),

rie R(QT) — o6pas marpuns QT a N'(Q) — aapo marputisl (, 1 BEIGEpEM COOTBeTCTBYOITHT
6asuc. B srom Gazuce () 6yaeT coOTBETCTBOBATH MATPHIIA, CJAEAYIOMET0 OJOUYHOTO BHIA

Q=(Q1 0),

19
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rae (1 uMeer pasmepsl k X 1¢g, a Hyaesoit 610k — k X (n — rg). Ipeacrasum rakxe P u W

B 3TOM Oasuce B BHIE
Uy Wy
P - (Pl PQ) 5 ql -
Ui, Uy

Marpuma Wq nomxna ObITh pemienneM ypasHeHusa (QWgo = 0 m mMeTb MaKCHMaJIbHBII
PAHT, TTO3TOMY, YIUTHIBASA CTPYKTYPY MATPHUILI (), BO3BMEM Wg = (0 I). Torga ycaosue
WéF\IIWQ < 0 cBemerca K HepaBeHCTBY Woy < 0, a HepaBeHCTBO (3.1) mpumer BHI

Uy + Q?@Pl + PlT@TQl Wiy + Q,{@PQ
<0. (3.3)

v + PIeTQ, W

Has 3anamnoit marpunst K = (K7 K3) paccMOTpUM CJIyIONIee MATPHIHOE YPABHEHHE
OTHOCHUTEJILHO MATPHUIHI ©

Qre(P P) = (K K). (3.4)

Coryacao jiemMe B.2 310 ypaBHeHHe HMeeT pelIeHHe TOIJIAa M TOJbLKO TOTJA, KOTJa HMEOT
pemerus Y w Z ciaeayoliue IBa MATPUYHBIX YpaBHEHUS

'y=K, 2z P)=K.

Tak xak (rg x k)-marpuma QT umeer panr rg < k u (I x n)-marpuna (P, P,) umeer panr
n, To 00a 3TH ypaBHeHus paspermumbl. CaemgoBareabHo, ajs awbbix K;, ¢ = 1,2 Haiigerca
marpuia © takasi, aro Bepro (3.4). Takum obpasom, marpuna B Jeoii qactu (3.3) umeer
OTPHUIATEBHO OLpe e aeHHbIH 0,0K Was, a BCe ee OCTaIbHBIE OJIOKH MOI'YT OBITH CI€IAHBI IIPO-
U3BOJILHBIMHI 32 CYET COOTBETCTBYIOIIEro BhIOOpa MaTpuibl ©. Beibupas ux Takumu, 9T00bI
BBIIIO/THSLINCH YCJIOBHSA JTeMMBI A.2, yOe:KaaeMcs B CIIPABEIINBOCTH CAEJTAHHOTO YTBEPIKIe-
HWA.

Vreepxkaenue 3.2 [lycms danv cummempuueckas mampuya W = U1 € R™" 4 dse mam-
puye P € R>™ u Q € R¥™, npuvem rank P = rp < n u rank Q = rg < n. Jlunetinoe
mampumunoe nepasencmeo (3.1) paspewumo ommocumenrvno mampuuys, © € R¥ mozda u
moavko moeada, K020a

WEHEIWp <0, WLUWo <0, (3.5)

ede cmoabuv, mampuyve Wp obpasyrom basuc adpa mampuys, P, a cmoabuyv mampuys We
obpasyrom basuc adpa mampuist Q.

HokazarenbeTBo. Heobxomumocts. YMuoxkub (3.1) cnauana caesa na WE u cnpasa na
Wp, a 3arem ciesa Ha W u cnpasa na Wy, noxyanm (3.5).
Hocrarounoctb. Pazjioxkum npoctpancTBo R™ B UPAMYIO CyMMY

R" = {N(PAN(P)NN(Q)]} & IN(P)NN(Q)]&
SIN(@\N(P)NN(Q)]} & M,

rne N (P) u N(Q) — sinpa marpun P u @, a M — nononnerne N (P)BN(Q) 10 R™, u BeiGepem
coorBercTByIonuii 6asuc. B atom 6azuce P u () OyayT uMmeTsb cjemayoonuiit 6,I0UHbI BHT,

P=0 0 P P), Q=(Q 0 0 Q).
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[Tpencrasum taxxke W B sToM Gasuce B Buge ¥ = (U;5), 4,5 = 1,2,3,4. OgeBugno, 4ro B
kagecTse MaTpui, Wp u Wy MoryT ObITh B34ThL

I 0 00
0 I I 0

We=1lqg ol We=|o 1|
0 0 0 0

1 TOrAa ycaosus (3.5) CBOAATCS K HEPABEHCTBAM

(‘;i $;§><o, <$T ‘§§§><o. (36)
Tpebyercs Tenepb YyCTAHOBUTH PA3PENTUMOCTh OTHOCHTEIBHO © MATPUIHOIO HEPABEHCTBA
(3.1), KOTOPOE HPUHUMAET BH/L
Wy Ui W3+ Ky Vg + Ko
v, Wao Was Way
Ui, + K, vl Wy sy + K7,
Ul + K, Wi, Ul + Ky Wy+ Kyp+ K,

<0, (3.7)

. T . s
rie K;; = Q;OP;, 1,7 =1,2.
[Tokarkem cHadaa, 9TO MATPUIHOE yPAaBHEHHE

Q{ Kll K12
O P)= 3.8
(QQT) B A <K21 Kzz) (32)

pa3peIruMo OTHOCUTETbHO © J7is JI000i COOTBETCTBYIOINIEr0 pa3Mepa MATPHUIILI B IIPABOii da-
ctu. HelicTBUTEIbHO, cOrIacHO JleMMe B.2 1T pa3pelrmMOCTH 9TOr0 YpaBHeHHs HEOOXO MO
7 JIOCTATOYHO Pa3PENIIMOCTH OTHOCUTENIBHO Y W Z CJACAVIONIUX JABYX YpaBHEHHH

QT K K K K
T Y - y Z (Pl PQ) -
Q2 K21 K22 K21 KQQ
Tax xak (k X rg)-marpuna (1 Q2) umeer paur rg < k u (I X rp)-marpuua (P, P,) umeer
panr rp < [, To 00a 3Tn ypasHenns paszpermuMel. CieoBarenbno, aasg moobx Kij 1,5 = 1,2

Hafigercs Marpuna © Takas, 9To BepHO (3.8).

O6o3Ha4UM
\I’H \1112 \1/13 + Kll

H — \III{Z \1/22 ‘1123
Uiy + Ky g W3

JIeBY10 BeDXHIOI (3 X 3)-0JoUHYI0 moAMAaTpHIly MaTpuibl B jesoii wactu (3.7). Torma co-
raacHo jgemme A.2 Ui BBIIOJIHEHUS (3.7) HEOOXOMMO M JOCTATOYHO, 9TOOBI MMEJH MECTO
HEpPaBEHCTBA

T
Uy + Ko Uiy + Ko

M<0, (Vy+ Kp+Kj)— Woy -t Wy <0.
Uay + K Uy + K
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Brimtosinenne BToporo u3 3TUX HepaBeHCTB npu gaHHbIX K1, Ki2, K91 Bcerga mMoxKer ObITH
obecIieveHo 3a cYeT COOTBETCTBYIONIEr0 BbIOOpa Koy. [loaToMy ocTanoch mokasarsk, uro II < 0
npu HeKoTopoit K.
st 3TOTO CAeIaeM CiaeayIoIine Tpeodpa3oBaHnsa KBaapaTudHoit (popMmbl ¢ MaTpureit 11
npu x = col (x, Ta, x3):
-1 -1
xTHI = (1’2 + \1’22 \I’{Qxl)T\Ifgz(l’g + \1’22 \11{21’1)"‘
-1
+5E{(\I/11 — \1112\1122 \Ij{g)fﬁl + 21’{(‘1’13 + Kﬂ)xg + 2$5W23I3 + $§W33I3 =
-1 -1 -1 -1
= (132 + ‘1122 ‘I/{zl’l + \DQQ ‘11235(73>T\I/22 (Q?Q + ‘1122 ‘11{21’1 + \1122 ‘1123.173>+
-1 -1
Faf (Wi — WioWoy Uh)wy + 2 (W — Wi Wy Wag)as+
-1
+22] (W13 + K{} — W1oW5) Wog)as .

Hpe,ZLCTaBI/IM I[I0JIy4YE€HHO€ BbIpazKe€HH€ B BH/E

xTHa: = (1’2 + \112_21111{21’1 + \112_21\1123x3)T\1122(x2 -+ \112_21111{21’1 -+ @2_21\11231'3)4—

N ( . T) Wy — U5, 0l Wi+ KT — W05 Wy x1
Ty T3 _ _
(U5 + K1T1 - \Plz‘lfzzl‘ljm)T Wag — ‘1153‘1’221‘1’23 T3

I[TepBoe ciiaraeMoe 3TOro BBIPAYKEHUS HEIOIOKUTEIBHO, T.K. B CUIy (3.6) 1 teMmbr A.2 nmeem
Uy < 0, a B MaTpuIle, onpe/esiomnieil BTopoe ciaraemoe, JuaroHajibHble OJJ0KH — OTpHUIa-
TeJBHO ONpejieIeHHble MaTpuipl B cuwiy (3.6). fcHo, 1To 3a cuer BeIGOpa K7p, HOJIOXKHEB,
HaIpUMeD,

Wis+ Ki) — UoWo, Way =0,

BCe 3TO BBIPAYKEHHE MOYKET ObITh CAeJaHO OTPUIATENbHBIM JJIs1 JIFOOOT0 HeHysieBoro x. Tem
CaMbIM, CIIPABEJJINBOCTh YTBEPZK/IeHU 3.2 JTOKa3aHa.

OrmeruM, 4T0 ¢ yaeroMm jJemMbl A.8 yciaosus (3.5) paspemmmMocTu JTHHERHOTO MaTpUY-
HOrO HepaBeHCTBA (3.1) OTHOCHTEIBHO MATPHIBI O MOTYT OBITH SKBHBAJIEHTHO BBHIPAZKEHBI
HepaBeHCTBAMU

U —puPTP<0, ¥—uQfQ<o0, (3.9)

KOTOpBbI€ JOJIZKHBI BBIIIOJIHATBHCS IIPA HEKOTOPOM [ > 0.

3.2 Ilapamerpusaluga Bcex penieHuii

[IycTh Tenephb ycaoBus, chopMyJIHPOBAHHBIE B YTBEPXKICHUU 3.2, BBIIOJIHSAIOTCI ¥ HEpaBeH-
crBo (3.1) paspemtumo. [peacrasum P = PpPr u QQ = Qg B BUJIe TIPOU3BEICHUsT MHOKH-
TesIeil TMOJHOIO paHra, B3sB, HAPUMED, B KA4eCTBE CTOJIOIOB JIEBBIX COMHOXKHUTEEi JII00bIe
Tp U T¢ JAUHEHHO He3aBHCHMBIX CTOJIONOB Marpur P u () COOTBETCTBEHHO, Yepe3 KOTODbIe
JINHEHO BBIPAKAIOTCS BCE OCTAIbHBIE CTOJIONBI. TOr1a IIpOn3BOIbHBIN j-if CTOIOEI, CKazKeM,
MaTpuisl P Oyaer JimHeiHOM KoMOMHANITEH cTOIOIOB MaTpulbl P, ¢ Koaddunuenramu, 0o-
Pa3yIoNIMMH j-it crosben MaTpulibl Pr. Tak KaK COMHOXKHTEIN HMEIOT MaKCUMAJIbHBINA PAHTH,
to marpuibl PL P, PrPE, QYQr, QrQ% asnsiorcsa nesviposkaennpivu. O6muii Buj Beex
perennii HepaBeHncTBa (3.1) B mapamerpuyaeckoit hopme TaeTCst B CIEIYIONEM YTBEDIK IeHIH.
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Vreepxkaenue 3.3 ITycmo danv cummempuueckas mampuya U = U € R™" 4 dse mam-
puytt P € RU™ u Q € R¥™, npunem rank P =rp < n u rank Q = rg < n. Ilycmo makoice
BLINOAHEHDE YCAOBUA

WEUWp <0, WHIWG <0, (3.10)

ede cmoabuyv, mampuyve Wp obpasyrom basuc adpa mampuyst P, a cmoabuyv mampuys We
obpasyrom basuc adpa mampuuywn Q). Tozda cyuwecmeyrom maxue coomeemcmayouLe20 pa3me-
pa mampuyw, Z u L, npuswem ||L]| < 1, a makorce wucao p > 0, wmo npouseosvroe pewerue
AUHETH020 MaAMPuuH020 Hepasencmea (3.1) npedcmasasemes 6 eude

O = (Q))'KPf + 72— (Q}) QI ZP.P} (3.11)

20e
K = puSY2L(PrdPL) ™12 — uQr®PL (PrOPL) !,

®=(pQhQr—9)" >0,
S = ,ufll — QR[@ — (PP%(PR@Pg)*lPR(D] E ,
a seprruli undexc + omeenaem onepauul neecioobpatLeHua.

JokaszareabeTro. Ilyeth © — pemenne nepapenctsa (3.1). Torga marpuna K = QTOP,
VJIOBJIETBOPSIET HEPABEHCTBY

U+ PEKTQr+ QEKPRr <0,
U, 3HAYUT, CYIIECTBYET TaKOe JOCTATOYHO 00oJibioe 4 > (), 4TO BBIIOJHAETCH HEPABEHCTBO
U+ PEK"Qr+ QRKPr+u 'PEKTKPRr <0 .
[Tpeobpaszyem 310 HEPABEHCTBO K BUJLY

p(p 'KPr+ Qr) (W' KPr+ Qr) + (V — pQRQr) <0, (3.12)

obozmaunMm pQEQr — ¥ = ®~! u nokaxeM, 9To 3TA MATPHIIA MOJOKATETHHO OTIPE/ICTEHHASL.

3 Broporo yciaosus (3.10) cienyer, uro 7 Uz < 0 pist Beex x, npunaieskaiux N (Q)
— aapy marpuns Q. Tak kak N(Q) = N (QTQ) u uz 27QLQTQQrxr = 0 B cunty Toro, uro
marpuna QT Qp mespipoxkennas, cienyer Qrr = 0, To 7 Wx < 0 ayid Beex T, yI0BITBOPS-
forux ypasuenuio QQrxr = 0. [lostomy, npumenss memMy A.8, MOIyTHM, 9TO I JOCTATOTHO
ooapimoro g > 0 umeem U — ,quQR < 0, T.e. BBeJeHHAS BBIIIe MaTpuia @ moI0KUTEIHHO
onpeJieIeHHA.

Cormacuo slemme A.2 nsa mepaserncrsa ¢ > 0 u (3.12) SKBHBAICHTHEI HEPABEHCTBY

potI 1 K Pr+ Qr 0
>V,
(,U_IKPR + QR)T (I)—l
KOTOPOE, B CBOIO 04YepeJib, IKBUBAJICHTHO HEPABCHCTBY
p > (K Pr+ Qr)®(u 'K Pr+ Qr)"

PackpoiBasgs cKoOOKH B IpaBoil 4acTH 9TOro HepaBeHCTBAa W "BBIAE/ss IIOJHBIA KBajapar',
npeobpaszyeM ero K BHILY

(W K + QrOPE(PrOPL) (PrOPE) v 'K 4+ QrPPL (PrOPE) T <
< — Qg[® — PPL(PrPPL) PrP]QF -
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Bponga obosnadenunsa

L =p 'K + QrdPL(PrdPE) "

3.13
S = ' — Qp[® — ®PL(Pr®PE) " Pro]Q% , (3.13)

3aluaieM 1nocjaeaHnee HepaBeHCTBO KaK
L(Pr@PHLT < S . (3.14)

ITokazkem, 9TO MaTpuia B MPaBoil 4acTH 3TOI'O0 HEPABEHCTBA SIBJSIETCS ITOJIOKHUTEHHO
onpeeiennoii. /leiicrBurenpHo, HepaBeHCTBO S > () 9KBUBAJEHTHO HEPABEHCTBY

p I — Qr[® — ®PL(PrOPL + v ') PR@]Q% > 0

IPH J0CTATOYHO OoJibitioMm v > (. YuurbiBag jgemMmy A.5 00 obpalleHun MaTPHUIbI CIIeIHa/ b
HOTI'O BHU/JIA, MTEPEIUIeM 3TO HEPABEHCTBO B BU/IE

p > Qr(® +vPEPR) QY .
C yuerom jiemMmbl A.2 3TO HEPABEHCTBO, B CBOIO OYepPe b, IKBUBAJEHTHO HEPABEHCTBY
O+ P PR — pQrQr =vPiPRr— T >0,

KOTOPOE BBIIIOJHAECTCS IIPU JIOCTATOYHO OoJibiioM v > 0 B cuity nepsoro u3 ycaosuii (3.10)
u geMmMbl A.8.
Taxkum 06pazom, ucxoaHoe HepaBeHcTBO (3.1) sxBuBaseHTHO HepaseHcTBY (3.14). O60-
3HAYAS
L =S2L(ProPE)Y?
3amuieM HepaBeHcTBo (3.14) Kak

IL|| <1.
3 (3.13) maitnem

K = pS"?L(PROPE)"? — pQrePL (PrOPE) ™ .

Hakonen, Tak xak K = QTOP;, To ¢ yuerom Toro, 4ro marpuupl P u (g UMeoT JHHEHAHO
He3aBUCHMBbIe CTOJIONGI 1, cIeaoBaTeabHo (eM. [Ipuioxkenne),

P =(PIP)'Pl, Q)T =QL(Q1Qr)™",
HEIOCPEACTBEHHOl TIOICTAHOBKOM yhexk1aeMes, 4To
©=(Q)'KP +Z - (Q])"QLZP.P/

JJIsT HEKOTOPOH MaTpuibl Z pasMepa Marpuibl ©. Takum o6pa3oM, MBIl YCTAHOBHIM, YTO
dbopmyra (3.11) 3amaer Bce pemenus: HepaBeHcTBa (3.1), U yTBEpKICHHE JOKA3AHO.

CoraacHo 3TOMY YTBEPZKIEHUIO JTsl IOy YeHHsI KAKOro-11b0 perennst HepaseHcTsa (3.1)
TpebyeTcd BHIOpaTh mapamerp 4 > 0 u3 yenosug puQhrQr — ¥ > 0, Beibpars Marpuny L u3
yeaosus || L] < 1, 3agars Marpuiy Z u Beraucautb © no dopmyre (3.11). Samernm, uro
B JajbHeiflleM yKasaHHAs HapaMeTpH3aldsd He HCHOJAb3yeTCs, T.K. DU CHHTE3e 3aKOHOB
YIIpABJIeHUsT HAC Oy/leT MHTEPECOBATH OJHO U3 PEIIeHHul paccMaTpUBaeMOro HEPaBEHCTBA,
BBIYHCJIIEMOE C MOMOIIBLI0 KoManabl basiclmi B LMI Toolbox MATLAB.
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3.3 Cucrema HepaBeHCTB

B HekoTOpBIX 3ajadax ympaBJeHUs TaKHX, HAIpUMep, KaK OJHOBpEMeHHad CTAOMIM3aIusd
HECKOJIbKUX O0'bEKTOB HJIU TallleHrne BO3MYIIEHN U OJHOBPEMEHHOM OI'PAHUYEHUN HECKOIb-
KUX (DYHKITMOHAJIOB, MpobJjieMa CHHTEe3a CBOJIUTCH K MPOBEPKE Pa3periuMOCTH CUCTEMbI JIH-
HeHbIX MaTPUYHBIX HEPABEHCTB

v, + Pre’Q; +Qler, <0, i=1,...,N, (3.15)

B KOTOpPBHIX W, — 3a/laHHble CHMMETPHYECKHE MATPHIBI HOPSIKOB (n; X n;), a P, u @Q; —
3a/IaHHbBIe MATPHUIIBI TOPsiAKOB (I X n;) u (k X n;) coorBercTBenno. Hac OyayT unTepecoBaTh
YCJIOBHSI PA3PEIIUMOCTH YTOH CHCTEMbl HEPABEHCTB OTHOCUTEIHHO HEM3BECTHON MaTpuibl ©
nopsaxa (k x 1).

OrmeruM, uro cuctema (3.15) He MOKeT OBITH NPEJICTABIEHA B BUJIE OJHOTO HEPABEHCTRA
TaKOI'0 TUIIA C MATpHUIlei O obIIero BIIa, a 3HAYUT, K ITOH cucTeMe He MOTYT ObITh HpUMeHe-
Hbl yTBepKIeHud 3.1 u 3.2. HemmocpeacrBenHoe 0000IIeHnE STHX YTBEPKICHUHN /1T CHCTEMbI
(3.15), cocrosiiee B TOM, 4TO OHA Pa3periuMa TOIJAA M TOJBKO TOIJA, KOIJIA BBIIOJHEHDI

yCJ10BUA
WEUWp, <0, WiUWo <0, i=1,...,N,

SIBJISIETCS] HEBO3MOXKHBIM, KaK TOKa3bIBaeT CJeIyonui Konrpupumep [73].
ITycTn
-1 4 -1 —4
\Ill = ) \IIQ = )
4 -1 -4 -1

P=P=(01), @=Q=(10), i=1,2.
Ouesuano, aro Wp = QF, W = P u
WEUWp =W U;Wo=-1<0, i=12.

Eciu 661 0000111€HIE yTBEPK IeHUS 3.2 /sl JAHHO# CUCTeMbl HePAaBEHCTB ObLIIO ClIpaBeIJInBO,
TO U3 MOCJEIHEr0 HEPABEHCTBA CJAeI0BAI0 Obl, 9TO CYIECTBYeT mapamerp O, st KOToporo
CIIpaBeJINBbl HEPABEHCTBA

-1 ©O+4

U, + PTeTQ + QTeP = <0,
©+4 -1
-1 -4

Uy, + PTOTQ + QTP = <0.
©—-4 -1

OJ1HAKO, IIepBOe HEPABEHCTBO YKBUBAJEHTHO HepaBeHCTBY |O + 4| < 1, a Bropoe — HepaBeH-
crBy |© — 4| < 1, u He cymecTByer ©, yI0BIETBOPSIONEr0 060UM 3THM HEPABEHCTBAM.

Bwmecte ¢ Tem, B 73| Oblin BBIZETEHBI [BA YACTHBIX CJIydasi, JJisi KOTOPHIX HEKOTOPOE
obobrienue yreepzkaeHuil 3.1 u 3.2 Bo3MoxKkHO. [lepBblit U3 HUX OTHOCHTCS K CHCTEME Hepa-
BeHCTB (3.15), B KoTOpO#t P, = P u (QQ; = Q ist Bcex ¢ = 1,..., N, T.e. K cucreme

v, +PTe’'Q+Q'eP <0, i=1,...,N, (3.16)

u TpebyeT BBeIeHUsI HEKOTOPOI JIONOJHATE/ILHON MaTpudHOil nepemernoit Vo, MaxKopupyio-
et Bce mMaTpuibl ;.
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Vreepxkaenune 3.4 Ilycmo danv, cummempuueckue mampuuyv, ¥; = U1 € R 4 =
1,...,N udse mampuuywn, P € R>*™ u Q € RM™, npuuem rank P =rp <n urank Q =rg <
n. Cucmema AuHedHBET MAmMPUuHHL Hepasereme (3.16) paspewuma omHOCUMEALHO MAM-
puys © € R¥ moeda u moavko moeda, K020a cyuecmMeyem CUMMEMPUYECKAL MATMPULG
Vo>V, 0=1,..., N maraa, umo

WEUWp <0, WHWWgo <0, (3.17)

ede cmonbyv, mampuywv, Wp obpasyrom basuc adpa mampuys, P, a cmoabuyv mampuys We
obpasyrom basuc Adpa mampuios Q).

Hokazarenbcrro. [Tycrs yemobus (3.17) Bermosaenst. Torma coryiacHO yTBepKIeHHIO 3.2
CYIIIECTBYET TaKasi MaTpuia O, 4ro

U, + PTe’Q+Q'er <o0.
Tak kak Vo > V¥;,2=1,...,N, T0
U, + PTOTQ + QTeP <V, + PTeTQ +QTePrP <0 .

[Tycrb Tenepsb cucrema nepapencts (3.16) umeer pemenune ©. Torma cymecrsyer € > 0,
q9T0

U, +PTe'Q+Q"eP+cI <0, i=1,...,N.

Ecan onpenenutsb

Uy = —(PTOTQ + QTOP +<I) ,

TO W3 MOCJEeIHETO HepaBeHCTBa ciaemayeT, 9To Wy > W, madg Bcex ¢ = 1,..., N. Kpome Toro,
TaK KakK
Uy + PTe’Q+Q"erP =<l <0,

TO, YMHOKag 3TO HepaBeHCTBO cHadala cjesa Ha W2 u cupasa ma Wp, a 3aTeM cieBa Ha
W4 u cipasa na W, noayanm (3.17).

Crnenaem onno 3amedanue. Eciu B cucreme (3.16) oana usz marpun, P win () TOJTHOTO
panra (HaHpHMep, Q), TO YTBep2KJaeHue 3.4 ocTaeTcs ClpaBeJIIMBbBIM ITPU 3aMeHe HEPABEHCTB
B (3.17) Ha OIHO HEPABEHCTBO

WEUWp < 0. (3.18)

Bropoii wacrabiit ciaydait kacaercst cucremsl (3.16), B KOTopoil onna u3 marpui, P uim
@) coBmajaer ¢ equHAYHON Marpureii (6e3 orpannvenus obrHOCTH TToMOKIM () = [), T.e.
CHACTEMBI HEPABEHCTB

v, +Pe"+eP<0, i=1,...,N. (3.19)

Jst aroro caydasi Hapsiny ¢ ycaobueM (3.18) MOXKHO IPUBECTH APYrHe HEOOXOUMMbIE H J10-
CTATOYHBIE YCJOBUS Pa3PENTUMOCTH ITOW CUCTEMbBI, HEe BKJIIOYAIOIIAE HOBBIX TTEPEMEHHBIX.

Yreepxkaenue 3.5 [lycmo danv, cummempuueckue mampuuyp, ¥, = I € R =
1,...,N u mampuya P € R>*™, npuvem rank P = rp < n. Cucmema AUHETHDT MAMPUL-
nox nepasercme (3.19) paspewuma ommocumenvro mampuuyst © € R¥*! mozda u moavko
mozda, Koz2da

WiV Wp <0, i=1,....,N. (3.20)
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Hokazarenbcrso. Heobxoammocts yeaosus (3.20) moka3piBaeTcst Tak ke, KaK W B yTBEP-
kaeaun 3.1. [y qoKa3aTeabeTBa JOCTATOTHOCTH 3aMETHM, 9TO COIJIACHO JieMMe A.8 Hepa-
BeHCTBA (3.20) SKBHBAJCHTHBI HEPABEHCTBAM

U, —PTP<0, i=1,...,N
JII HEKOTOPBIX f1; > 0. O6o3HaumM p = max; p;. Torma

U, —uP™P<0, i=1,...,N.
Bagasag © = —(1/2)uPT, noxyanm

v, +Ple’+0P <0, i=1,...,N.
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I'1aBa 4

Pentenne nuneiiHbIX MaTPpUIHBIX
HepaBeHCTB B nmakere MATLAB

B ocHOBY 4nc/IeHHBIX METOOB PEIIeHNs TUHEHHBIX MATPUIHBIX HEPABEHCTB O IOZKEHBI METO-
bl BeInyk0it ontuvusanun. B makere MATLAB ncnonp3yorcs Tak Ha3bIBaeMble METOJIbI
BHyTpeHHel Toukn (interior point methods), paspaborannbie B [71]. V310KnM OCHOBHYIO
HJIEI0 9TUX METOJOB Ha MpHMepe 33Ja4id MUHUMHU3AIUN BHITYKIOH hyHKuunu f(x) HA MHO-
xkecrse F = {x : F(z) > 0}, onpenensieMoM JHHEHHBIM MATPUYHBIM HEPABEHCTBOM. DTa
3a/1a4a YCJOBHON ONTHMU3AIUU CBOJIUTCI K 3aJia4e 0e3yC/I0BHOM onTuMu3amn (pyHKIUHT

fr(@) =rf(x) + o(x) ,

rje r > 0 - mrpaduoit mapamerp, a mrpadHad GYHKIUS OIPeeIaeTcs CIeLy oM 00pa3oM

logdet F~1(x), z€F

o) =
00, x & F

Pemrenne 3amadn 6e3yC/I0BHON ONTUMHU3AIMA PeICTAB/IsIeT 00O UTePAIMOHHBIN TPOIIECC,
Ha n-fi UTEpanyun KOToporo npuMeHsieTcs Merol Hpiorona-Padcona st HaXOXKIeHUST MU-
HuMyM™a &, dbyakuuu f.(x) upu r = r,. Jjust coorBercrByomumM o6pa3oM HOCTPOCHHOMN 110~
CJIEJIOBATEJIBHOCTH T, — OO HOCJEI0BATEJbHOCTD X, CTPEMHUTCS K TOUKE X, ABJISIONIEHCs
perenneM MCXOAHOW 3318491 YCJIOBHOW ONMTUMU3AIINH.

3ajiaua pasperuMocTi JUHEHHOro MaTpuuHoro nepasencrsa F(x) < 0 cojurcs K Mu-
HUMH3AIUE [apaMeTpa t, JJIs KOTOPOTO BBIOJIHACTCH JIMHEHHOE MATPUIHOE HEPABEHCTBO
F(z) —tI <0. Ecan tp;, < 0, To HCXOAHOE JIMHEIHOE MATPUIHOE HEPABEHCTBO Da3PENTMO
U CTPOrO PA3PENIUMO, €CIH yyi, < 0; B IPOTHBHOM CJIyUae, o, > 0, HEPAaBeHCTBO Hepaspe-
muMo. /11 9UCIeHHOTO PellleHusT UCITOIb3YeTCsT KOMaHIa

|tmin, xfeas|=feasp(Imisys, options, target) ,

B KOTOPOii tmin u xfeas cyTh MuHIMAILHOE 3HAYCHNE TTApAMeTpa ¢ 1 OTBEYAIOIIee eMy perre-
HUe JTUHEHHOr0 MATPUYHOTO HepaBeHCTBA. APryMeHThl KoMmaH bl feasp: lmisys — onucanue
JMHERHOTO MATPUYHOTO HEPABEHCTBA (PA3MEPHOCTh M CTPYKTYPA MATPUYHBIX MEPEMEHHBIX,
3aJlaHMe M3BECTHBIX MATPHIL); OPtions — ONHCAHUE TMAPAMETPOB AJINOPUTMA ONTUMUBAIUK;
target — Ha3zHavaemoe 3HaYeHNE mapamMerpa tmin Takoe, 4To npu t<target aaropuTm OnTHU-
MU3AIIHE OCTaHABINBaeTCs (M0 ymosrdanuio target=0).

29
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st perienns 3a/1a9 MUHUMUBAIWY JTUHEHHON PYHKIINT TPU OTpaHUYEeHUH, 33/1aBAEMOM
JIMHEVHBIM MATPUYHBIM HEPABEHCTBOM, HCHOJAL3yeTCd KOMAaHIa

|copt, xopt|=mincx(lmisys, ¢, options, xinit, target) ,

B KOTOPOii copt U Xopt cyTh MUHUMAJIbHOE 3HAUYCHHEe MUHUMU3UPYEMOoit JiuHeitno# pyHKIun
1 OTBevalolnee eif 3HaUeHne HepeMeHHBIX T. ApryMeHThl KOMaH bl mincx: lmisys — onucanue
JIMHEHHOI O MATPUYIHOI'O HEPAaBEHCTBA; C — OllMCaHue BEKTOpPa C, OlIpeAe/Idonero MUHUMU3u-
pyemyio JInHeHHYyI0 (PYHKIHIO; options — omucaHue mapamMerpoB aJropuTMa OINTHMUBAINHN;
Xinit — BEKTOpP HAYATBHOTO TIPHOIHKEHUS JJ1sT XOPt (yAadHOe 33/]aHie 9TOr0 BEKTOPA MOXKeT
YCKOPHTD MOJIyYeHHe pe3yJbTaTa); target — Ha3HAYaeMOe 3HAYEHHe MapaMeTpa JJisi BeJndu-
0Bl ¢! & Takoe, 9TO NpH ¢! x < target aJrOpUTM ONTAMH3AINE OCTAHABINBACTCH.

JLnst pertreHus 3aa491 Ha 000OIIEHHOE COOCTBEHHOE 3HAUEHHE HCIOIb3YeTCs KOMaHIa

[lopt, xopt]=gevp(Imisys, nlfc, options, linit, xinit, target) ,

B KOTOPOIi lopt u xopt cyTh MUHUMAJILHOE 0000IEHHOE COOCTBEHHOE 3HAUCHHE U OTBEYalolee
eMy 3Ha4YeHHEe MePEMEHHBIX T. APryMeHTBl KOMAaHJIBI gevp: lmisys — onucanue JIMHEHHBIX
MATPUYHBIX HepaBeHCTB; nlfc — umcsio orpanmyenuii, 3a1aBaeMbIX JTHHEHHBIMA MATPUIHBIMUA
HEpAaBEHCTBAMU; Options — olucaHue HapaMeTpoB aJropurTMma onTuMusanuu; linit u xinit —
HavdaJbHbIe NpubanzKenus s lopt u xopt; target — HazHayaemoe 3HaYEHUE TTApAMETPA JIj1d
BEJIMYUHBI A Takoe, 9To nmpu A < target aaropuT™ ONTUMUBAIUN OCTAHAB/TUBACTCH.

s pelenus HepaBeHCTBA

U+ PTe’Q + QTeP <0,

KOTOpOEe HEOJHOKPATHO Oy/eT HCIIOJb30BAaThCd B JajbHEHIeM H3JI0KEHUH, HCIIOJIb3YeTCd
KOMaHIa

Xc=basiclmi(V, @, P) ,

pe3yJIbTaTOM BBITIOJHEHHUsST KOTOPOii aBjsercst perrenne X c. /lobasienune aprymenra ' Xmin/
B KOMAaH/Y
X=basiclmi(¥, Q, P/ Xmin')

HO3BOJISIET HAMTHU PeIleHre 9TOr0 HepaBeHCTBa, UMeollee MEHUMAIbHYIO HOPMY.
Ormernm Takzke, 910 MaTpuia Wy, cToJ0IbI KOTOPOil 00pa3yoT Oa3uc sapa MAaTPUIIHI
M, HaXOAUTCSA C MMOMOIIbI0 KOMAaH/IbI

Wy = null(M) .

Bce neranun oTHOCHTEIHLHO UCTOIb30Banusg 3TuX u Apyrux koman B LMI Toolbox coxep-
xKarcs B [59)].
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Cunre3 3aKOHOB yHnpaBJieHIsI
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I's1aBa b

Crabnan3aiud

5.1 Crabuamsanms 10 COCTOSTHITIO

Bamaua cTabWIN3AINHE 10 COCTOSHHUIO JUHEHHOTO CTAIMOHAPHOTO IUHAMUYIECKOIO 00bHeKTa,
onuchiBaemMoro juddepeHnuaabHbM ypaBHEHHEM BUJIA

i = Az + Bu (5.1)

rie x € R™ — cocrognme o0ObeKTa, u € R™ — ympapjeHHe, COCTOUT B BHIOOpE 3aKOHA,
yIPaBJIEHUS U3 KJIACCA JUHEHHBIX OOPATHbBIX CBA3€l 110 COCTOSIHUIO BUJIA

u= 0z, (5.2)

rje © — MaTpuIa NapaMeTpoB PeryasaTopa COOTBETCTBYIONIETO TOPSIKA, TPH KOTOPOM COCTO-
suue pasHoBecust ¥ = 0 3aMKHYTO# cuctembl (5.1), (5.2) ABIsIeTCS ACHMITOTHYECKH YCTOR-
YUBBIM 110 JIATTyHOBY.

Knaccuueckuii moaxos; K CHHTE3Y JUHEHHBIX 0OpATHBIX CBA3€il B IPOCTPAHCTBE COCTOS-
HUil, BO BCSIKOM ciydae Jijis ynpasigemoil mapbr (A, B) (em. IIpuinoxkenue D o cBoiicTBax
VIPABJISIEMOCTH U CTAOHIN3UPYEMOCTH JIHHEHHBIX O0BEKTOB), CBsI3aH ¢ KAHOHUIECKUM TIPe/I-
CTaBJIeHHEM YIPABIIeMOr0 OObEKTa U IIOCTPOEHHEM MOTAJIBHOTO YIIPABJIEeHUs, 00eCIednBaIo-
IETo 3a/laHHble COOCTBEHHBIE 3HAUYCHMsI (MOJIbI) MATPHUIIBI 3aMKHYTOH cucteMmbl. [Tocrpoenne
MO/IATBHOTO YIIPABJIEHUST CBOAUTCS K HAXOYKIEHUIO XaPAKTEPUCTUICCKOTO MOJTUHOMA, MaATPHU-
el A, BEIOOPY KaHOHWYIECKOTO 0DA3WCa W PEIeHui0 CUCTEeMbBl JIMHEHHBIX ypaBHeHuit. Bmecte
C TeM, BO3MOXKEH AJbTEePHATHBHBIN MYTh CHHTE3a CTAOWIU3UPYIOMIHUX PETYIITOPOB, OCHO-
BAHHbBIM Ha MPUMEHEHUN TeOPUU JTHHEHHBIX MATPUIHBIX HEPABEHCTB U 3(DMEKTUBHBIX aIro-
puT™MOB ux pernienusi, peasun3oBanubix B makere MATLAB. [lajiee na pasiumaubix npumepax
W, B 9aCTHOCTH, HA MPUMEpE 3aJa4d YIPABICHUS BBICOTHBIM COODY:KEHHeM OyIeT MoKa3a-
HO, 9TO aJITOPUTMBI CHHTE3a PEryIATOPOB, OCHOBAHHBIE HA PEIEHUN JIMHEHHBIX MATPUIHBIX
HEPABEeHCTB, OKA3bIBAIOTCSA 0OJIee MpeIOITUTETbHBIMH.

WN3m0KuM 9TOT aJbTepHATHBHBIHN MOAXO/I. 3aNuUIleM ypaBHEHNE 3aMKHYTOU CHCTEMBI

i=Aax, A.=A+DBO (5.3)

u nepedopMyaupyeM 3a7ady CTaOWIA3aIUUd KaK CyIIECTBOBAHUE Y 3TOW CHUCTEMBbI KBaJpa-
TuaHol dbynkuuu Jlanynosa, T.e. Takoit V(z) = 27 Xz ¢ X = XT > 0, nia npoussomnoit
KOTOPO#l B CHITY CHCTeMBI (5.3) BBIIOJHACTCS

V=aT(ATX + XA)z <0, Vo #0. (5.4)
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[Tepennmem nepasencTso (5.4) B BHIE
ATX + XA+ 0"B"X + XBO <0, (5.5)

WM, YMHOKad 3TO HepaBeHCTBO cJieBa M cipaba Ha Marpuily X ! u oboznadag ¥ = X! B
BHJIE
YAT + AY +YO'BT + BOY <0, Y >0. (5.6)

Terepb nepe HAMH CTOUT 3ajava HaxoxJIeHWs: napbl Marpui (Y, ©), yaoBIeTBOPSIONIAX
MATPUYHBIM HepaBeHcTBaM (5.6). PaceMOTpuM TOCIe0BATEIBHO JIBA CIOCOOA ee pellleHust
nyTeM TPUBeJIeHNs HeJNHEHHOTO MATPUIHOTO HEPABEHCTBA K JIMHEHHBIM MAaTPUYHBIM Hepa-
BeHCTBaM, peraeMmbiM B nakere MATLAB.

[Tepsorit crocob cocTonT B TOM, 9TOOBI BBECTH HOBYIO MAaTPUUYHYIO TepeMenunyo Z = QY
W 3aIicarh HepaBeHcTBa (5.6) B BUJe JTMHEHHBIX MATPHYHBIX HEPABEHCTB

YAT + AY 4+ Z"BT" +BZ <0, Y >0 (5.7)

OTHOCHTEBHO TepeMenHbix Y u Z. Haxons napy (Y, Z), ynosiaerBopstonnyo (5.7), BEIYUCTHUM
mapaMeTpbl HCKOMoit obpaThoil ¢z © = ZY ~1. TakuM o6pa3oM, BepHO cJieryiolee.

YrBepxkaenue 5.1 Ob6sexm (5.1) uau napa (A, B) cmabuausupyemv, mozoa u mosvko mo-
2da, Ko2da AuHETHbIE MAMPUYHBLE HEPABEHCMEE (5.7) Paspewumv, OMHOCUMENLHO NEPEMEH-
nox Y u Z. B cayuae cmabuisudupyemocmu napamemput AuHetHot 00pamuot cea3u no
cocmoanuto narodamea mak: © = ZY 71,

Bropoii criocod cocTout B mpejicraBieHnd HepasencTsa (5.6) B Bue
U+ PTOTQ + QTeP < 0

c U =YAT + AY, P =Y, Q = B”. Torna coriacHo yTBep:KIeHHIO 3.1, YCI0BHS KOTO-
POTO BBITIOIHEHB! B culy Toro, uto det P # (), 3T0 HepaBeHCTBO Pa3peluMO OTHOCHTEIHLHO
MaTpHUIbI @ TOrJla 1 TOJIBKO TOT'Ja, KOI'la pa3pelInMbl HEPAaBEHCTBA

Whr(YAT + AYYWpr <0, Y >0. (5.8)

31ech Wyr 0b603HATAET MATPHILY, CTOJIOIB KOTOPOH COCTABJISIOT 6asnc aapa Marpuisl BT,
T.e. MaTpuna Wpr ynosaersopdgeT MaTpudnoMmy ypasuenuio BT Wpgr = 0 m nMeer Makcu-
MAaJIbHBII paHr cpeju Beex ero penreruii. Iloncrasiss penterue Y Hepasencts (5.8) B (5.6),
HPUXOJUM K JIMHEHHOMY MATPUYHOMY HEPABEHCTBY OTHOCHTE/ILHO mapaMerpos O, perras
KOTOPOE HAXOJAUM MapaMeTpbl JIMHeHHO! o0paTHoit cBa3u. NTak, nuMeer MeCTO CJeyolee.

VrBepxkaenue 5.2 Obsexm (5.1) cmabususupyem mozda u mosvko mozda, K02da aurel-
Hole MampuuHule Hepasencmsa (5.8) paspewumv, omuocumenvho nepemennol Y. B cayuae
CMadUNUSUPYEMOCTNU NAPAMEMPYL AUHETHOT 06paHOT C8A3U N0 COCTNOAHUN HATOOAMCSH
KaK PEWEHUA AUHETH020 MAMPUYHO20 Hepasenemea (5.6) ¢ natidennvim Y omuocumenvHo
nepemennoti O.

OrmeruM, 410 ¢ yuerom jemMbl A.8 HepasencTBa (5.8) BBIIOJHAIOTCS IPH HEKOTOPOIT
MaTpuiie Y TOrja U TOJIbKO TOTJA, KOTJ/Ia Pa3peninMbl JMHEITHbIe MATPUYHbIE HEPABEHCTBA

YAT + AY —uBB" <0, Y >0 (5.9)

OoTHOCHTENLHO TiepeMeHHbIX Y u g > 0. I[Ipm BbImOJHEHUU 3TUX HEPABEHCTB MapaMeTpbl
peryasaTopa MOryT ObITh BRIODAHBI B BH/JIE

O =—(u/2)BTY " . (5.10)
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IIpumep 5.1 Crabunu3anus NMepeBEepHYTOTO MAATHUKA: 005EKM ONUCHLBAEMCS YPa6-
HEHUEM

p-—p=u.
Beedem sexmop x = col(x1,z3), 2de x1 = @, Ty = P, U 3aNUUEM IMO YPAEHEHUE KAK

Ty = Tg ,
x'gle—l—u,

(1) ()

B dannom caywae nepasencmea (5.7) npunumarom eud

2012 Y11 Ty + 2 Y11 Y12
<0, >0, 5.11
( * 2(y12 + 22) * Y22 (5-11)

m.e. 6 sude (5.1), 20e

ede Z = (z1  z3). Coenacro kpumepuro Cusbsecmpa 5mu HePaBeHCcmea yKEUBAACHIHDL CAe-
dyYroweti CuUcmeme HeAUHETHoLL HEPaBEHCME:

Y12 < 0, 4yia(ya2 + 22) — (Y11 + o2 + 2’1)2 >0,
Y11 > O ) Y11Y22 — ?/%2 > 0 )

peweHue Komopur npedecmasanem onpedeschuyro mpyonocmos. Bmecme ¢ mem, Y u Z ydo-
BAEMBOPAIOM, AUHETHBLM MAMPUYHOLM Hepasencmeam (5.7) u, caedosamenvro, smu mam-

PUYLL, G BHAYUM, U NAPLMEMPYL Pe2YAAMOoPa ©, Mmo2ym 6uimb HaGleHb: ¢ UCTIOAbI0BAHUEM
LMI Toolboz (xomanda feasp):

90,9732 —30, 3244
Y = . Z=(—181,9464 —15,1622) ,
x 90, 9732
©=(-2,3125 —0,9375) .

Tarxum 06pasom, 00uH U3 PE2YAAMOPOS NO COCTMOAHUIO, KOMOPBILT CMAdUAUSUPYEM NEPESED-
HYMOLT MAATMHUE, 3600eMCA YPABHEHUEM

u=—2,3125¢p — 0,9375¢ .

Pewenue omoti 3adanvu emopwim cnocobom npednosazaem naxosrcdenue mampuuyn, Wgr,
m.e. MAMPUUDL MAKCUMANDHO20 PaH2A, YOOBAEMBOPAIOWET YPABHEHUIO

B™Wpgr =0 .

Ouesudno, wmo odHuUM U3 €20 peuenuts 8 danHoMm cayvae bydem

v (1),

Tozda nepsoe nepasencmeo 6 (5.8) npumem 6ud

2912 Y11 + Y22 1
(1 0) 0 =212 <0.
* 2912
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Tenepv, nodecmaeansn 6 (5.6) abyro mampuyy Y > 0, y komopod y12 < 0, noayuum suned-
HOE MAMPUYHOE HEPABEHCMEO omHocumensvho ©. Peuenue 9mozo Hepasercmsa ¢ noMousbIo
Komando, feasp daem mpebyemuti pesysomam. Hanpumep, drs

2 —1
()
bviao natideno © = (—3,4963  — 3,9925). Hmaxk, peeyaamop
w=—3,4963p — 3,9925¢

makoice CmadbUAUSUPYEM NEPECEPHYMBLT MAAMMHUK.

Koneuno, B cBs31 ¢ 3TUM TPUMEPOM MOYKET BOZHUKHYTH 3aKOHHBIH BOTIPOC: 3a4€M HY ZKHbBI
3/71eCh JIHHEHbIe MATPUIHbIE HEPABEHCTBA, KO IIPH JUHEeitHO# 0OpaTHOll cBsI3n u = O1p +
Oy XapaKTepHCTHUECKHH TIOJMHOM 3aMKHYTOH CHCTeMbl, PaBHBIH 52 — Oy — (1+0;), umeer
KOPHH CJIeBa OT MHUMOiT ocu mipu O < —1, Oy < 0. OaHaKo, CIeAVIONni TpuMep yxKe He
TAKOMI TpI/IBI/IaJIbeIIU/I7 1 OH IIOKa3bIBa€T, YTO JIMHEHHbIE MaTpUYIHbIE HEPABCHCTBaA ABJIAIOTCA
3 HEKTUBHBIM CPEJICTBOM /111 CUHTE3a PEryIsTOPOB.

ITpumep 5.2 Crabunm3anusga ABYyX3BE€HHOTO IE€PEBEPHYTOr0 MagTHUKA: 005eKm 0NU-
CHIBAEMCA YPAEGHEHUEM

Y1 =201 —p2t+u,

P2 = =201 + 23 .
Bsedem sexmop x = col(x1, 9, T3,x4), 2de 1 = Y1, Ty = P9, Tz = Y1, Ty = P2, U 3GNUULEM
MO YPAGHEHUE KAk

i‘lszv
:)':2:1’4,
:ic3:2x1—:1:'2+u,
1'34:—21314‘21’2,
m.e. 6 eude (5.1), 2de
0 0 10 0
0 0 01 0
A= 2 -1 00 » B= 1
-2 2 00 0

Pewenue sadauu cunmesa nepesvim cnocobom 0ano medymmue pesyavmanmot.

136,0315 95,7016 —35,9087 —4,6735
95,7016 97,7976 3,4852 —32,1794

—35,9087  3,4852  270,8664 34,0661 ’
—4,6735 —32,1794 34,0661 55,9804

Y:

7 = (—447,2277 —127,6716 —7,7261 —101,6202)

© =(—18,0248 19,9613 —4,0071 10,5928) ,
a 6mopoti cnocob das my sce camyro mompuyy Y u

S)

(—17,7036 19,5432 —3,8653 10,2930) .
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5.2 OgHOBpeMeHHad CTAadMIM3aIiisd HECKOJbBKUX O0beK-
TOB

3ajaga OHOBPEMEHHON CTAOMIN3AUN HECKOJIHKHX O0BHEKTOB 3aK/I0YAETCS B MOCTPOCHUN
eMHOTO PEeryagaTopa, TP KOTOPOM Ieb YIPaBJIeHWUs JTOCTUTAETCS JIJId KayKJIO0TO W3 ITHUX
o0bekTOB. Takas 3ajada BO3HWKAeT, HAPUMeD, IPU YIIPABJIEHUN TEXHUYIECKOH CHCTEeMOil,
KOTOpasgd MozKeT (DYyHKIIMOHUPOBATH B HECKOJIbKUX PEeKUMaX.

[Tycts umerorca N JuHERHBIX yIPAB/IAeMbIX 00HEKTOB

TpebdyeTcss MOCTPOUTDH PETYAATOP IO COCTOSAHUIO U = Ox, obeclednBaIONUi aCUMITOTHYE-
CKYIO YCTOHYHBOCTH BCeX N 3aMKHYTBHIX CHCTEM.

JLJ1s1 3TOr0 IOCTATOIHO YCTAHOBUTH YCJIOBHS CYIECTBOBaHuA N KBaIPATUIHBIX (DYHKIHI
Vi(z) = 2" Xz, rae X; = X! > 0, asnsomuxcs dynxuusavu Jlgnynosa ajs KaxKioil u3
3aMKHYTBIX CHCTEM, T.€. TAKHX, 9TO

(A + BO)'X; + X;(A; + B©®) <0, i=1,...,N. (5.13)

B ottmame ot 3amaun cTabuIm3anuu OJHOTO 00bEKTa B TAHHOM Caydae He yaaeTcs chop-
MYJIEPOBATH KOHCTPYKTUBHBIE YCJIOBUSI PA3PENIMMOCTH CUCTEMbBI 3TUX HepaBeHCTB. OIHAKO,
eCJIM OIPAHUYNTHCS euHON miast Bcex N cucrem dynknueit Jlamynosa, T.e. B (5.13) moso-
xuth X; = X, i =1,..., N, To Takue ycJ0BUd MOTYT OBITH IIOJIy4eHbl. B Takoi# mocTaHoBKe
9Ta 3aJlada Ha3bIBaeTCs 33/1adeil KBaIPATUIHOM CTAOUIU3AINN HECKOTBKIX OOBEKTOB.

JIs ee pemmeHust yMHOKAM 00¢ JacTu Hepasenctsa (5.13) ciesa n cnpasa na X !, 060-
spaunM Y = X1, Z = OY u nosyunm cucTeMy HepPaBEeHCTBH

YA+ AY +Z2"BF +BZ<0,i=1,...,N, (5.14)

Pa3penIuMOCTb KOTOPOH B OIIpeIe/IsieT YCI0BUs KBAIPATUIHON CTAONIN3HPYEMOCTH HECKOIb-
KX O0OBEKTOB.

VYrepxkaeuue 5.3 Jlas odnospementotls keadpamuunol cmabusudayuy 0bsexmos (5.12)
HeOOLO0UMO 1 JOCIAMOUHO, “IMOObL CUCTEMA AUHETHBT MAMPUYHHT Hepasercme (5.14)
6vina paspewuma ommocumeavro Y =Y >0 u Z u 6 amom cayqae © = ZY L.

Jpyroii BO3MOXKHBIN MOJIX0J] K PEIIeHHI0 9TOi 3a/1a41u MOr Obl ObITH OCHOBAH HA IIPHBe-
JeHUn cucTeMbl HepaseHcTs (5.13) K BuIy

U, +QIepr + P'e’Q, <0, i=1,...,N. (5.15)

OzHaKo, KaK 0TMEeYajoch B pasjese 3.3, B 00IIeM cjydae OTCYTCTBYIOT KOHCTPYKTHBHBIE
YCJOBUSL PA3PENIMMOCTH CUCTEM HEPaBEHCTB TaKoro Buaa. OHM M3BECTHBI TOJBKO IS YacT-
HBIX CJIy9aeB, OMMHCAHHBIX B TOM 2Ke pasaese. OJUH U3 9THX CJIydaeB B IPUMEHEHHH K 33/1a4e
KBAIPATHIHON CTaOHIN3aIUI PACCMATPUBAECTCS HUIKE.

[Tpusenem cucremy nepasencrs (5.13), korma B; = B, i =1,..., N, K Bujy

U, +Q"e+07Q <0, i=1,...,N, (5.16)
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e U; = ATX + XA;, Q= BTX. Cornacuo yreep:jienuto 3.5 3Ta cucreMa HepaBeHCTB
paspemnMa OTHOCUTE/IHHO MATPHUIBI © TOr/a M TOJLKO TOIJA, KOT/a W(g V:Wo <0, 7 =
1,..., N, rae Wg obo3HadaeT MaTpHILy, CTOIOIBI KOTOPOii COCTAB/IAIOT 6a3UC HYIb-IIPOCTPAHCTBA
marpuibl Q. Tak kak Wgo = X 'Wpr, To jais 01HOBpeMEHHOH KBaJpaTH4HON cTabu/u-
sanuu 00bekToB (5.12) HEOOXOMUMO W JOCTATOYHO, YTOOBI CHCTEMa JTHMHEHHBIX MATPHIHBIX
HEPABEHCTB

Wht(YAT + AY)Wgr <0, i=1,...,N (5.17)

OBLTa paspelTnMa OTHOCHTEeJbHO MaTpunmel Y = Y71 > 0. B stom ciyuae mapamerpnl ©
HaXOJATCS U3 PelleHnsl CUCTeMBbl JJMHeHHbIX MaTpUIHbIX HepasencTs Y AT + A, Y +YOT BT +
BOY <0,i=1,...,N, B koropsix Y — pemenne cucrembr (5.17).

5.3 Crabuam3anusd Mo BBIXOAY

Paccvorpum yrpapiisgieMblii 06beKT ¢ HEU3MePSIeMbIM COCTOSTHHEM

= Ax + Bu ,

y—Ca . (5.18)

B KOTOpOoM * € R"™ — cocrosinme, u € R™ —yupasienue, y € R"™ — usmMepseMblii BbIXO/I.
Tpebyercs nocTpouTh JIMHEHHBIN JUHAMAYECKHI PEryadaTop k-ro nmopsgjika BHIa

T, = Ayx,. + By,

u=Crx,.+ D,y , (5.19)

rie , € RF — cocrosgnue peryssaropa, obecleduBalommil aCUMIITOTHYECKYIO YCTORYNBOCTD
samkuyToif cucremst (5.18), (5.19). B wactnom caydae k = 0 nMeeM CTaTHYECKUIA PEryIsATOD
u=D,y.

Ypapuenune 3aMKHyTO# cuctembl (5.18), (5.19) npu k # 0 umeer Buj

( A+ BD,C BC, )

j;c - Acxc ) Ac -
B.C A,

(5.20)

rae z. = col (z,x,).

[IepedbopmysiupyeM 1eIb yIPaBICHUSA B BHJIE CYIIECTBOBAHUS KBaJAPATUIHON (DYHKIMH
Jamyunosa V(z.) = chch, rae X7 = X > 0, Takoif, 9T0 MO JM000H TPaeKTOPHN 3aMKHYTOIl
CUCTEMBI IMeeT MECTO

V <0.
DTO yCJIOBHE SKBUBAJEHTHO CJIEIYIONMEMY MATPUIHOMY HEPABEHCTBY
ATX + XA, <0. (5.21)
BBoag marpuiy mapaMeTpoB peryasaTopa
A, B,
O = , (5.22)
C, D,
Hpe,HCTaBI/IM ManI/IHy 3aMKHyTOI71 CUCTEeMBI B BI/I,Je

Ac - AO + BOGCO 5 (523)
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re

A Onxxk

AO - )

Okxne  Okxk

(5.24)
Op.xk B Okxcn, Ik
BO = ) CVO = 5
[k kanu C Onyxk

BBIJICJISASE T€M CaMBIM CJaraemoe, cojeprkalnee MaTpuily © HeM3BECTHBIX MapaMeTPOB Pery-
JIATOpA.
3aMeTuM 37eCh, YTO CHHTE3 CTaOUIM3UPYIONIET0 PEryasaTopa Mo BBIXOAY k-ro mopsiaka B
ciaydae k # 0 CBOIUTCS K CHHTE3Y CTATHYECKOTO PEryJIsiTOpa MO BBIXOILY IS BCIIOMOTATE b=
HOI'O OOBEKTa )
T = Aoi' + Boa 5

- Coz | (5.25)

riae marpunbl Ag, By u Cy onpezenenst B (5.24). B camom gene, mycts © = Oy. Torma

MaTpUIa 3aMKHYTON cucreMbl Oyuer comajarh ¢ Marpuieir (5.23), u COOTBETCTBYIONHE

010K MaTpHITEL © OyIyT ONpPeaeasaTh MapaMeTPhl IHHAMIIECKOTO PEryasaTopa k-ro mopsiaka.
[Tpencrasum nastee HepaseHcTBo (5.21) B BujIe

ATX + XAy + CTOT"BIX + XBy©C, < 0 (5.26)

WM, YMHOYKad 3TO HEPABEHCTBO CJeBa U cIpaBa Ha Marpuiy X | u obosHauas ¥ = X1, B
BHU/TE
YAS + A)Y +YCiO"B] + BoOCyY <0, Y >0. (5.27)

[TonpiTaeMcst, KaK U B Caydae U3MepPSIeMOI'0 COCTOSHUsS, IIPUMEHUTD JIBa cliocoba penreHus
9TOr0 HepPaBeHCTBa. B COOTBETCTBUU C MEPBBIM CIOCOOOM MBI JIOJIZKHBI BBECTH HOBYIO MaT-
PUYHYIO TIePEMEHHYIO

Z = 0C,Y (5.28)

1 IMOJIYyYUTDb JIMHENHbIE MaTpUYIHbIE HEPAaBEHCTBA
YA+ AY +Z"Bf + ByZ <0, Y >0

ornocureibo Y u Z. Iycrs (Y, Z) — mekoropoe perenue 31oii cucrembl. Torya Jijisi Haxo-
JKJIEHUS 3JIEMEHTOB MATPHUIIbI © MBI JOJIZKHBI peruTh cucreMy (5.28), KoTopast IpeicTaBisier
coboit cucremy (n, +k)(n, + k) ypasuenwuii ¢ (n, + k)(n, + k) sHemssectusimu. Kax mpasmio,
Pa3MEPHOCTb BEKTOPA COCTOSIHHSI IPEBBIIIAET PA3MEPHOCTH BEKTOPA H3MepeHuit (n, > ny,),
nodTOMy it Haiimennoit mapsl (Y, Z) 9T1a cucTeMa MOXKET OKa3aThCs HECOBMECTHOM, jazxke
ecsin TpedyeMblil PEryJsiTop U CyImecTBYeT.

[Tepexoaum KO BTOpOMY CIIOCOOY peleHunst paccMaTpuBaemoit 3aaaan. [1peacraBum Hepa-
Benctso (5.26) B Buze

U+ POTQ+Q"OP <0

c U = ATX + XAy, P = Cy, Q = BI'X. Torma cormacHo yTBepkKeHHIO 3.2 9TO Hepa-
BEHCTBO Pa3PEITNMO OTHOCHTEJHHO MATPHIBI © TOrfa M TOJBKO TOTA, KOTJAA PA3PEHINMbI
HepaBeHCTBA

ngX(AOTX + XA)Wpry <0, W (ATX + X Ag)We, <0, (5.29)
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B KOTOPBIX CTOJIOIBI MAaTPHIL WB(’{ x 1 W, obpasyior Gasuch siep marpun, B X u Cj co-
OTBETCTBEHHO. 3aMedas, ITO Wprx = X _1WB(~3r, IJie CTOJIOIBI Whpr 00pa3yioT 0a3uc gapa

MaTPHUITBI BUT , M TIOJICTaBJIsAsE 9TO Bhipazkenue B (5.29), NPUXOAUM K CHIPABE/JIMBOCTH CJIE/Ty-
IOTIETO YTBEPKJICHM .

Vreepxkaenue 5.4 Obsexm (5.18) cmabuiusupyem ¢ noMoOubO pe2yiamops no eurody
(5.19) sadanmnozo nopadra k < n, mozda u moavko mozda, kozda cywecmeyem (n, + k) X
(ny + k)-mampuuya X = X1, ydosaemeoparowan caredyrowyum yeaosuam:

WE(AFX + X Ag)We, <0, X >0,

T w1 AT . (5.30)
Ecau yeaosua (5.30) evinoanens u makxas mampuya X natidena, mo napamempvs O uc-
Komoz20 pezyaamopa (5.19) naxodamea kax pewenus AUHETH020 MAMPUNHO20 HEPABEHCTNEG
(5.26) ommocumenvro nepemennoti ©.

Brenem marpuny Y = X ! u nepennmiem yeaosus (5.30) B BH/IE JIMHEHHBIX MATPUIHBIX
HEePaBEHCTB OTHOCUTEJNLHO MaTpuil X u Y:

WE(AFX + XAg)We, <0, X >0,

- - (5.31)
WBOT(YAO +A0Y)WBOT <0, Y>0.
Torna paccmarpuBaemMas npobJieMa CUHTE3a CTAOUIU3UPYIONIUX PEryJIaTOPOB MO BBIXO/LY 3a-
JAHHOTO TIOPSIJIKA CBOANTCS K 3amade A: Haiitu e B3anmuoobpaTHbie (n, + k) X (ng, + k)-
matpunpl X = X7 uY (XY = I), yaosiaeTBopsioniye JUHEAHLIM MaTPUYHBIM HePABEHCTBAM
(5.31), win yCTAaHOBUTH, YTO TAKUX MATPHUI| HE CYNIECTBYET.
B uactu IV Oyayr npusejienbl aJirOpuTMbl penienns 3agadm A, npuMeHeHne KOTOPbIX
MO3BOJISIET CHHTE3UPOBATH PETYISATOPBI IO BBIXOJLY.

ITpumep 5.3 Crabusu3arius Mo BbIXOAY IIEPEBEPHYTOTO0 MAATHUKA: 006K ONUCHI-
BAEMCA YPABHEHUAMUY (CM. maksce npumep 5.1)

X1 =22,
fQZZEl-f-U,
Yy=2=x .

Tpebyemcs cunmesuposams OUHAMUNECKUT PE2YAAMOP N0 8VLTOY NEPe020 NopAdra 6uda
(5.19).

B darrom cayuae meussecmmulmu IAEMERMAMU MAMPUYDLL © ABAANMCA Hembipe Napa-
mempa pezyaamopa: A,, By, C,., D,. Onu mo2ym 6umb Hatidens, Kax peuwenue AuHetiHo20
mampuurozo nepasencmea (5.26) ommocumenvro O, 6 Komopom

010 0 0
0 01
AQI 1 O O 5 BOZ 0 1 5 C(): 5

1 00
000 10
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a mampuya X nopadka 3X 3 6 c6oto ouepedv doaxcHa YIOBAEMBOPAMY CUCTNEME HEPABEHCNE
(5.530), 20e

1 0
Wer=|0|, Wg=]|1
0 0

Zasa noucka mpebyemoti mampuuvt X npumMeHAscs aa20pumm HaroHcoeHus 83aUMHO0Opam-
HOLE MAMPUL, YOOBAEMBOPAIOUWUL CUCTIEME NUHETHBEL MAMPUYHHT Hepasenems (5.81). B
pe3yALmame OviAU NOAYYEHDL

0.7549 —-0.0001 —-0.6737 1.6050 —0.2044 0.3141
X = * 1.5655 1.0186 , Y = * 0.7878 —0.2290 |,
* * 4.1051 * * 0.3520

o —0.1819 0.1197
05487 —1.5601
Tarxum 06pasom, UCKOMBLT PE2YAATNOP ONUCHLEAEMCA YPABHEHUAMU,

z, = —0.1819z, + 0.1197y ,
u = 0.5487x, — 1.5601y ,

U Mampuuya SG.A/LEHymOfZ CUCIEMDbL

0 1 0
A.= | —0.5601 0 0.5487
0.1197 0 —-0.1819

umeem cobcmeeHHble 3HAYEHUA
A2 = —0.0582 £ 0.7410: , A3 = —0.0655 ,

AEAHCAWUE CAEBA O MHUMOT OCU.

ITpumep 5.4 Crabuiau3anus 10 BIXOAY ABYX3BEHHOI'O MEPEBEPHYTOIO0 MAasATHUKA:
00BEKM ONUCHIBALTNCA YPAGHEHUAMY (CM. maksce npumep 5.2)

Ty =u1x3,
To =14 ,
T3 =211 — T3+ U,
i‘4:—2$1—|—2$2,
Y1 =21,
Y2 = T2 .

Tpebyemcs cunmesuposams OUHAMUNECKUT PE2YAAMOP N0 8VLTOY NEPeo20 NopAdra 6uda
(5.19).
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B 0anHOM CAYUGE HEUSBECTNHBLMU IAEMERMAMYU MAMPULLE © ABAAOMCA WECTND Napa-
mempos peayasmopa: A, B, = (BY B®) C,, D, = (DY D®). Onu mozym 6oimn natioenw
Kak peuwenue AUReino20 Mampusno2o nepaserncmea (5.26) omuocumenvro ©, 6 Komopom

0 0 100
0 0 010
A = 2 -1 000
-2 2 000
0 0 000

0

) C'0:

- o O o O

o O = O

00001
10000 |,
01000

(5.32)

a mampuya X nopadka 5 X 5 ydosaemeopaem cucmeme nepasencms (5.30), 2de

100 0
010 0
000]|, We=]|1
00 1 0
000 0

0

oS = O O

Jlas noucka mpebyemotc mampuuvt X NPUMEHANCA GA20PUMM HATOHCOEHUSA 830UMHO0OPAM-
HOLE MAMPULY, YOOBAEMBOPAIOUNUL CUCTIEME NUHETHHET MAMPUYHHLT Hepasenems (5.51). B

pesyavimame 61U noAY“eHbt

*

*

3.4330

(

~5.3960 —0.0027 —0.7563 2.1220
13.1102  0.8556  —1.5000 —8.2465
% 0.4706  —0.9072 —1.0650 | ,
% * 32732 3.0418
* * * 7.0358
2.7483 —0.1135 —0.3296 2.4310
3.2966 —0.4087 —1.2210 3.5011
x 49399 14611 —0.3288 | ,
x * 1.8501  —1.9104
* * * 4.2886
~8.4770  —3.8599 11.3614
—22.7817 —21.4799 40.8038) '

Taxum 06pa3om, uCKOMvLl PE2YAAMOP ONUCHLEAETNCH YPABHEHUAMU
—8.4770x, — 3.8599y; + 11.3614ys, ,
u = —22.7817x, — 21.4799y; + 40.8038ys ,

Ty =
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U MAMPUYA 3AMEHYMOT cucmemv, umeem cobcmeerHvle 3HAYEHUA
Al = —=7.0975, Mgz = —0.2964 £2.6608:, A, = —0.7098, A5 = —0.0770,
AEAHCAULUE CNEBA O MHUMOT OCU.

Bosmozken u Jpyroit myTh ucmogab3oBanus ycaosuii (5.31) mia cuHTe3a cTabUAN3HPYIO-
MUX peryadaropos. Tak Kax

OnIXk B kanz Ik
BO = ) C(0 =
It Orxn, C Opyxk

U MATPUIBI MAKCUMAJIBHOTO PAHTA WBOT u W, JOJMZAKHB YI0BJIETEOPATH ypasHenusam Bl WBOT =
0 u CyW¢, = 0 cooTBETCTBEHHO, TO HEIIOCPEJICTBEHHO [IPOBEPSIETCS, YTO Mbl MOYKEM B34Th

WBT WC
Wer={ o ) Ma=l

B coorBeTcTBHEN ¢ OJI0UHON CTPYKTYPOl MATPHUITHI

A Onmxk
Ay =
Okxne  Okxk

npejcraBuM MaTpuibl X u Y B OJ104HOM BH/IE
X1 Xio Yiu Yoo
X = . , Y = i . (5.33)
Xip Xz Yip Yo

Torna wepaserctsa (5.31) mpumyT B

Wg(ATXH + XHA)WC <0 ,

(5.34)
WET(}/&lAT + Alel)WBT < 0 .

Bamernm, aro B cuny Kpurepus CuibBectpa u3 yeaoBuit X > 0u Y > 0 ciaexyer Xqp > 0
u Yy > 0. Takum 06pa3oM, BOSHUKAET 3a/1a49a O HAXO0XKJICHUU ITOJTOXKHUTE/THHO ONPE 1€/ IeHHBIX
marpur, X1; u Yiy, YAOBIETBOPSIONIAX JHHEHHBIM MATPUIHBIM HepaBeHcTBaMm (5.34) u siB-
JISIONTUXCS COOTBETCTBYIOMIUMU OJIOKAMU B3aUMHOOOPATHBIX MOJOKUTEIHHO ONMpeIeTeHHBIX
marpun, X u Y.

Pacrnumiem yejiosue XY = I B 6;10uHOM Bujie

XY+ XpYih =1,
X11Yi2 + X12Yer =0,
X1T2Y11 + X22Y1€ =0,
XY+ XooVoh =1 .

(5.35)

N3 mepBoro ypaBHEHHSI TTOJIYYUM

[-XnYi =X,V .
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Tak kak panr KaKkJI0if U3 MAaTPHUIL B TPABOil YaCTHU 3TOTO PAaBEHCTBA He TpeBbINIaeT k u, cje-
JIOBATE/ILHO, PAHT IPOU3BEICHUAA STHX MATPUI] TAKXKe He IIPEBBIIIAET k, TO OTCIO/IA CJIeIyeT

yciaoBue
rank ([ - Xll}/ll) S k. (536)

Hanee, uz dopmynsr Ppobenuyca st obpatierusi 610IHONR MaTpuiibl (eM. jemmy A1),
CJICJIYET, YTO JIOJIZKHO BBIMOJIHSATHCS CJIEYIONIee PABEHCTBO

X - Yt = XX X (5.37)

OTcioia BBITEKAET HEPABEHCTBO
—1
Xnu—-Y; >0,

KOTOpOe B CIJIY JeMMBbI A.3 BbIpazKaeTcsa B BHJE JTUHEHHOr0 MaTpUIHOTO HEPABEHCTBA,

X 1

>0. (5.38)
I Y

OxkaspiBaerca (eM. jgemmy A.7), uro yeaosug Xip > 0, Yy, > 0, (5.36) u (5.38) aBasior-
cs HEOOXOIMMBIMHU U JOCTATOYHBIMH YCJIOBUIMHI CYIECTBOBAHMS B3aMMHOOOPATHBIX MATPHIL
X >0,Y > 0 c panapivmu O1okamu X1, Y71. B 1okazarenbcTse seMMbl A7 TakzKe MOKa3aHO,
KaK IIPU BBIIOJHEHUH YKA3aHHBIX YCJAOBUI 110 JIaHHBIM Oj10KaM X1, Y1 IOJIy4UTHh COOTBET-
cTByMOIYI0 Marpuily X. A uMeHHO, mpuMeHsst jeMMy A.6 O CHHTY/ISIDHOM PAa3JI0KEHUH U
VUIUTHIBAS, 9TO MAarTpuna Xi; — Y;;  CAMMETPHUECKAs H HEOTPHUIATEIHHO OIpeIe/eHHAs,
IpeICTaBUM

¥ 0 Ut

X =Y = (Ui0s) ;

0 0 ur
rae Up € R™T, Uy € R % = diag (A, -+, \,) > 0. [IpaByto 4acTb 9TOro paBeHCTBa
3allMIITeM SKBUBAJIEHTHO B BHUIE

D Or k—r Ir Or k—r
Oh—ryxr  Lp—r Otn—ryxr  O@n—r)x (k—r)

u BeIOEpEM

X12:S7 X22:diag()\l_la"'a)‘r_lala”'71) : (539)

Barem BeiOpanHast Marpuia X nojcrapisercs B (5.26), U mapamMeTpbl HCKOMOTO PeryJsitopa
HaXOJIATCA KaK PellleHus 9TOro JIMHEHHOro MaTPUIHOI0 HEPABEHCTBA OTHOCUTEILHO O,

Takum obpazom, cuHTE3 CTAOMIM3UPYIONIUX PEryAsSTOPOB 0 BBIXOJLY 3a/IAHHOTO TTOPSIIKA
MOKeT OBITh TaKyKe OCYIIECTBIEH B pe3y/brare perieHus 3amadu B: waiitu nse (n, X n,)-
maTpunpl X1 = X{ > 0, Yy, = Y] > 0, yaosiersopsionue JUHeHHBIM MaTPUYHLIM Hepa-
sercream (5.34) u (5.38), a Takxke yciaosuio (5.36), WM YCTAHOBHTH, YTO TAKUX MATDHIL HE
CYIIECTBYET.

PaccMmoTrpuM oT/1e/IbHO BayKHBIH YaCTHBIH Caydail cTaOUIN3UPYIONEro Peryasaropa moJ-
HOTO TIOPSJIKA, T.e. Korja k = n,. OueBugHO, 94To ToTAa yeaobue (5.36) Beerya BBIIOJHEHO.
CrenoBaTebHO, B 9TOM CJIydae paccMaTphuBaeMas 3aJ1a4a CBSI3aHa TOJBKO C PEIIeHUsMHI
JIMHEHHBIX MATPUIHBIX HEPABEHCTB, a IIOTOMY SIBJISIETCS 3a/ia49eil BBIILYKJIOI'O POrPaMMUPO-
BaHHs. A UMEHHO, UMeeT MECTO CJIeIYIOIIee.
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Vreepxkaenue 5.5 Obsexm (5.18) cmabususupyem ¢ noMoublo pe2yiamopa no eurody
(5.19) noanozo nopadka k = n, mozda u moavko mozda, Kozda cywecmsyrom dee (Ngy X Ny )-
mampuuype X1 = X4, > 0, Y1 = YL > 0, ydosaemeoparouwjue Aunetinbm mMampusmoLm
HEePaceHCMEam

Wg(ATXH + X11A>WC <0 ,
WgT(}/HAT + AYil)WBT <0 s

X 1
>0.
I Yn

3amernm, 94T0 paBeHCTBO (5.37) MOKeT ObITH TaKzKe 00eCIedeHo MpH BhIOOpe, HALIpUMED,
X129 = X9p =V > 0u B arom cayuae V = X;; — Yi7'. Taknum o6pasom, ecim yeaosus (5.40)
BBITIOJTHEHBI, MATpUIBl X171 U Y11 HaligeHbl 0 X1 — Yﬁl > 0, To napaMeTpbl © peryagaropa
HOJTHOT'O MTOPSIAKA MOTYT ObITH HalIeHbI KaK pelleHUus JUHEHHOI0 MAaTPHYHOIO HEPABEHCTBA,

(5.26), B KOTOPOM
X = 5 V = X11 - Yi;l .

(5.40)

vV Vv

IIpumep 5.5 Crabuiam3amus 0 BBLIXOLY ABYX3BEHHOI'O IEPEBEPHYTOTO0 MAdTHU-
Ka PEeryjaaTOpPOM IIOJIHOTO MOPSAAKA: 00BEKM ONUCHLEAEMCH YPASHERUAMY (CM. MAKIHCE
npumepv. 5.2 u 5.4)

Ty =23,
To =24 ,
:)':3:23:1—332—1—u,
$4I—21’1+2l‘2,
Yy=2=a .

Cunmesupyem QUHAMUNECKUT PE2YAAMOD NOAHOZ0 (HemEepmo2o) NopadKka no Yy OmKio-
HEHUA HUHCHEZO MAATIHUKA.

B dannom cayuae HeussecmmuMU IAEMEHMAMY MAMPuYs: O asaaromes dsadyamov namo
NAPaMEMPos PE2YAAMOPA, ABAAOULUTLCA IAEMERMAMU MAMPUY Ag,i’j), 1,7 =1,---,4; Bf,"), 1=
1,--,4; CY), j=1,---.4; D,. Onu mozym 6oimv natidenvs xax pewenue AuHetino2o mam-
puno20 nepasencmea (5.26) ommuocumenvno ©, 6 komopom mampuuw, Ay, By, Co onpede-
aenvl 6 (5.32), a baounas mampuya X euda (5.33) nopadka 8 X 8 naxodumes caedyroujum
obpazom. Pewaemes cucmema aunetHbr mampusnut wepasencms (5.34) u (5.58), ade

WBT -

o o O =
o o = O
- o O O
o o = O
o = O O
_ o O O

OMHOCUMENBHO Heudeecmuulr mampuy, X1 U Y1, nopadkos 4 X 4 u dasee mampuyv, Xio u
Xoo onpedensromes cozaacro popmyaam (5.39).
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Jlas danno20 npumepa buLau NOAYHEHDE CACOYOULE PE3YNOMAMDL

1871.7 165.9 —329.8 —51.7
* 544.1 442  —-340.5

A B . 14348 5221
* * * 445.7
~0.8125 0.5733 0.0660 —0.0819
x| 0152 0.0103 08209 05058
0.5323 07412 —0.2679 —0.3090
0.2076  0.3491 0.4849  0.7745
0.0005 0 0 0
0 0.0007 0 0
A 0 00013 0 ’
0 0 0 0.0917

—6.0558 6.3583  1.1637 —58.602 16132.0
—5.6231 59042  1.0805 —54.416 14979.0
e = 10* 1.0674 —1.1207 —-0.2052 10.329 —2843.0
0.0180 —0.0189 —0.0035 0.175 —48.0
0.0054 —0.0056 —0.0010  0.052 —14.0

B darrom cayuae mompuya 3aMEHYMOT CUCTEMYL UMEEM CALOYIOWUE COOCMBEHHDIE 3HAYE-
HUA

A =—18131, A=-54, Agy=-04+09,
Asg=—03406i, A=-11, I=-12,

AEHCAWUE CAEBA O, MHUMOT 0CU.

Hoaryuernnviti pezysamop codeparcum OOALWUE NO BeAUMUHE KOIPHUUUEHMBL, YMO 30-
mpyousem ez2o npaxmudeckyo peasusayuro. Cyuiecmsyem 603MONCHOCING NOCMPOUMb pe-
2YAAMOP, Mampuya © KOMopo2o umeem MUHUMAALHYIW HOpMY. B amom cayuae caedyem
UCNLOADBIOBATND KOMAHAY

© = basiclmi(V,Q, P/ Xmin') .
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B pacemampusaemom npumepe amo npusodum K CACOYUEMY PE3YLbmamy

2.2561 —4.4298 —6.7194 1091.4 691.67
3.2879 —3.3957 —7.2738 982.0 —686.88
©=| —0.4228 0.3313 —0.1676 —185.2 360.80 ,
—0.1479 0.1586  0.0361 —4.5  381.11
—0.0023 0.0029  0.0066 -0.9 —2.16

U Mo20a MAMPUUG 3AMKERYMOT cucmemss 6YIem umMems caedyowue coOCMEERHBIE 3HAMEHUA
A =—1.5847 , Ao =—-1.1216, A34= —0.7534 +2.3388: ,
Ase = —0.5314 £1.9128 , N7 =—0.2723, Ag = —0.2206 .

PacemorpuMm emmé ojuH BaKHBIM YacTHBIM cJIydail — cTabujim3anus ¢ IOMOIIbIO CTATH-
YECKOTO PETyJIATOpa MO BBHIXOAY. B 9TOM ciaydae B ypaBHeHHsAX peryiaaropa (5.19) mveem
A, =0,B,=0,C. =0, ©= D,, yciobue (5.38) aBTOMaTHIECKN BBHIIOJHACTCS, U POPMY-
JINPpOBKa 3amadm A cosnajaer ¢ (popmynpoBkoii 3agauu B.

Vreepxkaenue 5.6 Obsexm (5.18) cmabuiusupyem ¢ noMOUbIO CMAMUMECKO20 DELYAANO-
Pa no 6ulrody mozda U MoAbKo mozda, k020a cyulecmeyom dee 63aumHoobpammvie (N, X Ny )-
mampuybe X = XT >0, Y = YT > 0, ydosaemeoparowjue AUHETIHOM MAMPUNHOLM HEPa-
BEHCMBAM

WEATX + XA)We <0, X >0,

S (5.41)
WL (YAT + AY)Wgr <0, Y >0.

5.4 Crabuan3anud C UCIOJIb30BaHMEeM HabJrogareJseil

Paccmotpum ernié ofun moaxo K CUHTE3Y CTadUIN3UPYIONINX PETYASTOPOB M0 U3MEPAEMOMY
BBIXO/1y, OCHOBaHHBIN Ha IMOCTpoeHun HabJo1aTesiei cocrodanusa oobekTa. Hauném ¢ nabJio-
JaTess MOJHOro mopanka. s yupapiasgeMoro oobekTa

& = Ax + Bu

y—Co . (5.42)

B KOTOpOM x € R" — cocrosgnue, u € R"™ —ympaBienue, y € R"™ — m3MepseMbIii BBIXO/I,
BbIOEpEM peryJisTop B popMe HAOIIOAATE s COCTOSHUS TIOJIHOTO HOPSIIKA

&, = Az, + Bu+ L(Cx, — y) ,

v Ka. . (5.43)

rje x, € R" — cocrosuue peryasropa. Tpedyercs onpeaenntb MaTpuiibl K u L tak, 9T00bI
saMkHyTas cucreMma (5.42), (5.43) Gblja ACHMITOTHIECKH YCTORIUBOIL.

BBeieM BEKTODP HEBS3KH € = &' —T, H B KAYCCTBE COCTOSTHUS 3aMKHYTOH CHCTEMBI BHIOEPeM
BekTOp col (x, €), KOTOPBIA yJI0BAETBOPSIET YPABHEHUIO

) ))
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JL1st aCMMITOTHIECKOR YCTONINBOCTH 3TOH CUCTEMBI HEOOXOINMO H JOCTATOYHO, YTOOBI MaT-
puniel A+ BK u A + LC 6blIn T'YpBHUIEBBI WIH, IPYTUMH CJIOBAMH, YTOOBI Maphl MATPHIT
(A, B) u (AT, C7T) 6bumn crabummsupyembl. [Ipuvenssa Tenepsb yTBepzKienue 5.1, B KoTopom
HA SA3bIKE JIMHEHHbIX MATPUYHLIX HEPABEHCTB IIPUBEAEH KPUTEPU CTaOUIU3UPYEMOCTH U 13-
Ha IMapaMeTpHU3alinsg BCeX OOPATHBIX CBsI3eil, CTa0MIN3HPYIONINX JaHHYIO Mapy, TPUXOINM K
CJIe/IYIONEMY Pe3yJibTary.

VrBepxkaenue 5.7 Ob6sexm (5.42) cmabuiudupyem ¢ noMoubo pe2yiamopa no eurody
euda (5.43) mozda u moavko mozda, Ko20a AUHETHBIE MAMPUYHBLE HEPABEHCTEA

V1AT + AV, + ZIBT + BZ, < 0,

(5.44)
YoA+ ATYo + ZTC +CTZ, <0

paspewiums. omuocumenvio nepemennor Yy = YL >0, Z; u Yy = Y.L > 0, Zy. B cayuae
PA3PEUUMOCTIVU IMUT HEPABEHCTNE NAPAMEMPYL PE2YAAMOPA HATOOAMCA CACIYOUUM 00Da-

30M
K=z, L=Y;'Z].

Temepb cuHTE3MpYyeM peryaarop Ha ocHoBe Habmwomarens Jlwoenbeprepa [70]. Tlycrs B
obbekTe yupasiaenns (5.42) panr marpuist C' paseH n, < n,. O603HAYUM N, = N, — N,.
Hanmomuum HeobXouMble cBejieHns u3 Teopun nabmogareneii Jlioenbeprepa (cm. Takzxe [2]).

Pacemorpum mHabomaresnb

2=Fz+TBu+ Qy, (5.45)

rje z € R™ — cocrosgnue HabomaTes s, y u U — U3MepAeMblil BBIXOJL U YIIpaB/jieHue B 00beKTe
(5.42), a marpunst F, T' u () yIOBJIETBOPSIOT MATPHIHOMY YDPABHEHHIO

TA—FT = QC . (5.46)

Beeném BekTop € = z — T'x ¥ 3aMeTHUM, 9TO B CHJIY ypaBHEHUH 00beKTa U HAOIIOIATES I
HEro BBITOJIHSIETCS

e=Fe.

Takum obpaszom, ecqim MaTpuia F TypBuiieBa, To BEKTOP Z aCHMITOTHYECKH OTCJICKHBACT
BeKTOp 1T ¥ B COBOKYIHOCTHU C BEKTOPOM Y JAaéT OIEHKY BEKTOPA COCTOAHHS OOBHEKTA.
He ymaJigg obiiHoCTH, HIPUMEM, YTO

C= (I, Onyxn.) -

DTO BCerma MoKeT ObITh JOCTUTHYTO ITYyTEM COOTBETCTBYIOIIEH 3aMeHbI epeMeHHbIX. Pa3o-
obéM MaTpuiltl A u B Ha 0J10KH

A A By
A = 5 B = )
AQl A22 BQ

rie Ay — (ny X ny)-marpuna, a By — (ny, X n,)-Marpuna (IOPSIKH OCTAIBHBIX OJI0KOB OIpe-
JEJISIIOTCS €TMHCTBEHHBIM 06pa3oM ). Beibepem marpunpt F, T u (), yI0BIE€TBOPSIOIIE yPaB-
aernio (5.46), caenyomum o6pazom

F - A22 + LAlg, T - (L Inz)a Q - A21 —|— LA11 - (AQQ + LAlg)L 5 (547)
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rjie MaTpuIly L cieayer Onpene/inTh U3 YyCJAOBHUS, ITO MaTpuna F rypBurieBa. 3aMeTuM, 9T0
3TO BO3MOXKHO TOTJla M TOJILKO Torja, Korja napa (AL, AL) crabuinsupyema.
B cooTBeTcTBUM €O cIeTaHHBIM BBIOOPOM BO3BMEM DETYISATOD B BUJIE

i‘r = (A22 + LA12>ZE7» + (B2 + LBl)U + [A21 + LAH — (AQQ + LAlg)L]y ,

(5.48)
u= Kz, + Ky ,

rae Marpuibl K u Ky moaaexkar onpeieneHuio 3 YCJIOBAA aCUMITOTHYECKOH YCTORINBO-
cru 3aMKHyTOH cucrembl (5.42), (5.48). Ilojcrapisis ynpaBieHue B HCXOJHYIO CHCTEMY U
YUATHIBAA, 9TO I, = 1T + e, noaydum

it = (A+ BK)x — BKe
e = Fe,

rie
K= (Ky+ KL Kj).

Taxkum obpazom, marpuna K waxomurcsa u3 ycjaosusi, uro marpurna A + BK goskua O6b1Th
I'YPBHUIIEBOI, & 3aTeM ¢ YIETOM yrKe HallJIeHHONH MaTpUIlhl L OmpeaeadioTcsd MaTPUIbl Pery-
agropa Ky u Ks.

[IpumeHsds Tenepb CHOBa YTBepKIeHWE 5.1, TPUXOIUM K CJIEAYIONEMY Pe3YIbTaTy.

VrBepxkaenue 5.8 Ob6sexm (5.42) cmabuisudupyem ¢ noMoublo pe2yramops no eurody
noHuscenn020 nopadka suda (5.48) mozda u moavko mozda, Ko20a AUHETHBIE MAMPUNHBLE

HeEpaseHCMBa
ViAT + AV, + ZIBT + BZ, < 0

(5.49)
Y2A22 + A%;% + ZzTAlg + A{QZQ <0

paspewiums. omuocumenvio nepemennuxr Yy = YL >0, Z1 u Yo = Y.L > 0, Zy. B cayuae
PASPEWUMOCTNY IMUT HEPABEHCNE NAPAMEMPBE PE2YAAMOPE HALOOAMCA CACIYIOUWUM 00DA-

30M
K=(Ky+ KL K)=2Y", L=Y,'7Z].

Taxmm obpazoM, npuMeHeHne HaOTI0gaTe s JI10oeHbeprepa mo3BoseT OCYIeCTBAIThH CHH-
Te3 peryjadropoB 110 BbIXOJAY IMOHUZKEHHOI'O IMOPAAKa Ha OCHOBE DEHICHHA TOJIBKO JINHEeTHBIX
MaTPpUYHBIX HEPABEHCTB.

ITpumep 5.6 Crabuiamsamnus IO BBIXOAY ABYX3BEHHOIrO II€PEBEPHYTOro MasgTHUKA
c moMomipio Habaomarens JlroenGeprepa: 00sekm ONUCHIBAEMCA YPAGHEHUAMY (CM.
makorce npumep 5.5)

T =23,
Ty =24 ,
$3:2x1—x2+u,
1'34:—2.7314‘21’2,
Yy=2a .

Cunmesupyem JuHaMUMECKUT PE2YAAMOP MO GbLLOJY TPEMBbe20 NOPAJKA HG 0CHOBE HADAN0-
damens Jlenbepzepa.
B danrom cayuae
C=(1 0 0 0).
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IIpedcmasum
O | 0 1 0 0
A= o | 0 0 1], B=]0
2 | -1 0 0 1
-2 | 2 0 0 0

Pewenue aunetinmr mampuunos nepasencms (5.49) daem caedyrousue pesyivmanmol

102.195 71.981 —-27.278 —3.674
* 73.319  2.119 —24.064
* * 203.296  25.975
* * * 41.835

7, = ( —335.704 —96.619 —5270 —75.512 )

46.007 —6.289 —27.506
Y, = % 339231 81.770 |,
* * 44,784
22:(—175.690 —61.945 6.288),

omxryda Harodum
K =( —18180 20162 —4.044 10.707 ),

LT = ( 10.372 —2.786 11.598 )

Tarxum 06pa3om, UCKOMBLT PE2YAATNOD ONUCHLEAEMCA YPABHEHUAMU,

0 10372 1 0 17.298
=] -1 =278 0 |z, +| 1 |u+]| 4610 |y,
2 11.598 0 0 9.567

uw=(20.162 —4.044 10.707)z, — 362.730y ,
U Mampuuya Sa./mmymoﬁ CUCTNEMDBL UMEETTL CO6CTTL6€HH1)L€ SHAYEHUA

A= —0.903, Ay = —0.941 + 2.405i ,
Ais = —1.457 £2.862i , g7 = —0.564 4 0.510i ,

AEHCAWUE CAEBA OTN, MHUMOT 0CU.
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5.5 Crabmam3anmsa ANCKPETHBIX 00BHEKTOB

PacemorpuMm aucKpeTHBIN yHpaBasgeMblii 00beKT

Ty = Az + Buy

v = Cy (5.50)

B KOTOpOM x; € R"™* — cocTognue, u; € R™ —ynpasjienue, y; € R™ — uzMepsaeMblil BBIXO/I.
Tpebyercst TOCTPOUTDH JUHEHHBIH THHAMUIECKUN PEryIaTop k-ro mopsaKa BHIA

mi(t:-)l = Arxgr) + Bryt )

r 5.51
U = CT.TE ) + Dryt R ( )

rjae xi” € R”* — cocrosnue peryasTopa, 06ecledrBaIONHil ACHMITOTHYECKYIO YCTONYNBOCTD
samknyToit cucremst (5.50), (5.51).
IIpencraBuM ypasuenne 3aMKHyToi cucremsr (5.50), (5.51) B BHIE

P A+ BD,C BC,
c B.C A )

Tp = Ay

rae T; = col (x4, ZL‘IET)). [IepedopmyiupyeM 1esib YIIPaBIeHUs B BUJIE CYIIECTBOBAHUS KBa/I-

paruunoit dbynxkuun Jlanynosa Vi(Z;) = 7 X7 ¢ XT = X > 0 takoit, uyro 1o J06oii
TPAEKTOPUU 3AMKHYTOH CHCTEMbI UMEET MECTO

Vier = Vi =3l X% — 2] X2, = 2] (AT XA — X)7, <0 .
9TO ycJIOBHE SKBUBAJIEHTHO CJIEYIONMEMY MATPUIHOMY HEPABEHCTBY
ATXA, - X <0,

KOTOPOE C y4eToM JieMMbl A.2 mpencTaBuMoO B BHIE
-Xt A
<0. (5.52)
AT X
BBoag marpuiy mapaMeTpoB peryaaTopa
A, B,
O =
C. D,

" IIpeJICTaBJIdd MaTPHUILY 3&MKHYTOIL/'I CHCTEMbI B BHJEC

A, = Ay + ByOC, ,

A0 0 B 0 I
A(): ) By = ) C((): )
0 0 I 0 c 0

mepemnuiieM HepaBeHCTBO (5.52) B BHJIe TMHEHHOTO MATPHYHOTO HEPABEHCTBA OTHOCHTETHHO
HEM3BECTHLIX ITapaMeTpoB ©

v+ Pfe’Q+Q'er <o, (5.53)
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B KOTOPOM

U= —XT A P=(0 C — (BT 0 5.54
(% N)ore e es@ o e

Tak kak B 3TOM CcJiydae

0 I WBT 0
WP = 5 WQ = ’ ;
We, 0 0 I

TO, IPUMEHS S YTBEPK/IEHNE 3.2, TPUXOANM K CITPABE/IINBOCTHU CJIEIYIOTIETO.

Vreepxkaenue 5.9 Jluckpemnui obsexm (5.50) cmabuisusupyem ¢ noMoubo peeyssmopa
no evzody (5.51) sadannozo nopadka mozda u moavko mozda, kozda cywecmeyem (n, +k) x
(ny + k)-mampuuya X = XT > 0, ydosaemeoparowan caedyrouum yeio6uam:

0 I\'[/-X"1 A 0 I
<0,

We, O AT _X We, 0

Wer 0\ [ —X"1 A4 Wgr 0
0 0 <0.

0 I AT X 0 I

Eecau yeaosua (5.55) evinoanenv, u maxas mampuya X natidena, mo napamempos ucrkomozo
peayaamopa (5.51) narodamea kak pewenus AUHETHO20 MAMPUNHO20 HEPABEHCMEA (5.53).

(5.55)

Beesiem marpuiyy Y = X! u nepennmem yciosust (5.55) B BUje JTUHEHHBIX MATPHIHBIX
HEPABEHCTB OTHOCUTEILHO MaTpuil X u Y:

0 I\ /-y A 0 I
<0,

We, O AT _X We, O

Wer 0\ [ =Y A Wyr 0
0 0 <O

0 I AT _X 0 I

Torya paccmarpuBaemas 3ajia4a CBOJAUTCH K IOUCKY B3auMHOOOpaTHbIXx marpuri X u Y
(XY = I), ynosaerBopsionux HepaBencTBam (5.56), T.e. k 3amade A, chopMyanpoBaH-

HOH BBIIIIE.
OnIXk B kanz Ik
BO = ) CYO =
Ik kanu C Onyxk

1 MATPUIHI MAKCUMAJBLHOTO PAHTA WBOT u W, JOMKHBL YI0BIETBOPATH ypaBHenusm Bl WBOT =
0 u CoWe, = 0 cooTBEeTCTBEHHO, TO HETIOCPEICTBEHHO POBEPSAETCs, YTO MOXKHO B34Th

Wyt We
WBg“ - 0 5 WC() - O .

(5.56)

Tak KakK
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Torma ¢ yuerom 609HON cTpykTypbl Marput Ay, By, Cy 1 COOTBETCTBYIOINIET0 OJIOYHOTO
npeacTapjieHud MaTpul X u Y B BHAE

X11 X12 YVll Yi?
X = T , V= T
Xip Xoo Yis Yoo
HepaBeHCTBaA (5.56) IPUBOASTCS K BHLY
WT(ATXHA — Xll)WC <0
N (5.57)
WL (AY3 AT — Yi))Wpr <0

Taknwm obpaszom, 3a1a9a CHHTE3a PETYASITOPOB IO BBIXOLY JJIs1 JUCKPETHBIX 00'hbeKTOB MOZKET
ObITH TaKzKe cBeJieHa K c(hOPMYJIUPOBAHHOM Bhille 3aga4e B: Haiitu nBe (n, X n,)-MaTpHIbL
X1 = X!, >0, Yy, =YL > 0, yiosrersopsiomue JuHefiHLIM MATPAYHBIM HePaBeHCTBAM

(5.57) u
X I
>0,
I Y,

rank (I - Xll}/il) S k s

U YCJOBHIO

UM YyCTAHOBUTD, YTO TAKUX MATPUIL HE CYIIECTBYET.

JInst crarngeckoro peryJsitopa 1mo BHIXOLY B ypaBHeHHsAX peryisitopa (5.51) nmeem A, =
0, B, =0, C. = 0 u, ciegoBarensno, © = D,. B sroMm ciaydae HepaseHCcTBO (5.52) mpumer
B (5.53), e

@:(_Xl 4 ) P=(0 C), Q=(B" 0
AT —x ) ’ '
Torna yciaous crabumsupyemocts (5.55) npuMyT BUj
WEATXA - X)We <0,
Wi (AX AT — X HWpr <0,

rae X — marpurna nopsiaka (n, X n,), u ¢GopmyanpoBka 3agadu A copnajgaer ¢ bopMyin-
poBkoii 3amauu B.

B gactHOCTH, KOTIA COCTOsTHIE 00BEKTA MOTHOCTRIO n3MepseTcs, T.e. C' = [ urank (0 C) =
N, HepaBeHcTBO (5.52) mpumer Buj (5.53), B KOTOPOM

oo 5 P=(0 I — (BT
_( o _X>, =0 1), Q=(B" 0).

Yeaosust crabunnsupyemocta (5.55) B 3TOM CIydae CBOJATCS K BBIIOJIHUMOCTH JBYX Hepa-
BEHCTB .
1 -Xt A 1
<0,
0 AT =X 0
Wer 0\ [ —X"1' A Wyr 0
<0,
0 I AT X 0 I

(5.58)
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IepBoe U3 KOTOPBIX JIaeT X t> 0, a Bropoe 1o jiemme [Ilypa 3KBUBaIEHTHO HEPABEHCTBY
Whr(AXTAT — X HYWgsr < 0.

Takum 00pa3oM, ¢ y9eToM yTBep:KaeHust 3.2 moayduM, 9ro o0bekT (5.50) crabuiansupyem
[0 COCTOSHHUIO TOT/IA M TOJBKO TOT/Ia, KOT/Ia HeEPABEHCTBO

Whr(AY AT —Y)Wgr <0

Pa3pPeIIMO OTHOCHTEIBLHO TOJMOXKHUTEIbHO OIpe/ieaennoi MmaTpunsl Y = Y71,



I'1aBa 6

MopgasibHOe ynpaBJjieHue

Basaua MOJAIBHOIO YHDPABAEHHs CBA3aHA C HOCTPOEHUEM DETYJISITOPA, TPH KOTOPOM MO-
JI0C 3aMKHYTOH CHCTEMBI DACIOIATAIOTCH B 33JAHHBIX TOYKAX HJIH 3aJAHHBIX 00JACTAX
KOMILJIEKCHOM MJIOCKOCTH. 3HAYCHHsT TAKUX XapaKTEPHCTHK 3aAMKHYTOH CHCTEMBI KaK BpeMs
IEPEXOIHOTO TpoIiecca, TeMIdUpoBaHne, CKOPOCTH MEPEXOJHBIX TPOIECCOB B PErYJISTOpE U
JIPYTHUX OLPEJE/IAI0TCS PACIIOIOKEHUEeM COOCTBEHHBbIX 3HAYEHUN MATPUIbl 3aMKHYTOU cUCTe-
MBI B OIPEIEJEHHBIX 00aCTIX KOMILIEKCHOH ILTOCKOCTH. 3eCh MbI OyIeM pacCMaTpHBAThH
321491 MOJIAJTHHOTO YIIPABJIEHHUsI OTHOCUTETHHO TAKUX 00JIACTel, KOTOPhIe MOIYyT ObITh Xa-
PAKTEPHU30BAHBI CHCTEMON JIMHEHHBIX MATPUIHBIX HEPABEHCTB - TAKHE O0JACTH B JATbHEH-
meM GymeM HaspiBath LM [-obmactsamu (em. [52, 53]). Mbl yBEIEM, 9TO K 9THM OOIACTSIM
OTHOCATCHA BEPTUKaAJIbHBIC U T'OPHU30HTAJIbHbLIC 110JIOCBI, KPDYI'M, KOHUYE€CKHNE CCKTOPbI, a TaK2Ke
nepecedeHusi Takux obJracTeil.

6.1 LMlI-ob6sgacTn

[Iycts D - HekoTopas 00J1acTh JeBOMl KOMIIEKCHOHN MOJIVILIOCKOCTH. JIuHaMHUYeCcKyIo cucTe-
My & = Az Oyaem Ha3bBaThL D-yCTONYHBOM, €cu BCe ee MOJIOCA, T.e. BCe COOCTBEHHBIO
3HadeHuss MaTpuilkl A, jgexkar B obmactu D. B atom ciayuae marpuiry A Takxke Oymem Ha-
3pIBaTh D-ycroitunpoii. B wactnom ciydae, korja D coBnajaer co Beeil JieBO KOMILIEKCHOM
HOJIYIJIOCKOCTBIO, D-yCTORINBOCTD CBOAUTCA K ACHMITOTUYIECKOHN YCTONYIMBOCTH, KOTODPas
XapaKTepu3yeTcs: HepaBeHCTBOM JISIyHOBa, ABISIONIIMCS JIHHEITHBIM MAaTPUIHBIM HePaBeH-
CTBOM. A UMEHHO, MATpUNAa A ACUMITOTHIECKH YCTOWUMBA TOT/A U TOJHKO TOTJA, KOTIA
CYIIIECTBYET CUMMeTpHUYeCKasd Marpuna X, yJA0BJIETBOPIIONas HepaBeHCTBAM

AX+XAT <0, X>0. (6.1)

Onpenenrum Kaace obIacTeit, KOTOpble XapaKTepu3yoTcd B TEPMUHAX JTUHEHHBIX MaTPHI-
HBIX HepaBeHCTB. [[jiss 3TOTO BBejeM B paccMOTpeHUe MaTpuvHble (DYHKIUU KOMILIEKCHOT'O
IeEPEMEHHOT0, MPUHUMAIOIIIE 3HAYEHHs B TPOCTPAHCTBE SPMHTOBBIX (1M X 1M )-MaTpHI|

f(2) =a+ 28+ 28", (6.2)

e a =al € R™™u e R™™.
Onpeaenenne. O61acTh

D={:eC: f(z) <0} (6.3)

59
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Oynem HasbiBarh LM [-061acThio, nopoxknaemoit dynkimei f(z).

W3 sToro onpepenenus caeayer, 9to LM [-06/1acTh — 3TO MOAMHOXKECTBO KOMILIEKCHOM
ILJIOCKOCTH, KOTOPOE IIPEJICTAaBUMO JUHEHHBIM MATPHUYHBIM HEPABEHCTBOM OTHOCHTEJBHO IIe-
pemennbix * = Re(z) u y = Im(2). Caenosarenbno, LM I-o6nactu — BbiykJbie. Kpome
TOr0, TaK Kak Jjis JII00oro 2z € D uMeer MecTo

f(z)=f(z) <0,

To LM [-0071acTH CUMMETPUYHBI OTHOCUTEILHO JEeHCTBUTEILHON OCH.

Camoe cymecrBenHoe cBoiicTBO LM I-001aCTEH COCTOUT B TOM, UTO OHH TTOJHOCTHIO OTIpe-
JIETAIOTCA B TePMUHAX JIMHEHHBIX MATPUYIHBIX HEPABEHCTB OTHOCHTEIBHO CUMMETPHYECKOH
HOJIOYKUTETHLHO ONPeIeIeHHON MaTpuIlbl. st Toro, 9robbl HAKCATL 9TH HEPABEHCTBA, MO-
CTaBUM B cOOTBeTCTBEE (DyHKINE f(2) caemyomyio (m X m)-0JOYHYI0 MATPHUILY

MAX)=a® X+ (AX)+ 8" @ (AX)", (6.4)

6JI0KM KOTOPOIi, UCIOJIB3Ys ONMEpaIliio KPOHEKepoBa npousseaenns @ (cm. [puioxkenune F),
MOYKHO 3aIlTucaTh B BHUJIE

MZ]<A?X):az]X—i_ﬁz]AX‘i_/B]ZXAT, i,j:l)...7m'
Ormerum, uro M (A, X) B (6.4) u f(2) B (6.2) cBA3aHBI 110/CTAHOBKOI
(X, AX, XAT) o (1,2, %) .

YrBepxkaeuue 6.1 Ilycmo D - LM I-obaacmo. Tozda mampuua A aeasemcea D-ycmotinueod,
ecau u moavko ecau cyuecmeyem mampuya X = X1, ydosasemeoparowan aunetinoim mam-
PUYHBLM HEPABEHCMBAM

M(A,X)<0, X>0. (6.5)

JoxkazarenbcrBo. Jdocrarounocts. [lycts A u v — cobcTBeHHOE 3HAYEHHE H COOTBETCTBY-
IOIIIiT eMy JIeBBIit cCOOCTBEHHBINH BEKTOP MaTpuIilbl A, To ecth v*A = \v*. HemocpeacTBeHHoi
HPOBEPKOH yOexKTaeMcsa B TOM, 9TO

(I@v)*M(A,X)(I®v) =" Xv)f(A) .

Tak Kak 10 yCJIOBHIO JIeBas YacTh TOT0 PABEHCTBA — OTPUIATEILHO OIPEIeIeHHA MaTPHUIA
u X > 0, ro orciona ciaenyer f(A) <0, r.e. A € D.

Heo6xoaumocts. TIpuBeaeM, paan npocToTsl, J0KA3aTeJIbCTBO TOIBKO /IS IHATOHATLHOMN
marpuibl A = diag (A1, -+, \,), coGcTBeHHBIE 3HAUEHUsT KOTOPOIT Jeskar B obnactu D. Pac-
pocTpanuM obs1acTh onpeaenenns byukiwn M (A, X)) Ha MHOKECTBO KOMILTEKCHBIX MATPHIT
A u spmuToBHIX MaTpux X = X

MAX)=a® X +8® (AX)+ 8" @ (AX)*.
HenocpencrBenHo npoBepgeTcs, 9TO
M(A7 I) = UTdiag (f(/\1)> T f()‘n))U )

rne U — marpura nepectanoBok. Tak kak mo yeiaosuio f(A;) < 0,4 = 1,---,n, T0o orcioga
caenyer, uro M (A, X) < 0 upu X = I. JlokazareabcTBO JJisl IIPOU3BOJIBHON MarTpurbl A
IpHBeIeHo B [52].



6.1. LMI-obractn Y4

Paccmotpum neckoibko npumepoB. B kadecTse nmeporo npumepa, LM [-ob1acTi BO3bMeM
muO)KecTBO D7 = {2z : Rez < —pu}, KOTOpOe COOTBETCTBYET ACHMITOTHICCKH YCTOXIUBBIM
CUCTEMaM CO CTETIEHBIO YCTONIMBOCTH He MeHbIel (1. O9eBUIHO, 9TO 3Ty 00JaCTh MOPOXKIAeT
dbyukuust fi(z) = z + zZ + 2u, u coriacuo yrsepxenuto 6.1 marpuna A sBjsgercs acuMI-
TOTHYECKU yCTOWYUBON CO CTEIeHbI0 YCTOMYMBOCTU HE MEHbIeil [, TOrJa U TOJBbKO TOLAA,
korma cymectsyeT X = X7, yIoBAeTBOPAIONas JUHEHHBIM MATPIIHLEIM HEPABEHCTBAM

AX + XA +2uX <0, X>0. (6.6)

Hpyroii mpumep LM [-o6nactu — Dy = {2z : |z + ¢| < r} — BHyTpeHHOCTb Kpyra pajuyca
r ¢ neHTpoM B Touke (—q,0). Lns sToit obmactu

-r q+=z
fz(Z)Z( ~ )<O,
q+z —r

W JIMHeifHble MaTpuYHble HepaBeHcTBa (6.5), XapakTepusyoline 3Ty 06JacTh, TPHHAMAIOT
BHJ]

—rX gX + AX
qX + X AT —rX

Beprukanabroit momoce Dy = {z : —pus < Rez < —p1} orBevaer dyHKIms

( (z+2) + 2 0 >
0 —(z+2) —2ue

)<0, X>0. (6.7)

f3(2) =

U, COOTBETCTBEHHO, JINHEHHBIE MATPUYHBIC HEPABEHCTBA
AX + XAT 21 X 0
<0, X>0,
0 —AX — XAT — 21, X

a ropusoHTas bHON nmosymnoaoce Dy = {z:Rez <0 ,—v <Imz < v} — dbyukius

U JUHEHHbBIe MaTpH4YHbI€ HEpaBEHCTBa

—2vX AX — X AT
—AX + XAT —2vX

)<0, X>0.

Haxkownen, konndeckomy cekropy Ds = {z : Re ztg ¢ < —|Im z|} coorBercrByer dhyHKIHs
(z+ 2)sing (2 —Zz)cosp
fs = _ .
—(z—Z)cosp (z+2)singp
n JInHEeiTHbIe MaTpU4YHbI€ HEPpaBEHCTBA
( (AX + XAT)sing (AX — XAT) cos ¢

<0, X>0. (6.8)
(XAT — AX)cosp (AX + XAT)sing
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Ormernm BakHOe cBoO#icTBO LM [-0bnacreit — OHM 3aMKHYTBI OTHOCHUTEIBHO OMEPAIIHH
nepecedenus, T.e. nepecedenne LM [-obnacreit — LM [-obnacte. [leiicrBuTesibHO, Iepecede-
uue Dy (D, aByx pamuuix LM I-obmacteit Dy u Dy ¢ dyukuuamu f; u fo nmopoxKmgaercd
dyuxiueit

[ = diag (f1, f2)

", CJIeJ0BaTEJILHO,

M(A, X) = diag (M (A, X), My(A, X)) .

Taxmm 0O6pa3oM, yCIOBHE TOTO, ITO COOCTBEHHBIE 3HAUEHNS MATPUIIBI A OTHOBpEMEHHO MpH-
Ha IIekaT IByM 3a1auubiM LM [-obnactam Dy u Doy, BBIpazkaeTcs B TEpMUHAX OJIHON MaTpH-
16l X, VIOBJIETBOPSIONIEH cucTeMe JIMHEHHBIX MATPHYHBIX HEPABEHCTB. A MMEHHO, MaTPHIIA,
A gBasieTcs OTHOBPpeMeHHO [D1-ycToiumBoii u Do-yCTORYNBOR TOTIA M TOJBKO TOTIA, KOIIA
cymecrsyer X = X7 > 0, aua koropoit M (A, X) < 0u My(A, X) < 0.

6.2 CuHTe3 MO/IaJbHOTO yNpaBJIeHUd

[TokazkeM Tenepb, KaK CHHTE3 MOJIAJIbHOIO YIPABJICHHUA 110 COCTOAHUIO i 3aiannoit LM I-
00JIACTH CBOJMTCS K PEIICHUIO JUHEHHBIX MATPUYHBIX HepaBeHCTB. IlycTh 00beKT ONuchIBa-
eTcs ypaBHEeHUEM

& = Az + Bu , (6.9)

e r € R™ — cocrosane 00bekTa, u € R™ — yupas/jienne. 3aada COCTOUT B BBIOOPE 3aKOHA,
YIPaBJICHUSA U3 KJIACCA JUHEHHBIX O0OPATHBIX CBsA3€ll 10 COCTOSTHUIO BUIA

u=0x, (6.10)

rae © — MaTpruIa HapaMeTPOB PEryIsaTOpa COOTBETCTBYIOIIErO IOPSIKA, IIPH KOTOPOM MaTPH-
1a 3aMKHYTO#t cucremst (6.9), (6.10) Gymer D-ycroitunBoii, T.e. Bece ee COOCTBEHHBIC 3HATCHUST
Jgexxar B 3agannoi LM I-obnactn.

Cornacno yTeep:aennio 6.1 3amada cBoauTCa K Haxoxkaennio Marpun X = X7 > 0 u
©, yaosierBopsonux HepasenctBy M (A + BO, X) < 0. O6osnavas Z = ©X, upejcraBum
[OCJIeIHee HEPABEHCTBO KaK JIMHEHHOe MATPUIHOE HEPABEHCTBO

M(A,X)+8®BZ+8"®22"B" <0 (6.11)

OTHOCHTE/ILHO Heu3BecTHbIX MaTpull X u Z. [locje Toro, kKak 3tu Marpunbl OyayT HaileHbl,
HCKOMas MATPHUIA TAPaMeTpPOB PeryIaTopa HaxXoanTcs Kak © = ZX 1,

ITpumep 6.1 MopansHas crabuamsanusa ABYX3BEHHOT'O NEPEBEPHYTOrO0 MadATHU-
Ka: 005exm onucue8aemcs yYypasHeHUAMU

T =3,
To = T4,
T3 =211 — T2+ U,
Ty = —2T1 + 229 .

Cunmesupyem pezysamop no COCMOAHUIO, NPU KOMOPOM 6Ce CODCMBEHHBLE 3HAYEHUL MAM-
PUUDL 3AMEHYMOT CUCTNEMbBL AEAHCAM BHYMPU KPY2a ¢ UeHmpom 6 mouke z = —1 u paduycom,
pasrvim 0.1.
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Hannas obracmo asasemes LM I-o6aacmuio euda Do, u coomsememsyowee asutetinoe
mampuyroe Hepasencmso (6.11) npumem sud

—0.1X X+ AX + BZ
<0, X>0,
X+ XAT 4+ ZTBT —0.1X
2de
0 0 10 0
0 0 01 0
A= 2 -1 00 , B= 1
-2 2 00 0

B pesyavmame 6vi.AU NOAYHEHDL CACOYOULUE NAPAMEMPYE DERYAANODA
© = (—10.0067, 9.5078, —4.0023, 6.0056) ,
npU KOMOPwuT coOCMBeHHbIE 3HAUEHUSA MAMPULDL 3AMKEHYMOT CUCTEMYL PGEHDL

A = —0.9890 £0.01117 , A3 =—-1.0104, X4 = —1.0140.
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I'maBa 7

OnruMaJjibHOE JIMHETHO-KBaJIPATUYHOE
yIIpaBJIEHUE

B 20-m Beke onrumMajbHOMY YIIPABJICHUIO JIMHEHHBIM JMHAMUYECKAM OOBEKTOM [0 KBaJI-
PATUYHOMY KPHUTEPUIO KAa4ecTBa ObLIO YeJeHO, HAaBEPHOE, CTOAbLKO BHUMAHMSA, CKOJIBKO HU
OJIHOM JIpyroii TeMe B Teopuu ylpapJjenus. B dacTHocTH, ObLIN ChOPMYTHPOBAHBI YCIOBUS
CYIIIeCTBOBAHUS ONTHMAJIBHBIX 3aKOHOB YIPAaBJIeHUs KaK B JIETEDMUHUPOBAHHOM, TaK M B
CTOXACTUYECKOM CIYYasIX, W MOJTYIeHBl (PDOPMYJIBI BBIUMCIEHUS WX MapaMeTPOB B TEPMUHAX
pelenuii HeJIMHeHHbIX MaTPUIHbIX ypaBHenuit Pukkaru |14, 15, 2.

B pamkax 3Toro moaxoa HauOOJBIIYIO CJIOKHOCTH MPEICTABISIET CUHTE3 ONTUMAIHLHOTO
JINHEHO-KBA/IPATUYIHOrO YIIPABICHUA B C/Iydae HEU3MEpPIeMOI'o COCTOAHUS 00bEKTa, KOrJa
JIJIST U3MEPEHUs JIOCTYIIEH TOJBKO BEKTOP BBIXO/IHBIX MEPEMEHHBIX, HMEIOIINH MEHBITYIO pa3-
MEPHOCTH, 9eM BeKTOp cocTosgHus. OcoObIil MHTEpeC 3/1eCh BBI3BIBAET CHHTE3 ONTHMAJIbHBIX
PEryJIsTOPOB 3aJ]AHHOTO MOPsAKA (B YACTHOCTH, CTAIMOHAPHBIX PETYJISTOPOB MO BBIXOMIY ).
Kpome Toro, kak mpaBuio, paccCMaTpPUBAIOTCS TOJBKO HEBBIPOXK IEHHBIE 33141, KOT/Ia BECO-
Basg MaTpulla yupasjenus B (DyHKIHOHAJIE ABJIAETCA HEBBIPOXKIEHHOMN, XOTS 3TO OrpaHuyYeHne
UHOT/IA BBITJIAIUT UCKYCCTBEHHBIM.

B kagecTBe ajbTepHATUBLI METOAY ypaBHeHuii Pukkartu ajad cuHTE3a ONTUMAIbHOIO
JINHEWHO-KBA/IPATUIHOTO YIPABJICHUA MOKET ObITH NPUMEHEH METOJI JUHEHHBIX MATPUIHBIX
HepaBeHCTB. llpuMeHeHne JUHEHHBIX MATPUYHBIX HEPABEHCTB JIJIsI MOCTPOEHUS ONTUMATIb-
HBIX PEryJagTOPOB OCHOBAHO Ha cieiayworieii uaee. 3secrro [54, 56, 63|, uro onTuManbHOe
JIMHETHO-KBA/IPATUYHOE YIIPABJIEHUE MOXKET TPAKTOBATHCH KaK Ho-OlTUMaJ/bHOE YIIDaBJie-
HUe JIMTHEITHBIM 00'bEKTOM, Ha BXOJ KOTOPOT'O TOJIAETCHd UMITYJILCHOE BO3/IeHCTBHE WK OeJIbIit
myM. B cBoto odepesnb, ycaoBue OrpaHuYeHHOCTH Ho-HOPMBI MEPEIaTOYHO MATPUIHI 00b-
eKTa MOXKeT OBITh BBIDAYKEHO B TePMUHAX JIMHEHHBIX MATPUYHBIX HepaBeHCTB. OCHOBaHHAS
Ha 3TOH Hjee MPOIEIypa CHHTE3a ONTHMAJBHBIX DPETYIATOPOB B OOIIEM CJIydae TPUBOIUT
K 3a7a4e A: MOucCKy JBYX B3aUMHOOOPATHBIX MATPHII, YAOBICTBOPAIONINX JTHHEHHBIM MaT-
PUYHBIM HEPABEHCTBAM.

B panmnoii rjaBe 1mokazaHo, 4TO HEOOXOJUMbIE U JIOCTATOUYHBIE YCJIOBUS CYIIECTBOBAHUS
ONTUMAJIHLHOTO PETyA4TOpPa MOJTHOTO MOPSAJ/IKA MO BBIXOLY, MUHUMHU3UPYIOMIETO KBaAPATHY-
Hblii GyHKIHOHAN (BBIPOXK/ICHHbIN UM HEBBIDOZKIEHHBII ), H €ro HapaMeTphl BhIPAzKAOTCd B
TepMUHAX JUHEHHBIX MATPUYHBIX HEPABEHCTB. BBOAUTCA MOHATHE 7y-ONTUMAJBHOTO 3aKOHA
yIPaBJIeHUs, TP KOTOPOM OTHOIIEHHE 3HAYEHUs KBAIPATUIHOrO (DYHKITMOHATIA K KBaJIpa-
TY HOPMbI HAYAIBHOIO COCTOAHUS OOLEKTa He IPEBLINAeT 3aJaHHOe YHuCJa0 Y2 a1 1106010
HAYaJIbHOIO COCTOdHU. Takne 3aKOHBI YIIPaBIeHUs MOYXKHO PAacCMaTpPUBATL Kak obecriedn-
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BaIOIUE TallleHue B 33JaHHOM OTHOIIEHUH Y BO3MYIIEHHH 00beKTa, BEI3BAHHBIX OTK/JIOHEHU-
eM ero Ha4aJbHOIO cocTosgHUSA. lloka3zaHOo, 9TO CHHTE3 Y-ONTHUMAJIBHBIX PEryJdTOPOB IIOHU-
ZKCHHOTO TIOPAJIKa CBOJHATCA K PEIICHAIO YIIOMAHYTON BBIIIE 3aJIa4X IMOMCKA IBYX B3aUMHO-
00paTHBIX MATPHUIL, Y/OBJIETBOPAIONIUX JUHEHHBIM MATPUYHBIM HEPABEHCTBAM, & CUHTE3 Y-
ONTUMAJILHBIX PEryJISTOPOB OJHOTO MOPSIKA MOXKET ObITH OCYIIECTBJIEH B TEPMUHAX TOJBKO
JIMHETHBIX MATPUUYHBIX HEpaBeHCTB. B ciydae, Korja onTuMabHOE JIMHEHHO-KBAIPATHIHOE
yIpaBjeHne obecreqnBaeT aCAMITOTHIECKYIO YCTORUNBOCTD 3aMKHYTOH CHCTEMBI, OHO C JIFO-
0ot 38/ TaHHOI CTeNeHbIO TOYHOCTH COBIAJIAET C Y-ONTUMAJBHBIM YIPABIECHUEM IIPH 3HAYECHUT
v, CKOJIb YTOTHO OJU3KOM K IPeIeJJbHOMY MUHUMATHHOMY 3HAYEHUIO.

7.1 DBpruuciaenue Hs-HOPMbI IEpeaaTOYHON MaTPUIIbI

Beenem npocrpanctBo RLy mepegarounsix Marpury H(s), 1/1s KOTOPBIX BBITOTHSIETCSI

/ tr [HT (—jw)H (jw)] dw < oo .

—00

B sTom npocrpancTBe Ho-HOpMa ONpeeiseTcst CaeayonumM odpa3om
17 . .
|l = {5 [ tr[HT (=) H(jew)] dw} ' (7.1)

ITIycth
H(s)=C(sI —A)™'B.

Paccmorpum ynpasiigeMyo, HAOIIOAAEMYIO U YCTONIUBYIO CUCTEMY

t=Axr+ Bv, z(0)=0

2= Cx (7.2)

e x € R™, v € R™ n z € R", pealusyoIIyiO 3Ty NepegaTOuHyI0 MaTpPHUILy B IPO-
cTpaHcTBe cocrossHui. [IpuBeneM nBe uaTepuperanun Ho-HOPMBI, KOTOPBIE B IIOCJIELYOIIEM
OyIyT NPUMEHATHCS 71 HAXO0XKIeHUS ONTHMAIBLHOIO YIPABIEHUS B JeTePMUHIPOBAHHOM U
CTOXACTHYECKOM Cirydasix (M., naipumep, [54]).

Cuauaita nojamm Ha Bxof (7.2) nocaemoparennno umiyabennie curnaan vd (1) = 6(t) e;,
rae 0(t) — mmmyabcHas yHKnud, e; — =it croaber (n, X n,)-eANHATHOR MATPUIBI, | =
1,2,...,n,, n obo3Ha4nM depes 2 coorBeTcTBYyONIIHIT BHIXO, a depe3 Z ) (jw) — ero @ypbe-
m3obpazkenue. Kax ussecrno, ZW(jw) = H(jw)e;. [lpumenss pasenctso Ilapcepans, moury-
qUM

[HIg = 5 [ w7 () H (o)) do =
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TakuMm 06pa30M, 3HAUEHHEe KBaapaTa Ho-HOPMBI COBIIQJAET C CYMMON MHTErPaJIOB OT KBa/I-
paTa HOPMBI BBIXOJIOB, COOTBETCTBYIONINX BXOIHBIM HMITY/IbCHBIM CHTHAJIAM.
Tak kak 29 (t) = CeA'Be;, t > 0, 10 ¢ yaerom toro, uro tr (KTSK) = tr (SKKT) nna
(3]

HPOU3BOJIbHON MaTpuIpl K u HPOU3BOJILHON CUMMETPUYECKONR MATPUILI S, OTCIOIA IOy UM

No o0

|H3 =Y [ I BT CT Ce By dt =

=17
Z/ (e"CTCeM Beyel BT) dt =

/ (et CT et > " Bee] BT)dt = (7.3)
0

i=1
= /tr (et CTCeBBT) dt =
0

=tr (BT/eATtCTCeAt dtB) = tr(C/eAtBBTeATt dtc?y .
0

Kak u3BecTno, 3nauenus MocJaeIHAX JBYX WHTErPAIOB MOT'YT OBITH HAMJICHBI KaK PEIIeHUs
COOTBETCTBYIOIUX ypaBHeHuil JIamyHora. A WMeHHO, B MpEANOIOKEeHUH, 9T0 Marpuna A
CYPBUIEBa, HEIIOCPEJICTBEHHO MIPOBEPAETCA, YTO MATPHUILA

P=P,= /eATtCTCeAt dt
0

VIOBJIETBOPSIET YPABHEHUIO

ATP+PA+CTC =0, (7.4)

a MaTpuIg
oo

P=p = / e BBT ATt gt
0
YJIOBJIETBOPSIET Y PABHEHWIO

AP+ PAT + BBT =0 . (7.5)

Corsnacuo iemme E.1 5T ypaBHEHHS B pACCMATPHBAEMOM CJIyJae HMEIOT € IMHCTBEHHbIE HeOT-
punmaTe/JIbHO ONpeae/ieHHbIe pellleHund, U TOorJja NCKOMad HQ—HOpMa BbIIUCJIdeTCd OJHUM U3
JIBYX CJIEJIVIOIHX 00pa3oB

|H5 = tr (B"R,B) (7.6)

rie P, — pemmenne ypauennst (7.4), niu
|5 = tr (CPCT) | (7.7)

rae P, — pemenue ypasuenus (7.5).
Temepb moma UM Ha BXOJ CHCTeMBI (7.2) Gesblii MyM v eTHHAYHON MHTEHCHBHOCTH, T.e.
El(t)vT(t +7)] = §(7)I, n BBeseM KpuTepHii

J=lim E |2(t)]?
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rae E — 3HAK MaTeMaTHYecKOro OKuIanus. [IpojesaeM CIeyoline OueBIIHble BIKIAIKH
J = lim Etr(z27) =
t—o0

= tlirgo tr B ['/(ID(t, T)v(T)dT / vT (0)®T(t,0) do] =

— lim tr] / o(t, 7) / E ()" ()07 (¢, 0) do dr =

t—o0
0

— lim tr[ [ @, )7 (1, 7) dr] |

t—o00
0

rae ®(¢,v) = CeA&Y) B, Tlonaras tenepb i =t — 7 u cpasumpas ¢ (7.3), moaydum

t—o0

t o]
J = lim tr [C / e BBT e duC”) = tr [C / e BBTeA 4™ = ||H|? .
0 0

Takum obpazom, KBajpar Ho-HOPMbI COBHAJIAET TAaKzkKe C IPEJe/IbHbIM 3HAYEHUEM Mare-
MaTHYEeCKOTO OKUJIAHUA KBaJIpaTa MOJYJIS BbIXOJA JUHEHHONH CUCTEeMbBI, KOTJa Ha €e BXO/I
HOCTyHaeT OeJIbIil TITyM.

Crenytoree yTBepKIeHNE TO3BOIIET XapaKTePU30BaTh Ho-HOPMY B TepMUHAX DelIeHuiH
JUHENHBIX MATPUIHBIX HEPABEHCTB.

Vreepxkaenue 7.1 Ilycmv 6 obsexme (7.2) mampuua A eypsuuesa. Tozda caedyroujue
ymeepotcdenus IK6UBANEHMHDL.

(a) |H][2 <7;
(b) cywecmeyrom marue mampuuyv, X = XT >0 u S = ST, umo
ATX + XA XB X cr

<0,

>0, tr(S) <y 7.8
P OS) ()< (18

(¢c) eywecmeyrom makue mampuuyn, Y =YT >0 u R= R, umo

AY +YAT YCT Y B
<0, >0, tr(R)<~. (7.9)
)% AT BT R

JlokazarebeTio. [TyHKT (a) SKBHBaAJIGHTEH TOMY, 4TO BBIIOIHEHO HepasencTro tr (BT P,B) <
v?, e P, — pentenue ypasuenus (7.4). Tak Kak 3T0 ypaBHeHHe UMeeT eJUHCTBEHHOE perlie-
HHe, TO 9TO SKBHBaJEHTHO cymecTsopannio X = X7 > 0 takoif, 9To

ATX+XA+CT"C <0, tr(B'XB)<+*. (7.10)
leficTBUTENILHO, PACCMOTPUM yPaBHEHUE

ATX + XA+ CTC+£21=0,
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KOTOpOe uMeeT euHcTennoe pemenne X > P,. Otcrona cieayer, uro tr (BT P,B) < tr (BT XB) <

v2. C apyroit croponsl, ecau tr (BT P,B) < 4%, To naiijerca Takoe ¢, uro tr (BT X B) < +2.
BosbmeM Tenepb B (7.10) X = Y1 yMHOKHM NepBoe U3 HEPABEHCTB CJIeBa U CIPaBa Ha

Y, BBejieM BClOMOraTe/ibHYI0 MaTpuily R u 1nojydum

YAT + AY +YCOTCY <0, B'Y'B<R, tr(R)<~*.

BaMeHsd B 9THX HepabeHcTBax Y Ha Y'Y m R Ha YR ¥ He MeHsig 0GO3HAYEHUN, ¢ yUETOM
aemmel Iypa moayunm (c¢). DksuBasenrHocts myHkros (b) m (¢) caemyer u3 npunnmna
nBoficreenHocTH 1 TOro, uto | H |2 = [[HT||2.

7.2 CuHTEe3 Y-ONTUMAJbHBIX PETYJIATOPOB MO COCTOSTHUIO

PaCCMOTpI/IM 3a4a4y y-OlITUMaJILHOI'O JIHHGI;’IHO—KBa,D;paTI/I“IHOI‘O yiIpaBJI€HUA 00 BEKTOM

t=Ar+ Bu, z(0)=ux,

z=Cz+ Du (7.11)

B CJIydae H3MepsieMOro COCTOSHUSA, COCTOSANIYIO B HAXOK/IEHHH CTAOHIN3NPYIONIErO YIIpaBie-
HUST BHJIA
u= 0z, (7.12)

KOTOpOe AJid 3adaHHOI'O 3HAYCHUA Y > 0 O6eCHe"II/IBaeT BbIIIOJIHEHUE HEPaBCHCTBA
(o)
J= / 282 dt < A2|zof?, Vao £0. (7.13)
0

TOT 3aKOH yIpaBIeHUs MOKHO PACCMATPHBATEL KaK 0GECHeUnBAIOIITIL rallenue B 3a1aHHOM
OTHOITICHHUH Y BO3MYIIEHNIT 00beKTa, BHI3BAHHBIX OTKJIOHCHHEM €r0 HAYAJBLHOTO COCTOAHHS.
3aMeThM, 9TO ONTUMAJIbHOE JHHEHHO-KBAPATHIHOE yIpaBieHue oobekToM (7.11), mu-
HEME3UPYIomee (YHKIUOHAT J, ¢ M000H 3aJaHHOH CTEINEeHBI0 TOYHOCTH COBHAIAET C Y-
ONTUMAJLHBIM YIIPABJEHHEM MPHU 3HAUYCHHH 7, CKOJIb YTOAHO OIM3KOM K HPEIeJbHOMY MU-
HuMabHOMY 3uadenuio v B (7.13). Tak, B cayuae CTD =0, DTD > 0 u npu yciosuu, uro
napa (A, B) crabummsupyema, a napa (A, C) nerekrupyema, 3T0 yrnpapBjieHne 00ecneqnBaeT
ACHUMIITOTHIECKYIO YCTOMYMBOCTh 3aMKHYTOM CHCTEMBL U ONPEIC/ISeTCs BhIPAZKeHIEM

u=—(D"D)'BTPx ,
rae matpuna P = PT > 0 apaserca pemennem ypapHenns PUKkaTH
ATP 4+ PA—-PB(D'D)'BTP+CTC =0, (7.14)

u pu 3ToMm minJ = z! Pry (cm., manpumep, [2]). Takum 06pazom, TouHas HUZKHSAS TPAHb
MHOYKeCTBa 3HAUeHUiT 2, 171 KOTOPBIX CYIeCTBYeT Y-ONTHMAIBHOE YIIPABJICHIe, COBIAIAeT
C MaKCHMAaJbHBIM COOCTBEHHBIM 3HAYEHUEM MAaTPHIIBL P.

[IpencTaBuM CcHHTE3 Y-ONTHMAJBHBIX VIPaBJIeHUIl B TepMHHAX JMHEHHBIX MaTPUIHBIX
aepaseHcTs. st s1oro BMecto cucrembl (7.11) paccMOTpUM CHCTEMY € HYJIEBBIME HAYa/Ib-
HBIMH YCJOBUSMHU U UMILYJIbCHBIM BO3J/IE€HCTBHEM

&= Az + x¢0(t) + Bu, x(0)=0,

z2=Czr+ Du , (7.15)
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re 0(t) — menbra~-dyHKIMS, BHIXOI KOTOPOil coBmaaer ¢ BhixogoM cucrembl (7.11). TToacra-
BHM 3aKOH ynpasienus (7.12) B (7.15) u 3ammmmeM ypaBHeHHE 3aMKHYTOI CHCTEMBI
= (A4 BO)x +x¢6(t), x(0)=0,
z=(C+DO)x .
CorytacHo ipuBeieHHOl nHTEepnpeTannn Ho-HOpMBI 3HaMeHne hyHKImoHaMA J COBIAIAET ¢

KBaJIpaToM Ha-HOPMBI TIepeJaTOYHON MATPHIIBI ITOr0 00BEKTa, TOITOMY Ie/b YIPABJIEHHsI
(7.13) 9KBUBATEHTHO BBIPAYKAETCsI HEPABEHCTBOM

[Ipumenss Tenepb yTBepkKIeHHE 7.1, MOJIYIUM, 9TO JJId BRINOJHEHUS TeJNd YIIPaBIeHU
HeOOXOIMMO 1 JOCTATOUHO, YTOOBI cymiecTBoBaan MaTpunel Y = Y7! > 0n R = RT, ynosae-
TBOpdoue HEpaBeHCTBaM

( (A+ BO)Y +Y(A+ BO) Y(C+ DO)T ) .
<0,

(7.16)

(C+DoO)Y —|zo|1

Y To R ‘ ‘
>0, trR <7zl .
wf R ’

yLH/ITbIBaH, 9TO B AaHHOM CJIy4dae R CKaJIdpHasd BEJINYNHa, U 3aMeHdd B 9THX HEPaBEeHCTBaAX
Y na |xo|Y, R Ha |xo|R, mosyunm

(A+BO)Y +Y(A+BO)T Y(C+DO)T .
( (C+DO)Y —yI ) =

Viwol o >0, R<y
x5 Rl ’ .

Beosum Tenepb B mepBoM HepasercTe (7.17) HOBYIO MaTpudHyIO HepeMenHyio Z = OY
U C y9eTOM TOTO, YTO cortacHo JieMMbl 1llypa aBa mocjieIHHX HEpPaBeHCTBA YKBUBAJIEHTHBI
HEPABEHCTBY

(7.17)

tY 1z
2
|
KOTOPO€ 3alHChIBAeTCs B BHJE JIHHEHHOIO MATPIYIHOIO HEPABEHCTBA

Y I
>0,
I ~I

NPUXOIUM K CJIEYIONEMY Pe3yJIbTaTy.

<’Y, vx0#07

YrBepxkaenue 7.2 [apamempo. © 0aa Y-0nmumasvro20 3G4KOHG YNPasAEHUs 00BEKMOM
(7.11) svuucasromes xax © = ZY ™' 20e Y = YT > 0 u Z ydosaemsopaiom sunetinoim
MAMPUILHBLM HEPABEHCTNEAM

AY + YAT + BZ +7TBT vyCT 4+ ZTDT
<0,
CY +DZ —~I

Yy [
>0.
I ~I

(7.18)
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Tax kak mapamMerp 7y BXOJAUT B 3TU HEPABEHCTBA JIMHEITHO, TO ONMTUMAJILHOE YIPaBJICHHE
YUCJEHHO HAXOJIUTC IIyTeM pelleHus cTaHIapTHOM 3aja4u, peaju3zoannoii B LMI Toolbox
nakera MATLAB, — munnvusanuy JTuHeiiHON (byHKIMHA () TpH OrPAHUYEHUSX, 38/IaBAEMBIX
JIMHEHbIME MAaTPUIHbIMU HepasencrBamu (7.18).

Jpyroii cmocod MmocTpoeHus: Y-ONTUMAJIBHOI'0 PEry/IsaTOpa MO COCTOSHUIO HA OCHOBE JIH-
HEHBIX MATPUYHBIX HEPABEHCTB COCTOUT B MPEJCTABICHUN epBOro Hepapencrsa B (7.17) B
BHJIE

v+ Pfe’Q +Q'epP <0, (7.19)

rae
( YAT + AY YCOT )
v = :

o) -
K (7.20)

P=(Y 0), Q=(BT D7).

Cor1acHO YTBEPXKJICHHUIO 3.2 HMOJIYUIeHHOE HEPABEHCTBO PA3PEIIUMO OTHOCHTEILHO MATPHILLI
O Torja m TOJIBLKO TOTIa, KOIJIa

YAT + AY YCT
Wi

Wp <0,
cYy —~I

(7.21)

W

YAT + AY YCT
cY —~1

)WQ<O,

rjae

0 W
WP = b WQ = ) )
I WQ

a MaTpHITbI Wc(gl) n Wg) YAOBJIETBOPSIIOT yPABHEHUIO
BTW(l) + DTW(2) =0
Q Q — V-
Tak kak mepBoe n3 HEPABEHCTB (7.21) OUEBHIHO BBHIOIHSIOTCS, IPUXOANM K CJEILYIOTIEMY.

Vreepxkaenne 7.3 I[apamempv, © 04s Y-0nMUMAALHOZO 34KOHA YNPAGAECHUA 00BEKMOM
(7.11) svinucaaromen xax pewenua nepeozo nepaserncmsa 6 (7.17), 6 xomopom Y =Y1 >0
YO006AMBOPAET AUHETHBM MATNPUHHOLM HEPAGEHCTNEAM

YAT + AY YCT
WT
Q
cY —~1

Yy [
>0.
I ~I

)WQ<0,
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ITpumep 7.1 y-onTUMaJIbHOE YIPAaBJIEHNE MO COCTOAHUIO JUHENHBIM OCIUAJIJIATO-
pom c jgeMudupoBaHueM. Jlurelinvili 0CUUALATOP ONUCHLBAEMCA YPAGHEHUEM

Ty = T2,
iy = —wir) — 0wy +u
21 = 21,
Z9 = U,

m.e. 6 eude (7.11), 2de

~(s2) »-(0)

ITycms wy = 10 u 0 = 0.1. Yucaennoe pewenue 3a0a4U MUHUMUSAUUL Y TPU 02DAHUMECHUAL
(7.18) npusodum x caedyrouum pe3ysvmaman:

0.4914  —0.0593
Y =

. Z=(0 —2.0354) ,
—0.0593  49.1460

a coomsememeyrowue napamempos peeyaimopa © = (—0.005 — 0.0414) npu v = 2.0354.
aa cpasrenua npueeldem 3naveHUA NAPAMEMPOS PE2YAAMOPE, NOAYYEHHBLE HA OCHOGE
pewenus mampuunozo ypashenus Pukkamu (7.14):

( 4.1428 0.0050

= , 0 =—(D'D)'BTP = (-0.005 — 0.0414).
0.0050 0.0414

Hakomerr, 3ameTnm, 4T0 3a/1a9a y-ONTUMAJIBHOIO YVIIpaBjieHHd (DOPMYJIUPYETCs C JIOMOJI-
HUTEJIbHBIM TPeOOBAHIEM aCUMITOTHIECKON YCTONIUBOCTH 3aMKHYTON CHCTEMbI, B TO BpeMs
KaK JIJIsI ONITUMAJIBHOTO JTHHEHHO-KBAIPATUIHOTO YIIPABIEHUs TAKOe TPpeOOBaHUE OTCYTCTBY-
er. Jlig umocTpanu yKa3aHHOTO Pa3/imdus pacCMOTPUM OO'bEKT

T = T + U,
00 1
z2=(0 1l)x+u.

Hemnocpeacrsenno ybexkjaeMcd B TOM, 4TO ONTHUMAJIbHOE JIMHEHHO-KBA/IPATUIHOE YIIpaBJIe-
HUE JIJ1d HErO NMeeT BUJT

u=—(0 1)z,

U [IpU 9TOM 3aMKHyTasl CMCTeMa OyJeT HeyCTOWYMBOH. DTOT 3aKOH YUPABICHHS OTBEYAET
perennto ypasuenust Pukkarn (7.14) — marpuie

(o)
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Bwmecte ¢ Tem, 7151 3TOr0 00’beKkTa ONTHMAJJIbHOE CTAOMIN3UPYIOIee yipaBaeHne Oy1er
u=—(4 3)x.

DTOT 3aKOH YIPABJEHUS COOTBETCTBYET CTaOMIM3UPYIONEMY DeleHuto ypasuenust (7.14) —

MaTpure
8 4
P =
4 3

B 3akJiiouenune 3Toro pasjesna paccCMOTPHUM 3a/1a4y JUHEHHO-KBAIPATUIHOTO YIIPABICHUS
IpU ydeTe CTOXaCTHYeCKHUX BozjeicTBuii. [11g odbekTa

t=Ax+ Biv+ Byu, x(0)=0,

z=Cx+ Du , (7.23)

rie v — OeJIbIil nrymM e,ILI/IHI/I‘{HOIL/'I HHTEHCUBHOCTH, B CJIy4a€ U3MEPAEMOI'0 COCTOAHUA 3ada4a
COCTOUT B HaXO0XKJICHHUH CTa6I/IIII/ISI/IPYIOHI€FO yipaBJICHHA BUa

u= 0z, (7.24)

KOTOpOe /Il 33]aHHOr0 3HadeHnsd 7y > 0 obecrednBaeT BBIIOIHEHHE HEPABEHCTBA
J = tll>Ig> Elz(t)]*dt <~* . (7.25)
[Moacrasum 3akon yupasienus (7.24) B (7.23) u 3auiueM ypaBHeHEEe 3aMKHY TON CHCTEMBbI

I" = (A—FBg@)ﬁ—{-Bﬂ) s

z=(C+DO)x . (7.26)

CorsiacHo uHTepIpeTanuu Ho-HOPMBI MepeIaToOuHOil MATPHUIIBI 3TOH CHCTEMBI B CTOXacTUYe-
cKOM caydae yeaosue J < 42 ¢ yuerom yTBepxienud 7.1 BbIparKaeTcs cJelylomuMH MaT-
PUYHBIMHA HEPABEHCTBAMM:

( (A+ B,©®)Y +Y(A+ B,©)T Y(C+ DO)T ) ;
<0,

(C+DO)Y —~1
(7.27)

Y B
>0, trR<~.
BT R

Broas HOBy10 MaTpuuHyto nepevennyo Z = OV npuxoauM K CJIeIyIOIIeMY.

YrBepxkaenune 7.4 [apamempos © 0aa ¥-0nmumaivro20 3aK0HA YNPABAEHUA CINOTACMU-
weckum obsexmom (7.23) evuucasromes xax © = ZY ' 20e Y = YT > 0 u Z ydosaemso-
PAIOM. AUHETHOM MAMPUYHBLM HEPABEHCTNEAM

( AY + YAT + ByZ + ZTBY YT + ZTDT )
<0,

CY +DZ —~I
(7.28)

Y B
>0, trR<vy
Bl R

omuocumenvro nepemennorr Y, Z u R.
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7.3 CuHTEe3 Y-ONTUMAJbHBIX PETYJIATOPOB IO BBHIXOLY

PaCCMOTpI/IM Tenepb 3a1a4y 7y-OIITHMaJIbHOT'O HHHeﬁHO—KBa,ILpaTH‘{HOFO yiupaBJeHud B CJIy-
qa€ Heu3MepdadeMoro COCToduud AJid 00DbeKTa,

t=Ar+ Bu, z(0)=ux,
z=Cx+ Du , (7.29)
y=Csx ,

rjge y € R™ — u3MepsieMblii BbIX0. OHa COCTOMT B HAXOXKICHUHM CTAOUIU3UPYIOIIETO Pery-
JATOpa k-ro mopsjaka Mo BBIXOAY BHIA

.= Az, + By, x.(0)=0,

u = C’I”x'f + Dry , (730)

rie z, € R¥ — cocrosinue peryisitopa, KOTOpbIi 06eciiednBaer BbIIIOJIHEHIE HePABEHCTBA

J

/|z(t)|2 dt < ~2|zol?, Vao £0 . (7.31)
0

Ypapuenus 3aMKHyTO# cuctemsl (7.29), (7.30) mpuBoagrces K BHIY

Te = Acte +Tod(t) , x.(0) =0,

O (7.32)
rae z. = col (z,x,),
A+ BD,.Cy BC, Z
Ac = ;Lo = )
B,Cy Ar 0 (7.33)

C.=(C,+DD,Cy DC,) .

J171s1 BBITIOJIHEHUS TeTH YIIPABJICHH TlepelaTouas MaTpuna oobekra (7.32) ot Bxoma 0(t) K
BBIXOIY 2

Hc(s) = CC(S] - Ac)_lfo
JOJIZKHA YIOBJIETBOPATH YCJIOBUIO
[ Hello < ylzol , Vo #0.

CornacHo yTBep:KaeHHio 7.1 Jj1st 3TOT0 HEOOXOAMMO W JOCTATOYHO, YTOOBI JIMHEHHBIE
MaTpHYHbIE HEPABEHCTBA

AY +YAT  ycT Y %
<0,

o >0, trR <"yl
C.Y —|xo|1 T, R

OBLIN pPa3peITuMBbl OTHOCHTENbHO TlepeMeHHbX Y = Y7 > 0 u R = RY. YunTwiBag, 4ro B
JAHHOM cJydae R CKaJsipHasi BeJIWUNHA, W 3aMeHsis B 9THX HepaBeHCTBax Y Ha |ro|Y, R Ha
|zo| R, mostyaum

<0,

>0, R<r~. 7.34
CY —~1 ) (7:34)

Ty Rlxo



7.3. Cunres y-OnNTHMAJIBHBIX PEryASTOPOB 110 BBIXOLY 71

[Tocaemane nBa HepaBercTBa B (7.34) B cuiy jgemmbl 11lypa sKBHBaJ€HTHBI JHHEHHOMY MaT-

pI/I‘IHOMy HepaBeHCTBy
I
Y
0 > 0.

(L 0) oI
Bresem Marpuily mapamMeTpoB perysisTopa
A, B,
= (7.35)
C, D,
" MnpeacraBUM MaTpPHUIIbL 3aMKHyTOfI CHCTEMDbI B BHIE

A=A+ BoC, C.=Cy+DOC,

A Onzxk Onzxk B
AO = 5 B = ;
Okxn. Okxk I Okxn,

Okxn, Ik (7.36)
C= X CVO == (Cl Onzxk) )
CQ Onyxk

rae

D= 0nxx D).

[ToxcraBum 5TH BhIpazKeHHs B IIePBOe HEPaBeHCTBO (7.34) W mpeCcTaBUM e€ro B BHJE JHHEe-
HOTO MaTPUYHOTO HEPABEHCTBA OTHOCUTEIBHO HEM3BECTHBIX MapamMeTrponB O

v+ Pfe’Q+Q'er <o, (7.37)

B KOTOPOM

o [ AV YAT vycT
B C()Y —’)/I ’

(7.38)
P=(CY 0), Q=(B" D).

CoracHO YTBEPXKICHUIO 3.2 HMOJIYUYeHHOE HEPABEHCTBO PA3PEIIUMO OTHOCHTEILHO MATPHILLI
© Torja m TOJABKO TOTIa, KOIJIA

A)Y +YAT vcr
Wg Wp <0,
C()Y —")/[
(7.39)
AY +YAT yCT
Wg; WQ <0,
O()Y —’7]

rje cTobmbl Marpunbl Wp obpasyioT Oasuc gapa MaTpuipl P, a cronbubl Marpunbl Wo
obpasytor 6a3uc siapa marpunsl (. [IpeacraBum

Y 0

P=(Y O):G(O ;

), G=(C 0),
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Y=t o
Wp = We .
0 I

[Toacrapiisist 910 Bhipaykenue B (7.39), IPUXOJAUM K CJIEIYIOIIEMY.

OTKYyJA CJeIyeT, 9To

YrBepxKkaeHue 7.5 /aa cyuecmseosarus y-onmumasbHo20 peeyaamopa k-20 nopadka rneob-
Todumo u docmamouno, wmobv, cywecmeosart, dse 63aummnoobpammvie (n, + k) X (ng + k)-
mampuytt X = XT >0 uY =Y7T >0, ydosaemeoparouue cAeoyiowjum HepaseHcmeam

ATX + XA, CF
g Wa <0,
C() —’}/]
YA+ ALY Yo
WT
Q
C()Y —’y]

- ()]

(I 0) ~I

) Wa <0 (7.40)

Ecau ycaosus (7.40) evinoanens v mampuua Y Hatidena, mo napamempo, © uckomozo pe-
2YAAMOPA HATOOAMCA KAK PEULEHUA MUHETHO20 MAMPUUH020 Hepaseremea (7.37).

Taxum obpaszom, paccMaTpuBaeMasl 3aJada CBOJUTCS K 3aade A: MOMCKY B3aUMHOOO-
parubix MaTpuil X u Y (XY = I), yA0BIeTBOPSIONIUX JINHEHHBIM MATPHYHBIM HEDABEHCTBAM
(7.40).

[TpeoGpasyem nepsbie nBa HepasencTBa (7.40), yauThiBast GJIOYHYIO CTPYKTYDPY MAaTDHIL
Ap, Cy u coorBercTByIONIee npejacrapiaenne Mmarpuit X u Y B GJOYHOM BUJIE

Xll X12 }/11 }/IQ
X - s Y =
Xy Xa Yiy Yo

Okxn, Ik Okxn. Okxne Ik Okxn,
G= , Q= ;
CQ Onyxk Ony X1y BT Onuxk DT

TO B Kadectse We u Wy MOXKHO B34Th

Tak Kak

We, 0 Wy

We=| 0 0|, Wo=| 0 |,
@)
0 I We

r71e MaTPHUIIHI Wg), Wé;) OIIPeIe ISIIOTCS U3 CJIeYIONUX YpaBHeHUM

Ty (1) Tyi7(2)
B WQ + D WQ =0.
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C ydeTom 3TOro JieBble YacTH TMePBbIX JIBYX HepaBeHCTB B (7.40) mpuMmyT BHI

T

We, 0O ATX ) + XA ATX,, COF We, 0
0 0 * 0 0 0o 01,
0 I * * —~I 0 I

T
W YuAT + AV AV YuCl Y\ [ W
0 * 0 YLCT 0 :
(2) _ (2)
W * * v We

M, OKOHYATEIHHO, MepBbie J1Ba HepaBeHCTBa (7.40) CBOAATCS K CJEAYIONNM JTHHEHHBIM MaT-
PUYHBIM HEPaBEHCTBAM OTHOCUTEJIHHO OJIOKOB X1; M Y(; B3auMHOOOpATHBIX MaTpuil X u

Y:
We, 0\ [ ATX; + X4 CT We, 0 .
<0,
0 I 4 —~1 0 I
Y11 AT + Ay, Y1101T
T N <0,
CiYn -1

(7.41)

rae croabisl marpur, We, w N = col (Wg),Wéf)) obpasyror 6asucel aaep marpun, Ch n
(BT DT) coorsercTBeHHO.
Cornacno jemme A.7 yenosug X = X1 >0, Yy, = Y2 >0,

Xy T
>0, (7.42)
I Y

rank (I - X11}/11) S k (743)

SIBJIAIOTCS HEOOXOJIUMBIMA U JOCTATOYHBIMU YCIOBUSIMU CYIIECTBOBAHUS B3aUMHOOOPATHBIX
marpui, X > 0, Y > 0 ¢ ganabimu Osiokamu Xq1, Y7;. [lokaxkem Tenepb, 4To Tperbe Hepa-
BeHCTBO B (7.40) 3KBHBAJIEHTHO JHHEHHOMY MATPUIHOMY HEDABEHCTBY

JeficTBuTebHO, TpeThe HepaBeHCTBO B (7.40), mpeacraBieHHOe B 6JI09HOM BHJIE

Yin Yio [
YVI,ZQ—' }/22 0 >0 )
I 0 ~I

corjiacHo jieMMe A.4 S5KBUBATEHTHO CJIEAYIONINM JIBYM HEPaBEHCTBAM

Y — Y12V 'YiE T
Yoo >0, 2o > 0.
1 vl
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[TepBoe u3 3TUX HEpABEHCTB BHINOJHSAETCH, T.K. Y > (), a BTOpO€ HEPABEHCTBO C y4YETOM
TOTO, 9TO X711 U Y71 — COOTBETCTBYIOIINE OJIOKH B3aUMHOOOPATHBIX MATPUIL, 3AIHUIIEM B BHJIE
HEPABEHCTBA
Xt oI
I ~I
KoTopoe corsacHo JiemMe Illypa sxkBuBasieHTHO HepaBeHCTBY X171 < V[.

Takum o6pa3oM, 3a/a9a CHHTE3a Y-OITUMAJBbHOTO PErYIATOPOB K-TIOPSIKA MOXKET ObIThH
TakxKe CBelleHa K chopmyampoBanHOil BB 3amade B: waiitn ae (n, X ng)-MaTpuIb
X1 = X!, >0, Yy, =YL > 0, yiosrersopsionmue JuHefiHbIM MATPAYHBIM HEPABEHCTBAM
(7.41), (7.44), (7.42) u parroBomy ycsaosuio (7.43), nim yCTaHOBUTDL, YTO TAKUX MATPHIL He
CYTIECTBYET.

CuHTe3 Y-0lTUMAJIBHBIX PErY/IATOPOB 110 BBIXO/LY HOJHOTO nopsiaka (k = n,) cBoaurcs K
PEIIEeHII0 TOJABKO JTUHEHHBIX MATPUYHBIX HEPABEHCTB, TAK KaK PAHTOBOE YCJIOBHE OYEBHIHO

>0,

BBITIOJIHACTCA.

YrBepxKaeuue 7.6 a4 cyuecmeosanus Y-onmumMaibHo20 PEe2YAATOPE NOAHO20 NOPAJKA
neobxodumo u docmamouno, 4mobv cyuecmeosaru 0se (ng X ng)-mampuyv, X1, = X, >0
u Yy = Y[ > 0, ydosaemeopsrousue cAedyioujum AUHETHOM MAMPUHHBIM HEPAGEHCTNEAM

T

W02 0 ATX11+X11A Cf WCQ 0
<0,

0 I C, —~I 0 I

Y AT + AYy, Y OF
" IN<o, (7.45)
CiYn -1
X, I
Xn <l >0,

I Yy

2de cmonbuve mampuy, We, u N obpasyrom 6asucw, adep mampuy, Cy u (BT DT) coomeem-
CMBEHHO.

J171sT moCcTpoeHUsT peryIaropa HeoOXOIUMO JOCTPOUTH OJIOK Y7 J0 MATPHIBL Y M PEIluThb
HepaBeHCTBO (7.37) OTHOCHTETHHO napaMeTpoB ©. BeiGop 6;10k0B Yo u Yoy, obecrnednBaio-
Uil BHIIOJHEHHE paBeHCTBa (CM. jeMMy A.7)

Yin— Xy =YYy 'Y (7.46)

MOXKeT OBITh OCYIIECTBJICH, HapUMep, CIeAVIOMHM obpazoMm: Yis = Yoo = V > 0, rme
V - lel - Xl_ll

IIpumep 7.2 y-onTuMaJJbHOE yHpPaBJEHUE IO BHIXOAY JUHENHBIM OCHUJLJIATOPOM
c AeMaUupOBaHUEM. YpasHeHUA AUHETH020 OCUUAAATNODG

xrp = T2,
x'Qz—w(Z)xl—émg—b—u,
21 =21,
29 = U,

y=n
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npedcmasum 6 sude (7.29), 2de mampuuyw A, B, D sadanwv, 6 npumepe 7.1, a

o' Cy=(10
1_(0 0)’ 2=(10).

B pesyavmame pewenus 3adavu munumuzayuu no vy dagd wy = 10 u 6 = 0.1 6wvau
noaywerov caedyrousue snavenua: v = 2.0354,

2.0354 0.0011 0.4914 —0.0593
Xll = ) }/11 = P
0.0011 1.5211 —0.0593 49.1470

a4 YPABHEHUS Y -0ONMUMGNDHO20 QUHAMUYECKO20 PERYAAMOPG N0 8bL0dYy 6MOoP020 NOPAOKa
umerm sud
—57.8622 —0.0702 0.1201
*C‘Er = T, + Yy,
—0.0671 —0.1424 —98.6673

u = (—0.0255 — 0.0420)z, — 0.0050y .
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I'1aBa 8

OnrumaJjibHOE TalieHne BO3MYIIeHnit

8.1 YpoBeHb rammeHnd BO3MYIIeHIA B HEMPEePhIBHOM 00b-
eKTe

[TycTh HA BXO/I yCTOWYIUBOIO JTUHEHHOTO O0BHEKTA

= Ax + Bv

z2=Czx+Dv, z(0)=0, (8.1)

B KoTopoM x € R™, v € R™ u z € R"™*, neficTByeT orpaHnveHHoe 10 HOpMe Lo BO3MYIIEHHE
v(t) (em. puc. 8.1), Te.

ol = ([ lo(®)at) < o

Bynem naswpiBaTh ypOBHEM TrallleHUsT BO3MYIIEHUNE B 00bEKTE BEJIUUUHY

|21

Yo = SUP T . (8.2)
fwlizo [0
Samernm, 9TO
: Il
Ve = 1gf{7 : m <7, V”U, HUH 7& 0} ’

I[I09TOMY IIpeJCTaB/IdeT MHTEPEC BbIACHHUTDL, ABJA€TCA JII YPOBEHDb I'alllCHHULA BO3MyHl€HHﬁ B
00bEeKTe MEHBIINM 3aJaHHOTO 4ucaa vy > 07 T.€. BbIIIOJIHACTCA JIK YCJIOBUE

=l

Tak Kak HelocpeCTBeHHAs TPOBEPKaA HepaBeHCTBa (8.3) He IpecTaBisieTcs: BO3MOKHOI,
npeobpasyem 310 yciaosue. Vcnosb3yst paBenctso [lapcesassi, nmeem

2]l .
‘ = sup )I!H(Jw)H:HHIIm,

lol0 [1V]] we(—oo.00

rie H(s) = D+C(sI — A)™' B - nepegarounas marpuna oobekta (8.1) 0T Bxojga v K BBIXOJLY
z, 7 =+/—1, || - || obo3HAaUAET CHIEKTPATBHYIO MATPUIHYIO HOPMY, T.€.

|H]| = maxoi(H) ,

7
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1/2 :
oi(H) = )\i/ (HH*) — i-e CHHTYJISIPHOE YHCTIO MATPUILl H , * 0003HAYAET OMePATIHIO IPMUTO-
Ba, COUPSIZKEHHNsI, & || || — 0o-HOpMa B ipocTpancTBe H (s) TaKuX, 9T0 SUPR. s> || H ($)|| < oc.
CrenoBarenbHo, yciaosue (8.3) SKBHBAJEHTHO HEPABEHCTBY

[Hlloo < (8.4)
WJIH, 9TO TO K€, YACTOTHOMY HEDABEHCTBY
H(jw)H' (—jw) <~*I, VYw € (—00,00) .

B cBoro ouepe/ib, ¢ yuerom Jjiemmbl Hlypa 310 HepaBeHCTBO 9KBUBAJIEHTHO MATPUYHOMY HEPa-
BEHCTBY

I HY(—jw)
H(jw) =1

IpUMeHdsd K KOTOpoMy elre pa3 jgemmy Lllypa, moayanm

<0,

HY(—jw)H(jw) < ~¥*I, VYw € (—00,00) . (8.5)

Takum obpazoMm, HEOOXOIUMO MPOBEPUTH BBIMOJTHEHWE TOTO YaCTOTHOTO HEPABEHCTBA JIJIsI
3aJIaHHOTO 7.

B ciiygae 06bekTa ¢ OTHUM BXOJIOM U OJJHUM BBIXOJIOM 3Ta 33/a4a JIeTKO pernraeTcs rpadu-
9eCKH: HAa KOMILTEKCHOI ILIOCKOCTH ¢TpouTes rojorpad, r.e. Kpusag H(jw), w € (—oo, 00),
U HEIOCPEICTBEHHO TTPOBepsieTCs, JIEYKUT JIU 9Ta KpUBas BHYTPU KPYTa C MEHTPOM B HaJaJe
KOODJIMHAT W pajycoM . B caydae obbekTa cO MHOTMME BXOJAMU TIPUMEHUM YaCTOTHYIO
reopemy (cm. siemmy H.1 Kanmana-SIky6osuua-Ilonosa B I[Ipuiokennn) u cBejieM npoBepky
BBITIOJTHEHUST 9aCTOTHOTO yeoBug (8.5) K 3aade 0 pa3pernMOCTH JHHeHHOTO MaTPHIHOTO
HEPABEHCTRBA.

CorytacHO 9acTOTHOH TeopeMe BBINOJHEHUE TaCTOTHOTO HEPABEHCTBA

Ll(jwl —A)'Bv,v] >0, VYwe (—00,00), V|v]#0 (8.6)

JUIS 3aJaHHONl SpMuToBOi dopmel L(x,v) BekTopoB z € C™, v € C'™ 3SKBUBAJEHTHO B
ciaydae crabunusupyemocru napbl (A, B) cymectBoBanuio kBagparndnoii dopmbr V(x) =
2T Xz ¢ spmuToroit marpuneit X = X*, g 1poussoHoit KoTopoil B cuiy cucrembr (8.1)
BBLITIOJTHSIETCS] HEPABEHCTBO

V—L(z,v) <0, Yaz,vu, |z|+][v]#0

W, JIDYyTUMHU CJIOBaMH, UMeeT MeCTO HepaBeHCTBO

2Re " X (Ax + Bv) — L(x,v) <0, Vz,v, |z|+v]#0. (8.7)
Ecm
- x Ly Ly
ﬁ(l’,l)):(l' U )L , L= ) (88)
v L?Q L22

TO HEPABEHCTBO (8.7) CBOAUTCS K JTMHEHHOMY MATPUIHOMY HEPABEHCTBY

ATX + XA—Lyy, XB— Ly

i r B <0, (8.9)
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a gacToTHOe ycJjoBHe (8.6) 3amuiercs B BHIE

((_M_ A)lB> (LH Lu)(um—AwB)w (8.10)
I Li, Lo 1

Nmest B Bty 9acToTHOE HEpaBeHCTBO (8.5), BO3bMeM 3pMUTOBY (DOPMY
L(z,v) =~v*v*v — (Cx + Dv)*(Cx + Dv) ,
T.e. TaKyt0, 9T00bl HepaBeHCTBO (8.10) ¢BesloCh K HEPABEHCTBY
VI — H' (—jw)H(jw) >0, VYwé€ (—o0,00),

SKBHBATEHTHOMY (8.5). DTO yca0BHE CONIACHO YACTOTHOH TEOpEMe BBLIMOTHSETCS TOTA W
TOJIbKO TOLJIa, KOIJa BbIIIOJIHEHO HePaBEeHCTBO

2Rez* X (Ax + Bv) + (Cz + Dv)*(Cz + Dv) — y*v*v < 0 .

Bamenssa 3mech X nHa X W yMHOMkKas MOJIyIeHHOe HEPABEHCTBO Ha 7~ 1, IpHaeM K HepaBeH-
CTBY

T (ATX + XA +4710TC)z + 2Rex*(XB + v 'CTDw +v* (v 'D'D — 4w <0 .

Tak Kak 3TO HEPABEHCTBO JOJI2KHO BLILOJHATBHCS JJIsi BCEX & W U, TO OHO KBUBAJEHTHO
MaTpPHYHOMY HEPABEHCTBY

ATX + XA+~ 1CTC XB+~7'CTD
<0,
(XB+~71CTD)T  —4I+~7'DTD

KOTOPOE C yIeTOM JieMMbl A.2 CBOAUTCS K JUHEHHOMY MAaTPUIHOMY HEPABEHCTBY

ATX +XA XB C7
Fu(X,7) = BTX  —~yI DT |<o. (8.11)
C D —~I

BaMeTI/IM7 9TO IIPX BBIIIOJITHEHHUH 9TOI'O HEPaBEHCTBa B CUJIY JIEMMbL A2 JOJIZKHO BBIITIOJIHATDLCA
ATX + XA <0,

13 KOTOPOrO, YUUTBIBasI, 4TO MATpuIia A IypBUIEBa, B CHIY TeopeMbl JIAmyHOBa (CM. JIeMMy
E.1 B [Ipuiaoxenun) caeayer, uro X > 0. Takum 06pa3oM, Ha OCHOBAHUY 9aCTOTHON T€OPEMbI
MBI IPUXOJUM K CJEIYIOIEMY.

VYrepxkaeuue 8.1 [Iycmo 6 obsexme (8.1) mampuuya A 2ypsuuesa. iz mozo, wmobo
YPOBEHD 20UWEHUA BOSMYULEHUT 8 IMOM 00BeKME DblA MEHLUIE 3GOAHHO20 YUCAA Y HEODXTO-
dumo u docmamouno, 4mobv, sunetinoe mampuunoe nepasencmeo (8.11) 6wviio paspewiumo
OMHOCUMEALHO CUMMEMPUYECKOT (N X Ny )-mampuys, X > 0.
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Bamernm, uto (8.11) aBageTcs JHHEHHBIM MATPHIHBIM HEPABEHCTBOM OTHOCHTEJIBHO ITe-
pemeHHBIX X 1 7. [losTOMY BBIUHC/IeHHE YPOBHS TallleHUsT BO3MYIIEHUN B 00bEKTe CBOJIUTCS
K PeIeHuIo 33Ja9i ONTUMU3AINY JUHeHHOW DYHKIUHA TPU OTPAHUYIEHUH, 3aJaHHOM JIMHEH-
HbIM MATPUYHBIM HEPABEHCTBOM.

Vreepxkaenue 8.2 Onpedeaennbili 6 (8.2) yposenn 2awerus 603myweruli 6 Yyemotuusom
obsexme (8.1) naxodumes caedyrousum obpazom

x — inf 5
T <o

ede aunetinoe mampuunoe nepasencmeo F.(X, ) <0 sadano 6 (8.11).

IIpumep 8.1 YpoBeHb ramieHusi BO3SMYIIEHUN JUHENHOTO OCHIJLJIATOPA C JeMII-
dbupoBanuem. Ocyusismop ONUCHLBAEMCA YPABHEHUEM

Ty =23,
Ty = —wir) — 0wy v,
=T,
m.e. 6 gude (8.1), 2de
0 1 0
A= , B= ., C=(1 0), D=0.
—wi =4 1

Pewas zadawy munumusayuy y npu oepanuterusr (8.11), daa snavenuis wy = 10, § = 1
noaywum v, = 0.1001, a das wg = 10, 6 = 0.1 umeem v, = 1.000.

8.2 H. -peryagaropsl Jjd HelIPepPbIBHLIX 00BHEKTOB

Pacemorpum ynpasiisgeMmbrit 00beKT

= Ax + Biv+ Byu ,
z = Clﬂf + D11U + D12u s (812)
Yy = CQJJ + Dgl?) ,

B KoTOpoM = € R™ — cocrosinme, v € R™ — Bo3wmyIenne, u € R"™ —yupajienue, z €
R™ — ynpaBiageMbIil BBIXO, y € R™ — u3MmepsdaeMblit Bbxoa. Cunte3 H . -yrnpaBieHns 3TUM
0OBEKTOM COCTOUT B TIOCTPOECHHH Pery/istopa (¢M. puc. 8.2), mpH KOTOPOM YPOBEHb TAIIeHUST
BO3MYIIIEHU B ACUMITOTUYECKNA YCTONUYUBON 3aMKHYTOI cucTeMe MeHbIlle 3a1aHHOr0 Yucia

v, T.e.
z
SupM <. (8.13)
vz0 [l
Takue peryasaropbl OyJieM Ha3bIBaTh H . -peryjigaropaMu ¢ 3aJaHHBIM 7Y; H o -OnTUMaIbHBIM
PeryasTopoM OyaeM Ha3bIBaTh H..-peryjisrop ¢ MUHIMAJIbLHBIM 3HAYCHUEM 7.
PaccMoTpuM cHavala caydaii m3amMepsieMoro cocrostaus B oobekre (8.12), korma Co = 1,

Dy = 0, u yupajenue BbIOMpaeTcs B BUJIE

u=0x. (8.14)
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YpaBHeHus1 3aMKHYTO# cuctembl (8.12), (8.14) mpumyT BuL

T, = A.x.+ Bev

z=Cwx.+ Do, (8.15)

rae
Ac = A -+ BQ@ 5 Bc = Bl y CC == CI + Dlg@ y DC = D11 . (816)

g BeimosHenns neau ynpasienus (8.13) mepegaTodHas MaTpPHIA 3aMKHYTOIO 00bEKTA
(8.15) oT BXOIA ¥ K BBIXOLY 2

H.(s) =D, + C.(s] — A)"'B,

JOJIZKHA YIOBJIETBOPATH YCJIOBUIO
||H0||oo <7.

CoracHo yTBep:KaeHuio 8.1 /I 9TOro HeoOXOAUMO U JOCTATOUHO, UTOOBI JUHEHHOe MaT-
pUYHOE HEPABEHCTBO

ATX + XA, XB, CT
BTX  —4I DT |<o (8.17)
C. D. —~vI

OBIJIO pa3penTuMo OTHOCHTEIbHO MaTpunbl X = X1 > (.
YMHOKIM HepaBeHCTBO (8.17) cJieBa u cripaBa Ha MaTPHILY

X100
0 I 0
0 0 I

u ¢ yaeroM (8.16) mosry4anm

Y(A+ B:©O)T + (A+ By©®)Y By Y(C)+ D120)T

BT —~I DT, <0, (8.18)
(C1 + D120)Y Dy -1

rae Y = X1 OueBugHo, 4T0 HOMYHYEHHOE HEPABEHCTBO NMPEACTABAMO B BHJE CJIELYIONEro
JINHEHHOTO MATPUIHOTO HEPABEHCTBA OTHOCUTEHHO TIepeMeHHbiX Y, Z = OY u v:

YAT + AY +Z"BI + B,Z B, YCT+ ZTDI,

F(Y,Z,~) = BT T DT, <0. (8.19)
Cly + D12Z DH —’YI

YrBepxkaenue 8.3 /Jlia cywecmeosanus H. -pezysamopa no cocmosnuio ¢ 3a0GHHbIM 7Y
1e0b6T00UMO U QOCTNAMOYHO, YMOobbL CYULLCME06aAU Ny X Ny-mampuuas Y =Y > 0 u n, X
Ng-MamMpuya 7, Yyoosiemeopaouue AuHeUHOMY mampuyhomy Hepasencmsy (8.19). Ecau
maxue mampuusvt Y u Z Hatidenv,, mo napamempv, © uckomoz20 pezyismopa onpedessromes
no gopmyse © = ZY 1. Munumanrvroe snanernue vy narodumcs us pewenus caedyouet
ONMUMUBAUUOHHOT 30004

Vo = inf
F(Y,Z,7)<0,Y>0



82 Imaa 8. OnrumajibHOE raieHue BO3MYIICHHE

ITpumep 8.2 H. -ympaBjeHHe MO COCTOSHUIO JIMHEHBIM OCHUJIJISTOPOM C JEMII-
dbupoBanueM. Junelinuil 0CUUALATIOD ONUCHLEAENCA YPABHEHUEM

Xy = T2,
Ty = —wiry —dry+v+u,
21 =T,
Z9=U,

m.e. 6 eude (8.12), 2de

0 1 0
A: 9 Bl - B2 = Y
—wi -0 1
10 0 0
Ol - ) Dll = ) D12 =
0 0 0 1

Pewas 3adauy munumudauuu vy npu ozpanuverusr (8.19) das snavenud wy = 10, § =
0.1, natidem v, = 0.7071 u coomsememsyrouue napamempu, © = (—0.005, —0.1). Taxum
obpazom, H..-onmumarvHul pe2yiaimop

u = —0.0052; — 0.1x,

obecnenusaem 2auienue Koaebarull OCYUAAATIOPA C MUHUMAABHO BO3MOHCHHIM YPDOBHEM Yy =

0.7071.

Hpyroii criocob nocrpoenusi H . -peryastopa 1o COCTOSHHUIO COCTOUT B MPEICTABJICHUT

HepasencTsa (8.18) B Bue
v+ Pfe’Q +Q'eprP <o, (8.20)

rne
YAT + AY B, YCT

U = B{ —~1 Dﬂ ,

1Y Dy =1 (8.21)

P=( 0 0), Q=(BI 0 DI).

CoriacHO YTBEPZKACHUIO 3.2 HOJIyIeHHOE HEPABEHCTBO PA3PEIINMO OTHOCHTEIbHO MATPHILDI
© Torma m TOJABKO TOTIa, KOIIa

YAT + AY B, YCT
WE BT —~I DL |Wp<0,

Cly D11 —’)/I
(8.22)
YAT + AY B, YCT

Wg BT —~vI DT, Wo <0,
Y Dy =yl
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rie
00 w§ o
Wp=| 10/, Wo=| 0 I|,
0 I w§ o

a MaTPHUIIBI W(S) u Wg) VJOBJETBOPAIOT YPAaBHEHUIO
BIwY + DLwd = 0.

[TepBoe u3 HepaBeHCTB (8.22) CBOAUTCS K HEPABEHCTBY

—~I DT,
<o, (8.23)
Dy =1

SKBUBAJICHTHOE YCJIOBUIO Y2 > Aoz (DL D11), a BTOpoe — K HepaBeHCTBY

L[ YAT+AY YCT | B
Ny | 0 Ny | 0
C\Y -l | Dn
- - - - — | <o, (8.24)
0 | I 0 | I
B D, | =l

rje croJbipl MaTpuIpl Ny = col (W(l), Wg)) obpasyior Gazuc aapa marpunpl (Bl DT,).

VYrBepxkaenne 8.4 /Jlasa cywecmeosanun Hoo-pezysamopa no cocmoanuto ¢ 3a0aHHbM 7,
ydosaemeoparouem (8.23), neobrodumo u docmamouno, 4mobvl CYWECMBOBAAU Ny X Ty
mampuya Y = YT > 0, ydosaemeoparowan sunetinomy mampuumomy nepasencmesy (8.24).
Ecau maxas mampuya Y natidena, mo napamempo, © uckomozo pe2ysamopa onpedessom-
CA U3 Pewenus AUHEH020 Mampuwnozo nepasencmea (8.20). Munumanivio 603mocHvil
YPOBEHD 2GUIEHUA BO3MYULEHUT HATOOUMCA U3 PEWEHUA 3a0aA%U MUHUMUSAUUY Y NPU 02Pa-
HUYEHUAT, 36006GEMOT AUHETHbLMU MAMPUILHBLMU Hepasencmeamy (8.25) u (8.24).

Obparumcst Tenepsb K MOCTPOeHUI0 H o -peryasropa k-ro mopsiika Mo BBIXOAY B BHJIE

T, = Arxr + BTy )

u = C’r‘mr _|_ D’ry , (825)

rie z, € R* — cocrosuue perysropa. B wactHoM ciydae k = ( mMeeM cTaTHYeCKuii pery-
agrop u = D,y. YpaBaenus 3aMKHyTOii cuctembl (8.12), (8.25) mpumyT B

T, = A.x.+ Bov

z2=C.x.+ D.v | (8.26)

rae z. = col (z,x,),

A + BQDTCQ BQCT Bl + BQDTD21
Ac = , B. = )

BTCQ Ar BT’-D21 (827)

Ce = (C1+ D13D,Cy D15C,) , D.= Dy; + D12D, Dy .
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Jnst BermostHeHus nesin ynpasiaenus (8.13) mepegaTodHast MATPHUIA 3aMKHYTOTO 00beKTa
(8.26) or BXO/IA ¥ K BBIXOIY 2

H.(s) = D, + Cu(sI — A,)"'B.

JIOJTIZKHA YOBJETBOPATH YCJIOBUIO
HHCHOO <7.

Corytacuo yTBepkKAeHUIO 8.1 I 9TOTO HEOOXOAMMO W JOCTATOYHO, UTOOLI JIMHEHHOE MaT-
pUYHOE HEPABEHCTBO

ATX + XA, XB, CT
BTX -4l DT |<o (8.28)
C. D. —~vI

OBIJIO pa3penmMo OTHOCHTehbHO MaTpuisl X = X1 > 0.
Beegem MaTpuily mapaMeTpoB Peryisaropa

A, B,
o= (8.29)
C, D,

u 1npejacTaBUM MaTpPpHUIbI 3aMKHYTOﬁ CHCTEMbI B BHJEC

AC:AQ+B®C, BC:BU+B®D21 y

C.=Co+D120C, D.= Dy +D320Dy; ,

A Onxxk
AO - )
Okxne  Okxk

rie

Onzxk BQ Oanz Ik
B = ) C= )
Ik kanu CQ Onyxk (830)
By
By = , Co=(Cr Op.xk)
kanz,

21

kanv
D12 = (Onzxk D12) 5 D21 = .

[ToxcraBum 3Tn BeIparkeHus B (8.28) u MpecTaBUM MOJTY Y€HHOE HEPABEHCTBO B BUJIE JIMHE-
HOT'O MaTPUYHOTO HEPABEHCTBA OTHOCUTEIHHO HEM3BECTHBIX TapaMeTpoB O

U+ PTeTQ +Q"eP <0, (8.31)
B KOTOPOM

ATX + XAy XB, CF

w=| BIx - ph |,
C, Dy -1 (8.32)
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CoracHO YTBEPKIEHUIO 3.2 MOJIyUYeHHOe HEPABEHCTBO PA3PEINMO OTHOCHTEIBHO MaTPHILHI
© Torjia u TOJIBLKO TOT/IA, KOIJIa

ATX + XAy XB, CF

Wg BgX —~1 DlT1 Wp <0,
Co Dy —v1
(8.33)
AgX + XAy XByg COT
WS BgX —v1 Dﬂ Wy <0,
Co Dy —I

rje crosibnel marpunsl Wpe obpasyor 6azuc N (P) — aapa marpunbt P, a ¢To01IbI MATPHII
W obpasyior 6asuc N (Q) — siapa marpuns Q. [Tpencrasum

X 00
Q=0B"X 0 DLH)=R| 0 I 0|, R=(B" Op,ikxn Dis):
0 0 I
OTKyZa CJaeayer, 9T0
X100
Wo=| 0 I 0 |Wg.
0 0 I

[ToacraBiisist 910 BhipaykeHue B (8.33), IPUXOJAUM K CJIEIYIOIIEMY.

YrBepxkaenue 8.5 Jlaa cywecmeosarnua Hoo-pezyramopa k-20 nopadka ¢ 3adarmvim vy
HeobTodumo u docmamouno, wmobv, cyuwecmeosasa (n, + k) X (ng + k)-mampuua X =
XT >0, ydosaemsoparouwsas caedyrousum 06YM HEPABEHCTNEAM

ATX + XAy XB, CF

wZ BT X —~I DT, |wp<o0,
Co Dy —I
(8.34)
X1AT 4 A X! B, X T
Wt BY —~I DT, |Wr<O.
C()X_l D11 —’}/I

Ecau ycaosus (8.34) ewnosnens u makxas mampuya X natdena, mo napamempv, © ucko-
MO20 DE2YAAMOPA HATOOAMCA KAK PEUeHUs MUHETH020 MAMPUuH020 Hepasercmea (8.81).

Beesiem marpuiyy Y = X! u nepennmem yciosust (8.34) B Buje JTMHEHHBIX MATPUIHBIX
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HEPABEHCTB OTHOCUTEILHO MaTpuil X u Y:

ATX + XAy XB, CT

Wg BgX —I Dﬂ Wp <0,
Co Dy —o1

(8.35)
YAT + AY By, YCT

Wt BT —~I DL |Wr<o0.
C()Y D11 —’}/]

Torga paccmarpuBaemas 3aa49a CBOJAUTCS K 3a7a4de A: MOMCKY B3aUMHOOOPATHBIX MATPUIL
X uY (XY =1I), yI0oBIeTBOPSAIONHX JIUHEHHBIM MATPHIHBIM HepaBeHcTBaM (8.35).

IIpumep 8.3 H. -ympaBjeHHE IO BBIXOAY JUHEHHBIM OCHUJIJIATOPOM C aeMidu-
pOBaHUEM. YDPaSHEHUA AUHETHO020 OCUUAAATNOPG

'fl:'rQa

Ty = —wir) —dry+v+u,
21 =21,

2 =U,

Yy=a1

npedcmasum 6 eude (8.12), 2de mampuun. A, By, Ba, C1, D11, D12 3adanw 6 npumepe 8.2,
a

Co=(1 0), Dyn=0.

Ilocmpoum cnavana cmamuveckuts pezysamop no evzody (k= 0) euda
u=0y .

B dannom cayuae napamemp © mostcem 0vims natiden Kax pewenue AUHETH020 MAMPULHO0
nepasencmea (8.31), & komopom

ATX + XA XB, CT
U= BTX —I 0
Cl 0 —’y]

P:(CQ Doy 0)7 Q:(BzTX 0 D{Z)’

a mampuue X nosywaemcs u3 pewerus 3a0a9n A 0aa AMUHETHOLT MAMPUNHLLT HEPABEHCNE
(8.85). B pesyavmame das wy = 10 u 6 = 0.1 Obau noayuenvs cAeOyOULE 3HAMEHUA: Vs =
1.001 v © = 0.0390, a npu MEHLWUT 3HAUEHUAT Y peweHua Hatimu He ydarocy., Ouesudno,
YMOo HaumerdbuLee ONYCMUMOE 3HA%EHUE JoANHCHO bbimb Vs = 1 npu 3akone ynpasieHus
u = 0 (cm. npumep 8.1), U NOAYYEHHAA PABHUUG OOYCAOBAEHA MOYHOCBIO, ¢ KOMOPOU
pewarmes sunetnve mampuyuhoie Hepasencmea 6 nakeme MATLAB.

Pacuem, nposedennvili 0rs OUHGMUMECKO20 PEYAANOPG MO 6HLL0Y Nepeozo nopadka,
nPUBOIUM. K CACOYIOWEMY PESYALMAMNY: PELYAAMOP

T, = —0.95722, — 103.25y ,
u = —0.092z, — 0.0945y
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obecnevusaem 2awerue 603myulenul ¢ yposHem v, = 0.708, wmo ¢ 6vicoxoli mourocmuvio

co68naAdaem ¢ MUHUMAADHO BOZMONCHBIM SHAUEHUEM 7Y, 00ECTENUBAEMbM DELYAATNOPOM 1O
cocmoanuto (em. npumep 8.2).

[IpeoGpasyem mepaBercTBa (8.35), yauTbiBasi 6JOUHY0 CTPYKTYpY Marpul, Ay, By, Cy u
COOTBETCTBYIOIEe IpeJcTaBieHne MaTpull X u Y B OJIOYHOM BHIE

Xll X12 Yll Y12
X _— T y Y == T .
Xip Xoo Yis Yoo

Coracuo (8.30) u (8.32) umeem

Okxn. Ik Okxny  Okxcn,
p= ,
CQ Onyxk D21 Onyxnz

Olc><n_1C Ik kanv kanz
R = ,
Bg Onuxk Onuxnv D?Q

nodroMy B KadectBe Wp n Wi MOXKHO B3SITh

wd o wd o

0 0 0
WP_ ) ) WR: )

w0 0 I

0 I w0

r7ie MaTPHUITBI I/I/](Jl)7 WI(JQ) 1 MATPUIIBI Wg), Wl(f) OTIPE/IeNIAIOTCSA U3 CJIeTYIONUX YpaBHEHNH
Czwj(sl) + D21W1(32) =0, BQTW](;) + DlTQW](;f) =0.

C yderom 3T0ro JeBble 9acT B (8.35) mpuMyT B

w0 ATX) 4+ XA ATXy,, XiuB, CF w0

0 0 * 0 XLB 0 0 0
w® o x « =yl DL (| w® o |
0 I * * *x =l 0 I
w0 VAT + AYy, AY, By YT\ (w0

0 0 * 0 0 YICr 0 0

0 I * x —yI DT, o I |’
ng) 0 * * * —~I ng) 0
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M, OKOHYIATEIHHO, HepaBeHCTBa (8.35) CBOAATCS K CIICAYIONMM JUHEHBIM MATPUIHBIM Hepa-
BEHCTBAM OTHOCUTEIBbHO OJI0KOB X117 # Y71 B3aUMHOOOpATHBIX MaTpull X u Y:

T ATX ) + XA XuBy | C1T
Ny | 0 . . N, \ 0
By X11 -1 ‘ Dy,
- - - - — — | <0,
0 | I 0 \ I
Cl Dll | —")/[
(8.36)
T Y AT + Ay YnCt | B
Ny ] 0 Ny ] 0
CiYn -1 ‘ Dy,
- - = - — — | <0,
0 ] I . . 0 ] I
By Dy, ‘ -1

rje cTonomsl Marpur Np = col (W,g), W}(DQ)) u Ny = col (WI(;), Wg)) 00pa3yIoT 6A3UCH A71ep
matpur, (Cy D) u (BY  DL) coorsercrsenno.
Cornacuo jemme A.7 yeiosus X = X7, >0, Yy =Y >0,

Xy I
>0, (8.37)

I Yn
rank (I - X11}/11) S k (838)

SIBJISIFOTCSI HEOOXOJIMMBIMU U JIOCTATOUHBIMU YCJIOBUSIMU CYTIECTBOBAHUS B3aUMHOOOPATHBIX
marpun X > 0, Y > 0 ¢ ganapivu 6siokavn Xqq, Y71. Takum obpasom, 3agaqa cunresa H -
PEryJIaTOpOB k-IOPAIKa MOXKET ObITh TakzKe CBejeHa K chOpMY/IMPOBAHHOI BhIlE 3amade
B: naiitn gse (n, x ng)-marpunsl X;; = X, > 0, Y1 = Y| > 0, ynosaersopsioniue
JIMHEHHBIM MaTpHIHbIM HepasercrsaM (8.36), (8.37) u ycsosuio (8.38), uin yCTaHOBUTH, YTO
TAKUX MATPUIL HE CYIECTBYET.

3aMeTuM, 9TO B BasKHOM 4YacTHOM ciaydae Dij; = 0, T.e. KOrjia yIpaBJiseMblii BbIXOJ
He COJNEPXKUT B $IBHOM BHJE BO3MYIIEHHE U, MUHUMAJIHHO BO3MOMKHBIH yPOBEHb IallleHus
BO3MYIIECHUN 00ECIeUnBaeTCsl PEryIATOPOM O COCTOAHUIO. [IeificTBUTENIbHO, B 9TOM CJIydae
HepaBeHCTBO (8.23) cupaBeyinBo st JII0ObIX y > 0, a Bropoe HepaBeHCTBO (8.36) juist pery-
JIITOPOB 10 BBIXO/LY COBIAAET ¢ HEPABEHCTBOM (8.24) /sl perysisiTopoB 10 COCTOSTHHIO.

BaMeTuM TakkKe, 9To CUHTe3 H . -peryJsiTopoB Mo BBIXOLY MOJHOTO mopsiika (k = n,)
CBOJIUTCSI K PEITEHUI0 TOJIBKO JHHEHHBIX MATPUYHBIX HepaeHcTB (8.36) m (8.37), Tak Kak
PAHIOBOE YCJIOBHE OYEBH/IHO BBIIOJHSACTCs. B 9TOM CJjlyuae MUHUMAJIBHO BO3MOXKHBIH ypO-
BEHb TAIICHUs] BO3MYIIEHHUH HAXOAUTCS U3 PEIeHUs 331a9 MUHUMUBAIMA 7Y PH OrPAHIYE-
HUSX, 33JaBAEMbIX 3TUMH JIMHEHHBIMI MATPUYHBIMA HEPABEHCTBAMMU.

IIpumep 8.4 H,,-peryadaTop mo BbIXOAY IOJIHOTO HOPAAKA JJid JIMHEMHOTO OCIIUJI-
agaropa ¢ aeMiiupoOBaAHUEM. YPUBHEHUA AUHCTHOZ0 OCUUAAAMOPE TMAKUE IHCE, KK U
npumepe 8.35.

Pacuem, nposedennvili 0as OUHAMUYECKO20 PE2YAAMOPA NO 6HLLOOY NOAHO20 (6MOPO20)
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nopadka, npusodum K caedyouemy Pesyibmamy: Pe2yiamop

(M = 0.0592z() — 0.8358z(2) — 24.76y ,
(

? = 1.06672) — 0.86042(2) + 20.24y ,

T

u = —0.2586x) + 0.18362(2 — 0.0389y

obecnewusaem zawenue 603myuienul ¢ yposuem v, = 0.7072, wmo ¢ 6wicokoll mouwnocmoio
CO8NA0AEN ¢ MUHUMAADHO BOZMONCHBIM ZHAUEHUEM 7Y, 00ECIENUBLEMbM DELYAATNOPOM TO
cocmosanuio (em. npumep 8.2).

8.3 YpoBeHb raimeHns BO3MYMIeHUil B JUCKPETHOM OOb-
€KTe

[TycTh HA BXOJI yCTOWYIUBOIO JIMHEHHOTO JIUCKPETHOTO OOHEKTA

Ty = Az + By,

2 = C.flft + DUt s (839)

B KOTOpOM I; € R™, vy € R™, z; € R u Bce coOOCTBEHHBIE 3HAYEHUS MaTPHUILI A Jjrexkar
BHYTPHU €JMHUYIHOTO KPYyTa KOMILIEKCHON IJIOCKOCTH, JefiCTBYeT OrpaHuYeHHOe 10 HOpMeE o

BO3MYLIeHHUe v, T.€.
e

loll = 3 ) < o0

t=0
Kak u 1j19 HenpepbIBHBIX CHCTEM, YPOBHEM TallleHud BO3MYIeHui B 06bekTe OyeM Ha-
3bIBATh BeJH/ILH/IHy
z
Ve = Sup LEd] : (8.40)
lol20 [|v]

fcno, aro

. [Ed
Yo = 1inf{y : T <, Vo, ||v|| #0} .
Y [[v]]

Tpebyercs BbISICHUTD, SBJAMETCH JIM YPOBEHb T'allleHUs BO3MYIIEHUH B 00bEKTE MEHbIIE 3a-
JAHHOTO Ynucaa v > 0, T.e. BBIIOJHIETCS JIT YCIAOBHE

=l

Ucnonb3ysa pasenctro [lapceBasis, nveem

z A
sup Tad sup [|H(e’?)|| = [[H]|
llv]|#0 v ©el0,2m)

rne H(q) = D + C(qgI — A)™'B — nepeaarounas marpuna obbekra (8.39) or BX0Ja v K
BBIXOY 2, j = v/—1, || - || 0Bo3HAUaET CHEKTPATBHYIO MATPUIHYIO HOPMY, T.€.

|H]| = maxoi(H) ,
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0; — i-e CHHTYJIspHOe 9uca0 MaTpuipl H, a || - ||« — co-HopMa B mpocTpancTee H (q) Takmnx,
9TO SUP|g>1 || H (g)|| < oo. Caenosarenbio, yenosue (8.41) 9SKBHBAJEHTHO HEPABEHCTBY

[ H oo <7 (8.42)
HUJIH, 9YTO TO 2K€, 9aCTOTHOMY HEPaBECHCTBY
HY (e )H (') < 41, Vo e0,27) . (8.43)

Takum obpaszom, HEOOXOAMMO HPOBEPUTH BBITIOJHEHIE YTOI0 YaCTOTHOIO HEPABEHCTBA JIJIs
3aIAaHHOTO 7.

B ciydae obbekTa ¢ OJHUM BXOJIOM M OJHUM BBIXOJOM 9Ta 3a/a4a JIETKO PeIaeTcs rpa-
dbuuecky: HA KOMILIEKCHOH TIOCKOCTH cTponTes roforpad, T.e. kpusag H (el ?), ¢ € [0,27),
U HEITOCPEICTBEHHO TPOBEPSIETCS, JIEYKUT JIM 3Ta KPUBasl BHYTPU KPYyTra C MEHTPOM B HAJA/I€
KOOD/IMHAT U paIycoM 7. B ciaydae o6bekTa O MHOTUMHI BXOZAMU TPUMEHUM JUCKPETHHIH Ba-
PHAHT YacTOTHOH Teopembl (cM. temmy H.2 B [IpuitoxkeHnun) u cBejieM IPOBEPKY BBHITIOJTHEHHS
9acTOTHOTO yeaoBus (8.43) K 3a/1a9e 0 Pa3peIuMOCTH JUHEHHOTO MATPUIHOIO HEPABEHCTBA.

CorniacHo 9acTOTHOM TeopeMe BBIIOHEHUE 110 TPAeKTOpUsM cucteMbl (8.39) HepaBeHCcTBA

Vigr = Vi = Lz, v) <0, Vag, vy, [2] + v # 0
I 3a1anHoi spmuToBoit popmbl L(x,v) BekTopor x € C™, v € C™ u HekoTOopoil V; =
V(x;) = ! Xx; ¢ spmuToBoit MaTpuneit X uid, IPyrdMU CJIOBaMH, BBIIOJHEHHE JJIS HEKO-
Topoit X = X* HepaBeHCTBa

(Aﬂjt + B’Ut)*X(AIt + BUt) - szI’t - ,C(Q?t, Ut) <0 y ‘v’xt,vt, ’.fl}'t| + |Ut| # 0 (844)

9KBHBaJICHTHO BBIIIOJIHEHUIO YaCTOTHOI'O HEPDAaBEHCTBa

L[(e??] — A 'Bu,v] >0, Vepel0,2r), Vv #0. (8.45)
Ecian
T L L
L(z,v) = (CL’T,UT) L , L= Hoe ,
v LY, Ly

TO HEpaBeHCTBO (8.44) mpuMer BUJI JIHHEHHOIO MATPUIHOIO HEPABEHCTBA

ATXA—-X —Ly ATXB— Ly,

<0, (8.46)
BTXA - L], BTXB — Ly
a gacToTHOe ycaoBue (8.45) 3anumercs B BUE
(e9¢T — A)'B\" [ Ly L (7] — A)"'B
>0. (8.47)
I LY, Lo I

[Tpunumas Bo BHuMaHue (8.43), BbibGepeM S5pMUTOBY (hOPMY

L(x,v) = v*v*v — (Cz + Dv)*(Cx + Dv) (8.48)
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TaK, 9To0bl HepaBeHCTBO (8.47) cBe0OCh K SKBUBaJeHTHOMY (8.43) HepaBeHCTBY
VI — HY(e7?)H(e??) >0, Vpe[0,2r).

CorytacHo 4aCTOTHOR TeopeMe JJid BBIIIOJHEHHA 9TOI0 yCJI0BUA HGO6XO,ZLI/IMO n J0CTaTOYHO
BBITIOJTHEHU A HEPABEHCTBA

(Az; 4+ Bv,)* X (Az, + Bv,) — xf Xy + (Cay + Dv,)* (Cxy + Dvy) — v*vfv, <0 .
Bamenssa 3mech X Ha vX 1 yMHOMXKAd IOIYICHHOE HEPABEHCTBO HAa 7y~ 1, MOTydnM
7 (ATXA - X +771CTC) s + 2Re 2 (AT X B + v 1CTD)v,+
vy (v 'D'D — I+ B'XB)v, <0 .

Tak Kak 3T0 HEPaBEHCTBO JOJI2KHO BBINOJJIHATHCA AJIA BCEX Xy U Uy, TO OHO IKBUBAJIEHTHO
MaTpUYHOMY HE€pPaBEHCTBY

ATXA— X +47'0TC  ATXB +~7'CTD

<0 (8.49)
(ATXB+~"'CTD)" —~yI+BT"XB+~7'DTD
WIH, C yIeTOM JeMMBI A.2, HepaBeHCTBY
ATXA-X ATXB ct
Fy(X,v) = BTXA  —yI+BTXB DT |[<0. (8.50)

C D —~I

BaMeTI/IM, 9TO IPHU BBIIOJHEHHU 3TOI'O HEPpABEHCTBA B CHUJIY JIEMMbI A2 JOJIZKHO BBIIIOJI-
HATHCA

ATXA-X <0,

13 KOTOPOIO, YIUTHIBasl, 9YTO MATPHIA A UMeeT Bce COOCTBEHHbIE 3HAUEHUsI BHYTPH €IAHNY-
HOTO KpyTa KOMILTEKCHOM ILJIOCKOCTH, B CHJIy TeOPeMbI JIATyHOBA JJIsT JUCKPETHBIX CHCTEM
(em. temmy E.2 B Tlpunoxkenun) caemyer, aro X > 0. Takum 06pa3om, Ha OCHOBAHUHU JIUC-
KPETHOTO BapUAHTa YaCTOTHON TEOPEMBI MBI TIPUXOINM K CJIELYIOIIEMY.

VrBepxkaenue 8.6 [Tycmov 6 obsexme (8.39) mampuya A umeem sce cobemeenHvie 3Ha e~
HUA BHYMPYU eOUHUYHO20 KPY2a KOMNAEKCHOT naockocmu. JIas mozo, wmobuv, Yyposens 2auie-
HUA BOSMYWEHUT 8 IMOM 00BeKme bl MeHbULe 3a0aHH020 YUCAG Y HeOOL00UMO U docma-
MouHo, 4mobvs Aurelnoe MampuyHoe nepasencmeo (8.50) Gbiio paspewumo omuoCcumenvHo
cummempuieckots (N X ng)-mampuyse X > 0.

Ormerum, ato (8.50) sABIsETCS JITHEHHBIM MATPUIHBIM HEPABEHCTBOM OTHOCUTEIBHO ITe-
peMennbix X u . [loaromy Bblumc/ieHre ypoBHS rallleHUs BO3MYIIEHUH B 00'beKTEe CBOJIUTCH
K PEIIeHWIO 33/1a91 ONTUMHU3AINY JIMHEHTHOW (DYHKIUN IPU OrPAHUYCHUH, 33 JaHHOM JIMHEI-
HBIM MaTPUYHBIM HEPABEHCTBOM.

VrBepxkaenue 8.7 Onpedeaennniil 6 (8.40) yposens 2awenus 603myuenul 6 Yyemotuueom
obsexme (8.89) naxodumesa caedyrouum 06pazom

* = i f bl
7 Fd(g,lw)d)’y

ede aunelinoe mampuunoe nepasencmso Fy(X,~v) < 0 zadano 6 (8.50).
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8.4 H. -peryagaropsl Ajad ANCKPETHHIX 00bEKTOB

PacemorpuMm aucKpeTHBIN yHpaBasgeMblii 00beKT

Ty = Axy + Byvg + Bouy
ze = Chxy + Dygvy + Diguy (8.51)
yr = Coxy + Doyvy

B KOTOpOM x; € R™ — cocrosinue, vy € R™ — Bo3myuienue, u; € R™ —yupasJjenue, z; € R™

— yupaBJisieMbiil BbIXOJ, Yy € R™ — uzmepsgeMmblii BbIX0. T pedyercss mOCTPOUTD JIMHEHHBIH
JIMTHAMHWYECKUN Peryasarop k-To TopsijiKa BUIa

mgr—i-)l = Arxy) + Bryt )

8.52
u = Coarl” + Dyyy (8:52)

(s o .
e 21" € R¥ — cocrosnue peryaTopa, obeciednBaomuii aCHMITOTHIECKYIO yCTORIIBOCT
3aMKHyTOll cucremst (8.51), (8.52) u BBIIOIHEHHE yCIOBHS

HZH <. Yo ol £0 (8.53)
v
JUIST 33TAHHOTO 7.

YpapHenust 3aMKHYTO# cucTeMmbl (8.51), (8.52) mpumyT BHI

ZUgj_)l = Ach’gc) -+ BCUt y

Zp = chic) + D.vy | (8:54)
riae
e < A+ B,D,Cy ByC, ) B _ ( By + ByD, Dy )
¢ BT‘CQ Ar ’ ‘ BrD21 ’ (855)

Ce. = (C1 + D132D,Cy  D15C,) , D.= Dy + D12D, Dy .

BBenem MaTpuiy mapaMeTpoB peryasaTopa

A, B,
0= ( c D ) (8.56)

u npejacTaBUM MaTpUIbI 3aMKHYTOﬁ CHUCTEeMbI B BHUJE

A=Ay +BOC, B.= By+BODy ,

(8.57)
C.=Cy+D120C, D.= Dy +D120Dy
rne
A Onzxk
AO - 3
Okxng  Okxk
Onzxk Bz kanz Ik
B = 5 C = ;
Ik kanu C12 Onyxk (8 58)
By
BO = ) CVO = (Cl Onzxk) )
kanv

kam,
Dis = (Op,xx Dia), Do = .

21



8.4. H,-peryJsitopbl Jiist JUCKPETHBIX 0O'beKTOB 93

Jlnst BermostHeHNs nesin ynpasiaenus (8.53) mepegaTodHas MATPHUIA 3aMKHYTOTO 00beKTa
(8.54) or BXOIA V; K BBIXOIY 2

H.(q) = D.+ C.(ql — AC)_ch

JOJIZKHa YAOBJIETBOPATL YCJIOBHIO
[Helloo < -

CoracHo yTBep:KaeHuIO 8.6 /11T 5TOro HeOOXOAMMO W JOCTATOYHO, YTOOBI JIMHEHHOe MaT-
pPUYHOE HEPaBEHCTBO

ATXA.—X  A'XB, (T
BTX A, —yI+BTXB, DI |<o0. (8.59)
C. D, —~1

OBLIO paspemmMo oTHOCHTeNbHO Marpunbl X = X7 > 0. ITo anangornu ¢ cuaTe3oM Hoo-
yIIpaBIEHUs NI HEIPePHIBHOTO 00heKTa jajgee Tpedyercs MpeBpaTHTh 3TO HePABEHCTBO B
JIMHEeAHOe MATPUYHOE HEPABEHCTBO OTHOCHTEILHO IAPAMETPOB Peryadaropa O, mojcraBidd
B JieBy10 9acTh (8.59) Boipazkenus (8.57) Iy1st MaTpHIl 3aMKHYTO# cucreMbl. HerpynHo Bu-
JIeTh, 9TO HNPH 3TOM OJOKH HOIYYeHHOI MATpHUIBI OYIyT cOomep:KaTh KBaJIpaTHIHbIE M0 O
caaraembie. [Tosromy npeobpasyem (8.59) K 9KBHBAJEHTHOMY HEDABEHCTBY

—-X' A, B, 0
A —Xx 0  CF
BT 0 —vI DT

0 C. D. —nI

<0, (8.60)

B JIEBYIO YacTh KOTOporo © Bxoaut juneitno. [lokaxkem, uro mepasencrsa (8.59) u (8.60)
9KBHUBAJIEHTHBI.

HelicTBuTenbHO, coraacuo jemMe A.2 HepaBeHCTBO (8.60) BBINOJIHSETCS TOTA U TOJBKO
TOTJIa, KOTJIa

-X 0o cT AT
X >0, 0 —yI DI |+| BT |X(A. B. 0)<0. (8.61)
Cc Dc _’}/I O

[TepBoe u3 3Tux HepaBeHCTB ciaeayer u3 (8.59) ¢ yuerom jemmbl A.2 u Teopemsbr JIsmyHoBa
(em. semmy E.2 B TIputoxkennn), Tak Kak Bce COOCTBEHHBIE 3HAUCHUST MATPHUIIHI A, TOJIZKHBI
JIEXKaTh BHYTPH €JIHMHUIHOIO KPYyTra KOMILIEKCHOHN IIOCKOCTH. 3aluIieM BTOpOe HEPABEHCTBO
(8.61) B BHIIE

T T T

AT XA — X AL XB, C.
BTXA, —~yI+B'XB., DT |<o,
CC DC _'}/I

KOTOPOE COTJIACHO JieMMe A.2 BBIONHAETCS TOTAA U TOJBKO TOT/IA, KOTIA
ATXA, - X ATX B, cr

At (C. D.) <0.
BTXA, —vI+BTXB, DT

C
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OugeBuIHO, YTO TTOJYUEHHOE HEPABEHCTBO COBIAJIAET ¢ HepaBeHCTBOM (8.59).

Hepagencreo (8.60) npejgcraBuMo B BuJe JTHHEHHOTO MATPUYHOIO HEPABEHCTBA OTHOCH-
TeJTbHO HEH3BECTHBIX MapaMeTpoB O

U+ PTe’Q +Q"eP <0, (8.62)

B KOTOPOM
~X' A By, O
AT —-x 0 CF

Y= B 0 —I DY |’

0 C, Dy -l (8.63)

P:(O(ny+k)X(nz+k) C Dy O(ny+k)mz),

Q= (B" Opmuti)x(motk) Owmutk)xn, Dis)

U BCe MATPHIlBl onpeeienbl B (8.58). CoracHo yTBepKIEHUIO 3.2 OTHOCUTEIBHO PAa3peIn-
MOCTH TAaKOT'O TUIIA HEPABEHCTB MPUXOAUM K CJIeTYIONIEeMY.

YrBepxkaeuue 8.8 Jlaa cyuwecmeosanus Ho -peeyramopa k-20 nopadka ¢ 3adarmvim y
HeobT0duMo U docmamouno, wmobv, cyuecmeosanras (n, + k) X (ng + k)-mampuua X =
XT >0, ydosaemsoparouwas caedyrouum 06YM HEPABEHCTNEAM

—X! AO By 0

AT -x o0

WIZ Wp <0,
B 0 —~I D,

0 Co Dun —oI

(8.64)
—X! AO By 0

AT X 0 cf

Wg; WQ <0.
B 0 —~I DY,

0 Co Dun —I

Ecau ycaosus (8.64) ewnoanens, u maxas mampuya X natidena, mo napamempv, © ucko-
MO20 DE2YAAMOPL, HATOOAMCA KAK PEWEHUS MUHETH020 MAMPUUHO20 HEPAGEHcmEa (8.62).

Beesiem marpuiyy Y = X! u nepennmen yciosust (8.64) B Buje JTUHEHHBIX MATPUIHBIX
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HEPABEHCTB OTHOCUTEILHO MaTpuil X u Y:

Y 4 B, 0
AT -x 0 CF

Wg Wp <0,
B 0 -y D,

0 C() D11 —’7]
(8.65)
-Y Ay, B 0

Al -x 0 7
Wg T - WQ <0.
By 0 —I Dy
0 Co Dy —I
Torna paccmaTpuBaeMas 3aa4a CBOAMTCA K 3amade A: HaiiTu 1Be B3aUMHOOOPATHBIE MaT-
putipt X u Y (XY = I), ynosaersopsionue HepaBeHcTBaMm (8.65).

[TpeoGpasyem mepaBercTBa (8.65), yanThiBasi 6J0UHY0 cTpYyKTYpy Marpuin, Ay, By, Co
COOTBETCTBYIOIIee IpejicTaBienne MaTpull X u Y B OJIOYHOM BHJIE

X X Yii Yio
X=| " Cy=| .
Xip X2 Yip Y
Cormacuo (8.58) u (8.63) mmeem

(kam Okt Okxne Ik Okxn, kam)

Onyxnz Onyxk C2 Onyxk D21 Onyxnz

(kanm I Okxn.  Okxt  Okxn, kanz)

T T
BQ Onuxk Onuxnz Onuxk Onuxnv D12

TIO3TOMY
0 I 00 Wg)OOO
0 0110 0O 00 0
w0 0 0 0 I 00
WP* 7WQ* 3
0 000 0 010
w0 0 0 0 007
0 00 I w§ 000

r7e MaTPHUITHI W](Dl), W](DQ) U MATPUIIBI WC(;), Wg) YIOBJIETBOPSIIOT CJEAYIONINM YPaBHEHUSIM

Czwj(sl) + D21W1(32) =0, BQTWC(;) + DlTQWC(;) =0.
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C yuerom storo nepaserncTsa (8.65) mpumyT Buj

-Yn Y2 A 0 B, 0
*  —Yo 0 0 0 0
* * _Xll —X12 0 C?

4% Wp <0,
* * * —X9 0 0

* * * x —~I DE
* * * * * =l

Y —Yio A 0 B, 0

* —YQQ 0 0 0 0
* * —X11 —X12 0 ClT
W Wo <0.
* * * —X22 0 0
* * * x —yI DI
* * * * * =l

ITocne VYMHOZKCHH IIePBOE U3 ITUX HEPABEHCTB 3allMIICTCAd B BUIEC

T T
WX W =W W«

( AW + B ) v . | <o
0
C’IWI(DI) + D11W1(32) 0 —”)/[

KoTopoe 1o jgemme A.4 ¢ yaeTom Toro, 9ro Y > (0, 5KBUBAJIEHTHO HEPABEHCTBY

T T T T
W XuW - ) Wiy of + Wi D
C’1W1(31) + D11W](32) —")/I

W AT+ w@ Br o AW+ Bw? 0
Y1 <0.
0 0 0 0
Tak kax Y ! = X, To Bo BTOpoe caaraeMoe B JeBOH JacTH MOCIETHETO HEPABEHCTBA BXOINUT

TonbKo 010K X7;. HemocpencTBeHHOM MpOBEePKONl MOXKHO YOeIUTCS, 9TO ITO HEPABEHCTBO
CBOJUTCS K CJIeIYIONeMY JHHETHOMY MAaTPUIHOMY HePaBEHCTBY OTHOCUTEBHO X11:

ATXHA — X11 ATXHBl CIT

Wp <0, (8.66)

|

* —’}/[—f— B;XllBl ‘ D?l
|
|

* * —vI
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rie

a croabupl Marpunsl N = col (ng), WI(D2>) obpaszytor O6azuc sapa Marpunsl (Cy  Day).
AnanornaHbIM 00pa3oM BTOpOe n3 HepaBeHCTB (8.65) mpeobpasyercs K BHIY

AYp AT =Yy Ay Cf | B
- * —~I+CYCf | Dny R
wWa B B o Wqo <0, (8.67)
* * | —1
rue
Ny | 0
WQ = - | - )
0 | I

a crosbmpl Marpunsl Ny = col (Wg),Wg)) obpasyior 6azuc siapa marpunsl (BF D).
Takum obpasoM, 3ajada cuHTe3a H o -peryadaropoB k-nopsgjaka JjIsd JTUCKPETHBIX 00HEKTOB
MOZKeT OBITH TaKKe CBelleHa K chopMyTHpOBaHHON BbIitme 3amade B: maiitu nBe (n, X n,)-
MaTpunbl Xi; = XlT1 >0, Y = YE > (0, yJI0BJIETBOPAIONINE JIMHEHHBIM MATPUIHBIM Hepa-

BeHcrBaMm (8.66), (8.67) u
X1 I
>0,
I Yy

rank (I — X11Y1,) <k,

U YCJIOBHIO

WJIM YCTaHOBUTDL, YTO TaKHUX MaTpUIl HE CYIIECTBYET.
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Imaa 8. OnrumajibHOE raieHue BO3MYIICHHE



I'maBa 9

AjaropuTMm momcka B3aIMHOOOPATHBIX
MATPUIL

KaK 6bLTIO MMOKa3aHO BBINIE, CHHTE3 PEryjadTopoB BO MHOTHUX CJ/IydadX COCTOUT U3 JABYX 9Ta-
IOB: MOKWCK JBYX B3aUMHOOOPATHBIX MATPHIL, YIOBJIETBOPSIONINX JHHEHHBIM MATPHIHBIM
HEpPABEHCTBAM, U PeIlleHHe OTHOCHTEJIHHO IIapaMeTpPOB Peryigaropa JHHEHHOrO MaTpHIHO-
I'0 HEPaBeHCTBA, B KOTOPOe BOM/yT HailJleHHble Ha 1epBOM drane Marpullpl. [Ipu nepexoje
OT IIEepBOro 3Talla KO BTOPOMY MO2KE€T BOZHHKHYTH CJCAYIOIIad TECOPETUYICCKHU HEBO3MOZKHAA
CUTYyaIlWs, KOrja JBe TpebyeMble B3aNMHOOOPATHBIE MATPHIILI HAilIeHbI, a JIMHEeiiHOe MaT-
pUYHOE HEPABEHCTBO JI/IsI IIAPAMETPOB PEry/IsiTOpa OKA3bIBAETCS HEPA3PEITHMBbIM.

Tagas cuTyarus MOXKeT OBITh 06YCJIOBIeHA HEJOCTATOTHON TOYHOCTBIO, ¢ KOTOPOi BBIUHC-
JISIIOTCS B3aUMHOOOpATHBIE MATPUIBL. /1T BOBMOYKHOTO YCTpaHEHHS 9TOT0 AedeKTa HyKHO
IOBTOPUTDL BbIYUCJIEHHA C IIOBBIIIIEHHONH TOYHOCTbBIO. ECJ'H/I " 9TO HE IPpUBOAUT K YCIIEXY, TO
BIIOJTHE BEPOATHO, 9TO JUHEHHOE MATPHYHOE HEPABEHCTBO OTHOCUTEJIBLHO MTAPaAMeTPOB Pery-
JIATOpa JeHCTBUTEILHO He uMeeT perieHus. [IpowmiocTpupyeM 3TO SBJIEHHE HA MPOCTOM
HpUMepe.

PacemorpuMm 3a1a4y cTabuan3amnud o0beKTa

xry = T2,
x'gle—l—u,
Yy =21

C TIOMOTIIBIO CTATHYECKOH 00paTHON ¢Bs3u 10 BHIXOAY u = Oy. CoriacHo yTBep:KaeHno 5.6
CTATUYECKHH PEryJIATOp MO BBIXOJY CYIIECTBYET TOIJIA M TOJHKO TOIJA, KOIJA JBE B3aUM-
roobpaTHble MaTpuibl X = X7 >0, Y = Y7 > 0 y1oBIeTBOPAIOT JHHEHHBIM MATPIIHBIM
HEpaBEHCTBAM

WE(ATX + XA)We <0,

9.1
W (VAT + AY)Wgr <0 . &1

B nannom ciyqae

T11 T12 Y11 Y12
X = 5 Y = )
T12 T22 Y12 Y22
01 0
A= , B= , C= (1 0)
1 0 1

99
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", CJI€J0BaTEJIbHO,

1 0
Wpgr = , We= ,
0 1

09TOMY HepaBeHCTBa (9.1) CBOAATCS K CJIeLYIOTIIM
Tio < 0 , Y2 < 0.

B kauecTBe npuOIMKEHHOTO peIleHns TOH 3a1aUi pacCMOTPUM, HAIIPUMED, IBE VIOBIETBO-
pAIOIIAE 3TUM HEPABEHCTBAM TOJIOXKUTEIHLHO OITPEJIeJeHHBIE MATPHITHI

1468 —62 14+6 —62
X = . Y=
-0 1496 5% 1496

rie |0| < 1, mpou3Be/ieHIe KOTOPBIX CKOJIb YIOIHO OJIM3KO K eIMHNIHON Marpure. Kazanoch
Ob1, 9TO TpeOyeMblil peryasTop JIOJXKEH CYIECTBOBATh. BMmecTe ¢ TeM, KakK JIErKO MpOoBe-
PUTH, TAKOTO PEryJjdTopa B IPUHIMIE HEe CylecTByeT. B camMoM jeJie, 10/ICTaBUB yIIpaBJie-
HUEe B ypaBHEHHsI 00beKTa, HAMIEM, YTO MATPHIA 3aAMKHYTONH CHCTEMbI HH IIpU KakoM © He
SIBJISIETCSI TYPBHUIIEBOIA.

Kpowme Toro, ormMeTnM, 94T0O BCe MPUBOIUMBIE HH2KE aJITOPUTMbI BEChbMa 4yBCTBUTEIbHBI K
3aJIAHNI0 HAYAIBHBIX YCJIOBHUIL, TTO9TOMY OCTAHOBKA aIropuTMa, Korjaa XY # [, eme He o3Ha-
JaeT, 4To TpedbyeMoro peryisropa He cyuiecrByer. B aToMm ciiydae 1esiecoobpa3Ho MpOBECTH
BbIYHUCJICHUA IIPpU APYTI'UX HaYaJIbHbBIX YCJIOBUAX.

Pacemarpusaemblit Huzke asgroputym [9] npeanasnaden jist perenust Caeyomnen 3a1aqau.

Bamaua A: HaiiTu nBe B3auMHoOOpaTHble MaTpulpl X uY (XY = I), yaosiersopsitomiue
cucTeMe JIMHeHHBIX MaTpudIHbIX Hepasencts L;(X,Y) < 0,
1= 1,2, ornocuresibHo X u Y.

st ee pelreHus pacCMOTPUM TaK:Ke JIPYTYIO 3a71a4y.

Sagaua Al: maiitu

Amin = min{ A : X — Yyl < M, X >0,Y >0, Li(X,Y)<0,i=1,2,3}, (9.2)
rie
-X I
LS(Xv Y) = I i Ve

Hounoiaurebuoe jinneitnoe marpuanoe vepasenctso Lz(X,Y) < 0 B cusy siemmbr [lypa
SKBHBaJeHTHO HepaseHcTBY X > Y L. Tlosromy B cayuae, korja B 3agade Al A\pim = 0,
COOTBETCTBYIOINNE MATPHUIHI X U Y SABJISIOTCS TaKyKe pereHneM 3aaaqn A.

Jlns pemenns 3a7a4aun Al Tpebyercss MUHUMHU3UPOBATH JUHEHHYIO (PYHKIUIO TIPH OTrPa-
HUYEHUSX, OJTHO U3 KOTOPBIX

X —-Y <Al (9.3)

He SIBJISeTCS BBIIYKIBIM M, CJIeI0BATEIHHO, HEe MOXKET OBbITh IPeICTABICHO B BUIE JUHEHHOTO
MaTPUYIHOTO HEPABEHCTBA. DTO 00CTOSITEILCTBO HE MTO3BOJISIET PermaTh 3a1a41y Al merogamu
BBITYKJT0# onTtuMmu3anun. Jlamee onuireM aaroputM permerns 3aadu Al, KOTOpBIiT MOXKeT
ObIThb pean3oBaH B makere MATLAB.

Jlig onucaHus aJropuTMa PacCMOTPHM €Ille OJHY 3a/ady.
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3amgaua A2: naiitu
Amin = mln{)\ : F(X,KGl,GQ) <A, X >0,
Y >0,L(X,Y)<0,i=1,2,3},

F(X,Y,Gl,Gz)—([G1)<)[( é)(é)*

cen(¥1)(%)

G; = GT, i =1,2 — uexoropwle 3a1aHHbIE MATPHUILBL.
OrmernM, 9To B 3aa4e A2 1o cpaBHeHUIO ¢ 3aga4eit A1 BMecTo HepaBencTsa (9.3) crout
quneliHoe Marpuanoe HepaBeHcTBO ['(X, Y, G, Gy) < AI. Tak kak

(9.4)

rie

[(X,)Y,G,Gs) = (Gi+ Y H)Y (G + Y1)+ (G + X HX(Gy + X+ 05
X -Y N4+ -X1H>0 59)

u B cuity HepasenctBa L3(X,Y) < 0 pomosmeno X > Y ! 1o koraa Ay, = 0, cOOTBeTCTBY-
fomue X u Y gpisorcs pemrenueM 3amaun A (npu stom Gp = =Y ' uw Gy = —X 1),
AJIrOpUTM COCTOUT M3 CIACAYIONINX IIAr0B:

1. 7=0.
2. @ukcupytorcs Marpunsl G = ng) u Gy = ng).

3. Pemaerca 3amaga A2 ¢ momorpbio komMaHael mincx nakera MATLAB u maxonsgrcs
Aj-i-lanaY}'

4. 3ajgarorcd G(] +1) Y , Gs UH) — _x-ly OCYIIECTBJIAETCS epexo K miary 2 npu

J
j=7+1

0 0

Yreepxkaernue 9.1 Jlasa 41000 HAUAALHOLL G( ) u G( ) nocaedosamessocmb N, 2eHepU-
1 2 72

DYEMAA AN2OPUMMOM, ACAAEMCH HEYOBBAIOWET U CYULLCMBYIOM CACOYOULUE NPEOEADL

lim A =X >0, lmX,=X,, lmY,=Y,.
Jj—00

J—00 J—00

HokazarenbcTBo. OneHnM, Kak OyaeT MeHAThCsI crieKTpasbHblit pagunyc marpuist ['( XY, Gy, Gs)
10 TPaeKTOPHH ajropurMa. llpeacraBum

Ap = p(F(Xj+17 }/j+1a ng+1)7 Géj—i_l))) - p(F(va Y}v ng)v ng)))

B BHE

Ap=Ap1+Apy =
(D (X, Yor, GYTY,GYTY)) — p(D(X5, Y5, GV, GY )+
—|—[p(F(X], Y}? GljJrl)a G2]+1 )) - p(F(va Y}a Glj s ng)))} .

Boipazkenue B 1epBbiX KBaJIPATHBIX CKOOKAX HENOJIOZKHUTEIHHO B CUJIY aJIrOPUTMA, TOCKOJIbKY
Ha (j + 1)-it wrepanun \ npuHEMaer MuHEManbHOe 3Hadennme mpu X = X;1q1, YV = Y,
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PaccmorpuMm pasaocTh JBYX MaTpuIl, (pUTYpPUPYIONIUX BO BTOPHIX KBAIPATHHIX CKOOKax. 13
(9.5) caemyer, 9To

F(Xja }/j7 ng—i_l)v ng+1)) - F(Xj7 Y}? ng)a G(Qj)) =
_ (ng+1) + }/}71)}/}(ng+1) + Y;l) + (Géj+l) +X;1)Xj<ng+1) —l—Xjfl)—
—(GY + Y Y(GY + Y — (G + X X(GY + X7

j+1 - +1 _
YaureiBasd, ITO Gﬁ” ) = —Y; 'n ng ) = -X; ! mosmyunm

F(Xj? Y}? ng—i_l)v ng—H)) - F(va Yja ng)a ng)) =
—(YV =YY (YT YD) — (X - X)X (X - X)) <0,

j— J J
Tak kak u3 A — B < 0 caeayer, uro p(A) < p(B), to B pesyiabrare nojayuum Ap < 0. B
3TOM CJIydae HOCIeJ0BaTeJbHOCTD p; OTPAHNYIeHa CHU3Y M HE BO3PACTAET, OTKY/Jd C yIeTOM
HEIIPEPBIBHOCTU CbYHK]_[I/II/I CIIEKTPaJIbHOTO paJnycCa CJJaeAayeT CyIeCTBOBaHHE YKa3aHHBIX B
TeopeMe TIpeJIesI0B.

W3 sToro yrBepzKIaeHus caeayeT, 9To BO3SMOXKHEI ABe cutyamnud. Ecau A, = 0, o X,Y, = [
u X, u Y, aBiasoTca perennamu 3a1aun A. Ecim A, > 0, To HeIb3s ¢1eaTh OIpeIeeHHOrO
BBIBOJIA, O paspemnmocTu 3aaa9u A. B mociegaem ciaydae memecoodpa3Ho MOBTOPUTH MPOIIECC
IpU JAPYIUX HAYAJbHBIX YCJIOBUAX Gﬁo) u Ggo), KaK 3TO OOBIYHO TMPUMEHSeTCA B 3a/a4ax
100 TbHOM ONTUMHU3AIUN.

[Ipu npakTHYeCcKOil peau3aliy aJropuTMa Ieaecoodpa3Ho IPUMEHUTDH CJeIyIomee mpa-
BILJIO OCTAHOBKHU: IIPU BBLIMOTHEHUN OJHOTO U3 JIBYX HEPABEHCTB \; < € WIH |[\j11 — Aj| < €
pabora asropuTMma npekpaiiaercs (u3 yrBepxaeHus 9.1 ciaegyer, 9To aJroOpuTM OCTAHABIIN-
BAETCST 4epe3 KOHETHOe YHCJI0 HTeparuii).

ITpumep 9.1 Paccmompum cunmes cmamuieckozo pe2ysamopa no euixody i cmabuiu-
3AUUL NEPEBEPHYMO20 MAATVHUKG, ONUCHLBAEMO20 YPABHEHUEM

p—p=u

¢ usmepaemot nepemennol y = ¢ + ¢. Ypasnernue umeem eud (5.18), 20e

01 0
A (00) - (2). ema .
(0)

Hepasencmea Li(X,Y) < 0,i = 1,2 onpedeasaucy xax 6 (5.31). Mampuyn G\” u GY
8LLOUPAAUCD

ao _ 0.8709 —0.1795 qo _ —0.8842  0.6263
b\ —0.1795  0.7873 ’ 2 06263 —0.9803

Tounocmnb, ¢ Komopoti PeWaromMes AUHETHbIE MAMPUIHBLE HEPGBEHCMEEG, PABHG 10_4, a na-
pPAMemp aA20pUMMa € = 1073, Hocae deyr umepauyutll an20pumM OCMAHOBUACS, NPU IMOM
A=28-1075,

Y — 0.8425 0.0028 v 1.1869  —0.0047
~\ 0.0028 0.6975 ) ’ | —0.0047 1.4337

u napamemp pezyaamopa © = —2.2263.
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IMpumep 9.2 Paccmompum curmes QUHGMUYBECKO20 PERYAAMOPAE NEPBO20 NOPAIKE ONA CTNA-
busuzauuy nepeseprymozo maammuura. Q6serm, onuco8aeMoil YPasHeHUEM

p—p=u

¢ usmepaemoli nepementots y = ¢, npueodumca x eudy (5.18), 20e

A:<(1) (1)) B:(?), C=@1 0.

Pezyasmop evbupaaca 6 cude (5.19), 2de x, € R'. B dannom cayuae nepasencmea Li(X,Y) <
0,7 = 1,2 onpedeasrucy credyrouum 06pasom

WE(ATX + XAy — BX)We, <0, X >0,
WE (VAL + AgY — BY)Wpr <0, Y >0,
0

2de Ay, By u Cy onucarw, 6 npumepe 5.3, a 3/2 = 0,005 — sadannas cmenens yemotiuusocmu
samrrymoti cucmemnt. Ilposepka spdexmuenocmu pabomovl as20PUMMG OCYULECTEAANLCD
CACOYIOWUM 00PA3OM. INEMEHMBE HAYAALHT CUMMEMPUYECKUT MAMPUL, Ggo) = Géo) 8vL0U-
PAAUCH KAK HE3ABUCUMbBLE CAYYAGTHBIE GEAUYUHDL, PAEHOMEDHO PACNPEIEAEHHbIE HA OMPE3KE
[—1,1]. Anzopumm cmapmosas 1000 pas. B 996 caywaax sasepwenue pabomos arzopum-
MG OBLAO YCNEWHIM, M. e. MUHUMAADHOE SHAYEHUE N 0KA3AA0CH PABHBIM HYA0 € NPUHAMOT
mounocmuio € = 107°. B nodasasowem wucae cayuaes 0as 3a6epuiens pabomol ai20pum-

ma nompebosasocy we boaee 4 — 6 umepayud.
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Yacte 111

IIpniaoxxkenns

105






IIpunoxenune A

bJiounble MaTpUIbI

Jlemma A.1 ®opmynabst @pobenuyca ajisg obparieHus OJ049HOM mMarpuubl. [lycmo
HEOCOOEHHAA KBAOPAMHAAL MAMPUUE PA3OUMaG Ha DAOKU

X Xig
X = ,
Xo1 X
ede X11 — (n X n)-mampuua, a Xo — (M X m)-mampuuya.
Ecau det X171 # 0, mo
-1 X+ X' X H 1 X XY — X' X H Y
N —H ' Xy X7 H! ’

20e
H= X9 — X X;1' X132 .

Ecau det Xo5 # 0, mo
K1 —K 71X, X5!
X't= :
X Xon K71 X+ X' Xt KM X 15 X o'

20e
K =Xy — X12X5, X .

Ecau det X171 #£ 0 u det Xog # 0, mo

-1 K1 — X' X1 H !
—H ' X X! H! ’

2de K u H onpedesenvi sviue.
Jlemma A.2 [lycmo
X1 X
X = ,
Xo1 Xao
ede X171 — (n X n)-mampuya, a Xoo — (M X M)-Mampuya.
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Ecau X11 nesvipootcoena, mo X wneswposcdena mozda u moavko mozada, Ko2da mMampuya
H =Xy — X21X1_11X12 neswvipoorcdena. Ilpu amom

det X = det X1 det H .

Ecau Xog nesupooicoena, mo X wneswposcdena mozda u moavko mozada, Ko2da mampuya
K =X - X12X2’21X21 Hesviposrcdena. Ilpu amom

det X = det Xy det K .
Ecou X1 = XL, Xo1 = XL, Xoo = XL, mo caedyrowgue mpu ymeeporcdenua sxeusa-

AEHTNHDL:
X>0;

X1 >0, Xoo— XLX'X15>0;
X22 >0 , X11 — X12X231X?2 > 0.

X1 X
X = . ,
Xip Xoo
2de X117 u Xog — K6a40pAMHBIE MAMPULDL.

Ecau X171 >0, mo X > 0 moada u moavko moezda, xoz20a

Xog — XL X' X12>0 .

Jlemma A.3 ITycmo

Ecau Xog > 0, mo X > 0 mozda u moavko mozda, xozda
X1 — X1 X' X1 >0

Jlemma A.4 Ilyemo
X1 X Xis

X=| XL Xy Xo
XL XL X
Ecau X5 >0, mo X > 0 moada u moavko mozda, xo20a
X1 X3 X2
, — o | X (X Xas) >0 (A1)
X3 Xss X3

HokazaTeabcTBO. B coorBeTcTBUM ¢ OJIOYHON CTPYKTYpOil Marpuibl X BO3bMEM T =
col (x1, x9, x3) U cAeTAEM CIIEYIONITE TPEOOPA30OBAHMUS:

J]TXZE = (1'2 + X2_21X1TQ$1 + X2_21X23I3)TX22($2 + XQ_QIX’ITQZL'l + X2_21X23£L'3)+
+${(X11 — X12X521X1T2)$1 + Qfg(ng — X%Xﬁl)(gg)l'g‘i‘
+2I,{(X13 — X12X2_21X23)ZL'3 .

Tak kak X9o > 0, TO oTcoma ciaemyer, uTo X > (0 Torma m TOJIBKO TOTJa, KOT/Ia BBITIOJTHEHO
MaTpPUYIHOE HEPABEHCTBO

X1 — X0 X' X5 Xi3 — X195 X 55 Xos .
>0,
XE - XEXH'XT, Xaz — XL X5 Xos

sxBuBajenTHoe (A.1).
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Jlemma A.5 Ilycmv mampuuyne A nopadka n X n u R nopadka r X r neswpostcdervl, X u

Y umerom nopadku n X r ur xn, coomsemcmeenno, u mampuua A+ X RY neswiposcdena.
Tozda
(A+XRY)'=A" - A X (R + YA X)) 'yA™?

Jlemma A.6 Ecau A — komnaekcras mampuya (m X n) panea r, mo oHG npedcmasuma 6
sude (singular-value decomposition)

S0\ [V
A= (U, Uy) — U, SV (A.2)
00/ \ vy

2de * 0003HaANaem MPAHCIOHUPOSAHUE U NEPET00 K KOMNACKCHO CONPANCEHHBM IACMEHITAM,
Y =diag(oy,---,0.), o01>-->0,>0,

o; = AE/Q(AA*) — cuneyaaproie wucaa mampuyns A, U = (Uy Us) u'V = (Vi Vi)
yrumapusie mampuuywvt, m.e. UU =1 u V*V = I, npuyvem

R(A) = span (Uy) , N(A*) = span (Us) ,
R(A*) = span (V1) , N(A) = span (V) ,

ede R(-) u N(-) obosnauarom obpas u adpo coomeemcmeyrowets mampuyvl, a span(-) —
AUHETHYI0 000A04KY CMOAOU08 COOMBEMCMBYIOULET, MATNPULDL.

Jdemma A.7 Ilyemov X1 = X > 0w Yy =Y > 0 - sadannwve (n x n)-mampuyp. Jaa
cywecmeosanus mamput, X1o u Xog = XL pasmepos (n x k) u (k x k), coomsememeenno,

MAKUT, Mo
X1 Xip Xn X\ [ Ya Yo
Xio X Xip Xoo Yip Yoo
0AA HEKOMOPHLT Y19, Yoo, HE0OL00UMO U dOCTMAMOYUHO, 4MOObL

X I
Z 0 s ’I’G/ﬂk(l - XH}/H) S k. (A4)
I Yi

HoxkazareabcTBo. Heobxoumocts. [lo yemoBuio nmeem
XY+ XpYh =1,
X11Yie + X122 =0,
X1T2Y11 + X22Yl€ =0,
X%;Ym + X22Y2€ =1.
V3 mepBOro ypaBHEHHS MOy 9HM

[—XnYi =X,V



110 Ipunoxenne A. Biodrpre MaTpuiib

Tak kak panr KaKkJI0if U3 MAaTPHUIL B TPABOil YaCTHU 3TOTO PAaBEHCTBA He TpeBbINIaeT k u, cje-
JIOBATE/ILHO, PAHT IPOU3BEICHUAA STHX MATPUI] TAKXKe He IIPEBBIIIAET k, TO OTCIO/IA CJIeIyeT

YCIOBHUE
rank (I — X11Y) <k .

Jlajiee, BBIpa3uM U3 MEPBOIO YPaBHEHUS

Yii = X5 (1 = X12Y55)
" MOJCTaBUM B TpEThE

XLXT + (Xaoo — XEX'X1)YE =0
YMHOXKHUM 00€ 4acTH 3TOI'0 ypaBHEHHUd CJIeBa Ha Yo
Vie XX+ Yia(Xoy — XX X10)Yh =0 .

13 mepBoro ypasHenus (A.5) caemyer, 910

YieXh = I — Vi Xy .
[TomcraBiisiss 3T0 BhIpazkKeHUe B MPEIBIAYIIee PABEHCTBO, MOJIYIUM

(I = YuXu) Xy + Yio(Xaz — XX X12)Vih = 0.

OTkyna ciemyer
X' =Y = —Yia(Xos — XX Xi2) Vi

Taxk kak X > 0, To u3 jJemmbl A.2 moryaum
Xy — XLX ' X1 >0
CnemoBaTeIbHO, HMeeT MeCTO HepaBEeHCTBO
X1_11 - lel S O )
KOTOpOe B CHJIY JIeMMBI A.3 BBIpazKaeTcs B BUJIE JIMHEHHOIO MATPUUHOTO HEPABEHCTBA
X 1
I Yy

>0.

JocrarounocTh. ITycTh /18 JaHHBIX HOJOKHTEJBLHO OIIPEJEJeHHBIX U CUMMETPUYECKUX
matpur, X1; 1 Y7; BbimosHeHsl yeaobus (A.4) u

rank ([ — X1 Yy) =r<k.

[TokazkeM, KaK paclIMpuTh MaTpuily X1, Tak, 9To6bI yeaoBus (A.3) WMenn MecTo JIJIs HEKO-
TOPHIX Y]o U Yoo. Cornacuo jteMMe A.1 T0MKHO BBHIIOJIHATHCSA PABEHCTBO

Vit =X — Xio X5 X1

T.€C.

Xll - 111 - X12X;21X£ . (A6)
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Marpuns X1o pasmepa n X k u Xop = XL, > 0 pasvepa k X k, yJI0OBIeTBOPSIONINE 3TOMY
PaBEHCTBY, IIOCTPOUM CJIEIYIONIAM O00PA30M.

Tak Kak
Xu =Yy =—(I—-XuYn)Yy'

¥ PAHT MATPUIBI B MPABOH YaCTH STOTO PABEHCTBA B CUIY BTOPOro yciaosus (A.4) pasen r,

TO
rank (X, — Y;') =1 .

[pumensis gemmy A.6 u yunThiBast, 4T0 MaTpuina X1, — Yj]W CHUMMETPHUYECKAs] I HEOTPUIIA-
TeJIBHO OIlpe/le/IeHHasd, Oy IuM

» > 0\ [UF
X =Yy = (U0) 0 0 or |

e Up € R, Uy € R % = diag (A1, - - -, A) > 0. [IpejcTaBuM npaByio 9acTh 9TOrO
PaBEHCTBA YKBUBAJICHTHO B BHJIC

D Or k—r [r O'r k—r
S X( ) ST ’ S — (U1U2> X( ) 7
O(k—r)xr ]k—r O(n—r)xr O(n—r)x(k:—r)
13 KOTOPOro caejyer, 4to ycaosue (A.6) Oyner BBIIOJIHITHCS, €CJIU, HAPEMED, BHIOPAThH
XlQZSa X22:diag()\l_lv"'7>‘r_1717"'71)'

Takum o6pasoM, corsiacio JemMe A.1 Bropoe u3 yciaosuii (A.3) BeIMOTHSIETCS JJIsI TAHHON
Y11 u HekoTopbixX Yig, Yoo, Cupaseamocts nepsoro ycsaosust (A.3) caemyer u3 roro dakra,
910 X9 > 0 m
—1yT _ y—1
X = XipXpy Xpp =Yy >0,

a, CJIeI0BaTe/IbHO, corytacHo JeMme A.2 nmeem X > 0.

Jlemma A.8 Ilyecmwv danw dse mampuuys Q = QT € R™V™ u A € R™™, npuvem rank A <
n. Tozda caedyrougue dea ymeepotcdenus IKGUBAAEHMHDL:

Cl1:
2'Qr <0, Vue{r)]ATz=0};

C2:
Ju >0 Q—pAAT <0 .
HoxkazarenbctBo. (C1 — (C2) Paznoxum mpocTpancTBo R B IPIMYIO CYMMY

R" =N(AT) o R(4),

rne N (AT) — aapo marpuns AT u R(A) — 06pas marpunpl A, u BbGEpeM COOTBETCTBYIO-
muit 6asuc. Ilo yeaosuio B 3ToM 6asnce Marpunsl Q u AAT MoryT GBITH TpeacTaBIeHDB B
cJieLyIomeM 0JI09HOM BHJIE:

Qu Q 0 0
Q:( Y 12), 01 <0, AAT:( ) DDT >0 .
Qly; Qo 0 DDT
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Tornma mist mpousBobHOrO T = col (21, T9) UMeeM
Qu Q12 T
P(Q = pAATYs = (o ) . -
Q2 Q2 — pDD Ty
=27 Qa1 + 20T Qroxy + 23 (Qoy — pD DTy =

= (21 + Q11 Q1272)T Q11 (71 + Q17 Quam2)+
+27 Qa2 — Q1,Q1 Q12 — uDDT)2y < 0,

ecnu {1 BRIOPATh Tak, 9ToOb Qo — QLQ1 Q12 — uDDT < 0, Te. pt > Apae[D ™ H Qa2 —
Q1Q1 Q12) D77

(C2 — C1) Ouesnmno, T.K. r7(Q — pAAT)x = 27Qx < 0 ana Beex , 1719 KOTOPBIX
ATz = 0.



Ilpniaoxenne B

JluHeiinble MaTpuiHble YpaBHEHUS]

JlemMma B.1 Ecau mampuwroe ypasrerue
AX =C, (B.1)

6 komopom A u C' — mampuyv, nopadkos (m X n) u (m X q), paspeutumo omHoCUMesbHO
neuseecmuolti mampuyve X nopadka (n X q), mo cpedu e2o pewenud cyuecmeyem pewenue
Xo MUHUMAALHO20 paHea, Oaa xKomopozo rank Xo = rank C' = ro, u amo pewenue npedcma-
BUMO 6 6ude

XOZVC,

2de V — HEKOTIOPAA MAmpuua cCOoOmeseemcmeyrouLezo nopﬂdna.

HokazaTeabcTBO. [IycTh 115 KOHKPETHOCTH MEPBHIE 7' CTOJ0IOB MaTpuIlbl C' InHEHHO
HE3aBUCUMBI, & OCTaJbHBIE CTOJIONBI ABIAIOTCA JUHEHHBIMH KOMOWHAIMSIMHU IIEPBBIX. IJTO
o3HadaeT, 4To Marpuna C' IpeJacTaBUMa B BUJIE

C=(C, Cy), Co=0CD

st Hekoropoit marpunbt D. ITycrs X = (X7 X3), X; € R™C — npousBosibHOE pelienne
ypasaenus (B.1). Bamerum, ato crosbubr 610Kka X JuHeiHO He3aBUCHMBI, TaK Kak AX; =
C; u croabupl Marpuisl C; jauHeitno HezaBucuMbl. Onpegenm Xy = X;D. Torna AX, = O,
¥ B KadecTBe PelleHnsd MIHHMAJILHOTO PAHTa MOXKET OBITh B3dTa MaTpmua Xo = (X; Xo).

N3 papencrBa AXy = C caenyer, aro crpoku MaTpuibl C' SIBJIAIOTCS JUHEHHBIMU KOM-
bunarusmu cTpok marpurel Xo. Tak kak rank C' = rank Xy = r¢, To u, obparHo, cTpOKH
MaTpuibl X SBJISIOTCS JUHEHHBIMI KoMOnHaImsaMu cTpok marpunsl C), T.e. Xg = VC nas
HEKOTOPO MaTpuisr V.

Jlemma B.2 Mampuuroe ypasrerue
AXB=C (B.2)

paspeutumo omHoCuUmenbHo HEUIBECTNHOTL MATNPUYDBL X moeda u moavro moeda, Ko2da mam-
PUHYHBIE YPABHEHUA

AY =C, ZB=C (B.3)

pPaspetumMsbl OMMHOCUIMEADHO HEUIBECTNHHIL MAMPUY, Y u Z coomeemcmeenno.
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114 Ipuyroxkenne B. Jluneiinbie MaTpuIHbIC YPABHEHHS

HokazarenbcTBo. Ecin ypasuenne (B.2) umeer pemenne X, To, ogeBuano, 9r0 Y =
XBwu Z = AX ynosaersopsitor ypasaenusiv (B.3). O6paTHo, mycTh CYIIECTBYIOT PellleHust
Y, Z ypasuenuii (B.3). Torga nepsoe u3 3mux ypaBHeHHUil UMeeT pelieHne Yy MUHUMATHLHOTO
paHra r¢, Koropoe corsiacao jgiemme B.1 npeacrasumo B Buje Yo = V. CienoBaresibHo,

C=AYy, =AVC =AVZB

u Marpuna X = V' Z Gyuer pemennem ypasuenus (B.2).



IIpunoxenne C

JluHeliHble ypaBHEeHUs U
IIceBJ000paTHbIE MaTPUIIbI

[lycTe mMmeeTcsa JIuHEiHOe ypaBHeHHE

Az =b, (C.1)

B KOTOpoM A — (m X n)-marpuna u b € R™ — 3aj1aubl, a £ € R"™ — HeH3BECTHBIE TIEPEMEHHBbIE.

Ecimu m = n = rank A, ro N(A) = N(AT) = {0} u ypasnenue (C.1) umeer equHcTBen-
Hoe pemrenne © = A~1D.

Eciu A — e kBajparnas uin ne nojnoro paura, 1o unun N (A), win N(AT), um oba
3TH MHOXKECTBa OyIyT HeTPUBHAJbHBI. PaccCMOTPUM BO3MOYKHBIE BAPHAHTHI.

IIycts m > n u rank A = n, T.e. cToIOUBI MaTpullbl A JIuHeiHO HezaBucuMbI. Ecam b €
R(A), rorna ypasrenue (C.1) umeer perntenue. BeIpasuTh ero MOKHO CJIELYIOIUM 00Pa30M:
ymuoxkum (C.1) ciesa na AT u, yunreisas, uro B paccMmarpusaeMoM ciaydae marpuna AT A
obparuMma, HaiijeM pelieHne

v = (ATA)LATD | (C.2)

Ecau b € R(A), Torna ypasuenue (C.1) He nmeer pemrenuii. B sTom ciaydae onpemessiercst
"pemrenne"B cMbICTe MeTOAA HAHUMEHBIIHX KBAJIPAaTOB, MEHHMU3UPYIOIIee KBAIPAT HOPMBI
OTKJIOHeHHs JieBoil yactu ypapuenus (C.1) or mpasoii, T.e.

# = arg min ||Az — b||* .

st ero nomyuenus upeicraBuM b = bray + baar), tae bray € R(A) u byary € N(AT).
Tax xak byary LR(A), To

| Az = br(a) — byany |* = [[Az — breayl* + [[barcar) I -

DTO 3HAYHUT, UTO
min | Az — b = [|byran) [I* .

¥ 9T0 MEHEMAJIBHOE 3HAUCHHE JOCTHIATCH, Korga Az = br(a), n.e. upu z = (ATA) T ATbg a).
Vuursias, aro (ATA) "t ATbray = (ATA)1 AT, mafizem, 4ro onTHMAILHOE DELICHHE B
CMBICJIE MeTO/1a HAMMEHBIINX KBAIPATOB UMEeT BUIL

= (ATA)ATD
T.e. ompejessiercs: Toil ke dopmynoii (C.2).
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116 Ipunoxernne C. Jlubeiinbie ypaBHEHHUS W HCEBI00OPATHBIE MATPHIIHI

[Tycts Tenepsr m < n u rank A = m, T.e. cTpokn MaTpunbl A JinHEHHO He3aBUCHMBI. B
sroM ciaydae ypasaerue (C.1) Gyger umerb 6ECKOHEYHOE MHOZKECTBO PEIlleHUH, TaK KaK, eCJid
T — pelleHme, TO T + Tr(a) — TOKe pentenne 1 moboro ¢ € N(A). Cpenn Beex pemenmuit
BBIJICJIUM OITHMAJILHOE B CMBICJIE MUHUMYMa HOPMBI, T.€.

T =arg min ]| -

Ecyin paznoxuth npoctpanctBo R™ B NPIMYIO CyMMY
R" =R(AT) @ N(4) ,

TO MHHHMAJIbHOE 10 HOPMe pelleHre OyIeT UMeTh HYJAeBYIO IPOEKIMI0 Ha, IOAIPOCTPAHCTBO
N (A). IlpeacTaBuM B COOTBETCTBHUII C STHM DA3IOKEHHEM T = Tp(AT) + Tar(4) U PEIINM
ypasuenue Arpamy = b. B cuiy Toro, uro rgary € R(AT), cymecrsyer £ € R™ raxoii, 4o
TR(AT) = AT¢. Cnenosarennno, Tpebyercsa pemuth ypasaenne AATE = b ornocurensno &.
Tax kax 1o yciosuio marpuna AAT obparuma, ero pemenne umeer puj & = (AAT)71b u,
BHAYUT, TR(AT) = AT(AAT)=1b. Takum obpasom, pemtenne ypapnenus (C.1) ¢ MEHEMAJIbHOM
HOPMOIi PaBHO

= AT(AAT) b . (C.3)

Paccvorpum, HakoHer, obiuii coaydail, korma rank A = r < min(m, n). Bymem nckath
MHUHUMAJIbHOE 110 HOPMe PeIIeHre B CMBIC/IE METOIa HAaUMEHBIITUX KB IpaToB. Bocmob3yemcst
aemMMoit A.6 u mpeacTtaBuM MaTpuily A B BHE

20\ [V .
A= (U, Uy) 0 o) Ly = U2V (C.4)

rie
Y =diag(oy,--+,00), o1 >-->0.>0,

R(A) =span (Uy) , N(AT) = span (Us) ,
R(AT) = span (V}) , N(A) = span (Vz) ,

v U,Us) =1 v Vive)=1
(UQT)(”) | (VJ)(”) |

Pazyioxkum npocrpancrsa R"™ u R™ B npaMble CyMMbI

(C.5)

R"=R(ATHY @ N(A), R™=R(A) aN(AT)
" MnpeacraBUM
T = TR(AT) T TN(A) b:bR(A)+bN(AT) .

Tak Kak 9 9 2
1Az = b||* = | Az — brea) 1> + lbaany I* =

= [[Azpa) + Avgary — brall® + HbN(AT)H2 =

— 2 2
= [[Azr(ar) = brI° + oaran) [
TO ONITUMaAJIBHBIE DEITEeHUA 11O METOJY HaUMEHBbINTNX KBaJIpaTOB YIAOBJICTBOPAIOT YPaBHCHHIO

Am = bR(A) s (06)
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a MUHUMAJIBHOE 110 HOpMe M3 3TUX pemtenuii T npunajjiexut R(AT).

U3 (C.5) cnemyer, a0 br(a) = Uini, tiae g1 € R7, 1 byrary = Usn, Tie 1 € R™". Tax
kak b = Uyny + Usng, TO ¢ yuerom toro, uro ULU; = I u Ul'Uy = 0, naitnem 1, = Ulb
u rorga bray = U1UTb. Hpeacrasass reneps & € R(AT) B Buge 7 = Vi€, rae € € R,
zamuirem (C.6) kak

AViE = U UMD .

Bamensa A = U;XV|I u ymHo)Kag obe 4acT 3T0Oro ypapHenud ciepa Ha U], pprancinm £ =
Y7LUTb u naiinem onTMaIbHOE PeIeHHe H0 MeTOo/ly HAMMeHBIIHX KBa/IpaToB MAHUMAJIbHOM
HOPMBI B BH/JIE

F=wnx"tulh . (C.7)

Marpuna
AT =viytut (C.8)

SBJIsleTCsl TIceBa00GpaTHON 1ist MaTpuilbl A ¢ paznoxkenuem (C.4). [To ompe/iesieHAIO CeB-
noobpaTHoit qug Marpunbl A HasbBaeTcsa Takad marpuna A1, Koropas ymosrersopger ciie-
JIYIOIIUM YCJIOBUSIM:

AATA= A, AYAAT — A | (AAT)T — AA* | (ATA)T = A*A
HemnocpeIcTBEHHO HPOBEPsIeTCs CIe/Lylolee:
m=n=rank A — At = A1
m>n, rtank A=n— AT = (ATA)71AT ;

m <mn, rank A=m — AT = AT(AAT)"!.

Takum 06pa3oM, BO BCEX PACCMOTPEHHBIX BBIIIE CJIydasX TaK Ha3bIBA€MbI€ 1CEBJIOPEIIEHU
ypasaenus (C.1), nMmerornue MUHIMATBHOI HOPMY CPEJI BCEX BEKTOPOB, MUHUMH3HPY FOIIAX
HOPMY OTKJIOHEHUSI MEZKJIy MPABOH U JIEBOH YaCTAMH 3TOTO ypaBHEHU, 33a10TCs (popMynoit

xr=A"b.
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Ilpnaoxxkenne D

CTpyKTypHbIE CUCTEMHbIE CBOIICTBa

Cucrema
t=Ar+Bu, zeR"™, ueR™ (D.1)

WU, 9KBUBaJIEHTHO, Tapa (A, B) yupasisema TOTIa U TOJbKO TOT/IA, KOTA BBIIOJIHEHO OHO
N3 CIAEAYIONMNX 3KBUBAJEHTHBIX YCJIOBNH:

1. TpamMMman ympaB/IgeMoCTH
t

/ AT BBT AT dr
0

SIBJISIETCA TOJIOXKUTENBHO ONpeeIeHHOH MaTputieil i jiroboro t > 0;
rank (B AB ... A™ !B)=n,;

rank (sI — A B)=mn,, VseC;

4. 178 TPOU3BOJBHOIO CHMMETPUIHOIO OTHOCUTENBHO JTeHCTBUTEIBHOM OCH MHOYKECTBA
N, KOMILIEKCHBIX JHCe] HaligeTcs MaTpuia © Takas, 9TO CIEKTP MAaTPUIBI 3aMKHYTOM
cucrembl A + BO coBnaieT ¢ yKa3aHHbBIM MHOXKECTBOM;

5. mjs r000TO JIeBOTr0 COOCTBEHHOTO BEKTOPA MATPHUIlH A, T.e. HEHYJIEBOIO BEKTOpa € €
C™=, ynopaerBopsmomnero e* A = \e* npu mHekoropom A\ € C, BeinosHeHo €* B # 0.

Cucrema (D.1) wiu, skBuBasienTHO, Hapa (A, B) ctabuinsupyema TOTIa U TOJIBKO TOTJIA,
KOIJIa BBIIIOJHEHO OJTHO U3 CJCAYIONMX IKBUBAJICHTHBIX YCJIOBHIL:

rank (sI — A B)=mn,, Res>0;
2. cymecTByeT MaTpuia © Takas, 9TO MaTPHIA 3aMKHYTO# cucreMmbl A + BO rypsurena;

3. BCe HEYyIIpaBJideMblC MOJ/bl ABJIAIOTCA yCTOfI"H/IBbIMI/I7 T.€. U3 COBMECTHOI'O BBITTIOJIHEHU A
yeaosuit €A = Ae* u e*B = 0 caenyer, uto Re A < 0.
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Cucrema
= Az,

y=Czx, z€R™, yeR™ (D-2)

WJTH, SKBUBaJIeHTHO, Tapa (A, C') Habiogaema Toraa u TOJIBKO TOT/Ia, KOTJIa BBITOJIHEHO OHO
U3 CJIeJIYIONUX 3KBUBAJEHTHBIX YCJIOBHIL:

1. rpamMuan HabJII0IAEMOCTH
t

/eATTCTCeAT dr
0

SIBJISIETCS MOJIOXKUATEIBHO ONpeaeIeHHOM MaTpulleil njs Jjirobdoro t > 0;
rank (CT ATCT ... (AT)="1CT) = n,;

rank (sI — AT CT)=n,, VseC(;

4. 178 TPOU3BOJBHOIO CHMMETPUYIHOIO OTHOCUTENbHO JTeHCTBUTEIBHON OCH MHOYKECTBA
N, KOMILIEKCHBIX YHCeT Haiigerca maTpuia © Takas, 9To cmekTp Marpunbsl A + ©C
COBTAIET € YKA3aHHBIM MHOYKECTBOM;

5. mjs a1060ro mpaBoro coOCTBEHHOI'O BEKTOPa MATPHIBL A, T.e. HEHY/JIEBOIO BEKTOpa € €
C™=, ynosaerBopsitoriero Ae = e mpu Hexkoropom A € C, Beinosneno Ce # 0.

Cucrema (D.2) win, skBuBaientno, napa (A, C) merekTupyemMa TOrja U TOJIBKO TOLJIA,
KOTJIa BBIIOJHEHO OJHO M3 CJACAYIONUX SKBUBAJCHTHLIX yCIOBHIL:

rank (s — A" C")=n,, Res>0;
2. cymecTByeT MaTpuina © Takasd, 9T0 MAaTPHUIA 3aMKHYToi cucremel A + OC rypsuriena;

3. BCE HeHa6JIIO,ZLaeMBIe MOADBIL ABJIAI0TCA yCTOfILH/IBbIMI/I, T.€. U3 COBMECTHOI'O BBITIOJTHEHU A
yeaosuit Ae = de m C'e = 0 caenyer, aro Re A < 0.



IIpnnoxkenune E

Pacmmpennaga asemma JlsmnmyHoBa

JlemMma E.1 Paccmompum mampuurnoe ypasrenue Jlanyrosa
ATX + XA+ C"C=0. (E.1)
Tozda

(1) ecau A eypsuuesa, mo ypasnenue (E.1) umeem eduncmeennoe peweHue — CumMMem-
puNeckyo u Heompuyameavno onpedesennyio mampuyy X = XT > 0;

(i1) ecau 6 donoanenue x nynwkmy (i) napa (A, C) Habarwdaema, mo pewenue ABAAEMCH 6
deticmeumenvrocmu noaoscumenvro onpedeaernnom X = X1 > 0;

(111) ecau napa (A, C) demexmupyema u ypasnenue (E.1) umeem cummempuuecroe u weoms-
putamEALHO onpedeaennoe pewerue, mo mampuya A 2ypsuuesa.

HoxkazarenbcrBo. [lyukTsl (i) u (i7). Ecin A rypBunesa, To Marpuna

X = /eATtC’TCeAt dt (E.2)
0

ABJISIETCA HEOTPUIATEIBHO onpesenennoii. Hemocpeacreennas ee nogcranoska B (E.1) mo-
Ka3bIBACT, YTO OHA YIOBJICTBOPSCT STOMY YPaBHCHUIO. ECIH IpenonoKuTh, 4To ypaBHeHHe
(E.1) umeer emie apyroe pernierue X, TO

ATX - X)+ (X - X)A=0.

Tak kak A rypsuiesa, To corjacto [22] orcrona ciegyer, aro X = X.
Ecau nmapa (A, C) wabaogaema, 1o marpuna (E.2) 6ymer nos0KuTeJbHO Onpe/ieeHHOI.
JlefcTBATENBHO, €CJIM MPEIIOI0KHATh, 9TO IJd HEKOTOPOro g # 0 peimoansgerca Xxg = 0,

TOTIa,
o0

[e.e]
rd Xag = / xOTeATtCTCeAtxO dt = / ylydt
0 0
e Y — BBIXOJ CHCTEMBI
= Az,
y="Cu
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122 Ilpniroxkenne E. Pacumpennast jiemMa JIsnyHoBa

¢ HadaabHBIM yeaosueM x(0) = xo. D1o o3Hauaet, uto y(t) = 0, 9T0 TPOTUBOPEIUT HAOJIIO-
JAaeMOCTH STOI CHCTEMEI.

[Mynxr (iii). Hycrs Xo = XI > 0 — mekotopoe pemenue ypasuenus (E.1). Tomycrnm
OT IPOTUBHOTO, 4T0 Marpuna A Heycroiuusas, 1.e. Arg = Arg s HeKoToporo ro # 0 u
Re A > 0. Torna u3 ypaBuenus cjejiyer

0 = 23 AT Xozo + 25 X0 Az + 25CT Oy = 2(Re N)af Xozo + 25,07 Cxg

Tak Kak cyMMa HEOTPUIIATEIBHBIX CIAraeMbIX MOYKeT O0PAIIaThCs B HOJIb, TOJBKO IIPH YCI0-
BUU, 9TO KayKJI0e cjaraeMoe HyJeBoe, To orciofa ciaeayer C'rg = 0. Ho ator dakr ¢ yaerom
Toro, 9to Axg = Az, g # 0 1 Re A > 0, IpOTHBOpPEYUT HMPEIIOJIOKEHUIO O TeTEKTHPYEMO-
cru napst (A, C).

Jlemma E.2 Paccmompum mampuunoe ypastenue Jlanynosa
ATXA-X+C'C=0. (E.3)
Tozda

(i) ecau A umeem ece cobemeentble 3HAUEHUA SHYMPU EOUHUNHOZ0 KPY2A KOMNAEKCHOU
naockocmu, mo ypaswenue (E.3) umeem eduncmeenmnoe pewenue — CuMMemMpuieckyio
u weompuyamervro onpedeaerniyto mampuyy X = XT > 0;

(i1) ecau 6 donoanenue k nynwkmy (i) napa (A, C) nabarwdaema, mo pewenue ABAAEMCH 6
deticmsumenvrocmu noaoscumenrvro onpedeaernvim X = X1 > 0;

(117) ecau napa (A, C) demexmupyema u ypasnenue (E.3) umeem cummempuuecroe u weoms-
PUUATMEALHO ONPedeseHHoe pewenue, mo mampuya A umeem ece cobemeentvie 3Ha-
YeHUA SHYMPU OUHUNHO20 KPY2A KOMNACKCHOT NAOCKOCTMU.

HoxkazarenbctBo. Ilyukror (i) u (i7). Ecam Bce cobcrBennbie 3Hadennst maTpuisl A
JiesKaT BHYTPH €JMHUYHOTO KPYTa, TO MaTpUIa

o0
X =Y (AHTcTc A (E.4)
t=0
SIBJISIETCsl HeOTPHIATeJIbHO oupejesennoil. Henocpeacrsennast ee nojcranoska B (E.3) no-
Ka3bIBAET, YTO OHA YOBJIETBOPLAET ITOMY ypaBHEHUIO. [c/iu MpenooKuTh, 9T0 ypaBHeHue
(E.3) mmeer emie apyroe perierne X, 1O

AT X - X)A—- (X -X)=0,

u B ey ycroitumsoctn A orciona cienyer, uto X = X.

Ecau napa (A, C) wabaogaema, 1o marpuna (E.4) 6ymer nos0KuTeJbHO Onpe/ieeHHOM.
JeficTBUTENBHO, eIl MPEIIIOI0KATh, YTO JJId HEKOTOPOTo xo # 0 BhimoIHAeTCH X9 = 0,
TOTIA,

(0.0 (e.)
rd Xag = ng(At)TCTC’AtIo = ZytT?Jt )
t=0 t=0
TIe 1y — BBIXOJ CHCTEMBI
Ty = Ay,
yr = Cy
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C HaYaJbHBIM YCJIOBHEM To. DTO O3Ha4YaeT, uTo Yy = 0, 9T0 mMpoTUBOpednT HaOII0TaeMOCTH
9TON CUCTEMBI.
e o T
Iyt (ii7). Ilycrs Xo = X > 0 — mexoropoe pemterne ypasuenust (E.3). Homycrinm
OT IPOTUBHOTO, 4T0 Marpuna A Heycroiuusas, 1.e. Arg = Arg s HeKoTOporo ro # 0 u
|A| > 1. Torga u3 ypaBHenus ciaemyer

0 = 25 AT Xg Ay — 25 Xozo + 2507 Cao = (|A* — V)af Xowo + 2507 Cag

Tak Kax cymMMa HEOTPHUIIATEIbHBIX CJIaraeMbIX MOYXKeT 00paIlaThbCs B HOJIb, TOJBKO IIPU YCJI0-
BUW, UTO KazKJI0e cjaraeMoe HyJeBoe, To orcioga ciaeayer C'ryg = 0. Ho ator dakr ¢ yaerom
TOrO, 9T0 Ax) = ATo, To # 0 1 |\| > 1, IPOTUBOPEUHT MPENOSOKEHHUIO O TETEKTHPYEMOCTH

nmapst (A,C).



124 Ilpniroxkenne E. Pacumpennast jiemMa JIsnyHoBa



Ilpnnoxxkenne F

KponekepoBo npomnsBeaenue

KpoHekepoBbIM (IPSMBIM WM T€H30PHBIM) Mpou3BeaeHneM (m X n)-marpuibl A Ha (p X q)-
mMaTpuily B Ha3biBaeTcs (mp X ng)-MaTpuia

allB algB s alnB

anB  axB - ayB
AR B =

CLmlB CLmQB s amnB

[TepeuncimM HECKOJBKO 3JIeMEHTAPHBIX CBONCTB KpOHEKepOBa MPOU3BEIeHUS:

(i) ecmu mpoussegenus AC' u BD cymecTByioT, TO

(A® B)(C®D)=AC® BD ;

(ii) (A® B)T = AT @ BT;

(iii) ecnim A m B — KOMILIEKCHBIE MATPHIIBI, TO

AR B=A®B, (A®B)"'=A*"® B*;

(iv) ecim A u B — HeBBIPOXK/IEHHBIE MATPUILBL, TO MaTpuiia A ® B Tak:Ke HEBBIPOK IEHHAS
u

(A B)'=A"1®B".
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126 IIpunoxernne F. KponekepoBo npoussejeHune



IIpunoxenne G
S-1Iporieaypa

B reopun ympapieHusi 9acTo WCIOJb3yeTcsl npueM, HasBaHHBIA B [1] S-nporeaypoii. Pac-
CMOTPHUM HEPABEHCTBO

F(x)<0, x#0 (G.1)

JUISE BceX o € R™ | yIOBJIETBOPSIIONINX CUCTEMe HEPABEHCTB
Gi(z) <0, i=1,...,m, (G.2)
rne F'(x) u Bce G;(x) — kBagparuanbie dopmbl. CocTaBUM KBAJIPATHIHYIO (DOPMY
S(z) = F(z) —nGi(x) — ... — T Gp(2)

1 pacCMOTPUM HEPaBEHCTBO

S(z) <0, x#0 (G.3)

npu HeKoTopuix 7; > 0. 3amena mepasencts (G.1) u (G.2) nepasencrsom (G.3) nasbiBaercs
S-Tpote Ay poii.

Ouesnano, aro u3 (G.3) caeayer somoanenue (G.1) npu yeaosuu (G.2). Ecan m = 1,
TO HPH YCJIOBUH, YTO CYIIECTBYET Zo, A Kotoporo Gi(zg) < 0, BepHO m obparHoe, T.e.
soinosinenne (G.1) npu yeaosun (G.2) Bieder cymecrsoBanue 73 > (0, Ipu KOTOPOM

F(z) —nGi(x) <0, x#0.

B srom ciygae rosopsit, 4ro S-nporne/ypa HeyiepOHa Juisi ojaHoro orpanndenus |41]. 3a-
MeTHM, 9TO 0e3 orpaHmYeHusi OOIIHOCTH MOZXKHO TOJOKUTH 73 = 1 (B caMoM jese, J10CTa-
TOYHO YMHOXKHTH TOCJIeHee HEPABEeHCTBO Ha Tfl W y4ecTh, uTo HepaBencTBa F(z) < 0 m
71 'F(z) < 0 3KBHBaJICHTHBI).

Ilpu m > 2 B obmem caydae S-mporeaypa yuiepbua, T.e. u3 soinosnenus (G.1) opu
yenosuu (G.2) He cjeyer, U4TO CyNIECTBYIOT Takue mapamerpbl 7; > 0,¢ = 1,...,m, 4ro
cupasenuso (G.3).
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128 Ipupoxenne G. S-nponeaypa



Ilpnnoxxkenne H

YHacroTtHaga TeopemMa

YHacrorHas Teopema [42] mo3BosIsIeT yCTAHOBATH SKBUBAJEHTHOCTD MeZK/Iy MATPUIHBIM Hepa-
BEHCTBOM CIIETIHAIBHOIO BH/IA, IACTO BCTPEUAIOIINMCI B TEOPUH YIIPABJIEHNUA, U IaCTOTHBIM
yCJIOBHEM, BBIPasKeHHBIM B TEPMHHAX HePeIaTOYHON MATPHUILI HEIPEPBIBHOIO UIH JIUCKPET-
HOrO 0OBEKTA.

JIlemma H.1 [Tycmo napa (A, B) cmabuausupyema. JIns cyuecmsosanus cummempuie-
ckolt mampuyv, X, ydosaemeopaouLets CoOOMHOULEHUIO

2Rex* X (Az + Bv) — L(z,v) <0, Vaz,v, |z|+]|v]#0 (H.1)

¢ 3adannoti Keadpamuyunotl gopmoti L(T,v) nepemennur T, v, neobrodumo u docmamoyuro,
4mobv, OAs 6cex U # 0 GUNOAHANOCH CACOYIOULEE YACTOMHOE YCAOBUE

Ll(jwl —A)'Bv,v] >0, VYwe (—o00,00). (H.2)

S x Ly Lo
L(z,v)=(z",v" )L , L= :
v L{Q L22

mo nepasencmeo (H.1) npumem 6ud suneldinozo mampuuro2o HEPAGEHCMEa

(ATX+XA—L11 XB—LH) .
<0,

FEeau

H.3
BTX — LT, — Lo (H.3)

a wacmomnoe ycaosue (H.2) sanuwemes 6 eude

( (_jw]—A)_lB ) ( L1 Lqo ) ( (jW]_A)_lB ) ~0. (H4)
I L1, Lo 1

Jlemma H.2 Ilycmov napa (A, B) cmabususupyema. Jas cyuecmeosanus cummempuie-
ckoti mampuuv, X, yodosaemeopauLeti CoOOMHOULEHUNO

(Az + Bv)*X (Az + Bv) — 2" X2 — L(z,v) <0, Vv, |z|+|v]#0 (H.5)

¢ sadannotll Keadpamuyunol gopmots L(T,v) nepemennur T, v, neobrodumo u docmamoyuno,
4mobv, 0As 6cex U % 0 BUINOAHANOCH CALOYIOULEE UACTOMHOE YCAOBUE

L[] —A)"'Bv,v] >0, Vgel0,2n). (H.6)
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130 IIpunoxenne H. Yacrornas reopema

FEeau

T T X Ly Lo
‘C(x>v):($ , U )L ) L= T )

mo nepasencmeo (H.5) npumem eud aunedinozo mampuuro2o HepaseHcmaea

ATXA— X — Ly ATXB — Ly
<0,
BTXA—LY, BTXB-— Ly

a wacmomnoe yeaosue (H.6) sanuwemes 6 eude

(e79¢T — A)'B\" [ L1y Ly (e1°] — A)"'B
>0 .
I LI{Q Lo I

(H.8)
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