Tema 2
CuMMeTpHYHOE IIPOCTOE cJaydaiiHoe OJIyKaaHue

Hamomuum ompenenenne caygaitnoro omyzxkaanus. Ilycts Xq, Xo, ... — mo-
CJIeI0BATEJIbHOCTh HE3ABUCUMBIX OIMHAKOBO PACIIPE/IEJIEHHBbIX CJIy4alHbIX Be-
qawnH. [Tomoxum

n
So=0, Sy =) Xi, neN.
i=1
[MocanenosarensuocTsb {5, n € Ng} HasbiBaerca cayuatinom oayocdarnuem. Tuc-
soBble xapakTepuctuku EX7, DX Ha3pIBAIOTCS COOTBETCTBEHHO CHOCOM T ULG-
20601 ducnepcuets ciaydaitnoro Omyxnanusi. Besudauny S, MOXKHO TPAKTOBATH
KaK TMOJIO’KeHne OJIy K IAI0Iei Ha YMCIOBON OCH YaCTHIIHI B MOMEHT BPDEMEHW 1.
Cay4yaitible O/1yKJAHUS SBISIOTCS OTHUM W3 BaXKHBIX O0BHEKTOB MCCJIeI0BA-
HUIl B TeOpUM BeposATHOCTel. TaK, OCHOBHbIE Pe3yIbTaThl KIACCHIECKO TEOPUH
BEPOSTHOCTEN MOCBAIIEHBI CIydaifHOMY OJIyKIAHWIO C HYJIEBBIM CHOCOM U KO-
HEYHOU ITOJIO?KUTEJIbHON LIArOBOW JucCHepCUen o2
1) ycuienublit 3aK0H GOJIbLIMX YUCEIL:
Sn

— — 0 m.u.;
n

2) uenrpasibHas [pe/esbHas TeopeMa: 1pu Beex T € R

Sn
. <) —
nh_)rr;()P(J\/ﬁx) d (z),

rae @ (z) — byrkuns Jlannaca, T.e.

D (x) /z ! ep(_u2>du reR
= X .
2 )
s V2w

Momens caydaiiHbix Oy KIaHUN BOZHUKAET B PA3JIMIHBIX MPUKJIAIHBIX 00-
JIACTSIX TEOPHH BEPOSITHOCTEH, TAKHX KaK TEOPHsS MaCCOBOTO OOC/TY KHBAHUS,

Teopus CTPaxOBaHWsA, (PUHAHCOBaA MaTeMaTuka. IIpm 3ToMm Tpebyercs 3HATH
BEPOSTHOCTHBIE CBOMCTBA HE TOJBKO BEJIMYHMHbLL Sy, HO ¥ (DYHKIUMOHAJIOB, 3a-
BUCSIIUX OT BCEH TPAEKTOPUHU CIYYANHOTO OJIyKJIAHUS 10 MOMEHTA 7, T.€. OT
S0,51, ..., Sy (mpuMepoM Takoro GbyHKIMOHATA ABISETCS MAaXo<i<pn Si). JIpy-
TUMHU CJIOBaMU, TPeOyeTcsi pacCMATPUBATH CJIydaiiHOe OJ/IyKIaHNe KaK OObEeKT
TEOPUU CJIyIAHHBIX TIPOIECCOB.

B sroit neknuu BHEMaHUE OyIeT YAEJIEHO YACTHOMY CJIyYar0 CIIydaifHbIX
O/Iy K IaHUi, KOrIa IMar CIyJIaiiHoOro OJIyKIAHWST MPUHUMAET BCErO IBA 3HAUE-
st 1 u (—1) ¢ OMMHAKOBBIMHU BepOATHOCTSMH. Takoe GiIy»KIaHHe HA3bIBAETCS
CUMMETPULHOLM TPOCTIVOIM CAYUATHBM OAYHCOGHUEM.

Cnyugaitnyto Bequnauny S, MOXKHO WHTEPIPETUPOBATH KAK IMOJIOXKEHUE B MO-
MEHT BPEMEHH 1. YaCTHUIBI, 0Ty K IAIOIIEH 10 TeJOYUCIEHHBIM TOYKAM YHUCI0BOI
ocu. YacTuna cosepiiaer CKadoK B Kak/blii momeHT Bpemenu k € N, npuuem



OHA COBEPIIAET C BEPOSTHOCTHIO 1/2 CKAIOK B COCEHIOI TOUKY CIIPABA M C TAKOMH
JK€ BEPOATHOCTBIO — B COCETHIO TOYKY cleBa. B MoMeHT BpeMenn ( 4acTuIga,
HaxXoauTCa B TOUKe (.

ITpu n300parkeHnn CIIyIaiiHOTO OJIyKIAHUS yI00HO COSTUHATD BCE COCETHIE
rouku ¢ Koopauuaramu (n,S,) u (n+1,5,11), n € Ny, orpeskamu npsiMbIx
(cm. puc. 1). Tomy4yeHHy0 JOMaHYI0 HA3BIBAIOT Nymem OIyKIAIOMENR JacTu-
upr. O603uaqnm S (t), t > 0, Gynkmmo, rpaduk KOTOPOl COBIAIAET C IMyTeM.
Ouesnsno, S (n) =S, opu n € Ny.

y=5(t) 6,55
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Puc. 1: Cayuaitnoe 6y K naHue

Yuct0 pa3ImaHbIX Ty Tell, KOTOPHIE TTPOXOAUT OJTy 2K JAIOIIAs YACTHUIIA 33, Bpe-
Msi m, PaBHO 2™, ¥ BCe OHU, OYE€BUIHO, PABHOBO3MOXKHBI. [103TOMY pacder jro6bx
BEPOATHOCTEl, CBA3aHHBIX CO CJIy4ailHOl 110C1e10BaTeIbHOCTBIO {S)y, }, cBOMUTCSH
K II0JICYETY YUCJIA COOTBETCTBYIOIIUX IIyTei.

ITokazkem, HATTPUMED, UTO €CJU YETHOCTH T € Z W N, COBMAIAIOT, TO

C7(ln+3c)/2
== (1)

HeficTBurennHo, cayvaiinoe coobrtne {5, = x}, Hampumep npu = > 0, O3HAUAET,
9TO UUCIIO NOJIOKHUTENbHBIX CIAraeMbIX B CyMMe » ., X; Ha ' exuHuI, GoJb-
III€ 9HCJIa OTPUIATENbHBIX craraeMbrx. CremoBaTebHO, YACIO TOTOKATETBHBIX
cslaraeMbiX paBHO (1 + ) /2, & 9MCII0 PA3JIMYHbIX PACIOJIOXKEHUH TUX CJlara-
€MBIX B yKA3aHHOH cymMme (& 3HAYHUT, YMCJIO PA3IUIHBIX MyTeH Oy KIaHus)
pPaBHO CT(LTH'I)/ 2, orkyzua u caenyer dpopmyaa (1).

Mroraa BMecTo cnMBosIa BepositTrocTn P Gynem ncromn3osars cumsosa PO)
YKa3bIBAIOIINI HA, TO, 9TO OJIy K IaHNe HAYMHAETCSA He B Touke 0, a B TOUKe y € Z,
re. So =y, Sn =y+ Y iy Xi, n € N. U3 Gopmyast (1) erko cemyer, 9to npu
TR/

P,z =P (S, = )

Cy(Ln+mfy)/2
P(y)(snzx):P(Sn:x_y): on
Beegem mMuHuMym U MaKCUMYM CITyIaRHOTO OJIy 2K IAHUS:
L, = min S5;, M, = max S;.
0<i<n 0<i<n

Beenem Takxke momenm nepeozo docmusicenus cocTosuuss x € Z:

Ty =min{n e N: S, =z}.



B nepsbix Tpex sieMMax HaXOAATCH PA3IUIHbIE BEPOSITHOCTHU, CBI3AHHBIE C
Oy K IaHAEM YACTHILI Ha TIOJOKUTEIHHON (OTPUIATEIHHOMN) MOIYOCH.

JIemma 1 (upunuun orpaxenus) . IIpu x, y € N wucao nymet, eedywuz us
mouxu (0,y) 6 mouxy (n,x), Komopue Kacaromes uau nepecexarom oce 0t, cos-
nadaem ¢ wucaom nymet, sedywuxr us mowku (0, —y) 6 mouxy (n,x). Apyeumu
CAOBAMU,

PYW (S, =z L,<0)=PY (S, =2z).

okasameavcmeo. PaccmorpuM myTh, Bexymmii u3 Toukn (0,y) B TOUKY
(n,x) u Kacaromumiics uiu nepecekamomuii ocb 0f. VI paccMOTpuM 4acTh 3TOrO
MyTH 70 MOMEHTa T (mepsoro moctmkenns coctosaus 0). Orpasum 3Ty 9acThb
MyTH CHMMETPUIHO OTHOCHTENHHO ocH 0t (M. puc. 2), TOTIa MBI IOy UM Ty Th,
Benymmit u3 touku (0, —y) 6 Touky (n,x).

X (n.x)

Puc. 2: [Ipunnun orpazkeHust

OueBHIHO, YTO IOJIYYEHHOE COOTBETCTBUE IIyTEH SBJISETCS B3aUMHO OJIHO-
3HaYHBIM. JleMMa jJoKa3aHa.

Caencrsue 1. Ilpu x, y € N

P(y) (Sn =z, Ln >0 ) = P(y) (Sn — x) _ P(fy) (S” — x) .

Jlemma 2. IIpu x € N

1
P (Sl >0, 5>0,..., Sp—1 >0, S, = JJ) = ) (pn—l,x—l - pn—l,x-&-l) .

Joxazameavcmeo. 3amerum, 4o

P(51>0, SQ>0,..., Sn_1>0, Snill'):

1
= 5P<1> (81 >0, S9>0,..., Sy_2>0, Sy =x). (2)
B cuny cnencreus 1

PW (S, >0, $9>0,..., 8, 2>0, S, | =x)=



=PW (S, 1 =2)-PU(S, == )=
=P (Sn—l =T — 1) -P (Sn—l =x+ 1) =Pn—1,2—1 — Pn—1,2+1-
U3 coorrommenuii (2) u (3) caemyer yTBepKIEHUE JIEMMBI.

Bazkmoe 3nauenue B ﬂaﬂbHeﬁmeM UMEET BEPOATHOCTH

1
U,n:P(SQ»,L:O):QQTan

3)

Haiinem acuMnToTwKy 3TOH BEPOATHOCTH TpU 1 — 00. BemomumM dopmymy

Crupnunra:
n! ~vV2mnn"e ", n — oco.

Torma

1 (2n)!  VAwn (2n)*e2n

U2n =

220 (p)?  92n (\/%n”e_")z.

CuleioBaTe/bHO, PH N — 00

1
Ugp ~ —F—.

Jn

Jlemma 3. Cnpasedaueo caedyrouee paBeHCME0:

P(Sl#ov 527&0’”'7 SQn#O):u?n

Jloxaszameabcmeo. 3aMeTHM, 9TO

P(S1#0, So#0,..., So, #0)=2P (57 >0, S92 >0,..., Sy, >0).

Harmee, mo memme 2

P(Sl>0, SQ>0,..., 52n>0):

:ZP(51>0’ SQ>0,...7 Sgn,1>0, SQnZQ’I’):
r=1

oo

1
(p2n—1,27‘—1 —p2n—1,2r+1) = §p2n—1,1-
r=1

DN | =

ITo dbopmyse mosHON BEPOATHOCTH
1 1
U2n :P( SQn :O) = §P( S2n—1 = 1)+§P( SQn—l = *1) =

=P (Son—1=1)=pan-1,1-

W3 coornomenuit (5)-(7) ciaelyer yrBepKIeHIEe JIEMMBbL.

(7)

Harmma ocnoBHast 3a71a11a — yCTAHOBUTD MPE/IETbHBIE TEOPEMbI IS PA3THIHBIX
dysKIHOHATIOB OT TpaekTopuil ciydaitnoro Osyxaanus. CHaYATA MbI yCTAHO-

BUM 3aKOHbL apKCUHYCA.



[Tomoxum
7(n)=max{i:S5; =0, 0<i<n}.

Scuo, uro 7 (n) — MOMEHT MOC/IeIHEro (10 MOMEHTA 1) NOMaAaHus 01y K JAroIeit
qacTuibl B cocrognne (.

Jlemma 4. IIpu k=0,1,...,n
P (7 (2n) = 2k) = uzpuzn—2k.

Zoxazameavecmeo. Uucso myreil, yIOBIeTBOPSIONUX COOTHOIIEHUAM Sop =
0, Sok+1 # 0, ..., So, # 0, paBHO NPOM3BEIECHUIO YUCJA ITyTeHl, BEIYIIUX U3
rouku (0,0) B rouky (2k,0), Ha uucno myreit, kotopeie Boixoaar u3 touku (0, 0)
W B TEUYEHWE BCETO BpeMeHW 2n — 2k He KacaioTcd W He mepecekaioT ocu 0t.
CiieioBaTeIbHO, TIO OMPEIETIEHHUIO Ug), W TIO JIEMMe 3 MTOJydaeM, 9To

P (Sor =0, Sog+1 #0,..., Sop #0) =
=22"P (S0, = 0)22"FP (51 #0,..., Son—ok # 0) 277" = ugpuzy_oy.
Jlemma mokasama.

Teopema 1 (3akon aprcunyca das nocaednezo nonadarus). Hpu 0 < 1 <

To <1
7 (2n)

lim P <sc1 <

n—oo

2
x2> = arcsin v/z[32.

Zloxaszameavcmeo. Beumy memmbr 4

T(2n
P (33 <l x> =Y Pre)= = Y
z1<k/n<zs z1<k/n<zs
(8)
U3 coornomenus (4) ciemyer, 9To JJisi IPOU3BOJLHOrO € > () U BCEX JOCTATOYHO
GobIIX (B 3aBUCHMOCTH OT £) N
1—e¢ < < 1+4¢€ 1—e¢ < < 1+e¢
—— S Uz < ; SUzp2k S ———,
vk vk Vv (n—k) " Vr(n—k)

ecam 11 < k/n < x5. Ilosromy

(1—¢) (14¢)°
D NG VI P Py 3 )

1<k <, 1<k <ay 1<k <ay

Ho

1 1 1o [ do
; VE(n—k) _; V) (1= (k/n)) n / Ve(l—1)

(MbI BOCIIOJIB30BAJIMCH TE€M, YTO BTOPAs CyMMa $IBJISETCH MHTErDAJIbHON CyM-
MOit i mocsieHero uaTerpasa). Ilepexonsa B (8) K mpeaeny mpu n — 00 U
qu/ITbIBa,YI7 q9To

= 2arcsinv/z[32,



[oJjiy4aem, 4To

2
(1- 5)2 p arcsin \/ﬂ;f < linniigf Z Uk Uop—ok <

w1<%<w2

2
< limsup Z Uk Uon—ok < (1+ £)? - arcsin v/z[52.

n—00 k
1<, <2

Orkyma, mepexois K mpeaesay npu € — 0, HaXO[quM, 9TO

n—oo
11<§<$2

. 2 .
lim Z UpkUzn—ok = — arcsin V)32 (9)

13 coorromennii (8) u (9) cieayer yTBEp:KIEHHE TEOPEMBL.
Iomoxkum
) =A({t: S(H) >0, 0<t <n}),

rae A (A) — mepa Jlebera mHO)KkecTBa A € B (R). fcHo, 9T0 11 (N) MOXKHO TpaK-
TOBaTh, KAK BPEMs MPOBEIECHHOE OJIyKIAIONMIEN JaCTUILEH HA MOJOKUTEIBHON
nosyocu (10 MOMEHTA ).

Jlemma 5 . IIpu k=0,1,...,n

P (1 (2n) = 2k) = uapuzn—2k-

Zoxazameavcmeo. Ilpeanonokum, 4To 9acTuna B nHTEpBase Bpemenn ot 0
do 2n TpOBEJIA HA TOJIOXKUTEILHOM ToIyocu 2k eauuull Bpemenu. Ko 7o = 2r
W 9YaCTHIA 0 TOrO MOMEHTA HAXOAWJIACh HA TOJOKWUTEIHHON MOJyOoCH, TO B
ocrasieecs Bpems 2 (n — 1) oHa npoBena Ha 3Toit nojyocu 2 (k —r) exuHwmly
BPEMEHH; €CJIU K€ IO MOMEHTa, T( OHA HAXOIUJIACH HA OTPUIATEIHLHON IOIyOCH,
TO B ocraBiueecs Bpemsi 2(n —r) OHA UpOBeja HA TON mosyocu 2k exuHumly
Bpemenu. [Tongoxkum nipu r € N

f2r:P(7'0:27")

nnapu k=0,1,...,n
b2k,2n :P(p, (Qn) 22]{)

N3 ckazamnnoro ciaemayer mo opMysie MOJTHON BEPOSITHOCTH, ITO

k n—k
1 1
P (1 (2n) =2k) = 3 E forbok—2r 2n—2r + 3 E forbak on—2r- (10)
r=1 r=1

Bocrosnb3yemcst Ternepb METOIOM MATEMATHYECKON NHIYKINK 1o n. Ilpn n =

1 yTBepIK/IeHHE JIEMMBbI, OY€BH/THO, BBIMOIHSETCS. IIpEeIoIoRuM, 9To Ipn m =
1,2,....n—1

P (u(2m) = 2k) = uaguom—ok- (11)

Torma B cuny coornorienus (10)

k n—=k
1 1
P (1 (2n) = 2k) = B} Z Jortog—2rUon—2k + 3 Z fartogton—or—ok =
r=1 r=1



1 k 1 n—k
= 5Uan-2t E fortop—or | + U2k E forUon—2r—ok
r=1 r=1

CuoBa mpuMeHsisg GOPMYITY MOTHON BEPOSITHOCTH, MOXKHO MOKA3ATh, 9TO

k
Ugk = E fortok—2r.

r=1

N3 nByx mocaeIHUX COOTHOIIEHUH CIETYeT, ITO

1 1
P(u(2n) =2k) = o U2k Uzn—2k + U2k Uzn—2k = UkU2n—2k-

DT0 03HAUAET CIIPABEIIIMBOCTH cOOTHOIeHHs (11) mpu m = n. Jlemma goka3aHa.

Teopema 2 (saxon aprcunyca 0as epemenu npebuearus). Ilpu 0 < x1 <
To < 1

n—oo

2 2
lim P |z < n2n) < x5 | = = arcsin x|%2.
2n s !

Zoxaszameavcmeo. Creyer BOCHOIB30BATHCS JIEMMON 5 U MOBTOPUTH PAC-
CyKJEeHUs TOKA3ATeIbCTBA TeopeMbl 1.

3ameuanmne 1. [Ipu urpe B BOsI€I6O0M 1ByX KOMaHg A u B 0IHOTO ypOBHSI
KasKJI0€ OYKO BBIMIphIBaeTCst KoMaHaoit A (nim B) ¢ BepositrocThio 1/2. Iycrs
Si, i € {1,...,n}, o3HaYaeT PA3HOCTHb YUC/IA OYKOB, HAOPAHHBIX KOMAaHIOH A
 KOMaH0# B B pe3yabrare ¢ po3birpbimieit. Ha mepBblit B3M/IA KaxKeTcs, ITO
BbIMI'DbIILIHAA CUTyauus Juisd Komanabl A (korma S; > 0) JosKHA JIOBOJILHO
OBICTPO CMEHSIThCS BBIMTPBINIHON cuTyalmelt ais komaunast B. Ha camowm merre,
¢ GoMbINOil BepoATHOCTHIO KoMaHaa A (uau B) Gymer BbIMIPHIBATH GOJIBIIYIO
JacTh Urpbl. [IoATBEPKAEHHEM ITOMY CIIyKaT Teopembl 1 u 2.

YcraHOBUM Teneps MPeeIbHY 0 TEOPEMY IJIsi MAKCHMYMAa CJIy 9aifHOro 61y K-
manusdg. s aroro HaMm moTpedyeTcss BCIIOMOIraTeIbHOe YTBEPKICHNE, TOKA3BI-
BaloIeecss aHAJIOTUYHO JeMMe 1.

JIlemma 6. Ilpu x € N

P (M, >z)=2P (S, >z)+P(S,=x).

Zoxasameavcmeo. O4eBUIHO, 9TO
PM,>z)=P(S,=2)+P (S, >z, M, >z)+P (S, <z, M, >zx).

3aMeTuM, 9TO YHCIIO MyTeil, YI0BIeTBOPSIOMNX yeaosuio {S, > ©, M, > x}
COBIIQJAET € YHCJIOM IIyTeli, yaoBJjeTBopsomux yciosuio {S, <z, M, > x}.
HeiicrBuresbro (cm. puc. 3), ecnu M, > x, 10 T, < n; 4ucj0 1wyTeil, BeAyIux
3a BpeMd N — 7 U3 TOYKH T B TOYKH, JI€2Kalllue HEe HU2KE T, COBIIaJaeT C YUCJIOM
myTel, BeIyIUX B TOYKH, Jiexkalue He Boie . CaenoBaresibHo,

P(S,>z, M,, >z)=P (S, <z, M, >x)



Puc. 3: llpunmun orpaxkenus

P(M,>z)=2P(S, >z, M, >z)+P(S,=1x).

Orkyna, yaursisas, uro {S, > x, M, > z} = {S, > z}, moay4aem yTBepxie-
HUE JIEMMBI.

Teopema 3. IIpu x > 0 cnpasediuso paseHcmaeo

limP(Ml §x> =20 (z) — 1.
n—o0 o\v/n

Zoxazameavcmeo. B cumy nevmbr 6
P (M, > |ovnz|) =2P (S, > [ovnz]|) + P (S, = |ov/nz]). (12)

[To nenTpanpHO# MpeAeIbHOI Teopeme

lim P (Sn < Ux/ﬁx) =d(x).

n—oo

[Mosromy u3 (12) cuemyer, uro

lim P (fmzﬂ:> =2(1-2(z)),

9TO PABHOCUIBHO YTBEPXKJEHUIO TE€OPEMBI.



