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wijNx� yO S uiNxOvjNyO S bT �x�
i NxO

bT �y�
j NyO�

i S �� �� � � � � n� �� j S �� �� � � � � m� ��
N��O

�/36- 1 ;:,-.:/0-.18 AI02=6,0/7,1 R .803,:0EB ;:,631848069Q

�ijNfO S �iN�jNfOO S
nX
i��

mX
j��

wijNxi� yjOfNxi� yjO � hwij� fi�xy�nm

i S �� �� � � � � n� �� j S �� �� � � � � m� ��
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>48

hf� gi�xy�nm S
nX
i��

mX
j��

fNxi� yjOgNxi� yjO�

�3 78??E I����� ;,7I5/8?

hwij� wkli�xy�nm S � ;:6 i �S j 6 k �S l�

hwij� wiji�xy�nm S
nm

!
;:6 i �S � 6 j �S ��

hwij� wiji�xy�nm S
nm

�
;:6 i �S �� j S � 676 i S �� j �S ��

hw		� w		i�xy�nm S nm�

.�8� D/36- wij ,:.,>,0/780 ,.0,-6.87C0, -2/7<:0,>, ;:,63184806< h	� 	i�xy� � �,

.8,:8?8 � ;:6D76@/GH/< AI02=6< 6?88. 164 N!OM >48 2,JAA6=680.E �ij 1E56)
-7<G.-< 1 N"O� � -67I 164/ ?/.:6= A 6 B 6?88?Q

�ij S
�ijNfO

hwij� wiji�xy�nm

S
hwij� fi�xy�nm

hwij� wiji�xy�nm

�

� 6.,>8 ;:6D76@/GH/< AI02=6< 6?88. 164

PfNxO S
n��X
i�	

m��X
j�	

hwij� fi�xy�nm

hwij� wiji�xy�nm

wij�

�E56-78068 2,JAA6=680.,1 :/37,@806< ,-IH8-.17<8.-< -,>7/-0, x ��! ;:6?8)
08068? /7>,:6.?/ NI������O ;, 2/@4,9 63 ;8:8?800EB x 6 y �

x +�:�E� �66%������8�< ���*��"����� C�?'D�&� ����$��
������#D�� �&�$%���&

�I-.C 2/@4E9 63 ?8.,4,1 ;:6D76@806< ;, ;8:8?800E? x 6 y <17<8.-< /;)
;:,2-6?/=689 ?0,>,5780/?6 �8DEF81/M ;,-.:,800,9 ?8.,4,? 0/6?80CF6B 21/)
4:/.,1 N-?� x I���O� �:6D76@/GH/< AI02=6< N;, 2/@4,9 63 ;8:8?800EBO 1E56)
-7<8.-< ;, A,:?I78 NI�����O - 2,JAA6=680./?6 NI����"O�
�1848? 1-8 I5/-.1IGH68 1 ;,-./0,128 3/4/56 760890,9 60.8:;,7<=66 .803,:)

0E?6 ;:,63184806<?6 ,DP82.E� �/36-0E8 AI02=66Q N*O� #I02=6,0/7E 3/4/G.-<
1 NI�����OQ

�iNuO S
h
u� bT �x�

i

i�x�
� iS �� �� � � � � n� ��

�jNvOS
h
v� bT �y�

j

i�y�
� jS �� �� � � � � m� ��

>48

Tf� gU�x� S
bZ

a

fNxOgNxOq
Nb� xONx� aO

dx� Tf� gU�y� S
dZ
c

fNyOgNyOq
Nd� yONy � cO

dy�
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�7< J.,9 -6-.8?E AI02=6,0/7,1 ?/.:6=E A 1 N�O 6 B 1 N�O R 46/>,0/7C0E8
N-?� 78??I I�����OQ

A S diag
�
��
�

�
� � � � �

�

�

�
�Mn� B S diag

�
��
�

�
� � � � �

�

�

�
�Mm�

�/36- 1 ;:,-.:/0-.18 AI02=69 R .803,:0EB ;:,631848069Q N��O� �/36- 1 ;:,)
-.:/0-.18 AI02=6,0/7,1 R .803,:0EB ;:,631848069Q

�ijNfO S �iN�jNfOO S
h bT �x�

i
bT �y�
j � f

i�xy�
S Twij� f U

�xy�

i S �� �� � � � � n� �� j S �� �� � � � � m� ��

>48

Tf� gU�xy�
bZ

a

dZ
c

fNx� yOgNx� yOq
Nb� xONx� aONd� yONy � cO

dxdy�

�784,1/.87C0,M ;:6D76@/GH/< AI02=6< Pf � Pn��NxO�Pm��NyO I4,178.1,:<8.
-784IGH6? 760890E? I-7,16<? 60.8:;,7<=66Q

h
Pf� bT �x�

i
bT �y�
j

i�xy�
S
h
f� bT �x�

i
bT �y�
j

i�xy�
�

i S �� �� � � � � n� �� j S �� �� � � � � m� ��

2,.,:E8 <17<G.-< ?0,>,?8:0E? /0/7,>,? I-7,169 NI�����O� � -67I 4,2/3/00,)
>, 1 x I��� J., ,30/5/8.M 5., ;:6D76@/GH/< AI02=6< Pf � Pn��NxO � Pm��NyO
:8/763I8. ?606?I?

kf � Pfk�� � Tf � Pf� f � Pf U�xy� � min

1 ;:,-.:/0-.18 1-8B AI02=69 Pf � Pn��NxO� Pm��NyO �
�3 78??E I����� ;,7I5/8?

Twij� wklU
�xy� S � ;:6 i �S j 6 k �S l�

Twij� wijU
�xy� S

��

!
;:6 i �S � 6 j �S ��

Twij� wijU
�xy� S

��

�
;:6 i �S �� j S � 676 i S �� j �S ��

Tw		� w		U
�xy�S ���

.�8� D/36- wij ,:.,>,0/780 ,.0,-6.87C0, -2/7<:0,>, ;:,63184806< T	� 	U�xy� �
�, .8,:8?8 � ;:6D76@/GH/< AI02=6< 6?88. 164 N!OM >48 2,JAA6=680.E �ij

1E56-7<G.-< 1 N"O� � -67I 164/ ?/.:6= A 6 B 6?88?Q

�ij S
�ijNfO

Twij� wijU
�xy�
S
Twij� f U

�xy�

Twij� wijU
�xy�

�
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� 6.,>8 ;:6D76@/GH/< AI02=6< 6?88. 164

PfNxO S
n��X
i�	

m��X
j�	

Twij� f U
�xy�

Twij� wijU
�xy�

wij�

�E56-78068 2,JAA6=680.,1 :/37,@806< ,-IH8-.17<8.-< -,>7/-0, x ��! ;:6?8)
08068? /7>,:6.?/ NI�����*O ;, 2/@4,9 63 ;8:8?800EB x 6 y �

x +�;� ����%6�"<8�� ���7�%�'�� 6%��7&�$���<�� & �"!���
�!���������*��"����� �66%������8��

� -7I5/8M 2,>4/ 2/@4E9 63 ?8.,4,1 60.8:;,7<=66 ;, ;8:8?800E? x 6 y
<17<8.-< 2I-,50,)?0,>,57800E?M ,;6-/00E9 1EF8 /7>,:6.? 60.8:;,7<=66 .80)
3,:0E?6 ;:,63184806<?6 ?,@8. DE.C 30/56.87C0, I;:,H80�
�I-.C f S fNx� yO R AI02=6< 41IB ;8:8?800EBM 3/4/00/< 0/ ;:<?,I>,7C0628

Ta� bU � Tc� dU � �I-.C ./2@8 3/4/0E .,526 a S x� � x� � � � � � xn S b 6 c S y� �
y� � � � � � ym S d M 6 2/@4E9 63 ?8.,4,1 60.8:;,7<=66 ;, ;8:8?800E? x 6 y
./2,1M 5., 60.8:;,76:IGH/< AI02=6< 0/ 2/@4,? 63 ,.:832,1 Txi� xi��U M Tyj� yj��U
-.:,6.-< 083/16-6?, N,. 4:I>6B ,.:832,1 Txk� xk��U M Tyl� yl��U M k �S i M l �S j O� 	,>4/
?/.:6=E A�� 6 B�� 1 N"O DI4I. D7,50,)46/>,0/7C0E?6M 6 63 .8,:8?E � 1E.82/8.M
5., 60.8:;,76:IGH/< AI02=6< 0/ ;:<?,I>,7C0628 Txi� xi��U� Tyj� yj��U -.:,6.)
-< 083/16-6?, N,. 4:I>6B ;:<?,I>,7C062,1 Txk� xk��U � Tyl� yl��U M k �S i M l �S j O�
�,J.,?I .8,:8?I � ?,@0, ;:6?80<.C 083/16-6?, 0/ 2/@4,? 63 ;:<?,I>,7C06)
2,1 Txi� xi��U� Tyj� yj��U � K., ,D-.,<.87C-.1, ;,31,7<8. ./2@8 :/-F6:6.C ,D7/-.C
;:6?806?,-.6 /7>,:6.?/Q AI02=6< f ?,@8. DE.C 3/4/0/ 08 .,7C2, 0/ ;:<?,)
I>,7C0628 Ta� bU� Tc� dU M / 6 0/ 7GD,9 ,D7/c.6M ;:84-./16?,9 1 1648 ,DP8460806<
08;8:82:E1/GH6B-< ;:<?,I>,7C062,1

S
i�j
NTxi� xi��U� Tyj� yj��UO �

x +�;�+� �!������"������< ����%6�"<8�<

�I-.C 2/@4E9 63 ?8.,4,1 ;:6D76@806< ;, ;8:8?800E? x 6 y <17<8.-<
2I-,50,)760890,9 60.8:;,7<=689 N-?� x I��"O� �,>7/-0, -2/3/00,?I 1EF8 4,-./)
.,50, :/--?,.:8.C ;:6D76@8068 0/ ;:<?,I>,7C0628 Txi� xi��U�Tyj � yj��U � �:6D76)
@/GH/< AI02=6< N;, 2/@4,9 63 ;8:8?800EBO 1E56-7<8.-< ;, A,:?I78 NI��"��O�
�1848? 1-8 I5/-.1IGH68 1 ;,-./0,128 3/4/56 760890,9 60.8:;,7<=66 .80)

3,:0E?6 ;:,63184806<?6 ,DP82.E� �/36-0E8 AI02=66Q

ui��NxOS
x� xi��

xi � xi��

� ui��NxOS
x� xi

xi�� � xi
� x � Txi� xi��U�

vj��NyO S
y � yj��

yj � yj��

� vj��NyO S
y � yj

yj�� � yj
� y � Tyj� yj��U�

#I02=6,0/7E

�i��NuO S uNxiO� �i��NuO S uNxi��O� �j��NvO S vNyjO� �j��NvO S vNyj��O�
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�/.:6=E A 1 N�O 6 B 1 N�O R 8460650E8� �/36- 1 ;:,-.:/0-.18 AI02=69 R .80)
3,:0EB ;:,631848069Q

wij�klNx� yO S ui�kNxOvj�lNyO� k� l S �� ��

�/36- 1 ;:,-.:/0-.18 AI02=6,0/7,1 R .803,:0EB ;:,631848069Q

�ij�klNfO S �i�kN�j�lNfOO� k� l S �� ��

.�8�

�ij���NfOS fNxi� yjO� �ij���NfOS fNxi� yj��O�

�ij���NfOS fNxi��� yjO� �ij���NfOS fNxi��� yj��O�

�, .8,:8?8 � ;:6D76@/GH/< AI02=6< 6?88. 164 N!OQ

Pf S
�X

k��

�X
l��

�ij�klwij�kl�

>48 2,JAA6=680.E �ij�kl 1E56-7<G.-< 1 N"O� � -67I A�� S I M B�� S I 6?88?Q

�ij�kl S �ij�klNfO�

� 6.,>8 ;:6D76@/GH/< AI02=6< 6?88. 164

Pf S fNxi� yjO
x� xi��

xi � xi��

y � yj��

yj � yj��

YfNxi� yj��O
x� xi��

xi � xi��

y � yj
yj�� � yj

YfNxi��� yjO
x� xi

xi�� � xi

y � yj��

yj � yj��

YfNxi��� yj��O
x� xi

xi�� � xi

y � yj
yj�� � yj

�

�,-.:,800IG ;:6D76@/GHIG AI02=6G 5/-., 0/3E1/G. ����	��	
��

� -7I5/8 2I-,50,)760890,9 60.8:;,7<=66 .,. @8 :83I7C./. ?,@0, ;,7I56.CM
;:6?80<< .8,:8?I � 0/ 1-89 ,D7/-.6 ,;:8487806< AI02=66 f �
�6%�$�"����� �D,30/56? 58:83 S�x�

� 760890,8 ;:,-.:/0-.1, 08;:8:E10EB
7,?/0EB 76069 0/ ,.:8328 Tx�� xnU S Ta� bU - 637,?/?6 x� � x� � � � � � xn�� Z
/ 58:83 S�y�

� R 760890,8 ;:,-.:/0-.1, 08;:8:E10EB 7,?/0EB 76069 0/ ,.:8328
Ty�� ymU S Tc� dU - 637,?/?6 y� � y� � � � � � ym�� �
�1848? D/36-E ;:,-.:/0-.1/ S�x�

� M S
�y�
� N-?� NI�����OO

H
�x�
i � S

�x�
� � H

�x�
i NxkO S 	ik� i� k S �� �� � � � � n�

H
�y�
j � S

�y�
� � H

�y�
j NylO S 	jl� j� l S �� �� � � � � m�

�-<2/< u � S
�x�
� 6 1-<2/< v � S�y�

� :/-27/4E1/8.-< ;, J.,?I D/36-I -784IGH6?
,D:/3,? N-?�N I�����OOQ

uNxO S
nX

k��

uNxkOH
�x�
k NxO� vNyO S

mX
l��

vNylOH
�y�
l NyO�
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� 2/58-.18 AI02=6,0/7,1 1ED6:/8? �iNuO S uNxiO M i S �� �� � � � � n M �jNvO S
vNyjO M j S �� �� � � � � m � 	,>4/ ?/.:6=E A 1 N�O 6 B 1 N�O R 8460650E8Z D/36-

1 ;:,-.:/0-.18 AI02=69 R .803,:0EB ;:,631848069Q wijNx� yO S H
�x�
i NxOH

�y�
j NyO M

i S �� �� � � � � n M j S �� �� � � � � m Z D/36- 1 ;:,-.:/0-.18 AI02=6,0/7,1 R .803,:0EB
;:,631848069Q �ijNfO S fNxi� yjO M i S �� �� � � � � n M j S �� �� � � � � m � �, .8,:8?8 �
;:6D76@/GH/< AI02=6< 6?88. 164 N!OM >48 2,JAA6=680.E �ij 1E56-7<G.-<
1 N"O� � -67I A�� S I M B�� S I 6?88?Q �ij S �ijNfO � � 6.,>8 ;:6D76@/GH/<
AI02=6< 6?88. 164

Pf S
nX
i��

mX
j��

fNxi� yjOH
�x�
i NxOH

�y�
j NyO�

x +�;�4� �!������"������< �66%������8�< ����$�� ������#D��
�&�$%���&

�I-.C 2/@4E9 63 ?8.,4,1 ;:6D76@806< ;, ;8:8?800E? x 6 y <17<8.-<
2I-,50,)760890,9 /;;:,2-6?/=689M ;,-.:,800,9 ?8.,4,? 0/6?80CF6B 21/4:/)
.,1 N-?� x I���O� � J.,? -7I5/8 I4,D088 ;:6?80<.C .8,:8?I � 0/ 1-89 ,D7/-.6
,;:8487806< AI02=66 f �
�1848? 1-8 I5/-.1IGH68 1 ;,-./0,128 3/4/56 760890,9 60.8:;,7<=66 .80)

3,:0E?6 ;:,63184806<?6 ,DP82.E� �/36-0E8 AI02=66 N-?� ,;:8487806< 1 ;:8)
4E4IH8? :/34878OQ

uiNxO � H
�x�
i NxO� i S �� �� � � � � n� vjNyO � H

�y�
j NyO� j S �� �� � � � � m�

#I02=6,0/7E

�iNuO S
�
u�H

�x�
i

�
L��
a�b��

� i S �� �� � � � � n�

�jNvO S
�
v�H

�y�
j

�
L��
c�d��

� j S �� �� � � � � m�

�/.:6=E A 1 N�O 6 B 1 N�O R .:8B46/>,0/7C0E8M -?� NI����'O� �/36- 1 ;:,-.:/0-.18
AI02=69 R .803,:0EB ;:,631848069Q

wijNx� yO S H
�x�
i NxOH

�y�
j NyO� i S �� �� � � � � n� j S �� �� � � � � m�

�/36- 1 ;:,-.:/0-.18 AI02=6,0/7,1 R .803,:0EB ;:,631848069Q

�ijNfO S �iN�jNfOO S
�
f�H�x�

i H�y�
j

�
L��
a�b�	
c�d��

�

i S �� �� � � � � n� j S �� �� � � � � m�

�784,1/.87C0,M ;:6D76@/GH/< AI02=6< Pf � L�f � S
�x�
� � S

�y�
� I4,178.1,:<8.

-784IGH6? 760890E? I-7,16<? 60.8:;,7<=66Q�
L�f�H

�x�
i H

�y�
j

�
L��
a�b��

S
�
f�H

�x�
i H

�y�
j

�
L��
a�b��

�

i S �� �� � � � � n� �� j S �� �� � � � � m� ��
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2,.,:E8 <17<G.-< ?0,>,?8:0E? /0/7,>,? I-7,169 NI�����O� � -67I 4,2/3/00,)
>, 1 x I��� J., ,30/5/8.M 5., ;:6D76@/GH/< AI02=6< Pf S L�f � S

�x�
� � S

�y�
�

:8/763I8. ?606?I?
kf � L�fkL��
a�b�	
c�d�� � min

1 ;:,-.:/0-.18 1-8B AI02=69 L�f � S
�x�
� � S

�y�
� �

�, .8,:8?8 � ;:6D76@/GH/< AI02=6< 6?88. 164 N!OM >48 2,JAA6=680.E �ij
1E56-7<G.-< 1 N"O� �:6 J.,? ;:6?80<8.-< /7>,:6.? 63 x ��!M / 47< I-2,:806<
1E56-78069 47< ?/.:6= A 6 B -.:,<.-< 6B LU ):/37,@806<�

x +�;�5� �!�������!?������< ����%6�"<8�<

�I-.C 2/@4E9 63 ?8.,4,1 ;:6D76@806< ;, ;8:8?800E? x 6 y <17<8.)
-< 2I-,50,)2ID658-2,9 60.8:;,7<=689 N-?� x I��*O� �,>7/-0, -2/3/00,?I 1EF8
4,-./.,50, :/--?,.:8.C ;:6D76@8068 0/ ;:<?,I>,7C0628 Txi� xi��U � Tyj� yj��U �
�:6D76@/GH/< AI02=6< N;, 2/@4,9 63 ;8:8?800EBO 1E56-7<8.-< ;, A,:?I)
78 NI��*��OM >48 2,JAA6=680.E 3/4/G.-< NI��*��O�
�1848? 1-8 I5/-.1IGH68 1 ;,-./0,128 3/4/56 760890,9 60.8:;,7<=66 .80)

3,:0E?6 ;:,63184806<?6 ,DP82.E� �/36-0E8 AI02=66Q

ui�kNxOS Nx� xiO
k��� k S �� �� �� !� x � Txi� xi��U�

vj�lNyO S Ny � yjO
l��� l S �� �� �� !� y � Tyj� yj��U�

#I02=6,0/7E

�i��NuO S uNxiO� �i��NuO S diNuO� �i��NuO S uNxi��O� �i��NuO S di��NuO�
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