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INPEJINCJIOBUE

Hacrosmiee mocobue conepzKuT omucanus aJropuTMoB, TPEIIaraeMbiX K peaJin3a-
nnn Ha OBM crynerram mexannko-maremarundeckoro daxkyiabrera MY Ha 3ausaTmsax
o " [IpakTukymy Ha 9BM”. JI/1a Bcex aJirOpuTMOB MPUBOIUTCA HEOOXOIIMOE Teope-
THYecKoe 00OCHOBaHIE, COOTBETCTBYIOIINE PACUETHBIE COOTHOIIEHNA 1 PEKOMEH, TAIIH
10 WX MPAKTHYECKOMY OCYIIecTBIeHno Ha DBM (opranumsanus mporecca BbIYHCTe-
HUil, XpaHEeHNs JAHHBIX U Pe3yJbTaToB B maMaTH 9BM n r.).

Muoroobpasue aaropuT™MoB OObACHAETCH, C OJHON CTOPOHBI, HEOOXOIMMOCTHIO
obecrevynTh MpenogaBaresieii JoCTaTOYHBIM HAOOPOM 3aJad /I ITPOBEICHUA 3aHs-
THit, a ¢ IpPyroii cTOpOHBI, XKeJJaHUeM MPOJIEMOHCTPUPOBATDL PA3IUIHbBIE MOIXOMAbI K
PEIIeHnIO 3302491 TpUOTHKeHn A DYHKIIA. AJTTOPITMBI IMEIOT PA3HYIO TOYHOCTD, Ta-
0T PA3HYIO IVIAJKOCTh NPHUOJIMKAIOMER (DYHKINN, UMEIOT Pa3HYyIO 4yBCTBUTE/IHHOCTD
K [TOTPENTHOCTAM BO BXOIHBIX JaHHBIX. ~CamMoro jydimero” MeToaa Npud/InKeHns He
CYIIEeCTBYET, U BBIOOD aJITOPUTMa 3aBUCUT OT KOHKPETHOM 3aadm. ITOT BBIOOD Oy-
JIeT PAa3JINIHBIM, HAIIPUMED, /1A AlIPOKCHMAINN AHAJTUTUICCKN 3aJaHHO (DyHKIIINT
CJIOYKHOTO BH/IA U I 00PabOTKU pe3yIbTaToB N3MepeHnit (pu3nIecKoil BeTMInHbI.

[Tondop anropurmoB s [IpakTukyma AMKTOBAJICS, B OCHOBHOM, BO3MOYKHOCTHIO
peaJim3anuu X CTyJAeHTaMH [P CYIECTBYIONNX pecypcax Bpemenu wHa IBM, ato
PUBEJIO K OTKA3y OT PACCMOTPEHU YCIOKHEHHDBIX MOIX0A0B. JacTh ONUCAHHBIX aJl-
TOPUTMOB BBITECHEHA U3 MINPOKOI BRITUCINTEIbHOM TPaKTuKN 060.1ee 3(hdheK THBHBIMI
(1 Gostee CJIOKHBIME) aJTOPUTMAMHE, PACCMOTPETh KOTOpbIe B Kypce ”TIpakTHKYM Ha
©BM” me npencraBiiseTcss BO3MOKHBIM. TeM He MeHee, 9TU aJrOPUTMBI TTPEICTABIIA-
0T MHTEPEC /I PelIeHrs ONMPEIeIeHHOTO KpyTra 3a1a9 U BKJIOYEHbI B TOCoOue.

@opma OTYETHOCTH CTY/IeHTOB N0 [IpakTnkymy mpumsBaHa CTHEMYJIHPOBATH KaK
pa3BHUTHE TPAKTUIECKNX HABBIKOB PEIIeHNA MaTeMaTHIeCKUX 33714 C MOMOIIbIO KOM-
nbloTepa, TaK M CO3MAHIE OIPEIe/IEHHOI0 KPYro3opa B 00/IaCTU CYMIECTBYIOMINX Me-
TOJOB pelienns nmoctasjaennoit 3aaaqu. [losromy B pamrax [Ipaktukyma crymenTam
npefIaraeTcs Kak pazpaborars nporpaMmy Ha 9BM, peanusyromnnyto 3aaaHHbIi a/Iro-
pUTM, TaK U MICHMEHHO OTBETHTH XOTs OBl HA MOJIOBUHY BOIIPOCOB U3 TIPEITOKEHHOTO
BapuaHTa, COCTABIEHHOI'O I3 BOIPOCOB, MIPUBEIEHHBIX B KOHIIE TTOCOOMA.

B ocnoBe HacTosAmero mocoous JiexKar MaTepHaJibl JEKINi, INTABIINXCA aBTO-
poM B TedeHun 4-X JeT B paMkax (pakyabraruBHOro Kypca ~Ilpaktukym Ha 9BM”.
B snektponnoM BapuanTe OHO yxKe 60jiee H-TH JIET UCHOJIb3YeTCs NP MPOBEICHUN
BaHATUNH CO CTYJIEHTAMU B JIMCILIEITHOM KJjacce.

[Ipenyto:kenns, 3aMedaHnsas U OTMEYEHHBbIE OMEYATKHN IPOChDa COODMIATH aBTOPY
Ha Kadeapy BBIYUC/IUTE/THHO MaTeMaTHKH.




I'masa 1.

METO/IbBI IIPUBJIN2KEHM A (I)YHKI_[I/II/I
OJIHON IIEPEMEHHOI

§1. IIOCTAHOBKA 3AJAYN JINHEMHON
NHTEPIIOJIAIIN

[Tycrs 3amana dyukuusa f: X — Y, f € F(X,Y) — nekoropomy byHKINIO-
HAJILHOMY MPOCTPAHCTBY, HAOOp YHKIUHA ¢1,...,0n, ¢ X =Y, g€ F(X,Y), u
Ha0Op JIMHEHHBIX (DYHKIMOHAIOB Af, ..., A, Ha npoctpanctse F(X,Y). Tpebyercs
noctponTh anmpokcumamnuio Pf dyaknun f Buma

Pf=7 ajg (1)
j=1

TaKY1O, qTOOBI OBIJIN BBIIOJTHEHDI JIMHEHbIe YCJI0OBIA MHTEPIIOJIAIINN

NP =N, i=1,....m. 2)

Bagada mocrpoenns takoit P f HasbiBaercsa zadaueli AuHeliHol uHMepnoAsyu.

IIpumep 1. Unurepnossinusa 1o Habopy wmuorowrenoB. X = [a,b], Y =
R!, F(X,Y) =C([a,b]), gi(zr) =2, i=1,...,n

IIpumep 2. [Totoueynaa murepmonamua. X = [a,b], ¥ = R, F(X|Y) =
C(la, b)), Ni(f) = f(z;), ome xq,. .., 2, — HADOD TOUYEK HA [a, b].

Tit+1

Mpunvep 3. X = [0,8], ¥ =R', F(X,Y) = Li({a,t]), A(f) = | f(x)dz, rae
T1y..., Ty — HADOD TOUYEK HA [a, b].
Omnpenesienne. 3ana4a JUHETHON HHTEPIIOJIANNN HA3BIBAETCS KOPPEKTHOI, eCJTu

ee perenue (T.e. HAGOP KOADMUIMEHTOB (v; ) CYMIECTBYET U €INHCTBEHHO JIJIS BCAKOT
dbyukmn f € F(X,Y).

K.FO.Boraues Meronpr npubsin>kenns (pyHKINE OmXHON IepeMeHHOT
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O603HAYIM

G(Xa Y) = <gj>j:1,...,n = {El ajg; - &= (aj)jZI,...,n S Rn} - F(X, Y)7
j:

ACLY) = it = { £ B0+ 8= (B)jmiom € R7| € F(X,Y).

Ecmu dyukuun gy, ..., g, JUHEHHO He3aBUCUMBI I (DYHKIIMOHAIBL A1, . . ., A, JIMHEeli-
HO HE3aBHCHMBI, T.e. 00pasyior 6asucsl nmpocrpancts G(X,Y) u A(X,Y) coorser-
CTBEHHO, TO 3aja4a JIMHEHHO MHTEPHOJIANNN MOXKEeT ObITh MOCTaBJIEHA B YKBHUBAa-
nenTHOl dbopme: ns sanaunoit f € F(X,Y) naiitu ¢ = Pf € G(X,Y) rakyio, 4ro
Af) = Mg) nna seex A € A(X,Y).

Teopema 1. Ilycmv dynkuuy g, ..., G, AUHETHO HE3GBUCUMYL U HYHKUUOHAADL
Aly .oty Ay AUHETHO HE3GBUCUMDL,

1. Tozda 3adava AUHETHOT UHMEPNOAAYUY KOPPEKMHA 6 MOM U MOALKO 68 MOM
cAyuae, Koeda m =n u MaMpuya

A=(Nlgj), i=1,....om, j=1,....n (3)

0bpamuma.
2. Ecau 3adava sumnetinol unmepnosayuu KOppexmma, mo UHMeEPNOAUPYOW G
dyrryus npedecmasasemcs 6 sude

pf= z"':lajgj, e o= (03)m1 0= A7 ()it ). ()

3. Ecau 3adaua AUHETHOT UHMEPNOAAYUY KoppekmHua, mo onepamop P
F(X,Y) = G(X,Y) asasemca udemnomenmuvim (m.e. P2 = P u, caedosamenvro,

ImPNKerP=0, Pf=f dasn scex f € G(X,Y)).

Joka3aTejbCTBO.
n

1. U3 (1), (2) crenyer, ato Pf = Y ;g ABIAETCA peIIeHIeM 331241 JTHHEHHOI
j=1

UHTEPIOJIANINN TOTJa U TOJIBKO TOTda, KOTda

i (Z ajgj> =N(f) mmaBeex i=1,...,m,
7=1

nJjim

> ajXi(g;) = Ni(f) mnaseex i=1,...,m.
j=1

pyrnvmn cioBaMn

n
> ajja; = N(f) mnaseex i=1,...,m,
j=1

K.FO.Boraues Meronpr npubsin>kenns (pyHKINE OmXHON IepeMeHHOT
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rne a;; = )\i(gj), A= (aij), T.C.
Aa = (Ai(f))i=1,...m; (5)

rne @ = (@j);=1,.n. CaenoBaresbHo, 3a1a9a JINHEHHON MHTEPIOIALNN KOPPEKTHA
TOTJA U TOJILKO TOTJA, KOTJIA CHCTeMa JIMHEHHBIX ypaBHeHuil (5) uMeeT eJInHCTBEeH-
Hoe pemrenne i Beakoit f € F(X,Y). CrenoBarenbno, Mmarpuna A OCyHIeCTBIIsET
OMEKTUBHOE COOTBETCTBHE MEXK/IY MHOXKECTBOM

{O())ictom - FEF(X,Y)}CR™

1 MHOYKECTBOM
{a : @ — pemenne (5)} C R".

Kak m3BeCTHO U3 Kypca MareMaTHvIecKoro aHaausa (WIH Kypca ajareGpbl) 3TO O3Ha-
qaeT m = n U cylecTBoBanme A !,

(15t TIOJTHOTBI MBJIOKEHNUs TAINM JT0KA3aTeIbCTBO 3TOr0 (bakTa.

[Tycts A meobparmuma. Ecam m > n, To cymecTByer HeTpuBHa/IbHAA JIMHEHHAS
KOMOUHanus crosionos (n X m)-marpunbl A, paBHas HyJIIO, T.e. cyuecTByer « # 0

n

taxoe, 410 A = 0. Tax kax {g;};=1,., —AUHEe{iHO HE3ABUCUMBL, TO ¢ = Y, ;g; # 0.
i=1

Crenosarennno, aig f = 0 3agaua TuHefiHON HHTEPOOIANIMI UMeeT IBa PelIeHUA: §
1 0. DTO NPOTUBOPEUNT e¢ KOPPEKTHOCTH.

Ecmu m < n, To cymecTByeT HeTpUBUAIbHAS JUHEHHAS KOMOMHAINA CTPOK (1 X
m)-marpunpl A, paHas HyJII0, T.e. cymecTByer « # 0 Takoe, uro o' A' = 0. Tak kak

m
{Ai}tiz1,..m — nuHeiiHO HeszaBuCHMBL, TO A = Y. ;\; # 0. 113 paBencrBa of A" = 0
i1

Agj) =Y aidilgy) =D aiay; =0
=1 =1

s Beex j = 1,...,n. [lockoabky A — Henysesoit dyunkunonar uwa F(X,Y), To
cymectyer f € F(X,Y) rakas, ato A(f) # 0. Torma nis sroit byukunu f 3amada
JINHEHHON WHTEPIOIANNN He NMeeT permenusd, Tak Kak A(f) # 0 = A(g;) maa Bcex

noJIyYaeM

j=1,...,n.)
2. Bropoe yrBepxkaenue teopembl cienyer u3 (5).
3. HyCTb g=Pf, e f E G(X,Y). Ilockonbky {g;}i=1,..n — Oasuc G(X,Y),

T0 [ = E aj9;, g=Pf= E B,g;, IPIIEM IO TOKA3AHHOMY CBoﬁCTBy (4)

B=AT(N(f)=A"" ()‘i (i anj)) =A™ (i aj)\i(gj)> =

= A_l (zn: ajaz-j) = A_l (AO() =

T.e. = a unoromy g = f. lHosromy Pf = f u P? = P, tak xak Pf € G(X,Y)
s Beex f € FI(X,Y).

K.FO.Boraues Meronpr npubsin>kenns (pyHKINE OmXHON IepeMeHHOT
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§2. OBYCJIOBJIEHHOCTBH BA3VNCA

[Ipu BeIHCTeHNN KO3(MOUINEHTOB {%‘}?:1 pasnoxenusa yakmun Pf €
n

F(X,Y) mo 6asucy {g;}j_, mpoctpanctsa G(X,Y) C F(X,Y), g=Pf = 3 a;g;
=1

Hen30eKHbI BBIYUCANTEIbHBIE OrpenHocTH. VX Biiusinue Ha pesyabrar — (OyHKIIO

¢ XapaKTepHu3yeTcs YHCJIOM 00YCIOBIEHHOCTH.
[Tycts B mommpocrpanctee G(X,Y) C F(X,Y) BBemena vopma || - ||¢, a B mpo-

crpanctBe R™ 3adukcuposana mexkoropas nopMa || - [|r». BBenem
n n
2 9] L
m=min 216 N = max 1= <
aeR"  [|a|g, aeR  [|a|g.

Torma mis Beakoro o € R™

Z ;95

j=1

< Mjjo||re. (1)
G

mlafre <

[Iycth BMeCTO TOYHOTO BeKTOpa KO3 (PUIMEHTOB Pa3/I0KEeHUA « MOJIYIeH IpH-

n
ommKeHHbIl 0@ = v+ <. CtenoBaTebHO, BMECTO (DYHKINNA § = ‘21 «;g; byneM nmerhb
]:

g= _El(aj +¢ej)g; = '21 ajg; + '21 £,9; =9+ 9., tne g. = '21 £;g5. U3 (1) nveem
j= j= j= j=

mllellre < llgelle < Mllellrn,  mlleflrs < llglle < Mlaf|lra.
Orcrona
m ellre _ llgelle o M lellrn
M lellre — llglle = m |la|lre

Onpenenenne. Yuciom obycaosnennocTn 6asuca {g;}7_, HaszbBaeTca

M
cond(g;) = —

C ucnonmb30BaHWEM 3TOTO ONpeeeHNd W COOTHOMIEHUH ¢ = § — g U € = O — «

mocjaegHnee HepaBeHCTBO IepelnIIeTcsa B BUIe

1 la—alr _ [Ig—glle
cond(g;) ol —  llglle

& — aflrn

][R

< cond(g;)

910 HEPaBEHCTBO YCTAaHABJINBAET CBA3bL ME2KIY OMHOCUMENbHOT NoZpPeEWHOCTND® UH-

i 19 —glle i
mepnoaupyrouets PyHKUUL ol I OMHOCUMENbHOT N0ZPEWHOCTbI K09 Pu-
Jlla
& — o[r~
UYUEHM OB PA3NOHCEHUS T . Hem 6oibIIe 9uc0 00YCJI0BIEHHOCTH Oasuca,
(6% R”

TeM XYy2Ke OH C BBIYNCJUTEJIbHOI TOYKN SpeHun:d.

K.FO.Boraues Meronpr npubsin>kenns (pyHKINE OmXHON IepeMeHHOT
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§ 3. MHTEPIIOJIAIIMOHHLIN MHOI'OYJIEH
JIATPAH2KA

B obmieit cxeme muneiinoit wHTepnossamun (cMm. § 1) pacemorpum caydait: X =
[a,0], Y =R!, F(X,Y) = C([a,b]).

HyCTb BaJaHbl TOYKH a4 = T < Ty < ... < T, = b (Ha3bIBaeMbIe y3-

JIaMW MHTePHOJIANNN) W U3BeCTHBI 3Hadenus f(xq),..., f(x,). Boibepem dynkmmm

_ nooT—

gi(z) = li(x) = I —=

j=Lg T =

wrenamu Jlarpanxka) u dynkunonanst \;(f) = f(z;), ¢ = 1,...,n. Torma 3amaua

JVUHEHHOW MHTEePHOJIAIMN TPUMeT BUI: A 3aJaHHO (B TOYKax T, t = 1,... ,n)

, i =1,...,n (HA3BIBAEMbIE 3JIEMEHTAPHBIME MHOTO-

dbyuxmun f waiitu L(z) = (Pf)(z) = i a;l;(x) Takyto, uro L(x;) = f(x;) muis Becex
i=1

1=1,...,n.

[Tposepum, urto dyukmun [q,...,l, JuHEiHO He3aBUCHMBI U (DYHKIMOHAJIBI
ALy ...y Ap JIHHEHHO He3aBUCUMBI. JleficTBUTETBHO, eC/m CyNmEecTBYeT Takoe « €
n n
R", a # 0, ato Y oili(x) = 0 maa Bcex = € [a,b], T0 ¥ a;li(xj) = 0 moa
i=1 =1
Bcex j = 1,...,n. IMockombky li(x;) = d;;, To orcioma moiaydaem «; = 0 nja
Bcex j = 1,...,m, 9T0 mportuBopednT « # (. AHAJOIMYHO, €CJU CYIIEeCTBYeT Ta-

n n
koe « € R", a # 0, aro ¥ a;A\i(f) =0 mna scex f € C([a,b]), To 3 a;Ai(l;) =0
i=1 i=1
i Beex j = 1,...,n. Iockombky A;(l;) = 0;;, To orcroma nosmydaem «; = 0 mja
Bcex j = 1,...,n, aro nporuBopeant « # (.

Takum ob6pasom, npumenumMa teopema 1.1. Marpuna (1.3) — ennananas (A =1T),
nocKosIbKY A;(l;) = d;;. CienoBaresibHO, 3a1a9a JINHEHON HHTEPIOIAINN KOPPEKT-
Ha, 1 ee pemenne B cuity (1.4) npencraBisiercs B Buje

L) = 3 feghe) = 3 ) I =2 0
o

I[To Teopeme 1.1 mocrpoennstit Mmuorodnen L — enuncrBenubtit u3 (l;)i—1 . n, YI0-
BJIETBOPAMONINIT ycaoBuAM nHTepnodannn. [lokaxkem, aro L — eqMHCTBEHHBI 13 BCex
MHOT'OYJIEHOB CTelleHn 7N — 1, yI0OBIeTBOPAIONINI YCAOBUAM UHTEPHO AN,

[leitcTBUTEIBHO, TYCTH Le P,_1 — TpOCTPAHCTBY MHOTOYJIEHOB CTeleHu n — 1

U YJIOBJIETBOPSAET YCIOBUAM WHTEPIIOJIAIII: E(:L‘Z) = f(x;), i = 1,...,n. Torma
L—LePyqu L(x;)— L(z;) = f(x;) — f(x;) =0 s Beex i = 1,...,n, T.e. UMeeT
n HyJeit B TOYKaxX i,...,T,. CremoBarenbuo, L — L =0.

JIemma 1. (Bes nokazaresincrsa). O0ycaosaenmocmy 6a3uca U3 IAeMeHMAPHLT
MHO0204AeH06 JIA2PaHIHCa 6 CAYMAE PABHOMEPHO PACTIPEICACHHDIT MOYEK T; He MeHee
const /2

K.FO.Boraues Meronpr npubsin>kenns (pyHKINE OmXHON IepeMeHHOT
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Onenka ymncyaa apudMeTudecKuX orepanuii

Otennm 9ncyio apudMeTHIecKnx onepaluii, TpeOyeMbIX Ha BBIYHCICHIE 3HATE-
HusA MHOrO4YTeHa Jlarpanxka B Touke = 1o dopmyre (1). Ha Boranciaenme Kazmoro
u3 [;(x) tpebyercs 2(n—1) omeparuit Berauranust, 2(n — 2) onepanuit yMHOKEHU 1
oiHa omepanus genenuns. Takum obpasom, njs Berauciaenus li(x), ..., 0, (x) Tpedy-
ercsa 2n(n—1) omepamuii ciioxkenus, 2n(n — 2) onepannii yMHOKeHUs W 1 ONepanunii

nesenns. s seraucaenus L(x) = i f(z;)l;(x) Tpebyercs eme (n — 1) omeparuit
i=1
CJIOXKeHHA 1 n onepanuii ymaoxkenns. Obmiee ancto onepamuii: 2n?+0(n) (n — 00)
AJINTUBHBIX W CTOJBKO K€ MYJIbTHILTHKATHBHBIX OMEPAIHii.
Yucso apudmerndeckux onepainii, TpedyeMbiX Ha BbIYUC/ICHNE 3HAYEHU S MHOTO-

wrena Jlarpanxka B Touke x nmo dopmyste (1), MoXKeT ObITh JIEMKO YMEHbBIIEHO B J1BA
pasa.

1. Beraucomm Y; = f(x;)

1
n
[T (zi— )
j=Lj#i
HuTh Ha Mecte f(x;)). Ha aTo Tpebyercsa n(n —1) aJyIMTUBHBIX U CTOJBKO XKe MYJTb-
TUIJINKATHBHBIX OTlepPaInii.

st Beex @ = 1,...,n (Y; MOXKHO Xpa-

n
2. Boraucoum @(x) = [[(x — x;). Ha aro Tpebyercss n aminTuBHBIX u n — 1
1

1=
MYJIBTUITJINKAQTUBHBIX OHepaHHﬁ.

no Y
3. Boruncum L(z) = () > ——. Ha 310 Tpebyercst n — 1 aqAuTHBHBIX 1

1= 7
n + 1 mynprummnkaTuBHbIX omeparmii. (13 sroit dopmysnbl Takke BumHO, 9TO Y;
MO?KHO H€ 3allOMUHATh, a BBIYUCJIATH IO Mepe HeO6XOILI/IMOCTI/I).
O6miee uucio onepauuii: n® + O(n) (n — 00) AIUTUBHBIX U CTOJILKO K€ MY.Ib-

TUIIJINKAaTUBHBIX OHepaHHﬁ.

Boruucsienne mo dopmyste (1) (1 mepBbiM, 1 BTOPbIM criocobamu) TpebyeT 60Tb-
[IIX BBIYUCANTEIbHBIX 3aTPAT M IMPUBOIUT K MOABICHUIO OOJIBIION BHIYNCIATETHHOM
norpenraocTu. [Tosromy ObLIn paspaboraHbl APyTrue CIOCOObI BHIMUCIEHUA WHTEPIIO-
JIANMMOHHOTO MHOTO4IeHa Jlarpanxka.

§4. PA3SJIAEJIEHHBIE PASHOCTU

[Tycrh 3amanbl TOUKN @ = T < Ty < ... < x, = b, dynkuusa f € C([a,b]) n
usBecTHB! 3HakdeHns f(x1),..., f(x,).
Omnpenenenne. Pazdenennoti pasnocmovro GyHKIun [ HyJIeBOro MOPsAIKA Ha-

seiBaercsa f(x;) = f(x;), pasmeseHHoii pasHOCTBIO 1-ro MOpsAIKa HA3BIBAETCS
) _ flg) = [l .
f(xi; ;) = ——=————=, pasesIeHHOl Pa3HOCTHIO k-I0O MOP:AIKA HA3BIBAETCSA
X5 — T
f(xi; - -;xi-i-k) _ f( i+1, ) z+k) f( i y Litk 1) . (1)
Titk — Ti

K.FO.Boraues Meronpr npubsin>kenns (pyHKINE OmXHON IepeMeHHOT
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CBoiicTBa pa3agejeHHBIX pa3HOCTel

Jlemma 1. Cnpasedauso npedcmasaerue

f(xi;---;xiJrk):li: ,Jrkf% (2)
7= ] (wj — m1)

l=t

I#5
HoxkaszarenncrBo. [Ipu £ = 0 pasenctBo (2) umeer Buz f(x;) = f(z;) u notomy

Bepro. [Ipn k£ =1 paBenctBo (2) umeer Buj

/(i) fiva) _ fwig) = (@)

+ =
Ti = Tip1  Tip1 — T Tiy1 — T

f(rizipn) =

1 BEPHO B Cuuly onpenejenns (1) pasiaeseHHON pa3HOCTH.

[Iycts paBeHcTBo (2) BepHo mpu HeKoTopoM k. ITokaxkem, 4TO OHO BEpHO MpH
k+ 1 (Tem cambim jiemmva Gyser jgokasaHa no nwHaykiun). B cuny onpenesenns (1)
pasneaenHoi pa3sHocTn

F@is s Tipprn)= f(@ivrs 5 Tigesr) = f(@5. 2 Tig) _
Titk+1 — T

B 1 i+k+1 f(l“]) i+k f($])

T Tiiki1 — T Z itk+1 - Z itk
=L (e =) 97 1T (g — )
I=it1 I=i
I#] I#]
Boraunconm xkosddbunnenrer npu f(x;), f(x;), j=1i+1,...,i+k, f(%itk+1), n 10K

JKeM, 9TO OHM COBIAJIAIOT C COOTBETCTBYIOMMME Ko>dduimentamu B paBeHCcTBe (2).
1. Koaddumnuent npu f(x;) paBen

1 1 1 L L
- o ik T — 1 itk T itk
bl — T 0 (i — ) i Ttk T (2 — ) 1 (zi — )
=i =i =i
121 i i

2. Kosddbuunenr npu f(z;), j=i+1,...,i+k pasen

1 1 1 B
T — x| itE itk -
T (i — ) (g — )
I=it1 I=i
I#j I#j

K.FO.Boraues Meronpr npubsin>kenns (pyHKINE OmXHON IepeMeHHOT
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1 1 1 I
B Titk+1 — T4 ety Tj — Vitk+1 Ty — T B
IT (z; —a)
I=i+1
I#]
_ 1 1 Tith1 — Ti _ 1
Tipot — x; ik Ti— Typar ) (@5 — 2 itht1
i+k+ ) H (l’] o 331) ( Ji 1+k+ )( J Z) H x] _ xl)
I=i+1 I=i
1#] I#i
3. Koabdunument mpu f(z;4+1) paBen
1 1 B 1
Tjopaql — T; TkFL T itk+l
e ' Titkt1 — T1) I (Tigkr —a0)
I=i+1 I=i
l#i+k+1 I#i+k+1

Taxum o6pasom, koabduunenr upn f(z;), j =14,...,9+k+ 1 pasen

1
itkt1
(xj — m1)
I=i
I#j
1 TIOTOMY
()
- _ j
flxis o migg) = Z AT
= L (5 — )
I=i
I£]
Jlemma mokasana.
JIemma 2. Pasdesernasn paznocmv  f(Ti...;Tirk) ABAAEMCA CUMMEMPUYHOT

Pynryuel ceoUT apeymMeHmos.
J0Ka3aTe/JbCTBO BHITEKACT I3 PABEHCTBA (2).
Jlemma 3. Jlas ecex @ < s,r < i+ k, s # 1 cnpasedaiuso pasercmeo

Fon ) = f@is T T --Qxi-i-;) :i(xi; C 1 s Tivk)
S r

JlokasareabcTBO. bBes orpanndenus odmHOCTH OyaeM cantarh, 9to 1 < s. Obo3Ha-
1M
Yi = Try Yj+1 = Ty, ] :Z,...,T'—]., Yj = T, ] :T+17"'73_17

yj:xj+1,j:S,...,i+k_1, Yitk = Ls-

I/IH)],eKCbI TO4Y€EK Y MOJIY4YalOTCA U3 MHIEKCOB TOYEK X IIyTEeM nencTBuAd InepecTanoOBKHI

1 1+1...r—1rr+1...5—1 s s+1... i+k
t+14i+2 ... r sr+1...8s—1i+k s ...1+k—-1

K.FO.Boraues Meronpr npubsin>kenns (pyHKINE OmXHON IepeMeHHOT
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(momxomur srobasi obparuMas MEepPecTaHOBKA, Takasd, 49To Y; = Ty U Yk = Ts). B
CIUTYy CHMMETPUYHOCTH pPasIesIeHHOl pazHocTn u onpenenenns (1)

P mins) = s yik) = f@its -5 Yik) = F (Wi -3 Yiwn—1)

Yivk — Yi
fms e T Tik) = F(TE T 1 Ty Tigk)
Ts — Ty ‘
JlemMa mokasana.
JIlemma 4. Pasdesernas paznocmo f(xy...;%i) ABAAEMCA AUHETHOM BYHK-

yuoransom om f, m.e. daa scaxuxr o, 3 € R

(af + Bg)(ws; .. Tipk) = af(xis .5 Tivn) + Bg(T35 -5 i)
J0Ka3aTe/JbCTBO BHITEKACT I3 PABEHCTBA (2).

O6o3uaunM yepes L,, UHTePHOJIANUOHHBII MHOTOWTeH Jlarpamxa (1/1s dhyHKImT
f), MOCTPOEHHBIH 1O TOYKAM 1, ..., T, (crenenum m — 1).

JlemMma 5. Cnpasedauso npedcmasierue
Lk+1(x) = Lk(x) + f(xl, ce ey xk+1)(x — ZUI) Ca (ZU — xk). (3)

Hoxka3zarenbcrBo. Paccmorpum P(x) = Li.(z) — Lg(x) — MHOTOUWIEH cTenenn
k. Hockonbky P(x;) = Lyi1(x;) — Li(z;) = f(x;) — f(x;) =0 mma seex i =1,...,k
(r.e. x1,...,7, ecth (Bce) KopHE MHOro4sieHa P crenenu k), ro P(x) = A(z —
x1)...(x — ), A — mocrosHHas, 3HaYEHHE KOTOPOIl MOXKeT OBbITh ONpPeIeeHo n3
yCJIOBUSA

A(karl - 5U1) s ($k+1 - CUk) = P($k+1) = Lk+1($k+1) - Lk(karl) =

= f(Tr+1) — Li(zr1) = f(Tp41) — 2_:1 f) I1 Thtt 7 i

i=1 Ti T i
i#]
f( )+zk:f( )$k+1—xjﬁxk+1—xi
= f(x x; =
k+1 P J Ty — Tpyr o T —
i#£]
k ,l:ll(fﬂkﬂ — ;)
= Flaga) + 3 fo) Ty =
=t I1 (xj ;)
i=1
i#£j
1 k 1 k
= | f(zr1) +> f(7) [[r — ) =
[T (g1 — ) =1 I (25 — ;) | =1
1= =1
i£]

K.FO.Boraues Meronpr npubsin>kenns (pyHKINE OmXHON IepeMeHHOT
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= kZH R 1f(L) |k| (o1 — i) = [l 0he) @egr — 21) o (Tpn — k)
=T '
=0T (g — ) =1
o

(B moOCJIEIHEM pPABEHCTBE MbI HCIOJIB30BAIN JieMMy 1). 13 5TOro ypaBHEHHSA HAXO-
mum: A = f(x1;...;211). CremoBarensuo, Lyii(x) — Lg(x) = f(z1;.. .5 Tp01) (x —
x) ... (r—xg).

Bynem obosnadarh (Korma 3T0 He MPUBOAWT K IyTaHuie) depes Ly MHTEPHO-
JANUNOHHBI MHOrouseH Jlarpanxa crenenu k — 1, mocTpoeHHblii Mo k TOYKam
Tiy.-oy Tivk_1. LOTIa JJeMMa b MOXKeET OBITH 3alNCaHa B BHUJIE:

Lgyi(z) = L(x) + f(is - wipn) (@ — @) - (2 — Tigr—), (4)

rie Ly, WMHTepIOJIAINUMOHHBIH MHOTOYJIEH JlarpanxKa crenenu k, MOCTPOEHHBIN 1O
k+1 Touke x;, ..., ;1.

Jlemma 6. ITycmo y; = min{x;, ..., Tk}, Yo = max{z, ...,z } u f €
C® ([y1,y2]). Toeda cywecmeyem & € [y, 2] maxoe, wmo

F® (e

[ migg) = k'( ) (5)

HoxkaszaresnbcTBo. [Tocrponm st ayis byaknun f () WHTEPIOIAINOHHBIR MHO-

rowied Ljyi(x) crememnm k mo k + 1 Touke ..., %, (Te. Lipi(zy) = f(z),
j=14,i+1,...,i+ k), s gero Bocrnoabsyemcs (5):

Liy1(x) = Le(x) + fzg .o mine) (0 — 25) oo (0 — Tigp1), (6)

rne Ly WHTepHoJANUOHHBIH MHOTOUYTEH Jlarpanxka cremenn k — 1, mocTpoeHHBI MO
k Toukam T;,..., Tk 1. g yaknun

p(z) = f(2) = Ly (2) (7)

nMeeM B CHJIY IMOCTPOECHUA Lk—i—l

o(z;) = f(zj) — Lt (zj) = f(zj) — f(x;) =0, maascex j=i,...,i+k,

T.e.  uMeeT He MeHee k + 1 Hyss Ha OoTpeske [y1, Ys|.

[To Teopeme Posutst nponsBomguas ¢ uMeer He MeHee k HyJeit Ha oTpeske [yi, Y] .
ITo reopeme Posis, npumenennoit K dyuknun ', dyukmusa ¢’ nmeer He menee k— 1
Hy/IA Ha OTpesKe [y, %s]. Ilponomxaa Tak m gamabme, HaxomnM, uto dyakmma k)
uMeeT 1o Kpafineii Mepe ouH HYJIb Ha oTpeske [y1, o] Obosnaunm ero &: ok (&) =

0, £ € [y1,92]. B ey (7)

M) = f®(€) — L (6) = 0,

K.FO.Boraues Meronpr npubsin>kenns (pyHKINE OmXHON IepeMeHHOT
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B cuiy (6)
LEN(©) = kU (s 5 in)

(tak Kak k-s mpousBomHas MHOroWwIeHa Ly cremenu k — 1 paBHa HYJIO, a k-1 Ipo-
M3BOJIHAA MHOTOUWIeHA Ly, cTemeHn k paBHA ero crapmemy Ko3dduimenTy, yMHO-
kenHomy Ha k!). VI3 mocsienHux nByX paBeHCTB MOJIYYaeM

f(k)(f) = k! f(Ii; . -;$i+k);

OTKy/1a BbITeKaeT Tpebyemoe paBeHcTBO (5).

§ 5. HHTEPIIOJIAIIMOHHAA ®OPMYVYJIA HBIOTOHA

[Tycrs Tpebyercs mocrpoutsb Ly, () — mHTEpHOAATMOHHBIT MHOrOUYIeH Jlarpanka
cremeHn n — 1 WO TOYKaM 1, ..., T,. [IpeacraBum ero B Bue

Ly(z) = Li(z) + (L2(z) — Li(z)) + ... + (Ln(2) — Ly-1(2))
1 TPUMEHNM 37eCh B KaxKI0M ciaraeMoM jgemmy 4.5. [loxydanm

Ly,(x) = f(z1) + f(z;20)(x —x0) + ..o+ flog; . s xp)(e—21) .. (2 — 2 1), (1)

Takad 3anuch WHTEPIOJIAINOHHOTO MHOrOYIeHa Jlarpanka Ha3bIBaeTCA UHMEPNO-
AAUUOHHOT popmyroti Huromona.

Pagenctio (1) gacTo 3anuchBaioT B Buje

rne (z —x1)...(x —zi1) = [1(z — 2;) cunraerca 1, ecm i = 1.

Jj=1

AnropuT™M BBIYHUCIEHUS WHTEPIOJIAINOHHOTO MHOrOYJeHa B popme
Hryrorona

1. Beruucienue pasmeseHHBIX pasHoctedt f(xy;...;x;),i = 1,...,n, yda-
CTBYIOMIUX B MPeICTaBIeHNN (2) WHTEPIOJIAIMOHHOIO MHOrOwIeHa B ¢hopme Hproro-
Ha.

K.FO.Boraues Meronpr npubsin>kenns (pyHKINE OmXHON IepeMeHHOT
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[Tosbsysick onpenenenuem (4.1) pasmeseHHBIX PA3HOCTEN, 3aM0JHAEM TaOIHILY

fla)
f($1;x2) \
flxa) ¢ floyagas)
f(w2;23) \/ f(1; mos w35 24)
f(x3) \/ fa; 35 24) \/ R
flagias) ¢ f(z15.. 5 20)
Flxs) \/ con
f(an)\ f($n72;$n71;33n)
f(xn—l;xn)/
flan) <

CTo0ubl BBLIYUCIIAIOTCA CJI€Ba HAMPABO, 3JIEMEHTHI CTOJIONA BBIMHC/IAIOTCA CHI3Y
BBEPX, CTPEJIKH YKA3BIBAIOT AUCHKY MaMATH, B KOTOPYIO MOMEIAeTCA pesyabTar. [1o
OKOHYAHWU BhIYUCIeHui Ha Mecte f(x;) Oymer mexars f(xy;...;x;).

2. Beruucienune 3HA4YEHUs WHTEPHOIANMOHHOrO MHorodwieHa (Pf)(x) B
TOYKE OCYNIECTB/IAETCA 10 cxeme [opHepa:

(Pf)(x) = f(x1) + (x — 21)(f(x1;22) + (x — 22) (f (215 w05 23) + ... +
+(@ = Tn2)(f(@15. .5 201) + (0 = 2p1) f (215 .. ,xn)u (3)

n—1

Onenka guciaa apudMeTudIeCcKuX OoIeparuii

1. Ha Beraucsenne Beex f(x1;...;x;), @ =1,...,n 10 U3JI0KEHHOMY BHIIIe AJIIO-
puTMy HAI0 BeIMHCAUTH N(n — 1)/2 pasmeseHHBIX pasHOCTeH (3/1eMeHTOB Tab b ).
Cormacuo ux ompenenenuio (4.1) s BbIYNCIEHHA KaXKIOH Tpebyercsas 2 BbIYHTA-
uusg u 1 meenne. O6mee KosmaecTBo onepanuit: n(n — 1) Berautanuii u n(n — 1)/2
JIeJIeHUIA.

2. Boraucsienne 3HaU€HNs WHTEPHOJAIMOHHOTO MHOIOYJIEHA B TOYKE MO (HOPMY-
ne (3) tpebyer (n — 1) ymuoxenuii, (n — 1) Berauranuii u (n — 1) ciaoxenuii.

OrtmernM, 9TO ecaum TpeOyercs BBIYUCIUTbL HECKOJBKO 3HAYEHU WHTEPIo-
JIAMOHHOTO MHOTOWIeHA (2) B Ppas3JMYHBIX TOYKAX, TO pasIeeHHBIE DPA3HOCTH
flzi;..52;), @ = 1,...,n BBIYACAAIOTCA TOJBKO OINH pa3. 3HAYEHHE MHOTOMJIE-
Ha B TOYKE BBIYNCJAIOTCA 3areM 110 dhopmyte (3).

§ 6. MHTEPIIOJIANINA ”» ABU2KYIIINIMUCH”
MHOI'O4YJIEHAMMU

[Tycrh 3amanbl T09KN @ = T < Ty < ... < &, = b, 3Havenns f(xy),..., f(z,) n
nenouancrennbiii mapamerp 1 < k < n—1. Unrepnonnpyromas Gyuxnus P f crpourt-
cs TaKIM 06pa30M, 9TO Ha KaxKIOM OTpe3ke [x;, T;i1], i = 1,...,n—k oHa coBmamaer
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¢ MHorodnesom P; cremenn k, takuMm, aro Pi(z;) = f(z;), j=1i,...,i +k (re. P,
— MHTEepHOJIANUOHHLI MHOrowIeH Jlarpamzxka cremenn k, IOCTPOCHHBIA IO TOYKAM
Tiy ..., Tirk ). Ha orpeske [T, ,x,| uarepnonupyromas dyukmus Pf coBnamaer c
P, _; — MHTEpPNOJIAIMOHHBIM MHOTOYJIEHOM Jlarpanska crenenn k, HOCTPOEHHBIM I10
TOUKAM Ty ks« -y Tpy -

[To uaTepnossaunonnoit popmyse Hrorona

itk
P;(x) :Z(m—xi)...(x—xj_l)f(xi;...;xj). (1)
j=i
Koaddbunuentsr Py, © = n — k,n —k — 1,...,1 BBIYHCIAAIOTCA C UCIOJIH30BAHIEM
TaOJINIBI Pas3IeIeHHbIX PA3HOCTell:

fla)

f(fU1; $2) \
f(z2) < f(z1; 29; 23) Y

f (25 x3) < oo flory oo Ta)
f(x3) < f(xo; x3; 24) o

f(w3;24) <
f (@) <
f(xn—k—1)<

S (Tn_p—1; $n—k)<
f(@n_) < S (@1} T} Tp—pgr) - - -\

f(Tn xn7k+1)< oo @kt Ta)

: f(xn—k; Tn—k+1; $n—k+2) .- <
: f(@nks o5 20)

f(xn_1) < f(Tn_o; Tn1;75) S

f(Tn 1;20) /
flea)

Buauvasie BorancisaoTes koadduimenTsl MEOTOWwIeHa P, f:

f(xn—k)a f(xn—k; xn—k-l—l)a - f(l'n—k; ) xn)

3a k(k+1) serauranuii u k(k+1)/2 nenennii (mockoabKy P, j — WHTEPIOJIAMOHHBII
MHOTOYJIEH, MOCTPOeHHBIH 0 k+1 Touke T, f, ..., T, ). 3areM TabIuIa 3aM0THAETCSA
[0 IMArOHAJIN: BHIYUC/ISAIOTCS

f(xn—k—l)a f(xn—k—l; xn—k)a ey f(xn—k—l; ce xn—l)
o bopmyJiam
f(ajnfk; S xnkari) - f(xnfkfl; SR xnkarifl)

f(xnfkfl; - ;xnkari) = )
Tn—k+i — Tpn—k—1
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3a 2k BbIYUTAHUI U k nesieHuii (3Ty mpoueaypy Ha3blBAIOT aJrOPUTMOM CABHUTA TPEI-
craByieHns MHOrOWwIeHa B (hopme HpioroHa), u masiee

f(xn7k72)7 f(xnfku; $n7k71), Sy f(xnfkuQ S ;$n72),

fr), Flasa), ey @),

Bcero wamo 3amnosnuth n — k — 1 nmaronaneit. Ha sto norpebyercs 2k(n — k — 1)
Berauranuit u k(n—k—1) nesennii. O6mue 3arparsl Ha BbrYnCIeHne Beex Koadduim-
entos: k(k+1)+2k(n—k—1) = 2kn—k(k+1) Boranranuit u k(k+1)/2+k(n—k—1) =
kn — k(k + 1)/2 nemenmii.

Broraucienue 3HaveHus nHTEpHoupyomei pyuknuu Pf B Touke x ocy-
MECTBIIACTCS M0 CeayoomeMy aaropurmy. OnpenesiseM @ u3 yCaoBus T € [T, Tii1].
Ecau i > n — k, ro mosaraem i = n — k. Torna (Pf)(z) = P;(x). Berancsenne 3na-
dqenns MHOrowiena (1) crenennn k B TOUKe T OCYNIECTBIIAETCA 10 cxeMe ['opHepa

Pi(z) = f(@:) + (v — ) (f (w55 2i1) + (@ — 2igr) (f (05 i1 Tig2) + -0+
(@ = wih—2) (f (55 -+ 5 Tigr—1) + (0 = Bipp—1) f (255 .. ,xz+k)L/_)/
k—1

¢ 3arparoit k Bbrumranuii, k cjIoxkenuit u k yMHOYKEHUI.

§7. OHEHKMU IIOI'PEIITHOCTUAU
MHTEPIIOJIAIIMIOHHOM ®OPMYVYJIBI HHBIOTOHA

B »Tom paszmesie MBI MOJIyIUM OTEHKH MOTPENTHOCTH WHTEPIIOJIANNN ¢ TOMOIIHIO
NHTEPIOJIAINOHHOrO MHOTOY IeHa Jlarpanxka, 3anucanuoro B ¢popme HboTona.

Teopema 1. Fcau f € C([a,b]) u {x;}", — nocaedosamesvrocms mouex wa
[a,b], mo das ecaxozo v € R

f(@)=Ly(z)+ (x —x1) ... (x —x,) f(z1;5. .., 205 T), (1)

ede L(x) = i(x—xl)...(x—xi_l)f(xl;...;xi).

=1

JoxkasarenscTBo. Bes orpanmienns 0OMHOCTH MOXKHO CIUTATh, ITO T # Tj, j =
1,...,n, MOCKOJbKY B TOYKAX Z; IOTPENIHOCTH MHTEPIOJLANNE PaBHA HYJIIO H 3TO
coorBercTByeT (1).

[Ipu n =1 pasencrso (1) nveer Buj

f(x) = f(z1) + (z — 21) f (215 2)

1 CIIPAaBEINBO B ULy onpenesenns (4.1) pasigeseHHON pasHOCTH.
[Tycrs pasencrso (1) mokaszano npu n = k:

f(z) =Lg(x) + (x —21) ... (x — zp) f(21;. .., Tp; ). (2)
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B cuy slemmbr (4.3)

Flass s, ) = L 00 2 TG 505 D)
T = Tk41
Orcrona nmeem
flz; . xpx) = flag . oe ) + (@ — 2 f(215 - @ Ty, ). (3)

[ToncraBum (3) B (2), mosryanm

f(x) = Lg(x)+(x —x1) ... (v —2g) f(T15 .. 5 Thsr)

+ax—x1). . (v — Tpr1) f(T1; - T g1, )
B cuny slemMbr 4.5 cuipaBemyuBo npeactaBienue (4.3)
Li(z) + f(xy;. . 2p1) (@ —21) oo (@ — 2%) = Lgyq (2)
u moTomy (4) IpuHEMAeT BT
f(@) = Liga(z) + (2 —21) .. (& — 2pp1) [ (@15 -+ Tk T, T),

T.e. paBeHCcTBO (1) cnpaBemmuBo mist n = k + 1. Tem cambiM Teopema IT0Ka3aHa 110
WHIYKITW.

Teopema 2. Ecau f € C™([a,b]) u {z;}7, — nociedosamenvrocms movex na
[a,b], mo das ecsaxoeo x € [a,b] cywecmeyem & = £(x) € [y1,ys] (20e y1 = yi(x) =

min{zy,...,Z,, 2}, Yo = yo(r) = max{zy,...,x,, x}) maxoe, wmo
(n)
F@) = Lala) (=) (=) T )
ede Ly(x) = il(x —x1) (@ —mim) fog; . @)
HokazarenabcTBo. [Io Teopeme 1
f(@)=Ly(z)+ (x —x1)...(x —x,) f(z1;5. .., 205 T). (6)
ITo emme 4.6 cymectByer & = £(x) € [y1,y2] (tme y1 = yi(x) = min{zy,...,z,, v},
Yo = yo(x) = max{zy,...,x,, x}) Takoe, 9To
(n)
[l s apsx) = ! n!(g)‘

[Toncrasisis 510 B (6), mosyvaem Tpebyemoe paBeHCTBO (5).

K.FO.Boraues Meronpr npubsin>kenns (pyHKINE OmXHON IepeMeHHOT



§8. PASJ/IEJIEHHBIE PASHOCTH C KPATHBIMI Y3JIAMN 22

§ 8. PA3JIEJIEHHBIE PASHOCTU C KPATHBIMN
Y3JIAMU

Ompenesnenue. [lycrs 3agan HAOOP TOYEK T, ..., Tk (HE 00A3ATETBLHO PABITIIY-
HbIX). Pazdenennoti paznocmoro GyHKIUN f HyJIeBOro mopsaka HasbiBaercs f(x;) =
f(z;), pasnesenHoil Pa3HOCTBIO k-TO MOPSAIKA HA3BIBAETCS

1

o (k)(xi), ect ;= ... =z u f € O,
Flas . a) =14 J @i @y Tiaw) — F(@i %15 T Tigr)
Ty — Ty

eCJII CYIEeCTBYIOT Ty # Ty,
1)
(10 OmpenesieHNe KOPPEKTHO, T.. He 3aBHCHT OT BBIOOpA TOYEK T, W Ts, B CHILY
CUMMETDUH Pa3IeeHHON PA3HOCTH 110 CBOUM apryMeHTaM, J0Ka3aTeIbCTBO CM. JIeM-
My 4.3).

Jlemma 1. Ecau f € C®) | mo f(zs; .. s mig) Asasemes Henpepuiehoti GyrKyu-
et ceéoux k + 1 apeymenmos x;, ..., Tir .

Hoxka3zarenbctBo. [Ipun k = 0 pasnesnennast pasuocts f(x;) coBnamaer ¢ f(x;),
KOTOpasi HENPEPbIBHA MO YCIOBUIO.
[TycTh temma moKaszaHa /15 pas3ae/JeHHbIX pasHocreil nopsanka k—1. Paccmorpum

IPOM3BOILHYIO TOUKY (745 . .. Tiy) € RFFL.
Ecau cymectsytor i < s,r < i+k Takue, 9r0 x3 # ¥, , T0 B cuiry onpenesenns (1)
pasienennas pasHocTb f(z;;...;x; ;) HEOPEPbIBHA KaK JTUHEHHAs KOMOUHAINA He-

PEPBIBHBIX (110 MPEIITOIOKEHNI0 NHIYKINN) hyHKIIA:

fzis a1 Tegns 5 Zigk) — F(@05 0 T 13 Tsg1s e o5 Tigk)
f(a:‘l; . .;xl+k) — (3] ) T bl r ) bl 2 :US _xr (3] ) S ) S bl bl 1 .
Ecan z; = ... = 2,44, 10 mo onpenenenuto (1)
1

[ wie) = ! f(k)(fvz')-

[ockombky mo yeraosmio f*) mempepoibra, To a1 Beakoro € > 0 cymecTsyer § =
d(g) > 0 Takoe, ato mis Beex &, |z; — & <6

[f O () = fE(E)] < e

ycts (2f;...;77,,) € R¥' — npomssonpmas rouka, Takas, uro |z} — z;| < 4,
Jj =40+ 1,....0i+ k. B cuny semmpr 4.6 cymectByer £ € [yi,ys] (tme y; =
min{zj,...,2; .}, y» = max{zj,..., 2}, }) Takoe, 4ro
A
Fis s agy) = o
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Tax xak 10 BeiGopy (z};...;2%,,) € R [y, 40] C (2, — 0,2 + §), 10

£ i) = st = 2 1O — FO@)] < e,

9TO M O3HAYAET HENMPEPHIBHOCTH PA3IEIeHHOIl PA3HOCTH B TOUKe (Ty; ... Titk)-

§9. HMHTEPIIOJIAIINA C KPATHBIMU Y3JIAMU

I[IycTb 3amaHbl TOUKH ¢ = 2y < Ty... < Xp = b u sunadennsa [P (x;), i =
n il
0,...,m; —1, 5 =1,...,n. Tpebyerca NOCTPOUTHb MHTEPHOJANNOHHBII MHOIOUICH

n
L,, = Pf crenean m — 1 =Y m; — 1 Taxoit, 4T0
i=1

L) (x;) = fOxy), i=0,...,mj—1, j=1,...,n. (1)

DTOT MHOTOUJIEH HABBIBAIOT UHMEPNOAAYUOHHDIM MHO20YNEHOM C KPAMHOLMU Y3Aa-
MU, & IUCTIA My, . .., My — KPAMHOCTAMY Y3406 T1,. .., Ty COOTBETCTBEHHO.

Takoit MHOTOYJIEH €INHCTBEHHEH CPEIN BCEX MHOro4jeHOB crenenu m — 1. [leii-
CTBUTEJIHHO, ecJin (), — MHOTOWIeH cTeneHn m — 1, ymoBierBopstommii ycaosuio (1),

TO UX Pa3sHOCTDL Ly, — (), UMeeT TOUKYy x; HyJeM KpaTHocTu mj, j = 1,...,n. Cie-
n

JI0BaTEeIbHO, MHOrOWIEH L, — (),, CTeIeHN He BLIIIe m — 1 UMeeT BCero », m; = m

=1
uyJteii (¢ yaerom kparsocrn). [losromy L, — Q,, = 0.

Teopema 1. Unmepnossuyuormvili muo20user Ly, , ydosaemsopsrowuti ycaosu-
am (1), moocem 6wmov npedcmasaen 6 sude

L) = 3@ —11) - (& — vica) Fri 5 30), (2)

=1

ede

yl:"':yml:xhymﬁl:"':ymﬁm:x?’""yz’.’jllmiﬂz"':ym:xn'

(3)
HokazareabcTBo. [lomoxKuM
2 =+ (-1, i=1,...,m;, j=1,....n, (4)

e 0 < € < g, £9 — TaKoe, ITO BCE TOUKH {ajg)} pasimanbl s Beex € € (0,&g).

3
[TocTponm 1o m TOYKaM {xl(j)} HHTePIOJIANMOHHEIN MHOrO4IeH B (popMe Hbrorona
L) cremenn m — 1 Tax, 4rto

Lgi)(xfj):f(a:fj) mABeex i=1,...,m;, j=1,...,n, 0<e<e. (5)
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B CNJIy eJUHCTBEHHOCTN TAaKOI'O MHOT'OYJIEHaQ

L) = (r =) ... (v =) FW5. .50, (6)
i=1
JIJIs1 BCAKOTO CIocoda mepeHyMepoBaTh HaADOPOM y%a), cen yﬁ,? Habop {xgj)} [ToaTomy
HaM JIOCTATOYHO JIOKA3aTh, YTO COOTHOMIEHNUs (1) BBIMOJHEHBI TSI TOUYKH T .
[TooxkuMm
?AE) :xfga . 7y7(nz = ml,la y7(nz+1 g% 7yr(riz+m2 :"L.SZ)QQ? ey
St = T U = 4
3 (7), (4), (3) BbITEKAET, 9TO lir% yj(-a) =y, nad Beex j = 1,...,m. B cuny nempe-
E—

PBIBHOCTH Da3[e/IeHHBIX pasHocTeil (iemva 8.1) B paBeHcTBe (6) MOXKHO mepefiTu K
npeneny 1mo & — 0 (mosydnBuImiicss B pesyabrare MHOTOUIEH 0603HaYaeM Ly, ):

m

Ly (z) = Z(l‘—yl)...(l'—yifl)f(yl;--ﬁyi) =

= ZZ;(x — xl)i_lf(xl;.. cm)+
i pa3
+@—x)™ D (@ = Ymis1) @ =y (s y) = (8)
i=mi1+1
_; " )x—xl)i_l—l—
o —z)™ Y (&= Ymysr) - (@ =y f s 5 )
i=mi+1

(B mOCTIEIHEM PABEHCTBE UCIOIB30BAHO ompenenenue (8.1) pasieseHHOl PA3HOCTH ¢
KPATHBIME y3/amn). 113 3TOro nmpeacrapieHns caemyer

LO(z)) = fD(2) i=0,...,m —1

m

(HOCKOJIBKY TPOM3BOIHBIE 110 MOPAIKA 1My — 1 BKJIIOYHTETHHO BTOPOTO CJIATAEMOrO
B (8) paBHBI HyJII0O B TOYKe x1). Tem cambIM TOKa3aHO, 9YTO MHOrO4YJIeH Buia (2)
yzoByierBopseT ycsosusaM (1) B Touke .

Onpenenenne. 3anaBaeMblii papencTBamu (2), (3) MHOTOWIEH HA3BIBACTCH UH-

mepnoaAsyuoOHHbM MHOZ0UYAEHOM C KPATMHBIMU Y340MU B (bopMe HeroTona.

Teopema 2. Ecau f € C™([a,b]), (M = max m;) u {x;}!_, - nocaedosa-
j

(a3}

meavrocms mouex ha [a,b], mo daa écarozo ¥ € R
f(x) =Ly(z)+ (x —x)™ ..o(x—x,)"™ f(21; .. 5215 o0 Tps e T ), 9)
—_——— ———
mi mn

ede Ly, (x) s3adaemcs pasencmsamu (2), (3).
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Joka3arenbcTBO. 3anuiem paBeHCTBO (9) B 9KBUBaJICHTHOH hopme

f@)=Lu(x)+ @ —w). ... (x —yn)f(y1; -, Ym; T), (10)
IJ1€ TOYKH Y1, . . . , Yy 3a0210TCH (3), 1 OyaeM qoKaseiBath BMecTo (9) pasenctso (10).
IIpu 5TOM MOXKHO cYHTaTh, YTO T # Y;, j = 1,...,m, MOCKOJIbKY B TOYKAX Y,

MOTPEIIHOCTh MHTEPIOJIALNNE PaBHA HyJTI0 I 370 coorBercTByeT (10). Jamee mokasa-
TEJILCTBO MOBTOP:AET 10KA3ATeIbCTBO TeopeMbl 7.1.
[Ipn m =1 pasenctso (9) mmeer Buj

f(@) = f(n) + (x —y1) f(y;2) (11)

1 CIIPAaBEINBO B ULy onpenesenns (8.1) pasieseHHON pasHOCTH.
[Tycrs paBencrBo (9) mokaszano npu m = k:

f(@) = L) + (@ — 1) - (@ = ye) (15, Yks @) (12)
B cuy slemmbr (4.3)

Ty ) — fys -5 Uk Ykt
Flss s e, ) = L )~ A +1),
T — Yk+1

Orcrona numeem
flys sy e) = s e k) + (@ = yrg) f (s -5 Yk Yk, ©)- (13)
[Toncrasum (13) B (12), moryanm

f@) = Lg(@)+(@ =) .. (@ = y) f(W15 -5 Yrsr)

14
F@—=y1) (@ =y ) f W15 YR Ykg1, T). 14

B cuity Teopembl 2 cripaBeainBO NMpeICTABICHIE

Li(x) + f(ys - s urrr) (@ —91) o (@ — yk) = Lisyi(2)

u oromy (14) npuHEMaeT Bui

f(x) = Lk+1($) + (l" - yl) e (l" - yk+1)f(y1; e Yks Z/k+1,$),

r.e. paserctBo (10) copasenymso mist m = k + 1. Tem cambiM Teopema 1oka3aHa 1o
HHTYKIHN.

Teopema 3. Ecau f € C™ ([a,b]) u {z;}7, - nocaedosamenvrocmo mover Ha
[a,b], mo das ecarozo x € [a,b] cywecmeyem & = £(x) € [&1,&)] (20e & = & (x) =
min{zy,..., 2,2}, & = &(x) = max{zy, ..., x,, x}) maxoe, wmo

mn T8

flz)=Lp(z)+ (x —z)™ ... (x — xy) —

, (15)

ede Ly, (x) s3adaemcs pasencmsamu (2), (3).
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(e)
1]
UM MHTEPHOJIANMOHHBI MHOrO4jIeH B (popme Hbiorona L%i) crenean m — 1, ymo-

BraeTBopsomuit (5) u nmeromuit Bun (6) (rme Toukm ' sanatorca (7)). IIo re-

oka3zareabcTBO. BBemem kKak B Teopeme 1 TOUKH 0 KOTOPBIM MOCTPO-

opeme 7.2 njis Besakoro x € [a,b] cymectByer €6 = 5(5)(56) € [ég),fég)] (rme
&7 = @) = minfyl?, .y, a2}, &) = &) = max{yl?,. .,y ) -
Koe, 4TO

(m) (¢(e)
F) = L) + (2~ o). (o o) TET)

Kak mokasano B Teopeme 1 lir% LE)(2) = Ly(z) (tme Ly,(r) 3amaercsa paBencTBa-
e—
v (2), (3)). B ey nenpepwisroctn f (™) lir% FO(EE) = FM(&) tne € = lir% £
E— E—>

npudenm & € [§,&], mne B cuny (3) & = &i(x) = min{ay, ... 2,0}, & = &(2) =
max{zy,...,Z,,x}). [Hosromy, nepexons B (16) K mpemesy npu ¢ — 0, mosydaem
Tpebyemoe paBeHcTBO (15).

(16)

AnropuTr™M BBIYHUCIEHUA WHTEPHOJAIMOHHOTO MHOTOYJIEHA C KPAaTHBIMH
y3Jjamu

AJITOPUTM BBIYUC/IEHHS WHTEPIOIANMOHHOIO MHOIOWICHA ¢ KPATHBLIMU Y3JIaMU
L, (z) Buma (2), (3) Tor x)e camblii, 9T0 [1jis HWHTEPIOJANINOHHOIO MHOTOYJIEHA B
dbopme Heiotona 6e3 KpaTHBIX y3710B (CM. § 5), TOJIBKO Te€pecder 37eMeHTOB TabJin-
bl PA3EIeHHBIX PA3HOCTEH OCYMIeCTBIIsieTcs o onpenesenuto (8.1) pasmeseHHoil
PA3HOCTH C KPATHBIMHI y3JIAMH.

IIpumep. Ilycts B n Toukax zj,...,o7, 3amanel s3Hadennd dyokmun f(x):
f(x1),..., f(x,) u ee npoussonmnoit f'(x): f'(z1),...,f'(zn) (r.e. B mocranoske (1)
3271291 MHTEPHOJIANNN ¢ KPATHBIMU y3J1aMu my = ... = m, = 2). Torga rabimua
pas/ie/leHHbIX pa3HOCTell uMeer Bu

f(x)

f'(1) \
fla) ¢ fle o)

flayzs) ¢ f(@1; 205 95 22)
flxa) ¢ flaimom) ¢

f'(2) \/ f(@1; 29 25 3)
f(z2) \/ f(w2; w25 73) \/
f(fvnq)\/ f(l"nq; Tn—1; fvn)\/

f(@n_1; fvn)\/ f(@n-1;Tn1;Tn; 2n)
fl@n) f@n15@ns20) <

fllwa) ¢

CTo01bI BBIYUCIAIOTCS CJIeBA HAMPABO, JIEMEHTHI CTOJIONA BBIYUC/IAIOTCI CHU3Y
BBEPX, CTPEJIKI YKAa3bIBAIOT AYeiiKy maMsATH, B KOTOPYIO nmoMemniaercs pesysabrar. [1o
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OKOHYaHWN Bhraucsennii va mecre f(y;) Oymer jexarb f(y1;...;y;), Loe y; 3a1a10T-

ca (3).

Onenka unciaa apudMeTHIeCKuX omepanuii, HeoOXOAUMBIX 715 IIOCTPOSHU S
MHTEPHOJIANMOHHOTO MHOTOWIeHa L, () Buma (2), (3), ciaenyer n3 OUeHKH YHCIIA
oneparuit, HeOGXOIMMbBIX JJIs1 MOCTPOEHH I HHTEPIOJIAIMOHHOIO MHOTOU/IEHA CTeNeHN
m — 1 6e3 KpaTHBIX y370B (cM. § 5): Tpebyercsa ue Gosee m(m — 1) BerYUTAHMII
u m(m — 1)/2 nenenuit (KoJm4ecTBO oneparuii GyIeT MeHbIIe dTUX BeJUYNH N3-33
TOrO, YTO YACTH PA3IETCHHBIX PA3HOCTEH BBIYHCIIACTCA Yepe3 3a/JaHHbIe 3HAUECHIS
IIPOM3BOIHBIX (DYHKIINH).

§ 10. BBIYUCJIEHUE ITPOU3BO/IHBIX
MHOI'OYJIEHA B ®OPME HBIOTOHA

[Tycrs L,(x) — muorowren Jlarpamxka dyHKIun f, HOCTPOEHHBIH MO TOYKaM

T1yeeey Tyt
n

Lo(z) =) (x—x1)...(x — z1) f(@1;. .. 20).
i—1
g sekoroporo k > 0 Tpebyercs HaWTH L%’“)(y) — k-10 mpousBonuyo L, B HEKOTO-
poii Touke Y.
B cuy enuHCTBeHHOCTH MHOTOUIeHA L, (%) crenenn n— 1, npuHEMAOWEro B 3a-
JAHHBIX TOYKAX T1,...,T, 3ajanHbe sHadenns f(xi),..., f(z,), maorounen L, (x)
COBIAJAET ¢ MHTEPIOJIANNOHHBIM MHOTOWIEHOM s byukuun L, () (camoro cebs):

n

Ly(z) =) (x— 1) ... (x — 2m1) L (215 ...y 31). (1)

=1

B cumiy eIMHCTBEHHOCTH HWHTEPIOJANMOHHONO MHOrOuwneHa L, (x) crenenm n —
1, on coBmajaer ¢ MHTEPHOJIAINMOHHLIM MHOTOYJIEHOM, NPUHUMAIONMM B TOYKaX
Yy L1y .oy Tyy 3HAMCHUS Ly (y), Ly(z1), ..., Ly(zy_1). Tlo uaTepmoasunonnoit dbop-
Myse HpioTOHA 5TOT MHOTOW/ICH MMeeT BIJL

L(0) = L) + (2 =) S =) oo = s im). (2
Torna
L (2)amy = D (x — 1) ... (x — mm1) Lo (y; 215 - 5 25) (3)

i=1
I TeM CaMbIM BBIYHCIIeHA 1-: IIpOU3BOAHAA B TOYKE Y.

Asrropurm Bbrunciaenns suadenus L (y) B dopme (3). Ham Tpebyercsa mo mus-
BECTHBIM 3HAYEHUAM

Ln(y)7 Ln(xl)a Ln(xl;xZ)a 7Ln(x1;"';xn71)
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BBIYUCJINTH
Lo(y;z1), Ly(y;z1;22), ... Lp(y;z1;...;20-1)

Ucrnosibzyem ajist 3T0oro ajJropuTM CABUTa PeICcTaBIeHns MHOro4YIeHa B ¢popme Hbro-
ToHa (cM. § 6). [lobaBum TouKy y n 3HadeHue L,(y) B TabauIly pasneeHHbIX PasHO-
cTeil 1 3aI0JIHUM 110 ONPeNeJIeHUI0 pa3ae/IeHHON pa3HOCTh

L soow) — Lp(ys o .. x—
Ln(y,xl,,xl): n(l'la ;xl) x._n;y7xl; 71‘7, 1), 2:1,,71—1 (4)
2

9Ty TabJIMILY:

Ln(y) \

Ln(y;ﬂﬁ) \
f(z1) \/ Lo(y;i;22)

f(x1;22) \/ L (y; 215 w95 73)
f(x2) \/ f(w1; 25 23) \/ y

f(w2;23) \/ f(@imo@s500)  Lo(y;21;- . 5201)
flxs) ¢ flwaswga) ¢

flasiz) ¢ [z an)
Flas) \/ "
f(xnfll f(xan;xnfl;xn)

f(@n—1; 20

TpynoemkocTh Berancaenus Ll (y):

1. Ha Borunciienne n — 1 pasmesieHHBIX pasHocteit mo dopmyste (4) Tpebyercs
2(n — 1) Beramranuii u n — 1 nesenuii.

2. Ha Borancienune L (y) mo dopmyste (3) mo cxeme T'oprepa

L, (y) = Ly(y; 21) + (@ — 21) (Ln(y; 213 22) + (v — 22) (Lo (y; 215 225 23) + ... +

Hx — 2y 3)(Ln(y; 215 3 Tn2) + (. — Tp o) Ln (Y5215 . 5Tp1) ) - - .)
——
n—2
Tpebyercsa n — 2 BBIYUTaHUI, N — 2 CJIOXKEHHH U n — 2 YMHOXKEHMUIi.
Beero tpeGyercsa 4(n —1) — 2 apautuBHbX omeparuii u 2(n — 1) — 1 My IbTUILIN-
KAQTUBHBIX OIlepaIluii.

s seraucsaenust Ll (y) aHATOMHYIHO MPOTOTIZKAEM.

B ity eIMHCTBEHHOCTH UHTEPHOJIANNOHHOIO MHOrOWwIeHa L, (r) cremenu n —
1, OH COBHAJAET C WHTEPIOJIANMOHHBIM MHOIOYJIEHOM, MNPUHUMAMOMNM B TOYKAX
Yy L1y Ty o 3HaYeHUA Ly, (y), Lp(x1),..., Ly(2, 2), a B TOUKe Yy MMEOMUM TIPO-
u3BoHy1o, pasuyio Ll (y). ITo unrepnonsunonnoii ¢popmyste Hpiotona ¢ kparHbiMu
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y3/J1aMu 9TOT MHOI'OYJI€eH nMeeT BUL

L,(x) =

= L,(y) + (z—y)Lo(y;9) + (x—y)? El (x—x1) ... (x—2_ ) L (y; 5105 5) =
L n—2

2(y) + (x—y) L (y) + (x —y)? El (x—x1) ... (=2 1) Lo(y; ;205 - - -5 T).
(5)

n—2

Ly (2)]o=y = 2! > (x = 1) .. (2 = 2ia) Ly 45 215 - - ) (6)

i=1
U TeM CAMBIM BBIYUCTIEHA 2-5 NPOU3BOIHAA B TOUKE .
Asrropurm Bbrunciaenns suadenus L (y) B dbopme (6). Ham Tpebyercsa mo ms-
BECTHBIM 3HAUYCHIAM

Lo(y), Ln(y;z1), Ln(y;z13m2), oo Lp(y;me;.. . 2p_2)
BBIYUCJINTH
Lo(yiys@i), Lo(ysysz2), oo Lo(ysy5205. .05 Tpes).

Kak m BbIe HCIOAB3YEM I 3TOTO AJITOPUTM CIABUTA MPEACTABICHUSA MHOIOYJIe-
uHa B ¢opme Hporona (cm. § 6). JobaBum Touky y u snavenue L,(y) B Tabaumy
pasIeIeHHbIX PA3HOCTEl U 3a0THIM IO OIPEIEICHII0 PAa3IeIeHHOl pasHOCTH

Ly(y;xe;..505) — Lo (y; y; 205 - -5 2-1)

Loy, y; 215 25) = , i=1,...,n—2
i —Y
(7)
9Ty TabJIMILY:

Lu(y) \

Ln(y)
Lu(y) Lo(y;y; 1)

Lo(y;21) ¥ Lo (y; y; 215 22;)
f(a) { Ly (y; w15 22) \/ o

[y 22) \/ Ln(y; w1305 03)  Lo(Y3 93715+ - Tna)
f(x2) \/ f(15 25 23) \‘/ x4

f(9; 73) \/ flxy e m300)  Lo(y; 21505 %01)
flzs) ¥ flwaswgiwa) ¥ X4

flxs; 24) \/ flxy. 5 2n)
flaa) € <
f(xn—l\) f(xn—%xn—l;xn)

f(xn—l;xn
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Tpynoemkocts Berauctenus L (y):

1. Ha Borumcienne n — 2 pasnefneHHBIX pasHocTeil mo dopmyse (7) Tpebyercs
2(n — 2) BbrYMTAHUI U N — 2 HeJIeHuil.

2. Ha Borancaenune L) (y) mo dopmyste (6) mo cxeme T'oprepa

L (y) = 2 (Lo (ys v w1) +(x—21) (L (5 5 215 22) + (2 —22) (L (35 5 15 225 23) +. .. +
(@ = Tp) (L (Y3 Y5015 -5 Tnma) + (2 — Tn3) L (Y595 715+ 5 Tn2) ) - 2) )
——
n—3
Tpedyercss n — 3 BbIYMTAHUA, N — 3 CJAO0XKEHUit 1 N — 3 yMHOXKEHUIi.

Beero tpeGyercs 4(n —2) — 2 apauTuBHbIX omepaiuii u 2(n — 2) — 1 MyJIbTUILII-
KATUBHBIX OINEepaluii.

Paccmorpum obmuii corywaii. [locme [, [ = 0,...,k—1 maroB onucaHHOTO BHIIIE
IPOIIECCa, MHOTOYJIEH NMeeT B/
-1 j n—I
L(J)(y) z
Ln(w)ZZ% ¥ (z—y) Z;x w1) o (@ = ima) La(ys -y w055 )
1= 1=

l
I MOXKeT OBITH BBIUICJICHA

n—l

Lg)(y) =1! Z(x —x1) ... (= mim1) Lp(y; - - s ys w0 2).
———

=1 !

s mepexoma K OYepemHoMYy WIATY HAMO BBIMUCTUTL Ly (y;...;y;%1;...5%), i@ =
———
I+1
1,...,n—1—1 no ¢popmysram
Lo(y;-.ys20;-.52) — L (ys oo 595 21505 251)
—_——— —_———
o _ ! I+1
Ln(y’ yY; X5 . ’xl) - Ti— Y ’ (8)
141
r=1,...,n—10(—1
a 3arem
n—I[—1
LY () = (1 +1)! Z r—x1) ... (x—xi 1) Lo(y; .. ys 20505 m5). (9)
————

Tpynoemkocts Berancaenns LI (y):

1. Ha Borauciienne n — [ — 1 paszmesieHHBIX pasHocTeii mo dopmy.ie (8) Tpebyercs
2(n — 1 —1) Borumranuit u n — [ — 1 genexuii.

2. Ha eramcsrerme LU+ (y) mo dopmyre (9) mo exeme Toprepa

Lg“)(y) =0+ D Lp(y;..5y;m) + (. —21) (Ln(y; - - -5 y; 215 22)+
S—— S——

I+1 +1
(@ —22) (L (y; - - ;Y3 213225 03) + o+ (@ —Tni—3) (Ln (Y5 - - 5 Y5 2155 Tnmi—2) +
N—— S——
I+1 I+1
+(@ = Tpr2) Ln(ys - 5 Y5215 Tpo1) ) - )
I+1 n—I[—2
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Tpebyercsa n — [ — 2 BorauTanuit, n — [ — 2 cjaoxenunit u n — [ — 2 ymMHOKeHwUil.
Bceero tpebyercs 4(n — [ — 2) — 2 ammuruBHBIX onepamumit u 2(n — [ — 2) — 1
MYJIbTHILTHKATHBHBIX OTEPAITHIi.

§11. MHOI'OYJIEHBI HEBHBIIITEBA

Onpenesnerne. Muorowrenamu JeOblieBa HA3bIBAIOT MHOTOWIEHBI 1), (x) crerme-
Hu n > 0, 3amaBaeMble CIeIYIONIMI PeKKYPEeHTHBIME COOTHOUIEHUAMU:

To(z) =1, Ti(z) = =, (1)
Toi1(x) = 22T, (z) — T, 1(x) upu n > 0. (2)

Koaddunumenr npu crapiem diene muorowrena 1,.1(x) mosydaercs s crap-
mero wiena MHorodsena 1, () ymHoxkennem Ha 2x . CjemnoBaresibHO, CTAPIIHI YIeH
vuorounena T, (z) mpu n > 0 ects 2" 1z,

[TockombKy s Besaknx a um 3 cos acos B = 3(cos(a + 3) + cos(a — 3)), To npn
moboM 6

cos((n + 1)8) = 2 cosf cos(nf) — cos((n — 1)0).

[Tonoxus § = arccos x, noxyunm npu x € [—1,1]
cos((n + 1) arccos ) = 2z cos(n arccos ) — cos((n — 1) arccos x),

r.e. byHKINA @, (r) = cos(narccosx) ymoBIeTBOPAET COOTHOIIEHUAM (2) 11 BCex
n>0munxe|[-1,1]. Tak kKak po(x) = cos(0arccosz) =1, ¢1(x) = cos(l arccosx) =
1 mpu z € [—1,1], re. ona ynosiersopser (1), o T, (z) = ¢, (z):

T,(z) = cos(narccosx), n >0, ze|[-1,1]. (3)

13 npencrabiienns (3) BHITEKAOT CJEIYIONNE CBOCTBA MHOTOWIeHOB HebbleBa:

1)

|T.(z)| <1 upm z € [-1,1].

2) Touku skcrpemyma muorowtena T, () ua [—1,1], T.e. 10Ukl Ty, , |1 (Z)] = 1

ecTb
A ™m
Tm=cos|{— ], m=0,1,...,n,
n
nprn4yeM

T.(Z) = cosmm = (—1)™.
3) Hysm muorounena T,(x) ma [—1,1] ectsb

2m —1
xm:cos<w>, m=1,2,...,n.
2n

[TockonbKy HafimeHbl n HyJIeli MHOrOYJIeHA Tn(aj) CTEIIeHU N, TO IPYrux HyJel y
HEro Her u

T () =2" o — 1) ... (x — x,).
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Onpenenenune. Brenem
_ 1

Jlemma 1. Ecau P,(x) = 2" +... — MHO20uAEH CIMENEHU N CO CIMAPULUM KO -
puyuenmonm, pasroim 1, mo

maX] |Py(x)| > max}|Tn(x)| =

w€[~1,1 z€[—1,1 on—1

oxka3zareabcTBo. [Ipemnosoxum npoTuBHOE, T.€. CYIIECTBYET TaKOH MHOTOY/IEH
P,(x) =x"+... crenern n co crapumm Kosdduimentom, paBabiM 1, aro |P,(z)| <

2n71
T _.n

CTeleHu He Bbime n — 1, mocKoabky Ty (x) = 2" + ...

3HAK MHOTOYJIeHA (),_1 B TOUKAX Tp,, m=0,1,...,n:

s seex x € [—1,1]. Pacmorpum @Q,_1(z) = T,(x) — Py(z) — muorownen
, Py(x) = 2™+ . ... Borancaum

sign Q1 (%) = sign (T, (Z) — Po(Z,,)) = sign <(—1)m2n11> =

= sign (- ) = (-1

2n71

(mocKOIBKY | Py (ZT)| < - ). [omaepknem, 910 Qn_1(Zm) # 0, m = 0,1,...,n.

.
Takum obpasom, Ha OTpe3Ke [T, Tmi1], m = 0,1,...,n — 1 dbynkuna @, 1(z)
MEeHSeT 3HAK WM MO3TOMY HMEeT KOPEHb, MPUHAIEKAIUH UHTEePBATY (T, Tmi1),
m=20,1,...,n—1. CremoBare;lbHO, MHOTOYJIeH (),,_1 CTEIEHN He BbIlle 1 — 1 mMeeT
N PasTMIHBIX KOpHeit u motomy (1 = 0. OnHako, 1m0 qokazasaomy Q,_1(Z,) # 0,
m=0,1,...,n. [Toryuennoe nporuBopedne M10Ka3bIBALT JIEMMY.

Onpenenenne. Muorodanen 1,(x) HasbBaeTCs MHOTOYIEHOM CTEICHH 7., Hal-
MEHEE YKAOHAOUUMCSA 0M HYAf HA oTpeske [—1,1].

[Tycrsb [a,b] ecTh 3amaHHbIil OTPE3OK.

Onpenenenne. Beenem oToOpakeHns

y: [-1,1] = [a,b], y(z)= :
z: [a,b] = [-1,1], z(y)

1 mHozousen Hebviwesa na ompesxe [a, b]

) = T(alo) =7, 25,

b—a
Hysu muorounena T, (y) (Bce mpunammiexar orpesky [a,b]) ecrnb

a+b b—a 7w(2m-1
Ym = Y(Tm) = 5 + 5 COS (2n ), m=1,2,...,n. (5)
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>n 2n71 _ 22n—1

Crapmuit koadduiment Tn(y) ecThb <b b—ar

—a
Onpenenenne. I[lomoxum

To(y) = (bQQ_n_al) “T(y) = (bQQ_n_al) ‘T, (2y S (_b: a)> .

JIemma 2. Mnozounen Tp,(y) A6AACMCA MHOLOUAEHOM, HAUMEHEE YKAOHANULUM-
CA OM HYAR, M.e. 0 6CAK020 MHo2ousena Py (y) = y"+... cmenenu n co cmapuium
K03 puvyuenmom, pasHvim 1,

ax |Pa(y)] > max [To(y)] = &=
max max = —
getay MW= SRR e 22n-1

Jloka3zaTresbCcTBO. YTBEPKIEHUE BHITEKAET U3 JIEMMbl | MyTeM 3aMeHbI ITepe-
MEHHOIA.

§12. MHUHUMN3ALINA ITOT'PEIITHOCTNA
NMHTEPIIOJIAIINN 3A CHET BBIGOPA Y3JIOB

MuHIMI3HPYEeM MOrpentHoCTh HHTepnossnun by f Ha oTpeske [a,b] ¢ mo-
MOIIHIO MHTEPHOJIAIMOHHOTO MHOTrOYIeHa, Jlarpanxa [, cremenn n — 1 3a cuer BbI-
O6opa y3/710B UHTEPHOJIANNNA L1, . . ., Ty .

[To Teopeme 7.2

ARG
f@) L) = T @) ), )
e Ti,...,Tn, T € [a,b], € € |a,b]. CrenoBaresbHo,
)
1f = Lnlloesy = |7 (& = z1) . (& = 2n)l[e(tan)s (2)
- iC([a,b])
rjie
lglleqan = max lg(x)]
MuHIMI3HPYEM TIPABYI0 YacTh, BbIOpaB MHorownen P, (r) = (r — z1)...(z — xy,)

HauMeHee YKJIOHAIONIUMCS OT HYJIs HAa OTpeske [a,b|, T.e. ¢ MUHUMAJbHOI HOPMOI
| Pallc(fa,e)) - Bospmem

P) = (x—m).. (5 —2,) = Tulw) = L= 10 (M) |

22n—1 b—a

13 5T0r0 paBeHCTBA BBITEKAET, YTO TOUKH X1, . . ., Ly, ABJAIOTCH HYJIAMI MHOTOUICHA
T, (z) ua orpeske [a,b]. B cuny (11.5)
a+b b—a w(2m-—-1)

Tm = Ym = 5 + 5 COS on , m=1,2,... n. (3)

K.FO.Boraues Meronpr npubsin>kenns (pyHKINE OmXHON IepeMeHHOT



§12. MUHNMN3AILINA ITOI'PEIHIHOCTN NHTEPIIOJIALINN 34

[To jtemme 11.2 npu TaKOM BBIOOPE Y3J10B

(b—a)"
1Pulleon = 5=

1 oneHka (2) mmeer BHI

1 (b—a)"
_ — | f(n) AV
1f = Lnlleqesn < 75 Hf C(lab]) 221 (4)
[Tostyuennast onenka (4) HeyydmiaeMa.
HetictBurenbao, BosbMeM f(z) = a,z™ + ... + ay = i Apx™ — MHOTOUJICH

crenean n. Torma f"(£) = a,n! u onenka norpemxocru (1) mpumer Bu
f(z) = Lp(z) = ap(z —x1) ... (x — ) = 0y Pp(x)

rie P,(x) — muorouwnen (Ha orpeske [a, b]) co crapium KoadbduimerTom, paBHbiM 1.
[To emme 11.2 momydaeMm

(b—a)" _

1 (b—a)"
17 = Lalletasn = lanl1Palloqasn 2 lan S = — £

C(lap]) 22n-1 7

9TO U O3HAYAET HEYJIyUIIaeMOCTh OleHKH (4).

Urax, jjia MUHUMUSAINT TOTPEITHOCTH B KAYeCTBE Y3JI0B T1, . .., T, WHTEPIOJIA-
i Ha1o 6park Hyau (3) muorowrena Yebwimena T, (z).

Takoit BbLIGOp y/ydliaer TakyKe KadeCTBEHHOEe IIOBEeJeHHe MHOIPEIIHOCTH IIpU

n — 0o.
1
ITpumep (6e3 mokaszarennbcrsa). Pacemorpum dbyukuuo f(x) = 11552 B OT
T

pe3ok [a,b] = [—1,1]. Has paBHOMEPHO pachpeliesieHHBIX Ha OoTpeske [a,b] Touek
b—a

T1yeey Ty (Te. 2, = a+ (0 — 1)h, h = 1 i = 1,...,n) DOrPENIHOCTH MHTEP-
n_

nosammn || f — Ly|lc(-11) — o0 mpn n — oo. laa To4ex i,...,x, — Hyeii (3)
wmorouena YeGoimesa T, (r) morpemmocts murepnossamma || f — Lulloq 1) — 0
npn n — 00.

Toumyio XapaKTepUCTHKY TOBeICHIA 0T PENTHOCTH HHTEPIOTAIIE TIO HYIAM MHO-

rousena Hebobrmesa T),(x) DAOT CJeayoONe yTBEPKICHNS.

Teopema 1. (6e3 dokazameavcmea). Obycaosaennocms 6a3uca u3 ssemermap-

Hour MHozowaero6 Jlazpanoca 1;(x) = ] L npu = ym us (3) ne npesviua-
j=1Ti — Tj
J#
2
em —Inn+1.
T
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Teopema 2. Ilozpewnocms f — L, npubsuscenus pynkuuu [ unmepnoaiyu-
OHHBIM MHO20OUwAeHOM Jlazpanoca L, cmenenu n — 1, nocmpoentvim no nyssm (3)
MHoz20unena Hebviwesa, ydosremeopaem HePaABEHCMEAM

. 2 .
distolf, P 1) < I1f = Lalloeay < (2+ = Inn) disto(£,Pa-1)
ede P,_1 — npocmparcmeo mHo20uneH08 cmeneny 1 — 1,

disto(f, Pn—1) = inf || f = Pa1llc(ap)-

Py _1€Pn_1

Teopema 3 (Ixxekcona). Ecau f € CM[a,b] un>r+1, mo

distc(f; 737%1) < 6(36)r (b — a>rw (f(r); 2(();@) .

I+r \n—-1 n—1-—r)

20e
w(g;h) =sup{ |g(z) —g(y)| : =,y €[a,b], |z —y| < h}
ecmsd MOOYAL HENPEPLIGHOCNU HYHKUUU.

ITpumep. Pacemorpum dbyukumio f(x) = |z|*, o € (0,1) na orpeske [—1,1].
Torma w(f;h) = h*. Ilo Teopeme 3 mpu r =0, n > 1 noaygaem

diste(f, Pro1) < 6w (f; ﬁ) = ﬁ

[To Teopeme 2
6

2
e < (2 B O
1f = Lalleq-11) < ) o)
Hanpumep, nus f(z) = 4/|z]

2 6 Inn
”f _Ln“C([—l,l]) < <2+ ;11171) (n_ 1)1/2 ~ i apu n — OQ.

§13. PA3JIO2KEHUE 110 MHOI'OYJIEHAM
YEBHIIITEBA

[Iycth n — 3a/laHHOe 1EJIOe YUCTI0, [a,b] — 3aJaHHbIi OTPE3OK, I1, ..., T, — Pa3-
JIUYHBIE TOYKHN, TPUHAIIEKANNE 0TPe3Ky [a,b]. Beemem M mpocrpancrse C(]a, b))
nuckpeTHoe “ckasspuoe”’ npomssenenue: nis Beskux f, g € C([a, b]) momoxum

n

<f7 g>n = Z f(xm)g(xm) (1)

m=1
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6§ 13.1. TIlocramoBka 3ama4u JUHEHHON MHTEPIIOJIAIANA

PacemoTpuM 3a1aqy MOCTPOeHN Pa3IOKeHIA

n—1
Pf(x) =) aTi(x) (2)
i=0
dbyukunu f € C([a,b]) no maorowrenam Yebbimesa Ha oTpeske [a, b]:
~ 2¢ — (b
T;(@:T;(%), i= 0,1, ..n—1, (3)

TakK, qTOOBI OBLTH BBIIOJTHEHBI JINHEHbIe yCa0BUA NHTEPIIOJIAINN:
(T, Pf)y =(T,f) . i=01,...,n—1. (4)

Jlemma 1. Muozounenv, Ty, T, ..., Th_1 Aunetino He3a6UCUMDL, HYHKUUOHAADL
Xi(f) = <Ti, f>n NUHETHO HE3A6UCUMDL.

)
n

IokasareabcTso. Ipeanonoxim, aro muorownenst 1y, 11, ..., Th— muHeiino

3aBUCHMBI, T.e. cymectByer o € R™, a # 0 Takoe, uro P,_(z) = nZ_:l a;Ti(z) = 0
i=0

s Beex x € [a,b]. Tak kak degT, = i, To crapmmii Ko>UIIEHT MHOTOWIEHA

P, 1(z) = nzol a;Tj(x) pasen crapmemy koadbdummenty muorowtena Tj(z) (rae j =

i=
max{j : a; # 0}), ymaoxennomy Ha «;. [lockoapky muorowsen P, ;(x) = 0, To
ero crapumit koadgdunuent pasen 0. Cremosarennbno, o = 0, 9T0 TPOTUBOPEYNT
tomy, 410 j = max{j : «; # 0}. [losyueHnoe npoTHBOpedNne I0KA3BIBAET IIEPBOE
YTBEPIKICHNE JIEMMBI.

[Tpennosnoxum, 4to dyHKIHOHATBL \;(f) = <YA’,, f>n JIMHEHHO 3aBHCHUMBI, T.€.

n—1
cymectByer o € R", a # 0 rmakoe, ato A\ = > «o;\; = 0. [Ipyrumn cjioBamu,
i=0

n—1 ~ n—1 ~
ASf) = ¥ o <Ti,f> = <E aiTi,f> = 0 ma seakoit f € C([a,b]). Bosbmem
i=0 n i=0 n
f(z) =l(x) = ﬁ T [Tockombky ly(x;) = 0k;, TO
i=1 LTk — Ty
itk
n—1 N n n—1 R n n—1 N
0 = )\(lk) = <Z OéZT’“ lk> = Z o, Z(x])lk(x]) = Z Olel(x])ék] =
i=0 n o j=1i=0 j=1i=0
n—1 N
= «o;T;(x) nnaseex k=1,2,...,n
i=0

n—1 ~
CaenoBarenbro, maorodies P, 1(x) = Y «;T;(x) cremenn He Bbime n — 1 nmeer
=0

n—1 ~

n wmymreit u moromy P, ;(x) = 0, re. Y a;T;(x) = 0 mua secex z. B cury no-
i=0

Ka3aHHOIl BhINIe JIMHEiiHOit He3aBucumocTn Muorodsaeno Ty, 11, ..., T, 1 moaydaem
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a = 0. [Monyuennoe mporuBopedne ¢ mpeanooxenneM « # () 10Ka3bIBaeT BTOPOE
YTBEPKIECHUE JIEMMBI.

Teopema 1. (6es doxasamenvcmea). Obycaosaennocms 6a3uca us MHO20UACHOE
Yebviwesa TU,TI, ... Tn 1 HE NPEBHLIUUGEM V2n.

N3 jtemmbr 1 u Teopembl 1.1 BbITeKaeT, 9TO €C/IM MaTPUILA,

A:(ai]‘), aij:<j:’i7j—\vj>n7 i,j:(),l,...n—l (5)

obparuma, TO 3a1a4a JUHEHHON HHTepnoIsnun mo Maorowenam Yedoimesa (3) Kop-
PeKTHA U ee pernenne umeeT Buj (2), riae KoabGUITEHTH PA3TOKEHU s

a=A"! <(<T“ f>n)i0,1,...,n1> ) (6)

[Togbepem TOUKM Ty, ..., T, TaK, YTOOLI Marpuia A OBLIA JIETKO OOPATHMA.

Jlemmva 2. ITycmo

a+b b—a 2m — 1
Tm = Ym = — + 5 cosw( 5 ), m=12....n (7)

HYAU MHo20unena Hebviwesa T, cmenenwu n. Toada

<fl,f7>n =0 npu i 7, <f7’f3>n = g npu j # 0, <fo,fo>n =n.

. 2z — (b
Hoxa3zareasctBo. Tak kak Tj(x) = cos (j arccos w> IJIs BCEX T €
—a
[a, b], TO
W) = i(2m) T (Tm) cos cos | j————— | .
Mn 1 2 J 2n

1
Bocnosbsyemcst opmy.toit cos v cos f = §(cos(oz — B) + cos(a+ 3)):

(1.T), :%icos@_])W)%icos((w)T):
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e
F(k)—li: k(2m—1)7r B
B R = m )
1 &1 k(2m — 1w kE@2m —1)7 |\ _
—2;12<exp{z . }—l—exp{ 7 o =
1 g ik(2m — 1)m ik(2(=(m—1)) =1)m |\ _
L e e e e A
1 " ik(2m — 1)m
4 e (1) 2n
1 vkm - ikm
o) 2 ({5 -
m=—(n—1)
L. ik \ ([ ikn _”ig o, [T "
4 P 2n P n i P n
[TockoBKY
2n an —1 7£ 1
m npu
S gn={ G e
m=1 2n npu g =1
To ipu k # 0

1 ) 2 -1
F(k) = —exp kT exp {—ikm} exp ik | expd _Zkﬂ} =0,
2n n {Zkﬂ' }
exps —» —1
n

k
Tak Kak exp {2ikm} =1 nya Beex k. Ilpu k=0 q—exp{l W} =1lmn
n

1 n
FO)=--1-1-2n=—.
0) =7 n=g
Nrak,
0 mpm k#0
F(k)=1<¢ n
3 npu k =

<f »n_o+0_o npn i # j

npu ¢ # 0

PR
=~
o

~——

3
_|_

=]
I
:M|3
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JlemMa mokasamna.

13 siemmbl 2 moJiydaeM, 9TO MpH BBIOOPE TOYEK I, ...,T, Kak B (7) marpuna A
B () ecTh

A = diag

o )

n
n,—,...,
2 2

1 CKoMoe pasiioxkenue (2), (6) nmeer Bus

§13.2. Anaropur™M HOCTPOEHHUS PA3I0KEHUA

Banuuiem Boipazkenus (10) mis a; B Buge TabIuIb!

oo = (D)) + @)+ o+ To@) (o) )
o == (Befle) AT @)+ o+ R ) )
Qs Z%(A2($1)f(271) + Do(wo)f(w2)  + oo+ Dolwa)flan) ) (11)
1= = (Tasla) (@) +Tas(@)f @) + o + o) ()

3 pekkypentubix dopmya (11.1), (11.2) mas muorowienoB Yebwimesa T, Ha
orpeske [—1, 1] 3amenoii mepemenubix (11.4) mosyvatorcs peKKypeHTHBIE (hOPMYJIbI

. 22 — (b
nust muoroasienos Yeboimesa T, (z) =T, (%) Ha OTpe3Ke [a, b]:
-~ ~ 20 — (b+a
L) =1, T =209
b—a (12)
20 — (b+a) 4

Tpia(z) =2 To(x) — Tp_1(x) mnpu n > 0.

b —

[Tosb3ysick sTumu dopmyraMu, OyaeM BBHIYUCIATH B cymmax (11) croabupl ciaeBa
HAITPaBO, & KayK/blil CTOJIOEI, — CBEPXY BHU3.

Obo3zna4dnm
ES 27 —1
gij =Ti(x;) f(z;), 2 :2COSM, i=0,...,n—1,7=1,...,n.
n
[To dopmyaam (12) ns Beex j = 1,2,...,n BBIYUCIAOTCH
1 1
Gi,j = 2j9i-1,57 — Gi—2,5, 1=2,...,n—1.
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D1 GOPMYJIBI MO3BOJIAIOT BBIYUCIATEL 3jieMeHThl Tabsmipl (11) mo cronbuam (cire-
Ba HAIPABO), IIPU TOM KaxKJblii cTOIGEI 3amosHAercsa cBepxy BHH3. Kak ToabKO
ouepenHon cTosIben TabIHIbl BBIYUCIEH, OH NPUGAB/IAETCS K CyMMe MPeIblLy X
CTOJIOIOB:

Oéiizai—ngj, i:O,...,n—l. (14)
[Tocsie Buruncaenuit mo dgopmynam (13), (14) mast Beex j = 1,2,...,n BBIYUCIIS-
0TCs KOADMUIUEHTHI «;
1 )
oy = —ap, ;= —aq;1=1,2,...,n—1. (15)
n n

[Tocsie Toro, kak KoM MUIMEHTHI (; BBIYUC/IEHBI, 3HAYEHNE TPUOJINKAIIIEro
n—1 ~
muorowrena B Touke Pf(x) = Y o;T;(r) Berdamcssiercs ¢ ucnosb3oBammeM (Hhop-
i=0

myat (12)

>
)

2)=1, Ti(x)=2/2, Pf(z)=aoTy(z)+ aTi(z)

Pf(z):= Pf(zx) + a;Ti(x) (16)

i=2...,n—1.

o
—

>
)
)

=
8
~—
I
N
7
—
—~
8
~—
|
o
s
—~
8
~

2 _
e 2 =9 22— (b+a)
b—a

§ 13.3. Omenka KoandecTBa apudMeTUIECKAX Omepanuii

s Becex 7 =1,2,...,n HaM TpedOyeTCs MPOU3BECTU BBIYHCICHUA

1) ITo dopmymam (13). Ha ato tpebyerca n+O(1) My IbTHITHKATHBHBIX U CTOJTb-
KO K€ aJUTUTUBHBIX OMepaIuii.

2) ITo dopmynam (14). Ha s1o Tpebyercsa n + O(1) aqauTuBHBIX OMEpPAIlHii.

Obmee KomvecTBO omeparmii 1yis Boraucaenuii o gopmytam (13) u (14) s Beex
7=1,2,...,n: n?*+0(n) MyTbTUIIMKATUBHLIX 1 21°+O(n) aJIUTHBHBIX OMePAIHii.

Hos Beraucaenus kosdduimentos a; 1o dpopmystam (15) rpebyercs eme n+O(1)
MYJIbTHILTUKATUBHBIX OIEPAIHIi.

CirenoBaTeIbHO, CyMMAapHOE KOTMYECTBO ONepAInii, HEOOXOMUMBIX JIIf BHIUNCIIE-
Hus Koadduuuentos «;, pasuo n? + O(n) myabrunaukarusaeiv u 2n® + O(n) aji-
JUTUBHBIM OIEPATINAM.

Ha Bprumcienne suadeHns npuO/ImzKaiomero MHorodwiena Pf B Touke mo ¢op-
mysam (16) tpebyercsa 2n + O(1) MyJbTUIIUKATHBHBIX U CTOJBKO 7K€ aTNTHBHBIX
oneparuii.
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§ 13.4. CsB#aA3b pasjiokKeHUsd MO MHOTrOWIeHaM UeObinieBa u
MHTEPIOJAAINN

[Ipu moctpoenun muorodsena P f He TpeboBaI0Ch, 9TOOBI OH COBIAIA C (DyHK-
upeit f B Kakux-ObI TO HI OBLIO TOYKaX (TpebOBAJIOCH JIHIIb BHITOJIHEHIE JTMHEHHBIX
yeaoBuit narepnossanun (4)). Onrako, oKasbBaeTCs, YTO HOCTPOEHHbIH BBIIIe MPH-
OmmKaomuit Maorowien Pf MOXKHO paccMaTpuBaTh KaK HHTEPHOIANNOHHBI MHO-
rOYJIEH.

JIemma 3. ITocmpoennwiii eviwe muozowaen (10) no moukam (7) asasemes un-
MEPNOAAYUOHHDIM MHOZ0UAEHOM C Y3AAMU 6 IMUT MOYKAT, M.€.

(Pf)(xm) = f(xm), m=1,2,....n (17)

U, CACdOBAMENDHO, COBNAAGEM C UHMEPNOAAUUOHHDIM MHO20OYACHOM Jlazparoca, no-
CMPOEHHBIM NO HYAIM MHo20usena Hebviwesa T, .

Hoka3zarenbcTBo. Boraucium muorowren (10) B Toukax x,,, m=1,2,....n

=Y e D) () T ) =
]’:0< 79 ]>n =1
n n—1 1 . ~

= Z f(xi) Z: Tj(xm)

Takom obpasom, i gokaszarenberBa (17) (a 3HAYMT, U JIEMMBI) HAM JIOCTATOTHO
I0KA3aTh, ITO

(xz)f (Tm) = Gim

L,

7 f>
T.€.
1 n—1 2 . R
— ZTAx\T: —
" + Lo (@) Tj(2m) = dim
7j=1
AJIn
n—1 N N n 1
> Ti(@)Ti(wm) = 5 0im + - (18)
iz0 2 2
Nnmeem
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1
Bocnosbsyemcsa dpopmyoit cos o cos f = §(Cos(oz — ) + cos(a+ f3)):

B} S oo () e ()

=S(i— )+S(z+m—1)

rIe
1" ! k 1l 7k —ijk
Zcos (j ﬂ) = —Z <exp{” 7T}—l—exp{ Y W}) =
4].:0 n n
1 7k
=1 1+ 72 exp{wnﬂ}> -
j=—(n-1)
1 “ 7k
= |1—exp{ikn}+ > exp{” ﬂ}) —
4 . n
j==(n-1)
1 ikm(n — 1)) 22! ikm )\’
=—|1-(-1)* S A -
1 (—1) +exp{ " }]2:;) exp ¢ —
[TockosbKy
2n—1 " —1 1
Yp=] g1 q#
j=0 2n npu g =1
To ipu k # 0

S09=3 1-—(—1Vﬂ+exp{—fk”(”“1)}exp{2wM&-—1

INEO EL

n

n

k
Tak Kak exp {2mik} =1 s Beex k. llpu k=0 ¢ = exp {m } =1lmn
n

smwzia—1+mn=—

Urak,
(1 - (—1)’“) npu k #0
npu k=0

[Toncrassas sro 3uavenne B (19), moayvaem mpu i # m

n—1

> Ty Tyam) = S(i = m) + (i +m —1) = -yt
_i_i (1 _ (_l)i-i-m—l) —
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(MOCKOJIBKY "mesta @ — m u i +m — 1 uMeror pasuywo derHocts). [Ipu i = m

—_

Z:T xlf xm):S(i—m)+S(i—|—m—1):g+_(1_(_1)2i—1):g+

N
DN =

Tem cambim dopmya (18) u (Bmecre ¢ Heil Jemma) goKa3aHa.

Bce pacemorpennbie Boine anmmpokcumatuu P f dbyaknun f mmenn BUa: Ha OTpes-
ke [a,b] dyukuusa f npubnumxkaercsa muorowiesoMm Pf = L, crenenu m. CpaBHUM
HTOT COCO0 CO CIIEMYIOMNM: PA3IenM OTep30K [a, b Ha k wacreii n Ha KaxXaoii n3
HUX Npuban3uM MHOrOUwIeHOM L, cremennm n. Takas annpokcumalius Ha3bIBAETCs
KYyCOYHO-MHOT'OYJICHHOIA.

§14. TTPEMMYIIIECTBA
KYCOYHO-MHOTOYJIEHHOM ATIIIPOKCUMAIIN

OmLEeHKH MOTPeITHOCTH BCEX PACCMOTPEHHBIX paHee MEeTOIOB HMEIOT BII
|f — Pfllc < const(n) diste(f, Pu_1),

(rne Pf — amnpokcumanms MHOTOYJIEHOM cremeHn n — 1, P, | — OPOCTPAHCTBO
muorouienoB cremern n — 1). ITo reopeme Ixkekcona (cm. Teopemy 12.3) npu n >

r+1 r
|f = Pfllc < const(r) (Z:i) w (f(r); 2(1);@) |

n—1-=r)

CiremoBareIbHO, OIEHKA IMOPEIIHOCTH

IIf = Pf|lc < const(n) const(r) <b — a>rw (f(r); 2(();@> |

n—1 n—1-—r)

YBesimdeHne TOYHOCTH NMpH (DUKCHUPOBAHHON BeJIMYIHE MOMYJIA HENPEPLIBHOCTH
byukmun ) MoxkeT GBITH TOCTHIHYTO JIMGO yBeJIMYeHHeM 1, Jnb0 yMeHbITeHT-
eM b — a; pasbuenne orpeska [a,b] Ha k dwacreii maer tor ke addekr, 4TO U HUC-
NOJTb30BaHIE MHOTOWIEHOB cremenn kn. [IpemvymecrBa pasduenus oTpeska Tepern
yBeJIMIeHNeM CTeTleHH MHOTOYIeHA:

1) Tpebyercst pemars (B obuIeit cxeMe 3a1a4u JuHeiHON nHTEpHOAsINN) k cucrem
pasMepa 1 BMecTO OfHOil pasmepa kn .

2) C pocToM CTerneHn MHOTOWIEHA 7 PACTET O0YCJIOBJIEHHOCTH OAa3nca, a Mpu pas-
OMeHNn OTpe3Ka OHa He MEHsHeTC:H, TaK KaK PasMepHOCTh Gasuca n (CTeneHb
MHOTOYJIEHA Ha KaXKIOM M3 OTPE3KOB Pa30HeHNns) He N3MEHAETCS ¢ POCTOM KO-
JIMYECTBA, OTPE3KOB pas3bueHus k.
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§15. KYCOYHO-JIMHEMHA S MHTEPIIOJIAIIN A

[Tycth Ha orTpeske [a,b] 3amanbl TOUKN 0 = 11 < Ty < ... < T, = b U 3HAYEHUT
f(z1), f(xa),..., f(x,) Hexoropoit dyukmun f € C([a,b]). Tpebyercs moctpontsb
npubmmkenne yaknun [ KycodHo-jauHeiiHol dyukmueir Ipf, coBmamaromeii ¢ f
B TOUKax x;, ¢+ = 1,2,...,n. [Ipyrumn cmoBamu, Tpedbyercsa mMocTpouTh (PYHKIHTIO
LI,f makyto, uro nys Beex ¢ = 1,2,...,n — 1 Ha orpeske [r;, x;11] byukmusa Irf
ABAETCA JTUHEiHONW (DYHKIMeH, 3HAYeHNA KOTOPO B TOUKAX X; W T;jy1 COBIAIAIOT
co snavennsvu f(x;) n f(x;41) dbyskunn f B 9THX TOYKAX.

[To wunaTepnossimmonnoit dopmysie Hpoorona mis Bcex x € [24,Ti11], @ =
1,2,...,n—1

f(@ig1) — flm3)

Tip1 — T4

Lf(x) = f(:) + (& = 23) f (w5 001) = f(2:) + (v = 23) (1)

Jlemma 1. Ecau f € C?([a,b]), mo cnpasedausa caedyrowas ouenra nozpeusro-
CMU KYCOUHO-AUHETHOT UHTNEPNOAAYUY

1
If = Laflleas) < 3 P21 " e o

2de
h=max (T, — ;).
i=1,2, 1

HoxkaszareascTBo. [lo Teopeme 7.2 mosrydaem

1
I = Pl < oy e (@ =2 =)l e O
Oynkmua g(xr) = (v — z;)(v — z41) = 2% — (7, + 1) + 2w < 0 1aa Beex
T € [x;,T;y1] M WMeeT HyJIb MPOM3BOMHON (T; + Z;41)/2, NpUHALIEKAINHE OTPE3KY
[, @it1]. Hockombky g(z;) = g(2i+1) =0, 10

Ti+ Tiy1 Tiv1 — Ti Tj — Tit1 1
fﬂeglii}i(ﬂ] |g(a:)| - ‘g ( 2 : )‘ == 2 92 == 4 (xi-i-l - xi)Q-
[Moncrasisis 510 B (2), norydaem
1
If = Pl < 5@ =20 £ llegosan-
CrremoBaTenpHO,
1
1f = Bflloges = _max  If = Pfllogay < 57 17 ogos)-

JlemMa mokasaHa.

Omnpenesienne. Obo3uaunm depes Sy JuHEITHOE TPOCTPAHCTBO HEMPEPHIBHBIX JI0-
MaHbIX JUHUI HAa OTpesKe [T1,x,] = [a,b] ¢ m3nomamn xo < 3 < ... < Ty 1.
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JIemma 2. Ecau f € C([a,b]), mo cnpasedausa caedyrowasn oyerka nozpeusro-
CMAL KYCOUHO-AURETHOT UHMEPNOAAYUL

diste(f, S2) < ||f = Laf|le(ag) < 2diste(f, Sa).

,ZI;OKaE}aTeJIBCTBO. B CNJIy €eAMHCTBEHHOCTU MHTEPIIOJIAIMOHHOTO MHOTOYJICHA Ha
KazKJIOM W3 OTPe3KOB [T, Tit1], i = 1,2,...,n — 1 noxyvaem mis Beakoit f € Sy

Lf=f (3)

OueBuHO, ITO
If = Lfllogesy = inf [If = glleqan = diste(f, S2)-
B cuny smueiinoctu I f Ha [, 2441]

H2flleqae =, max [(Ilof)(z:)| = max [f(z:)] < [|fllca)

n 1=1,2,...,n

r.e. s Besakoit f € C([a, b))

12 f e < I1flleap)- (4)

VmeeMm 11t BCAKOI g € S

||f - 12f||0([a,b]) = ||(f - 9) + (9 - [2f)||0([a7b])'

Ucnonbsys (3) n auneitnocrs Iy, npomosizkaem

If = Lflleqasy = I(f = 9) — L(f — Dlleqaey < 1 = Dlleqas) + 112(f = Dlleas)-

C nomormpio (4) HAXOTUM

1f = Lflleqan < N = Dlleqan + I1(f = 9 lleqae = 200F = 9)llegab)

11 Beskoit g € Sy . CitemoBaTesibHO,
N f = L fllegay) < giéli (f = 9)llcap = 2diste(f, S2).

JlemMa mokasana.

§16. KYCOYHO-JIMHEMHAS ATIIIPOKCUMAIII
METOJI0M HAVMMEHBIIINX KBA/IPATOB

B npenpiaymem pasnesre Mbl HOCTPOUIN KYCOYHO-JIMHEHHYI0 DYHKINIO, COBIAIa-
oy ¢ pyaknueit f B 3amaHHbIX Toukax. OIHAKO, ec/IU ee 3HAYeHUA W3BECTHBI C
HEKOTOPOIi MOTrPEIHOCTBI0, TO ATO MOXKeT [1aTh MPUOIMKeHne ILT0XO0ro KadecTBa. B
OIIMCBHIBAEMOM HIKE aJITOPUTMe OJTM30CTh (DYHKINN U ee TPUOIUKEHNA U3MePAeTC
B MHTErpajbHON HOPME, U, CJIeI0BATe/ILHO, NpuOanKaomas GYHKIUA OyIeT MeHee
YyBCTBUTEJILHONW K BHIOpOCAM B 3HAYEHUAX MPUOIMKAEMON (DYHKIIUN.
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§16.1. IlocramoBka 3ama4u JUHEHHON MHTEPIIOJIAIANA

[Iycts Tpebyercsa moCTpOUTh mpudOIM:KeHne GYHKIUT [ KyCcOUHO-THHEHO
dbyuknneit Ly f € Sy takoe, 910

If = Laf|£a(ay)) — min

T.€.
1f = Lafllzo(ab)) = gigSfQ 1f = gl (a)) (1)
e
b
1/2
9l zatosy = (0 9) 0y (00 1aiaa = [ ul@)o(a) da.
a
Benem 6asuc npocrpancTBa S

HjESQ, Hj(xi):&j, i:1,2,...,n,j:1,2,...,n. (2)

Beakasa g € Sy packyangbiBaeTcsa Mo 3TOMY 0A3UCy CJIEAYIOMUM 00pPa3zoM

n

g(x) = g(z;)H;(). (3)

J=1

HetictBurenbuo, B cuiy (2) mmeem misa g(z) = % g(z))Hi(x): g(x;) = g(zy),
j=1

i = 1,2,...,n. CaenoBarenbto, §(xr) = I[pg — KYCOUHO-JUHEHAS UHTEPIOTUPY-
fomas dyukuus. [lo nokazannomy B jemme 15.2 mis g € S, Bbimosseno (15.3).
CrenosarebHo, g = g.

Takum ob6pazom, 3amada (1) MoxkeT ObITH CHOPMYIUPOBAHA B CJICAYIONIEM BH/IE:
HafiTn (@vj);=12,. , TaKHe, 9TO (DYHKIHA

(hM@Zi%%@) ()

YAOBJIETBOPAET COOTHOIIEHUIO

= inf ||f - g“LQ([a,bD' (5)

j=1 Loat) 5

Hf —>_a;H;

I13BecTHO, 9TO B €BKJINIOBOM IPOCTPAHCTBe (B HameMm ciayiae — Lo([a,b])) mn-
aumyM (D) peasmsyercs wa dynkunu (4), aBiaAouieiics npoekmueii dynkunu f Ha
noanpocTpancTBo Sy . CremoBarenbHo, 37aeMeHT f — Lo f opToroHasieH MoanpoCTpaH-
crBy Sy. [Tockosbky {H;}! , coctaBisior 6as3uc Sy, TO yCIOBHE OPTOTOHAJILHOCTH
S HKBHBAJIEHTHO YCJIOBUIO OPTOTOHAJIBHOCTH BceM H;, 1 =1,...,m:

(f — Lof, Hi)LQ([a,b]) =0, muascex t=1,...,n,
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T.€.
(L2f7 Hi)L2([a,bD = (fa Hi)L2([a,b]) ) 1= ]-7 ceey N (6)
Yenosus (6) mpeacTaBIAT cobOil JTMHEHbIE YCIOBUA WHTEPIOIAINE, KOTOPHIM

JOJIKHA YIOBIETBOPATH IpubmzKaomas Gyaxmus (4).
3 (6) u (4) Haxommm:

n

Z (Hj7 Hi)LQ([a,b}) Q; = (f: Hi)Lg([a,b]) , = 1, o, n

=1

1
Z/H x)dx - ay—/f de, i=1,...,n. (7)

Tot ke pesyabrar (7) MOKET OBITH MOJTYIEH U3 YCJIOBUS

2
n n

= (f—ZajHj,f—ZajHj> — min
Jj=1 Jj=1

La([a,b])

= Hf — > o;H
j=1

La([a,b])

nyreMm nuddepeniupopanus Gynkunn F(a):

oF 0 - “
Da; (% (f_zajHj) ’f_zajHj) +
La([a,b])

oF
1 TPUPABHUBAHUA K HYJIIO MPOU3BOTHOMN B TOYKE MUHUMYMA!
Q;
oF
=0, =1 n
a b b )
Q;

§ 16.2. BpruncieHue MaTpuIbl CHCTEMbI 32/1a49U JTUHEHHON
MHTEPIIOJIAINA

Borancimm marpuiy cucremsbr (7). Tak kak
supp H; = [x; 1, z;41] mpum i =2,3,...,n—1,
supp Hy = [21,22],  supp Hy, = [¥5-1, Tn),

TO

(Hj, Hi) pyqapy =0 mpm |i—j[ > 1.
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[Toaromy B i-oM ypaBHeHun cucteMbl (7) OTMIHBI OT Hy s He Gosee 3-x Koabbum-
€HTOB:

(H2717H7')L2([a,b]) HpI/I O{lfll/l i — 2,3, I ,TL,
(H;, Hi)Lz([a,b]) opu o; mi=1,2,...,n,
(HZ+17H7')L2([G,,()]) HpI/I O{l+II/I i — 1,2,...,77/_ 1.

1. Boranconm gmsg ¢+ =1,2,...,n —1
Tit1
(His Hit1) 1,y 0 = / Hi(z)Hit1(z) dz = / Hi(z)H;11(z) da.
supp H;Nsupp H;t1 T;

Tak kak H;, H;y1 € Sy — kycouno jmneiinsie u H;(x;) =1, Hi(z;11) =0, Hipq(x;) =
07 Hi+1(xi+l) = 17 TO

T — Tit1

Hi(x) =_———mpn = € [z;,Tit]
Ti = Tit1
T —
Hip(z) = ﬁ npu T € [T, T;11]
+1 7 g
CremoBaresibHO,
1 Tit1
Hi, Hi ab) = (. 2 T —x;)(Tit1 — x)dr =
( +1)L2([ b)) (Tig1 — ;)2 J ( ) (Tis1 )
1 Ti41
- (Tip1 — ;)2 (z — i) ((Tig1 — @) + 2 —x)dx =
I e
2
= — Tig1 — i) —x;) — (v — ;)7 ) dv =
(Tig1 — x;)? Z (( i1 = i) i) = ( i) )
1 1 1 1
- m <§(Ii+1 - @)’ - §(xi+1 - Iz)?)) = é(xi-i-l — ;)
1 1

2. 3amenoit mHmekcoB | =1 — 1, i + 1 := ¢ B upenpiaymeii ¢popmysie morydaem
ang 1 =2,3,...,n

1
(Himt, Hi) gy o) = (@i = Ti-1)

3. Borauciaum g ¢ =2,3,...,n—1
Tit1 T; Tit1
(Hi H) oy = [ HR@)do = [ HE@)do+ [ HEw)do

K.FO.Boraues Meronpr npubsin>kenns (pyHKINE OmXHON IepeMeHHOT



§16. METO/I HAUMEHBIINX KBA/IPATOB 49

Nnmeem
Ti—1 ZTq 1
T —T
[ = [ (252 o= - o)
Z; Ti—1
T Ti—1
Ti41 Ti41 1 1
T — Tij1
fodxz/( Z+>dx— —(—(z;—=x =
:1[ @ a0 \Ti T Tyl (x $z+1)23( ( 1) )
(27i+1 - HCZ)
CiremoBarebHO,

1 1 1
(His H) 1 o,y = g(l"i —Ti1) + g(l“iﬂ — ;) = g(fvz'ﬂ —zi4)

4. Bpraucgum

2

_ 2 1
(1 H) ) /HZ o= [(222) do= (o - o)

X1 — T2
1

5. Berancamnm

In

2
2, 1
(Hn,H La(adl) / H2 d.ﬁU — / (u) dr = g(xn — xnfl)

Tp — Tp—1

Tn—1

Urak, cucrema (7) nmeer BUL:

1 1
g(xQ —T1)ay + 6(1’2 —I1)ag = /Hl(a:)f(x) dx
&1
1 1 1 s
6(‘%‘1 — xi_l)ai_l + g(l‘i_H — xi—l)ai + 6(1'i+1 — IL'Z')CYH_l = / Hl(l')f(l') dl‘

1=2,3,...,n—1
1 1
g(xn_xnfl)anfl_kg( — Tp— 1 - /H

Ecmu monoxuth xy = ¥y, Tpi1 = Tp, TO 3Ty CUCTEMY MOXKHO 3alUCaTh B OoJree
KOMIIAKTHOM BH/IE

1 1 1 s _
é(xz‘_xz‘fl)aifl‘i‘_(xﬂrl_xifl)ai"i‘g(xzﬂrl_xi)aiJrl = / Hl(:v)f(x) de, 1=1,...,n

3
(8)

Ti—1

(qp 1 @y y1 BXOHAT CIOA ¢ HyJIeBbIMU KoabdumenTamn).
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Onpepenenne. Marpuna A = (a;;) € M,, HasbIBaeTca mMarpuueit ¢ duaeonans-
HoLM NPeodaadaHueM, eCITH

n

|agi| > Z laij|, i=1,2,...,n.
j=1
J#

Marpuia cucremsl (8) ABJIAETCA TPEXINATOHAJBHON C IHATOHAJBHBIM MPEObIa-
JAHUEM. CI/ICTeMbI C TaKNUMHU MaTpuUulaMM MOXKHO pellaTb O6bI‘{HbIM MEeTOJ0M Faycca
0e3 BbIOOPA IJIABHOI'O 3JIEMEHTA.

§ 16.3. CsoiicTBa mpubanxkaromieii QyHKIun

JIemma 1. Ecau f € C(la,b]), mo das npubausncarowets dynrkyuu Lof cnpased-
AUBA ANPUOPHASL OUEHKD

L2 flleqap) < 3l flleqas)-

HoxazareasctBo. Tak kak Hj(x;) = 0;;, T0 mia KycodHO-auHeiiHONH byHK-
nn (4)
ILofloun = max |(Laf)(w)| = mas 3 0yH,(r)| = mas o).
=1, S et =1,
Obo3HaTIM
o] = max o] = || Laflloas): (9)
. 6
YMHOXKIM j-0€e ypaBHEHHe CHCTeMbl (8) Ha ——————— | [HOJIy4nM
Tjt1 —Tj1
6 Tj+1
Yic10—1 + 20 + Y = —————— / H;(z)f(x)dz, (10)
Lj+1 — %‘—lxj_l
e
Ty — Tj—1 Tjy1 — Ty
- :77 - :77 S —|— 5 :]_ ].].
V-1 e — T Vj+1 T — T Yj-1+ Vi1 (11)
13 (10) nmeem
6 Tj+1
2|Oéj| < — / H](x)f(x) dx| + |’Yj7104j71 +’Yj+1@j+1 . (12)
AL R PR
PaccmoTrpum
[Vi101 + 0] < vioalegoa] + il
B cuy (9)

[Vi-10-1 + Vil < viilogl + vialag] = (Vi1 + 754y
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B cuy (11)
[viciog1 + vl < agl.

[Moncrasisis sro B (12), HaxomuM

Tj+1
6

oy < ————| [ H;(@)f (@) da| + o]
Tj+1 — Tj—1

Orcroma mosydaem
6 Tj+1
oy < ———— [ Hy @) dr o, o (13)

Tiy1 — Tj—1
It J T 1

[TockoBKY

Tj+1 Tj4+1

/Hj(x)dx: / R +/ LTI gy =
Tj— Tj—1 g xy—xﬁrl

:vj_l .’t] 1

1 1 1

= 5(%‘ —xj1) + §($j+1 — ;) = §($j+1 — 1),

to u3 (9) n (13) moaygaem
IL2f lleqas) = losl < 3 Flewe;-amn < 31 lloqas-

JlemMa mokasana.

JIemma 2. Ecau f € C([a,b]), mo cnpasedausa caedyrowasn oyerka noepeuso-
CIMU KYCOUYHO-AUHETHOT aNNPOKCUMAYUYL MEMOJOM HAUMEHDULUT KEaIPamos

disto(f, S2) < ||f = Laf|lcqae < 4diste(f, Sa).

Hoka3zareabcTBO. Tak Kak TpOoeKNHuA 3JIeMeHTa W3 MOAIPOCTPAHCTBA Ha 3TO
MOAMPOCTPAHCTBO PaBHA 3TOMY BJIEMEHTY, TO

Lof = f nnsiBcex  f € 5,. (14)

OueBuHO, 9TO
1f = Laflleas = gigbfz |f = glleqae = diste(f, S2).
NmeeMm niist Beskoit g € Sy

If = Lafllcqaey = I(f —9) + (9 — Laf)llcap-

Ucnonbsys (14) n nuneiinocrs Ly, mpogoskaem

If = Laflleqaey = I(f = 9) = La(f — Dlleqasy < I = Dlleqas + 11 L2(f = 9) |l eap)-
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C nomMombo JileMMBl 1 HAXOOAM

1f = Loflleqan < I = 9Dl + 31 = Dlleqan = 41 = Dlleqan)

11 BesAkoit g € Sy . CitemoBaTesibHO,
1f = Lz flleqany < inf 4lI(f = 9)lloen) = 4diste(f, S2).
Jlemma mokasana.

Jdemma 3. Ecau f € C®([a,b]), mo cnpasedausa caedyrowan ouenka nozpeu-
HOCTNU, KYCOUHO-NUHETHOT, ANNPOKCUMAUUY MEMOJOM HAUMEHLWUT K6adPamos

17 = Loflegum < 5 21" e,
ede
h= i:lgl,?.),%fl(xiﬂ i)
HoxkaszareascTBo. B cuty jiemmbr 15.2

dista(f, S2) < |f = Lf|leas)-

ITo memme 15.1

. 1
diste(f, 92) < If = Bflleqen < 3 P21 "l (ae) -

B cuny nemmbr 2

. 1
1f = Laflloqam < 4diste(f, S2) < 5 P2 "l o)
Jlemma mokasana.

§ 16.4. BbruucieHue mMpaBoO¥ YaCTH CHUCTEMbBI 3aJIaYu JIUHEHHOMN
MHTEPIIOJIAINHT

st BeIaucseHns mpaBoit gactu cucrembl (8) Tpebyercsi yMeTh BHIYUCIATH HHTE-

I'paJibl BUIa
Ti+1

/ Hi(x)f(z)dx, i=1,2,...,n.

OOBIYHO ONMMCAHHBIN BHINIE AJTOPUTM MPUMEHSIOT B CJICAYIONEll CUTyalnn: 3a/1aHbl

TOYKN @ = Y1 < Yo < ... < Yy = b 1 U3BeCTHHI 3HAUEHNA DYHKIUU [ B ITUX TOUKAX:
f), fy2), ..., f(yn), 3mecb N > n. Torma mosiaraior, HAIpUMep,
Tit1 Ti41
[ H@f@dr~ [ H@)(Bf)@)de i=12,...n, (15)
Ti—1 Ti—1
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rae I f — KycodHo-JimHelHA s NHTEPIOINPYOMAas (DYHKINS, ITOCTPOEHHA IO TOUYKAM
Y1, Y2, - - -, Yn - VIHTErpATIBL B IIPABOIt YaCTH MPUOINKEHHOTO PaBeHCTBA (15) BBIYHCIIs-
I0TCA AHAJIUTUYECKH, TMOCKOJIBKY MOAMHTerpabHasd (DYHKIUA TPEeIcTaBisgeT coDoi
MHOT'OYJI€EH HE BbIIIIE BTOpOﬁ CTeIlleHNn.

[TorpemHocTh, BHOCHMas MPH 3aMeHHe JieBoii qactu (15) Ha mpaByio, MOXKeT ObIThH
OIIeHEHA, C IIOMOIIBIO JIeMMBI 15.1:

Ti41 Ti41
1
[ H@f@ e~ [ H@)0)@) de) < <01 e
i—1 Ti—1
raoe
Tit1 1
Oz' = / Hl(ib') dr = §(£UZ'+1 — xi,l) S h
u ;
h= i:lgl,?.),%fl(xiﬂ i)
[Tosromy
Tit1 Ti41 1
| Hi@)f@)de~ [ Hi@)()@) dz) < B e

i—1 Ti—1

n, T.e. o

[Tokaxem, uro ycaosue N > n Baxkno. [Ipegnosoxum, yro N =
, f(xz,) B TOUKax

dbyukmun [ HaM U3BeCTHBI JiMib ee s3Havenus f(xq), f(z2), ..
T1,T2y...,Tp.
1. Boranconm g ¢+ =1,2,...,n —1

Tit+1

/ Hi(z) f(x) dz. (16)

[Tpubausum GyHKINIO f HA OTPe3Ke [T;, T;y1] JuHEHON DYyHKIIEeH — HHTePIIOJIAIT-
OHHBIM MHOro4jleHoM Jlarpanxa Lgl)

n g1t

LY (@) = f(m:) + (@ — @) f (@i 1) = flz3) + (@ — )

MepPBOil CTeNeHn, MOCTPOEHHBIM MO TOYKaM T;

f(@ig1) — f ()
Tit1 — T4 '

[Tpu 5TOM B CHIIy TEOpeMbl 7.2 JJisl BCeX T € [T, T;4 1| CIPABEIIMBO PABEHCTBO

F@) ~ I9(@) = 55 — )@ — i02) '(E(2)

re &(z) € [z, xi41] . CrenoBarenbHo,
Tit1 Ti41
/ H;(x)f(z)dx — / H;(x D da

T

Tit+1

[ 5= w0 = wia) £(E@) de

2!

< <

T

Tit1

1
< 51 ooy [ (@ =2) @i — ) da.

T
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[TockosbKy
Tit1 Tit+1
[ @ = e @i — o) do= [ (@ = @)@~ 21) — (2 = 25)) do =
i i (17)
1 5 1 3 3
= §($i+1 — ) — §($i+1 — )’ = 8($i+1 — ;)"
TO
Tit1 Tit1 1
[ By dr— [ H@L dr| < e 1oy 08)

[Tosromy mMbl MOkeM npubm3nTsb naTerpas (16) crexyomm crrocoboM:

Ti41 Ti41

./)}L(x)f(x)dzrxs./)}ﬂ(x)Lg)Cr)dx (19)
¢ ommubOKoit (18).
Nnmeem
[ Hi@) LY de = T (f () 4 (2= @) (5 3341)) do =
o Ti— Tip1
= lel_ - (f(:cz-) CE/ (i1 — @) do + f(xs; @igq) m/ (x — x;)(wiy1 — ) daj)

C nomomrpio (17) mpomoszkaem:

Ti41

/ Hz‘(l")Lg) dr = ﬁ (f(l“i)%(l"iﬂ —z)° + f(x;;lz :ii(xi) %(le - fvi)3>
= (@it = 2) (34000 + 5 Flaan) = @)

:gﬁﬂ_@xwmn+ﬂwﬂn

Urak, B cuty (19), (18) mosygaem:

Ti+1

[ H@) @) do % i - )@ @) + F i) (20)

T

C omuOKOIi

Ti4+1

/ H;(z)f(x) dw — %(a:iﬂ — i) (2f (zi) + f(zig1))]| <

T

1

12 (xiﬂ - xi)g ||f”||0([$i:$i+ﬂ)'

(21)

K.FO.Boraues Meronpr npubsin>kenns (pyHKINE OmXHON IepeMeHHOT



§16. METO/I HAUMEHBIINX KBA/IPATOB 55

2. AHAJIOrMYHO BBIYUCIUM I = 2,3,...,N
/ Hi(z)f(z)dr ~ 6(% —xi1)(2f(z;) + f(zi21)), (22)
Ti—1

C OommMOKOIi
1

19 (xl - xifl)?) ||f”||c([$i—1:$i})'

/ H(x)f(z) dz — é(xi — 1) (2f (@) + f@iz1))| <
o (23)

Bbrancimm mpaByio 9acTh cucTeMsl (8):

1. ®opmysisr a1 f2 H,(z)f(x)dr moxywaorcs us (20), (21) mpu ¢ = 1.

2. Beramennm mna 1 =2,3,...,n —1
Tit+1 x; Tit1
(His Doy = | Hilo)f@)do = [ Hi@) @) do+ [ Hi(w)f(z) da.
Ti—1 Ti—1 Ti

B cuy (20), (21), (22), (23)

(His ) 1y () & 1(%’ﬂ — 2)(2f (i) + f(wi41)) + é(xz — @i-1) (2f (@) + f(@i-1)),

6
= %(l"z — 1) f(@i1) + %(%H —xi)f(w) + é(%‘ﬂ — ;) f(Tig1)

C OmmMOKOIi

(s £) iy —

_ (%(xz —xi) f(wio1) + %(xm — xiq) f () + %(%’H _ xi)f(xm))‘ <

1
< E(xi-i-l - xi)3||f”||0([$i,$i+1}) + E

1
< E“f”HC([wifl@iﬂD ((xi+1 - xi)?) + (xl - xifl)?))

(:L'i — l‘i_1)3||f”||C([:vi—1,$iD <

3. Dopyysst At | H,(z)f(z) dx nomyqatorcs us (22), (23) npu i =n — 1.

Ec/u 0JIOKUTD Tg = T1, Tpi1 = Ty, TO GOPMYJIBL LIS IPABOIt YacTl cucrems (8)
MOKHO 3alICaTh B 00Jiee KOMIAKTHOM BHJIE:

(His ) ooy = é(xi_xil)f(xi1)+%(xi+1_xil)f(xi)+é(xi+1_xi)f(xiJrl)a (24)

r71e OIINOKa MPUOINZKEHI T

((Hi ) i)

- 1(fci = zi-1)f (@) + 1(~"Uz'+1 —xi)f (@) + l(fvm — @) f(zip1) )| < (25)
1

< 1 ((l'i-i—l - xi)3 + (z; — xi_1)3) ||f”||C([mi,1,mi+1])
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Ecian obosnaanTs

h=max (x;41 — x;),
1=1,2,...,n—1

TO ommOKy (25) MOYKHO 3aIlNCaTh B BUIE

(s £) sy —

- (é(% — zi-1) [ (@) + %(%H —xi-1) f(z:) + é(ﬂﬁm - %)f(%ﬂ))‘ < (26)

1
< P e

I3 Buma cucremsl (8) u ee mpaBoii gactu (24) moaywaem, uro «; = f(z;), Te.
pHUOJIIZKEHIe IO METOIy HAMMEHbBIINX KBAJIPATOB COBIAIAECT C MPHOIMKEHTEM, MO~
CTPOEHHBIM KYCOYHO-/THHeiHOW nnTepnoaanueit: Lof = Iof .

§17. AIIITPOKCUMAIINA MHOI'O4YJIEHAMMN
YEBHBIIMTEBA METOJIOM HANMMEHBIIINX
KBAIPATOB

Bagaua mocToenus npudbauxKatomeit dyukuun Pf € P,_;, Haubosee OJU3KON K
sananHoi byukunu f B HOpMe Lo (T.e. Munnmusupyouieit byukunonat ||f—Pf|1,)
ABJIAETCH CJIOZKHOM € BEIYUCIUTEIbHON TouKM 3pernst. OqHako, 3a1a4a MUTHIMI3AIIT
dbyukunonana || f — Pf||., tue || - ||« — Hopma nmpocrpancrBa Ly ¢ HEKOTOPBIM BECOM,
MOZKeT ObITh PelIeHa TOCTATOYHO JIETKO.

§ 17.1. HMurerpajsbHbIe CBONCTBA MHOTOY/JI€HOB eObImieBa

JIemma 1. Muozouaenv Hebviwesa Ty, Ty,...,T, 1 (em. (13.3)) na ompeske
[a,b] obpasyrom 6asuc npocmpancmea P, 1 MmHO20uAEH068 cmenenu N — 1.

JokaszaresabcTBO. JIumHeiitHaa HesaBUCUMOCTbL MHOTOUIeHOB 1y, 17,. .., T,_1 1O-
Kas3aHa B jieMMe 13.1.
[TokazkeMm, uTo BeaAkuit Muorodnen P, | € P,_; MOXKeT ObITh MPEICTaBJIEeH B BUIE

JImHeiHO# KoMOnHamumn Maorowtenos 1o, 11, ..., T,—1.
Onpenenum o Toukam (13.7) muckpersoe “ckanaproe” npoussenenue (13.1) u mo-
crpoum passoxkenue (13.10) no muorounenam Yebwimesa To, 17, . .., T, njs GyHK-

mnu f = P,_y. B cuny semwmnt 13.3 P,y (z;) = Pf(x;), i = 1,2,...,n. [TockombKy
P, 1 u Pf sABaA0TCs MHOrOYJIEHAMU CTEIEHHW He Bbilie N — 1 W COBMAIAIOT B N
toukax, To P, = Pf. Urak, Bcakuit maorouanen P, | € P,_1 npeiacraBjeH B BH-
Jie JinHeitHo# KoMOMHAIMKM MHOTOYJIEHOB fo,ﬁ, e ,Tn,l (mpuaem kosdbdunIeHTH
Pa3I0KeHNs BBIIHCIEHBl HAME ABHO, cM. (13.10)).

JlemMa mokasaHa.
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JIemma 2. Mnozouaenv Yebwviwesa Ty, T1,...,T, 1 na ompesxe [a,b] ydosae-
MBOPAIOM, COOMHOUEHUAM:

T,.(y)Ti(y
/ i zéija P+ #0, /
\/b— y)(y —a) 2 \/b— y—a)

HokazarenabcTBO. /lokakeM BHadaJje, 4To MHOrowienel 1y, 14, ..., 1,1 Ha OT-
peske [—1,1] yIOBIETBOPAIOT COOTHOMIEHUSM:

75 (x)

z) ™ 2 | 2
TERY) g =T 242 0, de = 7. 1
_/1 V1— a2 2 Y I \/1—x2 - (1)
Nmeem:
) Fo1
der = cos(i arccos x) cos(j arccos x) d.

_/1 V1—a? 1 —a?

Cremnaem 3ech 3ameny © = cosf, 6§ € [0, 7]:

L) P
/1 e dr = sin @ cos(if) cos(j0)(—sin ) df =
cos(i0) cos(j0) df =

cos((i — 5)0

wlb—t

St~

/ ((i+7)0)do =
0

I
D= N O I~

(I(i =) +1(i+ 7)),

rIe i
m z sin(kH)‘ =0, k#0
I(k) = / cos(kB) df = = 710
) / 1dd=m, k=0
CremoBaresibHO,
1 1 2 2
. . —7T(5i‘, v+ 0
/Md:ﬂ:lﬂ-(s.j_'_lﬂ-éi_,: 27" 7
IV | | T, ==

Crenaem 31ech 3ameny nepemenubix (11.4): x = z(y), = : [a,b] — [-1,1], z(y) =
2y — (b+a)
b—a
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Tak kak
1 1
- (b—a) = (2y— (b+a)) =
\/1_ (2y_b£():a))2 b—a\/ Y
:bia\/(b—a—(2y—(b+a)))(b—a+2y—(b+a)):
:bia\/(2b—2y)(2y—2a)=£ (b—y)(y—a)

1

b ~ ~
LA Py g {01 AV
JoVi-a? 2 Vb =y)y—a)
I3 (1) mosryaaem Tpebyemblii pes3yibTar.

Jlemma mokasana.

§17.2. IlocramoBkKa 3ama4vu JUHEHHON MHTEPIIOJIAIANA

Brenem ckasisipHoe mpounsBeieHne

] / ww)
a 'V (b_ y)(y_ a)

lull = [u, u]'/?

HOPMY

U TTPOCTPAHCTBO
Li(la,0]) ={f : Iflls <oo}.
B cuny

b ay
a/\/w—y)(y—a) )

nmeer mecto Brawogenne C([a, b)) C Li([a,b]).
[To meTony HamMenbinux KBajaparoB nius ¢yukmuu f € Li([a,b]) Tpebyercs mo-
crpouth npubsnxkenune Pf € P, | takoe, 9410

If = Pflle= inf |If—gl..

gepn—l

B cuny stemmbr 1 moxkuO uckars Pf B Buje
n—1 R
Pf=3% aT;. (2)
i=0
CuienoBaresibHO, HAJI0 HAlTH {04-}77”’1 TaKue, 4To
? vl ]:0 )

n—1
- Till. = inf ||f — g
|f Z% ]“ 96171}”71 Nf—gll

=0
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B eBksmmosom npocrpancrse Li[a, b] munumywm ||f— P f||,. peanusyercs na dbyHk-

~\n—1
unn P f, aBasiomeiica mpoekmnueii f Ha mOAIPOCTPaHCTBO P, 1 = <T]> . Caemno-
]:

~yn—1

BareibHO, 3jieMeHT f — Pf oproronasnen mognpocrpanctBy P, 1. Tak kak {T]} .
]:

— basuc P, 1, TO ycJIOBHE OPTOTOHAJIBHOCTH P, | HKBUBAJEHTHO OPTOTOHAJILHOCTH

T;,:=0,1,....,n—1:
[f—Pf,ﬁ]:O, i=0,1,....n—1,

T.€.

[Pf,ﬁ]:[f,ﬁ], i=0,1,...,n—1. (3)

Yenosus (3) mpencTaBAT coboit JTMHEHbIE YCIOBUS WHTEPIOIAINE, KOTOPbIM
NOJIKHA YIOBIETBOPATH puO/mzKaomasns Gysxmms (2).
3 (3) u (2) maxomnum:

{

7
L

>

A~

T oy =[£T)], i=01,...,n-1. (4)

<.
Il
o
<.

B cuny nemmbr 2
1, T;] =6, [T1.T;] i.5=0,1,...,n—1,

nosToMy u3 (4) mosrydaem

o =———== 1=0,1,...,n—-1
© 1T S
T.C. 1 9
ao=—[fT|, w=-[fT], i=12..n-1, (5)

§ 17.3. Broruuciaenue K03 PUIMEHTOB PA3JIOXKEHU A

s Beraucsiennst KoagbduiumenToB pasnoxenus (5) TpebyeTcs BHIYUCIATH HHTE-
rpaJIbl

b ~
= W) Ti(y
7.7) = [ AW,
2/ (b—y)(y—a)
h—
Benem Toukn @ = yp < y1 < ... < yy = b (mampumep, y; = a + jh, h = Na)
j=0,1,....,N, N >0, gacro N ~ n). Torma

L N ) Tiy)
T = d 6
7] j=0yj/- b—n—-a) o
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[Tpubsmmsum pyHKIIIO R

9(y) = F(W)Lily) (7)
Ha OTPE3Ke [yj, yjH] JImHeitHO (byHKIMell — NHTePHoIAIMOHHBIM MHOTO4YIeHOM .J]a-
rpaHKa ng ) IIE€PBOIi CTEIEeHN, IIOCTPOEHHBIM 10 TOIKAM ¥; M Uji1:

g(yj+1) - g(yj)
Yi+1 — Yj

L (y) = gly)) + (v — vi)9 (s vi1) = 9(y;) + (v — v;)
[Ipu »ToM B cuty JtemMbl 15.1 cripaBeqTnBO HEPABEHCTBO

- 1
19— L oty ya)) < S (i1 = ¥)* 19"l ey, s )

CremoBaresbHO,
Yj Yj
J o, /“
Y —
L (b—y)(y—a) \/b— y —a)
Yi+1
1 (8)
<3 (i1 — )2 19" ey, sl dy =
FARYACEe y)(y —a)
1
= 3 W01 = 43" 19" N0 Ci (0, )
rie

cj(a,b):y/ = 1)( — dy.

Yj+1

/\/ﬁ

Yi+1 Yj+1 )

/ 9(y) dy ~ /
o VO —y)(y—a) \/b— y—a)

¢ ommubkoit (8). [Toncrasisas sro B (6), HAXOIIM

[TosTOMYy MBI MOKEM TPUOJTHU3UTH HHTETPAT dy cremyonmm cIo-

coboMm:

N1 Yitt L(])
[ ] (v)

Z dy (9)
i=0 y]/ (b—y)(y—a)
C omubKOIi
N— L(j) y N-1q )
S Z / (b y)((y) il 2 g Wirr = 43)" 19" leqys 4540 Ci(a,0) <
izo _ _ =
1 N-1
< " logen 2 Y Cylat)
1 7=
= £ 0@ ) W (L) eges)

(10)
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rIe
b
1
h = max (y l_y')a C(aab):/ dy.
=01, N—1"7F J 2 (b—y)(y—a)

Boraucimm

Yj+1

(y — y])g(yj;yjﬂ)d _

i LY (y) dy — / 9(y) _
o VO=y)(y—a) y)(y — a)

?/J+1 Yji+1

dy

d
/ (h—ww—af+g%””l/mJ3§Lgt?_

= (9(y;) — ¥59Wj; yj+1))

Tak kak
/ / =t dx
= arcsin z,
V(b — —a) b x2 \/1 — x2
TO
Yj+1 Yj+1
d 2y — (b !
aj = J = arcsin w (12)
5 JOo—y)(y—a) Ty
Tak kak
/ _/ bT )bT /b+a dx N
\/b— y —a) _bta gy boay bTVl_xZ 2 vi-a?
b—a xdx b + a b—
= ' V1— 22
+/ V22 2 2 - (- =)
TO
B Yji+1
s ydy b+a b—a 2y — (b+ a) 2"
b]:/ e R L (13)
5 V0 —y)(y—a) - Y
[Moncrasmsas (12) u (13) B (11), mosmyvaem
Yj+1
/ \/b— — ;955 Yj+1))a; + 9(yj; Yj1)b; =
- —a)
g\y; AN
= a;g(y;) + (b; — a;9;)9(y53 yj+1)) = a;9(y;) + (b — a;y;) ( ]fl) — ( i) _
Yji+1 = Yj
bj — aj%‘) bj — a;y; ajYjr1 — b bj — ajy;
=\w =y, ) )+ ei) = = Re) + el
(0= D) gy D) St gy DO

K.FO.Boraues Meronpr npubsin>kenns (pyHKINE OmXHON IepeMeHHOT



§17. METO/I HAUMEHBIINX KBA/IPATOB 62

O603HAYIM

a;Yiy; — b bj —a
9 ;f:—yj]’ 4= Yj+1 JZ]
Torna
y/ L{ (y)
0 VO—y)(y—a)

dy = ¢j9(y;) + djg(yj41)-

[Moncrasosas 3ro B (9), HaxomnM

N— N-1 N
[ ] Z ¢j9(y;) + dig(ys1)) = D_ ci9(y;) + > dj-1g(y;) =
=0 =0 j=1

N-1
= cog(yo) + Y (¢j +dj—1)g(y;) + dn_19(yn)
7=1
B cuy (7) mveem

[f T] ~ o f (o) Ti(yo) + Z ¢j + dj—1) f (y;)Ti(y;) + dn—1 f (yn) Ti(yn)
7=1

Ob6o3Ha9nM

uo = cof (o), uj = (cj+dj—1)f(y;), 7=12,...,N—=1, uy=dy 1f(yn), (15)

(ormeTnM, 9TO u; He 3aBucAT OT 7). Torma

£, T = Z%Ujfz‘(yj) (16)
¢ omubOkoit (em. (10))
‘[ T] - Zuy )| < 5 C@ B I T oo (17)

§17.4. AnroputrM BbIYuUCTEHUA KO3 (DPUIUEHTOB PA3IOXKEHUS

Bravasie ¢ nomomnipio dopmya (12), (13), (14), (15) Berauciasorcs Bee koabdu-
mmentol uj, j = 0,1,...,N. 9ro ocymecrsiserca 3a guneiinoe mo N gmcio apud-
METUYECKUX OIEePaInii.

Barem ¢ momoInbio (GopMyabl (16) BeraucaAOTCS KO3hDMUITEHTH Pa3IoKe-
aus (5):

2 ~ :
Zu]TO i), ai:;ZujTi(yj), i=1,2,...,n—1, (18)

T =0 §=0
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Bynem BbIMUCIATE 5TH CYyMMbI aHAJOTHIHO KOA(MDMUIIMEeHTaM pa3/ioKeHus Mo MHO-
roujienaM YeOblIlIeBa.

(18)
ap = % ( uoTh (y1) + ulfg(yg) + ...+ UNfO(yN) )
o = % ( uoT} (1) + U1f1(y2) + ...+ UNTI(yN) )
ay = % (uTo(yr)  +wlo(p)  + . +unTolyn) ) (19)
9 ~ R .
On—1= — (uoTn-1(y1) +wTlna(y2) + .. +unToaa(yn))

[Tob3ysich pekkypenTHbIME (opmyaamu (13.12), Gymem BBIUACAATH B CyM-
Max (19) croabIpl cieBa HAPABO, & KayKJIblil CTOJIOEI, — CBEPXY BHHU3.

O60o3naunM
~ 2y — (b+a : .
gi; =uiLi(y;), 2z :2%, i=0,....n—1,57=0,1,...,N.
[To dopmynam (13.12) ns Beex j =0,1,..., N BBIYACAAIOTCH
1 1
Jo,j = Uj, G15 = 5 ZjUj ’: 5 2590, (20)
gi,j = ngi—l,j — gi—?,ja 1 = 2, e, — ]_

D1u HOPMYIIBI MO3BOIAIOT BBIUUCIATH 3JeMeHThl Tabsmibl (19) 1o crosbuam (cite-
Ba HAIIPAaBO), TPH STOM KaxKIblii cTOI0er 3amoaHsercsa cBepxy BHH3. Kak TOIBKO
o4epe/iHON cToJIOen Tab/IMIbl BBIYUC/IEH, OH HPHOAB/IAETCA K CyMMe IIPeIblIyIInX
CTOJIOIOB:

o =o;+¢gj, 1=0,....,n—1 (21)
[Tocste Beraucsaennit mo dopmyram (20), (21) asa Beex j =0,1,..., N Bbrancss-
10TCA KO DUIUEHTH @ :
1
ap = —ap, ;:=—q;i=1,2,...,n—1. (22)
7r 7r
[Tocsie Toro, kak KoM MUIMEHTHI (; BBIYUC/IEHBI, 3HAYEHNE TPUOJINKAIOIIEro
n—1 ~
muorowrena B touke Pf(y) = Y o;T;(y) Borumcagercs ¢ ucnosb3oBanmeM (Hop-
i=0
myat (13.12)
Ao(y) =1, ﬁ(y) = 2/2, Pf(y) = Oéofo(y) + CY17Aﬂ1(y)
i) =2Timi(y) — Tiea(y),  Pfy) = Pfy) + aTi(y) (23)
i=2....n—1.
2y — (b
rme z = 2 y—( +a)‘
b—a
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§ 17.5. OmeHka KoJudecTBa apupMeTUIECKUX Omepariui

s Becex 7 = 0,1,..., N Ham Tpebyercs MpOU3BECTU BbIYUCIEHU:A 1O HOpMy-
aam (12), (13), (14), (15) u Berducants Bee K03bdOUIMEHTH 1. DTO OCYMECTBIIACTCA
3a qmHeiinoe mo N uncso apudmernaeckux onepanuii: O(N).

Jlna Becex 7 =0,1,..., N HaM TpeOyeTcsa TPOU3BECTH BBIUNC/TCHUS

1) ITo dopmymam (20). Ha 1o tpebyerca n+O(1) My IbTHITHKATHBHBIX U CTOJTb-
KO K€ aJTUTUBHBIX OMepaIuii.

2) ITo dopmynam (21). Ha s1o tpebyercsa n + O(1) aqauTuBHBIX OMEpPAIlHii.

Obmee KomvecTBoO omeparumii 1yist Boraucaenuii no gopmyaam (20) u (21) s Beex
j=0,1,....,N: (N+1)n+ O(N) myaprumnkarusabix u 2(N + 1)n+ O(N) amnu-
TUBHBIX ONepalnii.

s Berauciaenus KoadduiuenTos «; 1o dopmyaam (22) rpedyercs eme n+O(1)
MYJIbTUIINKATHBHBIX OIEPAINIi.

CremoBareibHO, CyMMapPHOE KOJNIECTBO OTepanuii, HeOOXOINMBIX [1JIsI BBIYHUC,/TE-
aust kKoaddunuentos «;, pasao Nn + O(N + n) myabruminkaruBabiv u 2Nn +
O(N + n) ajgIuTUBHBIM OIEDAIHSIM.

Ha Bprumcienne suadeHns npuO/ImzKaiomero MHorodwiena Pf B Touke 1mo ¢dop-
mystam (23) tpebyercs 2n + O(1) MyJbTHIUIMKATHBHBIX W CTOJBKO YK€ aUTUBHBIX
oneparuii.

3ameuanue 1. Hacro Beidbupaior N =n + 1 u To4kn

a+b b—a w2j-1)

Yo =a, Y;= 9 + 9 Cos m ) ]:1,2,...,7’L, yn+1:b
(T.e. TOUKH Y1, Yo, - . ., Yn ABIAIOTCA HyJIAMH MHOTOWIeHA UeObimesa T, Ha oTpeske

[a, b]). [Tpu Takom BBIGOpPE BBhIUncaeHus mo dopmyaam (12), (13), (14), (15) ymporma-
FOTCS.

§18. KYCOUYHO-JIUHENHAS MHTEPIIOJIATINA
HETJIAKUX ®YHKIIN HA CIEIUAJIBHBIX
CETKAX

CupaBeyinBa CJieiyiomas TeopeMa:
Teopema 1. (6e3 dokasameavcmesa). [lycms

1) f€C((a,b) (m.e. enadrkocmo fymxuuu f 6 moukar a u b ne mpebyemea);

2) dynryus |f"(x)| monomonna npu r — a+ u r — b—;
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b
3) [1f"(@)|"? de < o0;

a
4) mouku a =x1 < Ty...< Ty 1 < T, =b 6ubpanv, max, wmo

b
 — 1
! 1/|f”(x)|1/2dx, i=2,. .. n—1.

17 @2 =

n —

Tozda noepewrnocms unmepnoaayuy pyrkyuu f rycouno-aunetnot pynryuet Irf,
cosnadarouets ¢ f 6 MOYKAT T1,Ta,...,Ty, YIOBAECTNBOPAET COOMHOUEHUIO

If = Lfllcgan = O™ (n— ).

MpbI IOKazKeM 3Ty TeopeMy B dacTHOM ciaydae dyukmun f(z) = 1/|z| u orpeska
[a,b] = [0, 1]. [TpoBepuM BbIMOIHEHNE YCIOBHIT TeOPeMbI JJist 31Ol (hyHKIIN.

/ 1 —1/2 " 1 —3/2
1) fl(z) = 5% f'(x) = ik — menpepoiBabl Ha (0,1);

" 1 —3/2
2) f'(x) = ik — monoronna Ha (0,1);

1 1 1

1 1zt

3 / n 1/2d :_/ 73/4d:_ —9 < ;

.
T ._1 ._1 4
4) n3 ycmosus /|f”(x)|1/2 do = 2z}/" = 272 9 nonyuaem z; = (Z ) 1=
J n—1 n—1
2,3,....n—1, 2y=a=0, 2, =b=1.
Haiinem

1f = Lof || clay = max |f(x) = (Io.f)(z)] =

f@wﬂ-f@ﬁﬂ (1)

ﬂ@—(ﬂ%%ﬂx—w)

= max max
i=1,2,..,n—1 z€[z;,Ti41] Tit1 — X4
Oboznaunm (o) (@)
Jf(@iv1) — [ (@
o) = 160) = (£ + (o = ) T2 .
Tit1 — X
[Tockosbky g;(z;) = 0, gi(z;41) = 0, To Makcumy™ |g;(x)| mocTuraercs B TOUKe

gi(r) = 0, mpuHamIe)Kamel oTpesKy [x;, x;11] (1m0 Teopeme Posutsa takas Touka cy-
mectByet). 13 ypaBHenus

f(@iv1) = )

Tit1 — T

=0

g'(z) = f'(z) -
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HaXOOMM

Hnsa dynkmun f(x) = /|x| nmeem

I Ty — o 1
2v/x Tip1 — X VTir1 + /T

1
Orcroona © = 1 (VTir1 + /T3), me. nyas ¢'(z) enmucrsennen. Tak Kak 1o Teopeme

Posns cymectyer nynb ¢'(x) € [x;, T;y1], TO 5TOT HYJIb U €CTh HalIEHHOE 3HAYEHNE.
Borauncmmm

o) = v~ (VE+ o) V)

Ti4+1 — T4

= 2 (VT + V) - (ﬁﬁ ((Vaws + V) 4xi)ﬁ>:
= 2 (VT — VA - 7 (V- m(mHmmif
Urak,
1 (Ve - vE)
me[rfii}fﬂ]'g(x)'_zl N
[Ipu z; = (;:i) MOJTy 9aeM
i\’ i—1\2\°
max |g(x)|:1<<”_1>_<”—1>> 11 (@—(-1)
TELTi,Tit1 4 i\’ i—1\? 4(n—1)2 24+ (1—1)2
o () +Gy) ey
1 1 2 — 1 1 1 1
RGN (+(Z—)1) Z(n—l)?(2 22+(z—1)>S
1t
~4(n-1)

[Moncrasisis aro B (1), nosydaem

1

1
If = Lfllctap < 1n— 1)

T.e. morpemuoctsb nopsajgka O(n?). Teopema nokazana.
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Bameuanue 1. Ilorpemnocts f — Lo upubmuxkenus dbyukunun f = /|x| un-
TEPHOJIAIMOHHBIM MHOTOYJIeHOM Jlarpanxka Ly crenenn 1, MOCTPOEHHBIM MO HY-
aam (12.3) muorousena Yebbimena, nveer nopagok O(n'/?) (cm. npumep us § 12).

§19. MHTEPIIOJIAIINA KYCOYHO-KYBUYECKNMN
OYHKIINAMN

§19.1. O6masa cxema

ITycts 3amapel TOuKH a = x; < Tp < ... < I, = b u 3HaYeHH:
f(z1), f(xs) ..., f(xy). Unrepnonupytomias dyukuus Pf ¢cTpourcs TakKuM 00pasoM,
9TO Ha KAXKIOM OTpeske [r;, x;11], ¢ = 1,...,n — 1 oHa ABIsgeTCa MHOTOWIEHOM P

cTeneHn 3, TaKUM, 9TO

Pi(xi) = [f(z), Pilwir) = f(zin) } i=1,...,n—1

, , (1)
P(z;) =d;, P'(zip1) =diqa

riae d;, © =1,...,n — cBOOOHIHBIE TApPAMETPhI, TOT WU UHOI CIIOCOO BHIOOpA KOTOPBIX
orpeiesiseT MeTO/I KyCOIHOH NHTEePIOIANNN Kyondeckumu Maorodienamu. [loryaen-
Hasg yuknua Pf coBmamaer ¢ f B Toukax x;, ¢ = 1,...,n u ajag jgobdoro nabopa
napaverpos d; Pf € CW([a,b]).

§ 19.2. AuaroputM BbIUYUCI€HUA K03 duiimeHToB MHOrOYwIeHa P

Koaddunuentsr muaorowrena P;, 3anucagaoro B popme
Pi(z) = a1; + asi(z — x;) + asi(z — ;) + aai (@ — 2:)°(x — Tij1)

MOTYT OBITH BBIYUCICHBI [0 NHTEPHOIAINOHHON dopmye HploToHA ¢ KpATHBIME y3-
namu (cMm. onpenesenne (4.1) pasmgeseHHBIX pasHOCTEIH):

flai)
d; \
f(x,,x, 1) —d;
f(%) \/ T; +— ) \
i+1 xz
f(fL'Z, xi-}-l) \/ dz + dz+1 f(a;;, .ZUH,l)
Tiy1 — T
f($i+1)( digs — [(@i; ig1) N
Tip1 —
f(Tis1) <
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CTo101bI BBIYNCIAIOTCSA CJIEBA HAITPABO, 3JIEMEHTHI CTOJIONA BBIYUCAIOTCA CHU3Y
BBEpPX, CTPEJKHN YKAa3bIBAIOT AYEiKYy IIAMATH, B KOTOPYIO MOMEIIAeTCA pPe3y IbTar.
Orcrona mosydaem

a1, = f(xz)
Q2; = d;

_ f@i i) — d
asz; =

Tit1 — X5

_di+digy = 2f (25 040)

Q45 = 5
(l“i+1 - l"i)
s npencraBiieHus B BUJIE
B(IL‘) = Cl,i + Cg,i(l‘ — IL'Z) + Cg,i(!L' — IL'Z')Q + C4,i(!L' — l‘i)a (2)

3allnuIIeM
(x — ) (@ — 2i1) = (& — 23)° — (X1 — @) (2 — 23)°

OTKYyda IIOoJIy4daeM

Cl,i = a’l,i — f(xz)
Co,i = Q24 = d;
3f (w33 wi41) — 2d; — d;
C3,i = a3,; — a4,i($i+1 — 331) = f($z, 1‘:_1) ; ¢ i+l (3)
i+1 = Lg

it digy = 2f (i mign)

($i+1 - %)2

§19.3. KycouyHas MHTepPHOIAINA KyOMIeCKUMA MHOTOWJIEHAMH IDPMHUTA

[Tycts B Toukax a = 11 < o < ... < x, = b u3BecTHbl 3HaYeHUsA (DYHKINN:
f(z1),..., f(x,) n ee npousBonuoii f'(x1),..., f'(x,). Torna mapamerp d; B obmei
cxeMe MHTePIOJIANNN KYCOUHO-KYOnuecKuMu (PYHKIUAME 10 TaraeTCsa paBHBIM

di:f,(l'i), i:1,2,...,n. (4)
OcHoBHbIe cBO¥McTBa mpub/ukaromeit pyukiuu Pf:

1) Pf saBisercs KyCOIHO-MHOTOUIEHHON (DYHKIMElH, 3HAYEHUsT KOTOPOil 3aBUCT
TOJILKO OT JIOKAJIbHOTO ToBeennst pyukmun f u f', umenno: suauenns Pf Ha
OTpe3Ke [, T;i1] 3aBUCAT TOJBKO OT 3HaYeHUH DbYHKUUN f U ee TPOU3BOMHOM
f' B TOUKAX X; W Tiyq.

2) Meron npubuxkenust apisercsa jguneiineiv: P(f + g) = Pf + Pg, P(af) =
aPf.
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Jdemma 1. Ecau f € CW([a,b]), mo cnpasedausa caedyrowasn ouenxa nozpeus-
HOCTNU aNNPOKCUMAUUL KYOUMECKUMU MHOROUAEHAMU DPMUMA

If = Pflleqa < Egh4||f(4)||0([a,b]),
2de

h = Z_Zlglﬁ.)ﬁkl(xiﬂ — ;). (5)

Hoxka3zareanscTBo. [lo Teopeme 7.2 nosrydaem
1

1F = Pfllequemn < 5 pnax (@ — z:)* (2 — 20)* I F Yl c@iainp- (6)
Oyuxuua g(zr) = (v — x;)(x — 2i1) = 2% — (v + 1) + 7wy < 0 1 Beex
T € [x;,x;41] U UMeeT HyJIb TPOU3BOMHOI (x; + ;41)/2, UpUHAIIEKAIIII OTPE3KY

[, @i11]. Hockombky g(z;) = g(i+1) =0, 10

N2

max |g(z)? = ‘g (M)‘ _

TE[Ti,Tit1] 2

2
Tip1 — T T — X |1 (z )t
= (g —x)h

2 2 g2 L

[Toncrasisas s1o B (6), moaydaem

11
If = Pflloqezn) < 4—?(:@-“ — 2)" (| £l coimina)-
CremoBaresbHO,
11,
1f = Phlloqam = _max [f = Pflogran < oz 2 1Y oo

JlemMa mokasana.

§ 19.4. KycouHnas uHTepHnoJanua KyOndecKuMu MHOTO4UYJIeHamu Beccens

[Iycth B TOUuKax a = 1 < oy < ... < I, = b U3BeCTHBI 3HAUYEHUA (DYHKINH
f(z1),..., f(x,). Hapamerp d;, i = 2,3,...,n — 1 B 0obIIeil cxeMe MHTEPHOIAINN
KyCOYHO-KyOudeckuMu (DyHKIUAMY [10/IaraeTCs PABHBIM 3HAYEHUIO B TOUKE T; TPOU3-
BOIHOW MHOTOYJICHA P(i) BTOPOii CTerenn, COBNAIANIErO ¢ f B TOUKAX T; 1, Ly Lit] -
[To maTepnoanuonnoit ¢popmysre Hoiorona

Poy(x) = flzi) + (@ —zi) f(@in2) + (2 — 21) (@ — 2) f (2515 Ti5 Tig1)

P(’i) (7:) = f(@i—1s i) + (T — Tic1) f(@i1; Tis i) =

= f(fUz'q;SUi) + (331 _ xz_il)f(l'i;l'i-i—l) — f(%’—uxi) _

Tit1 — Ti—1
. (i1 — i) f (@i 0) + (0 — 2 1) f(@52040) — (0 — 2 0) [ 1525) o
B Tit1 — Ti—1 B
(@i — @) f(wiys ) + (0 — 1) f2065 Tig)

Tit1 — Ti—1
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CremoBaresbHO,

d, — P('i)(xi) _ (Tig1 — @) f w1y 4) + (00 — wi1) f (235 35z'+1)7 i=92.3..  n—1

Tit1 — Ti-1 ( )
7

Henocratomue 3navenus d; v d,, B TPAHUYHBIX Y3J/IaX BHIOMPAIOTCH, UCXOHAA U3 TOM
I WHOW MOMOTHUTEIbHO uHbopMarun o dyHkmun f (CM. HHKE).
OcHoBHbIe cBO¥McTBa mpub/ukaromeii pyukiuu Pf:

1) Pf sBisiercss KyCOYHO-MHOTOWICHHOH (hyHKIUeil, 3HaYeHHsS KOTODOIl 3aBu-
CAT TOJIBKO OT JIOKAJbHOTO ToBeneHus (yHKIuum [, uMeHHO: 3HadeHus P f
Ha OTpe3Ke [T;,T;y1] BaBUCAT TOJBKO OT 3HadeHuit QyHkmumm f B TOYKax

Li—1yLiy Tit1, Tit2 -

2) Meron npubuxkenus apisercsa jguneiineiv: P(f + g) = Pf + Pg, P(af) =
aPf.

Jlemma 2. (6e3 mokazarensctsa). Eeau f € C®)([a,b]), mo cnpasedausa caedy-
WA OUEHKE TOZPEUHOCTU GNNPOKCUMAYUL KYOuNecKuMy MmHozourenamyu Becceas

1f = Pfllcene, ) < const h?|| 1l oo qap),

ede h onpedensemes pasencmeom (5).

[TorpemHocTh anmpOKCUMAIINE HAa OTPE3KaX |1, Ts] U [T,_1, Ty] 3aBUCAT OT CIO-
coba BbIOOpa 3HAYEHU di n d,.

Bameuanue 1. Eciu toukn z; pacnpeneseHbl Ha OTpeske [a,b] paBHOMepHO:
zi=a+ (i—1)h, h = (b—a)/(n — 1), To dopmyssl (7) npuobperatoT 0COGEHHO
IIPOCTOM BUI:

f(@i1) = flwis1)
2h ’

di = = (f(zic;20) + flriszi)) =

DN =

§ 19.5. KycouyHas MHTEpHOJIAINNA KyOMIeCKHMUA MHOTOUYJIEHAMH METOIOM
AKnumbI

DTOT MeTO MPUOTMKEHIA UCIOJIb3YeTCs A OOPHOBI ¢ BHIOpOCAMHI HMPUOINZKA-
fomieit pyHKINN, KOTOPHIE MOABJIAIOTCS, €C/IN 3HAYEHNs (DYHKINN B TOYKAX 3a/IaHBI
C HEKOTOPOI ITOTIPEITHOCTHIO.

[Iyctb B TOukax a = 1 < Ty < ... < X, = b u3BecTHb 3HaUYEeHUs (PYyHKINN
f(xl)vvf(xn)

B cuty silemMbl 4.6 paznesieHHas pasHocTb f(2;_1,T;) ABIAETCA TPUOIUKEHTEM
K f'(z;) cuesa, a f(x;,x;11) aBasercsa npubmmxkennem Kk f'(z;) cnpasa. B mero-
e AKuMBI 3TH TPHOINKEHNS YCPETHAIOTCSA C BECAME, KOTOPbIe TeM OOoJIbIie, deM
MEHbIIe TJIAJIKOCTh (DYHKIME Ha cocemqHeM oTpeske. Okondaresabuas hopMysaa st
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orpee/ieHns napaMerpa d; B 00mIeil cxemMe MHTEPHOIANNN KYCOYHO-KYOMYeCKIuMU
dbyskIMAMI nMeeT BUI
w; Ti_1; %) + Wi J (%45 %5
z-l—lf( 1—1) z) 7 lf( %) Z+1), ecaIm wi2+1 + w?,1 7£ 0
d — Wiyl + Wiy (8)
' (Tig1 — ) f(wi1;05) + (w7 — 2i0) f (05 7311)

Tit1 — Ti—1

, ecym w1 = w; 1 =20

rne 1 =3,4,...,n—2m
wj = (@55 3541) — flzj-1;25)]
Henocratomue 3navenus dy,dy u d,_1,d, B IPUrPAHUIHBIX y3/IaX BHIOMPAIOTCS, MC-

X0 W3 TOi WIn WHOil JonoTHuTeIbHON nHMOopMannn o pyarnun f (CM. HI/I}Ke).
OcuoBuble cBoicTBa mpubankarommeii dyukmuu Pf:

1) Pf sBisercss KyCOYHO-MHOTOWIEHHOH (hyHKIuMeil, 3HaYeHHs KOTOPOIl 3aBu-
CAT TOJIBKO OT JIOKAJbHOTO ToBeneHus (yHKuum [, uMeHHO: 3HadeHus P f
Ha OTpe3Ke [T;,T;y1] BaBUCAT TOJBKO OT 3HadeHuit QyHkmumm f B TOYKax

Li—2y Li—1y Tiy Tit1y Lit2, Tit3-

2) Meron mpubianxkenus He saBiasercsa juueitnbiM: P(f + g) # Pf + Pg, xors
P(af) =aPf.

Jlemma 3. (6e3 nokasarenncrsa). Eeau f € C®([a,b]), mo cnpasedausa caedy-
0UAA OUEHKS NOZPEUHOCTU ANNPOKCUMAYUY KYOULECKUMU MHOLOUAEHAMU MEMOJOM
Axumo

1f = Pfllogasens) < const h?|| flloe o),
ede h onpedeasemcs pasencmeom (5).

[TorpemHocTh anmpoOKCUMAIINE HAa OTPe3KaxX |1, T3] U [T,_9, T,] 3aBUCAT OT CIO-
coba BbIOOpa 3HAUeHnit di,dy u d,_q,d,.

§ 19.6. KycouyHnas mHTepHnosiaiusa KyOn4eCKHMU MHOTOUJIEHAMH C
HUCIOJIb30BaHNEM pa3lejIeHHBbIX pa3HOCTeH

DTOT MeTO TPUOIMAKEHU T UCTIOIB3YETCS IS MOy YeHN s TPUOIMKaromeii pyHk-
mun P f, mepBas u BTopas MpOW3BOIHAA KOTOPOI OrpaHMYEHBI pa3IeIeHHONH pasHo-
crbto dbyukmun f (T.e. npubmkenuem K f'). HeGosbinne TpeGoOBaHUS K [JIATKOCTH
npubsmmKaemoit pyHKIun f MO3BOJIAIOT HCHOIB30BATH 9TOT METOI B TOM CJIydae,
KOTJIa 3HaYeHus (DYHKINKA B TOYKAX 3aaHBI C HEKOTOPOIl MOrPentHOCTHIO.

[Iyctb B Toukax a = 1 < Ty < ... < I, = b u3BecTHb 3HAaUYEeHUs (DYHKIUN
f(z1), ..., f(x,). HMapamerp d;, i = 2,3,...,n — 1 B 0obIIeil cxeMe MHTEPHOIAINN
KYCOYHO-KYyOmdIecKuMu (DYHKIUAME MOIAraeTCs PABHBIM

sign f (245 v4q1)-min {| f(zi1;25)], | f (255 2i10) [}
d; = ecan sign f(x;_1;x;) = sign f (@ Ti1) 9)

0 nHaue
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Coayuait sign f(x; 1;2;) # sign f(2;;x;11) COOTBETCTBYET CHTyaIllN, KO B TOY-
Ke x; npubanmxkenne f(x;_1;x;) K f' caeBa ropoput, uro dbyHKIusA Bozpacraer (yOobi-
BAET) HA OTpe3Ke [r;_1,%;|, a npubanmxkenne f(z;;r;11) K f' copaBa yrBepxiaer,
910 (DYHKIMA COOTBETCTBEHHO yObIBaeT (Bo3pacraer) Ha OTpeske [T;,T;y1]. Cioemo-
BATEJIBHO, HA OTPE3Ke [X; 1,%;11] NPOUCXOANT M3MEHEHHE XapaKTepa MOHOTOHHOCTH
dbyukmun n mer nosaraem f'(x;) & d; = 0.

B cayuae sign f(x; 1;x;) = sign f(x;; 2;41) xapakrep MOHOTOHHOCTH (DYHKIMHI HA
oTpesKe [T; 1,%;y1] He W3MeHsAETCS U B KadecTBe d; BhIOMpaeTcs npubsmkenne K f'
¢ HAUMEHDBIINM MOJLYJIeM.

Henocraromue snavenus d; u d,, B IPAHNYHBIX y3JIaX BBIOMPAIOTCA, MCXOIA U3
TOl MM uHOM monoaHUTENbHO nHpOpMaIu o dbyHkIun f (CM. HEKE).

OcHoBHbIe cBO¥McTBa mpub/ukaromeii pyukiuu Pf:

1) Pf sBisercss KyCOYHO-MHOTOWIECHHOH (ByHKIUMeil, 3HaYeHHs KOTOPOIl 3aBu-
CAT TOJBKO OT JIOKAJBHOTO moBeneHust (pyHkimn f, mmenno: 3uadenuss P f
Ha OTpe3Ke [T;,T;y1] BaBUCAT TOJBKO OT 3HadeHuit QyHkimumm f B TOYKax

Ti—1,Tj, Tjp1, T2

2) Meron mpubianxkenus He sBiasercsa juueitnbiM: P(f + g) # Pf + Pg, xors
P(af) =aPf.

Jlemma 4. (6e3 nokasarernctsa). Ecau f € C®([a,b]), mo cnpasedrusa cae-
dYrouas OYEeHKa No2PewHOCTNU aNNPOKCUMAUUY KYOUHECKUMU MHOZOUACHAMU C UC-
noAb306aHUEM PA3IENEHHVIT PA3HOCTETN

1f = Pfllcee, 1) < const h?|| fllc@ qap)»

ede h onpedeasemcs pasencmeom (5). Ilpu amom cnpasediusv, HEPABEHCMEA:

3
1P oo < 5, max [f (s zi)]
" Tit2 — Tj 2 Titl — Ti1 2
< Srte b e il el e
(P )" leqap < 62.:2?%17%?7%72 max v — 1, |f (@i zi41)]7, T — 1o, |f(ziz1; @)

[TorpemHocTh anmpoKCUMAINN Ha OTPe3Kax [T1,Ts] W [T, 1, T,] 3aBHCAT OT CHO-
coba BbIOOpa 3HAUYEHU di n d,.

§ 19.7. WNurepnossius KyOUdecKUMHU CILIaffHAMHA

ITycts B Toukax a = x; < Ty < ... < I, = b U3BeCTHHI 3Ha4YeHUs (DYHKINI
f(xl)aaf(xn)

Onpenenenne. CrniaiiHoM mopsaka m HasbBaeTCs (DYHKINA, KOTOPasd HA KazK-
oM oTpeske [x;, i1, 1 =1,2,...,n — 1 coBmamaer ¢ MmHOro4IeHoM P; crenenu m
u asaserca dynxmmei kiaacca O™ [z, z,)).
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Nurepnonsnusa Kybudeckumu cryiafinamm (m = 3) HCIOJB3YETCs IS Oy de-
HuA HamboJee IIaJIKoi mpubaumxKartomeii dyukiun Pf B paccMaTpuBaeMoM KJiacce
KyCOYHO-KYOMIeCKIX MHOT'OYUJIEHOB.

[Tapamerpor d;, ¢ = 1,2,...,n B obmeil cxemMe WHTEPIOJIAINNN KyCOYHO-
Ky6udecknvu dynkmusamu seioupatorcs n3 yeiaosusa Pf € CP([a,b]), re.
P! (z;) = P/'(x;), i=2,3,...,n—1. (10)

U3 npencraBienus MEorowiena P; B Buje (2) HAXOMUM

P! (@) = 2¢3,; 1+ 6¢4, 1(x; — 25 1), P/ (z;) = 2¢3.;. (11)
[Toncrasiisis aru 3nadenus B (10), mveem

2¢5,-1 + 6cq1 (i — wim1) = 2c3, i=2,3,...,n—1.
C nomompio (3) HaXOAUM

3f(wi—1; ;) — 2d;—y — d; dioy +d; — 2f(xi-1; 24
f(@im1; i) 1 +3(zi — 2i1) 1+ f($2135):
Ty — Ti—1 (% - %—1)
_ 3f(wi3wi41) — 2d; — diq
Tit1 — X '

T.C.
(Tiy1 — ) (Bf (wiz;23) — 2d;—y — d; + 3d;—y + 3d; — 6f (vi—1; ;) =
= (@ — 2i—1) 3f (is Tit1) — 2d; — dig)
[Ipeobpaszyem 3T0O paBeHCTBO:
(ir1 — @) (dior + 2d; = 3f (wima; 1)) = (v — 2i21) Bf (w35 wiga) — 2d; — diga),
TLTH
(@it1 — zi)di1 + 2(@ip1 — 2i)di + 2(; — xi1)ds + (T — 1) digr =
= 3f (zic1; i) (Wi — i) + 3f (w53 vi31) (75 — T321)
CiremoBarebHO,
(Tig1 — )i + 2(xip — xim1)di + (x5 — 2i1)dipr =
= 3f(wi—1;23) (@1 — @) + 3f (233 Ti11) (27 — i1) (12)
1=2,3,...,n—1.

910 cucrema m3 N — 2 JIMHEHHBIX ypPaBHEHUil OTHOCHUTEIHHO 7 HEM3BECTHBIX
dy,ds,...,d,. Ina ee 3aMbiKanus TpeOyeTcs elie JBa ypaBHEHU:A, KOTOPbIE CTPO-
ATCA, UCXOIA W3 TOW WJIM WHON JOTMOJIHUTEIHbHON mHMOopManun o GyHKmun f (CM.
HUKE).

Cucrema (12) ABJIACTCA CUCTEMOIl ypaBHEHUiIl C TpeXInaroHaJibHO MaTpuieil c
(cTpormm) auaroHaJbHBIM MPEObIaJIaHIeM U ee MOYKHO pemarh Metonom [aycca 6e3
BBHIOOPA TJIABHOT'O 3/IEMEHTA.

OcuoBuble cBolicTBa mpubankaroeii dyukmuu Pf:
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1) Pf saBasiercsa HeJIOKaJIBHOI KyCOYHO-MHOTOYIEHHON (hyHKIMEH, 3HAUEeHNsT KO-
TOPOit 3aBUCAT OT MOBeneHnA (PyHKIUN [ B KaXKIOH TOUKE Ty, Lo, ..., Ty.

2) Meron npubsmxkenns spisercs jguneitneiv: P(f + g) = Pf + Pg, P(af) =
aPf.

[TorpemHocTh AMMPOKCHMAINNT KyOUYeCKUME CIiTaifiHamMu (B CHUIY HEJOKAJIbHOCTH
CIUTaifHA) 3aBUCAT OT BBIGOPA JIOMOJHUTETHHBIX YPABHEHU{l 115 3aMBIKAHUA CHCTE-
Mbt (12) u cocrasazer ot O(h?) mo O(h*), rne h onpenenserca paserctsom (5).

§ 19.8. OmpeneneHre HEOOCTAOINX I'PAHUYHBIX yCJIOBHH

B Mmetonax, mznoxenunix B § 19.4 u § 19.6, TpedyroTcs ABa TOMOJTHUTETLHBIX YCIO-
BUsA JJIs ONpeneseHns mapamerpos dy n d,, B Merome u3 § 19.5 Tpedyorcs deTnipe
JIOTIOJTHUTEJIbHBIX YCJIOBUS JIJIs1 OlpeieieHns napamerpoB dq,ds un d,, 1, d,. B mero-
ne npubmKenus Kybnaeckumu ciiaitaamu (§ 19.7) TpeGytorcs 1Ba JOMOTHUTETbHBIX
YPaBHEHU A J/I 3AMbIKAHIA CUCTEMBI JTUHEHHBIX YpaBHeHit. IcIoIb3y0TCA HECKOTh-
KO MEeTOIOB IOCTPOEHUA JOMOJTHUTETbHBIX YCJIOBHil, KOTOpbIe BLIOMPAIOTCA B 3aBH-
CUMOCTH OT TOTO, KaKas JOMOJHUTe IbHAas NHMOPMAINA M3BECTHA O MPUOINKAEMOT

byHKINA.

§ 19.8.1. OmpeneseHne HEOOCTAOIINX I'PAHUYHBIX YCJOBHH IO
M3BECTHBIM 3HAYEHUIM IEPBOM NPOu3BOAHON (PYyHKIMKM B rPAHUIHBIX
y3Jyax

[Tycre usBecrunr 3navenns f'(xy) n f'(x,) npoussonnoii f' dynkunu f B rpa-
HUYHBIX y3J1aX T U T, . loria mojaraem

dy = f'(21),  dp= f'(z0). (13)

B meronax, usnoxkenubix B § 19.4, § 19.5 u § 19.6, paBencra (13) mator HEmo-
craloniye 3HaveHus napameTrpos di; u d,. B merome npubsimkenns KyOnmdecKuMu
crtaiinamu (§ 19.7) pasencrsa (13) ABIAIOTCH IByMs HEIOCTAIOMINME YPABHEHUAMI,
KOTOPBIE [IIsl COXPAHEHN s TPEXIHAarOHAJIbHOCTH cucreMbl (12) HaIo cierarh COOTBeT-
CTBEHHO TIePBBIM U MOCJIETHAM YPABHEHUAMU 3TO CHCTEMBI.

WNaTepnonanusa KyOMIeCKIMHI CILTAiHAMHE ¢ UCIOTb30BaAHIEM 3TOI0 CII0C0Ha BBHIOO-
pa rpaHUYHBIX yCI0BUit naet ciutaiin P f | Koropsiit HaseiBaioT QPyHIAMEHTATIHHBIM
crtaiinoMm. Heysrydmaembie OlEeHKN €ro morpentHocTu

If = Pflleqes < @hflﬂf N

1 = (PH) o) < ﬂh3||f(4)||0([a,b]>a

rjie h onpenensercs paBeHCTBOM (5).
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§ 19.8.2. OmpeneseHne HEOOCTAOIINX I'PAHUYHBIX YCJOBHH IO
M3BECTHBIM 3HAYEHUAM BTOPOIl Mpom3BOAHOM (PYHKIIUU B IPAHUYIHBIX
y3J1ax

[Tycrs ussectasl 3uavenus f"(xy) u f"(x,) npousBonuoit f” dyukmun f B rpa-
HUYHBIX y3J1aX T U T,. Torma morpedyem ot npubamkaomeii ¢pyaknun P f

(P (1) = (1), (Pf)"(xn) = ["(wn),
T.€.
Pl(z1) = f"(@1),  Py(wn) = [(wn)- (14)
13 (11) naxommm
P'(x1) = 2¢3,, P (xn) = 2¢3 -1 + 6Cspn1(Tp — Tp_1).
[Toncrasiisis aru 3uadenus B (14), nveem
2c31 = f"(xy), 2¢30-1 + 6¢spn1(Ty —Tp_1) = [ ().
C nomormpio (3) HAXOIUM

3f(371, xg) — 2d1 — d2

2 = f”(xl)a
To — IT1
23f(xn717 xn) - anfl - dn + 3(dn71 + dn - Qf(xnfla xn)) _ f”(xn)-
Tp — Tp—1
T.€.
; —2d; —d dp_1 + 2d,, — n—1; Tn
23f(351,352) L T 1+ 3f(Tn_1;2n) — ().

Ty — X1 Tp — Tp—1

SamumeM 5T BbIPpa2K€HUA B BUIE

2y +dy =3 (i) — 3" (00) (2 — 1),
(19

1
dnfl + 2dn = 3f(xn71; xn) + §f”(xn)(xn - xnfl)

B MeTonax, uznoxenubix B § 19.4 u § 19.6, paBerctsa (15) MO3BOJIAIOT OMPEIETUTE
HE/IOCTAIONIe 3HAYeHUs mapamMeTrpoB d; u d,, MOCKOJIbLKY mapamerpbl de u d, 1
u3BecTHBL (CM. coorBercTBenno (7) min (9)).

B merone Axumbr (§ 19.5), rne Tpebytorcsa 4 mapamerpa di,dy u d,_i,d,, pa-
BeHcTBa (15) mpencTaBisgOT oGOl CBA3b MeKIy ATUMH Tapamerpamu. Ecian, Ha-
npuMep, u3BecTHbI erme u 3uavenus f'(zq) u f'(x,), or di u d, oupenenstorcsa us
pasencts (13), a dy u d,, 1 HaxonATcs u3 ypasuenuii (15).

B merone npubsmkenns kybnaecknvu crtaiinamu (§ 19.7) pasencrsa (15) sBiis-
I0TCS IBYMsI HEIOCTAIONIMMU YPABHEHUSAMM, KOTOPBIE IJIS COXPAHEHUs TPEXIUaro-
HAJILHOCTH CUCTeMBbI (12) HAIO ¢/1e1aTh COOTBETCTBEHHO MEPBBIM U MOCJIETHUM YDaB-
HEeHUAMU HTON CUCTEMDI.
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§ 19.8.3. “EcrecTBeHHBIE” IDAHUYHBIE YCJIOBUSA

DTOT METOJ UCIOJIb3YeTCA, KOTJIa HIKAKOi JTONOJTHUTETbHON NHMOPMAIINE O TTPH-
omkaemoit yHKIun f Her.
Torna morpedyem ot npubianxkatomieii pyuknun P f

(Pf)'(z1) =0, (Pf)"(zn) =0,

T.€.
P/'(z1) =0, " (x,) = 0.

n—1

U3 ypasuennii (15) mpu f"(z1) =0 u f"(z,) = 0 moxyvaem

2d; +dy = 3f(x1;29)
dn—l + 2dn = 3f(xn—1; xn)

DTu ypaBHEeHUs MCIOIB3YIOTCS Tak Ke, Kak ypasuenus (15).

Ecaun y npubmmxaemvoit dyuxmun f"(z1) # 0 wm f"(z,) # 0, To npoussos B
BHIOOPE IPAHUYHBIX YCJIOBHI MPUBOANT K TOBBIMIEHHON ITOMPENTHOCTH B MPUTPAHIY-
HpIX y3max (mopamka O(h?)), 9To 0COGEHHO MIOXO OTPAXKAETC HA MPUOJIHZKEHIH
CIUTaifHAME, TJIe B CUJTY ero HeJIOKAJLHOCTH 3Ta MOTPEMIHOCTH OYIeT BO BCEX TOYKAX
OTPE3Ka.

§19.8.4. VYcaoBue “OTcyTCcTBUA y3/1a” B NPUTPAHUYHBIX y3J1aX

DTOT METOJ UCTOJIB3YeTCA, KOTJIa HIKAKOI JTONOJTHUTETbHON NHMOPMAIINH O TTPH-
omkaemoit yHKIUn f HeT.
Torna morpedbyem ot npubiauxkatomieii pyaknun P f

Pl EPQ, Pn_QEPn_l, (16)

T.e. MHOrOuwneH P, = P, unrtepnosupyer f Ha [r;,x3] MO TOYKaM Xy, Ty, T3:
Pi(x1) = f(x1), Pi(22) = f(xa), Pi(x3) = f(x3) u P{(x3) = d3, a muOorowren P, , =
P,_y wuarepnomupyer f Ha [T, 9,T,|] DO TOUKAM Ly o, Ty 1, Tpn: Pn_1(Tn_2) =
f(@n2), Poa(tn1) = f(xn 1), Ph1(zn) = f(x,) w P_(x, 2) = d, 2. Cienosa-
TeJbHO, MHOrO4WwIeH P, = P, cTpouTcsa KaK MHTEPIOJAIMOHHLIA MHOTOUYJIEH Tpe-
Thell cTeneHu, NPUHUMAIOMNIT B TOYKAX Iy, Ts, T3 3Hadenus f(z1), f(xa), f(x3) u
IMEIOIMuil B TOUKe I3 IPOU3BOLHYIO, paBHYIO d3; Muorodunen P,_; = P,_, crpont-
¢4 KaK MHTEPHOJANMOHHBII MHOTOYJIEH TPeThell CTemeHy, IPUHIMAIOMII B TOYKAX
Tp_9, Ty 1, T, 3HaueHusns f(x, o), f(x, 1), f(z,) u nmeomuii B Touke z, o mpoms-
BOJIHYIO, PABHYIO d; 5.

Takum obpazom, BMecto n— 1 muorounena Pt =1,2...,n—1 u n napamerpon
d;,1=1,2,...,n umeem n — 3 muorowrtena P, = Py, 3, Py, ..., P,_3,P,_o=PFP,_1 1
n — 4 mapamerpa ds,dy,...,d,_o.

Tem cambiM mpobJIeMa TPDAHWYHBIX YCJIOBHI B METO/IaX, M3JI0KEHHbIX B § 19.4,
§ 19.5 u § 19.6, cusaTa, MOCKOJIBKY TapamMeTpol d;, ¢ = 3,4,...,n — 2 OUpPenesaoTcs

110 MpUBEIEHHBIM B MeTomax (opmymam (em. (7), (8), (9)).
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B wmerone npubsmxkenns kyondeckumn crafinamu (§ 19.7) BO3MOXKHBI 1Ba 1O
XOIIa.
1. Us yenosus Pf € C?([a,b]) nomyaaem

P! (z;) = P/'(zy), i=3,4,...,n—2

— n—4 ypaBHEHI OTHOCUTEIbHO 1 —4 HEeU3BECTHBHIX d3,dy, ..., d,_o. Y paBHEHUS [I/1d
i=4,5,...,n— 3 COBIAJAIOT C BHIIUCAHHBIME paHee ypaBHeHuaME (12), ypaBHeHUs
Jilie

P (z3) = Py(x3) = P3(23), P, 3(wn—2) = Py _5(xn2) = Py 1 (2n_2)

U3MEHTCA B CUJIy M3MEHUBIIErocs Buga MHoro4wieHoB P = Py, P, s =P, ;.

2. Bynewm 3amaBars Py, P, ..., P, | Kak panbiie nabopom dy,ds, ..., d,. BoimoJ-
Henns ycsosus (16) mobbemcs, morpebosas mempepbiBaoctn (P f)" B Toukax xo u
Tp—1, T.€.

Pl (z3) = Py'(w2),  Bplo(an—1 = Bl (wno1) (17)

(ycmoBus (16) u (17) SKBUBAJEHTHBI 151 MHOTOYWIEHOB TPEThEl CTENeHN, MOCKOIbKY
B cuty (10) y Pr u Py, P, 5 u P,_; cOBIAIAOT BCE MPOU3BOIHBIE OT HYJIEBOTO JI0
TPeThero MopsIKa BKIOYHTETHHO).

Coornomenus (17) naroT 1Ba HEIOCTAIONINX /11 3aMblKaHus cucrembl (12) ypas-
HEHUA.

13 mpencrasienus muorowrena P; B Bume (2) maxommm, 9to cooTHomenus (17)
SKBHBATCHTHBI

Ca1 = C42, C4p—2 = C4n—1 (18)

a) Paccmorpnm nepBoe ypasuenne (18). C momombio (3) HaX0ommm

dl —+ d2 — 2f(£U1, l’g) _ dz + d3 — 2f($2, 373)
(w2 — @1)? (73 — @2)?

)
nJjim

(273 — $2)2d1 + (£U3 — £U2)2d2 — (ZUZ — 271)2612 — (272 — £U1)2d3 =
= 2f(w1;9) (73 — $2)2 — 2f(w2; 73) (2 — xl)za

T.€.

(1‘3 — 1‘2)2d1 + (IL’3 — 1'1)(1‘3 — 21‘2 + 1‘1)2d2 — (IL‘Q — $1)2d3 =
= 2f(x1;22) (x5 — 22)* — 2f (w2; 73) (w2 — 21)7,
Ecau nobasurh 510 ypasheHuwe K cucteme (12), T0 HapyMUTCA ee TPEXIMATOHAb-
HOCTB. [loaTOMy mpuGaBUM K HTOMY YPABHEHUIO MEpBOe ypaBHEHHE cucTeMbl (12)
(r.e. ipm i = 2):
(1‘3 — l‘g)dl + 2(1‘3 - l‘l)dg + (1‘2 - l‘l)dg =
= 3f(z1;22) (x5 — 22) + 3f(wo; x3) (g — 1)
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YMHOXKEeHHOe Ha (T3 — X1), HOJLy4nM
(x5 — 29)(x3 — To + o — x1)dy + (23 — x1) (23 — 229 + 1 + 2(22 — 21))dp =
= f(a1;22) (w3 — 22)(2(x5 — 2) + 3(x2 — 1)) + f(2;w3) (w2 — 11)%,
HITH
(x5 — x9)dy + (3 — 21)dy =

f(.'L'l, 1'2)(1'3 — 1'2)(21'3 + Ty — 31‘1) + f(l'z, 1'3)(1'2 — 1'1)2
r3 — T ’

D10 ypasuenue godasisercs kK cucreme (12) B kadecTBe HepBOTO.
6) Paccmorpum Bropoe ypasuenune (18). C momompio (3) Haxomumm

dn—? + dn—l - 2f(1'n—2; xn—l) . dn—l + dn - 2f(xn—1; xn)

(xn—l - xn—2)2 B (xn - xn—1)2

)
nJjim

(xn - xnfl)Zdn72 + (xn - xnfl)Zdnfl - (ZUn,1 - xn72)2dn71 - (ZUn,1 - xn72)2dn —

= 2f(xn—2; xn—l)(xn - xn—l)Q - 2f(xn—1; xn)(xn—l - xn—2)2a

T.€C.

(xn - xnfl)Zdn72 + (xn - xn72)(xn - 211,'“,1 + xn72)2dn71 - (.ZUn,1 - xn72)2dn —

= 2f(xn—2; xn—l)(xn - xn—l)Q - 2f(xn—1; xn)(xn—l - xn—2)2a

Ecnu mob6aButh 510 ypaBHeHue K cucteMe (12), TO HADYIIUTCS ee TPEXIUATOHAb-
HOCTB. [105TOMY BbIUTEM 5TO ypaBHEHHE W3 MOCJIEIHEr0 ypaBHeHUs cucTeMbl (12)
(re. mpm i =n — 1):
(xn - xn—l)dn—2 + 2(xn - xn—?)dn—l + (xn—l - xn—?)dn -
- 3f(xn72; xnfl)(xn - xnfl) + 3f(xn717 xn)(xnfl - xn72)
YMHOXKEHHOTO Ha (L, — Tp_1), MOJIYIUM
(xn - xn—?)(2(xn - xn—l) - (xn - 21‘n—1 + xn—2))dn—1+

+(xn71 - xn72)(xn — Tp-1— (.ZUn,1 - xn72))dn -

- f(xn—Q; xn—l)(xn_xn—1)2+f(xn—1; xn)(xn—l_xn—Q)(S(xn_xn—1)+2(xn_xn—2))a
nJjain

(xn - xn72)dn71 + (l’n,1 - xn72)dn -

. f(xn72; xnfl)(xn - xnfl)Q + f(xnfl; xn)(xnfl - xn72)(3xn —Tp—1 — 23)'”,2)

Ty — Tp-2

D10 ypaBHeHue nobapisgercs K cucreMe (12) B KauecTBe MOCTETHErO.
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6 19.8.5. JIomoJHUTEIBHBIN y3€J B IIPUTPAHUYHBIX y3JIaX

DTOT METOJ UCTOJIb3YeTCA, KOTJIa HIKAKOi JTONOJTHUTETbHON NHMOPMAIINE O TTPH-
omzkaemoit yHKIun f HeT.

BBenem nmomostHUTETBHBIE TOUKU Ty < X1 U Tpyy > T, W 3HAYEHUSA NPUOTUKAE-
moit dbyukuun f(xg) u f(x,41) B 9TUX TOYKAX.

Tem cambiM mpobJIEMa IPAHUYHBIX YCJIOBHUIT B METOIaX, M3/I0KeHHbIX B § 19.4 u
§ 19.6, cusTa, MOCKOJIBKY mapamerpbl d;, i = 1,2,...,n Tenepb ONPEIEIAIOTC M0
NpUBeIeHHBIM B MeTomax dopmyram (em. (7), (9)).

B meroze npubsmkenns kyoudeckumu craiinamu (§ 19.7) BO3MOXKHBI HECKOTIBKO
MOJIXOJIOB.

1. /IBa TOTOJTHUTETbHBIX YPaBHEHNA €CTh

Pi(z0) = f(20), Po1(Tng1) = f(Tng1)-

U3 mpencrasienns (2) muorouwnena P; u Buma (3) ero KoaduimenroB BUIHO, 4TO B
9TH YpaBHEHU BXOIAT COOTBETCTBEHHO dy,dy U d,_1,d, . ClemoBaTe/IbHO, 5TH YPaB-
HEHNUs MOZKHO 7100aBuTh K cucreme (12) B KauecTBe mepBoOro u MOC/IeIHEro ypaBHeHnH
C COXpaHEHHeM ee TPeXIUaroHaIbLHOTO BUIA.

2. Muorousen P, murepnosupyer f ua [xg, 23] 10 TouKam Xy, T1,Te: Pi(zg) =
f(xzo), Pi(x1) = f(x1), Pi(x2) = f(x2) u P{(x3) = dy, a MmuOrownen P, ; uHTEpIo. -
pyer f Ha [T, 1, Tpy1] TO TOUKAM Tp_1, Ty, Tpa1: Poo1(tn_1) = f(Xn_1), Pu_1(x,) =
f(@n), Poci(Tns1) = f(wpe1) 1 PL_y(xp—1) = dy—1. CrrenoBaresibHo, MEHOTOUTEH Py
CTPOMTCA KAK MHTePHOJIAINMOHHBII MHOIOYICH TPeThell CTeneHn, NPUHUMAIONMI B
TOYKAX T, L1, T 3Hauenus f(xq), f(xy1), f(r2) n nmeomuii B Touke Ty MPOU3BOIHYIO,
pPaBHYIO dy; MHOrO4WIeH P,_; CTPONTCS KaK MHTEPIOANMOHHLIN MHOTOYIEH TPETheit
CTeIeHH, TPUHUMAIOMINI B TOYKAX Ty_1, T, Tpy1 3HAYEHUS f(2,_1), [(2n), [(Tni1)
1 UMEOUNH B TOUKE T,_; IPOU3BOIHYIO, PABHYIO dy_1 .

Takum obpasom, BMecTo n mapamerpoB d;, ¢ = 1,2,...,n uMeeM u n — 2 mapa-
MeTpa dg, d3, ceey dnfl .

U3 yenosus Pf € CP([a,b]) nomyuaem

P! (z;) = P/'(zy), i=23...,n—1

— n—2 ypaBHEHU: OTHOCUTEJILHO N —2 HEU3BECTHBIX do, d3, ..., d, 1. Y PaBHEHUS [IJ1s
i=3,4,...,n — 2 COBIAJAIOT C BHIIUCAHHBIME paHee ypaBHeHuaMmu (12), ypaBHeHUs
Jilie

Pl'(z3) = Py (x2), Py y(xn1) =P, (251)

U3MEHATCHA B CUJTy U3MEHUBIIErocs BHIA MHOTOMJIEHOB.

3. Beraucisem npubsmxkenne K f'(z1) u f'(x,) aHagsornaHo npubInKeHno Kyou-
deckuMu MHOTOWIeHamMu Beccests (em.§19.4). [Ipyruvu croBaMu, Mbl BBIYHCIIAEM di 1
d,, no dopmystam (7) ipu @ = 1 u i = n. Dru ypaBHeHUA 100aBIAIOTCH K cucreme (12)
B Ka4eCTBE MEPBOrO U MOCJIEIHEr0 YPABHEHNUH ¢ COXPAHEHNEM €€ TPeXIMAroHaIbHOTO
BUIA.
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Buavenus f(xg) n f(x,11) MOryT HAXOOUTHCA U3 COOOPAKEHNUIT MEPUOINIHOCTH,
YeTHOCTH U T.II.. Ecim HuKakoil momoHHTe bHOil mHdoOpMamun o npub/ImKaeMoit
dbyHKIUE f HET, TO MOKHO HCIIOJIH30BATh dKCTPAIOJIAINIO, HAIPUMED, JUHEHHYIO:

rg =1 — (T2 — 1), f(xo) = flz1) = (f(22) — f(21)),
Tni1=Tp+ (Tn — Tn1),  f(Tny1) = fzn) + (f(2n) — f(201))-

§19.8.6. IDKkcTpamosAnus B NIPUTPAHUYHBIX y3JaX

DTOT METOI UCMOJIB3YeTC s, KOTIa HUKAKOl TOMOJTHUTETbHON HH(MOPMAINT O TPH-
ommkaemoii pyHknun f HeT.

B kauectse npubsmkennoro snavenns f'(z1), f'(x,) mubo f"(xy), f"(x,) Gepyrcsa
snavenns Q) (xq), Ri(x,) mubo Qf(z1), Ri(x,), roe Qk(xr) — WHTEpHOIAIMOHHDIH
mMHOrO4IeH Jlarpan:ka crenenn k — 1, MOCTPOEHHBI IO TOYKAM X1, T3, . . ., Tk, Rk ()
— MHTEPIOJIANNOHHBI MHOTOUYIeH Jlarpan:ka crenenn k— 1, MOCTPOEHHBII O TOYKAM
Ty botly Tnkg2s -y Ty k > 3. [omyuenunie 3nadenus ' wau f” B Toukax x; u
T, UCHOJIB3YIOTCHA KAK YKa3bIBAIOCH BhIIIE (CM. MOCTPOEHHE IPAHIYHBIX YCJIOBHUIT 110
3HAYEHUAM TEPBOil UM BTOPOH TPOM3BOIHON (DYHKIINN B I'PDAHUTHBIX ySJIaX).

§ 20. MHTEPIIOJIIIINA ITAPABOJINYECKUMN
CIIJIAMHAMMU

§ 20.1. O6masa cxema

[lycte 3amambl TOUKH a = X1 < T3 < ... < =z, = b u 3HaUeHHA
f(z1), f(xs) ..., f(x,). Benem monosauTenbubie T09ku &1, &o, ..., Epr1 TAK, ITOOBI

1 <a=21<&E<w << w3 <. <Xy <E<Tp=b< &

Hampumep, MOXKHO TTOJIOXKUTH

Ti—1 + x; .
&L= —f) 1=2,3,...,n.
2

WNurepnonupyiomas Gyakiusa P f cTpontcsa TakuM o0pas3oM, YTO Ha KaXKI0M OTPe3Ke
(&, &iv1], 2= 1,...,n OHA ABJIsIETCA MHOTOWIEHOM P; cremeHum 2, TakKmM, 4TO

Pi(x;) = f(w), .

i=1,...,n (1)

Pz'(fi) = Ui, Pi(fzurl) = Uit1
rme v;, ¢ = 1,2,...,n+ 1 — cBOOOIHBIE TTapaMeTphbl, TOT WK MHOII crocod BeIOOPA
KOTOPBIX OMpeIeideT MeTO KyCOUHON MHTEePIOIAINN TapadoTMIeCKUMI MHOTOYIe-
navu. [lonyuennas dpyuknus Pf coBmamaer ¢ f B Toukax x;, ¢ = 1,...,n u s

noboro nabopa mapamverpos v; Pf € C([a,b]).
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§ 20.2. AuroputMm BeIYHCIeHUSA KO3 (PUIMEHTOB MHOrOo4YIeHa P,
Koaddunuentsr muaorowrena P;, 3anucagaoro B popme
Pi(x) = ay; + azi(x — &) + asi(v — &) (v — x;)

MOTYT GBITH BBIYHCJIEHBI 10 WHTEPHOAAIHoHHO dhopmyne Hbiorona (cMm. ompeeste-
aue (4.1) pasieseHHbIX Pa3HOCTE):

U; \
f(fUz) — U
e flo) S —v
/ 1 Vig1 — J (@ i) U
f(xi)\ Siv1 — & < §iv1 — T B T — & )
vipr — f (i)
Siv1 — T
Vi1

CTo01bI BBIYUCIAIOTCA CJIeBa HAIIPABO, 3JIEMEHTHI CTOJONA BBIYUC/IAIOTCSI CHU3Y
BBEpX, CTPEJKH YKa3bIBAIOT A9eHKy MaMATH, B KOTOPYIO MOMEIMIAETCA Pe3YJIbTAT.
Orcroma mosydaem

ay; = Vg

i = TN

e = () S
TG 6\ G- z; — &

Tl IpeicTaBieHIA B BiLe
Pi(w) = c1i+ ca(r — &) + ez — &) (2)
sanmmen
(&) —a)=(x - &)@ &+ & — 1) = (v - &) — (2, — &) (v — &),

OTKYyJa MOJIydaeM

Cli = A15 =7
I __f(xi)—vi_ r; — & Ui+1—f($i)_f($i)—vi
Coi = Qa4 («Tz gz)a?,,z - €xr; — gz §i+1 — gz ( §i+1 —; T; — gz >
i g — <vi+1—f($i)_f($i)—vi>
o BT Em -G\ & — i — &
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§ 20.3. HMurepnossanua napaboInYecKUMU CIJIaifiHaAMU

WNuTepnonanusa napadbOJTHIeCKUMI CILTAfHAMU HCIOJb3YeTCA IJIA TOJIYIeHU
Hambostee TIanakoit mpubamkamoomeir Gyakmun Pf B paccMarpuBaeMOM KJiacce
KYCOYHO-KBa/IPATHIHBIX MHOTOYJIEHOB.

[Tapamerpnr v;, ¢ = 1,2,...,n + 1 B 0obmeit cxeme NHTEPIOJJIAINN KyCOYHO-
KBaJIpATUIHBIMI (DYHKIIUAME BBIOMPAIOTCA TaK, ITOOBI MpHOIMKAIONMAA (DYHKIUA
Pf 6buma cinaiimom 2-ro nopanka T.e. Pf € CW([a,b]) nm

'F)ilfl(gi) = ‘le(gl)v 1= 27 37 a1 (4:)
13 npencrasienns muorowrena P; B Bume (2) Haxomum
Pi,—l(é-i) =C24-1 + 2(6@ - 62;1)03#-,1, le(gz) = Co. (5)

C nomommpio (3) BBYUCTIM

f(@i) — i i i <Uz'+1 — f(®i) . fl@i) — Ui) _
T — & Siv1 — & Siv1 — T T — &
_ <1+ T — & ) flo) —vi  xi =& v — f(w)
Siv1— &) xi—& §iv1 — & i1 — i

Coi =

:—Uz'< ! + ! ) — Vit1 TG +
ri—&  Cir1— & (&1 — &) (Gi1 — @)
+ fla) ( L, by T & )
ri—& G — & (S — &) (G — )
1 1 1 1
- (xz — & * Siv1 — §i> s <§i+1 — 7 &1 — fi) *

1 1
* f(:vz) (% — & * Siv1 — $z> ’

1 (viﬂ — flzi)  flz) — Uz‘) —

G- &G\ G- x; — &

__ 1 (v- ! + v; ;—f(a:)< ! + ! ))
T Gn-&\ mi—& ap-m \wi—& G- w))

a TaKKe

C3i

o+ 2(&i1 — &i)esy =

. ( 1 N 1 ) . ( I ) N
o \w & G- & T\ - &G — &
T fla) ( S > "

i —& G — T
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1 1 ! !
re (g tg g e (et ) -

( 1 1 > N < 1 N 1 )
= 'Ui —_ 'UZ- —_
ri—&  Siv1— & T\ — | G- &
1 1
f( ) (% —& Siv1 — %)

C moMOMOMIBIO HTHX PaBeHCTB 1 (5) HAXOIMM

1 1 1 1

.
(&) ri—&  Cip1— & T\&n—m &Gn-&

1 1
* f(xl) (% — & * Siv1 — %) ’

(6)

1 1 1 1
Pl (&)= vi- ( - >+w< + )—

1( ) ' Ti—1 — fi—l fi - fi—1 fz‘ — Tij-1 fz‘ - fi—1 (7)

F (i) ( R )

- Ti—
' i1 — &1 & —Tiy
[Moncrasmsas (6) u (7) B (4), momyvaem mis Beex ¢ = 2,3,...,n
(1—1>v-+<1+1+1+1>v-+
Ti—1 — fi—l fi - fi—l o fz‘ — Ti-1 fi - fi—1 Ty — fz‘ §i+1 - fi '
N ( 1 1 >
Cin—x En—&)

1 1 1 1
B <x,~_1 — &im1 i §i — xi—1> fla)+ (xz — & - Siv1 — 35z> ) (8)
8

910 cucrema u3 n — 1 JMHEHHBIX ypaBHEHWN OTHOCUTE/HLHO N + 1 HEMm3BECTHBIX

V1, U2y« vy Upy1. J1s ee 3aMbiKaHus TPeOyeTcs elne JBa yPaBHEHUs, KOTOPbIE CTPO-
ATCA, UCXOMA U3 Toll wiam uHOf momosHuTeNbHON uHbOpMannu o dyukmun f (cMm.
HUKE).

Cucrema (8) ABJIACTCsI CUCTEMOIl ypaBHEHHN C TpeXIuaroHaJILHOH MaTrpuiei c
(cTpormm) auaroHaJbHBIM MPEODIaaHIeM U ee MOYKHO pemarh Metonom [aycca 6e3
BBIOOpA TVIABHOTO 3JIEMEHTa.

OcHoBHbIe cBO¥McCTBa mpub/ukaromeii pyukiuu Pf:

1) Pf saBasierca HeJIOKaJIBHOI KyCOYHO-MHOTOYIEHHON (hyHKIMEH, 3HAUEeHNT KO-
TOPOit 3aBUCAT OT MOBeneHnA (ByHKIUN [ B KaXKIOH TOUKE Ty, Lo, ..., Ty.

2) Meron npubsmxkenns spisercs jguneitneivm: P(f + g) = Pf + Pg, P(af) =
aPf.
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[TorpemHocTh annpoKCHMannn MapadoJndecKuMy Crilaiinamu (B CHILy HeJIoKaJlb-
HOCTH CILTafiHa) 3aBHCAT OT BHIOOpA TOIMOJHHTEJbHBIX YPABHEHWH 1A 3aMbIKa-
ana cucrembl (8) m cocrasmaer or O(h') mo O(h?®), rme h onpemensercs pasen-
crsoM (19.5).

§ 20.4. OrmpeneseHrne HEOOCTAOIINX I'PAHUYHBIX yCJIOBHH

Menmomb3ytoTes HeCKOTBKO METOIO0B IMMOCTPOEHUA IBYX JTOTOJTHUTETbHBIX YpaBHE-
HUil 115 3aMBbIKaHUsA cucTeMbl (8), KOTOpBIE BBIONPAIOTCSA B 3aBUCUMOCTH OT TOTO,
KakKas JOTOJTHUTeIbHaA MH(OPMAIUsA N3BeCTHA O MPUO/INKAeMOi (DYHKIIIH.

§ 20.4.1. OmnpeneseHre HEOOCTAOIINX I'PAHUYHBIX yCJOBHH 11O
M3BECTHBIM 3HAYEHUIM IEPBOM NPOu3BOAHON (PYyHKIIMKM B rPAHUIHBIX
y3J1ax

[Tycts usBecrubl 3uavenus f'(xy) u f'(x,) npoussomnoii f' dyukunu f B rpa-
HUYHBIX y3/71aX o1 U T, . BO3MOXKHBI 1Ba SKBHBAJCHTHBIX IOIXOMA.
1. Ipa IOMOJHUTEILHBIX yPABHEHH MOJIYyYalOTCA 13 YCJIOBHI

Pi(zi) = f(z1),  Pulza) = f'(20).
Borancanm

Pl(zi) = co; + 2(w; — &i)esi =

S )
o\ =& L& TG —n G —&
+f(a:i)< 1t >+

;=& G —

T — & 1 1 1 1
* 2§i+1 - & (Ui% — & * Ui+1§i+1 — T B f(xl) (% — & * Siv1 — %))

[TockosbKy

n—& 11 |

Siv1 — & i1 — T B Sipi— 2 i — &

T — & ( 1 n 1 ) _ i Siv1 — & _ 1

Siv1 — & \Ti — & &1 — T Civ1 — & (Gin — i) (s — &) &g — )

TO

") = 1. 1 L — U ! - !
Bilm) = v (331 - & " it1 — fz‘) o <§i+1 — T G €i> N
+ f(x:) ( : + 1 ) +

=& G —
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1 1 1 1
+ 20— + 2u; - —2f(zj)———— =
Siv1 — & i <§z‘+1 -1 i1 — §i> ( )§i+1 —

_U< 11 >+U ( 11 >+
- §iv1 — & i —& i Siv1 — T Siv1 — &

1 1
* f(xl) (% — & - Siv1 — xz)

ﬂBa JOINOJTHUTEJIBbHBIX YPaBHEHMA IOJIYIal0OTCA U3 y(ZJIOBI/Iﬁ

P/(x;) = f'(w:), 1 =1,n.

ODTH PaBEHCTBA BJAIOTCS IBYMS HEIOCTAIOINME YPABHEHUSAMHI, KOTOPBIE IS CO-
XpAHEHUs TPEXINATOHATIBHOCTH CUCTEMBI (8) HAO C/Ie1aTh COOTBETCTBEHHO TIE€PBBIM
U TOCJIEIHIM YPaBHEHUAMU 3TOWH CHCTEMBI.

2. Beibupaem & =z, &,41 = x,. Torma B cucremy ypaBHeHwuit (8) vy n v, 41 He
BoiinyT, a Py u P, cTpoATcs 0 NHTePHoJIAInonHOi (bopmyie HbioToHA ¢ KpaTHBIMI
y3JaMI: MHOTOYIEH

P(z)=ca1+ (x —21)co1 + (@ — x1)20371
CTPOUTCA U3 yCJIOBUM

Pi(xz1) = f(z1), Pl(x1) = f'(z1), Pi(&) = ve,

qTO JTaeT

C11 = f(xl); Co1 = f’(l"l), C3.1

1 (1;2 — f(x1)

_52—351 fz—xl

—f I(x1)> )
aHAJIOTUIIHO, MHOTOYJIEH

Pn(x) =Cin + (ZU - gn)CZ,n + (aj - 6n)203,n

CTPOUTCA U3 yCJIOBUM

Po(&n) = vn,  Pi(zn) = f(2n), Pi(zn) = f(2a),

9TO JaeT

Ciyn = Up, Cop = 2

)

3 ycnosus Pf € CM([a,b]) nomyqaem

Pilfl(é-i) = PZI(§Z)7 L= 27 37 R
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— n—1 ypaBHEHU:A OTHOCUTEJILHO 1 — 1 HEM3BECTHBIX Vg, V3, ..., Up. Y PABHEHU /15
i =3,4,...,n — 1 cOBIANAIOT C BLIMUCAHHBIMI paHee ypaBHeHUAME (8), ypaBHEHUs
Jilig

P{(&) =P3(&),  Poa(&) = Pu(&)
U3MEHATCA B CIJTY U3MEHUBIIErOCs BHUAA MHOrOWIeHOB Py n P,_;.
1. Beimmmem HOBoOe mepBoe ypasrenne cucremsl (8). Vimeem

Pl = o+ 26— ) = Flo) + 2 (UL - )
vy — f(z1)

=2
S — 11

- f,(xl)a

BeIpazkenne s Py(&y) momydaem us (6) mpu i = 2:

’ _ 1 1 — L - !
Fale) = “2<x2—§2+§3—52> ”3<£s—w2 53—52>+

1 1
+f(x2) <I2 — & * $ —I2> '

CJIG}IOB&TQJIBHO, YpaBHEHNE UMEET BUI

( N B >+ ( 11 )_
P\ w6 &6-6) C\G-m &-&)

2 1 1
N f(x1)§2 — I * f(xQ) <$2 — & * §3 — Ty

2. Beimmmem HOBOe mnocsieHee ypasaenne cucrembl (8). Vmeem

f(xn) — Up
Tp — &

Beipazkenne i P, (&,) nomydaem n3 (7) npu § = n:

, - 1 1 1 1 _
Fa-ala) = s <xn1 6 G- §n1> o <£n T T 5n1>

1 1
~ flana) (xn1 —&n1 " €n — xnl)

CremoBareIbHO, YPaBHEHNE MMEET B

. ( 1 1 >+U< R SR )_
o Tp—1 — gn—l é-n - gnfl " gn — Tp—1 gn - gnfl Tp — gn B
~ flan) (5 L) o)

Tp—1 — gn—l gn — Tp—1

)+ e

Prll,(gn) = Con = 2 - fl(xn)a
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§ 20.4.2. OmpeneseHne HEOOCTAOIINX I'PAHUYHBIX YCJOBHH IO
M3BECTHBIM 3HAYEHUAM BTOPOIl Mpom3BOAHOM (PYHKIIUU B IPAHUYIHBIX
y3J1ax

[Tycrs ussectasl 3uavenus f"(xy) u f"(x,) npousBonuoit f” dyukmun f B rpa-
HUYHBIX y3J1aX T U T,. Torma morpedyem ot npubamkaomeii ¢pyaknun P f

(P (1) = (1), (Pf)"(@n) = [(2n),

T.e.
Pl(z1) = f"(@1),  P(a) = f"(xn).
3 (2) maxommm

Pi'(w;) = 2¢3; =
2 1 1 1 1
= V; + v — — [(7; + .
§i+1 —& < x; — & i §i+1 — T f( ) (% —& §i+1 - $z>>

Toma JOIIOJTHUTEJIbHBbIE YPDaBHEHUA

(9)

P!'(x;) = f"(xy), i=1,n.

Ot PaBEHCTBa ABJIAIOTCA ABYMA HEJOCTAIOMMMHU YPaBHEHUAMM, KOTOPLIE IJIA CO-
XpaHeHnuA TpexXInaroHaJIbHOCTU CUCTEMbI (8) HaJO CAe/laThb COOTBETCTBEHHO IEPBbLIM
1 IMOCJICJHUM YPaBHEHUAMU 3TOI CUCTEMBI.

§ 20.4.3. “EcrtecTBeHHBbIE” IDAHUYHBIE YCJIOBHUA

DTOT METOJ UCTIOJIB3YETCs, KOTJIa HUKAKOI JTOMOJTHUTEIbHON NH(MOPMAINN O TTPH-
ommkaemoii pyHknun f HeT.
Torna morpedyem ot npubauxkatomeii pyaknun P f

(Pf)'(@1) =0, (Pf)"(zn) =0,

T.C.

P/'(z1) =0, P!(z,) = 0.

I3 coorromenuit (9) mosrydaem JaBa JOMOTHUTETHHBIX YPABHEHMU
I -
P/(z;) =0, i=1,n.

DTH paBeHCTBA ABJAIOTCA IBYMs HEIOCTAIOIMINMHI YPABHEHUSAMI, KOTOPBIE JJIA CO-
XpAHEHUs TPEXINATOHATIBHOCTH CUCTEMBI (8) HAO C/Ie1aTh COOTBETCTBEHHO TIE€PBBIM
1 TIOCJTEIHUM YPABHEHUAMU 3TOH CHCTEMBI.

Ecan y npubamxaemvoit byakunn f(x1) # 0 wm f"(x,) # 0, T0 1pon3BoJI B BbI-
fope rpaHUYHBIX YCJAOBHI IPUBOANT K MOBBINEHHONW MOIPEITHOCTA B MPUTPAHNIHBIX
y3J1aX.
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§ 20.4.4. VYcaoBue “OTCyTCTBUA y3/a” B NPUTPAHUYHBIX y3J1aX

ITOT METOJ UCIOJIb3YeTCA, KOTJIa HIKAKOI JTOMOJTHUTETbHON NHMOPMAIINT O TTPH-
omzkaemoit GyHKIun f Her.
Torna morpedyem ot npubanxkatomeii pyuknun P f

PIEPQ, Pn—IEPna (10)

T.e. MHOrOWIeH P; = P, uurepnoaupyer f Ha [£1, &3] 10 Toukam x1,xo: Pi(z) =
f(z1), Pi(x2) = f(xe) m Py(&3) = v, a muorounen P, ;| = P, unrepnosmpyer f Ha
[gnfla §n+1] o TOYKaM Tp_1,Tp: Pn(xnfl) = f(xnfl)a Pn(xn) = f(xn) n Pn(é-nfl) =
vn_1 . CiteioBaTesibHO, MHOrOUIeH P, = P, ¢TpouTcsa KaK HHTePIOJIAIUOHHBI MHOTO-
WIeH BTOPOH CTeleHu, IPUHUMAIONINI B TOUKAX X1, Ty, &3 3Hauenusn f(xq), f(xs), vs;
muOorowred P, = P,_; ¢TpouTcsA KaK MHTEPHOJIANMOHHBII MHOMOYIEH BTOPOi CTere-
HI, OPUHUMAIOMNIT B TOYKAX &, 1, Ty 1, T, 3HAUCHUA Uy 1, f(Tn 1), f(Xn).

Takum obpasom, BMecTto n MHOro4wIeHOB FPj, ¢ = 1,2...,n u n + 1 nmapameTpoB
vi,t=1,2,...,n+1 nmeem n — 2 muorounena P, = Py, P, Py,..., P, 9,P, 1= P,
u n — 3 mapameTrpa vs, Vg, ..., Up_1.

B Merone mpubamkenns napaboandecKIMI CILTAHAME BO3MOXKHBL IBa MOAX0A.

1. Us yenosus Pf € CY([a,b]) momyaaem

Pilfl(é-i) :le(gl)? i:3747"'7n_1

— n—3 ypaBHEHN:A OTHOCUTETHHO N —3 HEM3BECTHBIX VU3, U4, . .., Up_1. Y PABHEHU I
i =4,5,...,n — 2 COBNAJAIOT C BLITUCAHHBIMI paHee ypaBHeHUAME (8), ypaBHEHUs
1A

Pi(&) = Py(&s) = P3(&),  Pro(&n1) = Py (§n1) = Pr(6nn)

N3MeHATCA B CIJTY W3MEHUBIIeroca Buaa MHOTOUWIeHOB Py = Py, P, 1 = P, .
a). Beimumiem HOBoe miepBoe ypashernue cuctembl (8). [To uaTepnosnunonnoit ¢hop-
myJse Hbiorona

P(x)=a1y+ (x —x1)az; + (x — x1) (v — z2) a3,
rie

vz — f(22)

§3 — T

a1 = f(fvl), a1 = f(ﬂf1;$2), as1 = < - f(xl;x2)> .

[Tosromy

P(&3) = agy + (283 — 11 — m3)ag) =
283 — 11 — Ty <U3 — f(x2)

§3 — 11 &3 — X9

= f(@1;22) +

- f(xl;x2)> =

:( 1 + ! >('Ug—f(xQ))_gg_x?f(xl;xZ)'

§3 — 11 &3 — X9 §3 — 11
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Boipakenne nus Py(£3) nomydaem us (6) upu ¢ = 3:

Falts) = —vs <x3i53 +54i§3> o <§4ix3 - 54i§3>+
* f(fL'g) <$3 if:z * §4i$3> '
CnenoBareTbHO, ypaBHEHIE UMEET BH/L
1 1 1 1 1 1
o (53—331 +§3—5U2 +x3—§3+§4—§3> o <§4—5U3 _54—§3> B
= f(z) ( S ) + f(aa) ( - ) + BT ),

§3 — 11 &3 — X9 T3 — &3 §4 — 3 §3 — 11

6). Beimumrem HOBoe mocstenHee ypashenue cucrembl (8). [To mHTEpHOIAIMOHHOM
dopmysie HeioTona

Pn(x) = Q1 + (.ZU - é-nfl)aQ,n + (.ZU - é-nfl)(x - xnfl)a?),n
rie

flry 1) — v, 1
a1,p = Up-1, QA2 = Ecnn_ll)— §n_n1 1, as,n = an_l (f(xn_u ﬂﬂn) - a2,n) .

[ToaTomy

_ Tp—1 — gnfl
Tp — gn—l

Tp—1+ Tp — 2€n71 Tp-1 — gnfl X .
Tp, — En—1 o mﬂxn_h n) =

:< ! )(f(xnl)—vnl)—mf(xnl;xn)-

Tp—1 — é-nfl Tp — é-nfl Tp — gnfl

P’f;(é—n_l) = Ao + (§n_1 - $n_1)03,n = azn

(f(xn—l; xn) - a2,n) —

Boipaxkenne qiusa P!, (&,—1) nomydaem n3 (7) opu ¢ =n — 1:

P, _5(&n—1) = Un—2 ( ! ! ) +

Tp—2 — 5n—2 gn—l - gn—2

" ( R )
/l) _ JE—
ol gnfl — Tp-—2 é-nfl - §n72

1 1
a f(xn72) (an - gn—Q * é-nfl - xn2>

CJIG}IOB&TQJIBHO, YpaBHEHHNE UMEET BUI

( 1 1 ) N
Up— —
2 Tpn—2 — §n72 gnfl - €n72
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1 N 1 1 . B
gn—l — Tp—2 gn—l - 5n—2 Tp—1 — gn—l Ty — gn—l

1 1
= f(Tn- +
( 2) Tp—2 — 5n—2 gn—l — Tp—2

1 1 Tp—1 — En—1
+f(x,— + -
f( " 1) Tno1 —Ent Tp — En—1 Ty — &n1

+'Un71

_|_

f(xn—l; xn)

2. Bynem zapaBars P, Py, ..., P, kak panbiie HabOpoM vy, Vg, . . ., Upt1 . BbIIOJ-
nenns yciaous (10) mobbemcs, morpe6Gosas HenpepbiBHOCTH (P f)” B TOukax & u
&n, T€.

Pl(&) = P(&),  B1(&) = B/(%) (11)
(yemoBus (10) u (11) sKBHBAJEHTHBI JJTsl MHOTOY/IEHOB BTOPO{i CTENEeHH, IIOCKOJIBKY B
cuny (4)y Py u Py, P, 1 u P, cOBIAIAIOT BCe IPOM3BOIHBIE OT HYJIEBOTO 0 BTOPOTO
IOPAIKA BKJIIOIUTENBHO).

Coornomenus (11) maroT 1Ba HEIOCTAIOIINX 71 3AMbIKAHUA cucTeMbl (8) ypas-
HEHU .

13 mpencrasienns MHOTOWIeHa P; B Bume (2) maxomnmwm, 4to coorHommenns (11)
SKBUBAICHTHBI

€31 = €32, C3n—1=C3p (12)

§ 20.4.5. JIomOJHUTEIBHBIN y3€J B IIPUTPAHUYHBIX y3JIaxX

DTOT METO/ UCMOJIB3YeTC s, KOTAa HUKAKOM JOMOJHNTeIbHOI nHOpManum o mpu-
omkaemoit yHKIUn f HeT.

BBemem DOMOTHUTETBHBIE TOYKN Ty < T1 U Tpyi > T, U 3HAYEHHS TPHOJIH-
Kaemoit dyukmun f(xg) u f(T,41) B 1Tux Toukax. Torma momaraem & = xy u

€n+1 = Tnp+1

U = f(fl), Un41 = f(fn+1)-
DTN paBEHCTBA ABJIAIOTCHA IBYMs HEIOCTAIOMINMEI YPABHEHUAME, KOTOPBIE IIJIs CO-
XpaHeHusA TPeXAnaroHaJbHOCTU CACTEMbI (8) HAJI0 CIIeJATh COOTBETCTBEHHO NEPBBIM
7 TIOCJICTHUM yPABHEHUAMM ITOU CUCTEMBI.

§ 20.4.6. IKCTpamoJANUs B MPUTPAHUYUHBIX y3JaX

DTOT METOI NCMOIB3YETCs, KOTAA HIKAKOI TONOTHNTE/IbHO nudopManm o mpu-
omzkaemoit yHKIUn f HeT.

B kauectse npubsmzkennoro suavenus (1), f'(x,) mudo f"(x1), f"(x,) Gepyrcs
snadenus Q. (r1), Ry(z,) mmbo Qf(x1), Ri(z,), tme Qk(r) — MHTEPIOIATMOHHDIH
muorodsien Jlarpanzka crenenn k — 1, mOCTPOEHHBI 10 TOYKAM X1, T3, . . ., Tk, Rk (T)
— UHTEPHOJIANMOHHBIN MHOTOUIeH Jlarpanka crenenn k—1, IOCTPOEHHBI 10 TOYKAM
Tp—ktly Tneki2s -y Tn, k > 2. [lomyuenusie 3nadenns [ win f” B Toukax x; u
T UCHOJIB3YIOTCHA KAK YKA3BIBAIOCH BBIIIE (CM. MOCTPOEHHE MPAHIYHBIX YCJIOBHUIT 110
3HAYEHUSIM TIEePBOH WM BTOPOil MPOU3BOAHON (DYHKIMN B TDAHUYIHBIX y37IaX).
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I'masa II.

METOIBI IIPUBJINXKEHNA ®YHKIINI
MHOI'UX IIEPEMEHHBIX

Untepnonamua dynkmmit f : @ € R® — R! ykmanpisaercsa B 00myIo cxemy
3aaun JmHeitnoit naTeprossnmu. Ho ata cxema tpebyer obpamenns marpuibt (1.1.3)
1 MOTOMY JIJIsl OTHOMEPHOTO CJIy4asd BBITIE ObLT MPEII0XKEeH PAL METOIOB, B KOTOPBIX
9Ta MaTpHIla He OoJiee, 4YeM TpeXInaroHaabHa.

s MHOTOMEpHBIX ObJacreil nocrpoenne xopoino obparnmoii marpuibt (1.1.3)
MPOU3BO/IUTCS, B OCHOBHOM, JIBYMS METO/IaMMU:

1) WHTepnoJMpOBaHNEM TEH30PHBIMU TPOU3BEICHU AMY,

2) npubIMKEHNEM MeTOIOM KOHEYHBIX 3JIeMEeHTOB.

§ 1. MHTEPIIOJIAINNS ®YHKITNN MHOI'MX
ITEPEMEHHBIX TEH3OPHBIMU ITPOU3BE/JIEHUAMU

DTOT METOH, MHTEPIOJIAINNN MO3BOJIAeT HamboJIee MPOCTO CBECTU 3aaady WHTPe-
noiAnun (PYHKIUU MHOTUX IMEPEMEHHbBIX, 3aJlaHHOI B MapaJuie/enuiene, K 3aaade
UHTEePHOJIANN (DYHKIUI OTHON epeMeHHOI.

§ 1.1. TlocranoBKa 3aga4u MHTEPHOJAINUN TEH30PHBIMU MPOU3BEIECHUAMU
U TeopeMa KOPPEKTHOCTU

[Iycth 3amana dyukmma f : Z = X xY — RY, f € F(Z,R!) - nekoropo-

My (DYHKIMOHATLHOMY IIPOCTPAHCTBY, HAGOPH (DYHKIMH g, ..., Uy, u; : X — R,
u; € F(X,RY u vy,...,0,, v; : Y — R, v; € F(Y,R') u nabopsl Jinneiinbx
byHKIMOHAIOB Ay, ..., \, Ha npocrpancree F(X,R') u puy,..., [, Ha 1npocTpan-

cree F(Y,R'). Tpebyerca noctpoutsb annpokcumamuio Pf dbynknuu f Bua
n m
Pf=3%_> %jwi
i=1j=1

TaKY1O, qTOOBI OBLJIN BBIIOJHEHDI JIMHEiHbIe YCJI0BIA MHTEPIIOJIAIINN

Vi,j(Pf):Vi,j(f); izl,...,n, jzl,...,m, (1)
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rue
wi; = u; @ j, T.e. w;i(x,y) = ui(x)v(y),
Vig =N ® pj, e vig(f) = Xy (f2(y)) = wi(Ai(fy(2))),
fe(y) = f(x,y) € F(Y,RY), fy(z) = f(z,y) € F(X,R}),
feF(ZRY, i=1,....,n,j=1,....m, v € X, yeY.
OboszHaunM

U= (u),, = {Za,uZ:aERn}, Vo= ()i,

A= <>‘i>?:1a M = <:uj>j:17
W=UV={w=u®v :uelUuwveV}.

Teopema 1. Ilycmo
1. pynruuu uy, ..., U, AUHETHO HE3ABUCUMDL, PYHKUUOHAABL A1, . .., Ay AUHETHO

HE3ABUCUMDL U MATPUUG

A= (Ai(w)) ij=t1,m (2)
obpamuma;
2. pyHryUY Vi, . .., Uy AUHETHO HE3GBUCUMDYL, GYHKUUOHAADL (L1, - - . o [y AUHETHO
HE3ABUCUMDL U MATPUYA
B = (pi(vj)) ij=1,...m (3)
obpamuma.
Tozda

1. Qynryuu wi; = u; @ v; cocmasasrom basuc npocmparncmea W = U @ V' u,
caedosamenvro, pasmeprocmv W pasna nm.

2. 3adava sumetinol UHMEPNOAAYUYL KOPPEKMHA.

3. Unmepnoasupyrowasn dynrkuus npedcmasasemcs 6 eude

Pf=3% % viwij (4)
i—1j—1

2de 1
I'= (%,J)( 1,..n, j=1,..,m) = A7t ( (Vi,j(f))(izl,,,.,’n,,j:l,...,m) ) (Bt) . (5)

HokazarenabcTBOo. Besaknit snementr w € W = U ® V' npeacrapisgerca B BUOE
n m
= Z Z Vi,jWiyj
i=1j=1

HeiictBurensro, w € U Q@ V ectb w = u ® v, 1e. w(zr,y) = u(x)v(y). Tak kak
Ui, ..., U, cocrapjsior basuc U u vy,...,v, cocraBjsior basuc V', To

_ éam(m o(y) = i B0,()
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[ToaTomy
= Z:z_: zﬁyuz ( )

[IpoBepnM, 9TO 9TO TPEICTABIEHNe EIMHCTBEHHO (3TO U Oy/IET 03HAYATH, UTO W;; =
u; ® vj obpasyior 6asuc U ® V'). Pacemorpum

n

veaw) = (e ® ) () = e @ 1) [ 303 g @0y | = 303 s (ws)pu(y) =

i=1j=1 i=1j=1
n m
=D Yijtkiby = Z Z arii by = (AT B")g
i=1j=1 i=1j=1

[To ycaoBuio marpunsl A u B obparumbl, cje10BaTeIbHO

I'= A" (v (w)) k=t i=1,..m(B) " (6)

Orcrona BbITeKaeT, 9T0 KO3(PDUIMEHTH 7;; OTHOZHAYHO ONpeNeJAroTca (yHKImedt
w, T.e. w;j — dasuc W.

13 (1) u (6) BBITEKAIOT BTOPOE M TPEThe YTBEPKICHU TEOPEMBI.

Teopema mgokasana.

§ 1.2. Omnenka uucaa apudMeTudIecKuX oreparuii

OneHnM TPyI0eMKOCTh BhIducseHnii no dgpopmyite (5).

1) C nomompio, HanpuMep, LU —paszjioxKeHusa Mbl MoxKeM BeramenTh A~' ¢ za-
tparoit O(n?) apudmernuecknx oneparmuii.

2) C momompio, manpumep, LU —pasloxkKeHns Mbl MOKeM BBIYUCTHTL B! ¢ 3a-
tparoii O(m?) apudmernuecknx omepanmii.

3) Marpuna T = A (v (f)) BBIYACTACTCA O OMPETETEHUIO TTPOU3BENIEHUA Ma-
Tpur ¢ 3arparoit O(n’*m) apudgmernueckux oneparuii.

4) Marpuua ' = T(B!)~! Bbruuciisercs no onpeeeHuio Npon3BeleHus MaTpUIL
¢ sarparoit O(nm?) apudmernueckux oneparmii.
Takum obpasom, obiree KOIUIECTBO apupMeTHIecKnX Omepaluii, TpedyeMbIX /I

nposejienus Bbruucaennii no dpopmyie (5), pasao O(n® + n?m + nm? + m?).

3ameuanne 1. Henocpencrsennoe onpenesenne kosdduunenros I' = (v; ;) u3
CHCTEMBI

ZZ k(wi) p(vi)vig = v (f), k=1,2,....,n, 1=1,2....m
=1 :

2
U3 n-m JUHeHHBIX ypaBHeHU{ OTHOCHTEIBLHO N+ HEeH3BeCTHHIX ;; Tpebyer g(nm)3

CJI02KeHuil 1 CTOJILKO Ke yMHOKenuit no merony ['aycca. Hanpumep, npu n = m sto
naer O(n®) apudmeruueckux onepanuii, B To Bpems, kak dgopmy.e (5) O(n?).
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§ 1.3. AJropuT™M MHTEPHOJJIAINUN TEH30PHBIMYU NPOU3BEICHUAMU

3 Teopembl 1 BbITEKaeT CJIEAYIONIUIT aJIrOPUTM BBIYUCIEHUS UCKOMBIX K02 du-
uuenros I' = (%‘,j)(i:L...,n,j:l,...,m) byaknm Pf.

O6osnaanm fr; = v (f), fi = (fu,---, fu)! — BexkTOp U3 3meMentoB fr, F =
[fi,--., fm] — n X m marpuna, cocraBiaennas u3 BeKTopoB fi. Torma dopmyna (5)
YTBEPIKIAET, 9TO

I =A"'F(BY) ™"
Paccmorpum marpuity
T = A_IF = A_l[fl, ey fm] = [A_lfl, ce ,A_lfm].

B cnuy pesymbrara (1.1.4) teopembr (I.1.1) ecoim b = (by,...,b,)" — npousBoabHbBIH
BEKTOP, TO BeKTOp ¢ = A™'h ecTh BeKTOP K02(DbbUINEHTOB HHTEPIOINPYIONIeit (byHK-

n
o u = Y. ¢u; Takoii, aro Ag(u) = by, k = 1,2,...,n. CuenoBaresbno, k-ii
i=1
crojiben, marpuiibl 1 ecTb BeKTOP KoadhdunuenToB uHTepnoaupyiomeit dyukmunm,
HOCTPOEHHOM 1Mo k-My cTosiony fr mMarpunsr F'.

Pacemorpum maTpuity
r=7(B)" = (B7'T")".

Ecmm o6osnaunts T = [ty,...,t,] — cronbus t; € R™ marpuupt T¢, To BT =

[B~'ty,...,B7't,]. B cuny pesyabrara (1.1.4) reopemst (1.1.1) ecom b = (by, ..., by)

— TPOM3BOJILHEITL BEKTOP, TO BeKTOp ¢ = B~'b ectb BexTOp K03 PUINEHTOB HH-
m

Teprnosmpyomeit byHKImn w = Y, ¢;ju; Taxoii, aro py(u) = b, | = 1,2,...,m.
i=1

CrenoBarenbHO, [-ad cTpoKa MaTpuibl ' ecTh BeKTOp K03(MMUIIIEHTOB NHTEPIIOTI-

pytomieit (byHKINM, MocTpoeHHoii mo [-oit crpoke t; Marpuisl 1.

Marpunpt 7' n I' o6bruno xpansarca Ha mecte Mmarpuinbl F'. B aTom ciaydae onn-
CAHHBII BBINIE aJITOPUTM MOXKET ObITh C(OOPMYJIMPOBAH B CJIEYIONIEM BUJIE.

1) Host Becex k = 1,2,...,n 3amenuth k-ii cronbern fp marpunsl F' Ha BEKTOp
n

ar KoaddunumenToB naTepnoaupyiomeit GyHkiun u = QgiU; TaKOft, 9TO

=1
Nilfe) = fie=Ni(u), i=1,2,...,n.

2) s Beex | = 1,2,...,m 3aMeHnTh [-yi0 CTPOKY t; Marpuipl F' Ha BeKTOD
m

0B, koadduImeHToB wHTEPHOANpYyoOmeil (GyHKIum v = '21 Bijvj Taxoit, 4To
j:

,U,j(tl) :tjl :uj(u), j = 1,2,...,m.
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§ 1.4. TIIporpamMHasa peajamusanus ajJropuTMa

[Tycrs nonnporpamma INTERP_X (LU, N, ALPFA) no Bekropy

LU = ((Ai(u)) (izl,...,N)>

sHavenuit byHKIMOHaN0B ); Ha Hekoropoit dbyukmun u € F(X,R!') crpour Bex-
top ALPFA = () (i=1,..N) K03huImeHToB HHTepnoaupyomeit pyakmun Pyxu =

Zz-l\:]l Q;U; TI0 HEKOTOPOMY MeToy 1 jinneitnoit nunrepnosanuu Gynkiuii uz F(X, R').
[Tycrs momnporpamma INTERP_Y(MV, M, BETA) no Bektopy

MY = (50)) o1, 1))

snavenuit pyHkimonaaos p; Ha nHekoropoit dynkunu v € F(Y,R') crpour sex-
top BETA = () (j=1,-.M) KoahdunmerToB naTEpnoaupyoomei Gyakuun Pyv =

z}\fl Bjvj mo HeKOTOPOMY MeToy 2 uHeitHoit naTepnonaunn byukunit uz F(Y,R').
[lycts f € F(X x Y,R'). O6osnaunm N x M marpuiy

NF = < (i@ py)(f) )(i:l,...,N,j:L""M) )

Uckomas N x M marpuna koadpdunnenroB GAMMA =T ¢pyakuun P f

N M
(PA)(@,y) =3 vigui(®)v;(y)
i=1j=1
BBIYUC/IAETCS CJIEIYIONINM aJIrOPUTMOM
1. dnsa i=1,N BBIIOJIHATH

INTERP_X(i-#t crosnben NF, N, i-ii cronberr GAMMA)
2. Ina j =1, M BBIIOTHATH

INTERP_Y (j—s crpoka GAMMA, M, j-a crpoka GAMMA)

Ecnu meton 1 wam 2 TpebyIOT A1A CBOEro MPOBeIeHNA 00paIlleHa HeKOTOPOii Ma-
TPHIIBI, TO 3TA MATPUIA OYIeT OTHON ! TOI YKe MpU KayKIOM BBI30BE MOIMPOrPAMMBI
INTERP_X u INTERP_Y. CaenoBaresbHO, Tpn HEPBOM OOPAIIEHIN K TOIITPOrPaM-
Me INTERP_X nym INTERP_Y moxkuo nocrponts, Hanpumep, LU-pasiioxenue s1oit
MATPHILI ¥ COXPAHUTL 3TO PA3T0KEHNe 10 CJAEIYIONIEro BbI30Ba MOIMPOTPAMMBI BO
BCIIOMOTATETHLHOM MAaCCUBE.

B 3aBucumocTn oT ncnoib3yeMoro sA3blKa IporpaMMupoBanus audo myHkT 1 6o
MYHKT 2 9TOr0 aJrOPUTMa MOYKET ObITH OCYIIEeCTBIEH 0€3 OO/ THUTE/TbHBIX BHIYUC/TH-
TeJbHBIX 3aTPaT Ha BBI30B MOJNPOrPAMM UHTEPIOJIANNN 10 nepemenHoit X miam Y.
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Hanpuwmep, na s3pike FORTRAN, B KOTOpOM MaccuBbl XpAHATCH MO CTOJIOIAM, MEP-
BBIli MyHKT aJrOPUTMa MOYKHO 3aIUCATH B BUIE
DO I=1,N
CALL INTERP_X( NF(1,I), N, GAMMA(1,I) )
ENDDO
Ha ssbike C, B KOTOPOM MaCCUBBI XPAHATCS 110 CTPOKAM, BTOPOIi IIyHKT aJITOPUT-
Ma MOYKHO 3aIICaTh B BUJIE

for( j=0;j < M; j++ ) INTERP_Y( GAMMA[j], M, GAMMAJj] );

§ 1.5. UuTepmosisinuu TE€H30PHBIMU IIPOU3BEOEHUIMHU B CJIydae
MHOTO4YJIEHHON annpoOKCUMAaIuU

[Iycrs f = f(x,y) — dyHKOMA ABYX NEepeMeHHBIX, 3aJaHHAd HA MPAMOYTOJIb-
nuke [a,b] X [¢,d]. Ilycts rakske 3amanel To9kn @ = Ty < T3 < ... < T, = b n
c =1 <y < ... <Yy = d, nw usBecTHnl 3Hauenux f(x;,y;), ¢ = 1,2,...,n,
j=1,2,...,m byukunn f B Touxax (z;,y;). IIpogemMoHcTpUpPyeM IpUMeHeHIe Teo-

peMbl 1 /14 pacCMOTPEHHBIX paHee MeTOI0B MPUOTHKEeHHA.

§ 1.5.1. UnaTepnoaamuoHHbI MHOTO4WIEH Jlarpamka

ITycTh KasKaplil 13 MEeTOI0B NPUOINKEHIA IO IePeMEHHBIM T U Y ABJIAeTCH all-
npokcnmanueii Maorowsesom Jlarpanka (cm. § 1.3). Tlpubauxkatomas dyskus (mo
KazKJIOi 13 mepeMeHHbIX) Bbrancssercs mo dopmyse (1.3.1).

BeeneMm Bce ydacTByomme B IIOCTAHOBKE 3aJa4M JIMHEHHON MHTEPIIOIANMHE TeH-
30PHBIMI IPOU3BEICHUAME 00LeKThL. Basucuele byHKInm:

m
Yy~ U
U (y) = H ) = 17 27 y M
=125 Y1 — Y
DYHKITNOHAJTBI
Ni(w) =u(z;), i=1,2,...,n, pj(v)=v(y;), j=1,2,...,m. (7)

Marpuupt A B (2) u B B (3) — ennanunbie. Basuc B npocrpancrBe dbyHKunii — TeH-
30PHBIX IPOU3BEICHUIA:

Basuc B mpoctpancTBe bYHKIIMOHATIOB — TEH30PHBIX MPON3BEICHMI:

vii(f) = Mg (f) = flziyy) i=1,2,...,n, j=1,2,...,m.
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[To Teopeme 1 npubamkaromasn dyrkimus nveer By (4), rae koaddummenTsr v;;
Boraucssorea B (5). B euny A~ = I, B! = I umeem: v;; = v;(f). B urore
npudbaunKawmans GYHKINA TMeeT B

~5 . m LTk Y=
Pr=Y> ey 11 [ S22 20
i=1j=1 k=1kil=1,1#; Ti — Tk Yj — Y

§ 1.5.2. PasneneHHble PA3HOCTHU IJjid (PYHKIUU MHOTUX HMEPEMEHHBIX

Pasnesientble pasHocTH, BBeeHHbIe B § 1.8, aBistorcs (o nokazanaomy B § 1.8) -
HEfiHBIMI HeNPepBIBHBIME (DYHKIIMOHATaMI. MBI MOXKeM PaccCMOTPeTh UX TeH30PHOe
HpOI/I3Be,ILeHI/Ie§

flxs o i, Y35 -5 Yj) =
= (f(zs;.. -;l"i+k))(yj; - -;yj+l) = (f(ij - ;yj+l))($z'; o Tigk)-

PagencTBo 31ech cipaBemmBo B cuity npencrasiaenus (1.4.2). D1o onpenesenne sKBu-
BaJIEHTHO cJieayonemy anajory onpenesnus (1.8.1).

Onpepenenne. [lycrs 3aman HAOOD TOYEK T, ..., Titk, Yjs ..., 2 4 (He 0bA3a-
TeJIbHO PA3INIHbIX ). Pasdesernnots pasnocmoto Gyskmun f HYJIEBOrO MOpsIKa HA3bI-
Baercs f(z;,y;) = f(x;,y;), pasmerennoit pasnocToio (k+1)-ro mopAIKa HA3LIBAETC

f(fUz'; s s Ttk Yjs e e e Z/j+z)

(1 OFf
o w(xi,yj; 3 Yj4l), ECTH Ty = ... =T U f € Ck+D
(f(@is e 5T 15 Trts 5 Ty Y5 Ygirt) —
—f(@is o T Tgts - Ty Y - -3 Y1)/ (Ts — )
eCJIN CYIEeCTBYIOT Ty # Xy,
%gl—y{(%, S Tipk, Yy),  eCM Yy =... =y u f € CcHh,
(f(@is - 5 ik Yjs 3 Y13 U - - -5 Yjat) —
=i ik Uiy Ys 15 Ysars -5 Yi))/ (Ys — Yr)
{ ecJIi CyIEeCTBYIOT Ys F Yy,

§1.5.3. Uarepmoasamuounuasi ¢popmysia HeroTroHa

[TycTb Kaxkaplii n3 METOIOB MPUOINKEHN 1O IIEPEMEHHBIM & U ABJISAETCS all-
IpOKCUMAaIeil MHOTOUIeHOM JlarpanzKa, KOTopbiil Bhrauncasercs no gpopmyie Hopio-
toHa (cMm. § 1.5). TIpubmmxkatomas dyskmms (M0 KaxKa0il 13 nmepeMeHHbIX) BbIYHCILIsA-
ercs 1o dhopmye (1.5.2).
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Brenem Bce ydacTBylolme B IOCTAHOBKE 3a/1a4ui JIMHEHHOW WHTEPHOJIAINN TEH-
30PHBIMHI TPOU3BEACHUAME 00beKTHI. Basucubie hyHKINNT:

i—1

ui(z)=[[(z —a), i=1,2,...,n,

k=1

U](y):H(y_yl)7 j:1727"-7m
=1

(BIeCh CIMTALTCH, YTO MPOU3BEIEHIe PABHO 1, €C/IH BePXHU TIpee/l MeHbIIe HIKHe-
ro). @ynknnonasst 3anaorcs B (7). Onrako, yaobHee paccMOTPETh IPYTYIO CHCTEMY
dbyHKIMOHATIOB, KOTOPas 1aeT Ty ke npudamxkaouyo dyukmuo. B cury (1.10.1) B
KauecTBe (BYHKIMOHAIOB MOYKHO B3ATh

Ai(w) =wu(zy;. . 5x;), =1,2,...,n,
piv)=v(y;...5y;), 7=12,....,m

s sroit cucremsl yukumonasoB marpuibl A B (2) u B B (3) — enuanansle. Basuc
B IIPOCTPAHCTBE (DYHKIMIT — TEH30PHBIX MPOU3BeIeHMil:

wij(xay):uz HH ﬂﬂ—xk y—yz)

k=11=1
1=1,2,...,n, j=1,2,.

Basuc B mpoctpancTBe DYHKIIMOHATIOB — TEH30PHBIX MPON3BEICHMIA:

Vij(f) :)\i(,uj(f)) :f(xl;---;xiayl;---;yj)
1=1,2,...,n, 7=1,2,....m

[To Teopeme 1 npubamxkaromasn dynkimus nveer By (4), rae koaddummenTsr ;;
Boraucssorea B (5). B euny A~ = I, B! = I umeem: v;; = v;(f). B urore
npubaumKawmans GYHKINA TMeeT B

n o m i—17—1

Pfa,y) =33 flo..aiys..u) [T T —26) (v — w) (8)
i=1j=1 k=11=1
Bbrauc/ienne pasiesieHHbIX PasHOCTEl 0CyIEeCTBIIsAETCA corIacHo § 1.4 npuMeHeHnem
anroputMa u3 § [.5 mo Kax1oii n3 mepeMeHHBIX T U Y.

§ 1.5.4. UVHTepmoaauusa ”’aBUKYIMIUMHUCA’ MHOTOUJIEHAMA

[IycTh KaxKapIit 13 METOIOB MPUOIMKEHU MO MEPEMEHHBIM & U Y ABJIAETCS NH-
reprosiAnpeit ” apuKyummucs” Muorowrenamu (cMm. § 1.6) cremenn k m [ coorBer-
CTBEHHO. DTU METOJIbI ABJIAIOTCA HA KaXKIOM U3 OTPE3KOB [T, Tir1], 1 = 1,2,...,n—
k—1, &g, xn] 1 Y941, 7= 1,2,...,m—1—1, [Ym_i,Ym] anmpokcumanu-
eif MHTEePHIOANMOHHBIM MHOTOWIeHOM Jlarpam:ka, 3amucanabiM B (popme HbroToHA.
[Tosromy npubsmkaomasns GYHKINA CTPOUTCA, TaK Ke, KaK B MPEIbIAYIIeM paseste.
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§ 1.5.5. UVHTepmosdanusa ¢ KPAaTHBIMHU y3J1aMHU

[IycTh KaxKApIii W3 METONOB NMPHUOJIMKEHUS O MEePEMEHHBIM & U Y ABIAETCA
arnmpokcuMaleii Maorowsesom Jlarpanxa ¢ kparabivu yaaamu (cum. § 1.9). Teope-
Ma [.9.1 mo3BosisieT paccMarpuBaTh TAKy[O AlPOKCUMAINIO aHAJTOTTYHO ONMUCAHHON
BBIIIIE 663 KpaTHBIX Y3JIO0B.

§ 1.5.6. Pasjgoxkenue mo MHOrouseHaMm YeObimeBa

[TycTb KaXKablii W3 METOIOB MPUOTNKEHNA M0 MePEMEHHBIM & U Y ABJIAETCH all-
npokcnmanueit Maorounenamu Heobrmesa (em. § 1.13). Tlpubmuxkaomas GyHKIus
(mo Kaxkmoii M3 mepeMeHHbIX) Bbranciagercs mo dpopmyre (1.13.10).

BBenem Bce yuacTBylomine B MOCTaHOBKE 3a/1a9W JIMHEHHOW WHTEPIIOJIANNN TEH-
B0PHBIMU TTPOU3BEAEHUAME 00beKThI. Basucubie pyHKINNI:

. 2x — (b
E(x)(x)zﬂ<w>, i=01,....,n—1,
—a

~ 2y — (d
T(y)(y):]},(%), j=0,1,...,m—1,
—c

DOyuknonaasl 3anarcs B (1.13.4):

rae

s
3

Fo ) =3 feg@), (F9¥ =3 Fy)aly).

i—1 j=1

Ja sroii cucremsl dyukunonanoB marpuisl A B (2) 1 B B (3) — AuaroHasbHbIe

(em. (1.13.9)):

A = diag

n,g,...,g] eM,, B =diag

m
— ... e M,,.
m727 :|

Basuc B mpoctpancTBe yHKIMIT — TEeH30PHBIX TPOW3BEICHMI:

~

wij(2,y) = wi(@)v;(y) = T (@) T (y),

(10)
i=0,1,....,n—1,j=0,1,...,m—1.

Basuc B mpoctpancTBe (DyHKIIMOHAJJIOB — TEH30PHBIX MTPON3BEIEHMI:

vii (f) = Nl () = DD wij(wi, y;) f(wis yy) = (wyy, f%%i)
=11
i=0,1,....n—1,j=0,1,....m—1,
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rie
n

o) = S5 f ()9 ;).

i=1j=1

N3 mevwmbr 1.13.2 nonydaem

(wgj, w > ) npu i #j u k #I,
nm . .
<wz]7wz]> “) = T upn @ 7£ 0 u J %07
(wigywi)s) = T2 apn i 0,5 = 0w i = 0,540,
{woo, w00> ) = nm,

T.e. 6a3UC w;; OPTOrOHAJEH OTHOCHTETIHHO CKAIAPHOLO MpPOW3BeIeHud (- ->(Iy). ITo
teopeme 1 mpubimkaomasn byHkunsa nveer Buz (4), rae ko3 uunenTsr y;; BbIYU-
casiores B (5). B cuny Buna marpun A u B umeem:

b = vg(f)  (wiy, HEY
LV zy) T
(wig, w0 (wig, wig)

B urore npubankaioniasa pyHKIMS UMEeT BUL

n—1m-—1 w”, f>
= Z — T Wi
=0 7=0 wzya ’LU”>

Breraucienne KkoaghuimeHToB pas3ioKeHns OCYIIeCTB/IAeTCA coriacHo § 1.4 mpume-
mernem anroputma (1.13.11) mo KaxKmoii U3 mepeMeHHbIX T 1 Y.

§ 1.5.7. Anmpokcumanmusa MHOrodjeHamu YeObinmieBa MeTOIOM
HAUMEHbIIUX KBaJPaTOB

[TycTb Kaxkaplil n3 METOIOB MPUOINKEHH [0 IIEPEMEHHBIM & U ABJISAETCS all-
npokcuMaliueit MaEorouieHaMu Jebbiiesa, MOCTPOEHHOI METOOM HANMEHBIINX KBa-
aparo (cm. § 1.17). [Tpubamxkatomas dbyakuns (110 KaxKaoi 13 nepeMeHHbIX) BbIYH-
caserca no dopmyse (1.17.2) ¢ koabdunumentamn (1.17.5).

BeeneM Bce y9acTByIONMe B IOCTAHOBKE 331241 JTUHEIHONR HHTEPIOIAINI TeH30D-
HBIMU TIPOM3BEIEHIAME 00beKThl. Basucubie dyukmum: (9). OyHKINOHAIBI 3aIaH0TCS

B (1.17.3):

rIIe

— [ f()g(a) . W) _ [ wel)
[ Jomoa=gts =] o
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s sroit cucremsr dyukunonanos marpuisl A B (2) 1 B B (3) — amaronasbmbie
(em. memmy 1.17.2):

E]GMW B:&%Pr

T
A=di [ T
iag |7, 5 5

™
—, ... M,,.
727 72:|€ m

Basuc B npocrpancre dbynkunii — Tensopubix npoussenenunii: (10). Basuc B mpo-
cTpaHcTBe (PyHKIMOHAIOB — TEH30PHBIX ITPOU3BEICHMIT:

=~z (:L‘y) T
vii(f) = Nilui () = [T, f]1™ = fwyy, /17
i=01,...,n—1,57=0,1,...,m — 1,

rae

y)(y

| [ e i

CrnenoBarenbho, npubmxkawomas Gyuxius Pf € P, (1) ®Pp_1(y) yrorersopser
CJIETYIONIIM JIMHEHHBIM YCTOBUAM MHTEPIIO AN

[P, EOTO) ™ = [f, 70T
i=0,1,...,n —L]:Qanm—L

KOTOPbIe ABJIAIOTCA MHOrOMepHbIM anasiorom ycaosuii (1.17.3). B cuiy mokaszamnno-
ro B § 1.17 a10 03Hauaer, uro npudmmKaiomaa Gyakuusa Pf € Pn_1(x) @ Pp_1(y)
peanun3yer MUHIMYM

If = PfI>=1[f - Pf, f—Pf]" = min

B npocrpancTie Beex dyukmuit Pf € P, 1(x) @ Pro1(y).
N3 stemwmbr 1.17.2 nostyvyaem

[wij, ] =0 mpu i #j om k£
[wij,wij](my) = %2 opu 1 #0 u j#0,
m%wmm)zg- mpit i £0,j=0 wm i=0,j#0,
[woo, woo]( ) = 72,
T.e. 6a3MUC W;; OPTOrOHAJIEH OTHOCUTEILHO CKAJIAPHONO IPOU3BEICHUA [+, -](Iy).

ITo Teopeme 1 mpubsmxaromasn (yakmmsa nveeT Bui (4), rae KoahDOUIIEHTs ;5
BeIYHCIIAOTCA B (5). B cuny Buma marpun A u B umeeM:

= vis(f)  _ [wy, )1
L/ zy) zy)
[wij,wij]( Y) ]( Y)

[wi, wij
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B urore npubankaioniasa pyHKIMS UMEeT BUL

n—1m-—1 wzyaf] zy)

=2 2

wz-j.

i=0 j=0 [wzyawz]]
Breraucienne KkoaghuimeHToB pas3ioKeHns OCYIIeCTBIAeTCAa coryiacHo § 1.4 mpume-
wernem anroputma (1.17.19) mo Kaxkmoii u3 mepeMeHHbIX T 1 Y.

§ 1.6. UuTepmosisinuu TE€H30PHBIMU IIPOU3BEOEHUSIMHU B CJIydae
KYCOYHO-MHOTOYJIEHHO!N AIIPOKCUMAIUNA

B caygae, Korma KaKaplii 3 METOMOB MHTEPIIONANNA IO HEPEMEHHBIM T U Y
ABJAACTCA KyCOYHO-MHOTOUJICHHBIM, OMUCAHHBI BBIINIE aJIrOPUTM MHTEPIIOIALINA TeH-
30PHBIMI MTPOM3BEICHUAMEI MOYKET ObITH 3HAYUTEILHO YIIPOLICH.

[Iycts f = f(x,y) — GyHKuma aByx nepeMeHHBIX, 3aJaHHAT HA TPAMOYTOJTLHIKE
[a,b] X [¢,d]. [TycTh TakKe 3aTaHBl TOUKH @ = T1 < T3 < ... < Tp, =bu c =1y <
Yo < ... < Ym = d, M KaXKABIl 13 METOIOB MHTEPIOJIAINMA 10 IEPEMEHHbIM L U
TAKOB, YTO WHTEPIOJNPYOmas DYHKINA HA Ka’KIOM U3 OTPE3KOB X, Tit1], [Yj, Yj+1]
CTPOUTCS HE3aBUCUMO (OT JAPYIUX OTPE3KOB [Tk, Try1], (Y1, Yiv1], k # i, [ # j). Torma
marpunbl A7 n B™! B (5) 6yayT 6;109HO0-IMATOHATLHBIMHE, 1 I3 TeOpeMbl 1 BBITeKaer,
9TO MHTEPIOTNPYIONMAs (DYHKIMA HA TPAMOYTONLHUKE [T;, Tit1] X [Yj, Yj+1] CTPOUT-
Cs He3aBUCUMO (OT APYTUX MPAMOYTOJBHUKOB [Tk, Trr1] X [y, yis1], k& # i, | # j).
[TosTomy Teopemy 1 MOXKHO NPUMEHATH HE3ABUCHMO Ha KasKIOM U3 IPAMOYTOJILHHE-
KOB [%;, Tit1] X [Yj, Yj+1]. DTO 06CTOATENBCTBO MO3BOIAET TAKZKe PACHIIPHTD 00/IACTH
IPUMEHIMOCTH aaroputma: pyHKIusA [ MoxKeT OBbITh 3aaHa He TOJLKO Ha MPAMO-
yrobHuKe [a,b] X [c,d], a u Ha m060# 06JIACTH, TPEICTABUMOI B BIIe OObeTMHEHNS

HeTepeK PRIBAIOTIIXCA TPAMOYTOMLHIKOB | ([x,,le] X [Yi Yjt1]) -
i.j

§1.6.1. KycouHo-iuHEeHHAA WHTEPIIOJIAIINSI

[Tycrs Kaxkapiii m3 MeTomOB NPUOINKEHUs MO NMEPEMEHHBIM T U Y ABJAETCS
KYCOYHO-JIUHEHHOI MHTepHOoIAInei (CM. § I.15). CorytacHO CKa3aHHOMY BBITIE T0CTa~
TOYHO PACCMOTPETH IPHOINZKEHNe HA MPAMOYTOIbHUKE [T;, Tit1] X [y, Yjt+1] . [Ipnbim-
xKatomas by (10 KazKIoil 13 mepeMeHHbIX) Berancagerca mo dhopmyste (1.15.1).

BBemem Bce ydacTByOIIHe B MOCTAHOBKE 3aadl JIMHEHHON MHTEPIOIANNE TeH-
B0PHBIMU TTPOU3BEAEHUAME 00beKThI. Basucubie pyHKINNI:

T — Ti+1 r—;
ui,l(x) = ) ui,Q(x) = , T € [xia xi-l-l]a
Ti — Tiy1 Lit1 — T4
Y~ Yj+1 YUY
——, Up(y) = ———, Y €Yyl

vii(y) = — > U2y —
Yi — Yj+1 Yji+1 — Yj

QOYHKITTOHAJTHI

)\i,l(u) = U(xz), )\i,Q(U) = U($i+1), Mj,l(U) = U(yj), Mj,Q(U) = U(ijrl)-
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Marpuupt A B (2) u B B (3) — ennanunbie. Basuc B npocrpancrBe dbyHKunii — TeH-
30PHBIX MPOU3BEIEHMI:

wije(,y) = wig(x)vi(y), k1=1,2.
Basuc B npocTpancTse (pyHKIMOHAIOB — TEH30PHBLIX TPOM3BEIeHNUI:
Vit () = Nk (e (), b 1=1,2,

T.€.

vijin(f) = f(zisy;), vijue(f) = f@i, yj41),
Vij,ZI(f) = f(l"iﬂa yj)a Vz‘j,22(f) = f(fUz'+1, yj+1)-

[To reopeme 1 mpubsmxkatonas byHKus nmeer Bu (4):
2 2
= Z Z Yig, kIl Wig,kl
k=1 1=1
e K03 UInenTs! v,y Boraucasmorcs B (5). B ety At =1, B! =1 umeem:
Vijht = Vijri(f)-
B urore mpubamkaromnasa GyHKINA IMeeT B

T—=Zit1 Y—Yjn T—Ti+1 Y —UYj

Ti = Tit1 Yj — Yj+1 Ti — Tit+1 Yj+1 — Y5

T—T; Y —Yin r—x; Y—Yj
+f(ziy1,95) Z e+ f (T, Yjg) - L
Tit1 — % Y5 — Yj+1 Tiv1 — T5 Yj41 — Y5

[TocTpoennyio mpubIMAKAONYIO (DYHKINIO IaCTO HA3BIBAIOT OUAUHETHOU.

B ciygae kycouHO-nHEITHONH HHTEPITOIANNN TOT )Ke Pe3yIbTAT MOYKHO MMOJTy YU Th,
npumenss Teopemy 1 Ha Beeit obsractu onpenesenns pyukimun f .
T
Omnpenenenne. OO03HATNM UYepe3 S§ ) rmmeiimoe MPOCTPAHCTBO HEMPEPBIBHBIX
JIOMaHBIX JINHUH HA OTpe3ke [T1,T,] = [a,b] ¢ m3momamu o < x3 < ... < Tp_1;

a qepes S — nmHeliHOe IPOCTPAHCTBO HENpPePHIBHBIX JOMAHBIX JTHHIH Ha OTpe3Ke
(Y1, ym] = [c, d] ¢ uzmomamu yo < y3 < ... < Y1 -
Beeznem 6asucbt npoctpanctsa Sy, S (em. (1.16.2))

Hz(w) € Sé ), Hz(w)(l‘k) = (5ik; 1, k= 1,2,...,n

HY e S, HY(y)=6u, 4,1=12,...,m

Besxan u € S5 n Besxas v € S pacKIAIBIBACTCA 1O HTOMY GABHCY CIIELYIONIM
obpazom (cm.( 1.16.3)):

u(@) = 3 ulan) H(2), v(y) = v(u) HY (y).
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B kauectBe dynknmonasos Beibupaem \;(u) = wu(x;), i = 1,2,...,n, pi(v) =
v(y;), 7 = 1,2,...,m. Torma marpumst A B (2) u B B (3) — exnnndnsle; 6asnc
B MPOCTPAaHCTBe (DYHKIMIT — TEH30PHBIX MpoU3BemeHumii: w;;(x,y) = HZ-(I) (x)H ](y) (v),
1=1,2,...,n, 3 =1,2,...,m; 6a3uc B npocTpaHCTBe (PYHKINOHAIOB — T€H30PHBIX
npomssenennii: v;;(f) = f(xi,y;), ¢ = 1,2,...,n, 7 = 1,2,...,m. ITo Teopeme 1
npubmxkaomas dbyukuns umeer Bux (4), vae KoahdumeHTH 7ij BBIUUCJIAIOTCA
B (5). Bemny A =1, B! =1 nmeem: 7v;; = v45(f). B urore npubnmxkaromas
dyHKIMA UMeeT BUL

PF=3"S fleny) HO @ HO(y).

i=1 j=1

§ 1.6.2. KycodHo-IuHEHHasA alIpOKCUMAINsI METOIOM HAUMEHBIITUX
KBa/IpaToB

[IycTh KaxKApIii W3 METONOB NMPHUOJIMKEHUS IO MEePEMEHHBIM & U Y ABJIAETCA
KYyCOYHO-JIMHENHON ammrpoKCuMaleil, moCTpOeHHOI MeTOnIOM HAaUMEHLIINX KBaIpa-
toB (cMm. § 1.16). B arom ciyuae ymobHee mpuMeHATH TeopeMy 1 Ha Bceit obsractn
onpenenenus QyHknun f .

Brenem Bce ydacTBylolme B IMOCTAHOBKE 3a/1a4i JIMHEHHOW WHTEPHOJIAINN TeH-
30PHBIMI [TPON3BEIeHNAMN 00beKTh. BasucHbie byHKIMN (CM. ONMpeneseHns B mpe-
JBIIYIIEM Pa3Iesie):

ui(x)EH-(x)(x), i=1,2,...,n, vj(y)EH(y)(y), j=1,2,...,m.

QOYHKIITTOHATHI
)\Z(u) = (u, Hix))Lz([a,bD , 1= ]_, 2, , 1,
_ ()
/‘LJ(U)_ (U7Hj )LQ([C,d])7 J _1727' y m

Marpumst A B (2) u B B (3) — Tpexamaronasbusie, cM. (1.16.8). Basuc B npocrpancTse
GyHKIUIT — TEH30PHBIX TPOU3BEICHMIT:

wi;i(z,y) = H(x)(x)H(y)(y), i=1,2,...,n, 7=1,2,...,m.

3 J

Basuc B npocrpancrse (GhyHKIMOHAIOB — TEH30PHBIX IIPOM3BEICHII:
vi(F) = Aih; (f) = (f’ Hi(m)HJ(y))Lz([a blx[e.d])’
i=1,2,....n, j=1,2,....m

CrenoBarenbHo, mpudamkamomaa Gyuknud Pf = Lo f € Séx) ® Sgy) YIOBJIETBOPAET
CJIETYIONIIM JIMHEHHBIM YCTOBUAM MHTEPIIO I

(LQf’ Hi(x)H§y))Lz([a,b]) B (f’ Hi(x)H§y))L2([a,b]) ’

i=0,1,....,n—1,7=0,1,...,m—1,
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KOTOPbIe ABJIAIOTCA MHOrOMepHbIM anasiorom yciosuii (1.16.6). B cuity mokaszamnno-
ro B § 1.16 a10 o3nauaer, aro npubsmxkaiomas pyaknus Pf = Lof € Séw) ® Séy)
peann3yer MUHIMYM
1f = Laflo(la.b)x[c.ay — min
B IIPOCTPAHCTBe BeeX GyHKIMA Lof € Séx) ® Séy).
ITo Teopeme 1 mpubsmxaromas ysknusa nveet Bug (4), rae koadummenTsr v,

seraucssAoTes B (5). Ilpu arom npumensiercst aaropur™ u3 § 1.4, a 1y ycKOpeHus
Berancennii 1 marpun, A u B crposarca ux LU -pa3ioxKeHns.

6 1.6.3. KycouyHo-KyOudyeckas MHTEPMOJIAINA

[Tycts KaKaplit U3 METOZOB NPUOINKEHUS 110 TEPEMEHHBIM T W J sBJIseT-
¢ KycouHo-kKyOomdeckoit narepnosisnneii (cm. § 1.19). CornacHo ckazaHHOMY BbIIIe
JOCTATOYHO PACCMOTPETHh MPHOIHKEHNe Ha MIPAMOYTOIBHEKE [T;, Tiy1] X [Y;, Yjt1]-
[Tpubmukaromas GyHKIuA (M0 KazxkKIOoH U3 MepeMEeHHBIX) BBIYUCIIAETCS 10 (HhOpMY-
ae (1.19.2), rae koadbdunmentor 3anaorcs (1.19.3).

BBemem Bce yvacTByomme B NOCTAHOBKE 3a4a4M JIMHEHON MHTEPIOJIANE TeH-
B0PHBIMU TTPOU3BEAEHUAME 00beKThI. Basucubie pyHKINNI:

uip(x)= (z — xi)k’l, k=1,2,3,4, x € [x;,Tis1],
Uj:l(y) = (y - yj)l_17 [ = ]-7 27 37 47 y e [yja yj-l—l]'
QOYHKITMOHATHI

Aia(u) = u(x;), Ai2(u)
i1 (v) = v(y;), p2(v) =

di(u), Ais(u) =w(@it1), Aia(u) = dip(u),

(v), Mj,a(”) = U(yj+1)a Mj,4(U) = dj+1(v),

e BeJUYUHBL d;, d; OUpPEeNesaAl0TCsa BBIOPAHHBLIM METOJIOM HHTEPIOJIANNN, CM.
(I.19.4), (1.19.7), (1.19.8), (1.19.9), (1.19.12) (B mocsiemHeM cirydae BeJUYUHB d; TO-
JIYYAIOTCA B pe3ysibTare PelneHns CUCTeMbl JUHEeHHBIX ypaBHeHI/H‘/’I).

®opmyser (1.19.3) mpencrapisior coboit Burpaxenua aua marpun A; ' B (2) n
B; ! B (3). Hdeiicturensno, shipaxenns (1.19.3) Moxmo samucats B Bume (0603Ha41B

j
hi = @it — x;)

C1,;= f(xz)
Coi = d;
1 73
C3i= 73 (E(f(l"iﬂ) — f(xi)) — 2d; - di+1>
3 2 3 1
= _ﬁf(xi) - ﬁdi + ﬁf(fviﬂ) - ﬁdiJrl
1 2
C4i= 73 (di +diy1 — E(f(fvz'ﬂ) - f(%)))

2 1 2 1
= ﬁf(xz) + ﬁdi - ﬁf(l"iﬂ) + ﬁdiﬂ
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CremoBaresbHO,

¢i = (Criy oy 3y i) = A7) (F(20), diy f@ig1), digr)"

rae
1 0 0 0
0 1 0 0
ANh) = 3 2 3 1
R3S R R3S A2
9 1 2 1

B R B R?
Taxum obpasom, A; ' = A~ (z;,, — 2;), B{l = A Yyj41 — y;). (Ipyruvn cooBamm,
4
Koadumentsr o; = (qp)h_y 4 € R* npubmmxkaromeit byaxkmmm Pu = Y QG Ui
k=1

YIOBIETBOPAIONIEH JTHHEHHBIM YCJIOBHAM HHTEPHOJANNN \; i (Pu) = )\i,k(&), BBIYII-
camores kKak o; = AN @i — x)Ni(u), toe Ai(u) = (Nig(u))k=1..4 € R*. Koaddu-
4

wuentol B = (B;1)i—1. 4 € R* npubmuxaiomeit bynkunun Pv = Y- B;,v;;, yiosie-
=1

TBOPIONIEH JTHHEHHBIM yeIoBuAM uHTeprosannn (1 (Pv) = p;;(v), BEIMICIAIOTCA
kak B = A7y — vy (v), vae 5 (v) = (pja(0))i=1..4 € RY).
Basuc B npoctpancTBe byHKIHIT — TEH30PHBIX TPOU3BEIeHMUiL:

wij (T, y) = wip(¥)v(y) = (r — )"y —y)'™", k1=1,2,34.

Basuc B mpocTtpancTBe (DyHKIIMOHAJJIOB — TEH30PHBIX MTPON3BEIEHMIA:
Vij,kl(f) - )\i,k(uj,l(f))a kal = 1727374' (11)
[To reopeme 1 mpubmxkatonas byHKus nvmeer Bu (4):

4 4 4 4
Pr=Y" vijmwijm = > Yiju(r — z)  (y =y

k=11=1 k=11=1

re Koadbdummentst vy Beraucaaores B (5). B emry A;' = AN (v —ay), Bl =

J
A7 (yj41 — y) mmeen:
Ty =A (@i — 2) F (A yje — yy)',

rae I';; = (%‘j,kl)k,l:l..A € My(R), Fi; = (Vij,kl(f))k,lzl..A e My(R).
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Brruuciaenne (pyHKIIMOHAJIOB — TE€H30PHBIX ITPOU3BEOEHUH

B caydae KycOYHOH MHTEPHONANNEN KyOHYECKUMEH MHOTOYJIEHAMH DPMUTA (CM.
§ 1.19.3) marpuna Fj; mMeer Bu

f (i, yj) Ty] f (@i, yj+1) Tﬁ
of (xi, ?Jj) 52f(35i, yj) of (zi, yj+1) an(%, yj+1)
Fo— ox 0xdy ox 0xdy
) Of (xiz1,y; Of (Tit1, Y,
f(@ig1,95) % f(@ig1, Y1) %
Of (w441, yj) an(xi-Ha ?Jj) Of (wiy1, ?Jj+1) 82f(xi+17 ?Jj+1)
ox 0xdy ox 0xdy
T.e. B Kaxmoil Touke (w;,y;), ¢ = 1,2,...,n, j = 1,2,...,m (6bITb MOXKeT, 3a
HCKJTIOYEHIeM TPAHNTHBIX) TOJIKHBI OBITH 3adaHbl 3Hadenus f(z;,y;), oy
x

oy = Oxdy

B ciyuae Kycownoit mHTeprnossAnnn KyomdeckuMu MHOrodsIeHamMn Beccess (cM.
§ 1.19.4), KycoIHOI MHTEPHOIANMN KYyOMYIECKIMI MHOTOYJIEHAME MeTOIOM AKNMBI
(em. § 1.19.5), KycouHOI MHTEPIOJANNN KyOHYIECKIMI MHOTOYWICHAMI C HCHOJIh30Ba-
HUEM Pa3IeIeHHbIX pasHocTedt (em. §1.19.6), uHTeprorsanun KyOoudecKuMu CriafiHamu
(em. § 1.19.7) Bepakenns (1.19.7), (1.19.8), (1.19.9), (1.19.12) (momosiHeHHBIE COOT-
BETCTBYIONUMI TPAHUIHBIME yeaoBuaMu, cM. § 1.19.8), MOXKHO paccMaTpuBaTh Kak
CHCTEMBI ypaBHeHUH 715 onpeeerus KoadduuneHToB d; (B MEPBBIX TPEX METOIAX
“cicrema” uMeeT amaronasbHyio Marpuiy). O6osnaunm wepes G (upn z; = ;)
u, coorsercrsenno, G (mpu z; := 1;), MATPHILY, BEIPAKAIONLYIO PEIICHHe CHCTEMbI
(1.19.7), (1.19.8), (1.19.9) wmm (1.19.12) uepes Bektopa F*) = (f(z;))i=12,..n (co0T-
sercteenno, F'W = (f(y;))j=12..m), Tak, ato D@ = G@FE DO = GUFW),
rie D@ = (d;)iz10, . npu z; := x;, DW = (d;)j—12,. m upn x; := y;. Marpuua
G@) nmeer pasmep n X n, G¥ — pasmep m X m, H YINTHIBAET COOTBETCTBYIOMINE
IPaHUYHBIE YCJIOBHUS.

Temepp MBI MOKeM COPMYIHPOBATH AJTOPUTM BBEIYHCICHHA (DYHKINOHATIOB
Vijgi(f) B (11). Ilycrs F' = (f;;) obosnawaer n x m wmarpumy snadennii f(x;,y;).
Borancoinm (opnu pas):

n x m marpumy F(*) = (f@)) =GWF,

)

n x m varpuy F® = (f¥) = F(GW)!,

)

n x m marpuny F@) = (fi(f”y)) = GO F(GW).
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Snadennsa bynkiumonanos Fij = (Vi p(f))ki=1234 B (11):
i 19 fun S
15585 15 15
firg Sy Faan fga

R F 1n Fm

Opranuzanusa XxpaHeHus OJAaHHBIX B mamatu 9BM

Xpaunenue nadopmaii 0 GYHKIUN U ee TPUOJINKEHUN YA00HO OCYIIECTBUTD CJIe-
ayoommM obpasom. Bxomubie nammble — 3nadenns byHKmmonanos (vik(f)), i =
1,2,...,n, 7 =1,2,....m, k,l = 1,2,3,4, pasmemaiorca B 3-X MEPHOM MaCCHBE
F=(fijr),i=12,...,n,7=12,....m, k=1,2,3,4 pasmepa (n x m x 4), rae

fija =visn () = f(xi, 45), fije = vijaa(f), fijs = vijr(f), fija = vijea(f).

Marpuna Fj; BbllIe HOJYyYaeTCA U3 3JIEMEHTOB 4-X MepHBIX BeKTopos Fj;, Fiy;,
F ji1, Fi1 1. Koabdnunenrs: npubanxkatomeit byskmmm — (Vij0), ¢ = 1,2,...,n,
jg=12....m, k,l =1,2,3,4, BoIYUCJIAIOTCA OAUH pa3 U XpaHATCA B 4-X MEPHOM

maccuse I' = (i), 0 =1,2,...,n, j = 1,2,...,m, k,l =1,2,3,4 pasmepa (n X
m X 4 X 4), Tae Vijk = Yijki-

§ 1.6.4. KycouyHo-kBagpaTudHad WHTEPIIOJIAINA

[IycTh KaxKApIii W3 METONOB NMPHUOJIMKEHUS IO MEePEMEHHBIM & U Y ABJIAETCA
KYCOYHO-KBaIpaTHIHON nHTeprnossinueit (cm. § 1.20), T.e. BBeIE€HBI TOYKH

(D ca=m <& <a <&V <ry< . <ap <D <xy=b< €T

W <=y <& << <ys <. <ym1 <YW <z =d <Y,

W mHTeprnomMpyomas GyHKIMA oxHOH nepementoii P f (P(y) f) crpourcs Ta-

KuM 00pa3oM, 49TO Ha KaxKIOM OTpPe3Ke [fz-(m),fi(i)ﬂ, 1 = 1,2,...,n ([éy),@(ﬂ],
i=1,2,...,m) oHa ABJIAETCA MHOTOULICHOM Pi(x) (Pj(y)) CTeIeHn 2, TAKIM, UTO
Pi(x) Ti = f(zi),
(w>( (2) <(x>) (@) () @ [ (T hZeon (12)
P& =, P(&G) = via

I, COOTBETCTBEHHO,

POw) = flw). .
W pEwy —w [ 7

Jj+1

=1,2,...,m (13)

( _
i j =Y
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e UZ(I), i=1,2,...,n+1, U](y), j=1,2,...,m+1 — cBOGOAHBIE TAPAMETPHI, TOT ILJIH
MHOIT €1I0CO6 BHIOOPA KOTOPBIX OMPEIEIsieT METOM KyCOYHON MHTEPIIOIAINN KBAIPa-
TUYHBIME MHOTOYJIEHAMHU. B MeTome MHTepnoJIsAun mapadoIMdecKuMn CIIaiiHaMu
5TH MApPAMETPhI MOJIYIAIOTCA KAK PelleHne CHCTeMbl JTuHeiHbix ypasuennii (1.20.8).

CortacHo CKa3aHHOMY BBINIE JIOCTATOYHO PACCMOTPETH MPHUOIMKEHNe Ha MPAMO-
YTOJIbHIKE [{Z(x),fl(ﬂ] X [fj(-y), fj(?i)l] [Tpubmuzkaromas GyHKImsa (Mo Kaxaoi u3 mepe-
MeHHBIX) Beraucasgercs no dopmyie (1.20.2), rue koaddunumentst samaorcs (1.20.3).

BBesem Bce ydacTBYIONIME B MOCTAHOBKE 3a/1a9W JIMHEHHON MHTEPNOJIANNYN TEH-

30PHBIMHI TPOU3BEACHUAME 00beKTHI. Basucubie dyHKINNT:

wip(@) = (x — € k=1,2,3, we e, D),
vuly) = (- 1=1,23, yelg” )

QYHKITNOHAJIBI

& Nalw) = ul@), Nia(w) = v,

() = v, i) = v(yy), pys(v) = v
®opmymer (1.20.3) mpencrapssior coboit Bhpaxenusa aaa marpun A; ' B (2) n
B;!' B (3). Heiicteurennro, (cM. Beraucaenua B § 1.20.3) sepaskennsa (1.20.3) MoxkHO

j
sanucathb B Buie (0603uauuB h; = x; — &, 2, = &1 — xi, hi +2i = &1 — &)

Cli = Ui
_ <1+ 1 )—i—f()(l-i-l) (1 1 )
24 = T hi  hi+ 2 v hi — z v zi  hit+z
- 1 1 i) 1 <1 N 1) n 1 1
C3,i = Ui hi + zi h; v hi 4+ zi \h; 2 fi hi + z; 2z
CiremoBareabHO,
¢ = (e1,, Coy, CB,i)t = A7 (hi, z) (v, f(0), ”i+1)t
e
1 0 0
-1 _<l+ L ) <l+1> —<1_ : )
h+zh h+z\h =z h+zz

Taxmm o6pasom, A7t = Az, —&" €0 —a;), B' = A N (y;—€W €W, —y;). (Ipy-

(3
ruvn caosamu, Koaddumuentol a; = (a;x)t_; 5 € R® npubmmkatomeii dbynxmun
(x) S " .
Pu = Y gy, yIOBIETBODSIOMEit JIHHERHbIM ycsroBuaM uuTeprnosamun (12)

' k=1
sua Ak (P@u) = A4 (u), sbrancamores xak a; = A= (z; — €7, €0 — 2;)\i(u), rae
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Ai(w) = Nig(w)p=1.3 € R*. Koapdunmenrnr 3; = (8;,)i_; ; € R® npubamxkaromeit
)

3
dbynknun P;”’v = Y 3505, yAOBIeTBOPAIONIel JUHERHBIM yCJIOBHAM HHTEPIIOJIA-
I=1

j
nun (12) Buma /Lj,l(ff?.(y)v) = wjy(v), Boramessmorea Kak f; = A '(y; — §§y),§§gf21 —
yj)ﬂj(“)a rae Mj(v) = (Mj,l(v))l:1...3 S R3)-

Basuc B npocrpancTse pyHKIUIT — TEH30PHBIX TPOU3BEICHUIL:

wij (T, y) = wip(@)v(y) = (x — E)VF Yy — )L,k 1=1,2,3.

Basuc B nmpoctpancTBe bYHKIIMOHATIOB — TEH30PHBIX MPON3BEICHMI:

Vz'j,kl(f) = )\i,k(ﬂj,l(f))a k,l=1,2,3. (14)

[To teopeme 1 mpubsmkatouas dbyHkuus nveer Bu (4):

3 3 3 3
Pr= " vijmwijm = >, > Yiju(r — fi(x))k_l(y - fg('y))l_la

k=11=1 k=11=1

re koaddummentsl y;;x Boiuncisiores s (5). B enny A; = A7 (x; —51@, fz-(i)l —x;),
Bj_1 = A Ny; — fj(.y),f](.gfl — yj) EMeeM:

Dy = A~ (2 = €7, 66 — ) Fy(A7 (g — .60 — ),
rae I'ij = (Vijet)kg=1..3 € Ms(R), Fij = (Viju(f))ki=1.3 € M3(R).

Broraucienne (pyHKIIMOHAIOB — TE€H30PHBIX ITPOU3BEOEHUH

BxommbIMu JaHHBIME ajIropuTMa ABAAOTCA 3HadeHuA f(x;,y;) = Ni2(p;2(f)),
i=1,2,...,n, j = 1,2,...,m, u Te wiu uHble Kpaesble ycsous (cm. § 1.20.4).
JIJ1s1 MOCTPOeHNs MHTePIOTUpYomei (hyHKIun Tpebyercs BLIYUCINTD BCe OCTAIbHbIE
sadenns GyHKunonatos v (f) B (14).

O6ozuaanm B (12) V) = (vl(m))i:m,m,nﬂ e Rt Fl@) = (f(zi)iz12,..n € R™,
B (13) VO = (U]('y))jzl,Q’...’m+1 € R™, FW = (f(y;))j=12..m € R™. Cucre-
ma (1.20.8), monosiHeHHAas KpaeBBIMH YCJIOBUAMHE, TIPEICTABIACT COOOI CBA3h MEXKILY
mexy sekropamu V@ u F@) (npu z; := z;, € := £@)), a rakxe Mexy BekTopa-
vt VO u FO (npn z; := v, € := W), O6osnauum uepes G®) u, coorsercrseno,
GW | marpiy, BipaKaomyio pemenne cuctemsr (1.20.8) wepes Bekropa F'®) (coor-
serctsenno, FW), tax, uro V@ = G@F@) v = GW F® | Marpuma G®) mveer
pasmep (n+1) x n, G® — pasmep (m + 1) X m, U yIATLIBAET COOTBETCTBYIONIHE
IPAHUYHBIE yCJIOBUAL.

Terneppr Mbl MOKeM CHOPMYIUPOBATH AJTOPUTM BBIYUC/TICHUA (DYHKINOHAJIOB
vijr(f) B (14). Ilycts F' = (f;;) obosnadaer n x m wmarpumy snadennii f(x;,y;).
Boraucsmm (oxns pas):

(n+1) x m marpmny F® = (fi(.x)) =GWF,

nx (m+ 1) marpuny F® = (f%) = F(GW)t,
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(n+1) x (m+1) varpuny F@) = (fi) = GO F(GW)".

Bnadennsa byukimmonanos Fij = (Vi e(f))ki=123 B (14):
fi(iy) fi(;') fi(;«yk)l
Fij = fi(,‘?) fi,j fi(,g)+1 (15)

[ LR

Oprauu3anusa XpaHeHHs OAaHHbIX B mamsatu 9BM

Xpanenne nmadopmanuu o (GYHKIUE U ee TPUOIMKEHHH YI00HO OCYIIEeCTBUTH
caemyomuM obpasoMm. Bxomguele manubie — 3Hadennsa byHKumoHanos (v (f)), i =
1,2,....n, g =12,...,m, k,l =1,2,3,4, XpaHATCA B YeTbIpEX BBEJICHHBLIX BBIIIE
varpunax F € My, F@® € My 1, F® € My, i1, F@ € M, 1. Marpuna
Fij = (Vijei(f))k=1,2,3 momydaerca corsacuo (15). Koadbdummentsr npubanrkaromeit
by — (Viju), t =1,2,...,n, 7 =1,2,...,m, k,l =1,2,3, BEINACIAIOTCA OIUH
pa3 u xpamarcs B 4-x mepuoM maccuse ' = (vi), 1 = 1,2,...,n, j =1,2,...,m,
k,l=1,2,3 pasmepa (n X m X 3 X 3), TI€ Vijki = Yijki-

§ 2. TIPUBJINKEHUE ®YHKIININ MHOT'MX
ITEPEMEHHBIX METOJOM KOHEYHBIX
S9JIEMEHTOB

DTOT METOJI MHTEPIOIANNN MO3BOIAET TIPUOIU3UTH (DYHKIUKE MHOTUX IIepeMeH-
HBIX, 3aJIaHHOI B 0071aCTAX CJI0XKHOI popMbl. [T MPOCTOTHI MBI OYIEeM paccMaTpH-
BaTh TOJIbKO (DYHKIINK JIBYX MEPEMEHHBIX.

§ 2.1. TIlocraHoBKa 3amauu JJUHEHHON WHTEPIOJIAIAN

[Iycts samana dyuxuma f : D — R, rne D C R? — orpanndenHas 06/acThb
¢ jocrarouno riaaakoi rpannneit, f € F(D,R') — nekoropomy (dbyHKIHOHAILHOMY
POCTPAHCTRY.

[TpencraBum obsacth D B Buje oObeInHEeHNs KOHETHOTO YHCJIa TPEyTroJIbHUKOB

N
A, C D, we nmeronux obmux Buyrpenuux touek: D' = |J A, C D. Tlocrpoenne
k=1

TAKOro Habopa TPeyroJbHUKOB (Ha3bIBAEMOro mpuatayasyueli obmactu D) B obuiem
caydae sBJIAeTCA OYeHb CJIOKHOMN 3amadeil U I ee pelleHns CYIecTBYeT OOJIbIIoe
9ICI0 MeTOI0B. HuzKke MBI pacCMOTPHM HECKOJIBKO CAMBIX IMIPOCTEAIINX 13 HUX.
astee, Ha Ka;ka0M Tpeyroiabanke Ay GyHKOUA [ OpuOINKAETCA TeM I THBIM
METOJIOM, T.e. CTpouTcs (byHKmuA Pjf, yIoBIeTBOpAOMAA TeM WX HHBIM JIHHEIi-
HBIM yCJIOBUAM nHTeprossnuu. [Ipubankaronme (OyHKIUT B COCETHNX TPEYTOTHHNI-
KaX JIOJIKHBI ObITh cornmacoBanbl: ecan (z,y) € Ay, Ay, — ToUKa 00l rpaHuIb!
TpeyroabHukoB, 10 Pfi (z,y) = Pfi,(x,y). Bnavenne npubamxatomeii GyHKnm
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Pf B rouke (x,y) € D' Buraucssercs cuaeayommm obpasomM: onpenessercsa k, ra-
Koe, uto (z,y) € Ak, u mo onpenenenuto nonaraerca Pf(z,y) = Ppf(z,y). Dror
IIOXO/ ABJISAETC 0000MEHNeM KYCOYHO-MHOTOUIEHHO ANIIPOKCUMAIMN HA CIydait
byHKIU MHOrMX MEePEeMEeHHbIX.

BosMmozxken apyroii crmocob mocrpoenus mpubdbamkarornieir dyukmun. Ha obiactn
D" onpenenstor Habop 6asucHbix OyHKIM @ (z,y) 1 npubIMKAaOIy0 GYHKINTO
WLy T B BUIe WX JimHeiitHoi KomOnuannu. Basucubie dyHkmnm ;(r,y) 0ObIYHO BbI-
OupaloT Tak, 9ToObl X HOCHTEIb COAEPYKAJI KaK MOYKHO MEHbIIEe TPEYrOJabLHUKOB Ay
(or aTOrO CBOItCTBA 6a3NCHBIX (BDYHKINUI MONLIO HA3BAHUE “KoHeunbie dnemenmot”).
Hanpumep, Beibupaercs touka (x;,y;) € D' n 6asucuas dbyukuns ) (z,y) mosaraer-
Cs PABHON MHOTIOYJIEHY 3aJaHHON CTEIleHH B KaXKIOM M3 TPEYTOJBbHUKOB A, TAKUX,
aro (x;,y;) € Ay. B ocranbubix TpeyroiabHuKax ¢;(r,y) nosaraercs paBHOI HYJIIO.
Ecim dynkumonannl \; B 3a1a4e JTUHEIHON MHTEPNOJIAIMNA €CTh 3HaYeHnst (hyHKINNT
B Touke: A (f) = f(x;,y), TOo Ipu TaKOM MOCTpOeHNH Ga3UCHBIX (DYHKIUI CyKeHne
npubmnKaomneid dyaknun Pf Ha TpeyroJbHHK A, U ONNCAHHASA BBIIIE (DYHKIIH
P, f coBmanaror.

§ 2.2. CnoocoObl MOCTPOEHUA TPUAHTYJIAIMUU 00IaCTU

Huke MBI OnmmeM HECKOILKO MPOCTEHMNX CIO0COO0B MOCTPOSHN TPUAHTYIAINN
orpaHuYeHHoit obsactu D ¢ 0CTATOYHO TJIAIKOI IrpaHuIeit.

1) Obmacts D orpanmuena, MO3TOMY CYIIECTBYET MPAMOYTOJIBHUK [a,b] X [c,d],
takoit, aro D C [a, b] X |[c, d]. Kaxmgas n3 cTOPOH 5TOr0 IPAMOYTOJILHIKA PA30HBACTCS
Ha PaBHbIE YACTH TOUKaMn &; = a+ih,, i =0,1,...,n, hy = (b—a)/n, y; = a+jh,,
j=0,1,...,m, hy = (d —c¢)/m. Ay ABIAETCA TPEYrOJHLHIKOM C BePIINHAMHI B
TouKaxX (1, Qkz2, Qk3, €CIU BBIIOJHEHO OJHO U3 YeThIPeX YCTIOBHIi:

Qry = (v3,y;)) €D, Q2= (Tiy1,y) €D, Qi = (Tiy1,Yj41) € D;
Qry = (zi,yj) €D, Q2= (Ti,yj+1) €D, Qi = (Tiy1,Yj41) € D; )
Qri = (Ti,y5) €D, Qra= (Tiy1,y;) €D,  Qrz = (v4,yj11) € D;

( Qra2 = ( Qrz = (

Tiy1,Yj+1) € D, = (i, yj41) € D.

YemoBue Ap C D MOXKeT OBITH He BBIIOJTHEHO B IPUTPAHNYHBIX TpeyrobHukax. [lo-

JIy9eHHAs TPHAHTYJIANNSA OYIeT TOYHO AllPOKCHMUpPOBaTh o0sacthb (T.e. D = [JAy),
k

ecin D ABjIA€TCA MHOIOYTOJBHUKOM C BEDIIMHAMI B TOYKaX (Zj,Y;j), CTOPOHBI KO-
TOPOTO JINOO MapaJIeIbHBI OCAM KOODAMHAT, JINOO COCTABJIAOT ¢ HUMHI yroa /4.

2) Beimosasiem onmcannyo B myHkTe 1) Tpuanryssmuio. [IA moBbImieHns TOY-
HOCTH AMMPOKCUMAINN 00/IACTH PAacCMOTpUM Bee npsamoyroabaukn [l ¢ D ¢ Bep-
muHaMt Qr1 = (¥4,Y;), Qr2 = (Tiv1,¥5), Qrz = (Tir1,Yir1), Qra = (T0,Y541),
TaKHMHI, 9TO XOTA OBl onHa W3 TodeK (Qp; € D. Chosuranmem Touek Qi — Q;C,l,
[ = 1,2,3,4 na HAUMEHBIIYIO BO3MOYKHYIO BEJMYUHY [0 HAITPABICHUIO K T'DAHUIE
dD obnactn D mobusaemcs Toro, 4To0b! 60 Bee HOBBIE TouKH Q) ¢ D, mbo nsa
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KaKofi-mbo Tpofikn @}, (Wmu ABYX TPOEK) OBLIO BBIMOIHEHO OHO U3 ycaosuit (1).

Tpeyrombankn ¢ Takuvu BepumHavu (Qy; € D mobapagem K Tpuanryssmmm. [Tomy-

YeHHAs TPHAHTY/IANNA OyIeT TOYHO amlIpPOKCHMHPOBAThH 00macth (T.e. D = UJAy),
k

ecan DD sBisieTcs MHOI'OYTOJIbHUKOM C BE€pIIMHaMH B TOYKaX (l‘i, yj) .

3) TIpemnostoKum, 9T0 MOYKHO TIOCTPOUTH peobpazoBaHe (IaaaKoe n 6e3 0coobIX
TOYeK ), mepeBojsiee 001acTh (G, 1718 KOTOPOH MBI yMeeM CTPOUTH TPHAHTYJIAINIO
(HampuMep, MPAMOYTOTBHUK ), B paccMaTpuBaeMyto obaactb D . Torma BepiinHb Tpe-
YTOJBHUKOB TPUAHTY/IANAN 00, 1acTH [ MOTyT OBITH HOJIYUeHbI KaK 00pa3bl BEPIINH
TpuaHryaAnun obsactu G Ipu 3TOM Ipeodpa30OBAHNH.

4) IlpenmostozkuM, 9o 06acTh D MOXKHO paspes3arh NPAMBIMI JTHHUAME Ha IO/
0071aCTH, B KaXKIO#l M3 KOTOPBIX MBI MOYKeM MOCTPOUTDH TPUAHTYJIAINIO0. Ecm Bep-
IIMHBI TPEYTOJHHUKOB, JIeXKAllne Ha JUHUAX PA3pe30B, B KaKIOH N3 TPUAHTYIANII
COOTBETCTBEHHO COBIIAJIAIOT, TO OOBEIUHEHNEe HTUX TPUAHTYJIANNN TaeT TPUAHTYJIA-
o Beeit obsractn D.

§ 2.3. Ilpubaukenune (pyHKIU B TPEYyroJIbHUKE

Paccmorpum 3anady npubsnxkenns dbyukmun f = f(z,y), 3aJaHHONR B TPEyrob-
Huke A.

§ 2.3.1. IlocranoBka 3amayu JJUHEHHON WHTEPIOJIAINAA

[TycTs kaxkmas ctopoHa Tpeyroibanka A pasdura Ha [ paBHBIX JacTeit, U depes
TOYKN pasbuenns (BKJIOYas BEPIIMHBI TPEYTOJIbHUKA) MPOBEIEHBI MPAMbIe, MapaJi-
Jesbuble ero croponam. Obo3nadum vepe3 T MHOKECTBO, COCTOAIIEE U3 TOYEK Mepe-
CeveHns HTUX MPAMBIX, JeKAIMNX B 3aMKHYTOM Tpeyroabauke A . Hucmao stux Touex
paBuo n = Y. [+ 1k = (I+1)(I+2)/2. Byaem obosnauars ux depes Q1 (x1,y1), ...,

k=1

Qn (l'na yn) .

Paccmorpum 3amady moctpoenns muorowiena Pf crenenn [

Pflz,y)= > agz'y, (2)

i+5<l
IPUHIMAOIMETO B TOUYKAX Qk(Tg, Yr) 3aTaHHBIE 3HAUCHUS

Pf(xkayk) :f(xkayk)7 k:1727"'7n' (3)

Yenosus (3) nmpencraBiisAioT coboit 1 JIMHEHHBIX ycsoBuii wHTepnossAmun. [lo-
CKOJIbKY YHCJIO HEU3BECTHBIX KO(DMUIMEHTOB @;; TaKKe PaBHO 7, TO COOTHOIIE-
Hus (3) 0OpasyloT cucreMy 3 n ypaBHeHHi ¢ n HemsBecTHbIMU. Ecsm 3amada jim-
HefHOil MHTepHOoIANNN KOPPEKTHA, T.e. 9Ta CHCTeMa pa3pellnMa, TO U3 Hee MOYKHO
HafiTH KO3(pPUIUEHTH a;; .

Wckomprit MHOTOUYIEH P f MOXKHO BBINNCATH SBHO M B PACCMOTPEHHOM BbIIIE 00-
miem crydae. OHAKO, 9TO BhIPAKeHNe JOCTATOYHO CJIOYKHO U HA MPAKTUKE UCTO/IH3Y-
ercs penko. Huke mbl Beimumem B MaOTOUIeHa P f B cirydae, Korjia TpeyroibHIK
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A — IPAMOYTOJIBHBIH CO CTOPOHAMIE, TTAPAJIIEILHBIME OCAM KOODIMHAT, 8 TAKKEe 1
cnydaeB [ =1,2,3.

§ 2.3.2. Ilpubaukenue PyHKIHNI B IPAMOYTOJIbHOM TPEYTOJbHUKE

PemuM 10CTaBIEHHYO BBINIE 3371ady JIMHEHHON WHTEpIOIANME B CJIydae, KOIa
TPeyrobHUK A — OPAMOYTOJIbHBI CO CTOPOHAME, MAPAJLIENBLHBIME OCAM KOODIU-
uar. [Iycth ero BepumHamu ABJstoTca Toukn (a,c), (b,c), (a,d) (T.e. TpeyrosbHuK
00pas3oBaH Je/eHIeM IPAMOYTOAbHIKA [a, b] X [¢,d] ero mmaromasnsio). Ilycrs

0=21<2T9<...<Tp 1 <xp=b c= <yY<...<Yn1<Ynm=d,

U u3BecTHH 3Hadennsa dynkmun f B Toukax (z;,y;) € A. Tpebyerca mocTpountsb
npubmKaomyo Gyukimmo Pf Buga (2), yI0BIETBOPIONLYIO YCIOBUAM

Pf(xiy;) = f(wiy),  (v,y;) € A. (4)

DTa MOCTAHOBKA ABJAETCA DoJjiee O0OIeit, YeM OomucaHHas B HMPEIbIAYIIEM pas3iee,
KOTOpas MOJIYIaeTCsA IPH PABHOMEPHO PACIpeIeIeHHbIX TOYKaX Tj, Y; I M = n.

s mesteil BBIBOJA AIrOPUTMA OPUOINZKEHHA MBI OyIeM CYMTATh, YTO M3BECTHLI
sHadennsa dynkimun f B Toukax (z;,Yy;) ¢ A (manpmumep, Oymem cumrarh f paBHOl
HYJIIO B 9THX TOYKax). Torma mist dyHKIUN f NPUMEHHMbI aJTOPUTMbI AITPOKCH-
MAIIH TEH30PHBIME IPON3BEIEHNAMI B MPAMOYTOIbHUKE [a,b] X [c, d]. Ham ymobuo
ICIIOJIB30BATEH IPUOIMKEHNe NHTePIOIAIMOHHLIM MHOTOWICHOM Jlarpam:ka B (popme
Hobrorona, 1.e. npubmzkaomyo GyHknmo (1.8), KOTOpYo Mbl 3aIUIIEM B CJIELY FOMEM
BUIE

i—1j—1

Pf(r,y)= ¥ f(:cl;---;xi,yl;---;y])H H(:c—xk)(y—yz)

i—175—1
+ X flrseesmnyn ey I (e — k) (y —w)
i (20, EA k=1 (=1

(3mech A cuamraerTcs 3aMKHYTBIM MHOKecTBOM). 1o mocTpoennio, sra GyHKIuA yio-
BireTBopser yciaosuio Pf(x;, y;) = f(z;,y;) anaseex (z;,y;) € [a,b]x]c, d]. Bamernm,
qT0

HHI—Ik(y y) =0
=11l=1
(Tp,yg), P=1,2,...,i—1, ¢q=1,2,...,5—1.

CrenoBarenbno, BTopas cymma B (5) paBaa 0 mas Beex (z,y) = (x;,y;) € A (mo-
CKOJIBKY JIIA BCAKHUX (%;,Y;) & A, (2p,y,) € A BbmosnexHo jmbo z; > ,, J100
Yj > Yq)- Hosromy dbynkims

TUTS BeeX TOUeK (z,y) =

i—1j—-1

Pf(z,y) = Z f(a:l;...;xi,yl;...;yj)HH(af—xk)(y—yl) (6)
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V/IOBJIETBODAET yCI0BUsAM (4), T.e. ABIAETCA PEIleHNeM 3a1a9i JIMHEHHON nHTepno-
namun. ITocKOMbKY ; > @) mpn @ > k m y; > y, upn j > [, TO Bce pasIeeHHble
pasaoctn f(z1;...;%;,Y15-..;Y;) B (6) BIMHCAAIOTCA TOIBKO depes3 3HadeHns (DyHK-
unn f B Toukax (x;,y;) € A.

[Ipn m = n Beipaxenue (6) MOXKHO 3aIHCATH B BHIE

Pflz,y)= > flzi;.zmu;..59)) l:[ x—xk (y —u)

i+j<n+1

||;:]\

§ 2.3.3. Ilpubaukenue JuHEeHHBIMU DYHKIUAMU

Paccmorpum onucannyio Bbilie 3aa4dy JUHEHHON WHTEPIOJIANNT B YaCTHOM CJIy-
qae [ =1 B (2), T.e. npubiuKenne TUHERHON (DyHKIMEH.

ITpubnn>kenne HaA TPEYyTrOJbHUKE

Ob6o3zuaunmM Bepmmubl Tpeyroabanka A gepes (zy,y1), (z2,y2), (r3,y3). Ham
TpebyeTcs MOCTPOUTH MPUO/INKAIOILYI0 (DYHKINA BUJIA

Pf(z,y) = ar + By +7,

YAOBJIETBOPAIONIYIO YCJIOBUAM

Pf(or,ye) = f(xr,ur), k=1,2,3. (7)

Koadbdunmentsr o, 3, v MOryr ObITh MOJYYEHBI U3 yPABHEHUS IJIOCKOCTHU, MTPOXO-
nsmieit gepes Tpu 109K (T, Yk, f (T, yk)), kK = 1,2,3. Omgnako, mis majabHeiinero
n3JI0KEHUs HaM yjao0Hee BBeCcTH OasucHbie (DYHKIUU 33491 JUHEHHON MHTepIo is-
uu 1 nocTpouTh P f Kak X JUHEiHYI0 KOMOMHAIIHIO.

O0603HaYNM
r—Uu — U
Lug o0),(ws o) (0, 9) = VT () (o — 1) = (g — 01) (s — ) (8)

Uy — Uy Uy — Uy
— nuHeiitHas GYHKIWMA, 00paNAIAiCA B HYIb Ha MPAMOIi, IPOXOIAIIEH Tepe3 TOUKI
(ur,v1) u (ug,ve). BBemem rtakxke yHKIUIT
V12, Y) = Ly o), (w3.99) (T, Y),
V2(2,Y) = Lz o), s w) (7, 9)
V3(2,Y) = Lizy 1) (22,0) (T ¥),

T.€.

T — X2 Y=Y
T,Y)= =x—- — —(y — T3 — To),
Y1z, y) Ts— Ty s — ( 2) (Y3 — y2) — (y — y2) (x5 — 22)

r—T1 Y—Uh
T,Y)= =z—-x — —(y — T3 — T1),
Va(z,y) vs— 11 Ys— 1 ( D)z =) = (y—yi)(x3 — 1)

r—T Y—Wh
T,Y)= =x - — —(y — Ty — X1),
¥3(,y) Ty —T1 Yp— 1 ( D2 —y1) — (Y — 1) (@2 — 1)
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a TakxKe bl w)
i\T, Y .
iz, y) = —F——"", 1=1,2,3. 9
i(=:9) Vi3, yi) )
Nveem:
goz-(xj,yj) = 6z’j; Z,j = 1,2,3.
Oyuknnu @;(x,y), ¢ = 1,2,3 Bo3bMeM B KauecTBe DA3NCHBIX B 3a1ade JTHHEHHOl

NHTEPIOJIAINT, T.e. NPHOIIKaIMY0 GyHKIHIO Pf OymeM nckarb B BUIe

3
Pf(xay) = Zaigpi(‘xay)a
=1

rjie Koaddunments «; onpenessorcs uz yeaosuit (7). Tak kak marpuna (I1.1.3)
3a/a4u JINHEHON WHTepIoIAnun — equHudHasn, 1o o; = f(x;,y;), i = 1,2,3 u opu-
oamkaoIas QYHKINA TMeeT BUL

3

Pf(z,y) =Y [z y:)ei(x,y).

=1

Bunavenns npubsamxkaomeii yakinun Pf Ha cTopone TpeyrojbHuUKa (HampuMmep,
[(z1,y1), (22, y2)]) onpenessorcs TobKO 3HadeHusAME DYHKIUN [ B TOYKAX, JekKa-
IUX Ha 5Toit cTopone (B HameMm mpumepe — (z1,y1) u (za,y2)). CraemoBaresnbHo,
ecsin TPeyroabHUKN Ay 1 Ay UMEIOT OOIILYI0 CTOPOHY, TO 3HAYEHUS TPUOTHKATOTIIX
¢GyHKINIT, TOCTPOEHHBIX B KaXKJIOM M3 HUX, COBIAJAIOT B TOYKAX ATOit 0oOImeit cTo-
POHBI. ITO MO3BOJISET CTPOUTH U3 MpuOIMKamux (yukmuii Py f, onpemnejseHHbIx
B TPEYTroJbHUKAX Ay, KyCOUHO-JHHEHHYIO anmpokcumamnuio P f, onpene/iennyio Ha

N
rpuanryssunn  |J Ag, no npasuy: Pf(x,y) = P.f(z,y) upu (z,y) € Ag.
k=1

ITpubanrkenne HA TPUAHTYJIAIIUN
[TocTpoennyto Boime mpub mmzKarmyo Gyuknus P f | onpene/sieHHy0 Ha TPUAHTY-
N

ganun D' = |J Aj, MOXKHO HOJIYUUTH TaKKe CJICLYIOMUM CIOCOOOM.
k=1
Onpenenenne. O603naunm depes Vi(D') nuHeiiHOe MPOCTPAHCTBO HEMPEPHIBHBIX

B D' dyuknuii, sABIAOMEUXCA JUHEHHLIMI B KaxKJIOM TpeyrojbHuke A; C D' =

N

U1 Ay .
Bgesiem 6asuc npocrpanctsa Vi(D'):

k

()051) € ‘/I(DI)7 (p(l)(xjayj) = 5ij7 Za] - 1727 e "Ml’ (10)

i

rne {(zj,vj)}j=12,..m — MHOXKECTBO BepUINH TPeyroapHHKOB A C D'. Oynkiun
1 1

gp,( 9aCcTO Has3bIBAOT Pynruyusmu Kypanma. Arnaaurndeckn GyHKIIIO <p£ ) MOKHO

3a1arh caenyomuM oopasoM. ITycrs Ay, | = 1,2,...,n; — TPeyroJbHUKH, nNMe-

fomue 104Ky (2;,y;) B KadecrBe Bepmuuel. Obosuaunm wepes ¢y, (z,y) auneitnyo
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dbyuknmio, onpeneneHnyio B Tpeyroibanke Ay, pasmoyio 1 B Touke (z;,y;) u 0 B
ocranpHbIX BepmuHax Ay, . Takme dbynkmun Mt moctponn pamee, M. (9). Torma

or(z,y), ecm (x,y) € Ay,

0, ecn  (z,y) ¢ fj Ag,
=1

Besikas g € Vi(D') packaanpiBaercs 1o 6a3ucy u3 dbyHKImii {(pl(l)(x, Y)}Yicio. 0
CJIEIYIONIIM 00Pa30M:

My
g(z,y) =3 gz, vt (2, y).
=1

M
HeiictBurensro, B cuay (10) mveem msa g(z,y) = 5 g(zi, y:) e (z, ) : G(zj,y;) =
i=1

g(zj,y;), 7 =1,2,...,M;. CrenoBarensuo, §(z,y) ABIACTCA B KarKIOM TPEYTOJIb-
Huke A, JuHeitHON umHTeprnonupyomeit dpyuknueii. B cury koppekTHOCTH 331891
JINHEHHOI WHTEPIOJIANNN WHTEPIO/IANNOHHBI MHOTOUYIeH enqnHcTBerHeH. CremoBa-

N
TEJIbHO, ¢ = § B KayKJI0M TpeyrojbHuke Ay, u, 3Haunt, B D' = |J Ay.
k=1

PaccmoTpuM 3a1ady HaxoxkaeHus npudanmxkatomeit dbyukmun Pf € Vi(D'), co-
Bragaomeit ¢ dbynkmueit f B Touxkax {(z;,y;)}j=12,..m; "

Pf(xjay]):f(xjay])a ]:17277M1 (11)

Oyuxnuio Pf Oymem uckarh B Buie

My
Pr(z,y) =Y et (z,y),
=1

e Koabduiuentsr «; oupenenaiorcs u3 ycaosuit (11). B cuity (10) marpuma (1.1.3)
3a1adn JIMHeHHON wuHTepnosAmun — enmHmdHad. [lostomy o; = f(r;,y:), @ =
1,2,..., M; u npubnuxaiomasa HYHKINA IMeeT BUJT

My
i=1

§ 2.3.4. IlpubaukeHue KBaApaTUIECKUMU (PYyHKIUAIMU

PaccMOTpuIM ONICAHHYIO BBLINIE 3329y JUHEHHOH MHTePIOIANNN B 9aCTHOM CJIy-
qae [ =2 B (2), T.e. npubIMKeHne KBaIpaTHIeCKoil (hyHKIMe.
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ITpubnn>kenme HaA TPEyTroOJbHUKE

O6o3HaunM BepmuHbl Tpeyroabauka A uepes (1, 41), (T2,v2), (r3,ys3), cepenn-
HBI €r0 CTOPOH — 4Yepes

(T4, y4) = (X12,Y12),  (T5,Y5) = (T23,923),  (T6,¥s) = (13, Y1.3),

re Ty = (v +21)/2, yry = (yx+vy1)/2. Ham Tpebyercsa mocTpouTh IpHO/IIKAIONLY IO
dbyukImo Bujia (2) yI0BIETBOPAIOILYIO YCIOBHAM

Pf(xkayk):f(xkayk)a k:1727"'76' (12)

[TocTpoum GasnucHble (DYHKIUHE 330291 JTUHEHHON MHTEPIOJIAINN.
Beenem dyuknum

(0 ($, y) = L($2,y2):($3yy3) (xa ?J), Vo ($, y) = L(Il,yl),(ws,ya)(‘x’ y)’
s (% y) = L(CElyyl)v(CUZ,yQ) (337 y)a (on ($, y) = L($1,2,y1,2),($1,3,y1,3) (xa ?J),
Vs (:U, Yy)= L(:v1,2,y1,2),(902,3,y2,3)(x7 y)7 Ve (:U, y) = L(wl,s,yl,s),($2,3,y2,3)(xﬂ y):
(rne dyukumu L onpenesenst B (8)), a Takxe
T/Ji(l": y)
m\r,Yy) = —F—— 1727' 76
( ) %‘(l"i, yi)
[Tonoxum
()01(377 y) = 771(557 y)774(£b', y)7 ()02(377 y) = 772(£U, y)775 Zz, y)7
o3(z,y) = ns(z,y)ne(z, y), @alx,y) = m(z,y)n(z,y), (13)
es(,y) = m(z, y)m (2, y), wo(r,y) =m(z,y)n(r,y)
Nmeem:
Soz(xjayj)zézja iaj:1727"'76'
Oyukunn @;(z,y), i =1,2,...,6 BodbMeM B KauecTBe GA3UCHBIX B 3a/1a4e JTHHEHHOI

NHTEPIOJIAINA, T.e. NPHOIIKaIY0 GyHKIHIO Pf OymeM nckarb B BUIe

6
Pf(xay) = Zaigpi(‘xay)a
i=1

rae kKoabduimenTol «; onpenensorcsa uz ycaosuit (12). Tax kak marpuma (I1.1.3)
3a/a4u JTUHEHHON uHTepnosunn — enuanIHast, 10 «; = f(r;,y;), i = 1,2,...,6 u
npubaumKawmans GYHKINA TMeeT BT

6

Pf(z,y) =Y [z y)ei(x,y).

=1
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Bunavenns npubiamxkaomeii yakinun Pf Ha cTopone TpeyrojbHuUKa (HampuMmep,
[(z1,y1), (72, y2)]) onpenesnsoTcs TOJBKO 3HAYEHUAME (DYHKIUN [ B TOUYKAX, JI€KA-
IUX HA 3TOi cTopoHe (B HameM mpumMepe — (T1,Yy1), (T2, y2) 1 (T12,Y12)). Craemo-
BATEJILHO, €CIM TPEYroJibHUKE A; u Ay UMeT OBIILYI0 CTOPOHY, TO 3HAYEHUs [PH-
OKaoIuX (DYHKIUI, TOCTPOEHHBIX B KayKJOM U3 HUX, COBHAJAIOT B TOUYKAX TOM
001Ieit CTOPOHBI. DTO MO3BOJISAET CTPOUTH U3 npudamKaomux Gyaknuii Py f, ompe-
JEJIEHHBIX B TPEYroJIbHUKAX Ay, KYyCOYHO-KBAIPATHIECKYIO almnpokcumarmio Pf
N

onpenesenuyo Ha Tpuanryssamun |J Ag, no npasuwry: Pf(z,y) = Pyf(x,y) npu
k=1

(1‘7 y) S Ak .

IMpubsm>xeHne HA TPUAHTYIAIUA
[TocTpoennyio BbIlre mpubIuKaoImyo dyHkinua P f, onpene eHHYIO Ha TPHAHTY-
N

aamumn D' = U Ak, MOXKHO MOJIYYUTh TAKYKE CJIELYIOMUM CIIOCOOOM.
k=1
Onpenenenne. O603Haunm depes Va(D') nuHeiiHOe MPOCTPAHCTBO HEMTPEPHIBHBIX

B D' dbyHKuit, ABNAOMIXCA KBAJIPATHYECKUME B KAXKIOM Tpeyroabunke A; C D' =
N
U Ag.
k=1
Baenem 6asuc npocrpanctsa Va(D'):

()052) € ‘/Z(DI)7 W(Z)(xjayj) = 5ij7 6Lj=12,..., My, (14)

i
rne {(z;,y;)}j=12,..M, — MHOYKECTBO BEDIINH U CPEIHUX TOYEK CTOPOH TPEYTrOJIbHI-
koB A, C D'.
Anaymnruaecku ¢ @ 0 I1 A
VHKITUIO (0, MOYKHO 3aJIaTh cyeayiomnm obpasom. [Iycrs Ay, ,
[ =1,2,...,n; — TpeyrosbHuKH, Takue, 9T0 (T;, y;) € Ay, . Obosnaanm 1epes ¢y, (z,y)
KBaIPATHIeCKyI0 (DYHKIINIO, OIIPe/IeIEHHYIO B TpeyroybHuKe Ay , paBHy0 1 B TOUKe

(zi,y;) 1 0 B OCTATLHBIX BEpPIIMHAX I cepequHax cTOpoH Ay, . Taxwme GyHKunmm Mol
noctpousin panee, cM. (13). Torma

Pk; (l’, y)7 ecjin (l’, y) € Akl

0, ecmu  (r,y) ¢ fj Ay,
I=1

0P (x,y) =

Beskas g € Va(D') packiaansiBaeTcs o 6asucy n3 byHKImi {@EQ) (z,9) Yiz12,00
CJTEIYIONIIM 00Pa30M:

M>
g(z,y) =S gz, )0l (2, y).
=1

M
HetictBuresnnpro, B cuity (14) nmeem s gz, y) = 22 g(xi,yi)g)l@) (z,y): §(z;,y;) =
i=1

g(zj,y;), 1 =1,2,..., M. Cnenosaresibno, §(z,y) ABIATCA B KAZKIOM TPEYrOJIbHA-
ke Ay KBaJIpaTuvaecKoit maTepnompyomei ¢pyuknueii. B cury koppektHocT 3a1aqu
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JIMHEITHOW MHTePHOJIANNNA WHTEPIOJIANNOHHBIT MHOTOWIeH equHcTBeHHeH. CremoBa-
N

TEJbHO, ¢ = § B KayKIOM TpeyrojbHuke Ay, u, suaunr, B D' = |J Ay.
k=1

PaccmoTpuM 3aady HaxoxkaeHus nputdanxkatomeit dbyuxkmun Pf € Vi(D'), co-
Braaomeit ¢ bynkmmeit f B Touxkax {(z;,y;)}j=12,..M,"

Pf(xjay]):f(xjay])a ]:17277M2 (15)

Oyukiuio P f OyneMm mcKaTh B BHIIE

Mo
Pf(z,y) =Y ol (z,y),
=1

e Koo duIuenTsl o; oupeneadiorcs u3 ycaosuit (15). B cuy (14) marpuma (1.1.3)
3a71adn JIMHeHHON wuHTepnosAmun — enmHmdHad. [lostomy o; = f(r;,y:), @ =
1,2,..., My u npubnuxaiomasa HYHKINA IMeeT BU]T

Mo
i=1

§ 2.3.5. Ilpubiukenume kKyomdecKuMu (pyHKIUAMUA

Paccmorpum onncannyio BbIe 3a0a4y JIMHEHHOW MHTEPHOJIAIUA B YACTHOM CJIy-
qae [ =3 B (2), T.e. npubinKenne Kyouuecko byHKIme.
ITpubnn>kenme HaA TPEyTroOJbHUKE

Ob6o3uadnM BepIHbI Tpeyroiabanka A 4epe3 (z1,y1), (2,Y2), (T3,Yy3), TOUKH,
JeJIAIIe ero CTPOHBI HA TPU PABHbLIE YACTH, — Yepes3

(x4,y4) = ($1,2,1,y1,2,1); ($5;?J5) = ($1,2,2,y1,2,2), ($6,y6) = (x2,3,1,y2,3,1),

(x7,y7) = (X232, Y232), (Ts,Ys) = (T131,Y131), (%o, Yg) = (X132, Y1.3.2),

e Tgys = ((3—8)xk+521)/3, Ykus = ((3—)yr +syi)/3, HeHTp TAKECTH TPEYTOIb-
HUKa — Yepes

(361o, ylo) = ($1,2,3, y1,2,3);

rie Jfl,g’g = (ZUI + i) + £U3)/3, y172,3 = (yl + Y2 + yg)/?) HaM Tpe6yeTCﬂ IMOCTPOUTDH
an6Jm>Kanmon (by'HKIII/IIO BHUIa (2) YAOBJIETBOPAIOMIYIO YCJIOBUAM

Pf(xkayk) = f(xkayk)7 k= 1727 SRR 10. (16)

[TocTponm GasucHbie DYHKINNA 3312491 JIMHEHAHONK WHTEPIIOJIAINN.
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Bgenem dyuknum

Yz, y) = L2y 49), xs,ys)( Y), Ya(,y) = L(xl,yl),(xs,ys)( Y),
V3(7,Y) = Ly ) (w200) (T Y), Va(®,Y) = Lz 0,100 @1.0w1.80) (T Y)s
Vs (x, y) = L(:v1,z,2,y1,2 2),(%1,3,2,91,3,2) (x, y), (68 (x, y) = L($1,2,z,y1,2,z),(fv2 3,1,Y2,3,1) (x, Y),
Yr(z,y) = Ly 01 91,0,1),(w2,3.292,3.) (z,y), vs(z,y)= Lz 5,5,1,3.9),(2,3,2.92,3.2) (T, )
Vo, Y) = Lz 5141510, (22,510,51) (T Y),
(rme dyuxmun L onpenesnenst B (8)), a Takxke
Vi(x,y)
ni(z,y) = m, 1,2,...,10
[Tonroxum
ei(r,y) =m(z, y)m(z,y)ns(x,y), ez, y)=na(z, y)ne(x, y)m(z,y),
p3(z,y) = (@, y)ns(z, y)ne(@, y),  pal@, y)=m(z, y)m(z, y)ns(z,y),
es(z,y) = m(z, )z, y)m(z,y),  vs(z,y)=nm(z, y)ns(z, y)n(z,y), (17)
pr(z,y) = ma(z, y)ns(z, y)no(x, y),  ws(@,y)=m(z, y)ms(@, y)ns(z,y),
po(z,y) = m(z, y)ns(z, y)ne(x, y), e10(@, y)=m(z, y)m(z, y)ns(z,y)
Nnmeem

goz-(xj,yj):@j, 1 j 1 2 ,10
Oyuknnu ¢;(x,y), i =1,2,...,10 Bo3bMeM B KauecTBe GaA3UCHBIX B 3a1a4e JTHHEHHO
MHTEPIOJISAINNN, T.€. MPpuOImKaIyio dyuknuio P f Oynem uckarh B Buje

10
T,y) = Y appi(,y),
=1

rae koabduimenTol «; onpenensorcsa uz yciaouit (16). Tax kak marpuma (I1.1.3)
3a/1a9n JINHETHON WHTepnoAnun — equHnaHass, 10 «; = f(z;,y;), i = 1,2,...,10 u
npubamKawmans GYHKIA TMeeT BT

PIr.) =3 S wdede. ).

Buavenus npubanmxkaomeii dyuakimun Pf Ha cTOpOHE TpeyroJbHUKa (HampuMmep,
[(z1,y1), (72, y2)]) onpenensirorcsa TOBKO 3HAaYeHUAME (DYHKIUU f B TOYKAX, JIe-
JKAIUX Ha 9Tof cropone (B mamem mpumepe — (x1,Yy1), (T2,%2), (T121,Y121) #
(%122,Y122)). CiaenoBaressno, ecam TpeyroabHukn Ay n Ay nMeoT 00Uy CTo-
POHY, TO 3HAYCHUA TPUOINKAOMNX (DYHKIUI, TOCTPOCHHBIX B KaXKIOM M3 HUX, CO-
BIAJAIOT B TOYKAX HTOil 00IIel CTOPOHLL. DTO HO3BOJIAET CTPOUTDH I3 IPUOIHZKAIOMINIX
dbynrkmuit Py, f, onpeneeHHbX B TpeyroabHIKaX Ay, KyCOUHO-KYOUIECKYIO AIIIPOK-

N

cumanuio Pf, onpenenennyto Ha tpuanryssamun |J Ay, mo npasuiy: Pf(x,y) =

k=1
Pyf(x,y) mpu (x,y) € Ag.
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ITpubnnrkenne HA TPUAHTYJIAIUA
[TocTpoennyto Boime mpub mmzKaromyo Gyuknus P f | onpenesleHHy0 Ha TPUAHTY-
gannun D' = kL]j Ay, MOXKHO MOJIYINTH TAKKe CJAEAYIOMNM CIIOCODOM.
=1
Onpenenenune. O603Haunm depes Vi(D') smHeitHOoe MPOCTPAHCTBO HEMTPEPHIBHBIX
B D' yHKumii, ABIAONMXCA KyOMIECKUMI B KayKIOM TpeyrojbHuke A; C D' =

N
U Ag.
k=1

Baenem 6asuc npocrpanctsa V3(D'):

9053) S VE’)(DI)a 90(3)(1']'7?17') = 5ij7 7’7] = ]-727 .. '7M3’ (18)

3

rne {(2j,v;)}j=12,.,M; — MHOKECTBO, COCTOAIIEE U3 BHIOPAHHBIX I HHTEPIOJIALIN
TOYEK TPEYroabHuKOB Ay C D' (T.e. MHOXKECTBO IIOCTPOCHHBIX BhIIIE TOUEK (I, 1)) €

A=Ay, 1=1,2,...,10, k=1,2,...,N).

Ananmnruaecku (OyHKIIIIO goz(-3) MOXKHO 3aJIaTh caemytomuM obpasoM. IIycts Ay, ,

[=1,2,...,n; — TPeyTOJILHUKH, TaKue, 9TO (4, Yy;) € Ay, . Ob03HaUNM Tepes @y, (T, )
KyOnmaeckyio (byHKINIO, ONPEIeJeHHYI0 B TpeyroJbHunke Ay, paBHylo 1 B TOUKe
(2;,y;) 1 0 B OCTAJIBLHBIX BBHIOPAHHBIX [JIsl HHTEPIOAANNE TOUYKAX (;,Y;) € Ay, .
Takue dyukum Mbl TocTpousn panee, cM. (17). Torma

or(z,y), ecm (x,y) € Ay,

0, ecn  (z,y) ¢ fj AVS
=1

Besikas g € Vi3(D') packaanpiBaercs 110 6asucy u3 dbyHKImii {(pl@) (,9) }ic1,2.. 0,
CJIEIYIOIIIM 0Opa30M:

M3
gz, 9) = gl ) el (2, y).
=1

M
HetictBuresnpro, B cuity (18) nmeem s g(x,y) = Zg g(xi,yi)wgg) (z,y): §(z;,y;) =
i=1

g(zj,y;), 7 =1,2,..., M;. CrenoBarensuo, §(z,y) ABIACTCA B KarKIOM TPEYTOJIb-
Huke A, Kybwdeckoii mareprnoaupyfomeit ¢pyuaknueii. B cuay KoppekTHOCTH 331291
JINHEHHOW WHTEPHIOJIANNN WHTEPIO/IANNOHHBIT MHOTOWIeH eqnHcTBenHeH. CrenoBa-

N
TEJIbHO, ¢ = § B KayKJI0M TpeyrojbHuke Ay, u, 3Haunt, B D' = |J A;.
k=1

Paccmorpum 3amady Haxoxkaenus npubsamxkatomeii dyukmun Pf € Vi(D'), co-
Bragaomeit ¢ dbynkmueit f B Touxkax {(z;,y;)}j=12,..Ms"

Pf(zjy;) = f(zjy;), 7=1,2,..., M. (19)

Oyuxnuto Pf Oymem uckarh B Bue

M3
Pr(z,y) =Y 0P (z,y),
=1
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e Koaddunumentsr «; onpenessiorcs u3 ycaosnii (19). B cuy (18) marpuna (1.1.3
3a1a49l JIMHeHHONH wuHTepnossAnnu — enmandHag. [lostomy o; = f(z;,vy;), @ =
1,2,..., M3 u npubnuxaiomasa HYHKINA IMeeT BUJT

M3
i=1
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ITPOTPAMMA KYPCA

1. TocranoBka 3ama4n Juneiinoit narepnossunu (3JI1). Teopema 0 KOPpPeKTHO-
ctu 3JI. Ilpencrasienune pemenus 3.JIN.

2. ObycioBiaernHocTh 0Oasmca. OmeHKa OTHOCHTEIbHONW MOIPEITHOCTH JIMHEHHOT
KOMOWMHAINK 3JeMEHTOB Da3uca Yepe3 OTHOCUTETbHYIO HOTPENTHOCTh Koaghdu-
[IUEHTOB 3TOil JInHeitHOlT KOMOMHAIIUN.

3. Nurepnonsamumonuslit MHOrowIeH Jlarpanxka. Ero enuacrsennocts. OneHka qm-
cJ1a apudMeTHIeCKIX onepalnii, HeoOX0MUMOr0 15 BEIYNCICHNS 3HATCHI NH-
TePHOJAINOHHOIO MHOTOYJIeHa JlarpaH:Ka B TOUKe.

4. Onpenenenne pas3faeaeHHBIX pasHocTeii. Popmysra IJId HEHOCPEICTBEHHOTO
IpeICTaBICHNAA pasIeIeHHOi pa3HocTn Yepes 3HadeHns GyHkmun. CuMmMeTpud-
HOCTbH pa3zJie/IeHHONW pa3HOCTU KaK (DYHKIUU CBOUX apryMeHToB. JIuneiHocTh
paznesieHHO pa3sHOCTN KakK (pyHKIMOHAIA.

5. Bpruncienne nHTePNOIANNOHHOTO MHOTOYIeHA Jlarpanika, nocTpoeHHoro no k
TOYKaM, Yepe3 WHTePIOJIAIUOHHBIH MHOro4dien Jlarpanzxa, mocTpoeHHbIit 1Mo
k-1 Touke. nrepnonanuonnas dpopmysia Heiorona.

6. Asroput™ BbraucjeHus Ko3(MMUINEHTOB WHTEPIOJIANNOHHOTO MHOTOY/IEHA B
dopme Herorona. Oprannzamnms: nporecca BBIYHC/JIEHNNH U XPAHEHU TPOMEKY-
TOYHBIX pe3yIbTaToB. OneHka 4dnciaa apudMeTHIecKux omneparuii. Aaroputm
BBIUIC/IEHNA 3HAYEHI WHTEPIOIANNOHHOTO MHOTOWIeHA B hopme HbioTona B
touke. OneHka duciaa apupMeTuIecKuX Olmeparnii.

7. Murepnossmusa ” IBUKYMUMECSH” MHOTOYIEHAME (aJTOPUTM CIBUTA MPEICTa-
BJIEHU WHTEPHOJIAIUNOHHOT0 MHOTOWIeHa B hopme Hbrorona). Onenka uncia
apudMeTndecKnx orneparnii.

8. OneHka MOrpemHoCTH MHTEePHoIAInoHHOi dhopMyabl HeioTona ¢ mpencrabie-
HIEM OCTATOYHOI'O YJIeHA B BU/IE MPOUBBEIEHUS pas3ae/IeHHO pasHoCcTu n (PuK-
CUPOBAHHOTO MHOTOYJIEHA.

9. Omenka MOTPENTHOCTH WHTEPHOJIANUOHHON (opmy bl HboTona ¢ mpencrasiie-
HUEM OCTATOYHOTO YJjIeHa B BUJIE TMPOM3BEICHU:A TPOM3BOAHON (DyHKIUM B He-
KOTOPOI TOUKe 1 (PUKCUPOBAHHOI'O MHOT'OYJICHA.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

[IpencraBienne pasmeaeHHON pa3sHOCTH depe3 npom3BOmHYI0 dyHKImn. Onpe-
JeJTeHne pasaeTeHHbIX Pa3HOCTell ¢ KpaTHRIME y3/IaMi. HempepbIBHOCTD pasjie-
JIEHHOI pasHOCTH KaK (DYHKIUI CBOUX apryMeHTOB.

[TocTanoBKa 337841 MHTEPIOJIAINNA C KDATHBIME y3JaMi. EINHCTBEHHOCTD NH-
TEePHOTANNOHHOTO MHOTro4WwIeHa. TeopemMa O MOCTPpOEHUN WHTEPIOTANNOHHOTO
MHOro4iena B ¢popme HbioTona.

OrneHka MOrpermrHoOCTH NHTEPIOJIAINN ¢ KPATHBIMI Y3JIaMU ¢ [PEICTaBICHIEM
OCTATOYHOTO YJIeHA B BUJE NMPOU3BEAEHUS pPasae/eHHOH pa3sHOCTH U (DUKCHPO-
BAHHOTO MHOTOYJIEHA.

AnropurM BbrauceHns Ko3(hQMUIMEHTOB THTEPIOIANNOHHOIO MHOIOWIEHA C
KpaTHbIMHI y3amMu. OpraHn3aliis IIpPonecca BRITUCIeHI 1 XpaHeHU A TPOMEKY-
TOYHBIX pe3ybTaroB. OeHKa 4nciaa apmdMeTndecKnx omepanmii. AJropurm
BBIYNC/IEHNA 3HAUYEHNA WHTEPHOJANNOHHOTO MHOTOUYJIEHA C KPATHBIMU Y3/1aMI
B Touke. Onenka dncja apudmMeTnaeckux oneparunii.

Afroput™ BBIYUC/IEHUS 3HAYEHNH TPOU3BOIHBIX MHOTOWIeHa B (hopme HbroTo-
Ha B Touke. OneHka dncja apuMeTnaecKux ormeparunii.

Muorowrensr HebwimeBa. Pexkypentnas dopmysra. Ananurudeckas ¢dopma,
HYJII MHOTOYJIEHOB, 3KCTPeMyMbl. TeopeMa 0 MHOrO4JIeHe, HAUMeHee YKJIOH -
IOMIEMCS OT HYJIA.

MuHIMUIBAINS TOTPEMIHOCTH HHTEPIOJIANNN 33 CUYeT BBHIOOpA Y37I0B UHTEPIIO-
nsanuu. VlaTepnossnus no HyasM MHOrouwIeHoB Yebbimesa. HeysrydmaemocTs
OLIEHKN [OIPEIIHOCTH B PACCMATPUBAEMOM KJIACCE OIEHOK OCTATOMHOrO “JIeHA.
OHeHKa CHU3Y M CBEPXY IMMOI'PEITHOCTU MHTEPHOJIAINN IO HYJIAM MHOI'OY/IEHOB
YebbImeBa Yepes MOrPEITHOCTh HANTY YIIero PABHOMEPHOTo npubinzxkenns (6e3
nokaszarenberBa). Teopema [Izkekcona (6e3 JI0KA3aTETHCTBA).

Pasznoxenne mo muaorodsienam YeobbleBa ¢ NCHOIb30BaHIEM TUCKPETHOIO CKa-
JIAPHOTO Tpou3BeneHnda. OpToroHa/IbHOCTb MHOTOUIEHOB UeObImeBa Mo 3TOMY
CKaJISIPHOMY TTPONBBEAEHUIO.

Anropurwm Berauc/ieHnsi KO3(hGUIMEHTOB PA3/I0KEeHNs M0 MHOTOUIeHaM ebObl-
nreBa. OpraHus3alys MpPOIecca BBIYUCICHUN 1 XPAHEHUs TPOMEKYTOTHBIX Pe-
3y/ibTaToB. OneHKa dncja apudmerndeckux onepannii. AJroOpuT™M BHIYUCIEHUS
3HAYEHNA alTPOKCUMUPYIONIEro MHOTOUYTeHa B Touke. OneHka dncia apudme-
TUYECKUX OMepallnii.

Teopema 0 coBnageHNN WHTEPHOTATNOHHOTO MHOTOYIEHA, MOCTPOEHHHOTO IO
HYJIAM MHOTO4JIeHOB YeObIeBa, ¢ annpoOKCUMUPYIOIMIMM MHOTOYJIEHOM, MOJIY-
YEeHHBIM Pa3JI0yKEeHHeM M0 MHOTo4JieHaM YeOblleBa C MCIIOJb30BaHUEM INC-
KPETHOI'O CKAJIAPHOT'O NPOU3BEIEHNA.
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20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

[TpenmyimecTBa KyCOYHO-MHOIOUJIEHHOM annpokcumaimn. Kycouno—nHeiinas
uateprnosiAnua. Omnerka norpemuocT. OmeHKa MOTPEITHOCTH Yepe3 IOTPeIl-
HOCTb HAIJIYUIIEr0 PAaBHOMEPHOrO MPHOIMKEHHA B KJacce HEeMPEPLIBHBIX JIO-
MaHbIX JIMHUIA.

Kycouno-mmneitHas anmmpokcuMalia MO0 MeTOIy HauMeHbIMNX KBaJapaToB. [lo-
crpoeHne 6as3nca, IOCTAHOBKA 3a/1a4l, BHIYUCICHNIE MATPUIILI CICTEMBI.

Ornenka MOTPENTHOCTU KYCOTHO-TNHEITHON AIMIPOKCUMAIINN 110 METOLy HANMEHb-
X KBAJIPATOB Y€Pe3 MOIPEITHOCTH HAUJIYYIIero PABHOMEPHOT'O MPUO/THKEH N s
B KJIACCE HEIPEPBbIBHBIX JIOMAHBIX JTAHUIA.

AHHpOKCHMaHHH MHOTOYJIEHaMH1 110 METOAY HauMEHBbLHIINX KBaJIpPaTOB B IIPO-
CTPAHCTBE CO CIeNUaJbHBIM CKaJIAPHBIM mpousBenenneM. [loctpoenne basuca
13 MHOTOY/TEHOB YeObIIeBa, ero OpToroHaJIbHOCTb OTHOCUTETBHO HTOTO CKAJIAP-
HOTO MTPOU3BEICHNU A, BBIYUCIeHTE KOA(DMUIMEHTOB allIpOKCUMupyoteit (hyHk-
I,

Teopema 0 KyCOYHO-TMHEWHONH WHTEPHOJIANNKA HErJIAJKUX (PYHKIUI Ha crie-
MUATBHBIX ceTKax (6e3 mokasaresbeBa). JIOKA3aTeIbCTBO TEOPEMBI B CJIyUae
dbyukmun ”koperb u3 Moy X7 Ha orpeske [—1,1].

Obmas cxemMa KyCOYHOIl MHTEPHOJANNN KyOMIeCKMMH MHOTO4YJIeHaMu. AJro-
PUTM BBIYHCIeHIA KO MUIMEHTOB HHTEPIOIUPYIOMNX KyONIeCKIX MHOTOMTe-
HOB.

Kycounast uareprnossnus KyOU4ecKuMu MHOTOUYIeHAME DpMuTa. Beibop mapa-
metpoB. [Ipocreiitmme cBoiicTBa npubamKaomeit yraknnn. OneHka MorpemnrHo-
cru (6e3 JI0Ka3aTeIhCTBA).

Kycounas nnrepnosisiusa Kyonueckumu Muorodienamu beccesis. Beibop napa-
metpoB. [Ipocreiitme cBoiicTBa npubamKaomeit yrakimnn. OneHka MorpemnrHo-
cru (6e3 JI0Ka3aTeIhCTBA).

KyCO‘{HaH UHTEPIOJIAIN A KY6I/I‘{GCKI/IMI/I MHOT'OYJIEHAMII ME€TOOJ0M AKI/IMbI. BbI—
6op mapamerpoB. I[Ipocreiimue cpoiicTBa npubmmkaomeii Gyaxknnm. OneHka
norpertHocT (6e3 T0Ka3aTebCTBA).

Kycounasa uarepnonanusa KyOn4eCKIMI MHOTOYWIEHAMUI C UCHIOTb30BAHIEM Pas-
JieJIeHHBIX pasnocteii. Boibop mapamerpos. [Ipocreitiue cBoiicTBa nmpub/imxa-
foreii dbyukuun. Onenka norpemsocT (6e3 10Ka3aTebCTBA).

Onpenenenne crmaiina. MaTepnonanua Kyomdeckumu citaiinamu. Beibop ma-
paMeTpoB, MOCTPOEHWe MaTPHUIlbl cuctembl. [Ipocreiinime cBoiicTBa MaTpPHUIbI
cucrembl n npubsmKaomei Gynknnn. Ouenka norpemuoctn (6e3 qoKazaresib-
CTBA).
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31.

32.

33.

34.

35.

36.

37.

38.

39.

Onpenenenne HETOCTAIOMNX /151 KYCOYHO-KYOMIeCcKOil MHTEPIIOJIAIINN TPAHNIY-
HBIX VCJIOBHil 10 W3BECTHBIM 3HAYEHUAM IepBOii OO BTOPOil Mpoum3BOIHOI
¢GYHKIUE B TPAaHUYHBIX y3JaX, €CTeCTBEHHbIE T'PaHUYHBbIe ycaoBu:A. Ompemne-
JIEHUEe HEeIOCTAIONINX [MapaMeTpPOB B CJIydae KYCOYHOW WHTEPHOJIAINNN KyOu-
YeCKUMH MHOTOYJIEHAMU W NOCTPOEHUE JONOJIHUTEIbHBIX YPaBHEHUI B CJIydae
MHTEPIOJIANINNA KyOndecKuMn CriiaiinamMu.

Onpenesrenne HETOCTAIONINX /151 KYCOTHO-KYONIECKON MHTEPIOJIAINI TPAHIY-
HBIX YCJIOBUI W3 YCJIOBUsS ~OTCYTCTBHS y3/1a” B NPUTPAHUIHBIX y3jax. Ompe-
JleJICHUE HEJOCTAIONINX MapaMeTpoB B Cjydae KyCOYHOII MHTepHnoJAnmnu Kyou-
YeCKUMI MHOTOWIEHAMI U MOCTPOEHUE JOMOJTHUTETHHBIX YDABHEHH B CIydae
MHTEPHIOIANNN KyOMIeCKUMU CILTTAfiHAMU.

Onpenenenne HETOCTAIOMNX /151 KYCOYHO-KYOMIeCcKOil MHTEePIIOJIAINN TPAHIY-
HBIX YCJOBUil PN MOMOIIKN BBEAEHUA JIOMOJTHUTETHHOTO Y3713 PAIOM C T'PaHI-
HBIMHI y3JaMHI JTIO0 SKCTPAIOJIAINNN B IPUTPAHTYIHBIX y3/1ax. Onpenenenne He-
JIOCTAIONINX ITapaMEeTPOB B CIydae KyCOUHON MHTEPHOIANNN KYOMIeCKIMI MHO-
roYJIeHAMU 1 TOCTPOEHNE IOTIOTHUTEIHHBIX YPABHEHU B CITyvdae WHTEPIOJIAINN
KyOU4IeCKUMNI CILIaifHAMM.

Obmas cxema KyCOUHONH MHTEPIIOIANNN TapadOTHIeCKIMI MHOTOYIeHAMM. AJT-
FOPUTM BBIYUC/ICHU A KOIDMUIIMEHTOB NHTEPHOJINPYIONINX KBAIPATUIHBIX MHO-
TOYJICHOB.

Onpenenenne citaitna. Varepnondnusa napaboandeckuMu citaiitnaMu. Beibop
napamMeTpoB, MocTpoeHne Marpuilbl cucrembl. [Ipocreiinuie cBoificTBa MaTpHUIHI
cucrembl n npubsmzKaomei Gynknnn. Ouenka norpemuoctn (6e3 qoKazarTe b
CTBA).

Onpenesrenne HeTOCTAONNX /IS HHTEPIOANNN TaPabOINIeCKIMU CILIaiHaAMI
yPaBHEHUI 110 M3BECTHBIM 3HAYEHUAM TEPBOil MPOM3BOIAHON (DYHKIUU B I'pa-
HIUYHBIX y3JaX.

Onpeesrenne HeTOCTAONNX /IS HHTEPIOANNN TaPabOINIeCKIMU CILIaiHaAMI
yPaBHEHUI 110 M3BECTHBIM 3HAYEHUAM BTOPOil MPOU3BOIHON (DYHKIUU B I'pa-
HUYHBIX Yy3JI1aX, €CTeCTBEHHDbIE 'PAHUYHBIC YCIOBUA.

Onpenesrenne HETOCTAONNX /IS HHTEPIOANINN TaPabOINIeCKIMU CILIaiHaAMI
ypaBHEHUI U3 yCJ0BUA ~OTCYTCTBUA y3ja B MPUTPAHUYIHBIX Y3/IaX.

Onpeneenne HEIOCTAOIMINX 11 MHTEPIOJIANNN MapaboInIeCKuME CILIaiiHAMI
ypaBHEHUI MpH TOMOIIN BBEIEHNS HOMOJHUTETHHOTO Y3J1a PAIOM C TPAHUIHBI-
MU y3JaMu JIKO0 SKCTPAIOJAINT B TPUTPAHUIHBIX y3J/IaX.
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40. Unrepnosanus Ten30pubiMu npoussenaenusavu. [locrpoenne 6a3uca u3 Ten3op-
HBIX TTPOU3BeIeHNiT B MpocTpaHcTBe (DYyHKIUIT U B MpocTpaHcTBe (hyHKIINOHA~
s0B. [locTanoBKa 3a/1a4n JTUHERHOW NHTEPIOTATINN TeH30PHLIMU MTPOM3BEIeHU-
svu. TeopeMa 0 KOPPEKTHOCTU. AJITOPUTM HHTEPIOJIANNN TeH30PHBIMUI TPOM3-
BE€IECHUIMIU.
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