Cycle Analysis— A Case Study

Part 25: Testing Cycles for Statistical Significance

*

Applying the Bartels’ Test of Significance v a Time Series Cycle Analysis

by CHARLES E. ARMSTRONG

In the cycle analvsis of time series, the quesricn almost
invariably zrises as to whether or not a given period shows
statistical evidence of reality. Among the various devices
used in festing for significance, Bartels' technique seems 10
give perhaps the most reasonable wesuls, This test of signifi-
cance, when applied to the cycle analysis of Ume series, re-
flects the degree to which 3 particular periodicity is con-
sistently present throughout the series under study, as well
as the persistence of the evele, ie., the number of waves
contained in the series, In this test the cyele curve for the
givenr period under test s fitted 1o the entire series, and
the amplitude of the resulting measured cvele is compared
with the amplitude which might be expected 1o occur as a
result of chanee factors alone, This expecied amplitede s
determined by fitting the cycle curve for the given period
separalely W successive segments of the series, cach segment
being one period in length. From the » mdwvidual amph-
tdes so obtained, an cstimate of the expected average ampli-
tude is computed in accordance with the rule vsed in de-
termining the dispersion of the mean, i.e., by dividing the
quadratic mean of the individual amplitades by -7 By
comparing the measured averape amplitude as oblained by
fitting the cycle curve to the entire series with the expected
werage amplitude, we have a direct means, through the use
of slandard probability formuolae, of arriving at 2 mathemati-
cal measure of (he genuineness of the observed cycle.
As will be scen, the resulting measure of genuineness
will be high in cases where individual cyvcles exhibit stability
in both amplitude and timing, and low where the opposite
conditions obtain. Also, the value of £, the number of in-
dividual periods contained in the series, has a positive effect
on this measure, OF course, for #=1 the test is meaningless.

Since periods other than the particular one under analysis
affect both the measured and expected average amplitudes
in the same way and to the same degree, the final measure
of geauineness is not affected by such disturbing elements.
Likewise, the effects of any serial correlation present in the
series is nullified by appearing in both sides of the atio of
measured to expected amplitude. Hence, the test may with

salety be applied to series of deviations from moving
averages or from other trend or smoothing curve devices,
the use of which may change the amount of serial coirela-
ton present in the series,

The Bartels' test is not designed primarily as a means of
locating the periods of cycles present in 2 series. [s chief
value lies in its application as o test of significance alier the
period has been located by seme other means, However, in
the process of locating the exact periad , it ls aften possible
tosel up the work processes and papers in such a way as o
facilitate the application of the Bartels' weet aftor the periad
has been deterrmmed. The following tables and chart illus-
trate the application of the test to the results of a harmoaic
analysis of 2 typical economic series.

Table T shows the initial and final portions of a monthly
geries of relative devigtions from trend of an index of eco-
nomic activity in the United States, from 199 to 1939,
inclusive, Investigation has indicated the presence in this
series of a Taidy marked cycle closely approximating 41
months m duration. The problem is to apply the Bartels®
test o this cycle as isolated by methods of harmonic
analysis, and 0 to evaluale the probability that it could be
the result of chanee conformations in the data,

The first step is to break up the entire series into szg-
ments exch 41 months in length. Each of these segmenis, of
which there are twelve, is subjected to a standard harmonic
analysis for a 41-month period, The method of doing this,
for the first and twelfth segrments, is shown on Table 111,
For each of the twelve analyses, the constants A and B are
computed as described in Table 11, and the twelve sets of
values so derived, together with their averages and the sums
of their squares, are tabulated in Takle 101,

Chart 17 s a scatter diagram depicting the tendency of
the twelve sets of A and B values to cluster about their

average values, Bach pair of A and B values determines a
k1%

point “'p" on the charl, The twelve sets thus determine
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welve points, P P2, P3. ... P2, and the average values
determing point P The vecror Op; deseribes the phase
and amplituded of the sinusoid fitted by means of harmonic
analysis 1o the first segment of the series, the vector, Op?
represents that fitted 1o the second sepment, and o on.
Vector OF is ihe average of the twelve individual vectors,
and represents the result of fitting a single 4 L-amonth sine-
soid to the entire serigs. The degree 1o which the individual
PULNLS Py, P2. Ps e Pyo, cluster about P oas contrasted o
shout O is, according to this significance test, indicative of
the probable siatistical genuineness of the 4 -month eyele
in this series,

As shown by Tahle I, the average vector OF has un
amplitude of 133,49, and the quadratic mean of the ampli-
mdes of the twelve individual vectors is 20349 1t we
msume that there is no real 41-month periodicity in the
data under study, and that, therefore, the apparent cvelical
movements are the résull of chance alone, then the twelve
prpoinis must be considered as random selections from a
field of such points distributed abowt and centered at O
Moreower, il the condition is purely random, the dispersion
of all the points in the field sbout O should not be greatly
different from the dispersion of the twelve sclected points
sbout O Under such conditiens, the expected amplitude of
the single sinusodd fitted io the entire series may be com-
puted as 20349 — A[17 = 58.74, as contrasted to the
measured amplitude to its expectancy 15 131349 = 5874 =
1.27. The prebability that this occurs as the resull of chance
done is —1—o = 1, where ¢ is the bage of natural

e[(2.27) - 1835

logarithims,

The illustrative example given here is based on harmonic
analysis, but the Bartels” test may be applied o the results
of other methoeds of cyele determination, as well. As in the
case described above, the test depends on the relationship
between the amplitude of the cyele fitted to the entire
serigs under study and the expected amplitude as derived
from the individual cycles fitted 1o the successive segments
of the series.

It should be pointed out that the Bartels” test assurmes
that genuine periodicities wnd towards fixity in both period
ind amplitude . For, amy wvariations, either systematic or
rndom, in the length of the individual cycles end o re-
duce the amplitude of the cyele curve fitted to the antire
serieg through the averaging of cut-of-phase ordinates, and
5o tg reduce the fipal probability that the cycle is genuine,
Likewise, wariations in amplitude of individual cycles in-
rrease the expected average amplitude through the vss of
quadratic mean, without proportionately increasing the
amplitude of the overall cycle curve, and so also reduce the
omputed probability of genwvineness. Hence, for compar-
shility of results, it is generally advisable to express the
wries, as well as its time scale, if possible, in terms which
slabilize 1o the fullest extent logically consisient with the
nature of the series, the amplitude and period of the cycle
under tesi. In this connection, it is wsually not feasible to do
much with the time scale, but often a change in the fonm
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TABLE |
A Indes OF Economic Activity In The United Statas
Percentage Deviations From Trend
{lnitial And Final Portions Oniy}

INITIAL PORTION

1899 1904 1901
Jan 1B - 04 - a3
Fety - 28 - 1,7 - 1,2
Mar - 0.2 - 30 - 0.2
Apr + 0.2 - 38 + 4.1
May + 2.4 - 4.9 + 6.2
dun + 2.8 - a1 + 6.5
Jul + 4.1 =10.2 T s
Ag + 3.8 -11.6 + 5.0
Sap + 34 -11.2 + 4.2
Ot + 3.4 -10.7 + 1.7
Mow 1.4 10.3 i 1LE
Dec + 4.8 -1 - 0.2
heeai b _ FINAL PORTION

1837 19328 1039
Jdan + 1.4 -2B.G -12.3
Feb + 33 -26.9 -11.3
Mar + 5.1 -26.5 -10.6
Apr 6.0 =277 -13.0
Mawy + B.5 -28.1 -13.0
Jun + 3.4 -27.9 -10.2
Jul + 26 -23.4 - 98
Aog + 0.6 -19.7 - 7.8
Sep - 3.0 178 - 2.3
Oct -14,2 =168 + 38
Mowv -24.3 -12.6 + 60
Dec -20.9 -13.4 + 8.2

of the series itsell will tend to stabilize the cyclical ampli-
tudes involved. For example, in the case wsed above in
tllustrating (he significance test, the economic data were
expressed as relatives (o a long-term trend line in preference
to absolute deviations, inasmuch as it resulted in 2 more
reagonable approach. Had absolute deviations been wsed,
the final probability would have been of the order of
1

165

MNovember, 1944

Cweles, Oclober 1973



TABLE 1l

41-MONTH HARMONIC ANALYSES OF FIRST AND TWELFTH SEGMENTS OF SERIES

(al {b} cl {d) (e (f

e ) 15t Segrment ) _12th Segment
Month  laz41] Sin @ Cos 8 ¥# Y Sin 8 ¥ Cos & it ¥Sn@  YCos@
1 2.44% 0.153 (0.988 -18 -.78 -1.78 -6.1 -.93 -6,03
2 4 825 302 453 -28 .1 -2.G67 -3.7 -1.12 =353
3 7.32 KL 598 -0.2 -0 -0.18 -3.5 -1.65 -3.14
L) a.76 R-Yis 817 +0.2 +.12 +0.16 -1.7 -.88 -1.39
5 12.20 694 720 +2.4 +1.67 +1.73 +2.2 +1.53 +1.58
5] 14,63 795 B0G +2.8 +1.70 +1.70 +1.4 +1.11 +.85
7 17.07 878 ATE +i}.1 +3.60 +1.96 +3.3 +2.80 +1.08
g 19.61 B4 338 +3.8 +3.68 +1.28 5.1 +4 .80 +1.72
g 21.06 082 180 ¥3.4 +3.34 +0.65 +65.0 +5.89 +1.14
10 24.39 599 039 +3.4 +3.40 +0.13 +6.5 +6.49 +25
" 26.83 994 -115 +1.4 +1.39 -0.16 +3.4 +3.38 3G
12 29.27 964 -, 265 +3.8 +3.66 -1.01 +2.6 +2.51 -.68
13 31.71 -.812 -.400 -0.4 -.36 +0.16 0.6 +.55 =75
14 34.15 -.B39 -.543 -1.7 -1.43 +0,92 30 -2.52 +1.63
15 36.59 F46 - GBE -3.0 -2.24 +2.00 =14.2 -10.59 +3.46
16 398.02 B35 -m -38 -2.42 +2,93 -24.3 -16.45 +18.74
17 41.46 511 -.889 -4.9 -2.50 +1,21 -29.9 -15.28 +25.68
18 43.490 374 =927 -9.1 -3.40 +58.44 -28.6 -10.70 +26.51
19 46,34 228 -4873 -10.2 -2.33 2,92 -26.9 -6.13 +26.17
20 48,78 076 -.897 -11.6 -.BB +11.87 -26.5 -2.01 +26.42
21 51.22 - 076 =087 -11.2 +.85 +11.17 =277 12,11 +27.62
22 53.66 -.228 073 -10.7 +2.44 +10.41 -28.1 +6.41 +27.34
23 BG.10 -.374 =927 -10.3 +3.85 +4.,55 -27.59 +10.43 +25.86
24 58.54 511 -.B50 -7.1 +363 +6.10 -23.4 +11.96 +20.10
25 50,98 - B36 -7 -4.3 +2.73 +3.32 -189.7 +12.53 +15.19
26 63,41 - 746 -GGG -1,2 +.90 +.80 -17.8 +13.28 +11.85
27 65.85 -.B3% -.543 +0.2 =17 =11 -16.8 14,10 +9.12
28 68.29 -1z =408 +4.1 3.74 -1.68 -12.5 #11.40 +5.11
29 T0.73 =964 -.2G5 HG.2 -5.98 -1.54 -13.4 +12.92 +3.66
30 73.17 -.994 -.115 +6.5 -6, 46 -0.76 -12.3 +12.23 +1.41
n 76.61 -.999 .039 +7.2 -7.19 +0.28 -11.3 +11.29 -.44
32 78.05 -982 180 50 -4.91 +0.95 -10.5 +10.31 -2.00
33 R’0.49 -.84d1 338 +4.,2 -3.95 +1.42 -13.0 +12.23 -4 39
34 B2.93 -.878 478 +1.7 -1.49 H0.81 -13.0 111.41 -6.21
35 B85.37 -.795 .B0E +1.8 -1.43 +1.08 -10.2 +8.11 -6.18
36 a7.80 - 694 20 -0,2 +.14 -0.14 -0.8 +5.80 -7.08
a7 90.24 - 576 817 +1.0 -58 +0.82 -7.8 +4.49 -6.37
8 02,68 -.444 BoG +1.7 -7 +1.52 -2.3 +1.02 -2.06
39 95.12 -.302 Aas3 +2.4 =72 +2.29 +3.8 -1.15 +3.62
40 07.66 =163 98B +2.2 -39 +2.17 +3.0 -92 +5.83
41 100.00 - 1.000 +2.6 o +2.60 +6.2 0 +6.20
Total -16.96 92,94 132.86 254 50
{a) {B) {A) (B)

*Expressed as Percentages of 3609

# From Table I.



CHART 1
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TABLE OF EXPOMNEMTIALS
o "I!I"EI]IM_:!E of e, Fromn = 1.0 ton =109
(e = 2. 71828}
n 0 a1 0.7 0.3 0.4 0.51 0.5 0.7 0.8 0.8
1 277 3.00 3.32 367 4,06 4,48 4,05 5.47 G6.05 660
2 7.39 817 9.02 9897 11.0 12.2 135 1449 16.4 1B8.2
3 201 22.2 245 271 30.0 33q 36.6 40.4 447 49.4
4 546 60,3 66,7 73.7 B1.4 a0.0 99.5 110 122 134
B 148 164 13 200 el | 245 270 209 330 365
& 403 446 493 545 602 GGS 735 g12 898 992
¥ 1097 1212 1339 1480 1636 1808 1998 2208 24 2698
B 2981 3194 3639 4024 4447 4915 543 G003 6635 Ta33
g 8103  B054 9894 10940 12080 13360 14760 16320 18040 19930
10 22030 24340 26890 29740 32860 36320 40130 44360 49030 54180
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TABLE 111

Tabulation Of Results OFf Harmonic Analysis OF
Twelve Segments of Saries

SEGMEnt M B
{From (Fram a2 _ g2
Table 11} Table @1}
1 1698 + D294 8,925,409
2 - 1105 + 143.68 20,766.04
3 + 30814 - Mg 95 801.73
4 + BG6.13 +  JLEER 9,308,249
L + 13135 + 11542 30,674.60
6 -+ 10394 - B3.35 15,881.15
7 + 236.80 + 184.75 G0, 2006 80
E - .80 + 11045 12,223.21
9 = 2497 b 108.94 12.710.30
10 + 32110 t 3498 104,328.81
11 -  BB.42 +  TB.24 13,747.39
12 + 244.50 8242203

132.86

TOTAL +1,161.02 +1,103.62 406,895.79
AVERAGE + 96.?5. +  91.97 41,407.88

Average Amplitude = VOB752 + 91,072 = 133.49
Quadratic Mean of Twelve Individual Amplitudes =

/A1 40708 = 20340

Cycles. Oclober 1973

FOOTNOTES

IThe walugs of sime and cosine used in Table 11 were
taken from the trigonometric table shown in the Appendix.
This 1able shows directly the values of sine @ and cosine 8
far values of B expressed a5 pereentagss of 3609, It is par
ticularly wseful in harmonic analysis, as it climinates the
step of converfing to degrees, minutes, and seconds, angles
which sre much more ceadily expressed in percentage fonm.

20Tart s essentially a “harmonic dial™, differing from
it only in wgEng rectangular coordinates in place of polar.
The construction of the chart is useful inillustrating the
implications of the test and jn presenting visually the re-
sults of the test, but, in practice, the final probabilities may
be determined directly from the results computed as in
Tahle 1I.

3The distance Opy =v A7 * By and therefore does not
eiqual the amplitude of the fitted sinusoid, but s 2 mulliple
of that amplitude. This amplitude *ay™ may he derived,
il desired, Erom the equation a, =ﬁ1."-ﬂ|.zl +By.

A4As an alternative approach, Bartels' also assumes P to
be the true point center, and computes the probability that
the cenier of the twelve points could be as far rom P as
O is, As compared with the method outlined above, such an
approach gives an even smaller probahility that the cvele is
wl chance origin,
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