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NMpeancnosue

Kommnsrotepnas rpaduka — 3To pasjien KOMIbIOTEPHOW MaTeMaTH-
KW, 3aHUMAIOIUHCS CHHTE30M HM300pakKeHHI Ha dKkpaHe aucruies. [Ipak-
TUYECKUN ACTIEKT NPUMEHEHUS! KOMITbIOTEPHON rpa@uKu (MCIOIb30BAHUE
rpaduueckux oudanorek OpenGL, Direct3D, Java3D u T.1.) 10oCTaTOYHO
OCBEIlIEH BO MHOTUX NyOnukauusx. OgHako MaTeMaTHKa M aJrOPUTMBI,
JeXalllie B OCHOBE CHHTE3a M300PaKEHUM, OMHMCAHBI JHIIb B KypHAIb-
HBIX CTaThsIX M Marepuaigax MeEeXAYHapOJIHbIX KOH(epeHUHUH, KOTOphIe
CTyJIeHTaM 1o OoJbliei yactu HeAaocTynHbl. K ToMy ke mociennue Mo-
HOTpapuu MO KOMIBIOTEPHOU rpaduke ObLINM omyOJauKoBaHbI B Poccuu
10-15 ner Ha3azg, ¥ K HACTOSILIEMY BPEMEHU OHHM JI0 HEKOTOPOW CTENEHU
yCTapemnu.

B nocoOuu paccMOTpeH Kpyr BOIPOCOB, CBSI3aHHBIX C IPECTaBIIE-
HUEM Ha JKpaHE IUCIUIEeS] Pa3IUYHbIX JUHUM HaOOpOM CMEXHBIX MHKCE-
nen. Takoe mpencraBieHue HaA3bIBAECTCS PACTPUPOBAHUEM JIMHUM, a BBI-
YUCIIUTEIBHOE YCTPOMCTBO, PEAIM3YIOIIEEe AIrOPUTM PACTPUPOBAHUS,
Ha3bIBAIOT T€HEPATOPOM NMPUMHUTHUBOB BbIBOJAA. B maHHOM mocoOuu pac-
CMaTPHUBAETCS PsJl AITOPUTMOB PACTPUPOBAHUS, ITUPOKO UCIOJIb3YEMbIX
B KOMIIBIOTEPHON M MHXKEHEPHOU rpaduke, MpuyeM OMUCAHbl KaK Kjac-
CUYECKHUE alTOPUTMBI, TaK U Camble MOCIEIHUE TOCTHKEHUSI B 001acTH
pacTpupOBaHUs JIMHUIA.

PaccmaTpuBaroTCsl Takke METOJIbI PEICTABIICHHS KyCKOB ITOBEPX-
HocTell. TOHMpOBaHME MOBEPXHOCTEH (3aKpacka M TEKCTYypUPOBAHUE)
MOKET OBITh pealn30BaHO METOJOM pacTpUPOBaHUsI CeMeilcTBa mapa-
METPUYECKUX JIMHUN NPH YCIOBHH, YTO MBI PaclojlaraéM FeHepaTopoM
[MapaMeTPUUYECKUX JTUHUM.

OCHOBHOE BHUMAaHHE y/I€JI€HO 0OOCHOBAHUIO MaTEMAaTUYECKUX all-
TOPUTMOB PACTPUPOBAHUS, A TAKKE BOZMOKHOCTH MX aIlllapaTHOM peanu-
3aruu B Buge CbUC. B ocHOBe kpUTEepHeB CMHTE3a BCEX paccMaTpHBae-
MBbIX B TOCOOMHU aJTOPUTMOB JIEXKHUT YOEKIACHHE, UTO OBICTPBIA BHIUUCIU-
TEJIbHBIM MPOLIECC MOKHO PEATM30BATh TOJBKO Ha OCHOBE MPUMEHEHUS
AIIEMEHTAPHBIX BBIYUCIHUTENIBHBIX OINEpaluil - CI0KEHUS, BHIYUTAHUS U
casura. [IpuMeHeHue onepannii yMHOKEHUS U JEJNCHUS, a TaKXKEe MpeJl-
CTaBJeHHE 4ucel B (popmaTe ¢ IJIaBalOIIe TOYKOW paccMaTpUBaIOTCS
KaK HEXXEJIATEJIbHbIE, MOCKOJIbKY 3TH ONEPAMU 3aMETHO YMEHBIIAOT
OBICTPO/CHUCTBHE BBIYUCIUTEIBHOTO YCTPOMCTBA M PE3KO YBEIMYUBAIOT
anmnapaTHble 3aTpaThl HA €ro pealnu3aluio.

B kadecTBe yHMBEpCAJIBHOIO NMPUMUTHBA BBIBOJIA PACCMaTPUBAET-
Csl KOHMYECKasi Jayra, BIMCAaHHAas B TPEYTOJbHUK OOLIETO IMOJOKEHHUS.
[TonpoOHO MCCenoBaHbl CBOMCTBA KOHMYECKUX AYT, a TaKKE CBOMICTBA
KOHWYECKOI'0 MHTEPIOJIATOPA — BBIYMCIUTEIBLHOTO JIEMEHTA, HA OCHOBE
KOTOPOI'O PEaN3yTCs UHTEPIOJISALMOHHBIE BEIYMCINTEIbHBIE CTPYKTY-
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PBbl, COCTaBJISIIOIIME OCHOBY AJICOPUTMA PACTPUPOBAHUS KaK KOHUYECKUX
YT, TaK ¥ X 000OIIECHHUH — JIEKAIbHBIX KPUBBIX.

B noco6uu moapoOHO omnrcaH reHepaTop KPUBBIX, OCHOBAHHBINA Ha
BBIYUCIUTEIBLHON CTPYKTYpE, COCTOAIIECH U3 AJIEMEHTOB JBYX THUIIOB —
KOHMYECKOTO ¥ JJMHEWHOT'0 MHTEPIIOIATOPOB. DTOT T€HEPATOP PaCTPUPY-
€T JIMHUU, Ha3bIBaeMble L-KpUBBIMU WJIW JIEKATbHBIMU KpUBbIMU. [loka-
3aHO, YTO MPHU OMPECICHHOM BBIOOpPE YIPABISIONIMX MapaMETPOB reHe-
paTop JIeKaJIbHBIX KPUBBIX MOXET OBITh MCIOJIB30BAaH JJIi PacTpUpPOBa-
HUS KpUBBIX be3be, KOTOphIe MIMPOKO MPUMEHSIOTCS B UHXKEHEPHOU Ipa-
¢duxe u cucremax CAIIP.

B mocobun u3nokeHbl ANEMEHTHhl TeopuH cIiulaiHoB. OCHOBHOE
BHHMAaHUE YyJIEJICHO CBOMCTBY JIOKaJIbHOCTH CIuIaiiHOB. CIlaliH paccMmar-
puBaeTCia B JIaHHOM TOCOOMHM Kak Ha0Op CONPSDKEHHBIX KYCOYHO-
MOJIMHOMHUAJILHBIX KPUBBIX, TpencTaBieHHbIX B ¢opme besbe. [Ipemiio-
KEHbl aJTOPUTMBI IE€pecueTa YIPaBISIIOIIUX [apaMEeTpOB CIUIaiiHA B
YIPaBISAIONIME MTapaMeTpPhl COCTaBIIIONMX ero KpuBbix besbe. Tawm, rae
ATO BO3MOKHO, aJITOPUTMBI MPEACTABISAIOTCA B BUJIE MATPUYHOIO TIpe-
oOpa3oBaHus, TPUYEM BCE JIEMEHTHI MATPUIL SBIISIOTCS IICIIOYHCIICHHBI-
MU.

[IpuBeneHHBIN B JaHHOM MOCOOMU MaTepuall HE OXBATHIBAET BECh
Kpyr BOIIPOCOB, paccMaTpUBAEMbIX B Kypce KOMIBIOTEPHOUW rpaduku,
KOTOPBIM YWTaeTcsl Ha Kadeape KOMIbIOTEepHbIX TexHojoruit MTMO
CTyJIEHTaM NPOrpaMMHUCTCKUX CHEUUaJbHOCTEW. B nanpHeliem aBTOp
TUTAHUPYET CO3/1aTh CEPUI0 MOCOOUM, KOTOPHIE M COCTABAT MOJHBIA KypC
KOMITbIOTEPHOM Tpaduku.



1. MeToAabl pacTpupoBaHUS NNHUN

1.1. Lleno4yHoe KoanpoBaHue FIMHUUN Ha pPacTpPoOBOM
ceTKe

[Ipouecc renepanuu pacTpoBOro oopasza reOMETpUUECKOro 00beK-
Ta TIPUHATO Ha3bIBaTh pacTpupoBaHueM (rasterization). [Ims otoOpaxke-
HUS Ha 3KpaHe Te€OMETPUYECKUN OOBEKT MPEJCTaBIsAETCA B BUAE Habopa
TUIIOBBIX 3JIEMEHTOB, PaCTPUPOBAHHE KOTOPBIX MOKET OBITh BBIITOJIHEHO
C BBICOKOW CKOPOCTBIO BCTPOEHHBIMH allapaTHbBIMU CPEJICTBAMM rpadu-
YeCcKOro mnpoueccopa. TakuMu 3eMeHTaMH, Ha3blBaeMbIMHU IpaQUUeCcKu-
MH IPUMUTHBAMU BBIBOJA, B 3aBUCHUMOCTH OT apXHUTEKTYpPhI IIPOLIECCOpa
MOTYT OBITh OTPE30K MPSIMOMW, Jyra KpUBOM BTOPOro Mopsijika, napamer-
pUYeCKHE WM anredpandeckue CIulaiiHbl, Kycku noBepxHocTd KyHca
(Coons's patch) u HekoTOpBIE ApyTrHe BUJIbI KPUBBIX U TOBEPXHOCTEH.

JUis IpecTaBiIeHUsT Ha SKpaHe pacTpOBOIO JUCIUIEs 00N KpH-
BOH €QMHUYHON TOIIIMHBI HEOOXOIUMMO HAWTH €€ LEIMOYHBIA KO HWIIH,
YTO OJIHO U TO K€, HATH KOOPAMHATHI OJIM3KUX K JINHUU CMEXKHBIX TOUEK
Ha LIEJIOYNCIECHHOM ceTKe. DTOT KO MHOTJa Ha3bIBatOT KoJoM PpumeHa,
0 UMEHHU yYEHOTO0, KOTOPBIA BIEPBbIC MPEATIOKMI TaKOH CIOCO0 KOIH-
poBaHMs JUHHN. L[emOYHbIN KOA COAEPKUT MACCUB €IUHUYHBIX IIpUpa-
LIEHUH, KOTOPBIA MCIOJIB3YETCSA, B YACTHOCTH, UIsl YIIPABICHUS JIBHKE-
HUEM Tepa MIAHIIETHOTO TpadonoCTpOUTENS.

Ha puc. | npuBeneH npuMep pacTpupOBAHUS DIUIUIICA, 4 HA PUC. 2
— BO3MOJKHBIE BapHaHThI BbIOOpa m1ara nmpupaineHus. HemocpencTBeHHO

n3 puc. | MOXHO 3anucaTh HENOYHBIN KOJ PACTPUPOBAHHOTO BJUIUIICA B
suge <11000077554534433> = <120*775%4534%3%>,

Puc. 1. PactpupoBanue jmmnca



JUIst 1ernoYyHOro KOJMPOBAaHMS MOXKHO HCIIOJIB30BATh HECKOJIBKO
cTpaTeruid BbiOOpa mpupamienuii. Ha puc. 2 mpuBenensl n8e Haunbosee
IIOIYJISIPHBIE CXEMBI: 8-TOYEUYHAsA U 4-TOUEUHAS! CXEMBI.

a) 6)
2 1 1
4 0 2 0
5 6 7 3

Puc. 2. Cxembl BbIOOpa MIara nNpupamieHus:

a — BOCbMH TOYCYHAA, 0-— YETBIPEX TOYCHHaA

OTU cXeMbl IPUMEHUMBI JJIs1 JIMHUNA, KOTOPbIE IPEeIHA3HAYEHbI AJIs OTO-
OpakeHMsl Ha pPaCTPOBOM JMCILIEE.

PactpoBsiii 00pa3 KpuBOii, MOJYYCHHBIH HAa OCHOBE 8-TOYECUHOM
CXeMbl BbIOOpA Il1ara, BBIMJISIIUT HECKOJIBKO OOJiee TIaJKUM, YeM Ta K€
KpUBasl, paCTpUpPOBaHHas ¢ IPUMEHEHHEM 4-To4edyHON cxeMbl. OTMETHUM,
OJIHAaKO, YTO IIPH BBICOKOM paszpelieHuu (Oosee 1024x756), kpussble, pac-
TPUPOBAHHBIE HA OCHOBE PA3JIMYHBIX CXEM BBIOOpA I1ara, BU3yaJbHO HE-
pPa3INYUMBI.

JIuHMM, I KOTOPBIX CYIIECTBYIOT aJrOPUTMBI, JOITYCKAIOIIUE
annapaTHylo peanu3alrio, Ha3bIBAIOTCSA TpadUueCKUMHU MPUMHUTHBAMHU.
OO1IenpUHATEIMU TPaQUUECKUMU MPUMUTUBAMHU CUHUTAIOTCS BEKTOPBI
(OTpe3KH MPSIMBIX JIMHUI), OKPY>KHOCTH (yT'M OKPYKHOCTEH) U 3JUIUTICHI.
PaccMoTpuM anropuTMsl pacTpUpOBaHUS 3TUX KPUBBIX.

1.2. PactpupoBaHune BeKTopoB metoaom bpeseHxema

[IpobGnema pacTpupoBaHHs OTPE3KOB MPSAMBIX JIMHUNW BO3HHKIA B
Havasie 60-X TOIOB M TOrnaa ke monydmia 3QpGeKTuBHOE penieHue B pa-
6ote bpeszenxema [1].

OTpe3ok npsMOM, 3a/1aBa€Mblii KOOPJAUHATAMU €r0 KOHIIOB, Ha3bl-
BAaIOT BEKTOPOM, U JIOJTO€ BpeMsi OH ObUI €JWHCTBEHHBIM ammnapaTHo-
MoJIep>)KUBaEMbIM  rpaUuecKuM MPUMUTUBOM BhIBOjAA. [lepBoe periie-
HUE 3aJlauyd pacTPUPOBAHMS BEKTOPOB ObUIO MpemsioxkeHo bpezenxemom
[1] 1 10 camMOro mocieaHero BpEMEHU CUUTAIOCh ONTUMAIBHBIM KakK C
TOYKHU 3PEHHUS] TOYHOCTU M OBICTPOACUCTBUS, TaK U MPOCTOTHI amnmapar-



HOM peanu3ainuu anroput™ma. Metoauka bpesenxema B mpanbHeleM Obl-
na o0oOmieHa Ha ciaydaid anreOpandecKuX KPHUBBIX BTOPOTO M TPETHETO
nopsiaAkos [2,3].

Pacuernas cxema anroputma npusezieHa Ha puc. 3. [Ipeanonoxum,
YTO KOOpPAMHATBHI IPEAIIECTBYIOIIErOo MUKcens P HaM u3BeCTHBI. J[ns

TOTO, 4YTOOBI PEUINTh, B KAKOM HANPABJICHUM HAXOAMUTCS CIEIYIOLIUN
MUKCEeNb, HEOOXOAMMO HANTH PACCTOSHUS OT MPSIMON 10 IBYX MUKCEIEH-
kanguaatoB 1. u §;. CoOCTBEHHO, HAlTH TpeOyeTcs HE caMH PACcCTOsI-

1

HUS, a UX Pa3HOCTb d; =s§; —t;. 3HaK 3TOW Pa3HOCTH M OIpPENEIsieT, Ka-
Kol u3 nukceneit 7. wium S; Oynet BbIOpaH Ui NOJACBETKH.

B ocnoBe anroputma J€KUT HAOMIOEHUE, YTO IeneBast QyHKIUSI
d, TUHENHO 3aBHCUT OT KOOPAMHAT MUKCEIS U MOXKET ObITh BBIYMCIIEHA
PEKYpPCUBHO, IPUYEM JJIsl pacueTra MOJIOKEHHs OJJTHOTO IHUKCEIs TpedyerT-
Csl BBIMOJHUTH BCETrO OJIHY OIEpalMIO CIOXKEHMs IeJIbIX YHucesl. AJro-

puT™M bpesenxema cuutaeTcs OJHUM U3 Hanbosiee ObICTPOICHCTBYIOIINX,
Y OH p€ajr30BaH MPAKTUYECKHA BO BCEX BUIACOKAPTAX.

X, X +1 X A+2

1

7 —)
’ \Hg \|JSI.

Puc. 3. PacuerHas cxema anroputma bpe3enxema 115l BEKTOPOB

[Tycts (X, ,Y, )— nensie koopauHaThl Hayana BekTopa, (X ,Y)— 1e-
JIbIE KOOPJIMHATHI KOHIIA BekTopa. bynem cuurarh, 4TO BEKTOP JICKUT B
IIEPBOM OKTaHTE, U TAHTCHC HAKJIOHA KPHUBOW HAXOJHUTCS B JHAIa30HE
[0,1]. YpaBHEeHUE TUHUU, TPOXOISIICH Yepe3 IBE TOYKHU, UMEET BHU/I

y:ﬁ(x—XH), Y:KX, Uu>Vv,
Xe-X, U
rie
X:x XH) xg[XH7XH]9



y=Yy, yclYy, Yel,
Xe =Xy, Xc[OU],
A Y c[0,V].

< QO
[l

[Ipeanonoxum, yTo OnMpKaiiias K OpsIMOW y3JI0Bask TOYKa - 3TO
P.. Heo6xonumo BeIOpaTh CIENYIOIIYIO Y3J10BYI0 TOUKy. O4eBHIHO, UYTO

npeTeHAeHToB Oyxaer nBa: Touku 7; u §;. g toro, 4roOsl onpene-

JIUTh, KaKas K€ U3 ITUX TOUYEK JIEKUT ONMKE K MPSAMOM, HAlJIEeM pa3HHUILY
UX PACCTOSIHUU 10 NIPSAMOM BIOJb OCH Y.
PaccrosHue oT mpsiMoi 10 y371a S; COCTaBIseT

V
s; =—(X;+) -7,
1 U( 1 ) 1
a paccTostHUE OT IPSIMOM 10 y3J1a 7. paBHO
t; =Yl.+1—K(XZ.+1).
U

PasHuny paccTosHuil 10 NpsAMOU d; = s; —¢; MOKHO HCIOJIb30BATh B Ka-
4eCTBE LEJIEBON (DYHKIUH aIrOPUTMA:

d =22 (x, +1-2v -1.
U

OueBHUIHO, YTO 3HAK d, HE UBMEHUTCS, eClid d; yMHOXHUTb Ha U .
d, =2VX,-2UY,+2V -U.

[leneBast (yHKIMS NMPUHUMAET TOJIBKO Iieible 3HaueHus. [IpuHumas BO
BHHUMAaHHE TMOJTYYEHHBIE COOTHOIIEHUS, MOJIYyYUM aJITOPUTM PacTpUpOBa-
HUSl BEKTOpa:

eciu d, <0, To cenyer BBIOpaThb y3en S;, W TOrga

X=X, +1, dy,=d,+2V;

eciu ke d, >0, To clieyeT BbIOparh y3ei 7,, U Tornaa

Xoy =X, +1, Y,

1+

=Y, +1, d, =d,+2V-2U.

i+1



Takum 06pa3om, AITOPUTM MOTOUYEUHOM TeHEpallUK OTpe3Ka MPsIMOi (aJi-
roput™ bpesenxema [1]) MOXKHO TIpeICTaBUTh B BUJIE CJIEIYIOIEH OJOK-
cxembl (puc. 4):

LineBrez Bxoz

u,v

b=2v
a=2u-b u
d=b-u

e

@ no yes @

d=d-a d=d+b

-u>0 Yes >

no

Puc. 4. baok-cxema aaropurma bpesenxema 1Jis1 BeKTOpoOB

JIOCTOMHCTBOM [TaHHOTO QAJITOPUTMA SBISETCA €r0 LEJIOYUCIICH-
HOCTh U IIPOCTOTA amnmapaTHoOM peanu3anuu. Kak npaBuio, MMEHHO 3TOT
QJITOPUTM SIBJISIETCSI OCHOBOM I'eHepaTopa BEKTOPOB B OOJBIIMHCTBE BH-
neokapt. K ero HegocraTkaM cieyeT OTHECTH HEOOXOAMMOCTh 3aJaHMUs
KOOpPJIMHAT KOHIIOB OTpE3Ka LIEJIbIMU YncaamMu. Jlanee Mbl IOKaXeM, 4TOo
3TOT HEJAOCTATOK MOYKHO YCTPaHUTh, HE YCIIOXKHSISA TUHAMUUYECKYIO 4acTh
ANrOpUTMA.

Jlst manpHelIero ananu3a Oyaetr yaoOHO (YHKIIMOHAIBHO TPE/I-
CTaBUTh I'€HEPATOP BEKTOPOB KAaK JIMHEWHBIM MHTEPIIOIATOP, UMEOLIUN
OIMH BXOJ W OJIMH BbIXOA. Ha BXOJ MOMArOTCA €OUHWUYHBIE YNPABIISIO-
M€ CUTHAJbl, THULMUPYIOIINE BBINOJHEHUE OJHOM UTEPALUH AJITOPUT-
Ma, a C BBIXOJAa CHHMAIOTCS €IMHUYHBIE CUTHAJbI, CYMMHPYSI KOTOPBIE,
MBI IIOJYy4YUM TEKYIIyH KoopauHary Y. OyHKIMOHAIBHAsS CXEMa JIMHEH-
HOT'O MHTEPIIOIATOpA IPUBEECHA Ha PUC. 5.
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ST

Puc. 5. ®yHKuuoOHAJIbHAs CXeMa JIMHEHHOT0 HHTEPIOJIATOPA

1.3. Luknuyeckuun xapakrep anroputma bpexeHxema.

[IpuBeneHHbI Ha puc.4 anropuTM, BBITIATUT JOCTATOYHO 3JIEM-
TapHbIM, OJJHAKO OH TaK)Ke€ JOIyCKaeT HEKOTOphIe ynpouieHus. Hekoro-
PBIM HEJIOCTATKOM aJIOTOPUTMA SIJISIETCSl CpaBHEHUE U BeTBieHue. [Toka-
’KEM, UTO OT ITOTO MOKHO U30aBUTHCH.

JloGaBUM K 11€51€BOM (PYHKIIMU d BEJIWYUHY 2u. Terneppb aJropuTM MOXK-
HO MPEJCTAaBUTh B CIAEAYIOIIEM BUJE.

Void BrezLinel (int u, v)
{

int U = 2*u;

int V 2%v;

int D = u + v;

for (int X=0, Y=0,; X<u; X++)

{
if(d > U)

{
D -= U; Y++;

}

D += DrawPixel (X,Y):;

OTO0T KOO COACPIKUT B cebe peain3alrio orcpannuun JCJICHUA 110 MOAYJIHO
D=Dmod U HIHN D %= U; HpI/I 9TOM, IPpUPACHUEC Y — KOOPIWHATLI
IIPOHUCXOOHUT TOJIBKO KOraa 1eJjiast 4aCcThb OTHOIICHUS D / U paBHaA 1.
VYuureiBas 9TO, AJITOPUTM MOKHO IMPCACTAaBUTH B CIICAYIOIICM BHUJIC.

void BrezLine2 (int u, v)
{

int U = 2*u;

int V 2%v;

int D u;

11



for (int X=0, Y=0, dY=0; X<u; X++)
{

=V
dy = D
D %= U;

d

DrawPixrl (X, Y)

Tenepb anropuT™M CTa TUHEHHBIM, HO TIOSIBUJIACH OTIEpaIus Jeie-
HUS, OT KOTOPOH IieJiecoo0pa3Ho n30aBuThes. [[puHUMas Bo BHUMaeuHe,
YTO BCE YIPABIISIONTUE TIEPEMEHHBIC MOKHO YMHOXXHTH Ha JIF000E HEOT-
PHUIIATEIHFHOE YUCIIO , ¥ 3TO HE TPUBEAET K M3MEHEHUIO (PYHKIITOHHUPOBA-
HUS aJICOpUTMa, BbIOepeM KODPUIIMEHT MacCIITaOuPOBaHUS TAKUM, YTO-
OBl TIepeMeHHas U CTajia paBHOM cTeneHu 2. B 3Tom cirydae oneparuio
JICJICHHsI MOYKHO OyJIeT 3aMEHUTD ONIEPAIHIl CIBUTa BIIPABO, a OTepa-
IIUIO JISJICHUS TI0 MOJTYJIIO — MACKHUPOBAaHUEM. Tereph alrOpuT™M MOYKHO
MPEICTaBUTh B CICIYIONIEM BHU/IE.

void BrezLine2 (int u, v)

{

int U = 2*u;

int V = 2*v;

int n = (int)floor(log((dounle)U / log(2.0)) + 0.5);
V = (V << n) / U;

U=1 << n;
UINT mask = OXFFFFFFFF << n;
int D = U >> 1;

for(int X=0, Y=0, dY=01 X<u; X++)
{

D += V;

dY = D >> n;
D &= mask;

Y += dY;

DrawPixrl (X, Y)

Tenepb Mbl MOJYYWSIA AJITOPUTM, KOTOPBIM HE HMCIOJB3YET MEH-
JIEHHYO ornepanuio aenenus. [Ipu peanusanuum ero B MUKpOKOMaHIaX, OH
SKBUBAJICHTEH HUCXOJHOMY aJITOpUTMY bpe3eHxema, XOTs U HE CONEPKUT
onepanuio cpaBHeHUs. OTCYTCTBUE ATOM ONEepauuy B HEKOTOPBIX MUKPO-
IPOLIECCOPaX MO3BPJSET 3aMETHO YCKOPUTH BBIYMCIHUTENBHBIN MPOLECC.
JIns HaXOKJIHTUS YHCIIA CABUTOB n, B HEKOTOPBIX MpOLECCOpax IMpe.-
TyCMOTpEHA ClielnaibHasi MUKPOKOMAaH/1a M HaXOXACHUE Jorapupma He

Tpedyetcs. T.0., Mbl MOTYUYUIIA YUCTO LETOUYHUCICHHBIM JIMHEHHBIN anro-
pUTM.
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1.4. PactpupoBaHune BektopoB metogom DDA

Metonq DDA (Digital Differential Analyzer) wnim meron LIJIA
(mudpooii quddepeHInaTbHBIA aHATU3aTOP) OCHOBAH HAa UTEPATHBHOM
QITOPUTME TOCJIEI0BATEIBLHOIO BhIUMCIEHUSI ToueK. CBOoe Ha3BaHUE OH
MOJIYYWJI TIO HA3BAHUIO BBIYHMCIUTEIBHOTO YCTPOWCTBA, BBINOJHSIOIIETO
CYMMHUPOBAHHE LIETBIX YHCEJ U MPUMEHSIBIIETOCs HEKOIAa JUIsl armapart-
HOW pealln3alluy reHeparopa BeKTopoB. B orinuwme ot meroma bpesen-
xema, meroq DDA nomyckaer 3agaHue KOOPAMHAT KOHLIOB BEKTOpa B
¢dopmarte double. [IpuBenem C-koa JaHHOIO aIrOPUTMA.

Void LineDDA (double XH, double YH, double XK, double YK, Color)

{
double X = XH+0.5, Y = YH+0.5;

int iXH = (int) foor (X); // KoOpIaMHATH MEPBOTO MIMKCEJS
// BekTOopa (iXH, iYH)

int 1YH = (int) foor (Y):;

int iXK = (int)foor (XK+.5);// Koopm. HOCJEeOHEro MNUKCEJS
// BekTOopa (1XK, 1iYK)

int 1YK = (int) foor (YK+.5);

int 1LX = abs (iXK - iXH);
)

int 1LY = abs (iYK - 1iYH);
int L = max (iLX, 1LY); // KonmuecTBO MTepauus,
// HeobxommMmoe IJig TeHepaLuu

double dX = (double) (XK - XH) / L;
double dY = (double) (YK - YH) / L;
while (L--) // IMHaAMUUYECKMI LUKJI aJTOpPUTMa
{

X += dX; Y += dY;

putpixel ((int) floor (X), (int)floor(Y), Color);

Bonee mpoctoro anroputma (ero AMHAMUYECKUN LUKI) U MPEACTABUTH
ceOe TpyAHO, OJJHAKO aJIFOPUTM MUMEET OUYEBUIHBIN CEpbE3HBI HENOCTa-
TOK: OH HCIOJIb3YEeT ONEpalMy CIOXKEHUS BEJIUYMH B IUIaBarolieM Qop-
maTe. XOTd JUIi COBPEMEHHBIX KOMIIBIOTEPOB 3TO HE HMEET TaKoro
0O0JIBILIOTO 3HAUEHUS, KaK HECKOJIBKO JIET Ha3al, IpH anmnapaTHOW peasu-
3alMM CYMMATOp IUIABAIOIIUX BEIMYHMH 3HAYUTEIBHO CI0KHEE U IOPOKE,
4eM CyMMAaTOp LEJIBIX BEJIHYNH.

Anroputm DDA MoxHO peain3oBaTh U B LENbIX yuciax. s ato-
ro cjexyeT MpoMacmTabupoBaTh BCE BEMUYUHBI X, Y, dX, dY W peaju-
30BaTh 3TOT AITOPUTM B apu(PMETUKE YHcesl ¢ (PUKCUPOBAHHOM TOUYKOM.
Mo>kHO, Hampumep, ctapiiue 16 pa3psgoB OTBECTH MOA LEIYH0 4acThb
yucia, a muaamue 16 pa3psaoB 0OTBECTH MOJ APOOHYIO YACTh:

long iX = (long)floor (X * (1L << 16));
long iY¥Y = (long)floor (Y * (1L << 16));
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long idX = (long) floor (dX * (1L << 16));
long idY = (long) floor (dY * (1L << 16));

Tenepp nMHaAMUYECKas: YaCTh aITOPUTMA IPUMET CIEAYIOLINT BU:

while (L--) // IVHAMUUYECKMUM LUKJI aJTOPUTMA .
{

iX += 1dX;

iY += idy;

putpixel ((iX >> 16), (iY¥ >> 16), Color);

Omnepany cBUra BBIMOJIHSIIOTCS 32 OJMH TaKT IPOLIECCOpa U He
3aMeJISI0T 3aMETHO padoTy anroputMma. OTMETUM, YTO pa3psaHOCTD Te-
PEMEHHBIX I1IeJIOYHCIIEHHON Bepcun MeTosa DDA BiBoe mpeBbIlIaeT pas-
PSAIHOCTB NEPEMEHHBIX B asiropuTMe bpesenxema [1].

1.5. PacTtpupoBaHune oKpyXHoCTeun
MmeToaom bpeseHxema

Merton bpe3enxema it OKpY>KHOCTEN OCHOBAaH Ha TOM MaTeMaTH-
yeckoM ¢akrte (puc. 6), 4To ypaBHEHHUE OKPY>KHOCTHU

FX,Y)=X*+Y>*-R*=0

pa30MBaeT MIIOCKOCTh Ha TPU YaCTH: BHYTPEHHIOW F (X ,Y) < 0, TPaHUY-
HYIO F(X,Y)=0 ¥ BHEIIHIOWO F(X,Y)> 0. Kpome Toro, npunumaercs

BO BHHMAaHHE BBINYKIOCTh PACTPUPyEeMON (UTYphl M €€ LEeHTpaibHas
CUMMETPHSI, & TAKXKE CUUTAETCS, YTO KOOPJIAUHATHI LIEHTPA OKPY>KHOCTU U
€€ paanyc 3aJar0TCs UEIbIMU YUCIIAMM.

A)’

R

0 R X xi+1

Puc. 6. PacueTnas cxema ajnropurma bpesenxema st OKpy:KHOCTel
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Oyukuusa F(X,Y) paccmaTpuBaeTcsi B KayecTBE LEIEBOM (PyHK-

MM HEKOTOPOU Mpoleyphl Moucka. B kauecTBe kpuTepus 0JIM30CTH y3-
JIOBBIX TOYEK K JIMHUM OKPY>KHOCTH O€peTcsi cyMMa 3HAYeHUM 1eJIeBOU
(GYHKLIMU B ABYX Y3J0BbIX Toukax. [Tockonbky y3msl - kanaunatsl (S;,7;)

OynyT aexaTh MO pa3Hbie CTOpoHbl JuHuu F(X,Y)=0, T0O 3HaUYeHUs
F(X,Y) BoaTuX y3max OyAayT UMeTh MPOTHBOIOJIOXKHbBIE 3Haku. B nan-
HOM anroputMme cymma £ (S;)+ F(7;) urpaer Ty *e poib, KOTOPYIO B aj-

roputme bpesenxema a1 BEKTOPOB UIpaja pa3HULA PACCTOSHUU S-f 10
npsamoil. Haiinem 3nauenus pynkuuu F(X,Y) By3nax S, u T;:

FM=(x, +1)" +(y, - 1)’ - R,
El =0+ +y” R,

U OTIPEJICIINM 1IeJIEBYIO0 (PYHKIUIO aJrOpUTMa Kak

Fiit =|ry" = FI 4 F =052 292 +4x, — 2y, —2R% +3.

i+l
_ ‘ F!

B nauanbnoii Touke (x, =0, ¥, = R) nenesast QyHKIUSA HMEET 3HAYCHHE
I _

Takum oOpa3om, MBI ITOKa3anu, 4T0 neseBas GYHKIHA Fgp SBIS-

eTCsl KBaJpaTUYHOU (OpMOM, cle0BaTEIbHO, JJISI HEE MOXKHO MpPeIio-
YKUTH MOIIArOBbIM MHKPEMEHTHBIM aJrOPUTM BbIUMCICHUA. Hama uens -
BBIOMpATh HANpPABJICHHE NEPEMEIIECHHUs] TaKUM 00pa3oM, YTOObI Ha Kax-
JIOM IlIare YMEHbIIaTh a0COJIFOTHOE 3HaueHue 1eneBor (yHkiuu. [loka
1esaeBass PyHKIMS OTpUIIATENIbHA, CIIEyeT MPOJIBUTAThCs BIIOIL OCH X U
BbIOpath y3en 7.. Eciau neneBas (QyHKIUMS MOJNOXKUTENbHA, TO CIEAYET

BBIOpaTh y3ed S;:

T: if( F§; <0) then {X = X+1; }
S: if( F{, >0)then {X = X+1; Y =Y-1;}

B anrebpandeckoit hopMe STOT aITOPUTM MOYKHO 3aMHCATh CIICTYIOITIM
oOpazom:

T: u = 4x; +6; Fi =Fi+tu;
S:  v=4(x;-y)+10; Fi =Fitv;

15



[IpencraBum anropuT™ B BUIE OJIOK-CXEMBI (pHUC. 7):

CircleBrez8 ]%I

d=3-2R
u=6
v=10-4R

Puc. 7. biok-cxema ajnropurma bpesenxema 1J11 OKpPYKHOCTEH

JIOCTOMHCTBOM JaHHOTO QJITOPUTMa SIBISIETCS €ro LETOYHCICHHOCTh U
MPOCTOTA anIapaTHou peanus3anuu. K ero Hemocrarkam ciaeayer OTHECTH
HEO0OXOAMMOCTh 3aJaHusl KOOPJAHMHAT IIEHTPAa OKPYXKHOCTH M €€ paauyca
LETLIMU YUCIIaMHU.

1.6. [locTOMHCTBa 1 HeQOCTaTKN anropuTma
Bpe3eHxema

Kak y»xe ropopusiocs B pazneine 1.1, uCXoaHOM MOCBHUIKOM MPH BbI-
BoJie ainroputMa bpesenxeMa ObUIO JOMYIIEHHE O TOM, YTO KOOPAUHATHI
KOHIIOB BEKTOPA SABJISIOTCS LEJIBIMU YHCIAMHU. DTO JOMYIIEHUE OIpaB/ia-
HO, €ClIi MMETh B BUJY BBICOKYIO pa3pellaronlyr0 CIOCOOHOCTh IJIaH-
HMIETHBIX IPaoNOCTpoUTeNeH, sl yIpaBIeHUs KOTOPbIMU U pa3padaThl-
BaJICSl TIEPBOHAYAIBHO JaHHBIA anroputMm. OJHAKO NpU OTOOpaKEeHUHU
BEKTOPOB Ha JKpaHE BHUJICOTEPMHUHAIa OOHAPYKHICA DSl BU3YyaIbHBIX
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nedeKToB, KOTOpbIe, Kak OyJeT MOKa3aHO HUXKE, SIBISIIOTCA CJEACTBHEM
HEJIOCTATOYHO TOYHOTO 3a/1aHUsI MTOJI0KEHUSI BEKTOPOB.

HeratuBHOE BOCTIpUATHE HEKOTOPHIX M3 ATHUX JIE(HEKTOB MOMKHO
3aMETHO OCJIa0UTh, €CIM HCIIOJIH30BATh OMKCHIBAEMYIO B TAHHOM TI0CO-
oun mMomudukanuio anroputMa bpeseHxema, pabOTaOIIyI0 ¢ CyONHK-
cenbHOM (subpixel) TOYHOCTBIO.

OCHOBHBIM JIOCTOMHCTBOM ajroputMa bpe3eHxema sBisieTCs ero
LEJI0YUCIEHHOCTh U IpocToTa. [l pacuera ogHOM TOYKH JUCKPETHOTO
BEKTOpa TpPeOYyeTCsl BBINOJIHUTHL BCErO OJHY OINEpalUI0 CIOXKEHUS Iie-
JIBIX YUCEN, YTO 00eCeurnBaeT BHICOKYIO CKOPOCTh PACTPUPOBAHUSI BEK-
topa. Ilpy MopenupoBaHMM JOCTATOYHO CJIOKHBIX T€OMETPUUYECKUX
00BEKTOB UX KOOPJIMHATHI OOBIYHO 33JJal0TCS B MUPOBOM CHUCTEME KOOP-
JMHAT ¥ TPENCTaBISAIOTCS B (popmate ¢ ruaBatomieid Toukoit. [lpu sTom
BCE reOMETPHUUECKHUE MTPeoOpa3oBaHus O0OBEKTA TAKKE BBITIOTHSIIOTCS HaJ
NEUCTBUTENBHBIMU YUCIAMU.

Opnako 1711 OTOOpaKeHHsI Ha PKpaHe BUACOTEpPMUHAIa HEOOXO-
TUMO TPeoOpa3oBaTh KOOPAWHATH BU3YAITU3HPYEMOTO OOBEKTAa W3 MU-
POBOM B CHCTEMY KOOpAMHAT BuAcoTepMuHana. [Ipu 3ToM Bce nercTBU-
TEJIbHBIC BEJIIUYMHBI OKPYTISIOTCA 10 ONMKAWIIEro IeJOoro 3HAYeHUs U
npeoOpa3ytorca B Iienble 4yucia. VIMEHHO B MOMEHT MpeoOpa3oBaHUs
JIEUCTBUTENBHBIX BEJIUYUH B 1€JIbI€ BHOCUTCS TTOTPEIIHOCTh, KOTOPas sIB-
JISIETCSL UICTOYHUKOM P#JIa HEXKENATENbHBIX BU3YyaIbHBIX 3 (EKTOB.

Ha puc. 8, a moka3zaHo ceMelCTBO MapajyIENbHbIX BEKTOPOB, IIO-
BepHYThIX Ha 20°. HecnoKHO 3aMETHTh, YTO IOCIE MOBOPOTA BEKTOPHI
MOJIBEPIIIMCh HEKOTOPOH AedopMalvu: mapajljieibHble JIUHUU TepecTa-
7 OBITh TaKOBBIMH. DTO OCOOCHHO 3aMETHO BCJIC/ICTBUE HAIMYHUSA CTY-
nenyaToro 3G dekra, mpuyeM, 4em OJIKe HaxXOAATCs apalijiesibHbIEe BEK-
TOPBI, TEM 3aMETHEE CTAHOBUTCA UX “‘HEMAPAIIIEIBbHOCTD .

a) 6)

Puc. 8. CpaBHUTEJBHBINI NPUMeEP NPEICTABJICHUS CEMEHCTBA
NapajuleJIbHbIX BEKTOPOB, IOCTPOCHHBIX ¢ OOBLIYHOM (2)
U cyOnuKceabHO# (0) TOYHOCTHIO
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Crnenyer OTMETHUTh, 4YTO aJrOpUTM bpe3eHxema pacTpupyeT Bek-
TOPbI a0COJIFOTHO TOYHO, HO MOCKOJBKY Nepe] MHUIHATN3alel reHepa-
TOpa BEKTOPOB KOOPAMHATHI KOHIIOB BEKTOpa MpeoOpa3zyroTcsl B LENbIE
4KClIa, TO B PE3YyJbTaTEe BBINOJHAETCS PACTPUPOBAHUE OJIM3KOIO K HC-
XOJTHOMY, HO HE 3KBHMBAJIEHTHOI'O €My BEKTOpA C LEJOYHMCICHHBIMU KO-
OpJMHATAMH E€T0 KOHIIOB.

a)

Puc. 9. CpaBHUTEJbHBIN IPUMEP NPEICTABJICHUS CEMEHCTBA
BEKTOPOB, MOCTPOEHHBIX MeT0A0M bpe3enxema ¢ 00bIYHOM (a)
U cyOnukcejabHO (0) TOYHOCTHIO

Jpyras umumoctpanust JaHHoro 3¢ dexra npuBeneHa Ha puc. 9, a.
Ha »sToM pucyHKe MOKa3aHO CEMEWCTBO BEKTOPOB, MPOXOASIIMX 4YEpPE3
O0IIyI0 TOYKY M TOBEPHYTHIX OTHOCHTEIBHO APYT Apyra Ha 4°. Ha pu-
CYHKE OTYETJIMBO BHUACH HEPETYISPHBIN Xapaktep MyapoBoro 3¢ dexra.
[losiBneHne MyapoBOTO y30pa SIBISIETCS HEU30€KHBIM CIIEJCTBUEM JHUC-
KPETHOCTH TEJIEBU3HMOHHOIO pacTpa, OJHAKO "PBAaHBIA' XapakTep MATHA
ABJISIETCS] PE3YJbTaTOM HEJIOCTATOYHO TOYHOT'O 3a/laHus KOOPAMHAT BEK-
TOPOB MPHU UX MPeoOPa30BaHUU U3 BEILIECTBEHHBIX BEJIUYMH B Liejbie. Ta-
Koe npeoOpazoBaHue HEM30EKHO TPeOyeT OKPYTIEHUS U, KaK CIEICTBHE,
NPUBOJUT K MCKAKEHUIO MCXOJHBIX JaHHBIX. MyapoBbiii 3G (heKT HeBO3-
MOKHO YCTPaHUTbh, HO MOXXHO 3aMETHO OCJIaOUTh €ro BH3yallbHOE BOC-
NpUsiTHE, KaK 9TO Moka3zaHo Ha puc. 8,0 m 9, 6. Ha stux pucynkax
IPUBEICHBI BEKTOPHI, TOCTPOECHHBIE OMHCHIBAEMBIM B JaHHOM MOCOOHU
AJIITOPUTMOM PACTPUPOBAHUS C CYOIHKCENbHON TOYHOCTHIO.

OTmeTHM, 4TO yKa3aHHbIE BU3yallbHbIe 3P (EeKThl Haubojee 3aMeT-
HO TPOSIBJISIIOTCS MPH OTOOpaKEHUU CeMeNCTBa ONM3KUX JIMHUK U, KaK
MpaBUiIO, HE MPUBJIEKAIOT BHUMAHHUS MPU OTOOPAaKEHUU OTIEIBHO pac-
MOJI0KEHHBIX JTUHUM.
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1.7. PacTtpupoBaHue BEKTOPOB C CyOnUKcesribHOMN
TOYHOCTbIO

OTpe3ok mpsIMOM JIMHUM OJHO3HAYHO 3aJAa€TCS IMOJOKEHUEM €ro
KOHIIOB. [IpencTtaBuM KOOpAWHATHI KOHIIOB C CYONHKCEIHbHOM TOYHO-
CTBIO:

X, =X, +X,27™", Y, =Y, +7,2™",
Xe=Xc+X. 2, Yo=Y+ 27",

rjae
(Xy,Y,) - xoopauHATHI Hayajla BEKTOPA;

(Xg,Yy) -KxoopauHATHI KOHIIA BEKTOPA,
Xy
Xy

ent(X) - onieparius B3ATHS LIEJIOM YaCcTH ACHCTBUTEIIBHOTO yncia X; 3Hau-
KOM "~" IMOMeUeHBbI LIeIbIe 3HAYEHUS! KOOPAUHAT; 3HAYKOM '-" OMEYEHBI
IpOoOHBIC 3HAYCHHSI KOOPAMHAT, CIBUHYTHIC HA 71 PA3PsAI0B BIEBO:

X, =ent(X, -2")—ent(X,)-2";
YH =ent(YH 2m)—ent(YH)2m9

Xy =ent(Xy -2")—ent(X ) 2",
Yo =ent(Yyg -2")—ent(Y,) 2",

m - pa3psAIHOCTH IPOOHON YaCTH.

W3 npuBeI€HHBIX BHIIIE COOTHOIICHUM BUIHO, YTO CyOIUKCEIbHAS
TOYHOCTh 3aJaHUsl MOJIOKEHHSI BEKTOpa, B CYIIHOCTH, O3HAYaAET Ipel-
CTaBJICHHWE €ro KOOpAMHAT B (opMaTe ¢ (PUKCUpOBAHHOW Toukou. [lpu
ATOM KOOPJUHATHI KOJAUPYIOTCS LEJIBIMUA YUCIIAMH, U €IMHCTBEHHBIM OT-
paHUYEHHEM TAaKOI'0 MPEJICTABICHUS YHUCEN SBISIETCS TPEOOBAHKE, YTOOBI
CyMMa pa3psiIHOCTEN 1elo U ApoOHOM YacTel KOOPAMHATHI HE MPEBbI-
majia pa3psAHOCTH MPECTABIEHUs LENIO0ro 4ucia B rpaduyeckoM mpo-
neccope. nsa II9BM srta BenuuuHa paBHa 16 wiu 32. [Ipunumas Bo
BHHMAaHUE, YTO Pa3pELICHHE JIYUIINX PACTPOBBIX BUICOTEPMHUHAIOB HE
npeBbimaetT 2048x1600, MOXHO 3aKIIOYUTh, YTO CYONMHMKCETbHAs TOY-
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HOCTb MOXET OBbITh JOCTUTHYTa Ja)k€ MpH HCIONb30BaHUM 16-
pa3psAHOrO NPEICTABICHUS LEIbIX YUCEIL.

YpaBHEHHE NPSIMOM, NMPOXOMAIIEN Yepe3 BE TOYKH C KOOpAUHA-
tamu (X, ,Y,) u (Xg,Yy), uMeeT cneayromui BUa:

Y, -Y
Y(X)=Y,+—L—H (X-Y,),
(X)=Y, X, XK( i)

rne X c[X,,X,1, Y<[Yy,,Yr]. B nanpHelmeM [uist OnpeaesIeHHOCTH
IpUMEM, UYTO
(X 2X)) &Y 2Y, ) &(Xy Xy 2Y, —Yy).

Ecin nonoxuts, uro ent( X, + %) =ent(X,) u ent(Y, + %) =ent(Yy,),

TO, MEPEHOCs LEHTP KOOPAMHAT B TOUKY (X H,? 1 ), IPUBEJIEM BbIpaxe-
Hue Y(X) k Buny

V
YX) =Y+ X,
rac
XQ[ODXK_XH]D YQ[OJYK_YH]a
Us=ent(Xg - X5)-2"),  V=ent(Yg ~Yy)-2"),

Y, = %(YHU - X Vy-2™,

Hanuuue HCHYJICBOI'O 4JICHA YO B YpPaBHCHUHU JIMHUU COCTABJIACT OTIINYIUC

MpeIIIaraeéMoi pac4eTHOM MOJIENIA OT pacCMOTpeHHOU bpesenxemom [1].
J171s1 BBIBOJIA alNTropyUTMa pacTPUPOBAHUS BEKTOPA PACCMOTPUM PUC.
10. 3Hast mosokeHue Tekymero nukcens (X;,Y;) TUCKPETHOrO BEKTO-

1
pa, He0OXOIMMO HAWTH TMOJIOKEHUE CMEKHOTO eMy TTUKCels ¢ abcruccoi
X, +1. U3 puc. 10 BunHo, 4T0, ecnu paccrossHue 7, =Y +1-Y(X,) OT mpa-

BOro BepxHero nukcens (X, +1,Y; +1) no npsimoit Booas ocu Y Gosblie,
yeM paccrosaue S; =Y(X,)—Y, OT npAMOil 10 MNpaBOro IHUKCENs
(X, +LY,), To cienyet BbIOpaTh NpaBblil MMKCENb. B mpoTuBHOM citydae
BBIOMpAETCS MPABbIN BEPXHUM MUKCEb.

20



Yit+1-

Y;

0 1 X, X+l

Puc. 10. HnunrocTtpanus K BbIBOAY AJITOPUTMA PACTPUPOBAHUA
BEKTOPOB € CYONMKCEeIbHON TOYHOCTHIO

B kadectBe 1eseBoil pyHKIMU OepeTcss pa3sHOCTb PACCTOSIHUNA OT
IIPSIMOM 10 CMEXHBIX nukcenen D, =S, —T;:

D, =2Y(X, +1)-2Y, 1.

[IprHMMas BO BHUMaHHWE YPaBHEHUE NIPSAMOW, IIPUBEIEM 3TO BBIPAXKECHUE
K BUZlY

D, =D, +2VX, - 2UY,,

rne D, =2V —-U +2UY,. 3Hauenue ueneBoi GpyHkuuu D; MeHseTcs NpH

Mepexo/ie K KaXJAOMYy CIEAYIIIeMy MHUKcento. V3 mpoBeIeHHOro BHIIIE
aHaju3a ClIelyeT, YTO MpU BHIOOpE MPaBOro MUKCENss KoopauHata X Mo-
JYYUT €IUHUYHOE MpUpalleHue, a 3HaUeHue 1eneBoil pynkuun D, yBe-

nuuutcsa Ha 2V . Ecnu Obul BEIOpaH MpaBbld BEPXHHUM MUKCENb, TO €IU-
HUYHOE MpUpalleHue MojayyaT o0e KoopaAuHaThl X U Y, a D; yMeHb-

muTcss Ha BenmuuuHy 2(U —V). PexkyppeHTHBIM aaropuT™M BBIYUCIICHUS
1eneBor GyHKIMM D; M TEKyIUX LEIOYUCICHHBIX KOOPANHAT JTUCKPET-
HOT'O BEKTOPa UMEET CIAEAYIOIINN BU:

D=2V -U; // HauamnbHas MHMLMAIMBALMA
D,=Y,U-X,V)-27"; // anropuTMa
D=D+2D,;
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for (i=0; i<N; i++) // BHYTPEHHUM LMKJI aJrOprTMa

putpixel (X, Y);
if (D<0)
{

D=D+B; X++;
}

else

{
D=D-A; X++; Y++;

HetrpyaHo 3aMeTWTh, YTO BHYTPEHHUN LMK alrOpUTMa IOJHO-
CThIO UJICHTHUYEH KJIacCHYECKOMY anroputMmy bpesenxema [1]. Beenenue
CyOIUKCENBHOTO TPECTABICHUS KOOPAWHAT MPUBEIIO JIHIIh K KOPPEK-
LIM1 HA4aJIbHOT'O 3HAUYEHUS 11eJIeBON (YHKIIMU Ha BeIU4uHy 2D, .

[Ipu BBIBOJIE JAHHOT'O AJITOPUTMA OBLIIN CEIaHbl CJICIYIOIIHNE J10-
MyHICHUS:

X >Xy, Ye>Vy, X, > X, Y, >7Y,-

OTH JOMYyIIEHHUS] COOTBETCTBYIOT JIMIIb OAHON U3 16 BO3MOXKHBIX CHTYya-
Ui, puBeaeHHBIX Ha pHc. 11. CuTyanuu pa3nu4arorcs mo AByM (akTo-
pam. Bo-nepBbIX, Ipu BBIBOJIE JIrOpUTMa HA4yaJlo CUCTEMbI KOOPJIWHAT
MEPEHOCUTCSI B TOUKY, COOTBETCTBYIOIIYIO MOJIOKEHUIO MEPBOTO MHUKCE-
JIs1 pacTpUPYEMOro BEKTOpa. JTO MOJIOKEHUE 3aBUCUT OT pe3yJibTaTa OK-
pYTJIeHHs KOOpAMHAT Havyaia BekTopa. Kpome 3Toro, npupamieHus: Koop-
IUHAT BEKTOpa MOTYT OBITh KaK IMOJIOKUTEIbHBIMU, TaK U OTPHUILIATEIb-
HeIMU. O0a 3TH (haKTOpa AOJKHBI OBITh YUTEHBI MPU KOPPEKIMH Haualb-
HOTO 3HA4YEeHHs 1eNeBOU (QyHKIHH. [ monydeHus oOIIero airoputma
HE0OX0AMMO paccMOTpeTh Bce 16 BapraHTOB. MeToMKa BBIBOJA PEKYP-
PEHTHBIX COOTHOIICHHA aJrOPUTMa TPHU 3TOM OCTAETCS HEU3MEHHOM,
MOATOMY MBI OIyCKaeM I'POMO3JKUI MpolecC aHaiu3a Bcex 16-Tu BapH-
aHTOB U MPUBOAMM Ha puC. 11 JIUIIb CBOAKY MOIY4YEHHBIX PE3YJIbTaTOB.
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d ~de de -de
|:|e tv \El —de-v -|:|e tv —de-v
de —u —detu —de-U —de tu

|:|e+v—|_| \. —de —vtu —|:|e+v—u /E—de—\-f‘l'u

Puc. 11. Bo3aMoKHbIe BADHMAHTHI M0JIOKEHHS HAYA/1a BEKTOPA U ero
HANPABJICHUA U COOTBETCTBYIOILME ITUM BAPHMAHTAM IONPABKH

HAYAJIbHOTO 3HAYeHHUs HeaeBoii pynkuuu d, = (Y, u— X ,v)2™"

Ha puc. 11 nokaszana cBsi3b MeXIy MOJOKEHHEM Hayalla BEKTOpa
BHYTPU €IWHUYHOM SUEHKH pacTpa, €ro HampaBlICHUEM U BEJIWYUHOU
KOPPEKTUPYIOILIEH MOMPaBKM HAa4YaJIbHOTO 3HAYEHHUS LENeBOW (DYyHKIMH
anroput™Ma bpe3zenxema. OTMETUM, YTO BHYTPEHHUW LMKJI alropuTMa
JUTSl BCEX PACCMOTPEHHBIX BAPUAHTOB OCTAJICS HEU3MEHHBIM.

Ecnu oO0beuHuTh BCE MOJIyYEHHBIE Pe3yJbTaThl, TO MHUIHATH3A-
IIUs TPEUIaraéMoro aaroputMa OyJeT 3aJaBaThCsl CIASAYIOIMIMMH COOT-
HOIICHUSIMH:

U=ent(Xy —Xy)-2"), V=ent(Yy —Y,)-2"),
Sy =ent(X, +0.5)—ent(X,),

Sy =ent(Yy +0.5)—ent(Yy,),

D, =X,U-Xy,V)-27",

D =8,V-5,U,

D, =2V -U,
D=D,+2(D,+D,)-sign(U)-sign(V),

X =ent(X,)+Sy,

Y=ent(Y,)+S,.

OTH COOTHOILIEHUS! COOTBETCTBYIOT BEKTOPY, AJISl KOTOPOIO CIIpa-
BEUIMBO HEPABEHCTBO X — X, > Y —Y,,. O0001IeHNE TIOTyUYEHHBIX pe-
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3y/lbTaTOB Ha cinyda X, — X, <Y,

—Y, onemenrapHo. Hmwxe npuse-

JIEHA pacmeyaTka mporpammbl Ha s3blke C++, KoTOopas peanusyer IoJ-
HBIIl aJITOPUTM PAaCTPUPOBAHMS BEKTOpa C CYyONMHMKCENbHOW TOYHOCTHIO.

N300pakeHusi, MpUBEICHHBIE HA PHUC.
ATOU MPOTPaMMBI.

#include <math.h>
#include <conio.h>

#define max (a,b) (((a) > (b)
#define sign(a) (((a) > 0)
#define abs (a) (((a) > 0)
#define labs (a) (((a) > 0L)
class NEWLINE
{
private:
longu, v, d4d, De , Ds ,
int x , vy, sgnX , sgnY , X
public:
void MoveX (void) { d += b;
void MoveY (void) { d += b;
void MoveXY (void) { d -= a;
void Init (double XH, double
int pr):;
void subLine (void) ;

NEWLINE (void)
~NEWLINE (void)

{1}
{};
}s

9,6 u 10, 0, moTy4eHBI C TOMOIIIBIO

)
0)

?

-1:0))

[ES RNV IV V]

b;

x += sgnX;
y += sgny;
y += sgny;
YH, double

i

i

X += sgnX; r—-—;
XK, double YK,

r--;

}s

void NEWLINE::InitLine (double XH,double YH,
double XK, double YK, int m)
{

int xn , yn , xk , yk , Sx , Sy , n;
long xH , xK , yH , yK , xH , yH , mask;
n=1 << m; mask = n - 1;
Sx = (int)floor(XH + 0.5 - floor (XH)):
Sy = (int)floor(YH + 0.5 - floor(YH));
xn = (int)floor(XH + 0.5); yn = (int)floor (YH + 0.5);
xk = (int)floor (XK + 0.5); yk = (int)floor (YK + 0.5);
sgnX = (int) (XK - XH); sgnY = (int) (YK - YH);
xH = (long) (XH * n); yH = (long) (YH * n);
xK = (long) (XK * n); yK = (long) (YK * n);
X = Xn; y = yn;
r = (int)max(labs(xk - xn) , labs(yk - yn));
if (abs(sgnX) >= abs(sgnY))
{

Xy =1; u = xK - xH; v = yK - yH;

_xXH = xH & mask; yH = yH & mask;

De = ((yH * u) - ((xH * v)) >> m;

Ds = Sx * v - Sy * u;
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}

else

XY = 0; u=yK - yH; v = xK - xH;
xH = xH & mask; yH = yH & mask;

De = ((xH * u) - ((yH * v)) >> m;
Ds = Sy * v. - Sx * u;

}

De = De << 1; Ds = Ds << 1;

d = 2L * labs(v) - labs(u);

if ( ((u >= 0L) && (v >= 0L)) || ((u < OL) && (v < 0OL)) )
d += (De + Ds);

else
d -= (De + Ds);

b = labs(v + v); a = labs(u + u) - b;

sgnX = sign (sgnX) ; sgnY = sign(sgnyY);

void NEWLINE: :subLine (void)

{

}

if ( XY )
{
while (r)
{
PutPixel (x,V);
if (d < 0) MoveX();
else MoveXY () ;
}
}
else
{
while (r)

{
PutPixel (x,V);
if (d < 0) MoveY();
else MoveXY () ;

}

void main (void)

{

double xn,yn,xk,vk; // KOOpIOMHATH KOHIIOB BeKTOpa
double xc=320.2,yc=175.7,rad=150.3;
NEWLINE NewLine;
// IEeMOHCTPAaLMOHHEI IPVMEP

for (int 1=0; 1i<360; i++) // MCNONBb30BAHMSA MNPOTPAMME
{

XN=XC; YN=ycC;

xk=xc+rad*cos (M _PI*i/180);

yk=yc+rad*sin(M PI*i/180);

NewLine.Init (xn, yn, xk, vyk,8);// Nauuranusaumsa

NewLine.subLine () ; // TeHepalusa BeKkTOpa
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1.7. PacTtpupoBaHue annunca mMeToaom cpeaHen
TO4YKM (8-ToYeuyHana cxema)

JJist pacTpupOBaHMSI ILTUIICA MOKHO MPUMEHUTh HECKOJIBKO UHYIO
CTpaTETUI0 BHIOOpA y3J1a CETKH ISl TMCKPETU3AIUU KPUBOM. DILTUIIC 3a-
JAeTCs CIEAYIOIUM YPAaBHECHUEM:

2
X .Y
a’ b®

[IpencraBum 3TO ypaBHEHHUE B BUJIE
F(x,y)=y*b* +x*a* —a’b* =0.

JUis ynpoiieHus: MaTeMaTUYeCKUuX BBIKIAJO0K BBEIEM cleayromue 00o-
3HAYCHMUS:

B=0b", A=a’, R? =a’b*.
Teneps ypaBHeHUE TpUMET O0JI€€ MPOCTOM BU:
F(x,y)=y*B+x*A-R* =0.

B kauectBe 1eneBoi (pyHKIMHU Mbl BbIOEpeM F'(Xx,)), HO BBIUUCIATH €€
3HaueHue OyneM B Touke (;, JexKalleil mocepeuHe Mexay y3iaMu S, U
T.. Crparerus BbIOOpa 3aK/IIOYaeTCs B TOM, 4TOObI BeIOMpaTh y3en 7,

€CJIM 3HAYEHUE LeJIeBOM (PYHKUHUHU B CPEOHEH TOYKE OTPHULATENIBHO, W
BbIOMpATh y3€1 S; B IPOTUBHOM CITyyae.

Ay T
R 5 P @ |7 Pi: ,
i S

) e i;\ \Ja
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Puc. 12. PacueTHasi cxeMa isi MeTO/a CPpeHel TOYKHU

2
2y, -1
Jlerxo BUIeTH, YTO [}, = (y’Tj B+(x; +1)>4—4R* - 3Haue-

Hue neneBoil ¢pyHkiuu F' B cpeaneit Touke (x;+0.5, y;+0.5). Torga anro-
PUTM NMPUHUMAET CJEeYIOIIHI BHUI:

T: F,, =F,+8Bx; +12B, Xy =x;+1,

1

S: F.,=F, +8Bx; -84y, +12B+84, x,,=x +1; y,, =y, —-L

BBGIIGM AOITIOJIHUTCIIBHBIC IICPEMCHHBIC!
u=8Bx, +12B, v=8Bx,—8Ay, +12B+84.

I/I, IIpYHUMAasl BO BHUMAaHUC HAYaJIbHbBIC 3HAUCHUA
FOZO, Upg = 128, Vo= 1ZB+8A,

NOJIy4YaeM 3aKOHYEHHBIM aJIrOpUTM. 3aMETHUM, YTO BCE IMEPEMEHHBIE U
KOHCTaHTBI KpaTHbl 4. [Ipu BeIBOAE airOpUTMa MBI MPEAIONIOKUAIN, YTO
BeCh aHaM3 Oy/IeM BBITIOJNHATH TOJBKO ISl CETMEHTA, KacaTrelbHas K Ka-
KJIOW TOYKE KOTOPOTO MMEET TAHTE€HC YTJIa HAKJIOHA, JISKAINK B Juara-
3oHe [0,1].

B cimydae BekTopa M OKPYKHOCTH KPUTEPHUM OKOHYAHUS PaOOTHI
anroputMa ObUT O4eBHUJEH. B ciydae siurica 310 yke He Tak. UToObl
MOJyYNUTh KPUTEPUN OKOHYAHHS pabOThl alrOpUTMa, HEOOXOIUMO pac-
CMOTpETH pucC. 13.

Y

7

ﬁﬁ% x
\_ |
\/
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Puc. 13. Onpenenenne MOMeHTA 3aBepllieHHsI Pa00ThI aJropuTMA

Touka () Ha 3TOM PHUCYHKE COOTBETCTBYET MOCIEIHEN TOUKE, Cre-
. . dy .
HEPUPOBAHHOW aITOPUTMOM. B 3TON TOUKE o = —1. Halinem xoopauna-
X

Thl TOYKH, B KOTOpOﬁ BBIITOJIHACTCA 9TO YCJIOBUC!

2
a

Na® +b? ,

b2

Vg =
! Na? +b°

M3 3Tux COOTHOLICHUM CJIeaAyCT, 4TO B TOYKC Q HNMECT MCCTO OTHOILICHHUC

xqz

PaccMOTpHM cliefyIomIyto JuHeiinyro gpynxmuio: [(x,))=Ay—Bx
OueBunHo, uto B Touke (0,b) 3Ta QyHKUMSA NPUHUMAET MOJIOKUTEIHHOE
sHauenue L(0,b)=Ab>0. B Touke (a,0) L(a.0)=—Ba<0, a B TOuke
L(X,,Y,)=0. Takum oOpa3som, Mbl moKasaiu, 4ro ycnosue L(X,Y)<0

ABJISIETCSI KPUTEPHUEM 3aBeplleHus padoTsl anroputMma. Ha puc. 14 npu-
BEJICHA €ro OJIOK-CXeMa.
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. . . Bxon
EllipseMidPoint8 | 2=2=—=

—— LT
u=128
v=12B+84
L=Ab
@ .10 ‘@ yes . e
d=d+v d=d+u
u=u+8B u=u+8B
v=v+8(B+A4) v=1+84
L=L-(B+A) L=L-B
1 ]
750 yes >
no
Brixon

Puc. 14. biiok-cxema ajaropurMa reuepanum 3JI4mnca

OnucaHHBIN aITOPUTM C TOUYKU 3PEHUS MPOU3BOIUTENBHOCTH OJU-
30K K anroputmy bpe3eHxema, OHAKO ClIeIyeT OTMETUTh, UYTO IJIs €ro
MpaBUILHOW PabOThl HEOOXOIUMO MPEACTABIISTH €r0 MEPEMEHHbBIE C J10C-
TaTOYHOU pa3psaHOoCThiO. U3 ycnoBus a’b’ < 2°! CIIEIYET, HalpuMmep,
YTO OKPYXKHOCTb, TEHEpUpPYEMAsi 3TUM aJITOPUTMOM, MOKET UMETh paju-
yc He Oonee 512, 4To ABISETCS CEpbe3HBIM OorpaHnueHueM. KoneuHno, Mbl
MOKEM JeMacIiTadupoBaTh MEPEMEHHBbIE, OJHAKO 3TO BHECET MOrpell-
HOCTb B paboTy anroputMma. B pesynbTaTe creHepupyeTcst 3JUIMIC, Onu3-
KU HCXOJHOMY, HO HE MJICHTUYHBIA €MY.

1.8. PacTtpupoBaHue annunca metoaom cpegHen
TO4YKM (4-TOYEYHan cxema)

[IpenmecTByOMUNA anrOPUTM MOXKHO HECKOJIBKO YIIPOCTHTH, €CIH
MIPUMEHUTH 4-TOUEUHYIO CXEMY BBIOOpA CMEKHBIX MMUKCENIe. B kadecTse
1eneBoil pyHkImu Mbl BeiOepeM F(x,)), a BBIYUCIATH €€ 3HaueHue Oy-
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JIeM B TOUke (), Jexallen nocepeaune Mexnay ysnamu S; u 7;. Crpare-

1

rus BbIOOpa 3aK/II0YaeTcs B TOM, YTOOB! BBIOMpaTh y3en 7;, eciiu 3Haue-

HUE TIeJIeBOM (DYHKIIMM B CpeqHEN TOYKE OTPHIATENIbHO, M BBHIOMPATH
y3el S;, B IPOTUBHOM CIIy4ae.

A T A
R Y, O

b
. . . BXOI[
EllipseMidPoint4 C

D=B+A(2b-1)*-4R
U=8B

V=84(b-1)

I=a+b

IIS

T2 =

no

Brixon

Puc. 16. biok-cxema ajaropurmMa pacTpUupOBaHU 3JLJIAIICA METOIOM
cpeaHel TOYKHU NPH §-TOUeYHOM cTpaTernu BhIOOpa mara
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OueBHHO, YTO 3HAYEHUE LENeBOM (PyHKIMU B cpeiHed Touke (J; co-
CTaBJISICT

2 2
2y, -1 2 +1
F;.H:( Vi j B+( N j A—-4R%.
2 2

Meroquka Noay4eHUs PEKYPPEHTHBIX COOTHOLICHUM HWACHTUYHA pac-
CMOTPEHHBIM BBIILIE AJTOPUTMAM, [IOITOMY, OIIyCKasl AETaju, NPUBEAEM
Ha puc. 16 OJIOK-cXeMy TaHHOTO aaropuTMa.

Herpyano 3ameTuTh, 4TO 4-TOYEUHBIA AJITOPUTM IPOIIE, YEM €TI0
8-ToueuHblid aHanor. JlaHHBIM adropuT™M padboTaeT B MEPBOM OKTaHTE U
MIPH JTIOOBIX COOTHOIIEHUSAX CBOMX IMOTYyOCeH reHepupyet 1/4 snnurica 3a
a+b wurepanui.

JUis panbHeliero aHaiau3a, Ham MoTpedyeTcst Takxke 4-TouedyHas
BEPCHSI AITOPUTMA FE€HEPALIUNA OKPYKHOCTEN.

1.9. PacTtpupoBaHue OKPY>XKHOCTU METOAOM CpeHewn
To4Yku (4-TOYe4yHana cxema BbiObopa Liara)

Ecnu nipuHath, 4T0 R=a=b, 1 BHINIOJIHUTH OYEBUJIHBIC aJlreOpau-
YeCKHEe YIPOLIEHUS, TO AJITOPUTM MOXHO MPEICTaBUTH OJOK-CXEMOH,
n3o0paxxeHHOH Ha puc. 17.

Circle4d E
R L Zx
t | CI

d=-R/2 R —
X=0 Ey
Y=R
@ no @ €s e
Y=Y-1 X=X+1
d=d-Y d=d+X
I |
>0 yes =)

no

Puc. 17. biok-cxema ajaropurMa pacTpupOBaHNUS OKPYKHOCTH
METOJA0M CpeHell TOYKH NPHU 4-TO4eYHO cTpaTeruv BbIOOpa mara
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OTOT aJrOPUTM B JaJIbHENIIEM OyieM Ha3blBaTh aJITOPUTMOM KpY-
roBOro MHTepnoiaaTropa. OyHKIMOHAIBHO €ro MOKHO IPEICTaBUTh Kak
00BEKT, UMEIONIMK oauH BXoa 7 u jaBa Beixoga X u Y. Ha Bxoxa mona-
IOTCSl €IMHUYHBIE YIPAaBISAIOIINE CUTHAJBI, KaXIbl U3 KOTOPBIX WHH-
LUUPYET BBINOJHEHUE OJHOM uTepauuu anropurma. C BbIX0J1a UHTEPIIO-
JATOpAa CHUMAKOTCS €IUHUYHBIE YIIPABIIOIIUE CUTHANIBI Ex u Ey. Eciou
[IPOCYMMUPOBATh OTU €AUHUYHBIE IPUPALICHUSA, TO MOYKHO ITOJIYy4UTH
LIEJIOYMCIICHHBIE KOOPAMHATHI OKPYKHOCTU. YeTBEPTh OKPYKHOCTU I'€HE-
pupyercs 3a 2R uTepanui aaropuTMa.

1.10. Moaucdukauma metona bpeseHxema |
ANs reHepauyuu annunca

[IpenmecTByronme aaropuTMbl paCTPUPOBAHUS DJUIMIICA OCHOBBI-
BAJIMCh HA 33JaHUU DJUINAIICA AIre0panyeckoM YpaBHEHHEM, U MOJIYyUYEH-
HbI€ COOTHOILIEHHUS OKa3aJUCh BeCbMa IpoMo3iaku. OIHAKO, €clii IMpH-
HSTHh BO BHUMAHUE, YTO 3JUIAIIC MOYKHO HOJy4YHTh, BBIIIOJIHUB CKATHE OK-
PYKHOCTH BIOJIb OJHOW M3 OCEW, TO MOYKHO IOMNBITATBCA W3MEHUTH U3-
BECTHBIN aJITOPUTM PACTPUPOBAHUS OKPY>KHOCTU TAKUM 00pazoM, YTOOBI
OH UTHOPHPOBAJ YacTh NPHUPALIEHUN KOOPAHWHAT BAOJIb OCH, COOTBETCT-
BYIOLLEH MEHbIIEH nosyocH siunca. Ha puc. 18 noka3ansl 006a BapuaH-
Ta a>b u a<b:

a>b Ay Ay a<b
R b
b
X &
0 a 0 a R

Puc. 18. BapuaHTbI OpHEeHTALUM KOAKCHAJBHBIX 3JIJIMIICOB

PaccMoTpeHHsbIil BhlIE anroputM bpeseHxema st BEKTOPOB BbI-
IIOJIHSAET IOTOYEYHYI0 I'EHEPALMIO0 BEKTOpPA C KBAa3U-IIOCTOSIHHOM CKOPO-
cTbto. [Ipu 3TOM mocienoBaTenbHOCTh 00E€MX HMHKPEMEHTHBIX KOMAaHJ

— /' BBIJIACTCS C MOCTOSIHHBIMU 4YacTOTaMU TakuUM oOpa3om, 4To -
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v
MPUpPAILICHUSI TEHEPUPYIOTCA B — pa3 MEJICHHEE, YEeM X- IIPUPALLCHUS.
u

W3 sToro HaOmoneHus cieayer, uto airoputM bpesenxema i BeKTO-
POB MOJKET MCIIOJIb30BAThCS B KAU€CTBE CBOCOOPA3HOro (puibTpa 1Jis 3a-
JAHWs COOTHOLICHUS MEXAY YaCTOTaMU ITOBTOPEHUS MHKPEMEHTHBIX KO-
MaHA. B pganHOM cnydae, eciu a>b, TO UTHOpUpYyETCS YacTh -
npupamenuid. Eciu a<b, TO yMeHbpIIAeTCs KOJIMYECTBO X-IPUPALIEHUH.
@yHKIMOHAIBHAA OJIOK-CXeMa aJIrOpUTMa, PEAIM3YIOLIEro 3Ty CTpaTe-
TUI0, IIPUBEICHA Ha puc. 19.

El LI Ex

b
%I \

P4

>b

LI Ey

R=a %

Puc. 19. ®yHkunoHajabHas cxeMa reHeparopa
KOAKCHAJILHBIX JIJIMIICOB

OTO0T AJITOPUTM BBITTIEIIUT HCCKOJIBKO I'POMO3 KO, HO CbaKTI/I‘-ICCKI/I
OH COCTOHUT M3 ABYX JIMHEVHBIX U OJHOI'O KPYIroBOIro MHTCPIIOJIATOPOB, U
alIapaTHbIC 3aTPAaThl HA UX pCaIn3alnio HC YPpE3MCPHBI.

1.11. PacTtpupoBaHue LUBETHbLIX BEKTOPOB

Mpsl paccMoOTpenu METOAbl pacTpUpPOBaHMs JIMHUN, oOparas oc-
HOBHO€ BHUMaHHE Ha CTENEHb OJIM30CTH MUKCEIBHOr0 00pasza K reoMeT-
pUYECKOMY TOJIOKEHUI0 JTUHUHU. OJIHAKO KOHIbI JIMHUU MOTYT OBbITh 3a-
J@Hbl HE TOJBKO MX IIOJIOKEHUEM B IPOCTPAHCTBE, CTPOrO T'OBOps, HE
ToJIbKO B 2D mpocTpaHcTBe. Hayaio m KOHel JUHUU MOTYT OBITh OKpa-
IICHBI Pa3HbIMU IBeTaMU. TakuM 00pazoM, HEOOXOIUMO PACTPUPOBATH
2D nunuro B 5D mpocTpaHCTBE, @ KOOPAWHATHI MUKCEIS JTOJKHBI BKIIO-
yaTh nBeT (X,Y,R,G,B).
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Py={Xk, Yk, Rk, Gk, Bk}

Pu={Xu, Yu, Ry, Gu, Bu}
Puc. 20. 3aganue BekTopa B SD npocTpaHcTBe MOJ0KEHUSA-LIBETA

Bce cocraBnsitomue S-MEpHOro BEKTOpPaA JOJKHBI T€HEPUPOBATHCS
C IIOCTOSIHHOM CKOPOCTBIO. MBI UMEEM YCTPOKUCTBO, KOTOPOE MOKET ITO
CHenaTh - JIMHEMHBIA MHTEPIIONATOP, pPEeau30BaHHbIA 10 merony bpe-
3eHxeMa uiau no meroay DDA. Temnepb reHepatop IIBETHBIX BEKTOPOB
MO’KHO TIPEJCTaBUTh B BHUJIe HaOopa 1D nuHeHHBIX HHTEPIIOIATOPOB, KaK
ATO MOKa3aHo Ha puc. 21.

5D LI
Ey
IDLI DX/R
IDLI DY/R Ey
t
IDLI DR/R ZTR
IDLI DG/R EG
IDLI DB/R =

Puc. 21. ®yHKIIHOHAIBHAA CXeMA I'eHEPATOPA MHOTOMEPHBIX
BEKTOpPOB

N3 sToit HyHKIIMOHATBHOM CXEMBI BUJIHO, YTO T€HEPATOP BEKTOPOB pe/-
cTaBjsieT cOO0OM MHOTOMEPHBIN JIMHEWHBIM MHTepnosaTop. [ns naunma-
JU3alUU 3TOTO UHTEPIIONIATOPA CIEAYET PACCUUTATh CIECAYIOIIUE BEIU-
YUHBI:

DX = abs(XK—XH), DY = Cle(YK-YH),
DR = abs(Rx-Rp), DG = abs(Gg-Gp), DB = abs(Bg-By),
R =max(DX, DY, DR, DG, DB) - KOnTu4ecTBO UTEpaLIHl.

Ecmu R onpenensiercs Benmnuunamu DX wmm DY, To 00CyKaaTh OOJbIIe
Hevero. Eciu xe npupamienre nBetoBbix koopauHatr (DR,DG,DB) npe-
BeimiaeT DX n DY, 1o pacyer usera nukcenss MetonoM bpesenxema cra-
HOBUTCSL OoJiee crnokHbIM. He BHUKasg B JeTald peaiu3alid, OTMETUM,
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4TO B 3TOM CJIy4dac, YTOOBI OIIPCACINTD OBCT ITUKCCIIA, JOCTATOYHO HAWUTHU
CPCAHCC 3HAUYCHUC LIBCTOB «CTYIICHBKH)).

Koopa.

P ]
P *ll
[]| I4| LiseT (R,G,B)

Puc. 22. UnTepnojsiuus B IPOCTPAHCTBE MOJ0KEHHUS U IBETA

Hanpumep, mia nukcens P; Ha puc. 22 WHTEHCUBHOCTH €ro0 IBETOBOU
KOMITOHEHTHI OyaeT paBHa [p=(1;+1,)/2; JlocTaTO4HO B35Th KpailHHE TOY-
K{ CTYIIEHbKH, TaK KaK HHTEPIOJIALMS JINHEHHAS.

W3 npuBeneHHBIX PACCyXIEHUH BHUJHO, YTO HEOOXOAMMO MOJAM-
¢unupoBaTh anroput™M bpesenxema TakuM 00pazoMm, 4TOOBI OH 3aIlOMU-
HaJl NEPBYIO U IOCJIENHIOI TOYKY CTyNeHbKU. [IporpaMMHO 3TO peanu-
3yeTcs AJIEMEHTAPHO, U allllapaTHOE PEIICHNUE TAaKKE€ BO3MOKHO.

Otmetum, uto Meton LIJIA B sTOoM cityyae He TpeOyeT HUKAKOM
Moau(UKAIMKA, OJHAKO KOJWYECTBO MHUKCENIEH HAXOIUTCS TOJBKO U3
reOMETPUUYECKUX KOOPAMHAT BEKTOPA, M MIPUPAIICHUE [IBETa MOXKET OBbIThH
B 3TOM CJIy4ae HEEIMHUYHBIM.

2. CtyneHyaTtbin 3pcheKT n metoabl ero yctpaHeHUs

IIpu otoOpakeHMM Ha PACTPOBOM JHUCIUIEE JIMHUU MOCTOSIHHOTO
[BETA MBI BUAUM, YTO 3T JINHUS COCTOUT M3 MTOCIIEI0BATEIbHOCTH ITOpH-
30HTAJIBHBIX WM BEPTUKAJIBHBIX MPSAMBIX, 0Opa3yOUIMX CBOETO poja
cTyneHu. OTOT 3(p(eKT Ha3pIBaeTCs CTYNEHYaThiM (JIECTHUYHBIM,
aliasing) addexrom. OH HE 3aBUCUT OT TOUYHOCTHU TPEACTABICHUS TJIaJ-
KOH JINHUH TTOCJIEOBATENBHOCTHIO IIUKCENEN U B 3TOM CMBICIIE SIBIISIETCS
HEyCTpaHUMbIM. B HanbosbIel cTernenu JeCTHUUHBIN 3 (GeKT mposBis-
€TCsl IPYU PUCOBAHUM JIMHUM, HAKIOH KOTOPBIX JUIIb HE3HAYUTEIBHO OT-
JUYaeTcsl OT HalpaBJEHUs KOOPAMHATHBIX ocei. B 3TOM cityyae nuHus
BU3YaJIbHO BBIMJISIAUT KAaK HECKOJIBKO IMOCJIEIOBATEIbHBIX MapaJljIeIbHbIX
cryneneit. [Ipumep crynenuaToro 3¢ ¢dekra MOKHO BUAETH Ha puc. 23.
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Puc. 23. IlosiBienune cryneH4aroro 3¢¢gexra npu pacTpUpPOBAHUHA
BEKTOpPOB

Crynenuatsiii 3(pQexT Hemb3s MONHOCTHIO YCTPAaHUTh, HO €ro
MOJKHO CYIIECTBEHHO OCIA0HTh, €CIH IJIS KaXJOTro MUKCEs BapbHpO-
BaTh €T0 I[BET OT MAaKCUMAaJbHOTO 3HAYCHUs (€CIIM JTUHUS TPOXOAHT Ye-
pe3 IEHTp MUKcens) 10 IBeTa (GoHa (€CU JWHHS MPOXOAUT BIAIH OT
TTUKCEJIS).

Jlsis ynipormieHusi paccykKaeHui OyaeM CUHTaTh, 4TO LBET (hoHA —
YEpHBIN, U €My COOTBETCTBYET HyJIeBas MHTEHCHUBHOCTb CBEUCHUS ITHK-
cens. L{Ber nunuu Oyaem cuuTath O€NbIM, U eMy OyJeT COOTBETCTBOBATH
€IMHUYHOE 3HAYCHWE WHTCHCUBHOCTH CBEYCHHS. B manmpHeleM MbI
00001IMM TpejiaraeMyto METOAUKY Ha OOUIMI ciydyail 1[BETHOW JTMHHH.
Takum 00pa3oMm, MHTEHCHBHOCTh CBEUCHHsI IHUKCENEW, MHAa4Ye TOBOPS,
OTTEHKHU CEeporo 1BeTa, Oy1yT MpUHUMATh 3Ha4eHHs B Auana3one ot 0 10
1. PaccmoTpuM cutyanuio, IpuBeACHHYIO Ha puc. 24.

Puc. 24. PacyeTrHas cxeMa yCTPaHEHHMS CTYNeHYATOro 3¢ dexra
METOA0M JIMHEHHOM MHTEePIOJIALMHA HHTCHCUBHOCTEH
CBETHMOCTH CMEKHbIX IMUKCeIeH

B 3TOM cilyyae MCTUHHOE MOJIOKEHUE MTUKCEN P, TIOHUMAaeMOoe KaK
TOYKA MEPECECUCHHUS JIMHUU C BEPTUKAIBHON NPSIMOU, TPOXOISIIECH Yepe3
y3JIbl PACTPOBOM CETKH, JIEKUT MEXAy IByMs y3namu S u 7. CoriiacHo
paHee pacCMOTPEHHBIM METOJIMKAM TUCKPETU3allMi KPHUBBIX, MbI JIOJIK-
HbI ObUTM OBbI BBIOpaTh y3€i 1 U MOJCBETUTH €ro UBETOM JIMHUHA. OgHAKO
B 3TOM CIIy4ae MbI MOJXYYHIN ObI BCe T€ BU3yaJbHbIE A€(PEKTHI, OT KOTO-
PBIX MBI COOMpAETCs N30aBUTHCA.
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OnuH U3 crnocob0B ycTpaHEHHUs JECTHHYHOTO dddexTa 3aKioya-
€TCsl B TOM, YTOOBI MPEACTaBUTh MUKCeTb P aByms mukcemsimu 7 u S,
MPUYEM HHTEHCUBHOCTh 3THUX MHUKCEJeW AOJKHA ObITh TaKOW, YTOOBI
CyMMAapHbIil BKJIaJl CBETUMOCTEH ATOIl mapbl ObLI SKBUBAJICHTEH CBETHU-
MOCTHU UCXOAHOTO NUKces P.

W3 puc. 24 BUgHO, YTO 3TO YCIOBUE OyAET BBIIOJHEHO, €CIU MpH-
HATH CJIETYIOIINE COOTHOLIEHUS:

I, =Ips, Is=I,(1-5).

N3 3TuX COOTHOLIEHNI BUIHO, YTO IpH s = (0 mukcens P coBnagaer ¢ ys3-
J0M S ¥ UMEeeT MaKCUMaJIbHYK0 HHTEHCUBHOCTb. TO K€ UMEET MECTO MpHU
s =1 orHocuTenbHO y31a 7. O4EeBHIHO, YTO B IAaHHOM METOJE BETUYHHA
S paBHa PACCTOSIHUIO MEXIYy mukceneM P u y3inom cetku S. OtmeTum,
YTO €Clid § He OyJeT paBHa COOCTBEHHO PACCTOSIHUIO, a Oy/IEeT HEKOTO-
POl MOHOTOHHOUM (PYHKIIMEN OT HEro, MPUBEACHHBIE YIHEPTETUUECKUE CO-
OTHOILICHHS BCE PABHO OCTAHYTCS CIPABEIMBBIMHU.

Takum o6pa3om, 3aaya cBeIach K ONPEICIICHUIO PACCTOSIHUS OT
IUKCeNs 10 y31a ceTkH. Ilokaxkem, 4To s cily4aeB BEKTOpa U OKPYXK-
HOCTH DJTa 3aJlada paspeliuMma 3JIEMEHTapHBIMU CPEICTBAMU, HE YCIIOXK-
HAIOUIUMH CYLIECTBEHHO UCXOHBIE aJITOPUTMBI PACTPUPOBAHUS.

2.1. NeHepauusa BEeKTOpPOB C yCTpaHeHneMm
nectHUYHoro 3ddekra

B paccMmotpenHoM panee metoae bpe3zenxema sl pacTpupOBaHUs
BEKTOPOB MbI BBIYUCIISIIN IIEJIEBYIO (DYHKITHIO, KOTOpas sBISJIach Kycod-
HO-JIMHEHHOMN U W3MeHs1ach B quamna3one [0, -2u]. OyeBHAHO, 4TO pac-
cTosiHUEe § Takxke OyleT MepUuoJIUYHON KyCOYHO-TMHEHHON (pyHKUueH ¢
TEM K€ MEPUOJIOM, HO U3MEHATHCS OHO JOJKHO OT -U JIO U. ITOTO MOXKHO
JOCTUYb, €CIM BBECTH JOMOJHUTEIBHYIO MEpeMEHHYI0 E ¢ OOHYJICH-
HbIM HaYaJIbHBIM 3HadeHueM. JlJisi Toro, 4ro0bl MPOHOPMUPOBATH MEpe-
MeHHYI0 E, ee ciemyeT nemacmTabupoBaTh, pazaenuB Ha u. Ecnu npu-
HSTh, YTO MHTEHCHUBHOCTH IHKCeNs u3Mensercs oT 0 go 255, To Bce me-
PEMEHHBIE CIIETYET YMHOXKUTH Ha 255.

Ha puc. 25 BepTUKaJIbHBIA CKAaYOK UMEET MECTO MPH U3MEHEHUH
3HaKa 1iesneBoi GyHkuMM d . biok-cxema puc. 26 peanusyer aaroputMm
pacTpUpOBaHUs BEKTOpAa C YCTpPaHEHHEM JIeCTHUYHOTO 3¢ dekra (an-
tialiasing).
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2u

abs(k

0 nTepauum

Puc. 25. Ilepuoanueckasi KyCOYHO-JIMHEHAsA 3aBUCHUMOCTD 1LeJIeBOM
(GyHKIUM OT YKcJIa UTEPALMA AJITOPUTMA U HAKJIOHA
pacTpupyeMoii npsiMoi

LineBrez Bxon

u,v
d=2v-u /L}
a=2
b=2u-b .
E=0
I=u
4
D . o
d=d-a d=d+b
E=E-a E=E+b
| I
I>0 yes

no

Puc. 26. biok-cxema anropurma bpe3enxema 11l BEKTOpPOB
C YCTPaHEeHHEeM CTyneH4aToro 3¢ gexra
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AJITOPUTM TMHAMHUYECKHU BBIYUCIISECT HOBYIO MEpPEMEHHYIO E, OfI-
HaKO B JaHHOM OJIOK-CXeMe HE OTPakK€HO €€ UCIOJIb30BaHUE. JTa mepe-
MEHHasl UCTIOJIL3YETCS MPH MOACBETKE MUKces. J{ms Gobiei HarIsiTHO-
ctu npuBeneM C-KoJ OpoLenypbl, BEIUUCIAIONIEH HHTEHCUBHOCTH Mapbl
MUKCEJICH.

void PUT PIXEL(CDC *pDC, int X, int Y, int sx, int sy,
long E, BYTE Color)
{
long C1, C2;
int S1=0, S2=0;

if (Color)
{
// C2 = (long)Color* ( abs (E)) / (2u) ;
C2 = labs(E)>>12;
// Cl = (long)Color*(2u - abs(E))/(2u);
Cl = (long)Color - C2;
S1 = TabCol[Color][Cl]; // Beta - correction
32 = Color - S1;

}

pDC -> SetPixelV (X, Y, RGB(S1, S1, S1));
// Cl - first pixel T

if (E<=0)

pDC -> SetPixelV (X-sx, Y-sy, RGB(S2, S2, S2));

// C2 - second pixel S

else

pDC -> SetPixelV (X+sx, Y+sy, RGB(S2, S2, S2));

// C2 - second pixel S

B sToi1 nponeaype Tabnuia TabCol [Color] [C] COAEPKUT BCE BO3ZMOX-
HbIC 3HAYEHUsI HHTEHCUBHOCTEMN MUKCENs, NOABEPTHYThIE Beta — Koppek-
M1, HAa3HAYEHHUE KOTOpOoM MbI paccMoTpuM mozxke. [lpuBegem C-xon
MPOIIETyPhl, TEHEPHUPYIOMIEH BEKTOP C YCTPAHCHHEM JICCTHUYHOTO 3(-
dekra.

void CDrawEllipse4View::Line XgtY (CDC *pDC, int x0, int yO0,
int x1, int yl, BYTE Color)
{
long A, B, D, E, U, V, X, Y, Sx, Sy, I, Col;
X = (long)x0; Y = (long)y0; Col = (long)Color << 12;

Sx = Sy = 0L;
if (x1 > x0) Sx= 1;
else 1if(x1 < x0) Sx=-1;

if(yl >= y0) Sy=1;
else 1if(yl < y0) Sy=-1;
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U = abs(x0 - x1); V = abs(y0 - yl1); I=U;
B = 2*V; A = 2*¥(U-V); D = B-U;
U *= 2; E = 0;
if (Color)
{
Col /= U; A *= Col; B *= Col; D *= Col;
}
while (I--)

{
_PUT PIXEL (pDC, X, Y, 0, Sy, E, Color);
if (D<0)

{
D +=B; E +=B;

2.2. Gamma - KOppeKuus

MBI HalIM AJITOPUTM, MO3BOJISIIOIINNA PACCUUTATh PACCTOSHUS OT
VMCTUHHOTO TOJIOXKEHUS TTUKCENS A0 ONMKaWIInX Y3JI0B CETKH, U MOXKEM
TENEpPb PACCUUTATh 3HAYEHUS WHTEHCHUBHOCTEW MHUKCEJIEW B 3TUX y3iaxX.
OpnHako, eciiv Mbl CTEHEPUPYEM JIMHUIO MO0 NPEIIOKEHHON METOIUKE, TO
OoOHapy’KHUM, YTO PUCYETCS HE CIUIONIHAS JIMHUSA, a IITPUXOBasi. DTOT BU-
3yalbHbI 3QQEKT SABISETCS CIEACTBUEM H3MEHEHHUs] MHTEHCHUBHOCTEH
CMEXHbIX nukceneil. CoOCTBEHHO rOBOps, 3TOr0 Mbl U JOOUBAJIUCH, OJ-
HaKo 3P eKT OKa3aiucs He TeM, Ha KOTOPBIA Mbl PACCUUTHIBAIN. DTO CBSI-
3aHO C TE€M, YTO YEJIOBEUECKHH a3 - npuOop HenuHeiHslid. OH BoCIpu-
HUMAET HE CTOJIbKO aOCONIOTHOE 3HAUYEHUE CBETUMOCTH MUKCENS, CKOJIb-
KO KOHTPACT MEXAY COCEIHUMH MUKCEIISIMHU.

Ecnm 3amaTe HenpepbIBHOE M3MEHEHHE MHTEHCUBHOCTH CBETHUMO-
CTU HAa HEKOTOPOU MPSAMOYTOJBHOW MOJIOCE, TO Mbl YBUAUM SIBHO HEIIU-
HEHHO OCBEUIEHHYIO nosocy. s Toro, 4To0bl pacnpeeeHne CBETUMO-
CTH CTaJ0 MU3MEHATHCS JIMHEHHO (C CyOBEKTUBHOW TOYKU 3PEHUS), Kax-
J10€ 3Ha4€HHE CBETMMOCTU HEOOXOAMMO MOABEPTHYTh HEIHMHEHHOMY HC-
KakeHUr0. IMEHHO Takoe ucKkakxeHue W HaszbiBaeTcss Gamma - KOppeKILH-
eii. Gamma - KOppeKIus 3a71aeTCs ClIeyIoe GopMyJioi:
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1/y
r=r|2L| .
1

m

rae [ - BeIWYMHA MHTCHCUBHOCTU CBETUMOCTH MUKCENS (IIBET MUKCEIIS )
1c[0,1,], I, - BenM4YMHAa MHTEHCUBHOCTH CBETHUMOCTH JMHHUM (LIBET

JWHUN), ¥ - KOO((OUIMEHT HCKaXEHUS, ONPENeNSIIOIUN CTerneHb KOp-
pekuuu, y c[2.2+2.5]. B sToit popmyrne mBer gona cumraercs dep-

HBIM, & €r0 CBETUMOCTb - paBHOU Hymr0. Ecinu (hoH He YepHbIi, a cepbli,
TO 3TO MOXKHO YUYECTh CIEAYIOIUM 00pa3oM:

1/y
' I_Ibkr
I :]bkgr +(1m _Ibkgr) ﬁ ’
m gr

r1€ Ipig - IBET (POHA, HA KOTOPOM PHUCYETCS JINHMUS.

B npuBeeHHBIX BBIIIE paCCyKICHUSIX MPEANOIAraioch, 4To sspKas
JMHUS pUCyeTcs Ha TycKIoM (oHe (I > Ijy,,), HO BO3SMOXKHO U IIPOTHBHOE,
HarpuMep, B Windows B O0JIBIITMHCTBE ciTy4daeB GoH - Oenblil, a rpaduka,
10 YMOJNYaHHUIO, - 4epHas. Jus ciydas (I < Iy,) GopMyna npuHUMaeT
BU/T

1y

' Ibkr_l
I :Ibkgr_(]bkgr_lm) ]bkg——]
ar

m

CpaBHuBas (HopMyJbl KOPPEKLUUHU A1 000MX CIy4yaeB, HAXOJUM,
YTO UCXO/IHAs (OpMyJia YUYUTHIBAET U BTOPOM ciydaid Toxxe. Takum oOpa-
30M, IIpUBEJIEHHAs BbIlIe (opMyJia, IBJISSCH BEPHOMU, B TO e BpeMsl OKa-
3aJ10Ch M3MUIIHEH. DTOT (aKT MPUILIOCH TOKa3bIBaTh, MOCKOIbKY M3HA-
YalbHO OH OBUT HE OYEBUJCH. 3aMETHM, YTO MPHUBEACHHBIN BbIlIE (par-
MeHT C-Ko/1a mpeanoaraet, 4to (oH - YUepHbIH.

Mps1 craBuid mepesn coOOl 3anady - HaATH JMHEHHYI0 KOMOWHa-
L0 UTHTEHCUBHOCTEMN JIBYX COCEIHUX Y3JIOBBIX MHUKCEJIEH, KOTOpas MOT-
7a Obl 3aMEHUTh OJWH MHKCENb, UMEIOIINUNA Heuenyw koopauHary Y. U
MbI PELIWIIN ATY 3aJlady, MOAU(PHUIIMPOBAB U3BECTHBIN AJITOPUTM PACTPH-
pOBaHUs BEKTOPOB. MBI NPaBUIIBHO PAaCCYUTAId UHTCHCUBHOCTH CBETH-
MOCTHU IUKCEJIEH, T.€. UX 3Hepruro uznyuyeHus. Ho ansg toro, ytoOsl no-
JTy4uTh 3PPEKT HENPEPHIBHOCTH, JIUHEWHO MHTEPIIOINPOBATHCS JOJIKHA
HE DHEPIUs U3JIYUYEHUs, & SHEPTUSI BOCHPUATHS. ITO MOKHO y4€CThb, €CIIU
paccuMThIBaTh HHTEHCUBHOCTH MMKCEIEH ¢ yueToM Beta — koppekuuu 1o

dbopmynam

41



IS :IP(l_S)a
I ] 1y
’ S_ bk}’
I =iy +(Up =L 1yg,) —
IP-_Ib@y

rae / - HHTCHCHBHOCTD CBEYEHHS NUKceNs S, [ - MHTEHCUBHOCTB BOC-
MPUATHS TJ1A30M CBedYeHus nukcens S, [; =1, — [ HaxoauTcs U3 Tpe-

OOBaHMS COXPAHEHUS YIHEPreTUYECKOTo OalaHca.

B npuBeneHHbIX BbIIIE ITpOorpaMMax s yuyera Beta - KOppEKIUHU
IOpH 3alyCcKe MpOorpaMMbl pacCUMThIBAjIach TaOIMIA MepecyeTa WHTEH-
CUBHOCTEH B HMX CKOPPEKTUpPOBaHHbIC 3HauyeHUs. Mcronp3oBanue 3TOM
TaOJIHIIBI TTO3BOJIAIIO M30€kKaTh MEUICHHBIX OTIEpAIlMii BO3BEICHUS B CTE-
IICHBb:

BYTE TabCol[256][256];
const double alf = 1./2.3; // Gamma = 2.3;

for (int Color=0; Color<256; Color++)// Color - line color IP

for (int C=0; C<=Color; C++) // C - current color:
// Is = [0, Color]; Is=(l-s)Ip;
{
TabCol[Color] [C] = // I'= I7alf * Ip”~(l-alf)
(BYTE) (pow(C, alf) * pow(Color, 1.0-
alf)+0.5);

3. leHepauusa KOHUYECKUX Ayr obLero nosioXxeHus

MBI paccMOTpenu yXe JOCTaTOUYHOE YKCIIO aJrOPUTMOB pacTpUPO-
BaHUs, YTOOBI 3aMETUTh, UTO BCE OHU MMEIOT MHOI'O OOILEero, a UMEHHO,
HECMOTPS Ha pa3inyue B MHUIMAIN3ALMN BCE aJTOPUTMbI UMEIOT IIPaK-
TUYECKU OJIHY U TY K€ IMHAMHUYECKYIO METJII0. DTO CXOJICTBO HE Clydai-
HO, MOCKOJIBKY BCE PACCMOTPEHHBIE HAMM JI0 CUX TIOp KPUBbIE ObUTH ajl-
reOpandecKuMU KPUBBIMH BTOPOTO TIOPSIKA.

B HayuyHOU nuTeparype ONnMcaH alropuTM pacTpUpPOBAHUS KBaJIpa-
TuyHOUM Qopmbl. ItoT anroput™m IlurrBes-borrunra (Pittway-Botting)
[2] o6obmaer metoauky bpesenxema st BEKTOPOB Ha Ciiydail KBajpa-
THYHBIX (hopm. [lomydeHHbIE COOTHONICHHS OKa3aJuCh BeCbMa TPOMO3/I-
kumu. [Ipu paboTe anropuTM MOXKET MOTEPATh YCTOWYUBOCTD, €CITH Kaca-
TENbHbIE B COCEIHUX MUKCEISX MUMEIOT Pa3HOCTh YIJIOB HaKJIOHa OoJee
45°, TO e€CcThb MAaHHBIA AJTOPUTM HE IO3BOJIET PACTPHPOBATH KPHBEIE,
OJIM3KHE K BBIPOXKIEHHBIM (CHJIBHO CXKaThle AJUIMICHI U T.m.). Ho rias-
HBIM HEIOCTAaTKOM JTOr0 aJIropuTMa SBISETCS TpeOOBaHUE 3a/1aBaTh
BXOJIHbIE TIapaMeTpbl B BHJE KOIPPUIMEHTOB KBAAPATUYHOU (OPMBI.
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MBI yxe paccMOTpeny IMPAaKTUYECKU BCE YAaCTHBIE CIIy4Yad, KOIJa TaKoe
3a1aHUE BO3MOXKHO U MMEET OYEBHUJHBIA I'€OMETPUUECKUNA CMBICI - 3TO
OKPY>KHOCTH U DJIIUIICH] YACTHOTO ITOJIOKEHHS.

Ilepecuer reomMeTpU4ecKH 3aJaHHOM AYTM B DKBUBAJIICHTHYIO €
KBaJIpaTHUHYIO OPMY — OTHOCHUTENIFHO TPYJOEMKasl 3a/1aya, a MoJy4YeH-
Hble KO3(DPUIIMEHTHI YaCTO HEBO3MOYKHO MPEJCTaBUTh B 1IEJIOM BUJE H3-
3a Ype3MepHbIX TpeOOBaHUW K Pa3psAIHOCTH MEPEMEHHbIX. BcrnomMHUM
XOTs Obl COOTHOILIEHUS, MOTYYEHHbIE HAMHU JJIs 3JUTUIICA YACTHOrO IMOJIO-
KEHUs, U CHCIIAHHYI0 HaMU OLIEHKY €r0 JOIYCTHMBIX pa3Mepos. Jlaiee
CUTYyalMsl €Il YXYyAIIAeTCs, U CTAHOBUTCS OYEBHUJHBIM, YTO BO3MOKHO-
CTH TaKoro IOAXOAA K CHUHTE3y AJITOPUTMOB PAaCTPUPOBAHUS OIpaHHYE-
HBI.

C npyroil CTOpOHBI, HENIb3S HE OTMETUTH MPOCTOTY aJITOPUTMOB
pacTpUpOBaHUs KBaJIPATHUHBIX (PopM. DTO OE3yCIOBHOE TOCTOMHCTBO
METOIUKHU bpe3eHxeMa, U MbI I10CTapaeTCs COXPAHUTH €ro IPU CUHTE3E
IITOPUTMOB pacTpupoBaHus Oosee OOIMX KPUBBIX, YeM T€, KOTOpHIC
ObUIM HAaMU YK€ PaCCMOTPEHBI.

3.1. N'eomeTpnyeckmm cnocob 3agaHNA KOHUYECKOMN
Aayrm

Bo3MoxkeH WHOM MoAX0a K OpraHu3al[ii pacTPUPOBAHUS KPUBBIX.
OH OCHOBaH Ha U3BECTHOM M3 F€OMETPHH CBOMCTBE KOHMYECKUX KPUBBIX
COXpaHATh TUIN KpUBOM Ipu apduHHOM ee mpeodOpazoBaHuu. pyrumu
CJIOBAMM, BJUIMIIC NEPEXOAUT B AJUIUIIC, MMapadoja - B mapaboiy, TUIep-
6ona - B runepbomay. M3 aToro cieayer, Hanpumep, 4T0 KOHUKA YaCTHOTO
IIOJIO’KEHUS!, BIIUCAHHAs B KBajpar, nocie adp(uHHOro mpeodpa3oBaHus
OyZeT BIMcaHa B apajuleIorpaMM, Kak 3TO MOKa3aHo Ha puc. 27.

b)

Puc. 27. OTHOLICHHE TPEX TOYEK ¢ - HHBAPHAHT
a(puHHOrO NIpeodpazoBaHus
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Brnincannas B kBajpar KpuBasi BTOPOro NOPsJKa OMUCHIBAECTCS ClIe-
OYIOIIUM YPaBHEHUEM:

X2 +Y? —2ZXY +2ZR(X +Y)—-(2Z +1)R* =0.

DTO ypaBHEHHE YJIOBJIETBOPSET KPAECBBIM YCIOBHSIM:

day =0 - B HauasbHOM Touke (0,R),
dX

ax =0 - B koHeuHOU TOYKE (R,0).
704

[Tapametp Z onpenensieT TUIl KOHUKH U SBISETCS €€ IKCLEHTPHUCH-
TeTOM. DTOT (DaKT JOKA3bIBACTCS B KypCe AHATUTHUYECKOH TeOMETpUU
BBIUMCJIICHHEM HWHBAPUAHTOB KBAIPAaTHUYHOW (POPMBI. DKCIICHTPUCUTET
KOHUKHM OJIHO3HAUHO ompenenseT ee Bua, Tak st smnunca Z € (—1,1),

st okpykHoctd Z =0, nns mapabonsl Z =1, ansa runep6onsl Z > 0.
ITockoJIbKy MBI HAaMEPEHBI PEaN30BaTh IEJIOUYUCICHHBIA AJITOPUTM, TO
YCJIOBUMCS TPEJCTABIATh Z pallMOHAIILHON ApoObI0 Z =m/n, Tae m,n-
LeJIbIE YncIIa, mpuyeM n > 0.

JI1st 3aaHMsl BOUCAHHOM B TPEYTOJIbHUK KOHUYECKOW TyTH JOCTa-
TOYHO 33JaTh IOJ0KEHHE JIF0O00I e TOUKH, HE COBIAJIAIONICH C HaYyaJIOM
U KOHIIOM JAyTru. DTOT (PaKT JOKa3bIBAETCS B Kypce aHAJTUTHYECKOU Teo-
meTtpud. st yioOcTBa U HArJsAHOCTH 3aJaHUs IyTH MIPUMEM, YTO BIIHU-
CaHHas B TPEYTOJIbHUK KOHUYECKas ayra OyJeT ONpeAeNsThCs IMOI0XkKe-
HUEM TOYKH NEPECEUYEHUs YT C MEIUAHOW TPEYTOJbHUKA, KaK 3TO IO-

- -

Ka3aHo Ha puc. 27. Ilonoxenne 31oii TOUKU A Ha Mexuane A, A4, MOX-

HO 3a/aTh KOdpQUIMEHTOM « : A, = ZQ (1—-a)+ A,a. W3 reomerpuu

M3BECTHO, YTO OTHOIIICHHE TPEX TOUYEK SBIISICTCS] MHBapUaHTOM addUHHO-
ro npeoOpa3oBaHus, a Tak Kak Gopmysa

X(7)

~ ~ = ~ Y(r

0 R
rne Ay =A, —A,, A,=A,— A, 3anaer apdunnoe npeobpazopanme
2D xonuku X(7),Y(r) B MHOTOMEpHOE MPOCTPAHCTBO, TO TOUKA IZC Te-
pecedueHus KpuBoil A(f) ¢ MeauaHO#H EQ}L TpEeyronbHUKa A,A4,4, ox-

HO3HAYHO 3a/1a€T dKCLUEHTpUcUTeT Z KoHuku X(7),Y (7).
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[IpuHumasi BO BHUMaHuE cUMMeETpuro KoHuku X (7),Y(7r), BbIpa-

3UM 3HAY€HUE ee IKCLUEHTPUCHUTETa Z uepe3 MOJIOKEHUE TOUKH A, 3a-
AaBaeMoOn KOA(pPUITUEHTOM «,

ﬂ_az +2a0 -1
n (1-a)?

rie Ao =Ay(1-a)+ A, Ay=(4y+4,)/2, Z=min; ac[0]].

W3 manHo#t popmyssl BHAHO, YTO BUA KOHHUYECKOW IyTU OJHO-
3HAYHO 33JaE€TCsl ITOJOKEHHEM €€ CPEAHEN TOYKH ZIC, B YacCTHOCTH,
s ammunca «€(0,1/2), nns mapabonbl a=1/2, aas runepOOsI
ae(1/2]).

3.2. KOHN4YeCKUN NHTEepnonATop
Jliis cuHTe3a alropuT™Ma pacTpUPOBAHUS KBaJIpaTUYHOU (HOpMbI
nX? +nY? —2mXY +2mR(X +Y)-(2m+n)R* =0

¢ 4-To4eyHON CXeMOW BBIOOpA MIara MOYKHO MPUMEHHUTh METOJI CPEAHEH
TOYkH. [lomydeHHBI MO ATOM METOAMKE AJITOPUTM IPUBEICH B BUJE
050K-cXeMbl Ha puc.28. MHunuamu3anus JaHHOTO alropyuTMa BBITOIHS-
€TCS IPUCBOCHUEM €0 MIEPEMEHHBIM CIEAYIONIUX HAYAJIbHBIX 3HAUCHUN:

u=4n+2m,
v=u—4R(n+m),
D=(n+m)(1-2R),
k,=4n,

k, =4m.

Ha puc. 28 npuBeneHa TONbKO AMHAMHYECKAs 4YacTh aJrOPHUTMA,
KOTOpasi MpH anmnapaTHON peain3alluu 10 KHA ObITh peain30BaHa B BUJIC
CaMOCTOSITEILHOTO (PYHKIIMOHAIBHOTO AJIEMEHTA. DTOT JIEMEHT B JIajlb-
HeleM OyjeM Ha3blBaTh KOHUYECKHUM HHTEPIIOISATOPOM U 0003HAYaTh
CI. KoHnueckuil MHTEPNOJIATOP UMEET OJUH BX0H 7, Ha KOTOPBIM moja-
FOTCSl €IMHUYHBIEC YIIPABJIAIOIINE CUTHAJIBI, U J1Ba Bbixoga X U Y, ¢ KOTO-
PBIX CHUMAIOTCS €AUHUYHBIC YIIPABIISIIOIINE CUTHAJIBI.
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es no
Cl

t
u=u+tk u=u-+tk )
v=v+k v=v+k é_z
d=d+u d=d+v R

Puc. 28. biok-cxema u pyHKIIHOHAJIBLHAA CXeMa
KOHUY€eCKOIr0 MHTEPIOJISITOpa

Ecnn mpocyMMupoBaTh BCe BBIXOJAHBIE CUTHANBI X U Y 1O OTAEb-
HOCTH, TO MBI IMOJy4YUM PacTPOBBI 00pa3 BIUCAHHOW B KBaJpaT KOHUKU
X(t), Y(t). lnsg reHepaniii KOHUKH JTI000T0 BUa HEOOXOIUMO BBIITOITHUTH
2R wTepanui anropuT™Ma, Tak Kak Ipu BbIBOJIE OMUCHIBAEMOI0 ajrOpuTMa
UCIIOJIb30BAJIaCh 4-TOYEYHAs CXeMa BbIOOpAa CMEXKHOTO MHUKCENs. DTOT
MOMEHT NMPUHIUITAAIICH JJ1s1 JaTbHEUIIEro aHaausa.

PaccmoTpum crienyroliee ypaBHEHUE:

Y(7)

- .- X(1) -
A(r):A0+AOI%+AOI(1— ).

HecnoxHo 3amMeTHTh, YTO JaHHOE ypaBHEHHE 3adacT adduHHOE MPeod-
pa3zoBaHHe, KOTOpOE NPEeoOpa3OBHIBAET KOHUKY YACTHOTO IMOJIOKEHUS
F(X,Y)=0 B KOHWYECKYIO IyTY, BIMCAHHYIO B TPEYTOJHHUK OOIIETO TO-
JoxxkeHuss AgAiA;

IIpy BBITOTHEHNH OJHOM UTEPALMU AJTOPUTMA BBIXOJHOM CHUTHAJ
CHHUMaeTcs Tn0o ¢ Beixoaa X, mbo ¢ BeIXoja Y-

X=X +& ', Y,=Y =&  &£1& {0l
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B sTom cinyuae ;1(1) MOJIYYUT IIPUPALLICHUE

&g
dA. = A, — A = A, ——+ A, —.
i i+1 i OIR 12R

W3 nocneaneit Gpopmyisibl BUJHO, YTO Ha KAXKIOM UTepauuu (DyHKIUS

—

A(7) monyyaeT (pMKCHUPOBAHHOE MpHUpAIICHUE, PABHOE EAOI, €CJI1 BbI-

—_

XOHOU curHai paBeH &', aubo EAH’ €CJIM BBIXOJHOM CUTHAJl paBeH

X
é: i
y

Panee 6bUT0 JOKA3aHO, YTO JIMHEWUHBIM MHTEPIOJISITOP, HE3ABUCUMO

oT Toro, kakoi anroput™m (bpezenxema unu 1{JIA) oH peanusyer, reHe-

pUpYET BEKTOP C MOCTOSHHOM CKOPOCTBIO, TO €CTh HA KaXXJIOW UTEpAIUU

BEKTOp TMoJiy4aeT (pukcupoBaHHOE MpupaieHue. M3 atoro ciemyer, uto

ITOPUTM TeHEepaIui KpuBoi A(7) MOKHO IPEICTaBUTh B BUJE puc. 29.

dA(1) = Ay x(1)+ A, y(1)

CI X1 - Z

01 |dx

| dy o dg(l‘)

R

(1)

LI

N

12 |dx |,

Puc. 29. ®yHKIIHOHAIBbHAA CXeMA I'eHEPATOPA KOHMYECKHUX AYT

Jlis nanpHelero ananusa OyAeTr yaIoOHO onucaTh paboTy KOHU-
YECKOTO UHTEPIOIATOPA HOPMAITU3UPOBAHHBIMU (DYHKITUSIMU:

x(t) = % , x(t) €[0,1],
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Y(0)

y@O=l-—=, y0elol],
i
t= R’ t[0,1],
rAe [ - NOPAIKOBBIA HOMEP TeKyIler urepauuu anroputma i €[0,2R],
R =max{|4y[,|4, [}, |d4] = max{ax],|a7],|dR]|dG].|dB]}.

YpaBHEHHE yPABISAIONICH KOHUKU PUHUMAET BH]T
x?+ 2 =2Zxy-2y(1+Z)=0.
Panee ObLTO AOKa3aHO, YTO HA KAKIOW MTEPAIMA TEHEPUPYETCS BBIXO/I-

HOM CHUTHaJ JIMIIb U3 OJHOI'O U3 BBIXOJ0B CI. MaTreMaTH4eCKH 3TOT (1)aKT
MOJKHO IIPCACTAaBUTH CICAYIOIIUM 06p3.30M:

X0+ ()
D),

W3 mocnenHux OBYX YpaBHEHHH MOXKHO IMOJIYYHUTH SIBHBIC BBIPAKCHHS
JUTSl BBIXOJIHBIX CUTHANIOB X(¢), y(1):

x(t) =t + o + sign(c)\Jo(o + 2t(1 - 1)),
y(t) =t — o + sign(o)/o(o +2t(1-1)),

2\1-7
BbIpakeHus st x(¢),y(f) 3HAYUTENBHO YNPOUIAIOTCS:

rae o = l(H—Z] npu Z #1. Ecniu Z =1 (310 - cnyyail mapaboJibl), TO
x(t) =2t -1, y(t)=t>.

Tenepp ypaBHEHUE KOHUYECKOW TyTd, BIIMCAHHON B TPEYTOJIBHUK OOIIe-
'O TTOJIOKEHUS, MOJKHO 33J1aTh CIeaytomen Ghopmyoit:

A1) = Ay + Ay x(8) + A, (2).

Ha puc. 30 mpuBegeHO ceMeiCTBO KOHUYECKUX YT, BIUCAHHBIX B
tpeyroabHuk. Huxuue nyru (o =1{1/9,2/9,3/9,4/9}) sBusrorcs >iun-
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tuueckuMu. Bepxuue nyru (a ={5/9,6/9,7/9,8/9}) aBnstorcs rumnep-
OO0JMYECKUMU.

Puc. 30. CemeiicTBO KOHUYECKHX YT, BIUCAHHBIX B TPEYIOJIbHUK
0011ero MmoJIosKeHus!

3.3. PacwenneHne KOHM4YeCKOM Ayru nonosam

[Ipu oTOOpa’keHUM KPHUBBIX BO3HHMKAET psij MpoOieM, MHOTHE M3
KOTOPBIX PEIIAKTCs MPOLIE, €CIIA KPUBask MPEACTABISIET COO0N KOPOTKUI
HE3HAYNUTEIbHO M30THYTHIA (PparMeHT, OJM3KHI IO CBOMM Ie€OMeTpUYe-
CKMM CBOMCTBaM K OTpPE3Ky MNpsAMOH. [[nd mpencraBieHuss KOHUYECKOU
AOYTH TOCJIEI0BAaTEIbHOCThI0 KOHUYECKHX CErMEHTOB HEOOXOJUMO pac-
HIENUTh UCXOAHYIO KPHUBYIO IOIOJIAM U, €ClIi HE0OXOJAMMO, MOBTOPUTh
ATy OIEepaLUIO Ha/l KayKIbIM CETMEHTOM TpeOyeMoe YUCIIO pas3.

IIpy Kax10M pacCIICIUICHUU AYTU €€ TUIl OCTAeTCsl HEU3MEHHBIM,
OJIHAKO PKCLEHTPUCUTET KOHUKU MPUOINKAETCA K €IUHULIE, TO €CTh CEr-
MEHTBI KOHUKH HE TOJBKO YKOPayMBaIOTCS, HO U MPUOJIIMKAIOTCA K Mapa-
0oam (cTporo roBopsi, He K mapaboyiaM a K OTpe3KaM MPSMbIX — BEKTO-
pam, HO BEKTOp TaKe MOKET ObITh MaTEMaTHUYECKU OINKCAH MapamMeTpu-
YeCKUM YpaBHEHHUEM NapadoJjibl, YTO B JJAHHOM CIIyyae U UMEET MECTO).
JIOKa)KeM 3TH YTBEPKICHHUS.
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Puc. 31. Pacuien/ieHne KOHUKH, BIUCAHHOM B KBaAPaT
€O CTOPOHOI R

Paccmotpum puc. 31. Ilockonbky npu aduHHOM TpeodpazoBa-
HUU KOHUKH OTHOIICHHE TPEX TOYEK HE M3MEHSETCS, BCE COOTHOIICHMUS,
NOJIy4eHHbIE JIJIs1 TaHHOTO YaCTHOTO CIIy4asi, OCTAaHYTCs CIIpaBeUIMBBIMU
JUTSE KOHMYECKOW JTyTH OOIIETro MOJI0KEHUS.

Ncxonnas xonuka 3amgaercsa tpems toukamu {(0,0),(R,0),(R,R)} u

MMEET IKCICHTPUCUTET Z, ONpeIeNIIeMbIil 3HaueHrueM ko3 duimenta &,
onpexaensoniero otuomenue tpex touek O, C, 4. Ilocne pacuienieHus
00pa3yroTcs JBE OJWHAKOBBIE TyTH, MO3TOMY Mbl PAaCCMOTPHUM TOJIBKO
NEPBYIO, a BCE JIOKa3aHHbBIE CBOMCTBA aBTOMATUYECKH OyAyT CpaBesiu-
BbI U ISl BTOPOTO cerMeHTa. BropuuHas koHMKa OyJieT 3a1aBaTbCs Tpe-
MsI TOUKaMu

{(0,0>,<aR,0>,(“7“R,1‘7“R>}

OTOT (aKT cienyeT U3 OYEBUIHBIX FEOMETPUUYECKUX cooOpaxeHuit. Ha-
e TENbI0 ABJISETCS OMPECTICHUE YKCIEHTPUCUTETa BTOPUYHON KpH-
BO#. [loCKONBbKY MCXO/IHAS U BTOPUYHAS TYTU SBJISIOTCS KOHUKAMH, aHa-
JUTHYECKH X MOYKHO TIPEJICTABUTh KaK KOHUYECKHE JYTH, BIIMCAHHBIC B
TPEYTOJIBHUKU OOIIETO IMOJIO0KEHUs, KOOPAUHATHI KOTOPHIX HAM HM3BECT-
HBI:

- 0 1 0
A(t) = 0 + R 0 x(t)+ R : y(t) - ICXOJTHAsi KOHUKA,
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A 0 a) ., (l1-a) 1),
A(t) = 0 + R 0 x(t)+RT { y(t) - BTOpUYHAs KOHUKA.

[TockonbKy 5TH pa3iUyYHbIE MapaMeTpudeckue (YHKIHMH 3a1al0T
OJIHY M Ty € reoMeTpuueckyro nuHuto A(t/2)= A(t), ToO MBI MOXeM

HAalTH COOTHOLIEHHSI MEXKIY YIPAaBIIOIIMMHA KOHMKAMH HCXOAHOU U
BTOPUYHOU YT

. l-a . l-o .
X =ax + v, szy,
- - R 2
X:x y’ y=—y.

o -«

Jlsist 000MX YHpPaBJISIOMIMX KOHUK CIPABEMJIMBO TakXke MX anreod-
panyecKoe MpeICTaBICHUE:

F,y)=x*+y*+2Zxy-2y(1+2) =0,
F(%,P) =%+ P> +2Z8p -29(1+ Z) = 0.

[ToxcraBuB Beipaxkenus x(x,y),y(x,y) B kBaapatuunywo dhopmy F(x, 7)),
MBI HAXOJHMM CIICYIOIINE COOTHOIICHHUS

2: 1+Z: o ’
V 2 l-a
1

1+2(0-a)

[Tomy4yeHue 3TUX COOTHOUIEHWH W OBUIO IIEJIBI0 HALIEro aHaJIH3a.
OtmetuMm eme pas, uTo KO3)PUIMEHT ¢, pacCUNTAHHBIN MO MPUBEICH-
HOH BbIlIe (hopMmyIie, OyJIeT KOPPEKTHBIM JIJIsl TI0OOH KOHUYECKON IyTH,
BIIMCAHHOW B TPEYTOJIBHUK OOMIETO MOJOXKEHUs. MTepaTUBHO BBIYUCIISS
& , MBI MOKE€M BHJIETh, YTO OH CTpeMUTCs K eamnuie. OTcroa MOKHO
cieNiaTh BBIBOJ, YTO MO MEpEe PACIIEIJICHUS CErMEHTHI JI000M KOHUYe-
CKOM Jyru (RJUIMNTHYECKON WM TUIEPOOIMUECKON) MpUOIMIKAIOTCA K
napaborie.

Haitnem siBHOE npencTaBiieHUe paclleINIEHHOM KOHUYECKON JyTH:

a
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Puc. 32. PacuienyieHue KOHM4YeCKOH 1y, BIMCAHHOM
B TPEYr0JbHUK 001Er0 IMOJI0KEeHHS

A(t) = ;10 + me(t) + ;112 y(t) - ucxomHas ayra,
B(t) = Eo + Emfc(t) + §12 y(t) - BropmuHas ayra (1/2 ucxomgHoit 1yrn).

[lepecuer mapaMeTpoB pacHICIUICHHON JyTH BHITIOIHIETCS 1O (hopMyiam:

B, =4,,
B =4,(l1-a)+ 4,
B,=0(0-a)+ 4.

&= 1 N 2— 1+Z_ o
1+.2(1-a) V' 2 T 1-a’

OTMeTnM, 4TO IPU KaXKJIOM PACHICTUIEHUU AYTH MOIOJaM Yroid MEXIY
KacaTeJIbHbIMU B Hayajie U KOHIIE 1YT'M YMEHbIIAETCs BABOE, YTO IPUBO-
JUT K YMEHBIICHUIO HEPETYISIPHOCTU CTyIeHYaToro 3ddexra u ymydiia-
€T KaueCTBO IPEICTABJICHUS KOHUYECKOW IAYyTM Ha JKpPaHE PacTpOBOrO
JUCILIES.

3.4. PacwenneHme KOHM4YECKOU AYrv B NPOU3BOJSIbHOMN
TOuKe

Jlis  paciuervieHust JIeKaabHOM KPHUBOW TMOMOJaM HEOO0XOAMMO
YMETh PaCIICIUIATh KOHUYECKYIO JIyTY B MPOU3BOJIHOM TOYKE, 3a]aBae-
Mol mapametrpoMm ¢ . DTta 3aaya nosicHseTcs puc. 33.
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A

X
Puc. 33. Konnueckas xyra, BHnucaHHasi B KBaJpaT €O CTOPOHOM R=1

Konunueckas Ayra, BIiMCaHHas B €I[HHH‘IHblﬁ KBaJpar, 3aaacTCA ypaBHC-
HHUEM

x>+ > +27Zxy-2y(1+Z)=0.

Huddepenuupyst 3T0 ypaBHEHHE 1O NEPEMEHHOM X, HaXOAUM MPOU3-

dy
BOJHYIO —,, paBHYIO TAHT'€HCY yIJla HAKJIOHA KOHUKHU B TOYKE (x,y):

dx

dy _ X+ 2Zy Y
dx (+2)-(y+2Zx) 1-x

3Has 3HaueHUs X U}, COCTABUM ypaBHEHHUE IPAMON THHUH

X—X
1—

<l =
=

Pemias cucteMy M3 3THX [BYX YpPABHEHMH, HAXOJMM BBIPAXKEHHS IS
Xu):

y(1+2Z) .

X= ;
X+ Zy
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_ X — 2
y= b4 b4 _%_

(+2Z)—(y+2Zx) x+y

[apa (X,)) omHO3HAYHO 3amaeT MONOKEHHE TOYKH (X,)) KOHUKH U MO-

KET paccMaTpUBAThCA KaK KOOPAMHATHI TOYKWM KOHUMKHU. [lapamerp ¢
MOYHO BBIPA3UTh Y€pe3 KOOPIUHATHI TOUKHU:

t—l(x+ )—L
PR l+x-y

OKCIEHTPUCHUTET Z SIBISETCS MHBAPUAHTOM KOHUKH, U I JTIOOOH TOUKH
IOYTU CIIPaBeIJIUBO COOTHOUIEHUE

Z_lx2+y2—2y_x_y+)7—2)_c
2 y(l=x) Xy—y

Tenepp 3anuilemM ypaBHEHUE KOHHMKH B auana3zone [0,f7], cuuras,
4YTO KOOPAHHATHI KOHEYHOU TOUKH (X,,),) U (X,,),) HaM U3BECTHBI:

X =XX+(x, - X)), y=yy.

OTCI-OI[a I[mojay4dacm

rae (x,y,Z) - ucxogHas KOHHKA, (X,),Z) - CETMEHT UCXOJHON KOHHKH.
(x,,y,) u (X,,y,) - KOOpAMHATH KOHEYHON TOUKHU CETMEHTAa UCXOAHOMN

KOHUKH.
[IpuHumas BO BHUMaHue, 4yTo airedpanyeckast hopma ypaBHEHUS
KOHUKHM HE 3aBHCHUT OT TOTO, KAaKOM CErMEHT AYTHM Mbl paccMaTpUBaeM,

3anuIIeM ypaBHeHHEe KOHUKH (X, P, 7)

f2=2 | Ao —\on —\2 2 an —\2 -

X X +2"x(‘x[ _xt))g}—i_(xt _xt) y +2Z)hctytxy+22yt(xt _xt)y _2(1"'@)’1)/:0:
W HAii/IeM U3 Hero SKCLEHTPUCUTET Z CerMEHTa IyTH:

Z=(+2)2 1.

X
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A

Bot u Bce. Haxoxnenue Z u ABISIOCH LENBIO MTPOBEICHHOIO aHAIN3A.
Tenepp Mbl MOXeM JIOOYH0 KOHUYECKYIO AYry (x,V,Z) TpPEeNCTaBUTH B

BUJIE Maphbl CONMPSDKCHHBIX KOHWMYECKUX AyrT (X,V,Z) u (X,y,Z), e Z -
OKCIICHTPUCUTET BTOPOTO CErMEHTA.

Zo(+2)—%

(I_J_/t)2

3.5. Ucnonb3oBaHue anroputmMa pacLiensieHus
AnNs pacyeTa NofioXXeHUs TeKyLen TOYKH
KOHUYeCKoMn ayru

[Tokaxkem, 4TO anrOpuTM, OJU3KHI K U3BECTHOMY airopuTmy Kac-
TEJbI0, MOXET ObITh HCIOIb30BaH JJIs1 BEIUUCICHUS MOJIOXKEHUS TEKYIeH
TOUYKM Ayru. OTMETHM cpasy, YTO pacCMaTpUBAaEMbIN aJrOPUTM HUMEET
PETYISAPHYIO CTPYKTYpPY M MOXKET OBITh COCTABJIEH W3 OJHOTUITHBIX 3Jie-
MEHTOB, Ha3biBaeMbIX PE (processing element).

[Ipumenenue anroputrma 3ddexTuBHO npu ycinoBuu, uro PE pea-
nu30BaH Ha amnmapatHoM ypoBHe B Buae CBUC. Ilporpammuas peanusa-
uust PE Bcerma Bo3Mo’kHa, HO HelenaecooOpasHa, MOCKOJbKY YKe pac-
CMOTPEHHBIN HAMU KOHUYECKHUI MHTEPIIOIATOP, AaXKE MPU NPOrpaMMHON
peanuzamuu, OyaeT uMeTh Ooibiiee ObicTpoaeiicTBue, yeM PE. C npyroii
CTOpOHBI, Jlanee OyJeT moka3aHo, yTo Ha ocHoBe PE MoHO mocTpouTh
reHepaTop KpUBBIX Oojiee BBICOKOTO MOPSAJKA, YeM KOHHKH, HAIpUMEp
KpuBble besbe.

PaccMoTpum  anroputM, peanu3yrolMi BBIYMCICHHUE 3HAYCHUS
TOYKH JIyTH, 3aJaHHOM TTapameTpom [ :

for k:=1 to 2 do
for j:=k to 2 do
1k k=1)\ (k-1 k—1) 7(k-1
A =A=MY + 5P 45D,
end 7J;
end k;

OTOT AIrOPUTM UMEET MPOCTYI0 T€OMETPUUECKYI0 MHTEPIPETALUIO, KO-
TOpasi IpuBelIcHa Ha puc. 34.
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Puc. 34. Pacimienvienne kKoHn4eckoi nyru meroaom Kacresbio

Pa3BepHeM npuBeIeHHBIN aJTOPUTM B OCJIEA0BATEIBHOCTD OIEPALUH.

A = 4O 1 =10y 4 OO
A = 4O 1= ) 4 GO0
AP = AP A1)+ APV,

IIpencraBum ypaBHEHME KOHUYECKON AYTH A(t) = ;10 + Zle(t) + 212 y(t)
B CJIEAYIOILEM BUJIE:

At) = Ay (1= x(0) + 4 (x(t) = y(£)) + A,(2).
Torna, HpI/IHI/IMaﬂ BO BHUMAHHUEC, YTO COIJIACHO HpI/IBe,HeHHOMy BBIIIIC aJl-

TOPUTMY TIOJIOKEHUE TOYKHM JIyTd, 3aJaHHOW 3HAYCHHEM mapameTpa [,
MO>XHO HaWTH 1o Gopmyiie A§2) , TI0JIy4aeM TOXKIECTBO

A0 = 40 A=t = 1) + A0 1= 1D) + (1= 1Oy |+ A0

ITpupaBHUBasg KO3()PUIMEHTH IIPU OJWHAKOBBIX BEPIIMHAX, HAXOAUM
sHauenns kodpunmentos ¢\, 10, tV:

1" = x(0), 1" = (), =t
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UtoObl 10Ka3aTh CIPABENTUBOCTh IMOCIEIHUX COOTHOIIEHUMH, CIEAyeT
MOJICTaBUTh MX B BbIpakeHUE A(f) W MpUPaBHATH KOIDPHUIIMEHTHI MPU
OJIMHAKOBBIX BepIIMHaX. [Ipy 3TOM MBI OJTy4aeM CUCTEMY TOXKIECTB

l-x=>0-x)1-1),
x—y=x(1-t)+1-y),
y:.)_;ta

A0Ka3aTCJIbCTBO KOTOPLIX 3JICMCHTAPHO MW ABJIICTCA O0Ka3aTCIbCTBOM

0 L0 L1
CHPaBEIMBOCTHU MOTYUYEHHBIX KO3(PPHUIIMEHTOB t(() ), tl( ) fl( ).

9
[IpuBenem Ha puc. 35 BBIUUCIUTENbHYIO CTPYKTYPY, KOTOpasi pea-
JIA3YET MPEIJI0KEHHBIN BBIIE aJITOPUTM.

PE:t
/ Iy — PE _QZIO(I'Q)+IIQ

Ay Ay A,

Puc. 35. ®yHKIIHOHAIBHAA CXeMa FeHEPATOPA KOHUYECKHUX AT,
NMOCTPOCHHOI0 HA OCHOBe ajqropurma Kacreasio (mpeamosaraercs,
YTO BLIYUCIUTEIbHBIN dJIeMeHT PE noajiexxur
anmnapaTHoil peaju3anuun)

Kaxnpiii <PE : ¢g> - sanement umeer asa Bxona ([, /1) u oaun Beixon (Q)

u peammsyet onepamuo  Q=Iy(1-g)+1g. [lapamerpsr £, X,, Y, MOXKHO
paccuuTaTh, UCTOJB3YsI KOHUYECKUN HHTEPIIOISATOP.

3.6. PaclwienneHue KOHU4YECKON Ayrn

Tenepb, mpuHUMas BO BHHMaHHE HHBAPUAHTHOCTH OTHOIICHMUS
Tpex Touek addUHHOTO MpeoOpa3oBaHUsl, MOKHO MPUBECTH MOJIHBIN all-
TOPUTM PACIICTITICHUSI KOHWYECKON AYTH OOIIETO TOJIOKECHHUS.
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Puc. 36. Pacimensienne KOHU4eCKOM Tyru

Ha pucynke o603HaueHo:

<Ay A, Ay Z> - ucxomHas KOHMYECKass ayra, <BBi,B, Zz> - BTOpU4Has
koHuueckas nyra, <CyC,C, Z-> - BTOpUYHAsA KOHUYECKAsl ayra, napa-
METP ¢ - 3a1a€T MOJIOKEHUE TOUYKH paCLICIUICHUs NyTU <A A;,4,, Z>.

B, = A4,, C,=4,,
§1:;10 I_J_Ct)-'_;il_t’ 61:21(1 yt)+22yt,
1—
ZB:(1+Z)3/_2— , Z.=(1+2) _x’z— ,
X, _yt)

I[OKa)KeM CIIPAaBCAJINBOCTb 3THUX COOTHOILIeHUHN. M3 06H_IGFO YpaB-

HEHUS KOHMYECKOW AYTW IOJYy4YaeM JBa YPaBHEHHUs Il UCXOJHOU U
PaCILETUIEHHON IyT, COOTBETCTBEHHO:

[ToxcraBiss BeIpaKeHUE X,y 4Yepe3 X, ) B ypaBHEHHE MCXOJHOW IYTH,

MoJy4aeM

A(t) = Ay + Ay [, 5+ (x, =X) D]+ A, v, 3.
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ITockonbKy MCXOJHas U BTOpUYHAsA Jyra HAa HA4YaJIbHOM CETMEHTE pac-
IIETUICHUSI OTUCHIBAIOT OJIHY U TY K€ JIMHUIO, TO U3 ycioBust A(t) = B(t)
MOJIy4aeM CBSI3b MEXK/y MapaMeTpaMu AyT:

B(T) = Bo + ;101)_%)% + [;101(9% —-X,)+ ;112%]);’

B,=C,=B,(1-t)+Cit.
Z

,=1+2) 21,
fl‘

3.7. KoHun4yeckas gayra Kak pauvoHarnbHas
KpuBasa besbe

W3 mMaTeMaTuKu M3BECTHO, YTO palMOHANIbHAsA KpuBas be3be BTO-
poro mnopsiaka 3aJacT KOHWYECKyro nyry. Haiinem cBs3p Mexnay yIpas-
JasomMK apamerpamu Gopmsl besse &, , &, U mapameTpaMu pac-
CMOTPEHHOH BbIlIe (JOPMBI 3a/1aHUSI KOHUKH KaK KOHUYECKOW JyTH, BIU-
CaHHOM B TPEYTOJIbHUK OOLIETO MOJIOKEHHUS U TOJyIeXkKalleld pacTpupoBa-
HUIO PACCMOTPEHHBIM BBIIIE METOAOM.

PanmonansHas kpuBasi be3be BTOporo mopsinka 3amaercs Gpopmy-
01

_ Pay(1-1)* +2Pa,(1-t)t + Pa,t’
a,(1-1)* +2a,(1- 1)t + a,t’

At

rne Fy,F,P, - BeplIUHBI TPEYTONbHUKA, ,,Q;,Q, - CKAIAPHBIE Mapa-
MeTpbl KpuBoi be3be (OHM JOKHBI ObITh HEOTPULIATENBHBI U HE PaBHBI
HYJIIO Bce oJTHOBpeMeHHO). [IpeacraBum A(¢) B popme

A(t) = By + By x(t) + Py (1),

59



rac
20, (1- 1)t + ayt’
a,(1-10)% +2a,(1-t)t + ayt*

x(t) =

2
a,t

a,(1-1)% +2a,(1- )t + a,t*

() =

W3 mpoBeneHHOro BBIIIE aHAIN3a CIEAYET, YTO AJs JII000H TOUKU
KOHMKH JTOJDKEH UMETh MECTO NHBAPUAHT

2147y BN
y(1=x)

IToncraBnsast  x(¢), y(¢) B 3TO BBIpaKEHHE, MOJTYyYaeM BBIPAXKEHUE DKC-
LEHTPUCUTETA Z 4Yepe3 mapaMmerTpsl «,d,,, PALMOHAIBHON KPUBOU
besbe BTOpOro nopsaka:

24

7 = -1
ay&,

b

4TO ¥ TpeOOBaIOCh HANTH.
[IpencraBnsier uaTepec u oOpaTHas 3ajada: UMesl SKCLIEHTPUCUTET
Z , Haiitu Habop KO’(p(ULUEHTOB &, ,0, palMOHAIbHON KpuBoi be-

3b€ BTOpOro nopsgiaka. OTMeTuM, uTo Ha0Op KO3((UIUEHTOB «,q,, 0,
MO>KHO YMHOXHTh Ha JIt000€ HeHyJeBoe uucio. CriefoBarenbHo, Kodd-

(UIMEHTHl MOXHO HOPMHPOBaTh TaKUM 00pa3oM, 4TOOBI BBHIMOIHAJIOCH
ycnoBue o, +2a, +a, =1. W3 3T0r0 OrpaHudYeHus CIELyeT OLICHKA

o, < % 3amaBasce a; € [0,%] U pemiasi CUCTEMY YPaBHEHUI

7 20512 1
a &,

o, +20,+a, =1,

HAaXOJUM BBIPAXKCHUA ,,(, 4e€pe3 Z U . DTO pElICHUE sABISAETCA 00-
MM, HO MOXXKHO HalTH Ba)KHOE 4acTHoe pemieHue. Ilycts o = % , TIe

 3a44cCT ITOJIOKCHUC TOYKHU IICPCCCUCHUA MCAUAHBI TPCYT'OJIbBHUKA C KO-
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HU4Yeckor ayroi. Kak ObLIO MOKa3aHO BIIE, Z M & CBS3aHBI CICIYIO-
IIIIM COOTHOIIICHHUEM:

_a2+2a—1

Z
(1-a)

B stom ciywae &(),, WMEIOT CIEAYIOLIME IPOCTHIE BBIPAKCHUSA:
1
a, =a, =5(1—a). Konnueckast ayra (puc. 37) OynmeT 3amaBaThCs

YPaBHEHHUEM

_ R(-a)1-1t)* +2Pa(l-t)t+ P,(1-a)t’
 (l—o) (-0 +2a(l-0t+(1-a)®

A(?)

Pl 1

P,/ 0

Puc. 37. 3aganne KOHMYECKOM AYrd KaK pallMOHAIbHOMN
KpuBoii besbe 2-ro nopsiaka

3.8. lMpeacrtaBneHne KOHNMYECKOro crnanHa Habopom
KOHNYECKUX ayr

Konndeckuii crutaifH sSIBJIS€TCS YaCTHBIM CIIy4yaeM pPallMOHAJIBHOTO
B-crutaitHa crerneHu 2, U €ero CerMEHT MOXXET OBITh IMPEACTaBIICH Clie-
TYIOITAM 00pa3oM:
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1
Z hi+kBk (t)VHk
~ _ k=-1
C(t)="— :
Z hi+kBk (t)

k=—1

t < [0.1],

rie  C;(¢) - 1-TBIl CETMEHT cIulaiiHa, <V, >-ynpaBistolye BEpIINHBI
CrulaiiHa, < A, > - y3JI0Bble KO3()PUIMEHTHI clulaiiHa, B, (¢)- 6a30BbIH
nojanHOM B-critaiina,

B,()= %(lﬂ)z, B, (1) :%(— 2t° +2t+1), B, (¢) :%tz,

[IpencrtaBum cerMeHT cruiaiiHa B (opMe parmoHaibHOM KpuBoil besbe
BTOPOTO MOPSIJIKA:

_ Ko (1-0)" + 2w K, (1= 1)t + w,K,
wo(1=1) + 2w, (1= )t + wyt*

C(?)

, tc[0,1].

[TpupaBHuBas K03¢hGHUIMEHTHI IPU OAMHAKOBBIX CTEMEHIX ¢ 060ux (popm
OTMCAHMS CETMEHTA, HAXOIUM:

R = Viihiy +Vily
0 h_ +h
]21 = ~i’
Kv’ — I71'4—1]71'+1 + I;:zhz
? h +hiyy ’
h:+h,_,
W, = ,
’ hiy +6h +h,
= 2h,
L b A by,
= h + hiyy
2R +4h +h,

Ha puc. 38 mpuBeneH mnpumep cerMeHTa KOHMYECKOTro cIulaiiHa. DTOT
CErMEHT SIBJISIETCS. KOHUYECKOW JIyrod, BIMCAaHHOW B TPEYroJbHUK
Ky, K, K>, nonoxeHnue BepIIMH KOTOPOTO Mbl TOJIBKO YTO PaCCUUTAIIH.
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Wi

Puc. 38. Konnueckasi 1yra — cerMeHT KOHHY€CKOI0 CIJIaiiHA

Panee ObL10 OKa3aHO, YTO JIEKaJbHAs Jyra MOXET ObITh 3a7aHa
ypaBHEHUEM

C(t)=K, + Ko x(t) + K, y(1).
OrMmeTuM, YTO mapamerp ! B IOCIEIHEM YPaBHEHUM HE DKBHUBAJICHTEH
5TOMY NapaMeTpy B IPeaIIECTBYIOMMX (OpMylIax, OJHAKO aaredpanye-

ckas opma 000uX ypaBHEHUN OCTAETCs OJTHOM U TOM XKe:

IUIA CeTMEHTa CIUIaiiHa

2w —w.w 4w
x* +y? + 2xp 024+ L y=0,
WoWw, WoW,

a JUIsl KOHUYECKOU TyT'U
x> +y? +2Zxy -2y(1+Z)=0.

[TpupaBHuBasg KO3PPUIMEHTHI MIPH OJWHAKOBBIX CTEMEHSAX X U ), HAXO-
UM

2

2W — W W

z="102
WoW,

Tenepb Mbl MOXKEM MPUMEHUTH T€HEPATOP KOHUYECKHUX YT JJISI pacTpH-
pOBaHUs CETMEHTA CIUIANHA, a CJIEI0BATENIbHO, U CAaMOT0 CIUIalHA.
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4. WHTepnonsiuMoHHbIe CTPYKTYpPbl U NeKkanbHble
KpuBble

4.1. CTpyKTypa nekarnbHOro uHTepnonaTopa

MsI oKa3aau, 4To paboTa KOHHYECKOrO MHTEPIOJIATOPA OIHCHI-
BaeTcs nmapamerpuyeckumu pyuxumsamu x(¢), y(¢), npuyem mapamerp !

JUHEHHO 3aBHCUT OT TEKYIIETO KOJIMYECTBA BXOIHBIX HMHHUIIMUPYIOIIAX
UMITYJIbCOB (UTepauuil anropurma). M3 atoro ciemyer, 4to ecnu 000
BbIxoa CI coennuuth ¢ Bxomom apyroro Cl, To ¢ BEIXOAOB 3TOTO BTOPO-
r0 MHTEPIIONATOpa Takke OyIyT CHUMATbCS €IWHUYHBIC YIPABIIAIONINE
CUTHAJIBI, U 3TH CHUTHaJbl OyIyT SBISATHCS CYNEPIO3UIMENH BXOTHOTO
curHajga kak QyHkiun mnapamerpa . IlpuBeneM BBIYHCIUTEILHYIO
CTPYKTYpPY, COCTaBJIEHHYIO U3 KOHUUECKUX UHTEPIOJISTOPOB.

CI21_ o (1) = x,(x,(1))
copk® | r [ @, (1) = y,(x,(1))

] yit)
2R [ B 0.(6)=x,00 ()

r @, (D) =y;(,(2))

Puc. 39. BoiunciureabHas CTPYKTYpPa, COCTABJICHHASA
U3 KOHUYECKUX HHTEPNOJISITOPOB

KpuBas, mocrpoenHas Ha 0aze Takoil WM MOJOOHOW €l CTPYKTY-
pBl, Ha3bIBAaETCs JIEKaJIbHOM KpuBo# (L-curve) m mMareMaTudecku 3a1aer-
cs1 hopMyIoit

At) = Ay + Ay, (6) + A1, (1) + Ayy 3 (1) + A3, (2) .

OyHKIMOHAJIBHAS CXeMa I'eHepaTopa JIeKaIbHBIX BEPIIUH B 3TOM Cllydae,
OyJzleT UMETh BU/I, TOKa3aHHBIN Ha puc. 40.
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LI A4,
© @, (1) T Am Z
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t CI1 1()' R 12 A
T yi(t I
2R _I c | ?s (¢) LT 4
o @, (1) L1 4, -

Puc. 40. ®yHknuoHaJbHasi cXeMa reHepaTopa JeKaJbHbIX KPUBBIX

JlekanpHast KpyBasi COCIMHACT HAYAIBHYIO U KOHEUHYIO TOUKHU pa-
30MKHYTOIO ISATHYTOJbHHKA. B HadalbHOW M KOHEYHOM TOYKAaX 3TOr0
MHOT'OYTOJIbHUKA JICKAJIbHAsI KPUBAasi UMEET KaCaTeJbHYIO MapaJlJICIbHYIO
CMeKHOMY peOpy (Aog; U As4) MHOTOyroiabHuka. Ecii MHOTroOyroJibHUK
BBIMTYKJIBIH, TO KpUBasi OyJeT JieKaTh BHYTPU MHOTroyrojibHUKa. [Ipumep
ITIOCTPOCHMUS JIEKAIBHBIX KPHUBBIX IpUBENEH Ha puc. 41. JlanHOE cemMeii-
CTBO KPHUBBIX IIOJIYYEHO IIPU YCIIOBUU &, =, = a5 = {0.1,...,0.8} . Kax-

Abl K03(pPUUMEHT ¢, onpenenseT pexxuM padoThl OJJHOTO KOHUYECKOTO

MHTEPHOJIATOPA.

CBoiicTBa JeKalbHOM KPUBOM OJM3KHU K CBOMCTBaM KpuBOHM besbe,
OIHAKO B OTJIMYME OT KpuUBOW be3be, moBeneHHEe KOTOPOW MOJHOCTHEO
ONpENEIAETCS MOJOKEHUEM €€ BEpIINH, JEKaJbHAs KpHUBas, KPOME BEp-
IMIMH, UMEET €Ille TPU YNPABISAIOIMIUX MapaMeTpa (IKCIEHTPUCUTETHI
21,25, Z; nnu K0d(pPULHEHTH] &,Q,,0;), KOTOPHIE YIIPABISIIOT CTETIEHBIO

OM30CTH TUHUH K 33JaI0IIEeMy MHOTOYTOJIBHUKY U (DOPMOM KPUBOM.

Puc. 41. CeMeiicTBO JIeKAJbHBIX KPUBbIX, BIMCAHHBIX
B PA30MKHYTbIii MHOTOYT OJIbHUK
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N3 puc. 41 BuUIHO, 4TO, €CIIU BCE TPU IKCIEHTPUCUTETA OJTU3KH K
eANHUIE (TUIepOOIMYECKUI PEXHUM), TO JIEKAJIIbHASI KpUBasi IPUKUMAET-
csl K pedpaM MHoroyrojbHHKa. [Ipu BIOOpE SKCIICHTPUCUTETOB OJIM3KH-
MU K -1 (37UIMITHYECKHI peXUM) KpUBasi IPUKUMAETCs K pedpy, coeau-
HAIOIIEMY HAauaJbHYI0 M KOHEYHYIO TOYKM MHOIOYrojbHUKa. B ocranb-
HBIX ClIy4asX JeKaJbHas KpuBas, yIlpasisemas napamerpaMu Z,,7,,7s,
rUOKO U3MEHSIET CBOIO (hopMy.

[IpensioxkeHHass METOAMKA IMOCTPOCHHSI T€HEPATOPOB JIEKAIbHBIX
KPUBBIX M3 Ha0Opa KOHUYECKUX MHTEPIIONIATOPOB MO3BOJSET OpraHU30-
BaTh MHOKECTBO BBIYMCIIMTENIBHBIX CTPYKTYP [UIsl TEHEPALMH PA3ITUYHbIX
KPUBBIX, BIIMCAHHBIX B MHOTOYTOJIBHUK. HECKOIBKO TakWX CTPYKTYp
MIPUBENICHO Ha puc. 42.

. ol b al
)_Cl_l_;:— : —2'{4_
1T ot =1 (::
~ kR ol
C) cl _c|_|_6—
_[_CIJ_4_ M o}
cl 2 | L
_1_|_CI]_2|_
2 e
6

Puc. 42. Ilpumepsl ynpapJisilOIIAX CXeM reHepaTopa JeKaJIbHbIX
KPUBBIX

K BbIXOZaM HMHTEPIOIALMOHHOW CTPYKTYPBl JOJKHBI TTOJKIIEO-
4aTbCsA BXOJbl TEHEPATOPOB BEKTOPOB, 4 TEHEPUpPYyEMas JEeKajlbHas KpPHU-
Basi OyJIeT BIIMCAaHA B PA30MKHYTBII MHOTOYTOJBHUK, YHUCIO pedep KOTo-
pOro paBHO YMCIIy BBIXOJOB YIIPABISAIOIIEN WHTEPIIOIALMOHHON CTPYK-
Typhl. YCIOBUMCS B JaJdbHEUIIIEM Ha3bIBaTh MOJOOHBIC BEIYUCIUTEIIHHBIC
CTPYKTYPBI JIEKaJbHBIMUA UHTEPTIONATOpamMu LI.

['enepanus nexaabHOM KpUBOW, TAKUM 00pa3oM, BBITIOIHSETCS IO-
CPEIICTBOM KBa3U-OJHOBPEMEHHOW MapaljieIbHOM TreHepaiuu Habopa
BEKTOPOB - pedep MHOrOyrojibHUKa. Mbl TOBOPUM O KBa3U-OJIHOBPEMEH-
HOCTH, IOCKOJIbKY B Ka)Ibli MOMEHT BPEMEHH, COOTBETCTBYIOIINMN OJI-
HOMY €IUHUYHOMY HMIIYJIbCY Ha BXOJE JIEKAJIBHOI'O HHTEPIIOJIATOPA,
CHHUMAETCsl CUTHAJ JIMIIb C OJHOTO BBIXOJA MHTEPHOJISIMUOHHOU CTPYK-
TYpbl ¥ BBINOJHIETCA NPUPALIEHUE BIOJb JIMIIb OJHOrO BeKTopa. Pac-
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IIPEICIICHHBIE BBIUMCIIEHUS, PEAIU3yEMBbIE JIEKAIBHBIM UHTEPIOIATOPOM,
Jake MpU €ro arrapaTHOW peaju3alyy 10 CyTH Jieja SBISIOTCS BbIYUC-
JEHUSIMU C pasfeneHueM Bpemenu. HerpynHo 3ametuts, yto CI BTOpOro
ypoBHs (CI2, CI3) npocrauBatotr 50% Bpemenu pabotsl LI, CI TpeTbero
ypoBus (CI5, ..., CI7) npocrauBatoT 75% BpeMeHH KaXIblid, U TaK Jaliee
o Mepe ycloXHeHUs cTpykTypbl LI. M3 3Toro HaGmrogeHus cieayer,
YTO CIUIIKOM YCIOXHSTh CTPYKTYpPY TreHepaTopa JeKaJbHbIX KpPHBBIX
Helesnecooopas3Ho.

OueHuM BpeMsi TeHEepalUud KOHUYECKOW KPUBOM MpesIOKEHHBIM
meTtonoM. M3 nepapxuyeckoit cTpykTypsl LI BUIHO, YTO MHTEPIIOIATOPEI
HWJKHETO YPOBHS JIOJDKHBI IIOJy4aTh HAa BXOJ BIBOE MEHBLIEE YHCIIO
BXOJIHBIX HMIIYJIbCOB, 4yeM ymnpasisirommii umu CI. OgHako, o4eBHIHO,
YTO KOHUYECKHUE MHTEPIIOIATOPHI HU3IIETO YPOBHS, YIPABIISIOLIUE IeHe-
panueil BEKTOPOB, JOJDKHBI MOJYYUTh HAa BXOJ, KAK MUHUMYM, CTOJIBKO
CUTHAJIOB, KaKOBa JJIMHA T€HEPUPYEMOI0 UMHU BEKTOpa. UMCIIO BXOIHBIX
Y BBIXOJHBIX CHTHAJIOB MHTEPIOJIATOPA JKECTKO CBA3aHO C pa3sMepoM R
KBaJpaTa, B KOTOpBIM BIIMCAaHA yIpaBisronias KoHHWKa. Hannem sty Be-
JUYMHY U3 YCIOBUS

—

RozmaX{HAm A | |[A23 | | 4sa

-

5 3 >

A

z

rae HZH:maX(‘Ax 4, yeer) -

5 9

Taxum obpaszom, CI HmwxkHero ypoBHs umeer R;=R,, CI cienyro-
niero ypoBHsi R,=R;=2R,, 3ateM R,=4R,, u Tak nanee. [[pyrumu cioBa-
MU, TIEPEX0]l Ha KaXIbli CIeAYIOIUNA YpOBEHb TpeOyeT YJIBOCHHUS BEIU-
quHbl R ¥, Cle0oBaTeIbHO, YABOCHUS BpemeHu paboTel LI. [l cxemsr
puc. 42, a R;=2R,. JAnsa cxembl puc.42,b R;=4R,.

4.2. HeperynsipHbl Xxapaktep ctyneH4yartoro acdpdekra

IlorepeMeHHBIM XapaKTep IeHEpalMi BEKTOPOB UMEET €lle OAUH
HeJOCTAaTOK. MBI 3HaeM, YTO BEKTOP, OKPY>KHOCTb, SJUIUIIC TIPU JTUCKpE-
TU3AIMU BBITJISIAT KaK HA0Op BEPTUKAJIBHBIX U TOPU3OHTAJIBHBIX CTYTIE-
HEK. JTOT 3(pPeKT Ha3bIBACTCSl CTYINEHUYAThIM (JIECTHUYHBIM) 3(DPEKTOM,
U OH, CTPOro ToBOps, HeycTpaHuM. OJHAKO JECTHUYHBIA 3PPEKT s
ATUX KPUBBIX HOCUT PETYISPHBINA, CHMMETPUYHBINA XapaKkTep U «HE PEKEeT
ria3». B cinydae renepaTopa JieKaJlbHBIX KPUBBIX CUTyalus nHasg. Kax-
JIBIF BEKTOP BHOCUT CBOM BKJIQJ B CO3/JaHHUE JIeCTHUYHOrO 3¢ dekra. Tak
KaK BEKTOPBI T€HEPHUPYIOTCA MOMEPEMEHHO, TO M JIECTHUYHBINA 3(DPEeKT,
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ABIISACH CyMMAapHBbIM 3((PEKTOM OT HECKOJbKHX BEKTOPOB, YCUIIMBAETCS
B YHCJIO pa3, paBHOE KOJIMYECTBY BEKTOPOB, U UMEET XapaKTEpPHbIN Hepe-
I'yJIIpHBIA Xapakrep. Eciv He mpuHUMATh ClIEHUAIbHBIX MEp, KOTOPBIE
MBI 00CYIUM HIDKE, TO JIeKajdbHas KpuBasi OyJeT BBITIAACTh, KaK JOXMa-
Tas mepcrsaHas HuTh. [IpuMep Takon cuTyanuu npuBeneH Ha puc. 43.

Puc. 43. IIpumep HeperyasipHoro cryneH4aroro 3¢ggexra

Ot1oT 3¢h(dEeKT UMeeT MECTO M B cllydae KOHHYECKHX IYT, OJIHAKO
JUTSL JICKATBHBIX KPUBBIX BBICOKOTO TOPSJIKA OH CTAHOBUTCS TMPOCTO He-
TepnuMbIM. ECTh HECKOJBKO TOJIXOJIOB K YCTPAHEHHUIO HEPETYJISIPHOTO
XapakTepa cTyneH4aToro 3Qdexra.

OueBUIHBINA CIIOCOO - U3MENBYCHUE PACTPOBOM ceTKU. Brruucie-
HUS CIEAYEeT MPOBOJUTH C CYONMUKCEIbHON TOYHOCTHhIO. COOCTBEHHO TO-
BOpSI, BBEJICHUE CYONTUKCEIHHOCTH HEU30EXKHO B JIE000M ciyuae. Kax bt
BEKTOp TIPH JUCKPETH3AIlMU JAeT MOTPEIIHOCTh, PaBHYIO 1/2 eIWHHUIIBI
pactpa. [Ipu cymMupoBaHuU mpUpalieHUH BEKTOPOB Mbl CYMMHUPYEM U
ux norpemHocty. OTcroa cieayer, 4To eANHMUIA pacTpa J0JKHA ObITh
yMEHbBIIIEHa B YUCJIO pa3, paBHOE KOJIMYECTBY BEKTOPOB. Takum o0pa3om,
JUISI TeHepaTopa KOHUYECKHUX YT 3Ta BEIMYMHA paBHA 2, JJI JIEKAIbHBIX
reHEepaToOpoOB, MOCTPOCHHBIX MO cxeMaM puc. 42, a u puc. 42, b koapdu-
[MEHTHl U3MEIBUYCHUSI, COOTBETCTBEHHO, JIOJDKHBI OBITH PaBHBI 4 U 8.

OTMeTHM, 4TO 3Ta OLIEHKAa O0ECNeUnBaeT JUIlbL TpeOOBaHUE, UTO-

Obl YKIIOHEHHE MTUKCEIeH OT TeOpEeTUYECKOM KPUBOIl HE MPEBBIIIAIIO %

eAUHUIIBI pacTpa. Eciu Mbl XOIUM CHU3UTH HEPETYJISIPHOCTH CTYIEHYa-
toro 3ddekra, KoIPPHUIHEHT CYONMUKCETHHOCTU CIEAYEeT YBEIMYUTH
KpaTHO CTETEHH 2.

[IpakTuecku TeHepalnus KPUBOH C CYONMUKCEIbHOW TOYHOCTBHIO
O3HauaeT yBEJIWYEHHE JJUHBI BEKTOpa B 1LI€JIO€ YUCIO pa3, a MOJICBETKA
MUKCENs JOJDKHA BBIMIOJIHATHCSA HE MPU KKIOW UTEpaliy, a JIUIIb MpH
Ka)XIO0W BTOPOW/YETBEPTOI/BOCBMON U T.1., B 3aBUCUMOCTH OT BbIOpaH-
HOTO K03(ppuIMeHTa paciierieHus eTuHuIb pacTpa. Hanpumep, Ha puc.
44 o3 uIHeHT pacuierieHus paseH 4.
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Puc. 44. PacimienJienne eTMHUYHOM CETKH (CYONMKCEJIbHOCTD)
NMO03BOJIsIET YMEHBIUIUTH HEPETYJSPHOCTH cTyneH4aToro 3¢ gexra

B npenenax enuHUIBI pacTpa MOXHO IPOMHTETPUPOBATH BCE CyO-
MUKCEJIbHbIE MPUPALIECHUS KOOPAUHAT M HAWTH YCPEJHEHHOE 3HAaYEHUE
KOOpJIMHATHI NUKcensl. Takoe yCpelHeHHe TaKkKe OcnadiiseT Heperyssp-
HBII Xapakrep cTryneHdaroro 3gdgekra. JlanHblii noaxoa B meaom pabdo-
TOCIIOCOOEH, HO MPUBOJUT K PE3KOMY 3aMEJICHUIO TeHepaluu JIeKallb-
HBIX KpuBbIX. Ero ciegyer mpuMeHsTh B COUYETaHUU C APYTMMH METOJa-
MHU.

OTMeTHM, YTO HEPEryJSIPHOCTh CHJIbHEE IMPOSBISAETCS, €CIU JIU-
HEIHbIE MHTEPIIONIATOPHI peaIn3y0TCsl Ha OCHOBE aaropurMa bpesenxe-
Ma Il BEKTOPOB, U MEHEE 3aMETHA, €CJIU JMHEHHBbIE MHTEPHOJATOPHI
peanu3ytoT anroput™ I{JIA. [IpuunHa Takoro pazivyus 3aKI0YacTCS B
TOM, YTO B IIEPBOM CIIy4a€ KOOPJAMHATBHI BEKTOPOB CHAauYaja OKPYIJISIFOTCS
70 LIeJIOTO 3HAYEHHs, a 3aT€M CYMMHUPYIOTCS, IIPH 3TOM MOIPEIIHOCTH
OKpYTJICHHsI TaKXe CymMHupyloTcs. B ciyuae anroputma LJIA cravana
CYMMHUPYIOTCSI TEKYLIHE KOOPAWHATHI BEKTOPOB (B opmare ¢ puxcupo-
BAaHHOM TOYKOM), W JIMIIb 3aT€M BBINOJIHAETCS OKPYIJIEHUE JO IIEJIOro
3HAYEHUS, IIPU 3TOM MTOTPEUTHOCTh OKPYTJIEHUS OJHOKPATHA.

Jpyroii cnoco0 OCHOBaH Ha HaOJIOJIEHWH, YTO HEPETrYJSIPHOCTb
UMEET MECTO B T€X Cllydasx, Korjaa pedpa ynpasistollero MHOTOYIOJb-
HUKa HaIpaBJIEHbl B IPOTUBOIOJIOKHBIE CTOPOHBI. OJIMH BEKTOP YBEIH-
YyBaeT KOOpPAMHATY, @ Ha CIEAYIOIIEH HUTepaluu Ipyroid BEKTOp €€
yMeHbIllaeT. B pe3ynpraTe Lermodka CMEXHBIX IHKCENEH KoJedieTcs
BJI0JIb TEOPETUYECKOIO MOJOXKEHHSI JIMHUU U cO37aeT 3PPEKT «IIepCTsi-
HOW HUTW». Bhile ObUIO MOKa3aHO, YTO MPHU PACLIEIUIEHUU KPUBBIX IO-
[10JIaM OHHM YKOPauMBaIOTCSA U CHPAMIIIIOTCS, a, CJIEIOBAaTEIbHO, HAIIPaB-
JeHust ux pebep COMMKAIOTCA, YTO MPUBOIUT K OCIAOICHHIO, IPUYEM
CYLIECTBEHHOMY, HEPETYJISIPHOCTU CTyNeHYaToro 3¢ dekra.
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OTOT MOAXOMA, CTPOTO TOBOpsi, HE TPeOyeT HUKAKUX U3MEHEHUU B
BBIYHCIIUTEILHON CTPYKTYpe TeHeparopa KpuBbIX. OH naxe ocialiseT
TpeOOBaHMS K CyONMHMKCETHHOCTH, OJTHAKO TPH ITOM TIEPEKIaIbIBAaCT
YacTh BBIUUCIUTENHHBIX 3aTpaT HAa WHUIMAIM3AINI0 alroputMa. Pacie-
MJICHUE KPUBOW HA TOCIIECOBATEIHPHOCTh COMPSHKEHHBIX CETMEHTOB BCE-
r/1a BO3MOXKHO, OJHAKO 3Ta 3ajJladya JIOJDKHA BBITIOJHATHCS B MPUKIIATHON
mporpamMme, KOTopasi HHUIIMATU3UPYET anmapaTHO peaJTu30BaHHBIN IreHe-
paTop KPUBBIX.

5. KpuBble be3be n nx ceoncTea

Tenepp, Korga Mbl UMEEM TI'€HEpaTOp JIEKAIbHBIX KPHUBBIX, pac-
CMOTPHUM cIienu(UKy ero NpUMEHEeHMs Uil pacTpUpOBaHUs JIMHUH, OT-
JUYHBIX OT JIEKAJIbHBIX KPUBBIX. JIEKaJbHBIE KpHBBIE MOSBUWIMCH KAk
Croco0 MaTeMaTHYEeCKOT0 OMUCAHMUS PaOOThl PACCMOTPEHHOMN BBIIIE BbI-
YUCIIUTEIBHON CTPYKTYPBI, U XOTS UX TAKK€ MOXHO HCIIOJIb30BaTh IS
3a/laHns KPUBBIX U MOBEPXHOCTEW, CIEAYET MPU3HATH, YTO B KOMIIbIO-
TepHOU TrpaUKe U CHUCTEMax aBTOMATHU3MPOBAHHOIO MPOEKTUPOBAHUS
CAIIP 5Tn KpUBBIE IOKA HE IPUMEHSIOTCS.

3a mpoleaume AecATUIeTUss ObLT MPEIoKeH psia QYHKIMM s
3aJ]aHus U yIpaBiieHUus: GopMoi JIMHUN U noBepXHOCTEH. C HEKOTOPBIMU
U3 3TUX (PyHKUIMH MbI IO3HAKOMHMMCS B AaipHeimeM. Ceiuac paccMoT-
puM HauboJjiee MOMyJSAPHBIH B KOMIBIOTEPHOM Tpauke THI KPUBBIX —
KpuBble be3dbe. OTu KpuBbIe 1a)ke peanu3oBaHbl B cucreMe Windows, Ha-
pSAy C 3JUIMIICAMU, BEKTOPAMU M MPOYUMHU rpapUuecKUMU MPUMHUTHBA-
MHU.

5.1. OnpepeneHue n OCHOBHbIe CBOMCTBA KPUBbIX
be3sbe.

MaremaTtudecku KpuBas be3ne crenenn n  3amaercs Gopmyion
—_— n . —_
P,(t)=) B,()F, t<[0,1],

i=0

rne P ={X,,Y,,Z,,...} - KoOpAMHATBl i-TOW BEPLIMHBI PA30MKHYTOI'O
MHOroyrojpHuka Py,....P,, B, (t)=C,(1—-1)""t' - 6asuc bepuuireiina,
; n! .
= ———— - OMHOMHUAJBHBIN KO3 DUIIUEHT.

"o (m=D)!
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KpuBas be3be 00magaeT MHOTUMH MHTEPECHBIMU U TOJE3HBIMU CBOMCT-
BAMU, U3 KOTOPBIX MBIl OTMETHUM CJIEIYIOIIHE:

1. KpuBas be3be HaumHaeTcs B HadalbHOW BepIIMHE Py MHOTO-
YIOJIbHUKA U 3aKaHYUBAETCS B €0 KOHEYHOU TOUKE P,

2. B HavanbHOM M KOHEYHOM TOYKax KpuBas be3pe mMmeer kaca-
TeJbHbIC, COBIIAJIAIOIIUE C HAMpaBJICHUEM BEKTOPOB (pebdep
MHoroyrosibHuka) PyP; u P, P,, COOTBETCTBEHHO.

3. KpuBas Bcerna JIeXXuT BHYTPHU BBIITYKJIOH 00OJIOUKH, HATSIHYTOM
Ha BEPILIMHBI MHOTOYTOJIbHUKA.

4. ba3uc bepHiiTeiiHa HE SBIISETCS JIMHEMHO HE3aBUCHMBIM: W3
ATOrO CIIEAYET, UTO KPUBBIE PA3HOTO MOPSAJKAa MOTYT T€OMETPHU-
YECKU OIMCHIBATH OJIHY U TY K€ JINHUIO.

5. KpuBas bespe Bcerma MoXeT OBITh IpE/CTaBlIeHA HEKOTOPHIM
CTEIIEHHBIM MTOJIMHOMOM, ITPUYEM CTEIIEHb MOJIMHOMA OMPEAEs-
€T HAMMEHBIINHI NOPSAOK KpruBOoU besbe.

6. KpuBass besbe mpoxoaut BOMM3M BEpUIMH MHOTOYTOJBHUKA,
npuyeM, 4eM OOoJIbllle YIPaBISIONIMX BEPIIMH Ha JAHHOM Cer-
MEHTE JIMHUH, TeM OJINKE K HUM MPOXOIUT KpuBasi besbe.

bazucel bepHiirelina HHTYUTUBHO MOYKHO paccCMaTpuBaTh Kak He-
KOTOpbIE LEHTPhl MPUTSHKEHUS, aHAJIOTMYHbIE MAarHWTaM, a aHaJIOroM
KPUBOM B 3TOM ciiy4yae OyJeT 3aKpeIuieHHas B KOHEUHbIX TOYKaX MeTall-
nudeckasi (ctanbHas) JieHTa. B kadecTBe mpumepa, MILTIOCTPUPYIOUIETO
nocJieHee yTBEPKICHHE, MpuBeieM Ha puc. 45 rpaduk cemericTBa 6a3u-
COB IIAATOr'O MOPSJIKA.

B,

Puc. 45. ba3zucol bepHuTeiiHAa NATOr0 NMOPAAKA
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Paccmorpum nipumep kpuBoit besse yerBeprToro nopsaka, Kpusas
besbe B, (f) obnagaeT BaXKHBIM MAaTEMAaTUHYECKUM CBOMCTBOM:

B, (=P, (O1-1)+P, ).

bnaronmapst 5ToMy CBOWCTBY MOHO 3a7aTh 3P (GEKTUBHBINA aITOPUTM BbI-
YUCJICHUS 3HAUYCHUSI KPUBOM MO 3aJJaHHOMY HapameTpy f. DTOT aJropuTMm
HAa3bIBACTCA AITOpUTMOM pacuierienns Kacrenpto. EMy coorBeTcTByeT
cleayromas peKypcuBHas npoueaypa:

Point3D Bezier (Point3D P[], double t, int n, int i)
{
if(n == 1)
return Point3D(P[i] * (1.0-t) + P[i+1] * t);
else
return Bezier (P, t, n-1, i) * (1.0-t) +
Bezier (P, t, n-1, i+1) * t;

UYrobwl creHepupoBaTh N Touek KpuBoil be3pe 4-ro mopsnuka ciemyer
CHENaTh BBI30B MPOLENYpPhl Bezier () N pas.

Point3D P[5] = { ... }; // KoopOrHATH BepIMH
//{{X0,Y0,20}, ..., {X4,Y4,7Z4}}

int N = 100;

double dt = 1.0 / N;

for (double t=0.0; t<=1.0; t += dt)
{

Point3D Pt = Bezier (P, t, 4, 0);
Draw (Pt) ;

DTOT AITOPUTM
oy (0)=Fy,,(0(A=0)+ P, , (1)t

peaNn3yeT TakKe BBIYUCIUTENIBHYIO CXeMY, H300paKeHHYI0 Ha puc. 46.

3neck PE (Processing Element) umeet 2 Bxoaa u oauH Beixoa. Ha
BXO/JI TIOJIAIOTCSI JIBE TOYKHU, a C BBIXO/Ia CHUMAETCS OJTHA TOYKA, MOJIOMKE-
HUE KOTOPOH PaCCUNUTHIBACTCS O (opMyIie

] j+1
Qout = Qilntl + Qzlr:— r.
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P(t)

PE VYposenp 3
PE PE Yposens 2
PE PE PE Yposenp 1
PE PE PE PE VYposers 0
PO Pl P2 P3 P 4

Puc. 46. Borunciaure/bHas CTPYKTYpPa, peajau3ylomas
aaroputm Kacreibio

[Ipu peanuszanuu 3Toil onepauuyu HEU30€XKHO XOTS Obl OJHO LIEJIOYHC-
JEHHOE yYMHOXeHHe. OTMETHM, 4TO mapamerpel ¢, ¢, =1—t ABISAIOTCA

MMOCTOSHHBIMU Y OJMHAKOBBIMU i1 Bcex PE mpu 3aanHOM 3HaueHuu f.
[IpuBeneHHAs BEIYMCIUTENbHAS CXEMa UMEET OUYEBUIHYIO PEKYPCUBHYIO
CTPYKTYDY.

JlaHHas BBIYMCIIATENbHAS CTPYKTYpa IONMYCKAET almnapaTHy pea-
mu3anuto. [Ipyu 3TOM MMeeT MecTo pacnapauieIiBaHUE BBIYUCIUTEIBHO-
ro mIpolecca, 4YTO CYLIECTBEHHO YBEIMYUBAET CKOPOCTb BBIYMCIICHHM.
IIpu mporpaMMHONM peanu3aluu AJisi BBIYMCICHUS TOJOXKEHUS OJHOU
TOYKH KPUBOW TpeOyeTcsi MmociieloBaTeIbHO BBHIMOIHUTH 10 pa3 omepa-
o PE (ms kpuBoit 4-ro mopsiaka). [lpu anmapatHoi peanuzaiuu aj-
ropuTMa TaKMX MOCIEAOBATENbHBIX ONepanuil morpedyercs Bcero 4, a
€CJIM IPUHSITH BO BHUMAHUE, YTO /I paCTPUPOBAHMS KPUBOU HEOOXOIH-
MO IIOCJIEIOBATENBHO PACCUUTHIBATH IOJOKEHUE MHOXKECTBA TOYEK, TO,
MPUMEHSIST KOHBEHEpHYI0 00paOOTKy, MOYKHO BBIMIOJHUTH PAacueT IMOJIO-
YKEHHS OOHOM TOYKHM 3a BpeMs | takt PE.

[Ipopomxum wuccienoBanue kKpuBoil bespe. OueBUAHO, UTO TPU
paCILECIUIEHNH KPHUBasi yKOPAYMBACTCS U CIPSAMIISIETCS, TIPU 3TOM CTEIIEHb
ONMCHIBAIOIIETO €€ MOJMHOMA TakKe JO0JDKHA yMEHbIIAThCA. OLeHuM
CTENEeHb YMEHbIIeHUsI Kod(pulmeHTa npu crapuieid CTerneHu MoJuHOMa
t" IIpU €ro OJHOKPATHOM paclleIuIeHuH. PaccMoTpuM anropurtM paciie-
IUJIEHUS HA puMepe puc. 47.
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Puc. 47. LiuniocTpauus ajJropurmMa pacuieryieHust
kpuBoii be3be

Puc. 47 nnnmroctpupyer paboTy aiaropurma paclielluieHus, B pe-
3yJIbTaT€ KOTOPOTO Mbl U3 MCXOJHOW KPHUBOM IMOJYUYUIIN JIBA COIPSIKEH-
HBIX CETMEHTA, KaXIbli U3 KOTOPBIX TAKXKE SBIISIETCS KpUBOU besbe Toro
e TOpsJIKa:

D plo] plnl
P(< PO, P"> )

/N

B(< pinl plol
P(<P"™,.. P >1t)

Ecmu xpuBas pacumieruisiercss nononam (¢ =0.5), TO MOJIOKEHUE TOYEK

P MoxkHO HaitTH O hopMyITe

HOCJ’IG,Z[HG@ YTBCPIKACHUC NOKA3BIBACTCA 110 HHAYKIIHUH.
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5.2. MNoBblWeHUe N NOHUXEeHUe nopsaka
KpnBou besbe

KpuBas be3be MoxkeT ObITh MpeACTaBICHA B BUAEC CTEIICHHOTO T10-
JINHOMA

P, (t)=> (-DFCLA, L,
k=0

k
re A, = Z(—l)’C . P.. I3 mpuBeneHHON BbImie (OPMYIIBI BHIHO, YTO
i=0

BO3MOXHa CUTyalluA, KOoraga An = O, B 9TOM CJIy4adcC CTCIICHb ITOJIMHOMA

OyzeT MeHbllle mopsaka KpuBod besbe, U3 KOTOPOM ATOT MOJIMHOM ObLI
Iojay4eH. Tenepb MOXKHO M3 CTEIIEHHOI'O MOJMHOMA IOJYy4YUTh KPUBYIO
be3bpe menbLIerO NOpsIAKa.

ITokaxxeMm, 4TO MeXIy BEpIIMHAMU HCXOAHOM KpUBON bespe u
BEpILIMHAMH KPUBOM MEHBIIEr0 MOpPsJAKa UMEETCs mpocras cBsa3b. Ilycts

Z, (<Zy,.,Z, , >t)- xpuBas besbe n—1 mopsanka. IlpuHuMas Bo

BHUMAaHHE, YTO l=(1-¢)+¢, yMHOXHUM ZH (t) ma 1:
P(<P,..P.>0=[0-0+t|Z (<Z,,..Z,, >1)

U, TpUpaBHAB KOA(DPUIIMEHTHl (BEPILIMHBI) MPU OJUHAKOBBIX Oa3ncax

JIBYX KPUBBIX OJMHAKOBOI'O MOPSAKA, HAXOAUM QJITOPUTM IMOHUKEHUS

nopsizika KpuBoil besbe Ha 1 (npu ycnouu Kn =0):

= n
Z, =

Bk

P, k=0,.,n—1.
n—k n—k

IloBbIIeHne nopsiaka KpuBor Ha | BO3MOKHO Beeraa. [ns aToro
HAJI0 JIUIIb NEPECYUTATh NOJI0KEHUE BEPIINH IO (OpMyIIe

P, :ka_l +(1—%)Zk, k=0,..,n.

n

[IpuBenemM WLTIOCTpaIMIO U3MEHEHUS MOPsIKa KpuBoi (puc. 48)
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B (1) =Z,(1)

B(1)=2,(1)

P =7

F =2, P =27, F =2, ! ’

Puc. 48. IloBbimienne nopsiaka KpuBbix be3be 2-ro u 3-ro mopsiaka
HA eAUHHULIY

N3meHenne nmopsiaka KpuBoi be3be - CBOMCTBO BechbMa JIFOOOIBITHOE, HO
KaK €ro MOXHO HCMojb30BaTh? Haiinem xodpduiiueHTs Tpu crapiiei

cTerneHu ! CerMEHTOB paclIeIIEHHON HOMoNaM KpuBoii besbe
A S
A=A =27"A,

rae A, - k03hGUIUEHT Py cTaplieii CTeneHu ¢ ucxomHoi kpusoi be-
3be, A, - KO3(OHUIUCHT IPU CTaplIeil CTENeHn ¢ JIeBOr0 CerMeHTa Kpu-

BOW Tocye pacuieruieHusi, A, - K03()GUIIMEeHT NpHu cTapuield cTerneHu ¢

MPaBOTO CETMEHTA KPUBOU MOCJE paCIICIIICHUS.

CnenoBaTenbHO, TPHU PACHICINICHUH KPUBOW OHA YKOPAUUBACTCS U
crupsamisiercs. O4eBUAHO, UTO, MOBTOPSS NMPOUEAYPY PACIICTUIEHUS HaL
KOKABIM W3 CETMEHTOB MHOTOKPAaTHO, Mbl JIOCTUTHEM YCJIOBHUS
A,=[A,
KpPUBOW M €€ aHaJOrOM MEHBUIEr0 MOPSAKA CTAHET MEHBIIE MOJOBUHBI
pa3mepa mnukcens. TakuM o0pa3oM, Mbl MOKa3aJiM, YTO PaCIICIUICHHUE
KpuBOW be3be MOXKET COMPOBOXKIATHCS MOHWKEHUEM €€ MOPAJIKAa U Ha-
UM OOBEKTUBHBIN KPUTEPUN I MPUMEHEHHUS TOHWKEHUS TMOpPsIKa
KPUBOM.

[TonmydyeHHass BbIIIE OIIEHKA MOTPEIIHOCTH TOHWKEHUS TOpPsIKa
KPUBOM OCHOBBIBAJIaCh HA NPEJCTABICHUH KPUBOM be3be B CTENEHHOMU
dopme. OtOpachiBas MOCIECIHUM YJICH MOJWHOMA, MBI MOJYyYaJId IPH-
OJIMDKEHHBIN TTOJTMHOM, TIPUYEM HauOOJIbIast MOTPEITHOCTh TPUXOIUIACh
HAa KOHECYHYIO TOYKY KpHUBOH. BO3MOKEH Apyrou mnojaxoj, npu KOTOPOM
MOTPENTHOCTh OyNeT pacmpeserneHa 1mo Bced IMHe KpuBoi. Jljis 3Toro
CJIEyeT NMPEJICTaBUTh KPUBYIO be3be B BHAE CTENEHHOIO MOJIMHOMA, KO-

<O.5, TO €CTb MOMCHTA, KOraa pa3jinduc MCKIY PICXO,Z[HOﬁ
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TOPBIH, KaK U3BECTHO U3 MAaTEMaTHKH, BCETJa MOXKET ObITh Pa3jiokKeH I0
KOCHHYCaM.

OTtOpackiBast MOCIEIHIO TAPMOHUKY, MbI IOJIYYUM HPHUOIUKEH-
HBII TPUTOHOMETPUYECKHUI MOJIMHOM, KOTOPBI MOKHO MpeoOpa3oBaTh B
dbopmy besbe, HO yke MeHbIero nmopsiaka. Hareit nenbro OyaeT oneHuTh
aMIUTUTYJy CTapuiedl TapMOHUKH WU TPEUIOKUTH AITOPUTM IepecyeTa
nomHoMma u3 Gpopmbl besbe B TpuronoMerpuueckyto Gopmy u o0patHo.

ITokaxewm, uro kpuBas besbe 13n () PKBHBaJEHTHAa TPUTOHOMETPHU-

YECKOMY ITOJIMHOMY BHJA

Zo,n(f):zzk coskr, 7 €[0,7].
k=0

JlokazarenbCTBO MpoBeaeM o uHAyKiuu. [lpu n=1 130,1(1‘) 3a/aer

YPaBHEHHE NPAMON, mpoxonsduei dyepes touku £, u B . IlpupaBHuBas

Zy,(7) = B, (¢) , HaxouM apameTpbl TPUTOHOMETPUYECKOTO TIOJTMHOMA!

Zo:%(po"‘ 1), 21:%(}30_131), 7 = arccos(l - 27).

|

Takum 00pa3zom, ocHOBaHME MHAYKIMH J0KazaHo. Jlanmee, mpuHUMAas BO
BHUMAaHUE, YTO I KpUBOM be3be crpaBeyInBO COOTHOLIEHNE

By, ()=(1=0F,, (1) +1P, (1),

moJydacM aHaJIOITrMYHOC COOTHOUICHUE JIA TPUTOHOMCTPHUUYCCKOI'O IIOJIN-
HOMa.

Z,,(r)= %(1 +c087)Z,,_(7)+ %(1 —cos7)Z,, (1),

4 4 ~ 4 —+ ~+
Orcrona, cuurast MOMMHOMBL Z, ((<Zy,...2 >0 U Z,,(<Zy,.... | >,T)

HU3BCCTHBIMH, HAXOAHUM.:

n—1
ZOn(T):%(ZO_ —ZJ)COST-%—%Z(Z; +Z,‘;)coskr+
1n—1 _ _ 0 1’1—1 R .
+ZZ(Z,; —Z,':)cos(k—l)r—kZZ(Z,; —Z,j)cos(k—kl)r.
k=1

k=1
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N3 »sTOro BBIpaXKEHUS MOXXHO BBIpa3uTh Ha0Op MMapaMeTpoB

—

<ZO,...,Zn> noauHomMa  Z,,(r) uepe3 mapaMmeTpbl  OJIMHOMOB

Z, n_1(<ZO_,...,Z;_1>,T) I/I Zl,n(<ZJ,...,Z;>,7). Pewenne 3Toi 3amaun

yAOOHO MPEICTaBUTh B MATPUUHOU PopMe:

rac

—

AI’Z

A, +G3,,

A, (ZO,...,Zn) - Habop k03(pPUIUEHTOB NOIUMHOMA ZO,n (),

(ZO‘ +ZO+)...,%(Z;_1 +Z;_1)Oj,

o1 0 0 0O | O O0O0ODO
1 0 1. 000 | 0O0TO0ODO
o1 0100 | O0O0TO0ODO
o 01010 | O0O0OO0ODO
G,={0 0 0 1 01 | O O O O
- - - - - - | = = = -
0 000 0 0 | 0O I O
0O 0000 O | 01 01
o 0 000 O | O0O0OT1FDPO0

HOJ’Iy‘ICHHBIe BBIIIIC COOTHOLICHUA AOKAa3bIBAIOT 3KBHUBAJICHTHOCTD

noJuHOMOB By, (t) n Z,,(7), HO HE NO3BOJISIET BBIPA3UTh NapaMeTphl OJ-

HOIr'O MOJIMHOMAa 4epe3 M3BECTHBbIE mapaMeTpsl apyroro. Haknem anro-
PUTM, II0 KOTOPOMY PEILIAECTCA 3Ta 3a7a4a, U MOKaXKEeM, YTO OH JOIyCKAaeT
LEJIOYMCIICHHYI0 PEATTU3ALMIO.

HGJ’IBIO AJITropruTMa ABJIACTCA HMOCTPOCHUC MATPUIBI IIEPECUCTA HA-

6opa ko3 unrentoB <Z> B Habop <P> u ob6patHO

zlml _ ¢ P[m],
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rie P = (]30,...,}3,”) - MaccuB K03 (HUIIMEHTOB MOJIMHOMA (1),

On
ACES (Z . )- MAaccHB Ko3(QHUIHEHTOB onuHoMa Z, (7),
S, - MaTpuua pasmepHocT (m+1)x(m+1).

JInst ynpoIeHus: MaTeMaTHYeCKUX BBIKIIAJIOK IIPH HaXO0XKIACHUN MaTPHIIBI
S~ BBeIEM CleAyIolIre 0003HAYCHUS:

m

0
0
A_ = m—=1 O A+ =
0
0

3
SO O O O
3
L

5, ==&, -A%,).

O1crona HaxoauM

SUT = Sl 4 A S0,

m

rje S,Ei] - 1-1 CTpOKa MaTpuusl S, , 5,[;_1]—@—1) -s1 CTpOKA MaTpuusl o, ,
SU_ (i4+1)-1 crpoxa matpuus 5, AY - i-g cTpoka MaTpuip! Am,
S50, Am - MaTpuIlsl pazmepHocTu (m+1)x(m+1).

Jlns Toro, 4yToObI MpeAsaraeMblii aITOPUTM MOXHO ObUIO MCHOJIb-

30BaTh, HEOOXOAMMO HAlTH OCHOBaHUE peKypcuu. Tak Kak

TO
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Peanuzysi pacCMOTpEHHBIN alrOpUTM, IOCIEIOBATEILHO HAXOJAUM MaT-
puusl S,,...,S,,, 94TO U SBISAJIOCH LEIBI0 HAIIEro uccienoBaHus. OTMe-

mo
THM, 9TO MaTpuipl S, yA00HO mpencTaBuTh B Buge S, =2'">"L . To-
raa matpuna L, Oyzner copeparh JIMIIb LETOYUCIEHHbIE KO PUIUECH-

Thl. Ha sTOM 3anmauy npeactaBienust KpuBoil be3be B BUEe TPUTOHOMET-
PUYECKOTO MOJMHOMA MOKHO CUUTATh PEHICHHOM.
[IpuBenem C-koj, peanu3yrouuil JaHHBIA aITOPUTM pacueTa MaT-

pHIL.

void BezierToCos (int k)

{
static long P[10][10],
static long S[10][10], D[10][10];
int 1,73;

for (i=0; i<k; 1i++)
for (3=0; Jj<k; Jj++)
P[i]([J] = M[i][3J] = R[41][J] = S[1i][J] = D[i][3j] = OL;

int n=1;
for (int L=2; L<=k; L++)
{
n <<= 2;
for (i=0; i<=L-1; i++)
for (3=0; j<=L-1; J++)
M[i][3 1 = P[i][3+1] = D[i]I[3];

for (1=0; i<=L; i++)
for (§=0; j<=L; j++)

for (1i=0; i<=L; 1i++) R[0][1] <<= 1;

for (i=0; i<=L-1; i++)
for (§=0; j<=L; J++)
D[i][J] = s[i]l[31]1;

D[O 1[3] += R[1 131
D[L-1][j] += R[L-2][J];
DIL 1[3j] = R[L-1]1[J];
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if (L<k) continue;

printf ("\r\n"); printf ("N=%d",n<<1l); printf ("\r\n");
for (1=0; i<=L; i++)
{

printf ("\r\n");

for (j=0; j<=L; Jj++) printf("%7d", D[i][3]):

}

C momo1IpI0 JaHHOW MPOrpaMMbl MOKHO PacCUMTATh MATPHIIbI JHOO0r0o
MOPSZKA, HO ITIOCKOJIBKY QJITOPUTM PEAIM30BaH B LIEJIBIX YUCIIAX, TO UME-
€TCSl OTPAHUYECHUE HA Pa3psAIHOCTD MPEICTABICHUS JaHHBIX.

IIpuBenemM HECKOIBKO MATpHIl JUIsi KPUBBIX be3be 10 mAToro mo-
psAIKa BKIIFOUUTENBHO:

IR M
=20 -1 278 Bk
1 -2 1
0 6 6 10 35 20 18 20 35
56 16 0 —16 -56
1115 3 -3 -15 1
S, =— | Si=1y5|28 —16 —24 —l6 28|
3216 -6 -6 6 8 —-16 0 10 -8
1 -3 3 -1 1 -4 6 -4 1

126 70 60 60 70 128
210 70 20 -20 -70 -210
1 [120 —40 -80 -80 —-40 120
512 45 —-65 =30 30 65 —45|
10 =30 20 20 -30 10
1 -5 10 -10 5 1

S; COOTBETCTBYET BEKTOPY, a S, — mapaboure.
W3 mpuBeIEeHHBIX BBINIE MATPHI] BHJHO, YTO AMILTUTYJA CaMOMH

BBICOKOYACTOTHON FapMOHUKHU BBIYUCISIETCS 10 popmyne Z, = pa A,
n
. -
rne A, = Z(—l) C, P, - n-1 pasgeneHHas pasHOCTb. OYEBHIHO, 4TO

k=0
rapMOHHKa TPUTOHOMCTPHUYCCKOI'O IIOJIMHOMA HU3MCHACTCA B IIPCACIAX
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CBOCH aMIUIUTYbI BJIOJIb JUHUU Tpaduka moauHoma. OTOpaceiBasi ctap-
IIyI0 TAPMOHUKY, Mbl BHOCHM IOTPEIIHOCTh HE 0oliee, yeM HZ"H Ecmn

noTpedoBaTh, YTOOBI MPU MOHMKEHUH MOPSAJIKA MOTPEIIHOCTh MMOJIMHOMA
MEHBIIIEN CTENIEHH JIeXasa B IIpefenax I0JOBUHbBI €IUHULIBI ITUKCEIS, TO
MBI MOJIy9UM OOBEKTHUBHBIN KPUTEPHH ISl MOHMKEHUS MOPSAIKa KPUBOI
besne. Anroputm npeactaBieHus KpuBoit besre HaOOpOM COMPSKEHHBIX
CEerMEHTOB (KpUBBIX be3be MEHbIIEro Ha €IUHULLY IOPSAKA) MOYKHO
IIPEICTaBUTh B CJIEAYIOLEM BHJIE:

Push (<P,>); // 3arpy3ka B cTek BeplIMH UCXOAHOU KpuBoi besbe.
while (Stack is not empty) // IIoBTOpsTh, ITOKa CTEK HE OMyCTEET.
{
do // PacmiemisiTh MCX. KPUBYIO JIO TE€X IO, TTOKA HE TOSIBUTCS
{ // BOBMOXHOCTb 3aMEHHUTh €€ CETMEHTHI KpUBbIMU be3ne
// MEHBIIEro MOpsJIKAa.
P™ = Pop(<P,>); // Bepimnsr kp. besbe GepyTes U3 creka

z"=G,pM; // AMIUTMT.rapMOHUK TPUTOH. TIOJIMHOMA
1f(|1Z,/<0.5) // Kputepuii otOpoca cTapiieil rapMOHUKU
{

Push<P!">; // CerMeHT TOTOB K HOHIKCHHIO TOPSIAKA
break;

}

Split<P[“]>9Push(<P[“]1eft>),Push(<P[“]right>);// Paciueruienue
// xpuBol besbe

b
while(1);
do // Tlonn3uTh mopsI0K cerM. besbe, ecii 3To JOMyCTUMO, |
{ // ©3BIIeYb UX U3 CTEKA
P™ = Pop(<P,>); // U3Bieun U3 cTeKa BEPIIKHBI Kp. Besbe
zM=G,p, // HaliTi aMILI. TApMOHUK TPHT. TOJTHHOMA
if(|Z,<0.5) // TlpoBepuTh KpuTEpHii OTOpPOCA CTAPIIICH TaAPM.
{
z"M >z, // OTOPOCUTH CTApIITYIO0 TAPMOHUKY
pi*1=7UG, ! // TTonusuts mopsinok kp. besbe
Out(P™'); // CoXp. BEpIINHBI HOBOT'O CETMEHTA
continue; // TlepelTu K CIeAyIOIIEMY CErMEHTY
h
break; // B cTeke 60JbIe HET MPUTOAHBIX
// 11 TOHVDKEHUS UX TIOPSIKA CETMEHTOB
b

while(Stack is not empty)
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B pesynbrare paboThl JaHHOTO aJIrOpuTMa MbI MPEJICTABUM HC-
XOJIHYI0 KpUBYI0 be3be HaOOpoM CEerMEeHTOB, KaK bl U3 KOTOPBIX OyJeT
TaKXKe SIBJIATHCSA KpUBOU be3be, HO MOpsA0K Takoil KpUBOM Oy/leT Ha elu-
HUIly MEHBLIE, YEM Y UCXOAHOU KpuBOU. [Ipumenss 3Ty npouenypy MHO-
TOKPAaTHO, MBI CMOXEM MPEACTaBUTh UCXOAHYIO KPUBYIO HAOOPOM CMEX-
HBIX KpUBBIX be3be HEBBICOKOTO MOPSIKA.

HanomuuM, 4To ObicTpasi MOTOYEUHAs TeHepalrs BO3MOXKHA JTUIIb
IUIsl KpUBbIX be3be HEeBBICOKOro mopsjka. I'eHepaTop KOHUYECKUX OYyT
MOJKET pacTpUpOBaTh JIMLIbL Napadossl (kpuBble bezbe Broporo nopsaka),
a reHepaTop JIeKaJIbHbIX KpUBBIX (Ha ocHoBe Tpex CI) moxker pactpupo-
BaThb KPUBYIO HE BbIlLIE 4YeTBEpTOro nopsuaka. Anroputm Kacrensto (de
Casteljau algorithm) MOXHO KCIONB30BAThH /I PACTPUPOBAHUS KPHUBOU
a1000ro nopsiaka, Ho ero annaparHas peanuzauus (uuciao PE orpanuue-
HO) TaK)K€ HaKJIaJbIBa€T OTpaHUYEHUE Ha CTeneHb KpuBoil be3be. Takum
o0pa3oM, MbI MOKa3aJd, 9YTO TMOHWKEHHUE MOPSIKa KPUBOH €CTh HEOOXO-
auMoe ycioBue ee 3(G(GEeKTUBHOTO PAaCTPUPOBAHUS.

5.3. lNeHepauusa KpuBbIX be3be ¢ nomMoLwbIO
reHepartopa fnekaribHbIX KpUBbIX

Ecnu HacTpouTh Bce KOHMUYECKHE MHTEPIIOISATOPHI HA TUIIEPOOITH-
yeckuid pexxnm (¢ =1/2)

x(t)=2t-1°, wn=1,

TO BBIXOJIHOW YIIPABISIONINI CUTHAN JIEKAJTLHOIO UHTEPIIONATOpa OyaeT
3a/1aBaThCsl CIEAYIOMMUMEU (HOpMyIamu:

@, (1) =4t —6t> + 48> —t*,
0, () = 4% -4t +1*,

@i (1)=2t" —1t*,

@4 (2) :t4,

a JICKAaJIbHAs1 KpruBas

;1(1‘) = ;10 + ;101(01 (1) + 212(02 () + ;123(03 () + 234(04 (?)
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OyJeT mpeCcTaBIATh CO00M HEKOTOPBIN CTETIEHHON MOJMHOM. [TocKOIbKY
kpuBas besbe P, (f) Tarke MOXKeT ObITh IPEACTaBI€HA B OPME CTEIECH-
HOTO TIOJIMHOMA

n n k o
P,(1)= Y BC (1-0)""t" =3 (-D*" Y (-)'C} P,
k=0 i=0

k=0

TO, TMPUpPaBHUBAST KOIPPHUIMEHTH TPU OJMHAKOBBIX CTEMEHSIX TMOJIMHO-
MOB A(t) u P,(¢), mony4aeMm JUHEMHYIO CUCTEMY YETHIPEX YpaBHEHHII.

Pemas sty cucreMy METOIOM UCKIIFOYEHMS, HAXOAUM CBSA3b MEXKIY BEp-
LIMHAMU KPUBOW be3be U DKBUBAJICHTHOM €M JIEKAaJIbHOW KPUBOIA:

AHAJIOTUYHBIC COOTHOIICHHUS MOYKHO [MOJYYUTb W OJIA KpHBOﬁ besbe
TPCTHCTO IMMOPAIKA

— —

1 - . 1 .. .
Py, = 4,, P1:Z(A0+3A1)a P2=Z(A4+3A3), P=4,.

ITepecuer BepiinH KpuBoM be3be B BEpUIMHBI SKBUBAJICHTHOW €1

JIEKaTbHOM KPUBOM YI0OHO MIPEICTaBUTh MATPUUHBIM MPEOOpa30BaHUEM
A=GP:

Ay, 0 0 0YPA,
Alz _ 2 -10 P12
A23 0 -1 2 0 > |
A34 0O O 0 1 P,
A 30 0), -
_»01 1)01
Ay, 1 2 =1 -
- - Plz
Ay 41 -1 2 2| =
A o 0 3)N7
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Ay Py Ay Py

P, A

Puc. 49. CBsa3b Mexay ynpaBJIAOIIMMHI BepIIMHAMH KpUBBIX be3be
4-10 ¥ 5-10 NOPAAKOB ¥ IKBHBAJCHTHBIX UM JICKAJIbHBIX KPUBBIX

IIpuBeneHHBIE MaTPULIBI COOTBETCTBYIOT JIEKAJIBHOMY I'€HEpaTopy
C TpeMs KOHMYECKUMHU HHTepHoaropamu (puc. 42, a). Ha puc. 49 nony-
YEHHbIE COOTHOIICHHS IIpeJCTaBieHbl B TpaduyeckoM Buue (<P> -
BEPIUMHBI KpUBOU besbe, a <Z> - BepLIMHBI JIEKAIBHON KPUBOU, JKBUBA-
neHTHOM nanHou kpuBod besbe). Cnenyromas cxema, COCTOSIIAs U3 Ce-
MU KOHHYECKHX HHTEPIOISITOPOB (pHC. 42, b) 1 BOCbMU JTUHEHHBIX WH-
TEpPHOJIATOPOB, CIIOCOOHA pacTpUpOBaTh KpUBbIE be3be 10 BOCBMOro mo-
psIKa BKIIFOUUTEIBHO.

Meroauka MOCTPOEHUS MATPHI] IEpECUYETa IOJOKEHUS BEPIIUH
KpuBOU be3be B BEPIIMHBI SKBUBAJICHTHOUN €U JICKAIBHON KPUBOU TOXKIE-
CTBEHHA HCIIOJb30BAHHOM Ui MNPEAIIECCTBYIOIIEH BBIYMCIUATEIBHON

cTpyKkTyphl. [IpuBenem matpuusl nepecuera Gg, Ui KpuBbIX besbe mo-
pankoB n=8,..., n=35.

3 0 0 0 0 0 0 0)
0 4 18 =52 53 -24 4 0
0 18 —-129 312 -318 144 -24 0
1 0 32 -192 424 -416 186 -31 0
Gus 23 0 -31 186 —-416 424 -192 32 0’
0 -24 144 -318 312 -129 18 0
0 4 -24 53 -52 18 4 0
0 0 0 0 0 0 0 3)
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21 0 0 0 0 0 0
4 60 -66 4 39 -24 4
18 -150 291 -24 -234 144 -24
1| 32 -192 312 32 -318 186 -3lI

%1754 31 186 318 32 312 192 32|
24 144 —234 —24 291 —150 18
4 24 39 4 —66 60 4
o 0 0 0 0 0 2
30 0 0 0 0
2 4 -6 4 -1 0
1 -4 26 -24 6 0
110 =8 32 -28 7 o0
“6=3 0 7 _28 32 -8 of
0 6 -24 26 -4 -1
0 -1 4 -6 4 2
0o 0 0 0 0 3
5 0 0 0 0
14 4 -6 4 —I
9 36 6 -24
11-8 32 12 -28
G&s:_

24 7 =28 12 32 -8}
-24 6 36 -9

0 0 O 0 15

OTmeTnM, 4TO MHOTOYTOJFHUKH, 3a/aonine kpuBble be3pe u k-
BHBAJICHTHBIE UM JIEKaJIbHBIC KPUBBIEC, pa3InYHbl. BEICTpoAelicTBHE TeHe-
paropa JeKaJbHBIX KPUBBIX, KaK OBLJIO MOKAa3aHO BBINIE, OMpPEeseTcs
BBIYMCIUTEIFHON CTPYKTYPOH (YPOBHEM €€ OpraHM3allii) U BEITUYNHOU
R, KoTOpasi BHIYMCISIETCS HaJl HAOOpPOM CTOPOH Pa3OMKHYTOTO MHOTO-
yrosibHUKa <4,>. Paccuntaem R, Hax HabopoM pebdep <A,>, u R, Hafn

HabopoM <P;>:

86



R, = max{H;ik‘ f

b, Rp :max{“Pk‘

Yk _Yk—l

Zk - Zk—l

e

5 b

DIS H‘ZI"H = max {‘Xk - X,

‘Pk H OIpeIeIIsieTCS

aHaAJIOTMYHO HAk H :

HerpynHo 3ameTuTh, 4TO0 R,> R, , TO €CTh T'€HEpaLus KpuBou besne

OyJeT BBIMOIHATHCS MEIJICHHEE, YeM TeHepalus JIeKaIbHOW KPUBOM,
BIIMCAHHOM B TOT K€ MHOTOYroibHUK <P,>. Haiins oTHomeHue R,/R,,

MOJKHO OLIEHUTh KO3 (UIMEHT 3aMeiieHus KpuBoi bes3be mo cpaBHe-
HUIO C T€Hepaluued JIeKaJlbHOW KPUBOW, BIMCAHHOM B TOT K€ MHOIO-
YIOJIbHUK.

ITycte <P;> - peOpa kpuBoi besbe, Torna A, = z g P - pebpa
i
SKBUBAJICHTHOM €M JIeKalbHOU KpuBOM. [lonyuaem oneHky

Ry
RP

< max; {Z‘gki y

Martpuiel  g,; IpUBEIACHEI BhIllle. Ha OCHOBE 3TUX pacyeToOB COCTaBJIEHA
cieayromias Tadnumna:

ITopsinok kpuBot bespe |2 | 3 |4 | 5 6 7 8
R,/R, 11125 |3 |3.6|18.7|48.9| 447

W3 Tabnuibl BUIHO, YTO reHepanusi KpUBbIX be3be BbllIe 5-ro mopsaka c
IIOMOIIBIO F€HEpaTOpa JIEKAIBHBIX KPUBBIX HelleaecooOpa3Ha. TakuM 00-
pa3oM, XOTsSI T€HepaTop JIEKAIbHBIX KPUBBIX SIBJIAETCA JOCTATOYHO OBICT-
POACHUCTBYIOIIMM YCTPOUCTBOM, €r0 BO3MOXKHOCTH B IIJIaHE I'€HEpaLUU
KpUBBIX be3be BBICOKOro nopsiaka orpaHudeHsl. OTMETHUM, 4TO yMEHb-
IIEHHE OBICTPOAECHCTBUS HUKAK HE BJIMAET HAa YCTOMYMBOCTH pabOTHI re-
HepaTopa: ObICTpee WM MEJUIEHHEEe, HO KpuBasi BCE PaBHO OYyJET creHe-
pupoBaHa.

5.4. lNpepcraBneHne paBHoMepHoro B-cnnanHa
Habopom Kpusbix besbe

Onucanue KPHUBBIX CIIailHAMH MMEET MHOIO Ka4CCTB, IIPHUBJICKA-
TCIBbHBIX IJI UCIIOJIB30BAaHHA B CUCTCMAX HHTCPAKTHBHOI'O I'COMCTPHYUC-
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CKOr'0 TMpOeKTHpoBaHUsA. Pa3paboTaHO MHOKECTBO aJIrOPUTMOB U TIPO-
rpaMMm JUIS TIPEJICTaBJICHUST KpUBbIX B-crutalinamu. Hammen nenpro siBisi-
€TCs TI0OKa3aTh, YTO PACTPUPOBAHKE CIUIAlHA MOXKET OBITh YCIEIIHO BHI-
MOJIHEHO C MOMOIIIBIO JIEKAJIBHOTO HHTEPIIOISATOPA.

N3 Teopum CrmaliHOB M3BECTHO, YTO B-CrutailH MOXHO IIpeicTa-
BUTh HAOOPOM COMNPSDKEHHBIX CErMEHTOB, 3aJ1aBa€MbIX CIEIYIOIIUM
YpPaBHEHUEM:

20 =>Z, s Bim ().
k=0

rne Z EHJ] (t) - J-ThIil cerMEHT CIUTaH-(YHKINYU, SBISIONINICS CTENEH-

HBIM TIOJIMHOMOM CTETIeHH m, J - WHIEKC CErMEeHTa CIUIaiH-(QYyHKITUH,
t €[0,1] - ckanapHbli mapameTp. B manHOM paszgene Mbl pacCMOTPHUM
TOJILKO PAaBHOMEPHBIE CIIAWHBI, JJIsI KOTOPHIX

By, ()= ii(—l)i Crtt+k=D)",

)
n! .
rae C,]f = ——— - OMHOMHUAJBHBIN KO3 (ULIUEHT.
kl(n—k)!

IIpencraBum cermMeHT Z ,[nj] () B BUJIe CTETIEHHOTO MOJIMHOMA

Cat* D Zi s 2 (=) Chy(m—i— ™"
0 i=0

J=0

/] 1N
——
200 =—
m! =
Kpusas Be3be Takike MOXKET OBITh IpeEJCTaBiIeHa B (JOPME CTEIIEHHOTO
IIOJIMHOMA

m m k
P, ()= Y B (1=0)""* 1" =3 (=) Cpt* Y (-1)'C, P.
k=0 k=0 i=0

BelpaskeHust 2 ,[n‘]](t) U }3,,[1‘]] (f) omUCHIBAIOT OJHY M TY K€ (PYHKIIHIO,
OTKyJia CJIeAyeT UX SKBUBAJICHTHOCTH. [IpupaBHUBas KO3hOUIIMEHTHI TIPH
OJIMHAKOBBIX CTETMEHSAX [, HAXOMUM CBSI3b MEXKIY YIPABISIFOIIUMU TOY-
KaMM CIUIallHa U YOpaBJISIIONIMMU TOYkaMu Kpuboi besbe, mpeacras-
Jsroniey J - cerMeHT CIjlariHa:
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k A -1 k-m _ m=i o ' .
Sy =C S 7 S e mi-
i=0 i=0

m! =0

N3 xoMOMHATOPHOM MAaTeMAaTUKU U3BECTHA CIPABEIIUBOCTH COOT-
HOLLIECHUI

k k
by => (1) Cra;, a, =) (-1)'C;b, .
i=0 i=0
N3 3TUX COOTHOIIEHUM JIETKO BUETh, UTO
s 1S s S A . amei
Pk :%ZCkZZHJZ(_l) C;h+l(n_.]_]) > kE{O,...,m}.
“I=0 =0 j=0

Takum oOpazom, Mbl Hanu GOPMYITY IS TMEepecyeTa yIpaBIIsio-
X TOYEK CIIaifHa B YIPABJISIFOIINE TOYKH €T0 CETMEHTOB, 3aJaHHBIX B
dbopme besne. [lanHas popMyna SBISETCS MAaTEMATHYECKUM PEIICHUEM,
HO OHA HE TOJXOJHWT JUIsl OBICTPHIX BhIUMCIACHUH. [IpencraBum pereHue
B MaTpU9IHON opMme

= 1

B s B =G (Z s Zi))

T
rZe: « » - olepanusl TPaHCIOHMpOBaHMs BekTopa, (G, - MaTpuua pas-
MEpPHOCTU MXMm,

k m—i
gt =>C> (=) Cl (m=i- )", k,ie[0,m].
i=0  j=0

[IpuHuMasi BO BHUMaHHUE COOTHOILIEHHE IS OMHOMHAIIBHBIX KO-
s durrieHToB C,]; =C,]f1_1 +C,]f:1, IIPEICTABUM g,[("j.] B PEKYPPEHTHOMU
dhopme
[m] _ [m] [m—1] [m-1]
ki = 8k-1i T 8k-1im1 — 81 »
rae

m—1 m
-1
kellml, gby=1, gm=>gln, — m=> g
j=0 i=0
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Tenepp Mbl MOXEM MPEIUIOKUTH MPOCTON AITOPUTM [JIl BBIYUCICHUS
MaTpUIlbl G, JIF0OOTO MOPSIAKA.

void Gm (int M)
{

static long g[13]1[13], gl[13][13];// 13 — MakcuM. MHOPAIOK
int i1i=0, j=0, F=0; // nys 32 paspAamH.LeJbx
gl0][0] = gl[0][0] = gl[1][1] = 1;

gl[O][1] = gl[1][0] = O;

for(int m=2; m <= M; m++)

{

gl0][i]; J< m; J++)
i-1]1[3]+g1l[i-1][J-1]-g1l[i-1]1[31;

for (i=0; i <= m; i++)
for (j=0; j<=m; j++)
gl[i] [J]=gli][J];
}

for (i=0, printf("m! = %$14d", F); i<m; i++)

for (§=0, printf("\r\n"); j<m; J++)
printf ("%8d", gli][3j1);

ITonp3ysAck JaHHOU NMPOrpPaMMOM, PaCCYUTAEM MATPHULBI IIepecyeTa
JUISl PABHOMEPHBIX CIUIAWHOB 3, ... ,7 IIOPSAIKOB.

I 11 11 1 0
1 4 1 0
0 8 14 2 0
110 4 2 0 1
Gy =— > G,=—|0 4 16 4 0}
310 2 4 0 4!
0 2 14 8 0
0 1 4 1
0O 1 11 11 1
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Takum oOpa3zoM, MBI TIOKa3aju, YTO CIUTAMH MOXHO TPEICTABUTH
Ha0OPOM COMPSIKEHHBIX KPUBBIX be3be, KOTophie B CBOIO OUepe/lb MOTYT
OBITh PACTPUPYEMBI C TTOMOIIIBIO T€HEpaTOpa JIEKAIbHBIX KpUBBIX. [Tomy-
YEHHE MATPHUI] MEPEcUYeTa B LEJTOUYHMCICHHOM BHJIE TAaKXKE€ TapaHTUPYET
TOYHOCTH BBIYMCIICHHI.

Harnsgaoi winmrocTpanuen MmojiydeHHbIX pe3yJbTaToB ISl CIUIan-
HOB TPETHEU U YETBEPTOM CTEMEHEH MOXET CIYKUTh puc. 50. 3aech </>
- ONOpPHBIC TOYKHW CIUIaliHa, <P> - OMOpHBbIE TOYKH KpHBOH beswe (cer-
MEHTa cCIulaiiHa). JIeBblii pHUCYHOK COOTBETCTBYET CIUIaliHAM TPEThEH

CTEIICHU, MIPABBIN - CIUIAHHAM YETBEPTOU CTEIICHMU.
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Ha puc. 51 npuBeneH npumep MNpPeACTaBICHHS PaBHOMEPHOTO
CIUTaifHa TPEThEro MOopsaKa HaOOpOM COMNPSIKEHHBIX KPUBBIX besbe
TpeTbero nopsiaka. OTMETUM, UTO MepBasi U MOCIEIHSAS. OMOPHBIE TOYKH
CIUIaliHA SBJISIOTCA «BUCSIIUMWY, UX 33IaHUE HEOUEBUIHO, OJTHAKO, €CIIU
KpHYBasl 3aMKHYTa, 3Ta Mpo0OJieMa CHUMAETCS.

Puc. 50. Ilepecuer ynpap/isiloIIMX TOYEK PABHOMEPHbIX B-criaiiHoB
3-ro u 4-ro NOPSIAKOB B YNPABJIAIINE TOYKH KPUBbIX be3be,
COOTBETCTBYIOIIUX CErMEHTAM CILJIAIHOB

[TocTpoenue crnaiiHOB (MHTEPHOISIMOHHBIX WU CIIIaXKHUBAIO-
IMX), CTPOTO TOBOPs, HE SBJISETCS HAlllel 3amayel, Halla 1elb — BU3ya-
JIA3UPOBATH 3aJaHHBIN CIUIAlH JTOCTYIIHBIMU HaM CpPEJICTBAMU, KAKOBBIMU
SABJISIFOTCS, HAIIPUMED, KpuBbIe be3be.

Z;

Puc. 51. IIpeacrasienne paBHoMepHoOro B-ciuiaiina 3-ro nopsiaka
Ha00poOM conpsizKeHHbIX KpuBbIX be3be
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5.5. lNpencraBneHne HepaBHOMepHOro B-cnnauHa
Habopom Kpusbix besbe

JI1st 3amaHus KPUBBIX UMEETCS] MHOYKECTBO METOZ0B — MeTObI Jla-
rpanxa, Opmura, besbe, B-crutaitno, NURB, Hanps>keHHBIX CIJIAMHOB U
MHorue apyrue. /{o mocieqHero BpeMeHrn HauOoJblIe MOMyIIpHOCTHIO
1oJib30Basicsl MeTo B-crmaiinoB. Jlns ynpasieHus popMoil KpuBoi Me-
ToA B-crutaiiHOB MCHOJIB3YET YNPABIISIFOLIME OMOPHBIE TOYKH, B 0OLIEM
ClIy4yae He JIe)Kalye Ha caMmoi KpuBoi. [Ipu 3ToM Kaknas ornopHas ToUKa
BIIMSIET HA ITIOBEJICHUE CIUJIaHA JIMIIb HA OTPAHUYEHHOM Y4YaCTKE KPHUBOM.
DTO CBOWCTBO HA3bIBAETCS JIOKAIBHOCTBIO CIUIAMHA U ABJISIETCSA CYILECT-
BEHHBIM JOCTOMHCTBOM TaKOI'0 CIIoco0a 3a/laHus KPUBBIX.

CrnaiiH sIBJASIETCSl  CIIMILKOM CIIOXKHOW (DyHKLIMEW AJig Hemocpen-
CTBEHHON peaju3alliy €ro B KauecTBE Ipapuueckoro NpuMHUTUBA, OJHA-
KO BCIIE€ACTBHE JIOKAJIBHOCTU CIUIAlH MOYET OBITh IPEJCTABJIEH IOCe-
JI0BAaTEIbHOCTBIO KYCOUHBIX ITOJIMHOMOB, 33JaHHbIX B (opMme besbe, 1
KOTOPBIX, KaKk ObUIO TMOKa3aHO paHee, UMEIOTCS 3((HEKTUBHBIE METOJbI
pacTpuUpOBaHus, JOIYCKAIOLIUE PEAIN3alI0 KaK IIPOIPaMMHBIMU, TaK U
aIrapaTHbIMU CPEICTBAMM.

[IpencraBineHne KpUBOW HA SKPAHE COCTOUT U3 TPEX ITAIOB:

1. AONNpOoKCHUMAaLHS UCXOHBIX JAHHBIX CIUIAHOM.

2. IIpencraBnenue craiHa B BUAE MTOCIEA0BATENILHOCTH KPUBBIX besbe.

3. TlocnenoBarenbHass BU3yalu3alus MOJYYEHHOro Habopa KpuBBIX be-
3bE.

[lepBbIil aTan pemraercss METOJaMH TEOPUHU CIIAMHOB M HE paccMaTpHUBa-
€TCsl B KOMITbIOTEpHOU rpaduke. Mbl osib3yeTcst il OJIyYeHUs CIiIai-
Ha YK€ TOTOBBIMHU airoputMamu. TpeTuit sTanm ObUT pacCMOTPEH HAMHU
panee. [Tokaxkem Teneph, YTO MPEICTABICHNE CIUIaiiHA HAOOPOM KPHUBBIX
be3be Takxke BBIMOITHAETCS 3JIEMEHTAPHBIMU BBIYHCIUTEIBHBIMU CPEICT-
BaMH.

B-crumaiin creneHu m Ha cermMeHTte [x;,x,,;| ompenensiercs BbIpa-

KCHUEM

‘ X —Xx
N = lx N (x)+ chont] N (X),

Xirm i Xigme1 — Xig1

rac
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Lif (x €[x;,x:,, 1),
0,in _other _cases.

Ni,O(x) = {

HaGop <x> Ha3pIBaeTCs y3JIO0BBIM BEKTOPOM, KOTOPBINA OMpENENsieT Io-
JIO)KEHUE TOYEK CKJIICMBAHMS KYCOYHBIX CEIMEHTOB CIulanHa. Eciu mpu-
HATb X; =iL, rae L — KoHCTaHTa, OnM3Kas K JUIMHE KPUBOM, TO MBI OJTY-

YUM PaBHOMEPHBIN CIUIaliH, KOTOPBIM MBI YK€ pACCMOTPEIIN BBILIIE.
B o6mem Buze criaiii 3amaercs GyHKIHUeH

Zr[nJ] (t) = sz—h—JNk,m (t) .
k=0

Jla mpumMepa pacCMOTPUM MPOCTEUIIINN BUJT CTUIAWHA - TUHEHHBIM.

Z(t)=ZyNo () + Z,N, () + Z,N, () +...+ Z,N,,, =
- [ t—t t, —t
Z, 0+ 2 +

ZLl _tO tz _tl

- t—t t, —t
Z, Ly 2 +
tZ_tl t3_t2

[20,1] [2,,1,] [2,,25] (15,24 ]

CyMMupys 110 BEPTUKAIX JUI KaKI0T0 JUana3oHa [f,,t,,, ], HaxoauMm:

- - - r—t

Zyw)=Z,(1-u)+Zu, u= L,
tl tO

_ _ _ t—t,
t2 _tl

- - - t—t,
t3 _t2

% % % % % % % * % %k ok ok

> 7 7 -1,
tn _tn—l
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AHaNOrMyHble BBIPAXKEHHUS] MOXKHO MOJYYHUTh Ui CIUIaiiHa JII00Oro mo-
psaaka. Omyckas yTOMHUTENIbHBIE anreOpanyecKkue BBIKIAAKH, MPUBEIEM
MaTpHIbl JJIs epecyeTa MapaMeTpoB CIUlaiiHa B OMOPHBIE TOYKH COOT-
BETCTBYIOILIUX €My KpHUBBIX be3be (i - i CerMeHT).

1. JIMHEeWHbIN CIJIaiiH

B (1 0Y Z
B.) o 1)z,)

2. KBanpatuunslil crijiaiiH

130[” I=1, l 0 Zi
Bl=l 0o 1 07,
ﬁz[i] 0 I=ty 1y Zi+2

liva " Ziyy

Puc. 52. [Ipumep napadoauyeckoro cermenta B-cniaiina
2-ro mopsiaka
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3. KyOwuueckwii crimaiin

2

Ly sl n l3slas 1 0
- Lalyy  lalay  Lyslys Lyalys 7
Ijo[,] 0 Ls by 0 i
R\ s I Zi
Pz[l] 0 t4_5 L34 0 Zii
pli] 4 t 7
P3’ 225 25 ) Z.5

0 lys Lyalys +t34t46 134

lyslss lyslys  Uislys  Lyslyg
f e

Ziy e e

Puc. 53. Ilpumep cermenTa B-cniaiiHa TpeTbero nopsijaka.

BoruncnurensHas cxema (puc. 53) MoxeT ObITh peajin30BaHa TakK-
Ke clleyronmMu GopMyIamu:

= _ 5 la 7 t13 pli > Ls 5 In
Q=2,—+Z,, ’ Pl[l]:Zi+l_+Zi+2_9
L4 14 I5s Iys
=1 1t t 5t
Po[z] Q 34 +P 2 Pz[’] =7, s 47 4
hs tzs Is Is
p t t
S=Z, 427,32, Pt = pinlis 4 ghe
I3 I3 I35 t35
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rae t,, =t —t.., |- AHIEKC CETMEHTa CIUlaiiHa, <Z> - OIIOPHBIC TOY-
KM CILTaiiHa, <t> - y3710BOil BeKTOp CIUtaitHa, <P'Y> - onopHble ToUKH i-
TOro cermentTa (kpusoit beswe). Eciu £, # 0, TO B TOUKax CKICUBaHMS

CErMEHTOB OyJlyT paBHBI BCE IIPOM3BOAHBIE CIUIaliHa. B mpoTuBHOM cCity-
qae, HEKOTOpbIE NMPOU3BOAHbIE OYIyT Pa3iIUyHBl, M CIUIAH-JIMHUS OKa-
KETCs MEHee IJ1aIKOM, BO3MOXKHBI JJake U3JI0Mbl. Bece mpuBeneHHbIE al-
TOPUTMBI U MaTPHILBI IEPECUYETA MOTYUYEHBI HAMU B MIPEATION0KEHUH, YTO
Bce 7, #0.

Taxkum oOpazom, MBI MMOKa3ajid, YTO HEpaBHOMEPHBIN B-cruiaiin
TaK)Ke MOKET OBITh IIPE/ICTAaBIIEH HA0OPOM CONPSHKEHHBIX KpUBBIX besbe,
U MIPEUIOKIIA AITOPUTM JIJIS TIepecyeTa mapaMeTpoB CIUIaiiHa B HA0OPbI
OTIOPHBIX TOYEK €ro cerMeHTOB (KpuBbIx be3ne). Ha puc. 52, 53 npuse-
JICHBI PACYETHBIEC CXEMBI ISl HAXOK/I€HUsI BepIINH be3be-cerMeHToB Juis
CIUIAaiHOB BTOPOM M TPETHEN CTEIICHEM.

5.6. PaunmoHanbHasn KpuBas be3be

MatemaTuyecku panuoHanbHas KpuBas besbe 3amaercs cienyro-
UM YPaBHEHUEM:

> wBl ()P,
R, ()="2 : t <[0,1],
ZWiBin (?)
i=0

rae {130,...,]3n} - YIPaBISAIONIME BEPIIMHBI MHOTOYTOJIbHUKA, 33a0IIIe-
ro kpuByto besve, {w,,.,w, } - BecoBble KOI()PUIMEHTHI
(w; >0, Zn w, # 0), 3amatomme opmy kpusoit, B (1)=C.(1-1)""t" -
noJitHOM bepHiureliHa, n+1- KOJIMYECTBO YIPaBISIOIIUX BEPIIMH KpH-
BOW.

['eoMeTpuyeckue CBOKCTBA pallMOHATBHOM KpUBOMl be3be O1m3Ku Kk
CBOMCTBaM CTaHIAPTHOM dJIEMEHTApHOU KpuBOM besbe, a ecinu Bce Beco-

BbIe KOA(DPUITMEHTHI <w;> paBHBI MEXy COOOMU, TO ypaBHEHHE ﬁn (t) Oy-

JET 3KBUBAJEHTHO ypaBHEHHIO P (f), u rpaduku 00OMX KpUBBIX OyayT
coBnaaarb. OTMETHM CBOMCTBA pallMOHAIbHOW KpUBOi be3be.

— —

e KpuBas HaunHaeTcs B BEpIIUHE [, U 3aKaHYMBAETCSA B BepluuHe P,.
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e KacarenpHble K KpUBOW B €€ HAa4aJlbHOM M KOHEYHOW TOYKAaX COBIIA-
JAl0T C HalpaBIEHUEM UHIUIEHTHBIX 3TUM TOukKaM pebdep F,, Hu

—

B,

—1,n :

Wn—l

RO)=n2(B-B), R()=n

WO Wn

(ﬁn _ﬁn—l)‘

e KpuBas nexuT B BBIIYKJIOW 0O00JIOYKE, MOPOXKIEHHON MacCHUBOM
YIPaBISIONINX BEPIIUH < 131 >,

e B cnydae, ecinu Bce ympaBJisitOIIME BEPIIMHBI KOMIUIaHAPHBI, KPUBAst
be3be neKUT B MIIOCKOCTH, MHITUACHTHON BEPIINHAM.

e @dopma KpUBOH OmNpenemnsieTcss He TOJIbKO YMPaBISIOMIUMH BepIIMHA-
MH < 13l >, HO 1 HA0OpOM BECOBBIX KOA((OULIUEHTOB < W; >.

e l3meHeHue noyioKeHUs! XOTA Obl OJJHOM BEPIIMHBI WJIH BECOBOTO KO-
s duLrieHTa MPUBOIUT K MOJIHOMY U3MEHEHUIO (POPMBI KPUBOM.
e PanuonanpHas KpuBas be3be BTOPOro nopsiaka 3aJaeT KOHMYECKYIO

AYTY.

AHaIOruYyHO TOMY, Kak B-CrutaifHel MOTJIM OBITH MPEACTaBICHBI HA0O-
POM COIPSDKEHHBIX CTAHAAPTHBIX KpPUBBIX be3be, CylIeCcTByeT THII
CIUIaliHOB, KOTOPBIE MOTYT OBITh MPEICTABICHBI HAOOPOM COMPSKEHHBIX
palnroHaNbHBIX KpUBBIX be3be. Takne CIutaiiHbl Ha3bIBAIOTCS PALMOHAIb-
HbiMu citaiiHamu (NURB-cmnaitnamn).

Anroputm nepecueta NURB-crialiHa BTOpOro mopsiaka, Has3bl-
BAEMOT'0 TAKK€ KOHUYECKUM CIUIAitHOM, B COOTBETCTBYIOIIUN eMy HaOop
KOHMYECKHUX YT ObLUI paCCMOTPEH paHee.

5.7. KpuBble ApMuUTa U UX NPUMEHEeHMne

MaremaTu4ecKku KpuBas 3pMI/ITa ABIACTCA IIOJIMHOMOM TPCTBCIO
IIopAaKa U 3a1aCTCA YPAaBHCHUCM

R(t)=PH}(t)+ R.H; (t)+ R,H3(t)+ P,H: (1), t <[0,1],

rae {F,,P,}- HauanbHas U KOHEYHas TOYKU KpuBou, {R,,R,} - ympas-
JSOIME BEKTOPBI KpUBOW DpmuTa, {H ,f (t)} - 6a30BbBIE MOJIMHOMBI DPMHU-

Ta Tperhero mopsaka, Bj (t)=Cr(1—1)"*t* - nommom BeprmTeiina,
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Hi(t)=By(t)+ B (t) =2t =3t +1,
H} (1) :%Bf(t) =1 —-2t* +1¢,

Hi 0=~ B0 = -1,
H;(t)=B3(t)+B;(t)=—-2t> +3t>.

KpuByro Opmuta MOKHO npeacTaButh B popme beswe:
R,(t)=P,(1-1)* +3(P, +%Rl)(l—t)2t +3(P, —%ﬁz)(l—t)tz + Bt

[TpommtrocTpupyeM rpadudecku mepecyer nmapameTpoB KpuBO DpMuTta
{P,,R,,R,,P,} B napamerpsl KpuBoii besve {P,,P,P,,P,} (puc. 54).

R,

Puc. 54. Cesa3b Mexay ynpaBJIAOIIMMHI IapaMeTpaMu
KpUBOil JpMuTa U KpuBoi be3be Tperbero nopsiaka

Kpusie Dpmuta y100HO UCIIOIB30BATh JJIsl HHTEPAKTUBHOTO MPO-
E€KTUPOBAHUSI MHTEPIIOJUPYIONIUX KPUBBIX. [Ipeanonoxum, 4To Mbl UMe-
eM Habop TOUYeK B MPOCTPAHCTBE, Yepe3 KOTOPhIC HYKHO MPOBECTH TJIaJI-
Kyro auHn0. CocTaBHas KpUBas DpMHTA IS ATOTO ciiydast OyJaeT BBITIIS-
JIETh TaK, KaK 3TO MOKa3aHo Ha puc. 53.
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Py

Puc. 55. JlokajnbHasi MHTEPHOJISALUA TOYEK C MOMOIIbIO
KPHUBBIX JPMHTA

6. 3apaHue NOBepPXHOCTEU B KOMMbLIOTEPHOMN
rpacpuke

OcHoBHbIM 3D rpadgudeckumM TPUMUTHBOM B KOMIBIOTEPHOU Tpa-
(YKe Ha CETOMHSIIHUNA JICHb SBISICTCS TPEYTOJbHUK, 3a1aBAEMBI KOOP-
auHATaMu ero BepmmH. Kak mpaBwiio, 1 KaXXa0W BEPIIUHBI 3a1al0TCS
ee 1MoJjokeHue B mpoctpanctee {X,Y,Z}, user {R,G, B} unu koopauHa-

Tbl B TeKcType {S,7}. Ecinu ToHMpOBaHHE MpEANoaraeTcsl BBIIOIHAThH

no meroay Ponra [23], TO ¢ KaxkI0W BEPUIMHON CBA3BIBACTCS €IMHUY-
HBIl BEKTOP, HA3bIBAEMbIII HOPMaJbIO, XOTs, CTPOrO TOBOPS, OH HE 005-
3aTeNIbHO JIOJKEH SIBJISITHCS T€OMETPUUYECKON HOPMAJIbIO K MOBEPXHOCTH
TPEyTOJbHUKA.

JInst 3amaHusl HETUIOCKUX TJIaJKUX MOBEPXHOCTEH HCIOJIB3YIOTCS
pa3IMuHbIe METOAbl ONTMCAHUSI TIOBEPXHOCTEH MapaMeTpuueCKuMu (PyHK-
UMM OT JBYX MapaMeTpoB. CII0KHBIC TOBEPXHOCTH COOMPAIOTCS U3 OT-
JENBHBIX KYCKOB (patch), KaxIblii M3 KOTOPBIX SIBJISICTCS TOJMHOMOM.
Takol MoIMHOM MOXHO TOHHPOBATh (PACTPUPOBATH) ABYMS CIIOCOOAMHU.
Bo-nepBbiX, €ro MOKHO MNPEICTaBUTh MHTEPHOJHPYIOIMINM MHOTOTPaH-
HUKOM, KaXK/Jas dJIEMEHTapHas TpaHb KOTOPOTO OyneT SIBISAThCS Tpe-
YIOJIBHUKOM HJIA TIPSIMOYTOJIBHUKOM. JIpyroil moaxo/l COCTOUT B pacTpu-
POBaHUU CEMEWCTBa OJNM3KO JIeHKAINX JIMHUM, JJI TEHEepaIuu KOTOPBIX
MOXHO HCIIOJIb30BaTh allllapaTHO PEaJu30BaHHBIN Te€HEpPaTOp KPUBBIX.
Btopo#i moaxoj, kak MmpaBuiio, HE MPUMEHSIETCSI, MOCKOJIbKY IMPOCThIC
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BUJICOKAPThl HE CHOCOOHBI alMapaTHBIMU CpPEJICTBAMU TI'E€HEpUPOBATH
KpuBble besbe.

Haubonee ynoTpeOUTeNsHBIMU KyCOYHBIMU (DYHKIIMSMH SIBISIFOTCS
mTyn bespe n maTun KyHnca. PaccmoTpum MeToap! X 3aaHus U UCIIOJIb-
30BaHUA.

6.1. MNatum be3be, Nx cBOUCTBA

Merton besbe aiis mpoeKTUPOBaHUSL KPUBBIX MOXKHO 000OIIUTE st
NPOEKTHUPOBaHUs MOBepxHOCTeW. Ecnu kK ABymMepHOMY HabOpYy OMOPHBIX

TOYCK IMOBCPXHOCTH < Pm , =~ HOPUMEHHUTH METOJ AC€KAapTOBa IPOU3BEIC-

HU:A, TO IIOJYYUM CIICAYIOIUICC BBIPAKCHUC:

P, (s,)=> > P.C,(1-5)""s'C/1-0)""t/, s,t [0,1].

i=0 j=0

HNMeHHO 5T0 BBIpaKeHHE MBI B JalibHElIIeM OyJieM UMETh B BUIY, KOTJa
Oynem ynomuHath m3T4 beswe. Crenyer, oqHaKO, OTMETUTD, YTO UMEETCS
€IIe OJJMH METO/I MOJTyUYeHHUS IByXIapaMeTpuiecKkor (PyHKIIMU HA OCHOBE
KpuBBIX be3pe. DTOT MeTOo1 OCHOBAaH Ha UCIOJIb30BAaHUU OYyJIEBOM CYMMBI
BMECTO JEKAPTOBA MPOMU3BEICHUSA. MaTeMaTUUeCKA TaKOM NATY 3aaeTCs

bopmymnoit

Opn(t,8) =D Py By ()+ Y. By ;BJ ()= > > P,B. (s)B](t).
i=0 j=0

i=0 j=0

B nanbHeliineM Mbl HE OyJieM HCIOJIB30BAaTh ATOT CHOCOO MOCTPOEHUS
mT9a. OH HUYEM HE XYy)KE CBOETO JCKapTOBa aHAJIOTa, HO B NMPAKTHKE
KaK-TO HE MPYKUICS, BO3MOXKHO, U3 33 €T0 HEIOCTATOYHOUW HATJISTHOCTH
Y U3JTUIIHEN CII0KHOCTH.

[IpousmtocTpupyeM TreoMeTpudeckoe 3afaHue matya besbe Ha
npumepe Oukyoudeckoro mTda (m = n = 3) (puc. 56). i 3aganus miT1-

ya be3be 1ocTaTouHO 3a1aTh HAOOP M x 1 TOYEK B MPOCTPAHCTBE. Takon
Ha0op 3a7a€T MOJIMTOHATIbHYIO CETKY (pHC. 56).
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Puc. 56. 3aganne 6ukyonmueckoro mitua besne
MOJIUTOHAJIBHOMN CeTKOM

UtoObI 00€eCIeUUTh TIJIAJIKOE COMPSIKEHUE ABYX CMEXKHBIX MATUEH, HEOO-
XOJIMMO, YTOOBI CMEKHbIE pedpa OblIM KoJmuHeapHsl. Ha puc. 57. noka-
3aHO TJIaJIKOE CONMPsKEHUE NBYX OMKyOmyeckux mitueid besbe.

26

Puc. 57. Ilpumep riaaaxkoro conpsi:keHus AByX mryei besse
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JIns rmagkoro COnpsbKeHUs ABYX IIBTYEH, Kak 3TO MTOKa3aHo Ha puc. 57,
HEOOXOAMMO 4YTOOBI OBLIM KOJUTMHEAPHBI CIEAYIONINE TPOWKH TOYEK:
(02,03,04), (12,13,14),(22,23,24),(32,33,34). B aTOM ciiy4ae mpu HUHTEp-
ITOJISIMY BO3HUKHET BU3YaJbHAsI WIUIIO3HS TJIAJIKOM TOBEPXHOCTH MHOIO-
I'PAaHHUKA.

Ecnu nima anmpoxkcumanuy MOBEPXHOCTH MCIONIB3YETCs AByXIapa-
MeTpUYecKuil B-crutaiiH, TO €ro KyCOUYHbBIE CErMEHTBhI OyIyT SBISITHCS
myTyamu beswe. g ynpasnenus gopmoit matya be3be q0CTaTOYHO H3-
MEHSITh ITOJIOKEHHUE €TO ONOPHBIX TOYEK.

6.2. lNna3oBble NOBEPXHOCTHU

B unxeHepHOU MpakTHKe KOpaOIeCTPOSHUS 10 CUX MOP MPUMEHSI-
eTcst crnoco0 3a/laHusl MOBEPXHOCTH, Ha3bIBaeMbIi I1a30BbIM. [11a30BbIe
MOBEPXHOCTH MOJYyYAIOT METOJOM JIMHEWHON MHTEPIIOISIUN TPAHUIHBIX
KpuBbIX. O000IIEHHE 3TOr0 METO/AAa U3BECTHO KaK MOBEPXHOCTH (KYCKH,
meTun) KyHca. Onyckas onrcanre MEXaHM4eCKOW peain3aliy MIa30Boi
MOBEPXHOCTH, MPUBEJEM €€ Maremarudeckoe 3ananue (puc. 58). Ilapa-
METPBI u,y, B CBOIO oOuepelb, MOTYyT OBITb MOHOTOHHBIMHU
napamMeTpuyecKUMH (PYHKIIMSAMU, U3MEHSAIOIUMHUCS B Auana3zoHe ot 0 1o

1.
R(v.0)

d Pluy)
P1y)

5 0 1

P(u,v) = B,001-v)+ P (w,l)y  P(u,v) = P(0,v)(1-u)+ P(,v)u
Puc. 58. bunivHeiiHast MHTEPNOJISIIUS NMAPbI TPAHUYHBIX KPUBBIX

BaxHpIM 4acTHBIM ClTydaeM IIa30BOM MOBEPXHOCTH SBIIAETCS OU-
JMHEWHAs: OBEPXHOCTh. [IprMep TakoM MOBEPXHOCTH NPUBEACH HA PHUC.
59.
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S(u,v) = [1300(1 —u)+ 1310”](1 —v)+ [Pm(l —u)+ 1311”]"
Puc. 59. bunvHeiiHasi TOBEPXHOCTH

Ecau npunsate, uro dyukmuun P(0,u), P(1,u), P(v,0), P(v,]) Ham u3Bect-
HbI, TO MOYXHO CKOHCTPYHPOBATh IAITY, WU3BECTHBIA KaK IOBEPXHOCTHh

Kynca. Marematuuecku matd KyHca omuceiBaercs cienytomieid hopmy-
JIOM:

S(u,v) =[Pu,0)(1-v)+ Pu,))v]+[P(0,v)(1 —u) + P(l,v)u] -
- {[1300 (1=u)]+ Boul(1-v) + [Py, (1-u) + 131114]\/}.

1.1

AL x\
1.0

&f

Puc. 60. II>tuy (kycok) KyHnca
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I'eomerpruueckn a1y KyHCca BBINVISIAUT KaKk KPUBOJWHEMHBIA UYETBIPEX-
YTOJBHUK, TTOXO0XKHUH Ha MITY be3be, 0AHAKO ero ONopHBIMU (DYHKIIUSIMU
MOTYT OBITh HE TOJILKO KpuBBIE be3be, HO U JII0ObIE MapaMeTpPUUECKUE
dynxuan  P(u,0), P(u,1), P(0,v), P(1,v). CymecTByIOT U Goliee CIOXKHbIC
KOHCTPYKIMH THTYa KyHca, yYUTHIBAIOIIME U HAIMPABICHUE HOpPMAJIEH B
BEpUIMHAX I3TYA.

6.3. TpeyronbHbI¥ N3Ty besbe

KpoMe KpHBOJIMHEMHBIX YETBIPEXYTOJIBHUKOB, CYIIECTBYET METOL
JUISL 3aJaHHsI KPUBOJIMHEHWHOIO TPEYroJIbHOrO IdTYa. MaremaTudecku
TpeyroJabHbIN MITY be3be 3amaercs hopMynoi

P(u,v,w)=> > > P, B u)B,(v)B (W)
i=0 j=0 k :

g
i+ j+k=mu+v+w=1lu,v,wc[0,1]

[IpuBeneM B KadyecTBE MpUMEpPa XapaKTEPUCTHUYECKYHO) CETKY TPEYTroOJib-

HOT'O MATYA YETBEPTOrO MOPSIKA C TPEYTrOJIbHBIMU dJIEMEHTaMUu pasOue-

Hus (puc. 61).

022 031

040

004

400

Puc. 61. 3aganue TpeyroJbHOro nmiT4ya 4-ro nopsjaKa

Puc. 60 HarmsgHO NMOKa3pIBaeT, YTO YAaCTh YIPABIAIOIIMX TOYEK HAXO-
JIUTCS BHYTPH IIITYA TaK K€, KaK B ClIydae NMPsSMOYIOJIBHOIO I19TYa, OJ-
HaKO PAa3MEIIECHUE ITUX TOYEK M UX KOJMYECTBO HE TaK O4EeBUAHO. [
TOTO, YTOOBI 00ECIIEYUTh KaCaHUE MPUMBIKAIOIIUX TPEYTOJbHBIX 3JIEMEH-
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TOB IO JIMHUY TPUMBIKaHUS, HEOOXOIUMO, YTOOBI TPaHU XapaKTePUCTHU-
YECKOM CETKH M0 00€ CTOPOHBI JIMHUU CIIMBKUA OBLITM KOMIUIAHAPHBI, KaK
3TO MPOUJUTIOCTPUPOBAHO HA pHuC. 62.

Puc. 62. KommiianapHOCTb 3alITPUXOBAHHBIX TPEYT0JbHUKOB -
yCJIOBHE TJIAKOT0 CONPSIZKEHUS IBYX TPEYroJbHbIX MATUeil
TPeThero nopsiaKa

JUisi BBIUMCIICHUSI TIOJIOKEHUS TOYKU [0 €€ W3BECTHBIM KOOpIMHATaM
u,v,w ynoOHO BOCIIOJIb30BaThCS CIAEAYIOIINUM aJIrOPUTMOM:

for 1:=1 to m do
{
for 3j:=0 to m-1 do
{
for 1:=0 to m-1-j do
{

k:=m-1-i-7;
p() _  p(-1) p(/-1) p(l-1)
gk =Wl t VPi,j+1,k + WPi,j,k+1 ;

PaGoTa 3TOr0 WTEpaTHBHOrO aIrOpUTMa JJIs MATYA TPETHErO MOpPsAKa
MPOJIEMOHCTPUPOBaHa Ha puc. 63.
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00

Puc. 63. I'eomeTpuyeckasi HWJLIIOCTPALMS PacyeTa MOJ0KEHUS TOYKH
NMOBEPXHOCTH, 32JaHHOI OTHOPOAHBIMHM KOOpAMHATAMH U, V, W,

TPEYroJbHOro mT4ya 3-ro nopsjaka

PacueT BcmoMoratenbHbBIX OMOPHBIX TOUYEK BHITIOJHAETCS MO CIIECTYIOITUM
dbopmymnam.

p(1) (0) (0) (0) p(1) p(0) (0) (0)
Py = Pypott + Pygv+ Py w Bio = Pyou+ Pyyv+ Byfw

p(1) p(0) p(0) (0) p(1) p(0) p(0) (0)
Poao = Pou + Fyzgv+ Foyy w Foi = B ”+P021V+P012

p) _ p0) p(0) (0) p() _ p0) p(0) p(0)
Pooy = Bopu + Bypy v+ Byz w ]3101—P201”+P111V+P102W

p(2) p) p) (1)
Foo = Pyt + Bygv+ Poiw
Py = Plgu+ Pyyv+ P (HW

5(2) _ ) p(1) p(l)
Pooi = Poju + Byjpv + Fypa w,

p(3) _ (2) (2) (2) D
Pooo = Poou + Fojov + Booi w - pesynbTar P(u,v,w).
OTMeTHM, 4TO IpaHHUIlbl TPEYTOJIBLHOTO MIATYA ABJISAIOTCA KpUBBIMU besbe:

By(u) = By (1—u)’ + 3P (1—u)*u+ 3PS (1—u)u® + Piyu’,
B(v)= B (1-v)’ +3B5) (1-v)> v+ 3P (1 —v)v* + B2,
By(w) = By (1= w)* +3B5) (1—- w)> w+ 3B (1- w)w® + Bipw’
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7. TleomeTpuyeckue npeobpasoBaHusA
B 3D npoctpaHcTBe

7.1. OcHOBHbIe cBeaeHus

Mps1 paccMOTpenu psifi KpUBBIX U TIOBEPXHOCTEH, HCMOIB3YEMBIX B
KOMIBIOTEPHON Tpaduke, ¥ BO BCEX CIydasX OCHOBHBIM IMapaMETPOM,
ornpeaensomuM GopMy KpUBOW WM MOBEPXHOCTEH, ObLT HabOp omop-
HBIX TOYEK - BEpPIIMH YIPABISAIONIET0 MHOTOYTOJbHUKA WM MHOTOTpaH-
HUKa. /{7151 BEIMOTHEHHS] TEOMETPHUECKUX MPEOoOpa30BaHUi — MaCIITaOH-
pOBaHUs, CMEIIECHUS, OBOPOTA 3aJJaHHOTO0 O0BEKTa HEOOXOAMMO MOJ-
BEPTHYTh ATHM NPEOOpPa3OBaHUSAM KaXKIyI0 OMOPHYIO TOUYKY JaHHOTO
o0BeKTa.

B aHanuTHueckoll reoMeTpuM MNpeaiarajics Habop MaTpPUUYHBIX
npeoOpa3oBaHUi Ui BBIIOJIHEHUS MacITAOMPOBAHUSA TOYKH OTHOCH-
TEJIBHO LIEHTpPa KOOPJAMHAT €€ CMEUICHHsI U MTOBOPOTa OTHOCUTENIBHO Of-
HOW U3 OCEH KOOPJUHAT.

Macwmabuposanue
=x-S,, y=y-S,, z'=z-S_,
x' S)C 0\ x
y' 0 0|y|l, P=S-P.
z' 0 S.\z
Cmewenue
x'=x+T,, y'=y+T,, z'=z+T,

3,2 = (e, p,z) +(T,7,,T.], P'=P+T.

Ilosopom soxpye ocu X

x'=x, y'=y-cosp+z-sinp, z' =-y-sinp+z-cose,
x' 1 0 0 Yx

y'|=|0 cosp sing| y|, P'=R_(p)-P.

z' 0 —singp cosp )\ z
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Tlosopom eokpye ocu Y
x'=x-cosy—z-siny, y =y, z'=x-siny +z-cosy,

x' cosy 0 —siny\ x
y'l=l 0 1 0 vl P'=R (y)-P.
Z!

siny 0 cosy )z
Ilosopom 6oxpye ocu Z

x'=x-cosy+y-siny, y =-x-siny+cosy, z =z

b

x' cosy siny O0)«x
y' |=|-siny cosy Ofy], P'=R_(y)-P.
z' 0 0 1\ z

MarpudHast 3amuch TEOMETPUYECKUX MpeoOpa3oBaHUl OYCHb
ya100Ha, TOCKOJIBKY MO3BOJISIET 33JaTh T€OMETPHUUECKOe MpeoOpa3oBaHue
B BHJI€ KOMIIO3UTHOW MAaTpHULbI, IMOTYYEHHON MEPEMHOXKEHUEM MaTPHI
AIIEMEHTApHBIX MpeoOpa3oBaHuii (MacmTabOMpoBaHUS U MoBopoTa). Of-
HAKO MpeoOpa3oBaHUE CMEILEHUSI HE SBISETCS MAaTPUYHOW OIeparuei,
YTO HE MO3BOJIAET B CAMOM OOIIEM clydae MOJy4YUTh MaTPUYHOE MPE0o-
pa30BaHUE HA OCHOBE MATPHIl pa3MEPHOCTU 3x3. DTOT HEAOCTATOK MOXK-
HO 00OMTH, €CIM 33J1aBaTh KOOPJAMHATHI TOUYKH OJTHOPOJHBIMH KOOpPIMHA-
TaMHU.

KoopnuHatel TOYKM {X,y,z} MOXHO 3aJaThb YETBEPKOW YHCET

{X,Y,Z,h}, tne h+0. CBsi3b MEXAY OTHOPOIHBIMU U HEOJIHOPOIHBIMU
KOOpJIMHATAMHU TOYKH OIPEACIISICTCS CICTYOIIMMH COOTHOIIICHUSIMU

OueBunHO, yTO yeTBepky {X,Y,Z,h}, 0OqHO3HAYHO 33/IaIONIYI0 MOJIOMKE-

HUE€ TOYKH, TAK)KE€ MOXKHO CUHMTATh €€ KoopJauHatamu. OJHOPOJIHbIE KO-
OpJIMHATHI 3aMeYaTeIbHbl TEM, YTO C MX MOMOIIbI) MOXHO 3aJlaTh BCE
reoMeTpuYecKue mpeoOpa3oBaHue B BUJE MATPUUHBIX OINEpalldidi U Mojy-
YUTh, TaKUM OOpa3oM, KOMIIO3UTHOE MpeoOpa3oBaHWE B BHUJAE OJHOMN
MaTpuilbl. 3a0eras Brepena, OTMETHM, YTO MpeoOpa3oBaHue MPOEHUpPOBa-
HUS TOYKA HA SKPAHHYIO IJIOCKOCTh TaK)KE BBIMOJHAETCS YMHOKEHHUEM
Ha HEKOTOPYIO MaTpUILy.
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[IpuBeneM MaTpuIlbl AJIE€MEHTAPHBIX TEOMETPUUYECKUX TMpeodpa3o-
BaHUI TOYKH, 33JITaHHOU €€ OJTHOPOIHBIMU KOOpJIMHATAMHU {X, ), z,1} .

S. 0 0 0
0O §, 0 0
Macwmabuposanue: S = < .
0O 0 S 0
0O 0 0 1
1 0 0 T,
0O 1 0 T
Cmewenue: T = J
0 0 1 T,
0 0 0 1
1 0 0 0
0 cosp —sing O
Ilosopom sokpye ocu X: R (p)= . v v :
0 sing cosep O
0 O 0 1
cosy O siny O
0 1 0 0
Ilosopom eokpye ocu Y: R, (y)= _ :
—siny 0 cosy O
0 0 O 1
cosy —siny 0 0
sin cos 0 0
Ilosopom 6okpye ocu Z: R (y)= « « .
0 0 1 0
0 0 0 1

W3 mpuBeIeHHBIX COOTHOIICHWNA BUIHO, YTO KOMIIO3HUIIUS HECKOIBKUX
mpeoOpa3oBaHUAX MOXKET OBITh 3a7aHa OJJHOM MaTpuliei G

g1 &> &; O
0
G = 81 8» &3 .
g3 &» &3 O
0 0 0 1
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[IpuBeneM mnpuMep KOMIIO3UTHOTO MPeoOpa30OBaHUs: IPOMACIITAOHPO-
BaTh OTHOCHUTEILHO TOUKH {dX, dy, dz} ¥ MOBEpHYTh OTHOCUTEIHHO OCEM
X ¥ Y, COOTBETCTBEHHO Ha YIJIBI @ W ¥ TOYKY C KOOpAUHATAMH {X,y,Z}.

G= T(dx,dy,dz,l) Ry( l//) RX((D) S(Sx9Sy9SZa 1) T(_dxa_dy’_dzal);
P=G*P.

Bce npuBeneHHBIC COOTHOIICHUS CIPABEIMBHI, TOJIBKO €CIM MBI pabo-
TaeM B MPABOM CUCTEME KOOPAMHAT, KaK MTOKA3aHO Ha pUC. 64.

/ '

z

Puc. 64. IIpaBas cucreMa KOOPAUHAT — OPHUEHTALMS OCeH

Pan rpaduuecknx OMOIMOTEK W HEKOTOPHIE CIPABOYHUKU I10
YMOJIYAHUIO TMPEANoJaratoT, 4To padodas cucTteMa KOOpAWHAT - JIeBas.
JIns mepexona OT MpaBoOil CUCTEMBbI KOOPJIMHAT K JIEBOW CJIEAYyET TpaHC-
NOHUPOBATh BCE NMPHUBEIICHHBIC BBIIIE MATPUIbI 3JIEMEHTAPHBIX I€OMET-
pudeckux (S,T,Ry,Ry,R,) mpeobpasoBanmnii M BMECTO yMHOMKEHHS BEK-
TOpa-cTonba Ha MaTpuiy P =G*P BBINOIHATH YMHOKCHHE MATPHIBI
Ha BEKTOP-CTPOKY P'=P™*G, a [PU HAXOXKJIECHUU MATPHULI KOMITIO3UTHO-
ro nmnpeoOpa3oBaHMs TIEPEMHOXKATh MATPHUIIBI HE CIOpaBa HaJEBO
(T(Ry(R(ST™)))), a ceBa mampaso (T 'S)R ) R,) T).

7.2. TMpoeunpoBaHue Ha IKPAHHYHI MITOCKOCTb

B koHeuHOM cuere, 1enbio cuHTe3a 3D 00bekTa sBisieTcs mpen-
CTaBJIEHHE €ro Ha IUIOCKOW MOBEPXHOCTU AUCIUIES WM Ha Oymare, eciu
BbI UCIOJIb3yeTe TUIOTTEP. JJIsl 3TOTO cieayeT BBINOIHUTH MPOCHUPOBA-
HUE 00BEKTa HAa DKPAHHYIO IJIOCKOCTh, KOTOPYIO MHOT/A HAa3bIBAIOT Kap-
TUHHOM MIOCKOCTHIO. CyIIeCTBYET HECKOJIIBKO METO/I0B TTOCTPOCHUS pa3-
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JUYHBIX BUJIOB MPOEKIUi. M3yueHneM MpOEKTUBHBIX PeoOpa3oBaHuil U
METOJIOB HMX IIOCTPOCHHS 3aHUMAETCA HadyepTaTesibHas reoMerpus. B
KOMITBIOTEPHOU rpadKe HAIUIA MMHAPOKOE MPUMEHEHHUE JIUIIH JBA TUIIA
MPOEKTUBHBIX MPEOOPa30BAHUN - MAPATIICIBHOE U EHTPAIbHOE MPOCIIH-
poBanus. [{ns Hac HauOONBIIUMN MHTEpPEC MPEACTaBIsECT U3YyUYCHHUE IICH-
TPAIbHOTO MPOEUUPOBAHUSA, TTOCKOJIBKY UMEHHO C €r0 MOMOIIBIO TOMY-
YaIOTCs PEAUTUCTUYECKUE U300PAKEHUSI TPEXMEPHBIX CLICH.

=0

Puc. 65. llenTpaibHoe npoeuupoBanure ToYkM (X,Y,Z) Ha IKPaHHYI0
I10CKOCTh XY

[Ipennonoxum (puc. 65), 4To och Z NPOXOIUT Yepe3 TJia3 HabJIo-
matemnst (0,0,V.). Torma skpaHHble koopamHatel (X ,Y') HabirozaeMoit
touku (X,Y,Z) MoxxHO HaiiTu crnenyromuM obpazoM. CocTtaBuM  mapa-
METPUUYECKOE YpaBHEHUE sl oTpe3ka nyua L(t)=V(I-t)+Pt, BbIXO-
nsero u3 Touku (0,0,7,) u npoxoAsuiero yepe3 npoeuupyeMyro Ha JK-
pan Ttouky P(X,Y,Z). W3 puc. 64 BUIHO, UYTO B TOUKE NEpPECEUEHUS JIy-
4OM OKpaHHOH 1wrockoctH (X ,Y) koopmuHata Z paBHA HYIIO
V.(1-t)+Z' =0, OTKyJa HAXOAMM 3HAYCHHE Napamerpa !, COOTBETCT-

BYIOIICTO TOYKEC INEPECCUCHUS JIyda C 3KpaHHOfI IINTOCKOCTBIO:
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IlonydeHHble BBIpAKEHHMS MOXKHO IPEACTABUTH KaK pe3yJbTaT MaTpU4-
HOM omnepanuu

X 1 0 0 O0)y
Y 01 0 Ofy
0O |17lo 0o 1 0
-z 00—112

V. /V I

Ilocne BBINOJHEHUS MaTpHUYIHOI'O Hp606pa3OBaHI/IH CICcOyCT pPa3acCiInTb
BCC KOMIIOHCHTHI ITIOJIYYCHHOI'O BCKTOPA Ha Cro IOCJIICAHIOIO KOOPpANHATY

Z 3k 3k,
1 ——, mociie 4yero mMbl MOJTy4aeM 3KpaHHbIE KOOPAUHATHI (X ,Y ).

z

Taxkum 00pa3oM, MbI MOKa3aJiv, YTO MPOEKTUBHOE MPEOOpa30BaHUE
TaKXkKe SBJISIETCA MAaTPUUHBIM MPEe0Opa30BaHUEM, U BECh MPOIIECC TEOMET-
pHUYECKOTro Mpeodpa3zoBaHus 00BEKTA M €ro MPEJACTABICHUE B BUJIE TOUEK
Ha SKPAaHHOW IJIOCKOCTH BBIMOJHSIETCS OJHUM YMHOXKEHHEM BEKTOpa Ha
Mmatpuity. Hepenko 0oOBEKTBI COCTOAT M3 MHOTHX THICAY TPaHEH, U T€o-
METpUYECKHE MPeoOpa3oBaHus, MPUMEHSIEMbIe K KaKJIOW BEpIIUHE Tpa-
HU, TIOTPEOJISIFOT 3aMETHYIO JIOJII0 BBIUUCIUTEIBHBIX PECYpPCOB Tpaduye-
CKOr0 mpolieccopa.

7.3. OTce4yeHMe oTpe3Ka B IKPpaHHOMU NITOCKOCTHU
(anroputm CasepneHpaa-KoxeHa)

YacTto pa3mepbl pUCYHKa B JKPAaHHON IIJIOCKOCTH 3HAYUTEIHHO
MIPEBOCXOIAT pa3Mep MoJist BeIBojaA. [ TOro, 4ToOBl M30ekKaTh HEHYX-
HBIX BBIYUCIIUTEIBHBIX 3aTpaT Ha pacTPUPOBAHUE OOBEKTOB, KOTOPBIC HE
OynyT oTOoOpakaThCsl Ha JKpaHe, ClIeIyeT 00padoTaTh OTOOpaKaeMBbIi
00BEKT, yIaJIUB U3 HEro Bce rpad)uuecKue MPUMHUTHBBI, KOTOPHIC MOJIHO-
CTBIO JIS)KAT BHE IMOJISI BBIBOJA. [I[pUMUTHBBI, YaCTUYHO JIS)KAIIUE B MOJIC
BBIBOJIA, CJICYET IMOABEPTHYTh KIMIHUPOBAHUIO, TO €CTh MOIAU(PHUIIHPO-
BaTh JAHHBIA MPUMHTUB TaKUM 00pa3oM, 4TOObI OH OMKCHIBAI TOJIBKO
CBOIO BUJIUMYIO YacCTh.

[TockonbKy, Kak ObUIO IMOKAa3aHO BBIIIEC, OOJBITUHCTBO JUHUN 3a-
JaeTCsl MHOTOYTOJIbHUKAMH, TO OTCECUYCHHE peOep MHOTOYTOJIBHUKOB OT-
HOCHTEJIHHO TPSIMOYTOJIBHOTO TIOJIS BBIBOJIA SIBJISICTCSI BEChMa aKTyallb-
HOH 3amadeii, 3 PpeKkTHBHOE pelieHne KOTOPO CITOCOOHO 3aMETHO TIOBBI-
CUTh CKOPOCTb OTPHUCOBKH CIICHBI.
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Paccmorpum momynsipueiii  anroput™ Caszepienga-KoxeHa, BbI-
TIOJIHSIFOIINI OTCEUEHHE OTpe3Ka MPSAMOYTOIBHBIM OKHOM. [Ipsimoyroms-
HOE€ OKHO, CTOPOHBI KOTOPOTO MapasuieibHbl KOOPAUHATHBIM OCSIM, pa3-
OWBaeT PKpPaHHYIO IJIOCKOCTh Ha AEBATH obOyactelr (puc. 66), KOTOphIe
KOJIUPYIOTCs cienyrormum obpazoM. Koa obmactu - 4eThipex OWTHBIN
KOJI, B KOTOPOM

ouT 0 03HavaeT, UTO TOUKA JICHKUT JIEBEE MPSMOYTOJIbHUKA,

out 1 o3HAYaET, YTO TOYKA JIGKUT BBIIIC MPSIMOYTOIBHUKA,

OUT 2 03HAYAET, UTO TOUKA JICKUT MpaBee MPSIMOYTOJIbHUKA,

OuT 3 03HAYAET, YTO TOYKA JISKUT HUKE MPSIMOYTOJIbHUKA.

1001 1000 1010
0001 0000 0010
0101 0100 0110

Puc. 66. KonnpoBanue od/1acTeil JIKPAHHOM MJI0CKOCTH

[TpuBenem C-koj amst pacyeTa Koja 00JIacTu.

int OutCode (int x, int y, // KoopAMHATHE KJIUNNMPYEMOM TOUKMU.
int X1, int Y1,// Koopzn. JieBOM BepxHEM BEPUMHH NPAMOYT—Ka
int X2, int Y2)// Koopzn. IpaBo¥ HMXHEM BEPUMHH NPAMOYT—Ka

int code = 0; // Kom ofBjacTM B KOTOPOM JIEXUT TOUKa (X,V) .
if(x < X1) code |= 0x01;
if(y < Y1) code |= 0x02;
if(x > X2) code |= 0x04;
id(x > Y¥2) code |= 0x08;

return code;

[TpuBenem C-kon [22] anis KIMOUPOBAHUS U OTPUCOBKH BEKTOpa (OTpe3-
Ka MPSIMOM JIMHUHM).

void Swap(inté& a, int &b)// BcnomoraTesbHas nOporpamMdma IJjisd
// TepecTaHOBKM IAaHHEIX.

{
int ¢ = a;
a=>»b; b =c;

void ClipLine (int x1, int y1, // KoopmmuHaTH Hauyajia BeKTopa.

114



int
int
int

int
int

x2, 1int y2,
X1, int Y1,
X2, int Y2)

codel = OutCode(x1,yl,X1,Y1,X2,Y2);
code?2 = OutCode (x2,y2,X1,Y1,X2,Y2);
BOOL inside

BOOL outside

// KOOpAOMHATH KOHIIA BEKT

opa.

// Koopm. JIEBOM BepXHEN BEPUMHE NPpaIM-Ka
// Koopm. NpaBOl HMXHEN BEpUMHE NpSIM-Ka

//Kon Hauajya B-pa
//Komo koHLAa B-pa

(codel | code2) == 0; //Becb BeKTOpP BHYTpMU?

(codel & code2) !=0;

while (!outside && !inside)

{

}

//Becb BEKTOP CHApPyXmu?

if (codel==0)//lloMeHATL MeCTaMM HAUaJI0O M KOHEell B-pa.

{

Swap (x1,x2); Swap(yl,y2); Swap(codel,code?);

}

if (codel & 0x01)

{

yl +=

}

// Clip left

(long) (y2-y1l) * (X1-x1)/(x2-x1);

else if(codel & 0x02) // Clip above

{

x1 +=

}

(long) (x2-x1)*(Y1-y1)/(y2-y2);

else if (codel & 0x04) // Clip right

{

rl +=

}

(long) (y2-yl) *(X2-x1)/(x2-x1);

else if(codel & 0x08) // Clip below

{

x1l +=

}

(long) (x2-x1)*(Y2-y1l)/(y2-yl);

codel = OutCode(x1, yl1, X1, Y1, X2,
code2 = OutCode (x2, y2, X1, Y1, X2,

inside
outside

line (x1, yl1,

X2,

(codel | code2) == 0;
(codel & code2) !'= 0;

y2); // OrTpucoBka B-pa

Y2);
Y2);

(x1,x2)

x1l = X1;
vyl = Y1;
x1l = X2;
yl = Y2;
(vl,y2)

[Ipennoxennsiii Bhime anroputMm CaseprneHga-KoxeHa MOXHO
AJIIEMEHTapHO 000OIIUTH Ha CITy4ail OTCEUeHHUs MO0 KAHOHMYECKOMY BHJIO-
BOMY KyOy. 3a/laHre Takoro Ky0a moka3aHo Ha puc. 67.
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Puc. 67. OTceyeHue Mo KAHOHUYECKOMY BHA0BOMY KYOy

OtoT Ky06 pazouBaer 3D mpocTpaHCTBO Ha 6 00JacTel, KOTOPHIE MOYKHO
3aKOAMPOBATH CIEAYIONIMM 00pa3oM:

out (0 03HAYaeT, YTO TOYKA JISKUT BHIIIIE Ky0a, y> 1,
ouT 1 03HavaeT, 4TO TOUKA JICKUT HUXKE KyOa, y <-I,
OuT 2 03HAYAET, YTO TOYKA JISKUT IpaBee Kyba, x> 1,
OuT 3 03HaYaeT, UTO TOYKA JICHKUT JieBee Ky0a, x <-1,
but 4 o3HavaeTt, 4TO TOUKA JICKHUT 32 KyOOM, z<-1,

bur 5 o3Havaer, 4yTO TOYKA JIEKHUT niepea kyoom, z > 1.

JIJis HaxOXKJIeHUsI TOYEK TMEepeceueHusi BEKTOpa C TpaHsMHU KyOa, mpe-
CTaBUM BEKTOp MapaMETPUUECKUM YPaBHEHHUEM

x =xo(1-t)+xit, y=yo(1-0)+yit, z=zo(1-t)+zt,

rae (Xo,V0,Z0) - KOOpIMHATBHI Haudalla BEKTOpa, (X1,)1,Z1) - KOOPAHHATHI
KOHIIa BeKTopa, ¢ < [0,1]- mapameTp. 3Has rpaHb, C KOTOPOM MEepeceKaeT-
Csl BEKTOp, HAXOJIMM 3HA4Y€HHE f, COOTBETCTBYIOIIEE TOUKE MEPECCUCHMUS
U 3aT€M PacCUMTHIBAEM IO U3BECTHBIM (hOpMYyJaM OCTalbHbIE KOOpPIUHA-
Thl TOUKU nepecedeHus. Hampumep, npeamnonoxum, 4To BEKTOp mepece-
KaeT BEPXHIOI TpaHb KyOa. DTo 3Ha4yuT, uro »=0, OTKyJa HaxXoaum
t=(1-y0)/(y1-y0), 4, 3Has t, paccUuUThIBAEM KOOpAUHATHI X U Z:

x=xo+(x1-Xo) £, Y=yot(y1i-yo) t.
OcranbHble BapUAHTBl PACCUUTHIBAIOTCSI aHAJTOTUYHO. BelencTBue HEKo-

TOPOM TPOMO3JIKOCTH ajJropuTMa Mbl HEe NpUBOAUM ero C-koja aiaropur-
Ma, HO €r0 MOKHO HalTH B [24].
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OTtceuenue Mo BUIOBOMY KyOy HMMEET NpPaKTHYECKOEe 3HAu€HUE,
MOCKOJIBKY CYIIECTBYET MOCIEA0BATEIbHOCTh NT€OMETPUUECKHUX Mpeoldpa-
30BaHU#, CocoOHas mpeoOpa3oBaTh MUPAMUAY BHIMMOCTU OOILETO IO-
JIO’)KEHUS B PACCMOTPEHHBIN BHI0BOM KyO (puc. 68). IIpumensis 3to npe-
o0Opa3oBaHME K KOHILIaM BEKTOpPAa, Mbl IEPECUUTHIBAEM HCXOIHBIN BEKTOP
B HEKOTOPBIN BTOPUYHBIA BEKTOP, KOTOPBIA U MOJABEPraeTcs KIUIUPOBA-
HUIO TIpeajaraéMbiM airoputMoM. llosmydeHHble KOOpAMHATBHI KOHIIOB
OTKJIMIIUPOBAHHOI'O BEKTOpa MOABEPraroTcsi 00paTHOMY F€OMETPUYECKO-
My MpeoOpa3oBaHUIO, U TAKUM OOpa3oM HAaXOAUTCA BUIUMMAs 4acThb HUC-
XOJTHOTO BEKTOpA.

4 A D’
(1, =1)
View
plane
Center of Center of
L rojection F —
projection gt Jjo ‘
-
(-, —1)
BI Cr

Puc. 68. IIpeodopazoBanne nupaMubl BUAMMOCTH B KAHOHUYECKHUM
BHI0BO# KYO [24]

Jlis pyrux rpa@uueckux MPUMHUTHBOB MOKA HE MPEI0KEHO T0C-
TaTOYHO 3P (EKTUBHBIX ANTOPUTMOB OTceueHus. OHu n1ubo oTOpachIBa-
IOTCSl LIETTUKOM, JJIS Yero CTPOUTCS BBIMyKIast 000JI0UKa MO 3aJaHHOMY
HaOOPY OMOPHBIX TOYEK, MO0, €CIIM MPUMUTHUB YaCTUYHO JISKUT B TOJIE
BBIBOJIa, KJIIMIIMPOBAHMIO MOJBEpPraeTcs KaXAblid ero nukcens. [Ipumene-
HUE KIUIUPOBAHUS MO3BOJISIET 3HAYUTEIHHO MOBBICHTH MPOU3BOAUTEIb-
HOCTh TpaHUUecKux CHUCTEM, OCOOCHHO /ISl CIEH, pa3Mepbl KOTOPBIX
3HAYUTENBHO MPEBBIIIAIOT Pa3Mephl OIS BHIBOJA.
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8. 3aknmwueHue

B manHOM mocobuu mompoOHO paccMOTpEeH KpyT MpoOiieM, CBsI3aH-
HBIX C PaCTPUPOBAHUEM JIMHUN €IMHUYHON TONHMHBL. OCHOBHOE BHUMA-
HUE YJIEAJI0Ch METOJMKAM CHHTE3a alrOPUTMOB pacTpupoBaHus. B oc-
HOBE Ka)KJIOM M3 METOJMK JISKUT HEKOTOpAs MapajurMa, peajan3anus Ko-
TOPON M MPUBOJUT K CO3AAHUIO AITOPUTMA PACTpUPOBaHUs (WIIM CeMei-
CTBa aJITOPUTMOB). B mocoOun onucaHbl iBe TaKue NapajurMsl.

[IepBast - MOCTPOEHUE YNPABISIOUIECH BBIYUCIUTEIBHON CTPYKTYPBI
Ha OCHOBE KOHMYECKHX HHTEPHOJIATOPOB. Takas CTpyKTypa peanu3yer
reHepaTop JIEKAJIbHBIX KPUBBIX U MOXET OBbITh MCIIOJIb30BAaHA Ul pac-
TpUpOBaHUS KpUBHIX be3ne HeBbicOkoro mopsnka (He Oonee 5). Ilo-
CKOJIBKY B HH)XEHEPHOM IIPAKTUKE CIUIAWHBI BBIIIE TPETHETO IOPSAKA
NPUMEHSIOTCS PEIKO, TaKOM rpadudyecKuil MPUMHUTUB UMEET HECOMHEH-
HBII NpUKIaHON uHTEpec. s pacTpUpOBaHUs KPUBBIX 00JI€€ BHICOKOTO
MOPSZIKAa MOYKHO NPHMEHUTH AJITOPUTMBI PACHICIUIEHUS U IOHUKEHUS
nopsika. [Ipemioxken 0ObEKTUBHBIA KPUTEPHUM JIsl PUMEHEHHUS MTOHU-
YKEHM TOopsiiKa KpuBou besre.

Bropasgs — npuMeHEHHE BBIYMCIUTEIBHONM CTPYKTYPBI, PEAIHU3YIO-
IEH, B MPOCTEUIIIEM €€ BapUaHTE, aJrOPUTM paclICIUICHUs KpuBou be-
3b€, U3BECTHBIN Takke Kak anroputm Kacrenbto. [Ipu HekoTopoit moau-
(UKaIMKM 3TOTO AJFOPUTMA €ro MOXKHO MCIIOJIb30BaTh ISl PacTpUpOBa-
HUS pPallMOHAJIbHBIX KPUBBIX be3be 1 KOHMYECKUX IYT.

Bonbiioe BHUMaHHME OBUIO YJEJIEHO CHHTE3Y U HCCIIEIOBAHUIO
CBOMCTB TeHepaTopa KOHMYECKHUX YT, MOCKOJBbKY A3TOT rpaduueckuit
NPUMUTUB BBIBOJA BKIJIIOUAd B ce0sl, KaK YaCTHbBIE CIydau, OKPYKHOCTH,
AJUTUIICHI U BEKTOPBHI, & TAK)KE MOT OBITh MCIIOJIB30BaH ISl BU3yaJlU3alluu
KOHMYECKOTO CIUTalHA.

PaccMoTpeHsbl Takke alropuTMbl repecdyera oJHUX (opMm B Jpyrue
(dbopmbl onmcaHusi KpuBbiX. Hanpumep, crutaiiHbl npeacTaBisuiuch Habo-
poMm KkpuBbIX be3be, KOTOpblE, B CBOIO OYepe.lb, MPeoOpa3oBhIBAINCH B
JIEKaJIbHbIE KPUBBIE, KOTOPBIE U MOJIEKATN PACTPUPOBAHUIO.

B nanHom moco6uu OCHOBHOE BHUMAaHME OBLIO YJIEJIEHO MaTeMaTu-
YeCKOMY OOOCHOBAaHMIO PACCMAaTPUBAEMBIX AJITOPUTMOB PACTPUPOBAHUS
JUHUN. 3a €ro paMKaMH OCTAJINCh MHOTHE Ba)KHbIE alrOPUTMBI: T€HEpa-
LMs JTUHUN HECIUHUYHOM TOJIIMHBI, aJITOPUTMBI 3aKPACKU U TEKCTYpPH-
pPOBaHUS MOBEPXHOCTEH, yAajJeHUe CTymneH4yaToro 3¢¢exra aias TeKCTy-
PUPOBAaHHBIX MMOBEPXHOCTEN U MHOTHE Apyrue. B mocoOuu paccmarpuBa-
JUCh AJITOPUTMBI HU3KOT'O YPOBHs, MOJJIEKAIIUE alllapaTHOW peain3a-
LIAH, & TAKXKE METO/bI NX NHULMAIN3ALIHH.
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