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OBLLIAA XAPAKTEPUCTUKA PABOTDHI

AxTyansHOCTE paboThl. ducceprauus DOCBAINEHA TEOPETHKO-IPYIIIOBBIM
H BEPOATHOCTHLIM OCHOBAHHSIM KBAHTOBOH TEOPHH.

CoBpeMeHHYI0 KBAHTOBYIO TEODHIO HEBO3MOXKHO [IPECTABATh (€3 TEOPETHKO-
I'PYITIOBHIX METO/OB, NPEIOCTABIAIONINX BeChbMa YEo6HbLH 1 3¢ deKTHBHbIH an-
napat JJIsl pellleHust NIMPOKOro Kpyra dusndeckux 3a1a4. Ocoboe Mecto 3anu-
MalOT YHUTAPHBIE IPYHIbl, BOHAKAOIIME B PA3MWIHbIX 3a1298X KaK PYNIbl
BHYTpeHHell cuMMerpuu, W rpynna Ilyankape, siBasuomasics rpynmno#f npocr-
paHCTBEHHO-BpEMEHHOM cuMMerpun. Teopust upencrasienuit rpynnsl [lyanka-
p€ JIEXKHT B OCHOBE DENIATHBHCTCKON KBaHTOBOH (HU3AKH.

Wmest neno ¢ YHUTAPHBEIMH HPENCTABIEHUSIMH TDYII, Mbl HMEEeM OIHOBpE-
MEHHO JEJI0 ¢ AMIUIUTYAAME BEPOSITHOCTH, HA A3bIKE KOTOPHIX (hOpMyIUpyeTca
KBaHTOBAA TeOpHs. TeopeTHKo-rpynnosoit u BEPOATHOCTHBIN NOAXOIBI JONOJ-
HSIIOT APYT APYra, U UCCIEOBAHAE IPHYMH U CJIEACTBHI UX B3aHMOCBS3H NIPE]-
cTaBisieT CoOON aKTYANLHYIO 3A4a1y, BAXKHYIO Ui IPANOXKEHUH.

Hens u 3anagn paboret. lensio paborst siByisieTcst H3yyeHne TPYNIOBLIX
B AMITUTYSHO-BEPOATHOCTHLIX KOHCTDYKUMH, JEXKAMUX B OCHOBE KBAaHTOBOM
TEOPHUH, TOCTPOCHNE COOTBETCTBYIOMIEr0 MATEMATHYECKOI0 AlllIAPDATA U alajinl
TPHJIOXKEHHH K KOUKDETHLIM (hH3udecKuM npobiiemam.

B uncno ocHOBHBIX 33184 BXOJUT CHCTEMATHYECKOE HOCTPOCHHE TECOPUH aM-
NUIMTY],, BEPOSITHOCTH KaK CaMOCTOSITENBION TEODHM CO BCEMH ee arpuOyTamu
— aKCHOMAaTHUKOH, pacHpeleeHHAME, NPCACIbHBIMY TeOPEMaMy, YpaBHEHUAMHU
JUIsl MAPKOBCKHX IporieccoB. Teopus aMmuinTy L BepOATROCTY TecHeHnm obpa-
30M CBfI3aHA C Teoplieid IPYII; B YaCTHOCTH, BCE OCHOBHBIE DAaCHPCACJICHNAA AJIA
aMILIUTYL, MOXKHO PacCMaTPUBATh KaK 0a3uchl HENPHBOIMMBIX TPEACTABICHHU
(HII) rpymn. Dta CBA3b HAXOMMT CBOE €CTECTBEHHOE BBIDA’KEHHE B PACCMAaT-
pusaemolt B pabore KOHUENIHH aMIUTHTY[ BEPOSITHOCTH Ha OJHOPOIHBIX IIPO-
CTDPAHCTBaX, B PAMKAX KOTOPO# MOryT ObiTh ¢(HOPMYJIHPOBAHBI MHOTHE 344K
KBaHTOROM TeopuH. [IpuMepamu Takux npOCTPAHCTB, BaXXHBIMM C TOYKH 3pe-
HHA NPUIOXKEHUH, IBAAIOTCS OJHOPOAHBIE NPOCTPAHCTBA NOCTOSHHON! KPUBH3-
Hbl, CBA3AHHBIE C YHUTADHBIMH ¥ [ICEB/JOYHUTAPHBIMH I'PDYIINAMU, ¥ OOHOPOIHEIE
IPOCTPAHCTBa rpynmst [lyankape.

HocnenoBaTensioe pa3BuTHe Teopum upencTasnenuil rpynnel Ilyankape
IPOBOJATCS Ha OCHOBC PAaCCMOTDPEHMs! 000OIEHHOIO PETYJISIDHOTO IpeACTaBIIe-
Hus (IpeAcTaBienus B IpocTpalcTBe BbyHKIUY HA PPYTIE) U METOJa TAPMOHH-
YecKOro aHanm3a. Takoe pacCMOTPEHHE TI03BONSET IOCTPOUTD B JACCATHMEPHOM
TIPOCTPAHCTBE €MHOe CKAJISIPHOE I10JIe, BKJIIOYAIOHIee M0 BCEX CUHOB. Bax-
HO¥ 3agayeil sIBJIseTCs KCCIeA0BAHYE ITOTO 0N U, B YaCTHOCTH, €0 CHMMeT-
PUMAHBIX CBOACTB M Da3JIOXKCHUE HA HENPHUBOJUMbBIC KOMIIOHEHTHI.

Hayunas HOBH3HA paboTh! COCTONT B Pa3BUTUM CHOOPMYJIHPOBEHHOTO Ha-
VYHOrO HalpaBJeHMA ¥ OTpakeHa B 3alUINaeMbIX TOJOXKCHUAX. Pazsuthie B
JHCCEPTAIMH TEOPETHUKO-I'PYIIIOBEIE H AMIIUTYIHO-BEDOATHOCTHBIC METOABI CO-
CTaBJISIOT OCHOBY JJIsl IIOCTPOCHHSA HOBBIX (DU3MYECKUX MOJENEN B Pa3inuuHbIX
obnacTax KBAHTOBOW TEODHH.

Honoxenna muccepranuy, BHIHOCH HOBHBIE 110~

JIOXKEHHUS, NPESICTABASEMBIE K 3alHTE, MOXKHRP HdTdiARA ¢1e 1y oM
HBAROTEKA
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obpasom:

1. Tlpepnoxena cxema NOCTPOEHUS TEOPUM AMILIUTYX BeposATHocTH. JaHa
TEOPETHKC-TPYNNOBas TPAKTOBKS OCHOBHBIX DACIpeleSeHHH TeOPHH AMILINTY]L
BEPOSTHOCTH, YCTAHOBJICHBI aHAJOTH 38KOHA GONBIUIMX HYHCEN H NPEENbHBIX
TEOPEM Il aMILIMTY], BEPOSTHOCTH, CBABAHHBIC C IEPEXOIOM K KJIACCHYECKO-
My Tpefeny B COOTBETCTBYIOIMX KBAHTOBOMEXAHHYECKHX 3ajadaX, B KoHTek-
CTe CBA3H C KBAHTOBO! TeOpHell CTPOUTCSA TeOpHsl AMIUIUTYH BCPOATHOCTH Ha
OJIHOPOJHBIX IIPOCTPANCTBAX; MMEHHO 9T KOHCTPYKIHs! BOSHAKAET B IIHPOKOM
Kpyre (hbu3nUeCKHX 33/a4.

2. [locTpoenn! u u3y4eHsl IICGB,IIO}IHQ)(bepGHuHMbeIC YpaBHEHHs, ONIUChIBA-
OLIHE CKAYKOOOPa3HbIe MAPKOBCKHE IIPOLECCH] IS BEPOATHOCTER W aMIUIATY/L
BEPOSITHOCTH, B PAJE CIy4aeB NOJydYeHbl TOUHbe pemeHus. OOupM Jyuist ITHX
ypaBHEHUH siBJISIeTCsl CyIEeCTBOBaHUE MaclITabHOro mapamerpa A (Hampumep,
JJIHHBI CBOBOAHOrO POBCra MM KOMITOHOBCKON JTHHBI BOJIHBL), KOTOPBIH 3a-
JAeT XAPAKTEPHYI0 BCAHYMHY ckaukoB. B npenene A — 0 ncepmomudpbepen-
UMAaJIbHBE YDaBHEHHUS TIEPEXOAT B ypasHeHHsi BToporo mopsgka (Pokxepa-
Inanka u llpeauarepa cooTBETCTBEHHO).

3. IMocrpoenst u nompobro H3ydenn korepenTHole cocrosnus (KC) rpymnn
SU(N) u SU(N,1), orsevaiomee M HCUHCICHAE CHMBOJIOB HA KOMILIEKC-
HBIX IpOEKTUBHBIX npocrpancteax CPY = SU(N + 1)/SU(N) n CDV =
SU(N,1)/SU(N). Hepexon x kiaccudeckoMy Ipefesy NPOAHATH3APOBAH B
TePMHHAX KOBAPHAHTHLIX CUMBOJIOB oneparopos. Paznuunsie Tunst HII rpymnn
SU(N) nocrpoeHst B IIPOCTPAHCTBAX MOIUHOMOB OT KOMMYTHPYIOLIMX U aHTH-
KOMMYTHUPYIOUIUX NEPEMEHHBIX.

4, KBa3uknacCHUeCKHe PeSTHBUCICKUE YPABHEHUA IJIA YacTHHL! B Healbe-
nieBom none (ypapHenust Bonra) nonydens! Kak ypasHeHust aj1st sBomouun KC
rpyun SU(N), 4ro no3Bonuiio yka3aTh 001acTh ux npuMenumocry. Ilpn srom
ansa spomonu KC, ceazannsix ¢ pyngamenransupivu HII, monyvensr HoBbie
YPaBHEHMsI, CYIIECTBEHHO OTJIHYAJOUIMECs: 0T KBasuKIaccuieckux. C nmoMompio
CHMBOJIOB CTPOKMTCSI MHTErPAJI 110 yTSM JUTsl YaCTAIL B HeabesleBOM molle, NpH-
4eM B 3aBUCHMOCTM OT THII MPE/ICTABJACHUN HCHOJAL3YIOTCS KOMMYTHpPYIOLIUC
Jnb0 AHTHKOMMYTHPYIOIIYE [IEpEeMEHHBIE,

5. Togpobuo uccinemoBanb koaddunuentsl Knebma-Toppana (KI') rpymn
SU(2) u SU(1,1) B 6azuce KC n Buepssie BBeaennble koadpdunuentst KI' B
cMelanubix Oasucax. ITokazaHo, 4To noceHEE MOTYT ObITh BLIPAXKEHBI Yepe3
nonunomsl fIkobu. Teopus kosddunuentos KT, pxiiowas dopmyns oproro-
HAJbHOCTH, NPOU3BOAsiMe (YHKIVMH ¥ UHTETPaJbHLIE npencrasienusi, dbop-
MYJIUpyercs eiuHBIM 06pa30M 1JiA pasiiMdHbIX THI0B 6a3ucos. [okazano, uro
B ormimuue ot xoaddumuentos KI' 8 quckperiom 6a3uce, npu Gosbidx cKia-
JblBaeMbix MOMeHTax kxoahduuuentst KI' B 6a3uce KC cymecTBenHo 0TaMYHBL
OT HyJist JIMUIb B MaJiO¥ OKPECTHOCTH 3HAUEHUs! PE3YJIBTHPYIOLWIEr0 MOMCHTS,
OIIPCAEJISIEMOrO KIIAcCHIecKoil hopMyNIOH COXKEeHUs MOMEHTOB.

6. Iocrpoeno ckansipoe noue f(z,z) va rpynne Ilyankape, rae £ — Koop-
JMHATHL B IPOCTpaHCTBe MUHKOBCKOIO, a z — KoopauHaTht Ha rpynne Jlopen-
ua. Pagpaborannasi B paGore ofmas cxeMa aHajIH3a HCHONBL3OBAHA JIS CItydast
APOCTPAHCTB IBYX, TPEX ¥ YEThIpeX H3MEPeHul. DTO [oJe BKIKYAET HOJIS BeexX
CIIMHOB M CIYXKUT HpOM3BOAAIIeH bYHKUHER ISl CIUI-TEeH30pHBIX nodeit. [To-
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Ka3aHO, YTO JTO [0JIe 3aMKHYTO TAKXK€ OTHOCHTEILHO JHCKPETHBIX npeobpaso-
BaHHM, YCTAHOBJIEHH! €10 CAMMETDHH.

7. Oneparopsl Hpoekiuil cnuHa JUid 0Ois Ha rpyumne Ilyankape crpositest
Kak onepaTophl JuddepeHIUpOBaHNs N0 CIHHOBLIM LIEPEMEHHBIM Z U UX fAB-
HbIM BHJI HEe 3aBUCHUT OT BEJINUMHL! criMHa. [IokazaHo, 9To nepexof K OOLIYHOMY
OIMCAHUIO NOCPCACTBOM MHOTOKOMIIOHEHTHBIX (DYHKIHMHE 9,(Z) OTBevaeT pa3-
JEJIeHNI0 POCTPARHCTBEHHO-BDEMEHHBIX M CIIMHOBBIX NEpPeMeHHbX, f(z,2z) =
3" 6n(z)¥n(z), THE Pn(z) B Yy(z) mpeobpasyoTest MO KOHTPArPAJHEHTHBIM
npefcraBiaeduaM rpynnst Jlopenna.

8. PasnuyHble THIBI PEISITUBUCTCKUX BOJIHOBBIX ypaBHeHu# (PBY) nonyua-
IOTCA B PAMKAX PasJIOKEHHs] CKAJISPHOTO HoisA Ha rpymnne IlyaHkape ¢ nmomo-
IbI0 PA3JINYHBIX HAGOPOB KOMMYTHDPYIOIINX ONEPaTOPOB, BKIIOYaHe PyHK-
IIMM KAK JIEBBIX, TAK M INPaBbIX reHepaTopoB. JlaHa MHTEpHOpeTauus KBaHTO-
BbiX YMCeJl, OTBEUAIOIIMX NPaBHIM reHepaTopaM rpyumns! Ilyankape. Pauce nox-
XOfl, OCHOBAHHbIA Ha WCIOJL30BAHMK MaKCUMAJbHOTO HabOpa KOMMYTHPYIO-
KX OEPATOPOB Ha I'PYIIE, BKIIIOYAIOENO NpaBHle TEHEPATOPH, CUCTEMATH-
YecKH MPUMEHSJICS JIHIUIb B HEPENSTHBUCTCKONW Teopun porartopa. [Toxazamo,
YTO B YETHBIX Pa3MEPHOCTIX paccmorpexne PBY, uHBAPHAHTHBIX N0 OTHOMIE-
HHIO K IIPOCTPAHCTBEHHOMY OTDAKEHHIO, TPeDyeT HCIIOIb30BAHUE PEHEPATOPOB
rpynn SO(D, 2), siBisiioluxcst paclzpeHreM COOTBETCTBYoMX rpyn Jlopen-
ua SO(D,1). B pamkax kiaccudHKaluu CKaaspHbIx GyHKImA Ha rpymme Ily-
AHKAPE MBIl TAKXKE IIOJY49aeM YPABHEHUS JJIs IIOJIOKATENLHBIX SHEPruit, TOIyc-
Kaione aMIUIMTYLHO-BEPOSTHOCTHYIO MHTEPIPCTAKIO U CBA3AHHBIE ¢ OecKo-
HEeYHOMEDHLIMY YHHTAPHBIMH OpejcraBiicHuaMu rpynns! Jlopenuya. Hapsny ¢
aJbTePHATHBHBIM OMHCAHHUEM INOJIeH LENbIX U MONYNENbIX CITMHOB, 3TH YpaBHe-
HUsl OIIHCHIBAIOT TOJIs XpOOHBIX CHHHOB B HpocrpaHcTBax 141 u 241 m3mepe-
HHUH.

9. JduckperHble MpeobpasoBaHus ONMPEAENSIOTCS KAK YACTHBIA ciiyval cuMm-
merpuit nosst ua rpynne Ilyankape. VIM oTBevaloT MHBOJIOTUBHLIE 3BTOMOD-
¢busmnl (BHemnue n BHyTpennue) rpynubl Ilyankape, pelicryiomue B mpo-
crpancrBe dbynxiuit Ha rpynue. Ha atoit ocHoBe 6Ge3 Kakux-jubo JONOIHU-
TCABHBIX MOJEJLHBIX IPCATNOIOKEHUH WK ucnonbloBaiusa PBY smiBogsiTcs
33KOHBI NPeoOpa30BaHust [TOJICH NPOUBBOJILHOTO CIIMHE H CTPOATCA NPEHCTAB-
nenus paciupennoi rpynnst [lyankape. [lokasano, 9T0 TeOPETHKO-TPYNIIOBOR
BBIBOJ, IIMPOKOIO KJIACCA YDABHEHUH MOXET ObITh JaH JIdllib HA OCHOBE pac-
CMOTperus pacumpenuol rpynnel [lyankape: MMEHHO XAPAKTEPHCTHKH Hpeil-
CTaBJIEHHH PACHIBPEHHON IPYIINBL B PSJIE CIIYYAEB ONpENeNsioT 3HAK MACCOBOI0O
ynena PBY.

Bee uccienoBanns, onpefeUBIITE 3allULIAEMLIC TTOJIOXKEHHS, BHIHOJHEHbI
JIIYHO ABTOPOM HJIM TIPY €r0 HENOCPEACTBEHHOM YYACTHH.

Anpobauus pe3yseTaToB padoTsl. OCHOBHBIE PE3YJIBTATHI JOKJAAIbIBA-
JIHCh H& 3 MeXIyHapojHOM cemuHape “TeopeTuxo-rpynnossie MeToanl B (u-
suke” (KOpmana, 1985), paGounx cosemannsx “Paccesnye, peakiuy, mepexobt
B KBaHTOBLIX cucteMax ” (Ob6mumuck, 1986,1987,1989,1991), VI u VII ([y6na,
1993,1995) mexaynapoaubix kondepennusax “Meroas! cuMMeTpuy B dusrke”,
XVIII (Mocksa, 1991) n XXIII (dy6na, 2000) Mex 1yHaAPOAHBIX KOJIOKBHYMAX



“TeopeTUKO-TPyNIOBbE MeToNbl B du3uke”, XX HalumoHnabHON! KOHGEpEHIHH
no ¢usuke nonet u gactur (Can-Jlopenco, Bpasnius, 1999). Marepuans guc-
CepTalMi TaKXe JOK/IaJAbIBaIuCh Ha HayuHBIX cemmnapax MO®AH, OUSIH,
mHcTUTyTa Mexanuku MI'Y, xadenper Tcopernyeckoit busmuku usnyeckoro
daxynsrera MI'Y, kadenpni ksauToBoft MexaHHKM Gu3HYeCKOro GaKyIbTeTa
CTI6Y, uncruryta dusuku yamnsepcurera Can-Ilayny.

ITyGuukampmn. OcHOBHBIE PE3YJALTATH AUCCEPTALUH H3JIOKEHH B 33 omyb-
JIMKOBAHHBIX paboTax, CIMCOK KOTOPHIX NPUBEJEH B KOHUE aBTOpedepaTa.

O6BbeM u cTpYKTYpa AUcCCepTAH. JiccepTallisa COCTOUT U3 BBEJ\CHAS,
3 uyacreit, BKmovaomux B ceba 11 riaB, 3axiiodenns, ABYX NPHJIOXKeEHUH H
criucka jgareparypel. Ilosnubilt 06bem cocrasiser 293 crpannupl, BKIo9as 6
PHCYHKOB, 5 TabJIHIL ¥ CIMCOK IUTHPYEMOll TUTepaTyphl, HacunThIBatoLuit 293
HAUMEHOBaHHUS.

KPATKOE COAEPXAHWE PAGOTbI

Bo BBemenun 06GOCHOBAHB AKTYaJILHOCTD, HAYYHAA W NPAKTHYECKAS LeH-
HOCTb paboThl, cHOPMYNIHPOBAHEI HEIN HCCIEAOBAHIE U OCHOBHBIE TONOXKEHH,
BLIHOCHMBIE Ha 3alIATY JuccepTauyi. Bo BBeeHWM JaHa TaKXKe KDaTKasl MH-
copMauEst O CTPYKTYPE U CONECPXKAHUHM JHCCEPTALUH.

Pabota fenurca Ha TPHM 4aCTH cojepxxainne B obmeli cioxknocrn 11 mias
¥ uMeomEe creyompe nassannsa: Jacts I — Teopust aMIuaTyl BeposTHOCTH
1 ee rpymnossie acnexTsl; Yacrs I — Korepenrnbie cocrosnust rpynn SU(N)
u SU(N,1) u ux npunoxenus;; Yacrs I — Ions na rpynne Ilyanmxape. ITe-
peilieM K pa3BepHYTOH XapPaKTEPHCTHUKE 33734 WCCJIEJOBAHHUA U IIOJNYYEHHBIX
PE3YJILTATOB.

B mnepBoii yacTM paccMATPUBAETCA TEOpHA aMILIUTYZ, BEPOATHOCTH, €€
TIPUJIOKEHNSA B KBAHTOBOM TCOPHM H CBA3bL C Teopuel rpymm.

B nieproil rinaBe aMAJUTYIa BEPOATHOCTH ONPEAESAETCA aKCHOMATHICCKH
H& OCHOBE TEOpH¥ I'MILOEPTOBa NIPOCTPAHCTBA, PACCMATPUBAIOTCA HEmocpes-
CTBCHHBIE CJICACTBHA TAKOrO OHPEIETIEHHA U CBA3b C KBAHTOBOM TeopHeil.

B ocnoBe pa3zBMBaeMOro IOJXOA2 JIEKHAT CBOErO POJA CHHTE3 TPCX HalpaB-
JIeHHH: TEOpHH T'WIbOEPTOBLIX NMPOCTPAHCTB, TEODHH BEPOATHOCTER W TEODHH
rpynmn. CoBbITHAM CTABATCS B COOTBETCTBHE HOPMUPOBAHHEIE BEKTOPa rmurbbep-
TOBA TPOCTPAHCTBA, & AMIUIATYOR COOBITHA 1)) OTHOCHTENLHO 1Py HA3BIBAET-
€Al CKAJISIPHOE NPOM3BENIeHNe BEKTOPOB rHisbeproBa nmpocrpancrsa. Ormernw,
9TO aMIUIUTYZAa BEPOATHOCTH (MPEACTABIAIOMAA cOOON B 3aBHMCHMOCTH OT TUNA
rUaL0EpPTOBA NPOCTPAHCTBA JEeHCTBHTENLHOE WM KOMILIEKCHOe YHCITO, KBATED-
HHMOH) COTJIACHO JIAHHOMY ONpPEJEJIEHHIO SIBSIETCS YCIOBHOH.

CuayualiHas BesmunHa A ONpEENAETCS KAK JIMHEHHBIA CaMOCONPSKeHHbIH!

onepatop A:H — H. Kaxoil nape snemeHTapHbiX coBeITHI conocTasisercs
9HCNO (eHCTBUTENHHOE, KOMIIEKCHOE, KBATEPHIOH) o = (m | A | n) = @&,

(unu a(z,z’) = (z | A | z')), nonoGHO ToMy Kak B OGLIYHOH TEOPHH BEPOAT-
HOCTH KaXJI0My 3JIEMEHTAPHOMY COGBITHIO B; conocTaBisiercs AeHCTBRTENbHOE



aucno f(B;). Jlunetinocts oneparopa A Tpebyercs Jiisi TOro, 4Tobnl Mo Habo-
py {a'} MoxHO 6LUIO OIpeaeHTD 3HaYeHUE CIIyIaHHON BeTMYMHbBL A8 JT1060H
napbi cOOBITHI, OXOGHO TOMY, Kak Tpebyercs u3Mepumocts dyrkuuu f(B;) or-
HOCHTEJILHO BBEIEHHOH Ha MHOXKECTBE 3JIEMEHTAPHBIX COOBITHII BEPOSTHOCTH.

Css13b ¢ TeopHel BEPOSITHOCTEH NPOABIACTCS, C OJHOH CTOPOHbI, B BO3MOX-
HOCTH IIOCTPOEHHSI OOBIYHOM BEPOSTHOCTHON "HAACTPOUKH HaJ 0ObeKTaAMY Teo-
PHU aMILTUTY/]] ¥, ¢ APYToll CTOPOHBI, B MApaJIeu3Me UX OCHOBHbBIX NOHATHH,
KOHCTDYKUWIA ¥ TeopeM.

PaccMoTpuM cHauana BEPOATHOCTHYO "HAJACTPONKY HAJ MIOHATHAMHA TEOPHH
amninryn. Cnydalinas sBenmuuna A B cobcrBeHHOM 6asuce | n) xapakTepusy-
eTcs JMAaroHaJbHbIME 31eMeHTaMH of. [Ipu nocrpoesun o-anrebpel B KayecTse
MHOKECTBA, 3/IEMEHTADHBIX COBBITHI BO3LMEM HECOBMECTHLIE COOLITHA | n); B
ITOM CJIyUaE JIEMEHTAMH O-alirebpul OyayT ABIATHCH COOBITHS BHAA

0, |n), {lm),[n2)}, {lm)|na),[ma)},... (1)

Kax oMy snemenTy o-anre6pbr conoctaBuM BepositHocTh p = 3. [(¥ | ng)[2.
3aMeTuM, 9TO C TOYKU 3PEHHS TEOPHH AMILTHTYJ] COBBITHSAMY SBJIAIOTCH JHIID
anemenTsl {|n)}; oHr MOTYT GbiTh OXapaKTEPHU30BAHBI KAK AMIUTHTYNOH ¥, =
(¢ | n), Tak M BepoATHOCTDBIO Py = |, |%, mpoune sneMenTh o-anrebpoi (1) ~
TONBKO BeposiTHOCTHIO. Ecan onpezenuts Bepoatocts P(A < 1) = 3 py,, rae
CYMMUDOB&HHE [POM3BOJIMTCH O BCEM 7, JUid KOTOpbIX aff < t, To A 6yger
SIBIATHCS CIYYaiHOH BIMYUHON ¥ C TOYKH 3PEHHsS OOLIYHOM TEODUM BEPOST-
HOCTH. Gy/IyT BBUIOJHATHCA BCE TEOPEMBI OOLIYHON TEOpHH.

CyliecTBeHHbIe OTIAYMST TEOPHA AMILTATYJ] NPOSBJISIIOTCA NPY DACCMOTpE-
HUH COBOKYIHOCTe CJry4aliibix BeqnduH. JleHcTBUTENbHO, B 00LIYHOH Teopun
BEPOATHOCTH JIOCTATOYHO B35ITh BEPOATHOCTb KAKOTO-THOO JIEMEHTAPHOIO CO-
OuiTHA p; = 1 1 Torga s Juoboit ciryaaltHol Bemnyunb! gucnepens D[A] = 0.
B Teopun ammutyz tak nofobparts ¢, BoobIIe rOBODS, HEBO3MOXKHO (HHBIMH
CJIOBAMH, HE CyNIECTBYCT COBBITAS, IIPY HACTYIUIEHHM KOTOPOTO BCC Cydait-
HbIe BEJIHYHHb! OblIu_6Gbl TOYHO OLpCHENEeHbl) H MMEIOT MECTO COOTHOIIEHHS
ueonpegenennocrel. CpeHeKBaApaTHIHEIE OTKJIOHEHUA H JUCIEDCHH CILydaii-
HBbIX BEJIMYHH A; YAOBIETBOPSIOT COOTHOMIEGHHIO

DI 2 —5 3 1| Asde - Audy 1 9) ®

=1 Jk=1

Paccmorpum Tenephb 11oapobHee TEOpETUKO-TPYIINIOBOM aCHEKT TeopuH. YHu-
TApHOE IPEeJICTABJIEHHE IPYIIIb! - 3TO Npe/ICTABIeHAE YHHTAPHLIMH ONepPaTopa-
MH B I'HIbOEDTOBOM NPOCTPAHCTBE, U CIIEOBATENLHO DACCMOTDENHE YHHTAPHBIX
IPEACTaBACHUH MOXKeT OBITh IPOBEICHO HA A3bIKE AMILIUTY/T, BEPOSITHOCTH. DT,
CBA3L ABNACTCA B3aUMHOMN, TAK KaK ¢ ADYI'O# CTOPOHB! yCNOBUE HOPMHUPOBaH-
HOCTH [T aMILUIMTYA HaKTHUECKH NpecTaBisieT cobolt HHBADHAHT YIIHTApHON
TDYLIBL

Mar ecrecTBenbIM 06pa30M IPUXOAMM K DACCMOTPEHHIO AMILTHTY, BEPOST-
HOCTH (& 3HAUNT 1 rUTLOEPTOBBIX POCTPaHCTR (MYHKIWMI) HA OJTHOPOLHBIX TPO-
crpancrsax G/H. HanoMuuM, 9T0 OfHOPOAHOE IPOCTPAHCTEO — 3TO MHOXKECTBO



BMECTE C 3aJaHHBIM H4 HEM TPAH3HTHBHEIM JAeHCTBHEM HeKoTopoit rpynns! G,
Ha3bIBaEMOfl TPYINOH JIBIKEHUI ONHOPOAHOro IpocTpaHcTBa. [locTpoerue aM-
ILTUTYJ, OTBEYAIONINX NOJHEIM IpynnaM coObITHHE, COOTBETCTBYET HOCTPOEHUIO
6azucos yuutapHerx HII rpynmui pswkenuit, cofepKaluxcs B PasJIO’KEHUH
ksasuperysapHoro npeactasnenus Ty(g), To(g)f(h) = f(¢g7'h), h € G/H.

OpHako B pasioXKEHUH KBa3uperyjsipHoro npeictabienust Ty(g), neicry-
romero B npocrpancrse Gynkuu#t nHa G/H, comepxarcs ne sce HII rpynmnbi
G. Bee (c Toutoctsio 10 sxeuasnenTHocT) HII rpynnet G' conepxares B pas-
JIOXKEHUH JIEBOTO HJld 1PABOro 0GOOHIEHHOTO DErylIsIPHOrO INpeJICTaBIeHus —
IpejcTaBieHus B DpocTpaHCTBe MYHKIMIA Ha 3TO} rpymne,

Ti(9)f(90) = f(g7"90), Tr(9)f(90) = f(gog), 90,9 €G. (3)

JeticTsne nesoro 0606IIEHHON0 PEryJISPHOrO NPEACTaBACHHSA B Pa3/INYHEIX bu-
3UYECKUX 3aJ34aX HHTEpIpeTnpyercs Kak npeobpa3oBaHue J1abopaTopHOit cH-
CTEMBl KOODJ[HHAT.

IpocrpancTeo GyHKIMI Ha Tpyne JOMYCKAET eCTECTBEHHYIO reoMerputie-
CKYI0 MHTEpHpeTalyio. A HMEHHO, PYHKUMM Ha Ipymne — 3To hyHKnuu, 3a-
BUCSIIME HE TOJBKO OT KOODJAMHAT TOYKH MCXOAHOTO ONHOPOJHOrO IPOCTPAaH-
CTBa, a OT CHCTEMBI OTCYeTa B Kaxjo# Touke. Tak, IJisi (IICEBO)EBKIHAOBA
[IPOCTPAHCTBA KOOPAMHATLI & 3aJAI0T Ha49all0 CHCTEMbI OTCYETa, a OCTAJIbHBIE
[IePCMEHHBIE — €€ OPHEHTANMIO B NPOCTPAHCTBE.

KBanToBas MexaHHKa Ha ofnopoiHoM npocrpanctse G/ H MOXKeT CTPOUThCS
KaK Teopysi MapKOBCKMX NPOIECCOB I aMIUIMTY ] Beposithocty () = (z|v),
z € G/H. B repMuHaxX aMIUIHTY]] BEPOSTHOCTH MOXeT ObITb 3aldcaHa aKcHo-
matuka ¢on Helimana, a koukperusanus ruibbepToBa NPOCTPAHCTBA COCTOs-
HEil Kax npocrpancTsa byHkuuit Ha G/H nossonsier adQexTHBHO MCIOIB30-
BATb TEOPETUKO-FPYIIOBbIE METOLBI.

OrMerumM, 4TO eyt OAHON U3 KOODAMHAT HA ONHOPOIHOM IPOCTPAHCTBE 5B-
JIACTCA Bpems ¢, To Teopusi cBOGOAHKIX noselt crpoutes kak Teopus HII rpyn-
unl. [ogsagiomeecs npu paccMOTPEHMM MAPKOBCKUX ITPOLIECCOB Ha OMHOPOIHOM
npocrpancrse G/H unu G napaMerp T B 9TOM CiiyYae MOXeT ObITh MHTEpIpe-
THPOBAH KAK COOCTBEHHOE BpeMsl.

Hanuure sHyTpennux creneHeit csoGoap! (¥ B YACTHOCTH CIIMHA) NPHBOJUT
K Gonee obuie#t koucTpykuuu. Jlas Toro, wToObi BKIIOYHTb B PACCMOTPEHHE
Bce HII rpynnst G, ucnonn3ysa omHOKOMIOHEHTHbE (DYHKHUH, HEOBXOMUMO OT
dbynxuuit na ogHopognoM npocrpanctee G/ H nepeiitn K GyHKIEAM Ha rpymnie
G. Takott nmoaxon nonoxen namu B yacTH 111 B ocHOBY paccMoTpenusi ¢BOGOL-
HBIX IOJIeH U PEJIATUBMCTCKUX ypasHeHuit Ha Gase K1accHbUKALMY YHUTADHBIX
HII rpynnet Ilyankape M(3,1) — rpynnst aswkenu#t npocrpancrsa MunkoB-
ckoro. Taknum 06pa3oM, paccMaTpHBasA aAMILIMTY/Ib BEPOATHOCTH HA OJHODPO-
HBIX IIPOCTPAHCTBAX, Mbl MOXKEM HCIIONL30BATh KAK BEPOATHOCTHbIN (Ciydait-
Hble TIPOLECCH] ), TAK U TEOPETHKO-IPYIHIOBOH 1OAXONbI K Teopun PBY.

Bo sTopoii riase n3yvaoTca GpyHKIHH pacnpeheneHns U npeesibHele Teo-
DPEMBI TEOPUH AMIUIATY,] BEPOSITHOCTH.

Ilpu nociiefioBaTeNBHOM NOCTPOSHHM TEOPHH AMILTHTYJ BEPOSTHOCTH LEJle-
€000Pa3HO HCXOJHUTh, HACKOILKO 3TO BOIMOXKHO, ¥3 HAPAJUTETH3MA ¢ MOIHLIM
annaparoM OOBIMHON TEOPHH BEPOATHOCTH, BHIIENHB IIPH 3TOM OIPEJETIEHHbIE



KJIIOYEeBBIE MOMEHTHI M KOHCTPYKiH. K HUM Ipex e BCero OTHOCSATCH KOHKpeT-
Hbie (PYHKIMH DaclpefesieHus BepOATHOCTeH, HalleLmue Iupoyaitiee Iose
npuioKennd (BMHOMUANILHOE, IMIEPreOMETPHYCCKOE, OTPULATEIbHOE THuep-
reOMEeTPHYECKOe, MyACCOHOBCKOE, HOPMAJIbHOE), 8 TaKKe MpeJIEbHBIE Teope-
Mbl. Ho npy 9TOM BO3HMKaeT W Ka4eCTBEHHO HOBBIH aCIEKT — HAPsLY € Bepo-
STHOCTHBIMH TOJTydeHHbIE pacnpe/iesieHns, PACCMOTPEeHHbIE B pa3zenax 2.1-2.3,
06I13J210T U IPYIIIOBLIMM XapaKTePHCTHKAMH.

Ecnu KoMILIeKCHBIE aMIUTHTYABL |2;|, YIOBAETBOPAIOLINE YCIOBHIO HOPMHAPOB-
xn Y. |z|? = 1, obpasyor 6azuc bynjamenransaoro HIT Tjo. g(g) rpynmsr
U(N), T0 KOMIUIEKCHDBIE [TOIHHOMUAJIbHbIE PACIIPeJeIeHHUs]

R! 1/2 N
(- - Mo SN R = . 4
eR (nl!.._nN!) Zl ZN y iz:;nn ( )

npu ¢ukcuposannoM R obpasyior Gasuc HII Tigg_g(g). Ymuoxas ey
Ha KOMILIEKCHO-CONPsKEHHOe &, mpeobpasyiomeeca no conpskennomy HIT
Tjo..or)(g), mONyHaeM NONHHOMMANLHOE DACHpe/iesieHue sl OObIYHBIX BEpo-
araocrelt p; = |z|?, 3, pi = 1. D1a BeposiTHOCTH Npeobpasyiorest no HII
Tiro..r)(9), onnako e obpasyior ero basuca.

OTpunarensbHoe GUHOMHAJIBHOE PACTIPEJETEHHE JJIsT KOMIUIEKCHBIX aMIUIH-
TYJ 21, Z2 UMEET BHJ,

nn _ (_'l)mr(_n) 12 - R __ (_l)nlr(_nQ) 12 n1,,n2
o ‘( m!F(—n)z) 2 “( m!T(—n) ) wh (8)

e w1 = z1/z, up = 1/z, p=|nl® =|ul"? ¢=lul = lu/ul,

u coornowenue p+q = |z1|* +|z2|? = 1 sanucwisaerca B Buste [ug)? — Jug|? = 1.
Hocnenee BolpaXxenne NpecTasisicr cobol unBapuanT rpynnst SU(L, 1), uy u
uy 0bpasyior 6asuc pyusaMmentansnoro Heysntapaoro HIT T75(g), Tlpu npe-
06pa3oBAHMAX UPYIUILI [IEPEMEHHBIE U; NPeoDpasylTcs JIMHEMHO ¢ TIOMOUIBLIO
2x 2 marpuupt U € SU(1, 1), a amnanryapl z; — Henuseitro. Ilpu dbukcuposas-
HOM 1 epi™ 1 ep™ obpasyior Gasuc yuurapsbeix HII auckperno#t nonoxureiis-
nott T, (g) u orpunarensuoit T; (g) cepuit coorsercremmo. 3nech j = n/2,
m = (n1—n2)/2, m = —j,—j+1,—j42,... v T} (g) um = 5, j—1,-2,...
ans T5(g)-

AHaZIOr IyaCCOHOBCKOIO DACHIPENCNEHUS] B TCOPHH AMIUTHTYJ] MOXHO Dac-
cMaTpuBaTh (a3MC YHUTADHOrO OGECKOHEYHOMEPHOTO NPEACTABIEHUS DYIIIHI
letzenbepra.

Koadbdunmentnr KT' (jymq|joms||jm) rpynn SU(2) (SU(1, 1;) 3aJI310T ne-
pepassiokesne GHHOMUMAJIBHBIX (OTPULATENLHEIX OUHOMHANLHEIX) pacnpeese-
HU# JJIS1 KOMIUIEKCHBIX aMIUTUTYL W, TRKHM O0pa3oM, sIBJISIOTCS aHAJIOrOM I'H-
TICPICOMETPHIECKOr0 (OTPHLATENHHOrO THIICPreOMETPHYECKOTO) pacipeerie-
HAS B TEOPHX aMILIHTYL.

Nmeercst rybokast anastorus Mexny cumMerpusimMu koaxdbdunuentos KI' u
I'HIIEPreOMETPHYECKOr0 pacipesiesieHusl. [lepecTaHoBKa [IEPEMHOXKAEMBIX TIpeji-
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crasnenuit Tj(g) n O Tj2(g) cooreTcTBYET NEpecTaHOBKe ABYX JacTelt pastue-
HESI HCXOMHON COBOKYIHOCTH 00HeKTOB. Vi3MeHeHne 3HaKa MPoeKuit MOMEHTOB
COOTBETCTBYET IIepeCcTaHOBKE HyMEpAallud BHYTPEHHHX CBOUCTB COBOKYIIHOCTH.
B oboux cyuasix uMeerca cummerpust (s koaddunuentos KT ato cummer-
pus Pemxe), CBa3aHHAs C TeM, YTO pa3OHeHHe COBOKYIHOCTH OGBEKTOB 110 HX
BHYTPEHHMM CBOHCTBAM C BEPOATHOCTHOH TOYKY 3PEHHUs He OTIMYAETCH OT pas-
GueHns, MPOU3BOJNHUMOrO C NMOMOINLI0 BbiGOpKH. CuMmerpus Kosgdunnentos
KT, cooTBeTCTBYIOIAs IepecTaHOBKe PE3YJILTHPYIOUIEro IPEACTABIEHUS C Of-
HUM H3 NEPEMHOXAEMbIX (T. €. CHMMETDHS, CBA3AHHAA C SKBHBAJICHTHOCTDHIO
3a]7a4 0 BHIOOPKeE U O pasbGUeHHMH Ha MOJCHCTEMbI), aHAJIOra B OGBIYHOMN Teopuy
BeposATHocTel He uMeeT. B 3ToM cocTouT 0O M3 CYIIECTBEHHbBIX OTJINMIL TEO-
PHMH AMIUIMTY]] BEPOATHOCTH OT TeopuH BepositHocTeh. C HEONHOZHAYHOCTHIO
pelileHust 3a4a4y O CJIOXKCHUH NOACUCTEM B TCODUH AMILIUTYJ CBA3AHO MOABJIE-
HHUE TAKHX XADAKTEPHCTAK CHCTEMbI B LIEJIOM, KaK KOONEPAaTHBHbLIE YHCIIA.
Kak yxe oTmeyanoch, CyIeCTBEHHOE OTJIMYHE TEOPHH AMIUIUTYJ], BEpOAT-
HOCTH OT TEODHH BEPOATHOCTEH NPOABIAETCA TaKXKe IPH PacCMOTPEHHHU CO-
BOKYIIHOCTER Clly4aliHbIX BEJIMYMH. A MMEHHO, ecii B OOBIYHON TeopHE Bepo-
ATHOCTEH CYIIECTBYIOT COCTOSIHUS, TIPH KOTODBIX j1i00as ciygaliHasi BeJMYHHA
TOYHO ONpelielIeHa, TO B TEOPHH AMIUIMTY], UMEIOTCA COOTHOINEHHs Heolpese-
aerHocre#f (2). B cuily 3THX COOTHOUIEHMEt MUHUMH3ALMS JHCIEPCHH ONHOM
CIIy4alHOM BEJIMYUHBI C HEOOXO/MMOCTHIO NIPHBOJMT K BO3PACTAHUIO JIUCIED-
cult apyrux. Umes B Buay nmepexon K KJIaCCHYECKOMY Npefielly, Mbl IPAXOINM
K 3ajJlaue NOCTDOEHHs] COCTOSHUM ¢ MUHUMANBLHOH HEONpEeAENIEHHOCTLIO, HIIH,
TOYHEE, HaMMEHbIIe! BO3MOXKHON MHHMMANLHON cyMMol aucnepcnit (2).
KorepenTasie cocrosrua yuurapuoro HII rpynnet Jlu moryT 6si1h onpene-
IEeHBI KaK cocrosiums (anements! npocrpatcrsa HIT), xapakrepusytompecst Ma-
HYMAJILHON MHBAPUAHTHON OTHOCHTENIHHO KOHEYHEIX TPeoOpasoBaHuil rpybt

Jucnepcueii:
8

(AT)? =Y (ATi)’ = min, (6)
k=1

rie T - onpefenennbiM 06pa3oM BHGPAHHbIE r€HEPATOPHI TPYIMLI, § ~ pas-
Meproctb asreOpet Jlu. Tax, misi HIT rpynn lefizen6epra W (1) u SU(2) KC
ONPEJIENIAIOTCA KaK COCTOSHUSA, AT KOTOPBIX

(Ap/po)2 + (AI/$0)2 = 11 Ty = (h/m)l/2 = ﬁ/PO,
(AD)? = (AT)? + (AT)? + (AT,)? = jR?,

rae mw u j Mapkupyor HII rpynner. B wactrocTy, fjist NoAynpoCcThIX rpyrn
(kaK KOMIAKTHBIX, TAK M HEKOMIIAKTHBIX) HHBApHAHTHas aucrepcus (6) crpo-
HTCS ¢ TIOMOIIbIO MeTpuieckoro Teu3opa Kaprana-Kumuura. C nomoinkio un-
BAPHAHTHON JUCIEPCHH MBI MOXKEM ONpEAENUTS KIACCHYECKUR peien Kax Ciy-
qail, Korga

(AT)*/T? > 0. (7)
W3 nupapuanTHOCTH JMcnepcHu caepyet, uTo ecn |ug) — KC, To B pesyanTare
JeficTBUs onepaTopa KoHeuHsix npeobpasosanufi T'(g) rpymmnsr G MBI TaKXKe 1o
nygaem KC [u) = T(g)|up). KC obpasyior nepenoiHenHblii HEOPTOTOUATbHbIHA
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6asuc HII 1 napamerpusyiorcs Toukamu oxHopogHoro npocrpatcrsa G/ H, rae
H - crauuonapHas noarpynua.

B paspene 2.6 paccMOTpeHa CBSi3b 3aKOHA GOABIIKX YHCENI W HPEAEIbHBIX
TEOpEM TEOPHU AMILTHTYH BEPOSITHOCTH C YCIOBHAMH TEPEXOR3 K KAACCHYIECKO-
My mnpefiefly W NPHHUMIOM COOTBETCTBUA B KBAHTOBOM MexaHmke. [[ns storo
MBI BOCHOJBL3YEMCs TIOHSITHEM KOBAPHAHTHOTO CHMBOJIA, OLIEPATODa,

(ul 4] v)
(ulv)

rAc |u) u [v) - SeMeHTH HEKOTOPOTO IIEPENOTHENHOr0 6a3KCa ¢ PAsIoNKEHHeM
equEANp 1 = [ lu)(u)dp(u). Jns Q-cumBona npoussesenus AB umeem

QA(’U,,’E) =

Qus(w) = [ (Al OIBIud() = [ Qata,D)Qa(v, ) (ul) o)
®)

B kJaccuieckom npefeie CpeHEE OT NPOM3BEIEHHs AONKHO PABHATBCH IIPO-
U3BCCHAIO CPEJHMX, T.¢. CHMBOJ IPOM3BEICHNA JOKEH ObITh paBeH MpOu3-
BeJicHUIO cuMBOJIOB. [Ipu Manpx du ¢ TOYHOCTHIO J0 4neHOB Dosee BHICOKOTO
nopsiaka 1o du p?(u,u + du) =~ dp?, rae dp? — NONOXKUTEIBHO ONpeCNeH A
KBa/IPATHYHAS YaCTh DasJiokeHns p’(u,u + du) no crenenam du, p*(u,v) =
—In(|{u | v)[z). Jns kommiekcHbix MHoroobpasuit dp? = g*du;diy, ¢* =
8%(p?) /Oty Bxopsuuit B (8) xsajpar monyns mepexpwitas |(u | v)]? =
exp(—p*(u,v)) B MaJioll OKPECTHOCTH TOUKH U = U, ¥ = U + du HMeeT BHJ

{u | v)[? = exp(~g*du,di) )

Ipasas yacts dopmyast (9) npejcrasnsieT cobot MHOroMepHOe HOPMaJIbHOE
pacnpeneienune. IIpenenbHnie TeOPEMBl JIOMKHBI TOBOPUTh 00 YCJIOBUSIX, HDH
koropbix (9) umeer mecto npu a0bwr, a He Toabko Maubix du. Iocnexnee
BBIMONHSAETCS, B 4acTHOCTH, ecyik |(u | v)[? cymecrsenno orinyaercs or Hysst
JIMIls TpU MabiX du.

Ecin ycnoswye (9) BbinosseHo npu MPOM3BOIbHBIX 4’ = ¥ — U, CAMBONIBI (4 ¥
Qp ABNAOTCA HECHHIyIAPHbIME ([uddepeHIUpPYeMbIME), TO pasiaras B AL
10 crenensim u’ npoussejenue Q4(u, % + @)Qp(u + v/, 8) (ananoruuno Tomy,
KaK 9T0 JeJIaeTcd IPH HAXOXKAEHAM ACUMIITOTHYCCKUX DA3/IOKEHHH ¢ TOMOMILIO
METO/a NEPEBANIA), HONYTHUM JIJIsl IEPBLIX JBYX HEHYJIEBHIX YJIEHOB

Qas(u, %) =~ Qa(u,)Qp(u,a) + BQ&(}:, @) GQZSL, @) - e exp(— g™ (1)
~ QA(“:'&)QB(U, ﬂ) kaniu u) BQL(;EZ u)

T.o., TpeGoBanus BomonHenus yciosusi (9) jus nepexpuitua KC npu npo-
H3BOJIbHBIX U, & HE TOIBKO B MAaJOl OKDECTHOCTH TOYKH % = ¥, M yCJIOBHE
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HECHHTYASPHOCTH CHMBOJIOB IPHBOIAT K BHINOJHEHRHIO [IEPBOTO ¥ BTOPOrO Tpe-
6oBaHM NPUHLUIA COOTBETCTBUA

QAB(U', 'l_") = QA(ua ﬁ')QB(ua ﬁ)y (10)
QAB(ua ﬁ) - QBA('U': 1_‘) s {QA("', ﬂ)’ QB(ua ﬁ)}1 (11)

TO €CTh CHMBOJI POU3BEAECHUA MOXKHO 3aMEHWTH Ha MPOUIBEIeHHEe CHMBOJIOB,
a KoMMyTaTop — Ha ckoOKy [lyaccona.
3ameruM, uro s suinonneHns (10), Kkax 310 cleayeT HENOCPEACTBEHHO U3

(8), moctarouno, wTobe pacupenenenue |(u | v)[* mpH mexoTophix 3naveHHIX
[apaMeTPOB COCTOSHUY NPUBAMKANOCH K O-bYHKIMH (T.e. JJOCTATOYHO UCTIONb-
30BaTh aHAJION 3aKOHA BONLUIAX 9HCelNT), & CUMBOJBI Q4 ¥ Qg ObLiu pU 3TOM
Hecurrynsapusimu. Ilpu yeranosnenun xe coornourennst (11) cyrecrBenno uc-
HOJB3YIOTCS NPEJEALHHME MEOPEMDB. TEOPHH AMILIUTY], ONPEJENSIOmHE YCAO-
eus, npu xomopux nepexpumue KC neperodum 8 mHo2oMePHOE HOPMAADHOE
pacnpedeaenue. Jusi KC monynpocTbIx rpynn 370 JOCTHrAeTcs Opu GONBIINX
3naveHnsx uHAexkcos curHarypol HII. KouxperHbie nocTpoeHus miis cirydas
cummerpuaasix HII rpynu SU(N) u SU(N, 1) npoBeaenst B 4acti 2.

B TpeTheii riiaBe paccMaTpHBAIOTCH MAPKOBCKUE IIPOLIECCH [Isl aMIUTATY /L
BepossTHocTH. Ocoboe BHEMAHNE YAENEHO HPOIECCaM CO CKaYKaMH, OIMCHIBAe-
MbIMH niceBAonudbEpeHIHAILHBIME YPABHEHNSAMH.

Teopust MAPKOBCKHX NPONECCOB COCTABJISIET OCHOBY JUISi OIMCAHUS KaK CTO-
XaCTHYECKHX, TAK ¥ KBAHTOBOMEXaHHWYCCKHUX npoieccoB. Mapkosekuit nmpounecce
JUIsT AMILUIMTYJ, BEPOSTTHOCTH, AHAJIOTMYHO CAydYalo ODBIYHBIX BEPOSITHOCTEH,
oupejenseTca Kak mpouece 6e3 nocaeaecTBUsA: COCTOSIHHE CHCTEMbI B HEKO-
TOPbI# MOMEHT BPEMEHM 32BHCHT JIHIIb OT TOTO, B KAKOM COCTOSIHMM OHA HAXO-
JHJIACh B HEMOCPEACTBEHHO IIPEAIECTRYIOIHH MOMEHT BPEMEHH T, H He 3aBHCHT
OT TOTO, B KAKOM COCTOSIHMH OHa HaxXO/AMJIach B Goliee paHHHE MOMEHTBI BpeMeHH
tg < t. B obmem ciyvae MapKOBCKME IIPOLCCCHI JUisl BEPOATHOCTH M AMILINTY
BePOSITHOCTH 3aJIAI0TCS MHTErPAJIbHEIMH YPABHEHHAMHE

p(x’ t) = fp(.’l/',tll’, tl)p(zly tl)dx’y p(z, tl-"»‘o, tO) = fp(zv tlxl’tl)p(a",:t,k”m to)dl:’, (12)
Pz, t) = fulz, i, ), )d2’,  u(z,tlzo, to) = [ulz, tle, (e, |20, to)dz’, (13)

rae p(z, t|z', t') - nnorHOCTH BeposiTHOCTH Mepexoaa, a u(x, t|z’, t') — mioTnoCTDH
aMILTATY Bt Tlepexona, t > ¢ > iy,

TIpouecco 6e3 CKAauKOB OnpeAeNdAlOTca KaK [POIECCHhl, IS KOTOPHIX BEpO-
ATHOCTbL (4MIUIMTYfa) NMEpexoja W3 TOYKM T B T’ DM KOHEYHOH Da3HOCTH
|z — 2’| > 6 > 0 npu At — 0 crpemuTest k Hymio 6bicTpee, yeM At, T.c.

lim [ plot At de=0, (14)
|z—z|>8

lim sz [ (et fds =0, (15)
jz—a!| 28

MoxHro moxasarh, YTO NpH OTCYTCTBAH CKaukoB ypasHewus (12) m (13) cBo-
OaTca K audQepeHuuaIbHEIM YPaBHEHUSAM BTOPOTO NOPS/IKA — YPaBHEHHSIM
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Q®okkepa-ILnanka-Kommoropora u Illpegunrepa coorsercreenrno. MupimMu ciio-
BaMM, OTCYTCTBHE CKAYKOB IPUBOAUT K Auddy3HOHHBIM IIPOLECCaM IS CIyYas
OGBIYHBIX BEPOATHOCTEN M HEPEJATHBHCTCKON KBAHTOBOH TEODHMH JUIs Cilydasi
AMILIHTYJ BEPOSTHOCTH.

OTMeTnM, YTO yCIOBHE OTCYTCTBHS CKadykoB (14) B sMTepaType uMeer pas-
JMYHbIE Ha3BaHus (YCIOBHE YCHIIEHHON HENPEPLIBHOCTH, YCJIOBHE MAJIOCTH [PH-
painenudt, ycinosne Jiuagebepra; mocie/iHee o NPHYKMHE CXOJICTBA C YCIOBHEM
PHMEHMMOCTH NPEJEIHHBIX TEOPEM ).

Crenaem eme 0ffHO 3aMeYaHue O TEPMUHOJIOTHHA. 31€ECE Ml HCTIOJIB3YeM Tep-
MHHBI “IpoLeccH ¢o CKadKaMu~ M “mponecchl 6e3 cKauKoB”, a He "HenpepbIBHEIE
npouecchl” Win “pa3priBHBIE Tpouecck’. Jlesao B TOM, 4TO TEPMHUH “HENpephiB-
HbIE NPOLECCH” YACTO HCHONB3YETCA B JBYX COBEPLICHHO PA3/INYHLIX 3HAYCHH-
SIX: BO-MEPBBIX, FOBOPS O JUCKPETHHIX W HENPEPBLIBHBIX IPOIECCaX, MMEIOT B
BUIY JUCKPETHOCTh WJIH HENPEPLIBHOCTH MHOXKECTBA BO3MOXHBIX COCTOSHHH,
BO-BTODBIX, MOT'YT HMETbCS B BHJLY HPOLECCHE C HENPEPHIBHBIMH HJIH PA3PHIBHEI-
MH TPAEKTOPHSMH. (DTUM O0ObACHAETCS YIOMSAHYTHIA BbIIE YCTAPEBILHM Tep-
MUH “yCHJIEHHAsi HENPEepbIBHOCTL OH O3HAYA3EeT, 4TO NPOLECC HENPEPHIBEH B
060X CMBICHAX. )

151 IpO1IeccoB €O CKaYKaMu, T.e. Korja yciosus (14) u (15) He Bhimoanstor-
cs1, onmy4alores auddepeHnuansabie ypasHeHUs: HeCKOHEUHOrO HOPSIKA COOT-
BETCTBEHHO [JIs] BEPOSTHOCTEH M aMIUIWTY]

Op(z,t)/0t = Ap(x, t), A= i g——:.)—"%‘;Kn(zv,t), (16)
K, = hm A Lfz—2)p (z‘ t+At | ', t)dz, 17)

i0Y(z,t)/0t = Hip(z,t), H=i z EXZ Au(zt), H*=H, (18)

n!

An = gim az [ (& — ) u(z, t+ At| 2, t)dz, n>1, (19)

A0=htx_r'10Atf u(z,t+ At | 2, t) — u(z, t | 2, t)|dz.
Mur 6yeM Ha3BIBATL 3TH ypaBlieHus nceBaoaud pepeHuuabHBIMU, T.K. UX Ma-~
TEMATHYECKH KOPPEKTHOE PACCMOTPEHHE BO3MOXKHO HA OCHOBE TEOPHHM NICEBIO-
JubbepeHnHalbHbIX ONEePaToOpoB. B OTIHMYHE OT JETANILHO M3YYEHHBIX YpaB-
HeHu#t Jyuist nponeccos fuddy3unorHOTO THIA NceBnoaARd depeHIMANILHBIE YPAB-
HEHHs JJIs [POLECCOB CO CKAYKAMH IPEJCTABAAIOT COOOH MAJIOKCCIIEIOBAHHYIO
061acTD.

Kak ciiepyer 13 U3J103K€HHOT0, JJIsi MAPKOBCKUX HPOHECCOB CYIIECTBYET ajlb-
TepHaTHBa: Jub0 (B CIydae OTCYTCTBHS CKaMKOB) OIM OnmuchiBatorcst gudde-
PeHIMATbLHHIMY YPABHEHHUSMH HE BBIIIE BTOPOTO MOPsiAKa, 1160 (B C1yvac HaIu-
4psl CKAYKOB) — GECKOHEYHOro NopsiKa. JIiobble ypaBHeHHs: KOHEUHOIO TOPAIKA
BBIIIIE BTOPOTO ¢ HEOOXOIMMOCTBIO JAI0T JIKIb IPHOJMIKEHHOE ONUCAHNE Map-
KOBCKHX NIPOLECCOB (HAIPHMEP, BO3HUKAIOT OTPHLATEbHBIE KBA3HBEPOSTHO-
cTH). D10 elle pa3 NOAYEPKUBACT BAXKHOCTb HCCICAOBAHHSA COOTBETCTBYIOIIUX
niceBAoANG hEPEHNMANILHBIX YPaBHEHHE.
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Jns BoisicHeHnsi GhU3NYECKOTO CMBICIA YPaBHEHHH M HX pellleHHi aHaIu3
CKauKOOOPasHLIX TIPOLECCOB B IViaBe 3 [IPOBOJUTCA NAPAJIENbHO IS CIIyJaeB
OOBIYHBIX BEPOATHOCTEH M aMILIMTY[] BEposiTHOCTH. Takas mapajiesbHOCTh
obycnoBiens elle M TeM, 9TO [yl OOBIYHBIX BEPOATHOCTE! paHee B anTepa-
Type HCCNeA0BAINCH ObIKe YCIOBKA nepexoia K Auddy3noHHOMY mpeleay
ces3b Ko3dunuentos K, (17) upu crenensx /0z, Ho He KaKue-mbO KOH-
KpeTHble ypapuenus. Haobopot, jia aMniauTy 1 BEPOSTHOCTH He Oblia nocrpoe-
Ha 00111as1 Teopusi, ¥ B YACTHOCTH, pasiioxkenue (18), aHAOrnYHOE PAa3IIOXKEHHIO
Kpamepca-Moi#tana (16), o npu 3ToM B psizie pabOT paccMaTPHBANIOCh JICEBI0~
auddepenuuansioe ypasaenue [llpenunrepa.

Paccmorpenue ypasnenus (16) umeeT JIUTENHHYIO HCTOPHIO, OJJHAKO IPOBO-
JAWJIOCh OHO NPAKTHYECKH JIMINb B CBA3H C ANIIPOKCAMAaNHell CKauKoo6GpasHbIX
npoueccoB Auddy3uonapiMiA. W3y4aiuch yeioBusi, I BHITIOIHEHAH KOTOPBIX
ypaBHeHHe GECKOHEHHOro nopsiaKa nepexoaur B ypasHenne Poxkepa-Ilnanka,
T.€. MOTYT GHITH OTOPOLIEHB CTAPINME MPOM3BOAHEIC. JTO NPHBENO K INOHH-
THIO Pa3JIOKEHHs 10 06paTHOMY pasMepy cucrembl. VIHBIME cliOBaMu, JOIKHBL
PacCMaTpHUBATLCS TAKHE IPOCTPAHCTBEHHO-BpEMEHHbIE MACIITa0bl, HA KOTOPBIX
CKaYKM MOXHO CUHTATH YaCTHIMH M MasibiMu. B npejene GecKoHeuHO HacTHIX
BecKkoHEYHO MATTBIX CKauKoB ypasHenue (16) nepexoauT B ypashenne Pokkepa-
IMnanka.

Henocpecrsennoe ucnons3osanue ypasuennit (16) u (18) sarpyaneno — onn
coiepaT GeCKOHETHOe YUCIO Pa3u4HbIX KoadduinenTos (HHOra, HA3bIBaE-
MBIX MOMCHTAMH TIepexofia) npy crenensx 0/0z, xors us (17) u (20) crenyer,
9TO 3TH K03(HIHEenTH TECHO CBA3aHbI Mexay cobolt, Bun xosdpunmentos
K, u A, onpezensiercs, cornacto (17) u (20), noBesexneM BeposiTHOCTH (aM-
IWIATY/iH) Tiepexofa npu At — 0.

Tem He MeHee, KAk OKA3aHO B r7iaBe 3, ANA pAJia CIIYYaeB, CBSI3aHHBIX C KOH-
KDETHLIMY (DU3NIECKHMH 331a9aMH, MOTYT OBITH NTONYYEHbI TOMHBIE PEUICHHS
ncesroaud GepeHIEAIbHLIX YpaBHeHuit 1S BeposATHOCTEH M AMILIMTY/L.

O6paTumMcs cHA4ala K TPOCTEHIIMM ¥ BMECTE C TEM BaXKHBIM YaCTHHIM CIIY-
qasM (16) u (18) — ypaBHeHusIM C HOCTOSHHBIMH KO3 bUImeHTAME

?_f_(a?_t) =< (1-vi- (A9/6z)?) f(z.2), (20)
6¢(w t) \/1‘:—(,\‘5/37)%@ t). (21)

VYpasrenne (21) npescrasisieT coboi XOPOIIO H3BECTHOE PEIATHBHCTCKOE yPaB-
HeHne, a ypasHende (20) Ha mnoTHOCTH BeposTHOCTH f(z,t) Gbuto mpexno-
JKEHO HAMH )il ONACAHMS TIPOLECCOB, 00YCIIOBICHHBIX CKAUKOOODA3HRIMY M3-
MeHeHHAMH (PU3NIECKAX BEIHYMH U CBASAHHBIX C COYJapeHHsMH (ymMpeHWe
CIEKTpaJIbIBIX JiMHMH, 6poyHoBCckoe aBmxkcHue). Kak Gyner nokasano muxe,
A uMeeT cMpICK xapaKTepHoﬁ BEJIMYMHBI CKAYKOB, & €/A — YaCTOTHI CKAYKOB.
Ot ypasHEHHS B mpefiefie HECKOHEYHO YACTHIX OECKOHEYHO MAJBIX CKAYKOB
(A — 0) mepexossiT B ypaBHeHus BTOPOTO NOPsiKA — ypaBHeHHe Nuddysun u
ypasrenue Illpemunrepa ans cBOGOAHON 1ACTHHBI COOTBETCTBEHHO.

Pemenne ncepponnddepennyansuoro ypasnenus QPokkepa-Ilnanka (20)
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HUMeEeT BH]I

flo,8) = Ka(o,ot) = Sexp S (e +) ™ Kal(@)? + 222/, (22)
rne K; — dyskiua Makgonannaa. IpenenbabiM ciiyyasiM OTBEYAIOT XOPOIIO
ussecTHbIe npoitecchl. IIpu A — oo nonyvum npouece Konu; ammnuryna ckag-
KOB B 3TOM (JIyuae He orpaHHdyeHa. Pacnpepenenne Komu sbizeneno ¢ mare-
MAaTHYECKOH TOUKM 3pEHHS — KaK ¥ HOPMaJbHOE DaclHpefeseue, OHO SBJsteT-
sl YCTONYMBBIM M CYLIECTBYIOT IIPEJIE/IbHBIE TEOPEMbL O CXOLHMOCTH K 3TOMY
pacnpezenenno. CoOTBETCTBYIONIAS €My KpHUBasl (JIODEHIMAH) TOABIAETCH BO
MHOTHX (DM3HYECKHX 33J]1a9aX, CBI3aHHBIX CO CKaYKOOODAa3HBIMH MPOLIECCAMH
(paccestnueM, pacnagamu u T.4.). [Ipu A = 0, ¢ — oo (npenen GeckoHEYHO Ya-
cThiX GECKOHEYHO MaJIbIX CKAYKOB) HMEEM TayCCOB NPOLECC ¢ KoadduimenToM
nubdysuu D = Ac.

Pemenne ncesponuddepenuuansroro ypasnennda Ilpenunrepa (21) umeer
BHJ

@ [ V(ct):—z*

—t
’l,b(x,t) = ZAmHI b

rne HP(2) = Ji(2) + iNy(2) - dbynxuus Tankens nepporo nopanka, Ji(z) u
Nyi(z) - dynxnuu Beccenst u Hetimana. Bug penterns 3aBHCHT OT COOTHOMIE-
HHA MEXAY A, KOOPIMHATOH T H DAacCTOAHMEM 0 CBETOBOro KoHyca ct. Ilpu
d-o6pasnoM HauasnbaOM ycnosuu ¥(z,0) = &6(z) u maubix Bpemenax ct € A
jJacTulia BejeT cebs mogobHO wacThie ¢ HyleBolt Maccoit, a mpu ¢t > A u
T & ctf crpaBelyinBa HepelATHBHCTCKAA OpMyJa A aMILUTUTY/IbI Iepexo-
na. Teopusi, ocHOBaHHas Ha ypaBHeHun (21), OYeBHMAHO, sIBJISETCH HEJIOKAJb-
HO#. ECTeCTBEHHBIM MAcCIITAOOM HEJOKAJNLHOCTH CIIYXKHUT KOMITTOHOBCKASA JJIH-
Ha BOJHBI \, Onpefensomas rpauniy obiacru ckauko. Ecsiu peficturenbHas
4acTh AMIUTUTY/Ib TIEPEX0/la OTIMYHA OT HyJs JIMIUb Ha OTpe3ke [—ct, ct], To
MHUMAasl 9a8CTh MOXeT OBbITh CYIIECTBEHHO OTJINYHA OT HYJSA M BHE CBETOBOTO
KOHyca B obiacTn pasmepamy A.

Paccmorpennsie Boie ncespopudpepeHyanbible YPaBHEHNS, OMUCHIBAIO-
I(Ee CKaYKooOpasHble ITPOLECCH! B OANOMEDHOM ciiydae, HecMOTps Ha Becko-
HEYHOEe YHCI0 KO HUIHENTOB Nepe]| TPOU3BOAHBIME XapaKTepH3YIOTCs JIHHIb
IByMst GYHKIHAMH (BEIHYMHON U YACTOTOR CKAYKOB, 3ABHCAUIMMHE, Boob1Le ro-
BOp#I, OT ), TaKXe Kak u auddysnonnsie nponecch! (Koapdunuertamu aud-
&dysuu u croca). Ilpu macmrabrom napamerpe A — 0 Mpl mepexonuM k auddy-
3MOHHOMY lpeJeny AJIsl BEPOATHOCTEH WIIH HEPEJIATHBUCTCKOMY NpeNeNy I
ammwaTyn. Ilo koadduinuentam ypapHeHns, nonydaemoro B nugdy3noHHOM
IpeAcse, MOXKHO ONPCJETUTh JIMIIL POU3BEEHAE A¢ (IPOMOPIHOHATBHOE KO-
addunuenty auddysun wim 06paTHO NPONOPLHOHAIBHOE MACCe YaCTHIbE), HO
He A ¥ ¢ 1o OTAenLHOCTH. VIHLIMEA CioBaMu, ypaBHEHME IUIsl CKAYKOOOPA3HBIX
[POLECCOB BOCCTAHABIMBAETCA 10 KU GY3HOHHOMY IPCAETY € TOYHOCTHIO JI0
Macmrabuoro napamerpa. OTMeTHM, 4TO CTALMOHADHBIE penieHus! ncesnoaud-
epennuaIbHBIX ypaBHeHui 17151 JOBOILHO IHPOKOTO KJIACCA NPOUECCOB COBIIa-

+3(6(o+et) +6(z—ct)), (23)
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JIAI0T CO CTALUOHADHBLIMA pelneHusME B JHbGY3HOHHOM (HEPESTHBUCTCKOM)
npegene.

Pacnpenenienus, spiasiomiecs pemeHneM cBobomsbix ncesnopuddepenuu-
anbubix ypasuenuit [lpegunrepa u @okkepa-Ilnaika, kak ¥ HOpMaJBEHOE Pac-
ApefieJieHre, SBJIAIOTCA OE3TPAaHMYHO JENHMbIMH. DTO NO3BojigeT 0GOGHUTHL
MHOTOMEDHBIH TayccoB uHTErpall (M COOTBETCTBYIOIMH KOHTHHYAJIbHbIH MHTE-
rpaJi) Ha CKaYKOOOPa3Hble IPOLECCHI.

Ecnu B nuddysuonnom npezene (ypasnenue Pokkepa-Ilnanka) cuoc 3aja-
eTca ko3¢ duupeHTOM TpH nepBol crenenu puddepeHipantLHOro onepaTropa
9/0z, 10 6 ncesdoduddepenyuarvriom ypasnenuu Poxxepa-Ilranra croc mo-
grcem 6vms eseder 0sYMA nymamuy: 1160 mo-npekHeMY, kak B fuddy3uoHHOM
Apezeiie, YTO OTBedaeT NeHCTBII0 HeculydaltHol cuibl, mubo HeHyJIeBLIMU KO3gh-
dunmentamu npu GeckonedHOM YMCTe HEYETHBIX creneHelt /0, aTo oTBedYa-
€T CKAYKOOODPa3HbIM U3MEHEHHUSIM CKOPOCTH IIpH CoylapeHusx dacrull. MHbMu
cnosamu, B gucdysuonnom npegene suz ypasneausa ®okkepa-Ilianka He 3a-
BHCHT OT TOr0, 00yCJIOBJIEeH CHOC [eHiCTBHEM HEKOTOPOi BHenIHel HecurydatHON
CHJILI HJTH TEMH XK€ CoyAapeHHamy, 4To u juddysus. Ecnu ke coynapenus He
ABJIAIOTCA YACTHIMH M MaJIbIMH, 8 IPUBOJAT K KOHEUHBIM CKAYKO0Opa3HbIM H3-
MeHeHRAM (PUINIECKHX BCAMYHIL, TO Mbl ONYYHMM Pa3iMYHbIe YPABHEHHUS B 38~
BHCHMOCTH OT TOT'0, YcM 00yciosnen cxoc. ITosyyeHsl TouHbie peieHus cBo6o-
HBIX MHOTOMEPHHIX Neeaoauddbepenuuanbubix ypasrenutt Pokkepa-Ilnanka u
IHpenuurepa, ncesgomuddepenngansuoro ypasaenna Pokxepa-[lnanka mua
ananora npotiecca Opumretina-Ynen6eka, ncesponuddepeHipalbHOro ypas-
nenns Ipeaunrepa aiist 4acTHUB B MACHKTHOM II0JIE.

Hanomuuw, uro dpopmynuposke Teopun Juddy3MOHHBIX TPOLIECCOB HA OCHO-
Be ypasuenus Qokkepa-Ilnanka oTBeyaeT 9KBHBaJeHTHasi (POPMYNUPOBKA HA
ocHOBe croxactuieckoro juddepenuuanbroro ypassenns (CHY) Jlanxkesena

dz

i A(z,t) + B(z,t)L(t), (24)
rae A(z,t) - koabbuuuenT cHoca, CBA3AHHMIA ¢ JefcTBreM HeclydaiiHOM CH-
asl, B(z,t) - uarencusHocTh Carywafno#t cuibt L(t) = W'(t) - npoussoaHoh
Buneponckoro npouecca. T.e. (24) nossosnster jaTh ONHCAaHHE IPOU3BOJILHOTO
1 GY3UOHHOTO IPONECEs. ¢ TIOMOIIBIO NPOCTERINETO HEMPEPHIBHOIO NPOIIECCa
W (t). lenecoobpa3nocTh paccMoTpenust Kak JudbepeHInaibHbIX ypaBHEHHN
JUTsi BEPOSITHOCTEH, TaK M OTBEYAOIMX HM CTOXacTHYeckux i depeannann-
HBIX YPaBHeHui, KAK M3BECTHO, ODyCJIOBIEHA B YACTHOCTH TEM, 4TO TEODPHU
BOBMYIICHMH, HOCTPOEHHKIE Ha UX OCHOBE, OTJMYAIOTCA APYT OT JApYra H HMe-
10T CBOIO cepy NPHMEHEHHS.

Jns onvcanus ckaukooBpasHLIX MPOIECCOR NPH PUKCHPOBAHHON aMIINTY e
CKauKOB MOXHO npumensars C/IY, ocnosanubie, OIHAKO, Ha HCHONL3OBAHUM B
kayecrse "basucroro” yxe e BunepoBckoro mpoliecea, a npocTeHero CKaKo-
obpasnoro nponecca — nponecca Ilyaccona. Tax, npu paceMoTpennn npoboBoro
miyMa B JIHTEpaType Hcnosibdyercs anajormynoe (24) CIY, rae duykranuon-
Has CHJIa BBIpaX<aeTcs uepes npouspoiuylo nponecca Ilyaccona, L(t) = N'(t).
Jn onucanus NpOLECCOB ¢ PA3JIHYHON AMIUTMTY/I0H CKAYMKOB HAMH TIpe[JIara-
erca 3amena Buseposckoro nponecca W (t) na Gonee obwmit Wy(t) ¢ xapax-
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TepHO! (MaKCHMAaJbHON) aMIIMTYHO! CKadyKOB A, B Npejieie YaCThIX MAJbIX
cKayKoB Tepexofsamult B Buneposckut Wy(t), a npu A — oo - B nmponecc Ko-
1451 Woo(t), XapakTepusyouuics 6ecKoHeTHON aucnepeueit (aMIIJIPlTy}Ia. CKad-
KOB HE OTpaHHYeHa). YKA3aHHBLIM TPeGOBAHUAM YJOBIETBODSIET PACCMOTPEH-
HBI BbIlIE OPOLECC, IPEACTABISIONmNA cobolt permnenue ncesnonuddepeniy-
anpHoro ypasuenns ®Qoxxepa-Ilnanka (20). B nociennux asyx nmaparpadax
raBH npoBoauTest obobmenue Meps: Busepa Ha ckaukoofpasHbie HPOLECCH H
PacCMATPUBAIOTCS COOTBETCTBYIOUHE KOHTHHYAIbHbIE HHTETPAJIEL.

Bropas 4acTh TNOCBAIIEHa DA3BUTHIO TEOPHM KOTEPEHTHBIX COCTOSHMIN
rpynn SU(N) u SU(N, 1) n ux npunoxenusM K nocrpoennio PBY u kon-
THHYaJLHOTO HHTErpana Jjist YacTHOb B HeabenesoM mose. 34ech e CTposTes
koapdunmentst KI' B 6azuce KC.

B uerseproii rnase crposires KC SU(N) u SU(N,1) u paccmaTpua-
jorcst ux ceoficrsa. Cummerpuannie HIT Tipg gj(g) rpynn SU(N) crpostcs
B TPOCTPAHCTBaX NMOJMHOMOB (PMKCUPOBAHHON cTenenu P OT MepeMeHHbIX zj,
25111 jz)? = 1, a HII T{;o...o](g) JuckperHoii cepun rpyun SU(N — 1,1) -
B IPOCTPAHCTBE KBA3UMNOIMHOMOB (PMKCHPOBAIHON OTpHIATENbHOM cTenenn P
OT MepeMeHHbIX 2, |2n] — Soni |2k|? = 1, tae cremens zy oTpEnaTenbHa, 2
CTENEeHH OCTAJIBHBIX 2 — IEJble MOJOXKHTENbHble. JlucKperHble 6asuchl 3THX
TIpesicTaBeHNH 06pa3yIOT KOMILIEKCHBIE [ONMMHOMHAIBHOE (4) U OTpHLaTENL-
Hoe mojunoMuanbHoe (5) pacupenenennsi juist ammatys. danee kak opGura

crapmero seca ¥p(z) = 2{ crpourcs cucrema KC:
T(9)¥p(2) = (mg))” = (me®)", (25)

roe uf = gf — sneMenTH 1-#t CTPOKH MATpHuBI g, YHOBJIETBODSIOT TEM XKe
YGIOBHSIM, YTO M 2z, ¥ 3aJ810T TOYKy ojHOpoAHOro mpocrpancrsa CPV-1 =

SU(N)/U(N — 1) wmu CD¥N=1 = SU(N - 1,1)/U(N — 1). llepexpritue KC
(Pz|Pu) = (zkuk)P , (26)

e 2* = % gna SU(N) n 2¥ = —(=1)%¥z, ana SU(N — 1,1), ssasio-
meecst byHKOMEH AByX TOYEK OZHODOJHOTO HPOCTPAHCTBA, HIPAET BaXKHYO
pOMb [IpY PACCMOTPEHUM CHMBOJIOB OMEPATOPOE M AHAJIM3E NEPEXOa K KJIAC-
CHYECKOMY IIpefiely, T.K. MUHEMUBHDYIOT HHBapuanTHyIo sucnepenio (6). Kpo-
Me Toro, nepekpbitue KC sBisieTca Bocnpon3soasamuM sapom (anasnorom 6-
bynknun) B npencrasnennn KC, ¥p(u) = [(P,u|P,v)¥p(v)dup(d,v), rae
Up(u) = (P,u|¥).

Paccmorpum dbysKumo s(u, v) OT KOOPAMHAT JIBYX TOYEK MPOEKTHBHOTO IPO-
crpancrsa C PV~ wm xommnnexcsoro mapa CDV-1,

§%(u,v) = — In |{P,u|P,v)|* = —Pln|{uiv;)|? . (27)

Ceoitcrsa Mogy.ia nepekpbitust KC mossonsaioT unrepnpernposars 31y GyHK-
1m0 Kak cummerpuky. (Hamomnmm, 4ro geficTBUTENbHAs M MONOXKHUTENbHASL
CHMMETPHKA YJOBJETBODAET JABYM M3 TPEX AKCHOM paccrosuus: s(u,v) =
s(v,u) u s(u,v) = 0 TONBKO NPU u = v, UCKJIIOYas aKCHOMY TPEyrONbHHKA.)
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Pacnpocrpanenue cyuecrsyiomett gist rpynnst SU(2) metogukm Haxoxje-
HYS KOHTD2BAPHAHTHBIX CHMBOJIOB ONEPATOPOB, BKIIIOYAIONIAd Da3JI0XKeHHe
ux B psan no cepudeckuM PyHKIMsM B TeXHHKY Ko3ddunuenros Knebuia-
Topnana na rpynnbst SU(N) u SU(N — 1, 1) 10CTaTOMHO (IOXKHO M FPOMO3JKO.
B pabore npeanaraerca HOBasg METOLMKA HAXOXKIEHAS CAMBOJIOB, OCHOBaHHAs
Ha npejicraBaeHuH reneparopos rpynn SU(N) n SU(N —1, 1) 4epes oneparo-
pbl POXKIEHUS ¥ YHUYTOXKEHHsI, CXONHAS C METOJHKON HAXOXAEHNA CHMBOJIOB
onepaTopos rpymnnbi I'eftzenfepra. YCioBusI mepexofia K KJIaCCHYECKOMY IIpe-
Jiely B TepMMHAX KOBADHAHTHBIX CHMBOJIOB OIIEPATOPOB PacCMaTPUBAIOTCS Ha
ocuoBe GopMyJIbl JJisi CHMBOJIA IIPOU3BE/IeHUs onepaTopos (8). Posp mamoro
napamerpa (“nocrosiunoit [lnanka”) urpaer 1/ P, rge P — cUrHaTypa NpejCcTaB-
JieHwusl.

Ecin cummerpuunsie HIT Tipg g(g) rpynm SU(N) crposress B mpocrpan-
cTBaX NOMMHOMOB creneHd P or N KOMIUIEKCHL! IEPEMEHHEIX, TO aHTHCHM-
merpuunnie HII, y KoTOpBIX JAIL ONMH MHOEKC CHTHATYDHl OT/MYEH OT HY-
51, CTPOSITCA B IIPOCTPAHCTBE TIOAMHOMOB (DUKCHPOBaHHOH creneHd oT N KoM-
[JIEKCHBIX PACCMAHOBHLIX MEPeMeHHBbIX. PasBuTa COOTBeTCTBYIOMAA TEXHHUKA,
BKJIO4as ABHLIY BHJI HABADUAHTHON MEPH!, BOCIPOU3BONANINX SIAED, KOTEPEHT-
HBIX COCTOsSIHUH.

B naro#t riase reopus KC rpynn SU(N) npumeHsieTcss K NOCTPOEHHIO
1 aHAJH3y KOHTMHYAJILHOIO WHTEIDAJIA ¥ KBA3HKIIACCHYECKHX YPaBHEHUH Jist
HeabeseBhix nosneil.

BepesunbniM moapo6HO HCCTIE0BACH KOHTHHYAJIbHEIE NHTETPAL], HE CBA-
3aHHDBIE ¢ MepaMH B GyHKIMOHAJIbLHKIX 1IpocTpancTax. Kak uM 6bu1o nokasa-
HO, B 9TOM CJIy4aC KOHTHHYAJbHLIH MHTErDaj CJEAyeT HOHUMATh KAK Ipejes
HEKOTOpOl KoHeuHoKpaTHOH annpoxcumalun. [locTpoenue paziuyHbIX KOHCY-
HOKD&THBIX ANIPOKCHMALHH OCHOBAHO HA MCIONB30BAHHH PA3JIMYHBLIX THIOB
CHMBOJIOB OIIEPATOPORB: OEPATOp PeaJM3Yercst KaK MHTerpalbHoe npeobpaso-
BaHUE, SAPOM KOTODPOrO H ABJISIETCA CHMBOJ OIEPATODA.

CHuMEBON KBAaHTOBOTO FAaMUJIBTOHHAHA, [0 CPABHEHHIO ¢ KilaccHueckod (dyHk-
upet FamMunsToR MOXKET comepXaTh j00aBKH, MPONOPLMOHAJIBHBIE HEKOTOPO-
My (B KJ1aCCHYECKOM TIpefiesie MAJIOMY ) TIApaMeTpPy M HCYE3aI0LIMeE JIMIIb B KJIac-
cudeckoM npegene. U B omnume oT caydan miockoro ¢a3oBoro HpocTpaHeTBa
(rpynnst Teftzenbepra), B ciiyyae MCKPHBIEHHOTO (a30BOrO MPOCTPAHCTBA, Pa-
JIUYC KPUBU3HBI KOTOPOTO 3aBHCHT OT BEJIMHYMHBI CIIVHO MJIHM W30CIUHA, ITH
H0DABKK MMEIOTCA yXKe B TpocTemax cilydasx. Bonee Toro, B mpakTHyeckn
HHTEPECHBIX CIy4YasiX MaJbIX CIHHOB U M30CIMHOB Knaccuyeckas pynkmus [a-
MUIIBTOHA YK€ HE MOXET CIIY>KUTh 8J€KBATHHIM NPHOIMIKEHAEM, TaK KaK “710-
6aBouHble” YJIEHBI TOTO YK€ NOPAKA, YTO ¥ “ocHOBHbIE”.

B riase 5 MH paccmarpusaem Bompoc 0 Tom, kakum HII orBevyaer onmeca-
HUE C TIOMOIIBLIO OOBIYHBIX M IPACCMAHOBbIX MEPEMEHHBIX (M COOTBETCTBEHHO
[peJUIATaIoLIdecs: B JHTEPATYPE KJacCHYecKue U ICeBAOKNaccHUecKre (pyHK-
unn Jlarpamka), KaKHe NOABMNAIOTCH J00ABKM K Kiaccuyeckolt dynkuuu Jla-
TPAHXKa M KAKOB2 IIPUpOAa 9THX A06asok — 3asucumocts or HII wim nums o
BHJIa UCTIOJIL3YEMBIX CHMBOJIOB.

ITpoBoauTCst MOCTpOEHNE KOHEYHOKPATHRIX AINPOKCUMAIUH KOHTHHYAJIbHbIX
HHTErPaJoB C TOMOMILIO KOBAPHAHTHLIX ¥ KOHTPABADHAHTHEIX CUMBOJIOB TPy
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SU(N) n SU(N — 1,1). 9Tr nrETErpalbl HCIONB3YIOTCS fajee JNA aHANH3A
TIOBEJICHNS! YACTHIH B HEAOEIEBOM 110J1e, IOJIYYEHNsT KBA3HKIACCHYECKHX yPaB-
HeHHH M HaxoxkAeHHs obsactu ux npumenumoctd. Ilapannennuo passusaercs
NIOAXO/| K IOCTPOEHHIO YPABHEHKH H NEPEXOAY K KBA3HKIIACCHYECKOMY NIPEAery
Ha OCHOBe MeT0Jia COOCTBEHHOTO BpeMeHH,

O6a Merona NpHBONAT K BHIBONY, YTO KBASHKNACCHUECKHE YPABHEHH:A s
yacTunp! B HeabenesoM nose (ypaBHenus Bonra) orsedaroT 60sbuuM BETOBbIM
3apsiiaM (Tounee, npepeny P — 00). das dysnamentansusix HIT (P = 1) no-
JIy4eHBI APYTHE YPABHEHHS, CYIIECTBEHHO OTIMYAIONMINECS OT ypaBHennii Boura.
HeticreurensHo, st dyuaamenransanix HIT nponsse/ienue reHepaTopos jiu-
HeftHO BhIpaxaeTcs yepes reneparopbt 1 KC He pacnaibiBaioTcs npH MpOM3BONL-
woM H. Coorsercreenno ypapuenus: Ha napamerpbi KC siBsioTes TognbimMy,
HO JUJIsi FaMUJIETOHMAHOB, He JIUHEHABIX 10 MeHEPATOPaM, He COBHANAIOT C KBa-
3UKJIACCHUECKUMH, T.K. B 3TOM C/lyJae CHMBOJI TAMUITOHWAHA He COBNAJAeT C

dbynkuuelt, nonyuaemoif 3aMeHo! B MCXOFHOM BbipaxkeHHU aisi H reseparopos
Ha MX CHMBOJIBL.

Takum 06pazoM, HCKIIOYas CIyyal JMHERHOrO MO MeHepaTOpaM raMHIIBTO-
HHAHA, KBAHTOBOMEXaHUYCCKUE YDABHEHHs] CBOAATCH K YDPABHEHMAM MIJISI 9BO-
mouud KC TosbKo B ABYX IPOTHBONONOKHBIX CIydasix — ais byHIaMeHTa -
upix HII u B npenene, orpesaromeM Gonpimum 3HadeRusM curHatypst HII; B
NOCIIEIHEM CJIY4ae H BO3HUKAIOT KBA3HKJIACCHYECKUE YPABHCHHS.

B mecroit rinase paccmarpupaorcs kosddumuentol KI' 8 6asuce KC u
cmemannbx Oasucax. Teopusa kosdpdumumenros KI' rpymner SU(2), ssnsioma-
sicsl BaXKHeHIe YacThIO TEOPHH YIJIOBOTO MOMEHTR, ITHDPOKO MCIOAL3YeTCH B
pasnnyHbIX npuioxenusax. OOUAaKo JJIHTEIbHOE BPEMsl 3T2 TEOPHS paccMar-
pHMBaJaCh JMIIb B CTAHJARPTHOM AUCKpeTHOM Ga3uce |j m), rje j — MOMenHT,
m — npoekuusi. B riaBe 6 pa3sBUBaeTCs €UMUHBIA MONXOJ K UCCIENOBAHUIO KO-
spounuentor KI' B pasanunbix 6a3ucax Ha OCHOBE alliapaTa NEPeKpHITHIH.
Ucnons3yiores 3 Tuna 6azucos: oObIMHBI JUCKpeTHbIN (3/IEMEHTH CBA3AHBL
uHUHATE3UMATLHBIMA OniepaTopaMu), Hempepbisubift 6a3uc KC (anemenrst
CBA3aHB! KOHCYHBIMA NPeo0Pa30BaHusiMy), n 6a3UC KBASHPETYJIAPHOLO Ipef:-
CTABJIEHUS!, 1APAMETPU3YEMbIll TOUYKAMY Ha MHBAPHAHTHOM OTHOCHTEJBHO A~
cTBUA rpynnsl Maoroobpasum. Ilogyepkuem, 4ro ecian nepsbie JiBa 6Ga3uca —
Gas3uCHl B IPOCTPAHCTBE OAHOIO IenpuBoguMoro npeacrasnenus (HIT), To mo-
crepHuit - 6a3UC B MPOCTPAHCTBE NPMBOLMMOTO NpesicTaBaeHud. [{ns rpynmnsl
SU(2) ato auckpernsii Gasuc |j m), Gasuc KC |7 u), u = {uj,uz} u |0 ¢)
— 6a3uc, napaMeTpu3yeMblil TOUKaM¥ Ha cdepe M OTBEHAIOMU COCTOSTHUSAM C
ONPEAENEHHBIMU YIJIOBBIME KOODOUHATAMH.

Yepes nepekpuiTHa (CKAIAPHBIC NPOU3BEIEHUA BEKTOPOB COCTOMHUN TUIIb-
GepToBa NPOCTPAHCTBA) MOTYT OLITH 3anmucaHbl KAK BOJIHOBbie (DYHKIMH, TaK U
koapduuuentst KT, onpenensempie anst rpynn SU(2) u SU(1,1) coorroure-
HUAMH

iz wy =3 [ Gl olis )l aste), 29)
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) = [ G i oll wlis wlia o)ds (s ). (29

Koadduuuentr: KI' 5 6azuce KC sapnsiorcs HHBapHaHTAME FPYTIHLL, & 3HAYHT,
BbIPAXKAIOTCA HEPe3 EMEHTAPHEIC HHBAPUAHTHI — JETEPMHHAHT H CBEPTKY,

(jl u']z ‘U”j w) = p(u1u_11 + ug’u_lz)Rz(Ul’U_Jl + ’U21112)R1(’U,1'U2 — ’ZL2U1)R3, (30)

IJie p — HOPMHPOBOUHBIM KO3hbuIMenT, BepxHuuit 3Hak orBedaer SU(2), nux-
autt - SU(1,1). Oun cnyxar npor3BoAsIUME HHBADHAHTAMHE A OOBIYHBIX
nuckpernsix koadbduuuenros KI'. [lns kaxnoro coorHomenns Mexny koad-
duuuentamu KI' B guckpernom 6asnce yeranaBiinBaeTcs CBOH aHadyor B 6a3uce
KC.

Bnarogapst ynobHoMy s3biKy 3amuch BeJaudnH teopus xkosdduuuentos KI'
(opMynmpyeTcs efuHbIM 06pa30M Jyis Pa3aHYHBIX 6a3uCcOB, Kak cBOeoOpa3-
HOe o6obmienne dbopmys mepexpbiTus. [Ipocras M KOMIaKTHAs 3almiCh COOT-
HOLIEHUR TEOPHH YTJIOBOI'O MOMEHTa Ha OCHOBE OJHOBPEMEHHOTO HCIIONb30Ba-
HHsl TPEX THIOB 6a3MCOB NPHAAET MM NPO3padHbl DHU3KuTECKUH U TEOPETHKO-
rpynnoBo#t cMbicibi. Ilpy 3TOM MHOTHE COOTHOIIEHHS (B TOM 4YHCIE JJid Ipo-
U3BOAALMX (DYHKIUH M MHTErPANbHBIX IPEACTABICHAN ), BHIBOJ KOTOPBIX ADPY-
THMH METOAAMHM JOCTATOYHO CJIOXKEH HJIM MPOMO3JIOK, IPH HCIIONH30BAHUH TEX-
HHUKH [EPEKPBLITHH CTAHOBATCSA MPAKTHYECKH OYEBUIHBIMH.

ITokaszano, uto B oTamuue or koaddunuentos KI' B juckpernom 6a3u-
ce, OCHWLIAPYIOWUX npu Gonbiunx Momenrax j, koaddunuenrn KI' rpyn-
met SU(2) B 6Gasuce KC B mpegene j — 00 3ajai0T KJACCHYECKYIO
dopmyny cnoxkenus: MOMeHTOB. BBeneHbl 0ObeKThl HOBOrO Tumna — Koad-
dbunpenter KI' B cMemannbix 6asucax, B 4acTHOCTH (ji mal|ja me|lj u) u
(71 va|j2 usl|lj m). Tlepsuit xoadduupent pacnajsaercs Ha MpOM3BeJeHHE
obbruHOro koadpunuenta KI' u nepexpruiTust JucKpeTHOro 6a3uca ¢ 6a3mucom
KC, (51 mi1]jz ma|lj m1 + mz) ( m1 + me|j u), BTOpOR MOXKeET OBITH BhIpa-
JKeH uepe3 HoMuHOMBI fAKobu

C e m! ng! 12 -
(71 ulja o]l m) =p [m] (urvz — uguy) ™™ x (31)
- _ UVg + U1\  R,-2n, R . . 5
PFrmm, Bamm) (———) up T, mp =jkm, Ry j(-1)™.
UV — U1 %

Anayornuiibie yTBEepXKIECHAA CHpaBeAuBhl i s koadduuuentos KI' rpynnst
SU(1,1). Oaa xosddbuuucnros KI' rpynn SU(2) n SU(1,1) B korepentHoM u
CMeLIaHHBIX 0a3ucax MoJydeHbl anajJors GOpPMYIT OPTOHOPMHUPOBAHHOCTH, MH-
TerpaJjibHble IPEACTABIECHAS, TPOR3BOAsALIMe (DYHKIUM U BHIIHCAHBI COOTHOLIE-
mus cummerpuu. Ormeueno, 4to cmelnasHble koabduuuentsl (9) ecrecrsen-
HBIM 00pPa30M BO3HUKAIOT HPH PACCMOTPEHHN MATPHYHBIX SJIEMEHTOB HEIIPHBO-
JUMBIX TeH30pHbIX oneparopos B KC.

B Tperbeit yactu crpouTcsa ¥ uzyvaercs none Ha rpynne Ilyankape.
OcHOBHBIM OOBEKTOM HMCCIENOBAHHA B 3TOH 4acTv palOTH SIBJSIETCS CKa-
asproe nosie Ha rpymne [lyankape. Ckansipoe mone wa rpymnne Ilyankape
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(@, 2) = f(z,2), tne f’é:c, z) = T1(g) f (x, ), 3aBACAT OT KOOPAMHAT T B PO~
crpascTse MHHKOBCKOrO (SIRJISIIOINETOCS OJHOPOIHEIM TPOCTPAHCTBOM IPYIIILI
[Tyankape) u xoopaunar z Ha noarpyunne Jlopenna. Komnnekcusie koopausaTst
7 ONKCHIBAIOT CHMHOBBIE CTENeHU cBobozxbl. B ritaBe 7 Mul pa3ssuBaeM o0uHIyIO
CXeMy aHa/imM3a Ha OCHOBe Tocrpoenns npasoro Tr(g) u nesoro Tr(g) 0606-
IIEHHBIX PETYJIAPHBIX HPECTABJIEHMH IPYINIE, KOTOPYIO 3aT€M NpPMMEHsSieM B
raasax 8,9,10 k npocrparcTBaM 2, 3, U 4 H3MEPeHuit COOTBETCTBEHHO. 3JeCh
MBI JIJISl KDATKOCTH PaCCMOTPHM ODILIYIO CXGMY Ha IPHMEpe YeTHIPEXMEDHOTO
ICEB/IOEBKIINJIOBE, TPOCTPAHCTBA.
Kak u3Bsectno, npeobpazosanus rpynnsi Ilyankape

z# = AP g” + o (32)

B npocrpaHcTse Munkosckoro (7, = diag(l,—1,—1,—1)) ¢ xoopauuaramu
z = (z¥, p=0,1,2,3) sanaercs napamu (a, A), rae a = (@*) — npousBoONbLHBIA
BekTop 1 MaTpuua A € O(3,1). Jlas HuX cupase/ynB 3aKOH KOMIIO3WLUH

(a2, A2)(az, A1) = (a2 + Azag, A2Ay). (33)

Jliobasn matpuna A Moxer OuITH NpeACTABNEHA B OJHOM M3 YeTHIpEX (opM:
Ao, AsAo, AtAg, AsAiAg. Bmecs Ag € SO(3,1), rue SOy(3,1) - csiznas
xomnonenta rpynnst O(3,1), u marpunmt A, = diag(1,-1,~1,-1), A; =
diag(—1, 1,1, 1) orBeqaior npoCTPAHCTBEHHOMY OTpaXKeHHIo I, M OTpaKeHHIO
spemenn I;. Ilapwt (a, Ag) ¢ 3akorHOM koMuosuumy (33) obpasyior rpynmy, siB-
JISOULYIOCS TIONYTIPAMBIM TIPOU3BE/IeHHEM TPy Ll Tpauncisnu# T(4) u rpynns
spawenn#t SOy(3,1), koropyio Mbl 06o3rauM Kak My(3,1).

PaccMoTpuM Teneph YHHBEpPCAIbHYIO HakphiBaiomywo st Mg(3,1). Ora
rpynma, KOTOpyio Mbl 0603HaduM Kak M (3, 1), siBisieTcs nOMynpsiMbIM IPOM3-
sepenueM T'(4) u SL(2,C). Kak u3secrHO, CymecTByeT B3aMMHOOJHOIHAYHOE
COOTBETCTBME MEXJly BEKTOpaM# U HpocTpancTBa MHHKOBCKOTO M 2 X 2 3pmu-
TOBHIME MaTpuLamu V (Ml ncnons3yeM JiBa Habopa 2 X 2 MaTpuy o, = (oy, oK)
o, = (0‘0, —O'k)):

1
v o V=1, v*= —2-Tr(V6"‘). (34)
Coberpennnie npeoGpasopanns Iyankape ' = Agz + a MOXKHO Temeps nepe-

NKCaTh B BUJE
X' =UXU'+ A, (35)

rae X = z¥o,, A = dafo,, u U € SL(2,C) (ae pasnuunbie marpunp £U
OTBedaloT KaxJo# Ag). Duements M (3, 1) sapasorcs napamu (A, U) ¢ 3akoHOM
KOMITO3ULAH

(Ag, Un) (A1, Uh) = (U2 AU + As, Uplh). (36)

Ilepeitaem Tenepsb K BBEIEHHUIO CKaJAPHOro nons Ha rpyune ITyankape. Xopo-
1o #3BecTHO, yTo JioGoe HIT rpynmst G comeprkurcs (¢ TOMHOCTHIO O 9KBHBA-
JIEHTHOCTH) B Pa3JIoXKeHUH 0bobuennoro perynapuoro nupesicrasienns (OPII).
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Paccmorpum snesoe OPTI T},(g), neficrsyromee B npoctpancrse bynkuai f(h),
h € G, Ha rpynmue:

Ti(9)f (k) = f'(R) = f(¢7'h), g € G. (37)
Kax cnencrsue (37) nmeem
FK) = f(B), W =gh. (39)

Mo cnygas rpynmst M(3,1) Bocnons3yeMcs napaMeTpH3ailieli neMeRTOB
JBYMs1 2 X 2 MaTpuIaMu (OfHON SpMuToBO#l M ofHolt w3 SL(2,C)), omucan-
HOM Bhime. B TO ke Bpems, MCHONBL3ys ITY NAPAMETPU3ALMIO, MbI BhiGepeM
creytonpe 0003HaYeHns:

gH(AwU)r h(—)(X,Z), (39)

rae A, X - 2 X 2 spmurossl Matpuus u U, Z € SL(2,C). Orobpaxkenne h >
(X, Z) nopoxpaer cooTBeTCTBHE

h & (z,2,2), toe z=(z), 2= (2), 2= (2a),
1p=0,1,2,3 a=1,2, 2129 — 2021 = 1, (40)

C IIOMOIIbLIO COOTHOINEHHUH

X =z, Z= (zl 21) € SL(2,C). (41)

29 Z

C npyroi#t cToponsl, MBI uMeeM cootsercTsue b « (2,2, 2'),

K =gh« (X, 2)=(4U)X,2)=UXU*+ A UZ) + (¢,7,2),
X =UXU*+4A, 2 =UZ

Coorrowenne (38) npunnmaer BuL

f,(xl, zlaél) = f((I), 2 Z), (42)
z'l‘ — (AO)I“”xV + a"‘7 AO «Ue¢ SL(Z, C), (43)
Za=Ul2, Zo=Ulz, nnm-nun=2H-474=1 (49

Coorxomenust (42)-(44) HonycKaioT BaXKHYIO Js1 JaJbHEHIICIO HHTEPIPETa-
0. Mp1 MOXKeM paceMaTpuBaTh B %' KaK NPOCTPaHCTBEHHO-BPEMEHHBIE KO-
opauHaThl B npocTpancTse Munkosckoro M(3,1)/SL(2,C) B pasmuysbix J10-
DEHIIEBBIX CHCTEMaX OTCYCTa, CBA3ANNBIX MPeobpasoBanueM cOBCTBEHHON Ipyn-
us [Tyankape, a HaGoput 2,z u 2/, 2’ (xooppusaret sa SL(2,C)) — KaK CMHO-
BBIC KOODJAMHATH! B 9TUX JIOpeHUEBbIX cucreMax. [Ipeobpasysch cornacho (44)
N0 J[BYMEPHOMY CIIHHOPHOMY HpEACTABJICHUIO rpymnnst Jlopenia, mepeMeHHbe
Z ¥ Z MHBAPHAHTHBI OTHOCHTEIBHO TPAHCIANMH, K&K 9TO MOXKHO OXHJATDL JJIs
CNIMHOBBLIX CcTenene#t cBo6oanl. T.0., MBI MOXKEM TPaKTOBAThL HABODH T, 2, 2 KaK
K00pIURATY. MOYEKR 6 KOOPOUNANHO-CTIUHOGOM NPOCTNPAHCTEE C 3AKOHOM TLpe-
obpasosanua (43), (44) npu nepezode om odnotd sopenyesoti cucmems om-
cuema % dpyeoti, a coomuowenue (42) Kax 3axon nPcobpa306anUA CKAAAPHHLT
Pynxyut Ho KOOPOUHAMHO-CRUHOBOM NPOCMPAHCMEE.
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Tax kak Habop (%, z, Z) HAXOAMUTCS BO B3AUMHOOJHO3HAYHOM COOTBETCTBHH
¢ snementamu rpynnst M(3,1) u umest B BUAy AAHHYIO HHTEPIPETALHUIO, MBI
OyneM Takxe Ha3biBaThb (byHKUun (42) cKanApHEIMH GYHKIHMSIMH Ha Cpymne
Ilyankape.

Paznuanbie GYHKIMYE TAKOTO THIIA OTBEYAIOT PA3JMYHBIM NPEICTABICHHAM
rpymnet M(3,1), n 3apa4a knaccudukanun HII stot rpynnst copuTea k 3a-
Jade KIacCHMUKAIMH CKAJNAPHLIX (GYHKINH HA KOODMHATHO-CIMHOBOM HpO-
CTpaHCTBe. PaCCMOTPCHHE €CTECTBEHHO OTPAHHYHTE CKANAPHBIME DYHKIMAMY,

* ¥

aHAJIMTHYECKUMHU KaK 1O Z, Z, TaK U 10 Z, z (10 ecTb dyHKIuaAME, quddepen-
IIPYEMBbIMH [0 ITHM aPIyMEHTaM).

Ianee ¢yukuuu na rpymne Ilyamkape M(3,1) Mbl obosHadum Kax

* * * ¥

flz,2,2,2,2) = f(z,2), 2 = (2,2, 2, 2). (Jaa bynkuuit Ha rpynnax M(D, 1)
i1 M(D) mbl GyZeM HCIOJIB30BATH AHANOTHYHbIE 0DO3HAUEHNUs, TOHUMAS NOJ,
Z COOTBETCTBYIOmuN Habop crMHOBLIX Koopaunat.) Kak ciencreue yHuMony-
nsipHocTd MaTpul U cyuiecTByl0T HHBAPHAHTHbIE aHTHCHMMETPUYUHbBIE TEH30-
pot €28 = —gBo £0F = _ghd (12 = (12 — 1 ¢y = gi5 = —1. llopusTue u
OIyCKaHWe CHMHOPHBIX MHAEKCOB MOXKeT ObITh OCYINECTBJIEHO 1O (OpMY/iaM

Zg = eaﬁzﬂ, 2t = 50‘325, ;'d = 6&32B7 2= sdﬁgﬁ. (45)

B paMkax paccMaTpHBaeMOro mojaxoja obpltnoe OMHUCAHUE HOJef CO CIUHOM
[OCPE/ICTBOM MHOTOKOMNOHEHTHBIX (DYHKIHHA BO3HUKAET NPU pasdeaenuu Cru-
HOGBIT U NPOCMPAHCTIEENHBIT NepemennsZ. Tak Kak Z He Impeodpa3yercs OpH
TPAHCAAIMAX, TO PYHKIMH, 3aBUCAIIAE JIKIIb OT Z, IPeobpa3yIoTCs N0 HEKO-
TopoMy npejcTasnennto rpynnst Jlopenua. Ilycrs dbynkuus f(z,z) gonyckaer

IPEeJCTABIEHHE
f(z,2) = ¢"(z)¢n(z), (46)

rae ¢"(z) obpasyior 6a3uc B NpOCTPaHCTBE NPEACTABICHUA rpymnsl Jlopexna.
Tocnennee o3nadaer, 4To (YHKIMM OT Mpeobpa3oBaHHOrO aprymenta ¢"(z'),
2 = gz, MoryT 6bITh pa3oXKeHs no ¢™(z'),

¢"(2) = ¢ @) L,"(V)- (47)

JHeticrsue rpynnst Ilyankape Ha cTpoky ¢(2z), cocraBiaenHyio u3 ¢"(z), cogur-
€ K YMHOXKEHHIO Ha MaTpuly L, 3aBUCAIIYK0 JIMIIL OT HaPaMeTpPOB TIOBOPOTA,
3asaBaembix Marpuneit U € Spin(D, 1), ¢(2') = ¢(z) L(U). Cpasuusas pasno-
JKEHHA )(byuxu,nn f'(z',2") = f(z,2) no nosepuyromy Gasucy ¢(2') n ncxomuo-
My ¢(z),

f'(#,2) = ¢(2 )/ (') = () L(U)Y/ (') = d(2)(),

rae P(z) - croaben u3 1P,(z), noayuum 3aKOH MpPeoOPA3OBAHHS TEH3OPHBIX
nosielt B npocrpancTBe MuHKOBCKOro:

Y'(z') = LU (). (48)

DroMy 3aKoHy oTBedaeT mpeicrapienue rpynnsl Ilyankape, geficryoinee B
nuHeiHOM mpoctpancTse Tensopupix nosett: T(g)¢Y(z) = LU )P(A™ (z —
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a)). Cornacuo (47), (48) ¢(z) n ¢(x) npeobpasyioTCa N0 KOHTPArPaIHEHTHBIM
npejcTaBieHnaM rpynns JlopeHua.

B uacrHOCTH, g ckanspebX ¢ynknuit Ha rpynne I[lyamkape suja
filz, 2) = Ya(2)2* u fo(z,2) = 1,/—1,1(:6)2", OTBEUAIOIINX CHUHOPHEIM IIPEACTAB-
aenusiM rpynns! Jlopenna u3 (46), (48) crenyer, uro

(&) = Us(z),  Fh(e) = U (). (49)

Tpoussenenue 1, (z)1**(z) Ilyankape-unBapuanTHO.

TaxuM 06pasoM, B pasJIOKeHHH CKaJAPHOro nois Ha rpynne [lyauxape co-
JIePXKATCS TEH30PHEIE HOJs BCEX BO3MOXKHBIX CIIMHOB 1 npobyieMa Kiaccuguxa-
[UH U TIOCTPOCHHS! SIBHBIX PEaNU3alliil TEH30PHBIX NoJIel CBOAXTCA K mpobiieMe
pasnoxenus gesoro OPII Ha HenpuBogUMBbIE.

O6n1vyHO moHATHE CHMMCTPHH NipuMensiercs K PBY, a He HenocpejcTBenHo K
nonsiM. B mupokoM cumbicie onepanyell CHMMETPHY CUHTAETCs. NPOU3BONBHEIH
onepatop B, nepesofsinuii peiueHus ¢ HEKOTOpOro YpaBHeHUs: B peluenus By
TOIO JKe YPABHEHUs! A KAXIOrO 1), IPUHAMJIENKAEr0 MHOXKECTBY PEUICHHUI
ypaBHeHust. Mbl chopMynpyeM nouamue onepayuy cummempuu dai noaetl
na rpynne Ilyatkape — kak onepaTopa, NepeBoAALIEro noe ¥, npeobpasyorie-
ecs 1o JaHHOMY IpeJICTaBlIenHIo, B moie B, npeobpasyiomieecs no Tomy xe
HpECTABICHHUIO.

PaccMoTpuM npezcrapiienue B IPOCTPAHCTBE CKAJISIPHBIX (DYHKIME HA, ONHO-
ponrom npocrpancree G/ K, K € G:

T(9)f(y)=fW)=fl¢g"y), 9€G, yeG/K, (50)

umn f'(y') = f(y), rre ¥ = gy. O6o3naunM npoOCTPAHCTBO CKANAPHBIX BYHK-
umit Ha G/K xax Ve/k. 1lpeobpasoanust CHMMETDHH CKAJIADHOrO IONS HA
G/K wmoryT GuITh onpefiesienbl KaK 0ToBpaXeHus 3TOro nosus Ha cebsi:

¥(y) = Bly(v)] € Visx (51)

rae oneparop B asnsierca obpatumbiM. B obmeM ciiyuae B jelicTByeT Kax Ha
dbyHKIuIo, TaK U Ha ee apryMenTsl. JeiicrBys oneparopom B na (50), momyyum

BT(9)B™'By(y) = By(g™"y). (52)

Ilycrs Teneps npeofpasopanne CBOTUTCA K 3aMEHE aDIYMEHTOB bysKuui Ha

OJHOPOJHOM NPOCTPAHCTBE (3amene koopaunat) B(1h(y)) = ¥(%), rne § = By.
OrmernM, 4TO Yy — § ABISAETCS B3AMMHO-OJHOZHAUNLIM OTODpakeHHEM, T.K.

cymecrayer obparueiii oneparop B!, Cornacuo (52)
BT(9)B™"$(j) = ¥(Bg™'B™"5), BT(9)B™ =T(3),

rze oro6paxkenue g — § = BgB~! coxpanser rpynnosoi 3aKOH KOMIO3MIUK
A clIeHoBaTenbHO 3aaeT apToMopdusm rpynnst Ilyankape.
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PaccMOTPHM JIBa. BAXKHBLIX YACTHBIX CIIydast.
1. Cxanspnoe none f(zr) ua mupocrpancrBe MuHKOBCkOro, = €
M(D,1)/Spin(D, 1). Bayrpennne aBromopduambl

9= 999", T~ GoT

OTBEYAIOT JICBLIM KOHEYHBIM NpeobpazoBanusM rpynust IlyaHkape npu uame-
HEHUHU CHCTEMB! oTcyeTa (cobcTBennbiM npeobpasoBannam Jlopenna). Bremnue
aBToMopdusMsbl rpynnsl [Tyankape

g— BgB'l, T — Bz

OTBEYAIOT MPOCTPAHCTBEHHOMY M BDEMEHHOMY OTPAXKEHHSIM M MAaCIITAOHBIM
NpeobpasoBaHusAM (AUIATAIMAM ).

2. Cxansiproe none f(h) wa rpynne Ilyankape, h € M (D, 1). Ilo cpaBrennio
CO CJ1y4aeM OIHOPOAHBIX npocrpanets G/K ¢ HeTpuBuasbHOR noprpynmo# K,
3/iech uMeercs bonee mMpPOKuit HAGOp cHMMETpUH. A MMEHHO, MOXHO YMHO-
XKATh h Ha 3JIEMEHT IPYIIIb HE TOJIBKO CJIEBa, HO U CIIPaBa, H JIs BHYTPEHHUX
aBTOMOPGUIMOB g —} goggy | CYWIECTBYIOT NONONHUTENLHEIC NPeobpazsoBanus
KOODJMHAT Ha KOOPAWHATHO-CIHHOBOM HPOCTPAHCTBE:

9= 90995", h— goh (cobersennsie npeobpasosannus Jlopera); (53)
g 9099 ", h— gohgy" (BHyTpemuue aBTOMOPdUIMEIL); (54)
g— BgB™', h— BhB™' (BHemmue anToMOpcdu3ME). (55)

Taxum 06pa30oM, CKaNAPHOE 110JIe HA TpYIne, KPOME CHMMETDUH IO OTHOLe-
HHMIO K COOCTBeHHBIM npeobpasoBanusam Jlopenua, 061a1aeT HETPUBHAJIBHBIMA
CHMMETPHSIMY, CBSI3aHHbIMU ¢ BHeuwiHumu (oTpaxenuss P,T u nunarauun) u
BHyTpeHHHMU aBTOMOpbUIMamMu h — gohgy .

Ecin aBHO yka3aTh 3aBHCHMOCTh (GYHKIMH Ha IPYNIE OT %, TO KOMILIEKC-

. * .
Hoe conpsikenue f(z,2,1) — f(z,2,—1) TaxKe MOXET PACCMATPHBATHCH KAK
3aMmeHa aprymentos ¢yukuuu. Kax Mbl yBuguMm Hixe, npu Gosee nonpobuom
PacCMOTPEHHH JIUCKPETHBIX CHMMETDHIH, OHO OTBEYAeT 3apsiIOBOMY COIpSIKe-
HUIO.

PaccMOTpHM Teneph MaKCHMAJIbHBIH Habop KOMMYTHDYIOLHX ONEPATOpOB
na rpymnne Ilyankape u csi3aHHBIE ¢ HMM BOTIPOCHI MHTEPHPETAIUM KBAHTO-
BbIX gucesn W nocrpoenus PBY. CornacHo Teop#H rapMOHMYECKOIO aHAIN3A
Ha rpynnax JIu MakcuMaJbHbEH HaG0p KOMMYTUDYIOIHX OHEPATOPOB COCTOUT
u3 orneparopoB Kasumupa, koMMyTupyoompx €O BceMH (JIEBBIMH U I1PaBHIMY)
reHepaToOpaMi, H OJMHAKOBOTO 4HCNa GYHKUHMA JIEeBbIX ¥ NPABBIX TeHEPaTO-
pos. Obiee YMCIO KOMMYTHDYIOIIMX ONEPATOPOB PABHO YHCIY MapaMeTpOB
rpynusl. I1pn paznoxenun nesoro OPII nesksusanentasie HII paznuyatorcs ¢
nomotpio oneparopos Kasumupa, cocrosnus Baytpu HII ¢ nomoupio onepa-
TOPOB, ABNAIOMUXCS GYHKIUSAMH JIEBLIX I'eHepaTopoB, a sxkBupasenTHuie HIT ¢
IIOMOIIIBIO OTIEPATOPOB, SBJAIOIIUXCS (DYHKIUMSMY [IPABBIX 'eHEPATOPOB.

lenepaTopst siesoro OPII orBeualoT TpaHMIALKAM ¥ BPAIIEHHSIM,

Py = —i0/0z*, j;w = i’#v + gﬂ"’ (56)
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roe L,,,, = i(z,0, — £,0,) — OnepaTOpbl NPOEKIHH YIIOBOrO MOMEHTa, a S -
ONEepaTOpPHI NPOEKLUH CivHa, 3aBucsmye OT z U 8/Jz. [lnst upasbix reHepaTo-
pOB HMeEeM

=—(L~ 1(z)) Dy, JR = Sﬁ,, (57)
re L € SO(3,1). Onepafropbl IIPaBBIX TPAHCISAUMH MOTYT ObITh TAKXKe 3alll-
canm B Buge PR = —Z-1P(Z-1)t; oneparopsi S, 1 .S',‘Z, — 3TO JIEBbIE H NPaBHIE

reneparopel SL(2,C), neficTyompe B CIMHOBOM IPOCTPAHCTBE U 3aBUCSIHE
TOJILKO OT Z. '

Bee mpasuie resepatopel (57) kKOMMYTHPYIOT co BceMu JieBbiMH (56)
yIOBIETBOPSIOT TEM XK€ KOMMYTAIMOHHBIM coorHouenusM. [lis onmeparopos
HpoeKan crMHa yz00HO MCNIONB30BATH TPCXMEPHBIE BEKTOPHbIE 0603Hauenus
Sk = Ei]kS] Bk = SOk

,Z[ml Kknaccupuxauny Gyukmuii na rpynne Ilyankape Hajo HCHONL30BATH
MaKCHMAJbHBI Habop u3 10 KOMMYTHPYIOIMX OLEPATOPOB { BKIKOYAIONIH TaK-
e MpaBhie TeHEPATOPH) Ha IpyIie, HAIPHMeEp

~ 2 ~ & 5 2 A A -
bus W2, pS, S -B?, 8B, S§, BE. (58)
B cucreme nokos f)Q = 0, 1 MaKCHMAJbHBI! HAOOp Moxker ObITh MOMyuYeH U3

(58) samenoft pS na Ss. Oynxumm f(z,2,2) n f(z,%,2) (coorsercrayromue
nofnpocrpancTsa 0603Haunm kak Vi u V.) saBucar or 8 HeficTBHTENBLHBIX
MapamMeTpoB, B CJIEIOBATENHHO, A7 HUX MOXKHO PaCCMaTPHBATH TOJBKO 8 orne-
PaTOpOB: ) o o

Dy, W2, PS (8% 5 cucreme noxos), p,I*, SE. (59)
B ornuune or oneparopos SB u B us (58), Bce oneparopst 13 Habopa (59) un-
BAPHAHTHL! OTHOCHTEJILHO NPOCTPAHCTBEHHOTO OTPAXEHUA U ITOT HAbOp yI0-

OeH N1 ONHMCAHMsi COCTOSIHHI ¢ OTpe/iesieHHol YeTHocThI0. Oneparopsr I 3a-
BHCAT OT Z U 0/0%:

o= -;- (&“daédaa + cr"adz"‘Qd) —c.c., (60)

rie 80, = 0/82%, 9% = 8/ 8Z4. Jna bynknult u3 npocrpascts Vi 1 Vo Moxo
[I0KA3&Th, YTO €CJIH COOCTBEHHOE 3HAYEHHE ﬁpf"‘ PaBHO -Ems, rie M — Macca, a
2s — crenens nosuHoMa (cobeTBennoe 3HateHye SE), To cobCTBeNHOE 3HAYCHHE
onepatopa W2 Takxe GpUKCHPOBAHO ¥ OTBEYAET CIMHY S.

PacemoTprm moppobuee nabop (58) Hapsaay ¢ onepaTopamu UMITYIILCR, Py,

oneparopom Jlobanrnckoro-Tlaynu W2 u OnepaTopa CIHPaILHOCTH pJ pS
9TOT HABOp CONEPKMT YeThipe (YHKIUH NPaBbIX IeHepaTOPOB IPymmbl Ily-
ankape. K nocnensum orrocarcs asa oneparopa Kasumupa crimHOBO# rpyn-
TIbI .Hopenn,a (Te. rpynmb, neficrByiomelt TOALKO Ha CIMHOBbIE KOOPIMHATH)
$? — B2 = (S®)2 — (BR)2, SB = SEBR HII (jy, j,) rpynus: Jlopenma Mapxu-
pyxowﬂ COOCTBEHIBIMA 3HAYEHUSIMM DTHX OLEPATOPOB, & HMEHHO, OIEPATOPbI
S? — B? + 2iSB umeior cobersennne suavenns 27 (j; + 1) n 232()2 +1). Jast
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KOHEUHOMEPHBIX MPEJICTABIIEHNH IPYIILI .Hopeﬂua byuxuun f(z,2z) apasiores

TIOIMHOMAMH CTENeHH 2j1 U 2jjz 10 2,2 M Z, Z COOTBETCTBEHHO.

Oneparops S£,BE sanaior asuuTusHEe KBaHTOBBIC WMCTa. 3hech HAJO
OTMETHTb OJI3KYIO AHAJTOLHIO C TeopHell HEPEeISTHBHMCICKOTO POTATOpA, IJe
B KadecTBe BONHOBBIX (pyHKIuMH paccmarpuBalorcs He (yHKumM Ha cdepe
SU(2)/U(1), a dynxuuu Ha Beelt rpynne spamennit SU(2) u xsa Habopa one-
PATOPOB: ONEPATOPbI YTJIOBOrO MOMEHTA B HHEPIATIbHOM J1abopaTopHO# cucre-
Me orcuera (remepatopst B siesoM OPII JF) u onepatopbi yrnoBoro mMomerTa
BO BpAIIAIONENCs CHCTEME OTCYEeTa, CBA3aHHOR ¢ TeoM (reHepaTophl B IPABOM

OPII J! R). Knaccuduxanus cocTosnnii poTaTopa OCHOBaHA HA MCHONL30BRHHHA
MaxcHMaJIbHOro Habopa Kommy'mpylomnx ONepPaTOPOB, BKJIIOYAIOMEr0 Kpome
J2u J3 JL takoxe JR Oneparop J3 PasNnyuaeT SKBHBAJICHTHbIE IIPEJICTABJICHHAS
B pasnokenun jesoro OPII rpynner BpamieBuit # oTBeuaeT KBAHTOBOMY “HC-
JIy, HE 3ABUCAIIEMY OT BHIOOpa Jab0pPaTOPHOM CHCTEMBbI, HFPAIOMIEMY BaXKHYIO
POJIb B TEODHHA MOJIEKYJIADHBIX CIEKTPOB. B 3+1—MepHOM CIIy4ae MMeercst 1Ba
aHaJjora J;fz, a MMEeHHO B3 = 803 " S3 = Su, JIEHCTBYIONIMX B IPOCTPAHCTBE
tbyuxnuit na rpynne Ilyankape.

3nax SE paznuuaer noyist HACTHI M AHTHYACTHI, U S5 MOXHO HHTEPHPETHPO-
paTh Kax C PT-3apan. Dtor 3apsan usmensier 3uak npu CPT-npeobpasoBanuu
U SIBJISETCH IEJbIM HJIM MOJYHEhM COOTBETCTBEHHO JJIS HaCTHUI| C LEJbIM H
IIOJIYLIEJILIM CITUHOM.

ITocrpoene PBY BoirssiuT Kax BblejieHHC UWHBAPWAHTHBIX IOJIPO-
CTPANCTB B MIPOCTPAHCTRE CKANAPHbIX GyHKIHR Ha rpymie Ilyankape. B npex-
J1araeMoM IOJIXO/iE YPABHEHUS MMEIOT OOMHAKOBYIO GOpMY Jyif BCEX CIIHHOB.
Broinenenne KOMIOHEHT ¢ (DUKCHPOBAHHBIMH CIHHOM ¥ MAaccoil ITPOBOIHUTCA
duxkcarueit C060TB6HHPIX 3Hauennii omeparopos Kaszumupa rpynnsi [Iyanxa-
pe (nm oneparopa p,I*). Ouxcupys gaiee npescrasnenue rpynnst Jlopenna,
TI0 KOTOPOMY nipeobpasyercst ¢(z) B pa3yioxeHun

f(z,2) = ¢"(2)¢n(2),

MOXHO noay4uts PBY B craHnapTHO MHOTOKOMIIOHEHTHOH 3aluCH.
B kauecTBe NPOCTOro NIPUMEPa PACCMOTDPUM JUHERHBIE 10 Z (DYHKUNH, OTBe-
uaouye cnuny 1/2. Eenu none, oTBevaiomee yactunaM, OMUCHIBaeTcsa GyHK-

ue f(z’z7é) € V+1

£(2,2,2) = Xa(@)2® + $%(2) 2 = ZpV(s), Zp = (= %), U(z) = C;z;)
(61)

*
TO NOJIC, OTBEYAIOLIEE AHTHIACTHAIIAM, onuchiBaercs dynkuuelt f(z,2,2) € V_,

£(2,2,3) = Xa(2)2® + $3(2)2a = ZpU(z), Zp=(2%), (62)

rie Zp u Zp (a cnegosarensso u Gucnunop ¥(z) B obenx dbopmynax) ogusa-
KOBO Tipeobpa3yioTes nof, nelicTBreM coberpennol rpyniet [lyankape M(3,1).
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Toncrasnsa Gyuxnun Zp¥(x) (61) unn Zp¥(x) (62), xapaxrepusymomuecs
SE = +1/2 coorsercrBento u j; + ja = 1/2, B ypasHenue

(1" ~ ms) f(z,2) =0, (63)

* *
¥ CpaBHYBaA KO3 MULIHCHTL IPU 2% U 24 WK UPH 2% U Z; B JIEBOH M IPaBOH
qacTaX, noay4uM ypasHenue upaxa

A : 0 o
P ¥p(z) = m¥p(z), = (5,, D ) . (64)

Marpuna 7° = diag{o®,~6%} orBeuaer omeparopy wmpampsoctd [° =
%( 2%0,— EQQ") +c.c. AHaIoTHYHO, NOACTABIAA (PYHKIUH, XaPaKTEePU3YIOIHECs
Sf=xluji+ji=1,

3 * oy * * 1
fi(2,2) = xap()2°2 + & (2)2°2 + ¥* (2)2525 = Bu(2)d" + 5 Fw()e",

rae

B | e

1 *2 a - 58
¢ =502, Qe =0,  qu=—gu= ((Uw)aﬂz 2P+ (Bw)apz gﬁ) ,
2u(2) = ~6,5%0,5()  Funle) = =2 ((0w)apx(@) + (Gu) s (@),

nony4um ypasnesne Hapduna-Kemmepa, u 1. 1. B rmase 10, xpoMe noxpo6-
HOTO PACCMOTPeHust HabopoB KoMMyTHPYIomEX ontepaTopos (58), (59) u cucrem
ypaBsHeHuit Ha opHy ckanspHyio dbyHkimo Ha rpynne Ilyankape, Mbl IOKa3bl-
BAEM, YTO PAa3BHBAEMBIN LOAXOM [103BOJISIET JIEFKO BOCIPOM3BECTH MPaKTHYe-
cku Bee ussectapic PBY. B obmeMm ciyuae PBY co cnektpoM cnimHOB B Mace
MOrYT 160 CBH3HIBATL HECKONBLKO cKajApnbix dyukumi f(z,z) (xak obugme
ypasuenus_lenndanja-SArnoma, u, B gacrHocry, ypaeHeHusi JliobaHbCcKOro-
Bxab6a), unu onuceiBaTh 06HEKTH ¢ COCTABHBIM CHMHOM, OTBedaiole ByHK-
wuam f(z,2(), . . . Z(n)) OUHOrO HABOPA MPOCTPAHCTBEHHO-BPEMEHHBIX KOOPAH-
HAT T M HECKOMLKUX HAaB0poB crimHOBLIX Z (Kak ypaBHeHue VBanenko-Jlauay-
Kesepa ([Iupaka-Kenepa)).

Wmeerca mBa Tvna ypaBHeHmif, ONHCHIBAIOWIAX ONMH M TOT >Xe CIVH, OJUH
Ha bynkuun f(z,z), rae ¢"(z) (cm. (46)) mpeobpasyercst 0 KOHEYHOMEPHBIM
HeyrntapubiM HIT rpynnst Jlopenna, u apyroit na dyuknun f(z,z), rae ¢"(z)
npeobpasyerca no GeckoneunoMepusiM yautapubiv HIT rpynner Jlopenua. B
MATPHMYHON 3alUCH 5TH YPABHEHUH MMCIOT COOTBETCTBEHHO KOHe4YHOe uau Gec-
KOHEYHOE THCJIO KOMIOHENT (K MOGICAHUM OTHOCHTCS, B YaCTHOCTH, yPABHEHHE
Maftopana).

MmMenHo aToT acmekT Teopuu Ml D0ApofHO paccMaTpHBaeM B rJiaBe 9 Ha
IPUMEDE TPEXMEPHOTO [ICEBA0EBKIIMI0Ba NpocTpancTsa. Kak u3BecTHO, cye-
cryior ynuTapubie HII rpynner M (2, 1), orseuatomue Jpo6HOMY ciuHy. 9TH
CIHMHBI MOTYT OBITH ONMCAHE! TOMLKO ¢ ToMomIbIo Heckonednomepustx HIT 2+-1-
mepHo# rpymnsl Jlopenna SO(2,1) ~ SU(1,1), a nesble CIHHB - €I H C
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NIOMOIIBIO0 KOHeYHOMepHbIX HeyHurapubix HIT SU(1,1). das ypapuenutt, ces-
BAHHBIX C KOHEYHOMEPHRLIMM NIDE/CTABIICHHAMK 2+1-mepHott rpynnet Jlopenua,
ILIOTHOCTh TOKA j° MOJNOXKHMTENBHO ONpe/eNena NpH JIOGhIX MONYNETbX CIk-
HaX, & IJIOTHOCTb SHEPIMH — JUIS JIOGHIX ensix cnuHax. dns paccMarpusa-
eMbix GEeCKOHCYHOKOMIIOHEHTHBIX ypaBHEHWH, CBS3aHHLIX ¢ yHArapHbiMu HIT
2+41-mepHo# rpynnsi JlopeHna, SHEprusi HOJMOXKUTEILHO ONpeJeNeHa Py JIio-
GoM crmHe. Kpome TOro, B OTJMYHE OT KOHEYHOMEDHOTO CJIy4as, CKaJIApHAs
TLIOTHOCTD 111) TAKKe NONOKHTENBHO ONpeeNieHa, YTO 03HAYAET BO3MOKHOCTh
aMILINTYJHO-BEPOATHOCTHOM HHTEpNpeTanu ().

PaccMorpenne nmons ma rpynme Ilyankape mo3Bossier TakKke JOCTHYB Cy-
HIECTBEHHOrO IIpOrpecca B MpobieMe MPaKTHYECKUX BBIYHCIEHHH JJIsT MHOIO-
KOMIIOHEHTHBIX ypaBHenu#l. B HacrosdmeM nogxoze, 6aarofaps ACIONBIOBAHUIO
COUHOBBIX AU bepeHMaNbHbIX ONEPATOPOB BMECTO KOHEYHO- MM OEcKOHed-
HOMEPHBIX MATDHII, C TEXHHYECKON TOYKHM 3PEHAs HET CYLIECTBEHHOH Pa3HHUIBI
[IpY PACCMOTPEHHMHU YDABHEHUHM, CBA3AHHBIX ¢ PA3JIAMHBIMU KOHEYHO- WK Oec-
KOHEYHOMEPHBIMU ApeAcTaBieHnsiMy rpynnst Jlopenna. [Tosromy Hacrosiuit
MOJXOJ] AAEKBATEH JIJIA OMMCAHHS BHICUINX CIIHHOB U YPABHEHUH C IIOJOXKHTEb-
HBIM IHEPTETHYECKHM CIEKTPOM, JONYCKAIONMX AMILIHTYHO-BEPOATHOCTHYIO
HHTEPIpPeTaluio. B 4acTHOCTH, HCIONb30BaHHe CIMHOBBIX NIEPEMEHHbIX Z T03-
BOJIMJIO HaM IMOJIyYHTH KOMIAKTHYIO SIBHYIO (POPMY HJIOCKOBOJIHOBLIX DELICHUH
JJ1sl IPOM3BOJILHOTO cuuHa (BKJIOYas APOOHBLA ciuH B 241 u3MepeHusx).

B riase 11 paccMaTpuBaiorcs guCKpeTHble npeobpasosanus. [JIUCKpeTHEe
npecOpasoBaHug ONPEENSIOTCH KaK YacTHBIH ClOyYail 1peobpa3oBaHuil CuM-
METPHH CKaJIAPHOro o Ha rpymne [lyankape, 75 KOTOPLIX BHUIONHAETCH ABa,
YCIOBAS: BO-NIEPBBIX, KBAJPAT NPeobpasoBaHis PaBeH TOXKJECTBEHHOMY IIpe-
00pa30BaAHKIO; BO-BTOPLIX, IPOM3BEEHME JUCKPETHBIX Npeobpa3oBaHnii CHOBa
ABNISIETCA AUCKPETHBIM NPEO6Pa3oBaHHeM.

Ipocrpancreentoe orpaxenue [, nepesomur z = (20, z*) B & = (29, —2F),
WK B TEDMHHAX 2 X 2 spMuToBRIX MaTpul X — X = Ito, = 2#5,. Ucnons3ya
coornomrenne X = 02X o3 u Toxaectso ooy = (UT)™}, re U € SL(2,0),
fI0NyYUM KAK CJIeJICTBHC 3aKOHa npeobpazoBanus X (35)

X =(UHY ' XU+ A (65)

T.o., X npeobpasyercs ¢ nomompio snementa (A, (U)~1) rpynnn M (3,1). Co-
ornomenue (A,U) — (4, (U')~!) sauaer aBromopdusm cobersennoft rpynusl
Ilyankape.

AHANOrHYHO PACCMATPUBAETCA OTPaXkeHMe BpeMeHn [; u IpOCTPaHCTBEHHO-
BpeMenHoe oTpaxenue I, = I,I;; B pesynbraTe momyanM:

L: X=X, (AU)- @A UhH™); (66)
L: X -X, (4U)— (-4, UH™; (87)
L: X—=-X, (AU)-(—AU). (68)

DTH COOTHOIEHHS 331aI0T BHEIIHHE WHBOJIOTHBHBIE ABTOMOP}U3MEl IPYNITH
Ilyankape, onuH n3 KOTODBIX SIBJISIETCSH IPOU3BEJICHHEM ABYX APYTHX. ABTOMOpD-

dusmbr g — [gi-! (kaK BHyTpeHHWe, TAK W BHEIIHAE) F€HEPHPYIOT ClIEAYIOIHE
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npeobpazoBanus jiesoro OPII rpynnet ITyankape:

Ti(g) — ITe(g)I ™ = Ty (Igl ™), (69)
f(h) = If(h) = f(IRITY), (70)

rae (70) sagaer orobpaxkenue mpocrpancrsa byuxuuit f(h) Ha cebs, orseya-
romee aBroMopdusmy (69).

Saxonbl npeobpazosanus (A,U) n (X, Z) npu asroMopdusmax orseda-
IOT TIPOCTPAHCTBEHHOMY M BPEMEHIOMY OTPAXKEHUsIM M 331a10Tcs hOpMyIaMu
(66)-(68) n

I: (X,2)—= (X,(2h)™, (71)
I : (X’ Z) = (—-Y, (ZT)—1)7 (72)
I: (X,2)=(-X,2), (73)

T.0., paccMaTprBaeMble 4BTOMOP(U3MbI OTBEHAIOT 3aMEHE aPI'yMEHTOB CKAJIAD-
upix dyskumit f(h) na rpynne coriaco dopmyiam (71)-(73).
Henpeprisubie mpeoGpasosanus (44), oTBeyatomye JIOPEHIEBLIM [I0BOPOTAM,
* . * o
HE IEePEMEIUHBAIOT 2% B 2% (¥ MX KOMIUIEKCHO conpspxeHHbie 2%, 2%). Cueno-

. * *
BATEJILHO, YeThIpe Hognpocrpancrea Gyukunit f(z, 2), f(z, 2), f(z, 2), f(z,2)
MHBAPUAHTHBI 10 OTHOMIEHUIO K NpeoBpa3oBanuaM cobCTBeHHOH rpymisl [ly-
ankape. Cornacuo (71),(72) noxcranoska

2 =, 26 2 (74)

OTBEYAET NPOCTPAHCTEEHHOMY M BPEMeHHOMY orpaxkenusiM Iy, I;. Dta moacra-
HOBKA NEPCBOANUT GYHKIHHK OT 2” B GYHKIHAH OT 24 T.o., 1POCTPAHCTBO CKAJISIP-
HbIX (QYHKUMH Ha TpyIIe COAepKUT JiBa nognpocrpancrsa dyuxuutt f(z, z, 2)
u f(z,z, 2) (o6o3navennbIx Boime Kak Vi 1 V), AHBADHAHTHBIX 110 OTHOWIEHHIO

KAK K COOCTBCHIIBIM Ipeodpa3oBaHusiM rpymiunl [lyankape, TaK ¥ JUCKPETHBIM
npeobpasosanusim Iy u I,. KomuiekcrHoe conpsikenue

C: T(g) = T(s), f(k)— F(h), (75)

(rme conpsiratorest Kak (yHKUMH, TAaK U KOMIUIEKCHBIE aPTYMEHTHI 2, 2) OTO6pa-
KaeT YKa3aHHbIE NOAIPOCTPAHCTBA APYT Ha Apyra. [Ipeobpasosanue (75) nons
f(h) oToxnecTBAACTCA € 3aPAI0BBIM CONPAKEHUCM, KOTODOE CBA3BIBAET MOJIS
YACTHI| U AHTHYACTHIL.

B oTiguue ot orpazkenuns BpeMeHH, BUTHEPOBCKOE 06PallleHKe BpEMEeHY OTIpe-
JelsieTcss KaK NpeobpasoBanue, COXPAHsOllee 3HAK sHepruu. s onucanus
obpamenus Bpemenn T' u CPT-npeobpasosanust (rue P = I;) HeoGxopumo
paccMoTpeTh Kak BHemrHue (55), Tak n BHyTpeHnnc (54) aBroMopdusMer cob-
creennoh rpynnsl Iyankape. A umenno, CPT = I.I,, rne I, onpeaenserca
KaxK

L: (X,Z2)—=(X, Z(—io9)) (76)
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U SBJSeTCs NpOU3BEIEHHEM BHyTpensero asTomopdmsma (X,Z) —

(XT, (Z%)!) u Bpamenns Ha yron 7. Burneposckoe ofpatienne BpevMenn sp-
nserca npoussenenneM T = I.CI,.

Ilokazano, yro Teopusa npejcrasienud cobersenHoft rpymnst [lyankape
M (3,1) npegnonaraer cyuiecTBoBaHME 5 HETPHBHAJIBLHBIX HE3ABHCHMBIX [HC-
KPETHHIX TIpeobpa3oBaHull, OTBEYAIOMNX WHBONIOTHBHBLIM aBTOMOpdu3MaM
rpynnel. B kauecTBe Takux NpeoGpasoBaHUil MOXKHO BLIODAThL NpoCTPaHCTBEH-
HOE U IPOCTPaHCTBEHHO-BpeMeHHoe oTpaxkenust P u I, 3apsforoe conpsikenne
C, obpamenue spemenn T naroe npeobpazopanne Ana SonpumncTBa husnye-
CKY HHTEpecHbIX nosefi (KpoMe MallOpPaHOBCKOIO) CBOAMTCS K MOABJNEHHIO da-
30BOrO MHOXKHTEJIA.

Ucnons3ys ssustt Bug 6a3ucos HII rpynnst Jlopenna B npocrpancrse gynk-
muft or z, B pa3nenax 11.4 u 11.5 Mul ycTaHaBinBaeM 3aKOHE! peobpazoBanuii
CIMH-TEH30DHBIX Honel obuiero suaa. B kauecTse npocToro npuMepa paccMoT-
pum Junelinbie 10 z Gynkuun (61) u (62), orseyatomue cnuny 1/2. Coryacho
(71), (74) anst NPOCTPAHCTBEHHOrO OTPAXKCHUA MOMYYUM

¥4(z)

I,: Zp¥(z)—Zp¥®(z), \1:(9(55):—()( @

) ="¥(z),

1 COOTBETCTBEHHO 1t oTpaxkenns spemenn B (z) = 40¥(~7). 3apanosoe co-
HPAXKEHUE OTBEYACT KOMIJIEKCHOMY COINPSKEHHIO B IPOCTPAIICTBE CKAJSIPHBIX
dbyuknuit Ha rpynne, u cornacto (75) nmeeM

Ci Zp¥(@)+Zp¥(e) = Zp¥(), W(z)r( o
X

Haxomreu, ucuonsays (76), noay4nm
I: Zp¥(z)=Zpy° ¥(z).

Otmerum, uro I, xak u C, NepeBOAUT YACTHIB! B aHTHYACTHIBL T.0., Mbl
BbIBEJI 38KOHbI JUCKPETHLIX HpeobpasoBanuil 6e3 ucnonb3opanus PBY.

B pasnene 11.7 npoBoguTCs HOCTpOEHHE NPEACTABIEHUHN DaCIIHPEHHOH rpyn-
bt Ilyankape B npocrpatcTse bynkuuit f(z,7). B pasgenax 11.8-11.10 pemre-
HHs ocHOBHBIX THROB PBY knaccubuumpyiores no npencraBieHUsM paCIIK-
PEHHOH I'PYTIMEL, YTO MO3BOJISIET, B YACTHOCTH, PENIUTh HMEIONIUH JINTEIbHYIO
HCTOPHIO BOIPOC O CMBICJ 3HAKA MACCOBOTO 4WiICHA YPABHEHHA C NONYLENbIM
CIHHOM. 3aTEM PA3BUTAsl CXEMA GHAJIM3A NPUMCHSICTCS K NPOCTPAHCTRY 3 H3-
MepeHuil.

B upunokeHUd BhIHECEH BCHOMOTATEJNbHBI MaTepUas IO TEOPUH Hpej-
crasijienn#t rpynu Jlopenna u Ilyankape B npocrpancrsax 3 u 4 u3amepeHufl.

B zakmioueHnn chopMyIMpoBaHbl OCHOBHBIE DE3YJILTATHL ¥ BHIBOJLI.
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OCHOBHbIE PE3VYJIbTATb! 1 BbiBOAbI

1. Ilpeuyioxkena cxema IOCTPOEHUS] TEOPHH AMIUIUTYJ[ BEPOSATHOCTH, AAaHA
TEOPETHKO-TPYIIOBAS TPSKTOBKA OCHOBHEIX €€ DaclpeieseHull. YCTaAHOBJIEHBI
SHAJIOTY 3aKOHA DOJIBILKMX YMCET U NpeAe/IbHBIX TCODEM IJIst aMIUIATYL BEPOAT-
HOCTH, CBA3aHHBIE C [IEPEX0JOM K KIIACCHYECKOMY TIPENENY B COOTBETCTBY IOLIMX
KBaHTOBOMEXAHHYECKHX 3a/1a4aX.

2. ITocTpoens! u ¥3y4eHs! nceBIoaud depeHIaIbHbIE YDABHEHN, ONUCHIBA-
IollHe CKaK0ooOpa3Hble MAPKOBCKHEE IIPOLECCH JIIA BEPOATHOCTEN U aMILTHTYL
BEPOSTTHOCTH.

3. Nocrpocunt u noppobuo usyuenst KC rpynn SU(N) u SU(N, 1), orse-
yalolliee UM MCHYHCIEHHE CHMBOJOB HA KOMIUIEKCHBIX mpocTpaHcrBax CPN =
SU(N +1)/SU(N) u CDY = SU(N,1)/SU(N), npoanainsrpoBas nepexo
K Kjaccuueckomy npezeny. Pasnuansie tunst HII rpynn SU(N) nocrpoesst B
OPOCTPAHCTBAX MOJMHOMOB OT KOMMYTHPYIOUMX W aHTHKOMMYTHPYIOIUHX Ite-
PEMEHHbIX.

4. KpasukiaccH4eckue peJIATHBUCTCKHE YPABHEHH JIJisl YacTHIBI B Heabele-
BOM Ti0JIe IONTyYeHb! Kak ypasuenus jyist asomotmu KC rpynn SU(N) n ykasana
06/1aCTL MX NIPEMEHHMOCTH, HpH 3ToM Jutst dyHaaMmentanbabix HIT nonydennt
YDPaBHEHWs], CYIECTBEHHO OTJHYAIOIMECH OT KBa3HKiaccuieckux. C HOMOIIbIO
CUMBOJIOB CTPOKTCS MHTErpall o My TsM JJIs YaCTHLb! B HCabeIeBoM Ioe, py-
YeM B 3ABMCMMOCTH OT Tuna npejcrasneduit rpynn SU(N) ucnons3yores koM-
MyTHpyloLEe Ju00 AHTHKOMMYTHDYIOKE IEPEMCHHBIC,

5. TlogpoGro uccnemosanbl koadduuments Kicbura-Toppana (KI') rpynn
SU(2) u SU(1,1) B 6asuce KC u Buecpsbic BBeenHbie Koddpdunuents KI' B
cMemannbix Oasucax. [lokazano, 4To NOWICAHHE MOLYT ObITh BHIPAXEHbI Ye-
pes nonunombt Jkobu. Teopus xoadpduupentor KI' hopmynupyercs: eauanim
06pa3oM i pa3iH4HbIX THIOB 6a3ucoB.

6. [ocrpoeno u m3ayweno ckanapHoe nose Ha rpynne Ilyankape (ans mpo-
crpaHcTB 2,3,4 u3MepeHnHt), BKIIOUAIOLIee 10/ BCEX CIIMHOB U CIYKALIEe IPO-
usBolAEeH GyHKIMeld AnA cnuH-Ten30opHbIX nouiedl. [okasano, 4ro sro none
BAUMKHYTO TaKXKEe OTHOCHTEIBHO JUCKPETHBIX 11peobdpasoBatuii,

7. flBUBIL BUA CHMHOBLIX OmEpaToOpoB Hjig Nojs Ha rpynne [lyankape He
3aBHCHT OT BEJIHYMHBI CINHA. DTH ONEPATOPHI CTPOSITCA KaK ONepaTopn! Jud-
hepeniupoBanns MO CIXHOBBIM NEpeMeHHbIM 2. [lepexo) K OBhIYHOMY ONHCa-
HUIO OCPE/ICTEOM MHOPOKOMIIOHEHTHBIX (DyHKIMHE ¢, () oTBeuaeT pasesnenuio
NPOCTPARHCTBEHHO-BPEMEHHBIX M CIIMHOBBIX IIEDEMEHHBIX.

8. Pasiuunbie THIBI PesATUBUCTCKEX BOMHOBBIX ypasuenuit (PBY) nonyua-
I0TCA B PAMKAX Da3yIOXKEHHs CKAJIAPHOTO moisi Ha rpymue Ilyankape ¢ momo-
MIBIO Pa3NNYHEIX HA00POB KOMMYTUPYIOIINX ONEPATOPOB, BKIIIOUAIONIHE (DYHK-
LMY KaK JIEBBIX, TAK M TPaBLIX renepatopon. JlaHa MHTePIpeTgius MpaBbix
reneparopos rpynust [Tyankape.

9. Muckpernbie npeobpasoBaHus ONPEIENHIOTCs KaK MHBOJIIOTHBHBIE aBTO-
Mophu3Mb (BHEIHKEE U BHYTpeHHue) rpynbi [lyankape, aefictByomue 8 npo-
cTpancrse dynknuil na rpyune. Ha aroit ocrose 6e3 xaxux-116o JononHurens-
HBIX [PeAIonoxKenuit win ucrnonnzoBauus PBY BriBogsitca 3akombl npeoGpa-
30BaHHA NOJel U CTPOATCS NPEJICTABICHUs pactuupenHoi rpynnst [lyankape.
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