HO.H. Opnos

KHUHETHYECKHUE METOAbI UCCJIEJOBAHUA
HECTAIIMOHAPHBIX BPEMEHHBIX PA/1O0B

B ocHOBe KHUTH JIEKHUT KypC JIEKIHi, YNTAEMBIH aBTOPOM CTYJEHTaM MarucTpary-
pBI B acrpaHTaM MOCKOBCKOTO (DPM3MKO-TEXHUYECKOTO MHCTHTYTa. M3maraeTcs KuHe-
TUYECKUI MOJIXO K aHaAU3y U IPOTHO3UPOBAHUIO HECTALIMOHAPHBIX BPEMEHHBIX PSIIOB,
T.€. IOJXOM, OCHOBAHHBII Ha KHHETUYECKUX YPAaBHEHHSIX OTHOCUTENIFHO (DYHKIIMHU pac-
npejiesieHus cilyyaiiHo BenuuyuHbl. OCHOBHOE BHHMAaHHE YAEIEHO METOJaM OLIEHKU
SMIIUPUYECKOH IUIOTHOCTH (PYyHKIMM paclpeneseHHs M IOCTPOSHHS KHHETHYECKHX
ypaBHEHHUH, MOJEIMPYIOMUX ee 3Boronuio. OnpeesnseTcs ropu30HT KBa3UCTallMOHAP-
HOTO HPOTHO3UPOBaHUA (YHKLHMU PACIpPEASICHHUs BPEMEHHOTO psia U HAXOMUTCS Ol-
TUMaNbHBIH 00BEM BBHIOOPKH TaHHBIX JUIS MTOCTPOCHUS ONEpaTopa 3BOJIOLUH BHYTPH
3TOr0 ropm3oHTa. PaccMmaTpuBaioTCs Takke M CTAHAAPTHBIE METOABI, PA3BUTHIE IS
CTAI[MOHAPHBIX CTyYaHHBIX IPOIECCOB, C TOYKH 3PEHMS UX aJaNTaluy K IPIMEHEHHIO B
HECTAllMOHAPHBIX CIIydasX. Teopus COIMpPOBOXKIACTCSA MIPUMEPAMU aHAIN3a U IPOTHO3U-
pOBaHMs BPEMCHHBIX DPSAJOB, KOTOPbIC BCTPEUAIOTCSA B IPAKTHYECKOH AEATEIBHOCTHU:
JTMHAMUYECKHE CHCTEMBI C Xa0COM, BO3HHUKAIOIINE MTPU AUCKPETU3ALUH OOBIKHOBEHHBIX
i depeHanbHbIX YPaBHEHUH U YPaBHEHUH ¢ 0COOCHHOCTSIMH, I10CIIEI0BATEILHOCTH
CHMBOJIOB B JINTEPATyPHBIX TEKCTaX, OUPIKEBBIE PSIbI.

Knura paccuntana Ha CTy/I€HTOB CTapIINX KypCOB M aCUPAHTOB, a TAKXKE HA CIIe-
IIAINCTOB B 00IACTH MPUKIIATHON MaTeMaTHIECKOH CTaTHCTUKH.
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Ipenuciaosue

B nacrosimeit MmoHorpaduu nznaraeTcs KMHETHYECKUH METOJ aHaIn3a U
MIPOTHO3UPOBAHMS HECTAIMOHAPHBIX BPEMEHHBIX PSAIOB. JTO METOJ, OCHOBaH-
HBII Ha M3YYEHHH DBOJIIOLMH BBIOOPOUYHON (PyHKLMH pacnpeneneHus Cirydai-
HOW BENIMYMHBEL. B KHHTE KPaTKO ONMHCHIBAIOTCS TAKXKE M TPATUIIMOHHBIE METO-
Il U MOJIENH, IPUMEHSIOIINECS sl aHaJIM3a CTAI[MOHAPHBIX BPEMEHHBIX Psi-
nmoB. OmHAKO, XOTS IJIsl CTAIIMOHAPHBIX MOJIENIEH MOTydaeMble Pe3yIbTaThl SB-
JISIFOTCSI KOPPEKTHO 0OOCHOBAaHHBIMHU B PaMKaxX KJIACCHYECKOH MaTeMaTHYECKOH
CTAaTUCTHUKH, B HECTAIIMOHAPHOM CJIy4ae IT0Jy4aeMbIe BBIBOJBI HE HMEIOT JI0C-
TOBEPHOM OLIEHKH TOYHOCTH.

Crnemyer cka3aTb, 9YTO CYIIECTBYIOT M ABPUCTHYECKUE MOIXOIBI K aHAIN3Y
HECTAIlMOHAPHBIX PAIOB, KOT/IAa MpeAaraeTcsa HeKOTopasi MOJeb, HO MaTeMa-
THYEeCKH KOPPEKTHOTO BBIBOJA €€ He JenaeTcsa. Bee Takue Momenu, Uil KOTo-
PBIX HEBO3MOXHO yKa3aTh TOYHO BEJIMUYNHY OLIMOKH ITPOTHO3a MK CHOPMYITH-
poBaTh TpeOOBaHWS K BPEMEHHOMY psily, MOJYMHSIONIEMYCS 3TOW MOJEIH,
3/1€Ch HE PacCMaTpPHBAIOTCS.

Kuunra npencrasnser coboit yuebHOEe TOCOOHE MO MPUMEHEHUIO METOJOB
KMHETHYECKOW TEOPHUH K MCCIICAOBAHHUIO HECTAIMOHAPHBIX BPEMEHHBIX PSIOB.
[Ipu sToM mpexrmonaraercs, 9TO YHTATENb BIAJEET OCHOBHBIMH MOHSATHSIMH
TEOPHH BEPOSTHOCTEH M MaTeMaTH4eCKON CTATHCTHKU B PaMKaX KIaCCHYECKUX
YHHUBEPCUTETCKUX KypcoB. [lo 3Tol mpuunHE M3BECTHBIE PE3yJIbTaThbl TEOPHH
BEPOSITHOCTEH NMPHUBOMATCS B KHUTE 0€3 JI0Ka3aTelIbCTB.

Jocrarouno moapoOHO m3araeTcs METOX BBIBOJIA KHHETHYECKUX ypaBHE-
HUA W3 IEMOYKH SBOJIOIMOHHBIX ypPaBHEHHMH JJIsi MHOTOMEPHBIX (YHKIMH
pacrpeneneHus, ONMCHIBAIONINX CTATHCTUUECKOE ITOBEJACHUE aHCAMOI LIS
TraMWJIBTOHOBBIX cHcTeM. JlaeTcs BBIBOA M aHAIU3 CBOWCTB KHMHETHYECKHX
ypaBHenuii bonsiiMana n BiiacoBa. D10 HE0OXOIMMO MMOTOMY, YTO KilaccHye-
CKHE KypChl CTATUCTUYCCKON MEXaHHUKU U MAaTEMAaTHYECKOW CTATHCTUKU OObIU-
HO pa3BEICHHI MO Pa3HBIM CIEIHATH3aIMAM, a JaHHBIM KypcC MpPEACTaBisIeT
coboli o0BeaMHEeHNE MOAXO0M0B 000MX HampaBieHWA. UTOOBI HCIIOJIB30BaTh
ypaBHEHHE SBOJIONIH BEIOOPOYHON (PYHKIMHU pacTpeNeIeHus s MOTydeHHS
KOHKPETHBIX OTBETOB O CBOWCTBaX HECTALMOHAPHOI'O BPEMEHHOTO psiia, HE0O-
XOAMMO HE TOJIBKO BJIQIETh MaTeMaTHYECKUMH NIPHEMaMH aHaIn3a ypaBHEHUN
OMpPEACJICHHOI'0 THUIIAa, HO U NPEACTABIATH (bnanecxue OCHOBBI HMX BbIBOJa U
Mpenensl KOPPeKTHOW nmpuMeHnMocTH. C 3TOH e IeNpl0 MOAPOOHO JOKa3bI-
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BAIOTCSA M YTBEPXKIEHMS O CBOMCTBAX TAaK HAa3bIBAEMBIX WHIMKATUBHBIX CTATH-
CTHK HECTalMOHApHBIX BPEMEHHBIX DPSAIOB, KOTOPHIE COCTaBIISIIOT TEOpETHUE-
cKyto 0a3y TaHHOTO Kypca.

ITo cTpykrype kHura pasnensercs Ha Tpu dacTu. IlepBas yacTs nocesuieHa
BBCJICHHIO B KUHETUYCCKYIO TCOPUIO. B nein BBIBOJAATCA OCHOBHBIC YPaBHCHUA
KJIACCUYECKOM CTaTHCTUYECKOW MEXaHMKH: ypaBHeHHE JIMyBWILIA, LEMOdYKa
Boromro6oBa 11 MHOTOMEpHBIX (DyHKIMI pacrpeneneHus] TaMHIbTOHOBBIX
CHCTEM, a TaKKe HEKOTOpPBIE MOJIETIbHBIE KHHETHYECKHIE YPaBHEHHS, HMEIOLIHE
MIMPOKOE NPUMEHEHHE Ha MPaKTHKE. DTH YPaBHEHUS BBIIHMCBHIBAIOTCS IS JH-
HaMHUYE€CKUX CUCTEM PA3HOT'0 TUIIA: PETYJIAPHBIX C INTaIKUM BEKTOPHBIM I1OJIEM,
CHHTYJISIDHBIX C OCOOCHHOCTSIMH B (ha30BOM IPOCTPAHCTBE M C XaoTH3alHel
TPaeKTOPUIl Ha MHOKECTBE OCOOBIX TOUEK, a TAKXKE JUIA TaK HA3bIBAEMbIX Xao-
THYECKUX TUHAMHYECKUX CHCTEM.

Bo BTOpO#i 9acTH BBOAATCSA MOHSATHS HECTAIMOHAPHOTO CTATHCTHYECKOTO
aHaJM3a U pelIaroTCsl Takue 3aJayd, KaKk ONTHMH3auus o0beMa BBIOOPKH, IO-
CTPOCHUC HHIUKATOPOB HCCTALIMOHAPHOCTU BPEMEHHOI'O psija, ONTUMAJIbLHOC
pa3OueHne TUCTOrPaMMBbl, OIpelelieHHE MOMEHTa pa3iaikd BBIOOPOYHOTO
pacmpeneneHus. M3y4aroTcst cBOMCTBAa CHENMANBHBIX CTATHCTHK, BaXKHBIX JUIA
pelIeHus] yKa3aHHbBIX 33Jad: 3TO TOPU3OHTHBIN P, COTJIACOBAaHHBIA YPOBEHb
CTAaLMOHAPHOCTH, CTATUCTHYECKAs JOOPOTHOCTD.

TpeTbs yacTh MOCBsIIEHa COOCTBEHHO aHAJIN3y HECTAlMOHAPHBIX BPEMEH-
HbIX PAOOB. B neit BBIBOJATCA PA3JIMYHBIC MOACJIbHBIC KUHETUUCCKUE YpaBHE-
HUSI, OITMCHIBAIOLINE BOJIOIMIO BEPOSTHOCTHBIX PACHPENENICHUH, U PEIaeTcs
3aJada MPOTHO3UPOBAHUS PACIpPEIEIICHUs] 1 CaMOro psijia Ha 3aJaHHOE YUCIIO
IIaroB BIIEpe]l C 3aJaHHONH TOYHOCTBIO. CTPOSATCSA pa3iudHbIe MOJEIH IPOTHO-
3MPOBaHUS, BEIBOANMBIE N3 KHHETHYECKHX YPAaBHEHUH, U IPUBOAATCS MpUME-
PBI IPAKTUYECKOTO IPUMEHEHUS Pa3BUTOM TEOPUH VISl aHAIN3a M ITPOTHO3UPO-
BaHHA BPEMCHHBIX PAAO0B, BCTPEUAIOMINXCA B PA3JIMYHBIX O6J'laCT51X JACATCIIBHO-
CTH: 3TO PsAABI IIeH Ha (UHAHCOBBIX U CHIPHEBBIX PHIHKAX, PSABI C CE30HHOM U
Ha3HAYEHHOH NEpPHOJUYHOCTBIO, MOCJIEA0BATEILHOCTH 3HAKOB B IPOIECCAX
nepenadu HHGHOPMAIIHH.

B kHHTE TIpHHSATA NBOWHAS HyMepaius (GOopMyll BHYTPH Ka)XIOH TJIABBHIL,
NepBBIM UJIET HOMep naparpada; IpHu cchlike Ha (GOpMyIy M3 Ipyrow IiaBbl
HCIIOJIb3YETCSl TPOKHASL HyMepalys, I IEPBbIM UJIET HOMED I1aBbl. Takas e
HyMEpalus NpuHATa U IJIs1 BAXKHBIX onpe,ueneHI/lﬁ U TCOPECM, BBIACIIAEMBIX B
tekcte cuMmBotaMu ¥ U A . TeopeMsl, W3BeCTHBIE U3 OOMIENHCTUTYTCKAX Kyp-
COB, IPUBOJATCS 0€3 T0Ka3aTeNbCTBA.



PucyHku ¥ TabMIBI IMEIOT TPOWHYIO HyMEpaLHUI0 B COOTBETCTBHH C TJIa-
BOi1 1 maparpadom.

CHHcoK JuTepaTypbl COCTaBJICH B MOPS/IKE OUYEPEAHOCTH IOSBICHHS CChI-
JIOK B TEKCTE.

BBenenue

Co3gaHne MaTeMaTHYECKUX MOJEJICH, ¢ MOMOIIBI0 KOTOPBIX MOXKHO H3Y-
94aTh CTaTUCTUYECKHE 3aBHCHMOCTH MEXIy BEIHMYMHAMH, U3MCHCHUE BO Bpe-
MEHHU KOTOPBIX 00YCIIOBJICHO CIIy4aifHbIMU (PaKTOpaMH, CKPBITHIMH OT HaOII0-
JIaTelsl, SIBJISETCS HE TOJILKO MEPCIIEKTUBHOM 3a/1a4eii COBPEMEHHOTO €CTECTBO-
3HAHUS, HO M aKTyaJbHOW B CMBICIIE MHOTOYHCIICHHBIX MPAKTHYECKUX MPUIIO-
JKEHUH — OT TPOTHO3UPOBAHUS MPUPOIHBIX KAaTaKIU3MOB J0 UTPHI Ha OHpIKe.
OTH SBJICHUS MPEICTAIOT MEepel HCCIeoBaTelieM B (hopMe BPEMEHHOTO psfa,
T.C. B BHJC HEKOTOPOU IMOCICIOBATEIBLHOCTH PE3yJbTaTOB HAOIIOACHUH, clie-
JIAHHBIX B YIOPsAOYEHHBIE (HE 0053aTeNbHO PaBHOOTCTOSIINE) MOMEHTBI Bpe-
MECHH.

CraTucTHYECKHE METOMBI MMO3BOJISIOT IONYYUTh KOJMYECTBEHHBIE OLIEHKU
3aBHCUMOCTEH MEXIy BEITHMYMHAMH, 10 BUAUMOCTH HE HAXOISAIIMMUCS B TIPS-
MOW (YHKIMOHANBHOW CBsi3U. [1OCKOJNBKY pe3yibTaThl TAKMX OIICHOK YacTo
SIBIITEOTCSL OCHOBOM UTS TIPHHSATHUS PEIICHUH, TO KOPPEKTHAass 00OOCHOBAaHHOCTH
METOAOB aHaJin3a CHy‘laﬁHle BCIIMYUH UMECT 60.]1])].[106 HpaKTI/l‘leCKoe 3Ha4ye-
HHE.

B nacrosmeit MmoHOTpaduu IpeAcTaBICHBl pe3ylbTaThl pabOTHl aBTOpa B
o0yacTi MPUKIAJZHOW MaTEeMAaTHYECKOH CTAaTUCTHKH. B OCHOBE pa3BHBaeMOro
MOJIXO/1a JICKHUT IOHATHE BBIOOPOYHOH TUIOTHOCTH (PYHKIMHU PaCIpECIICHUS,
MEHSIOIIEHCS ¢ TeueHneM BpeMmeHH. [IpencTaBiieHue 00 3BONIONUN BHIOOPOY-
HOTO pachpeieNieHus MCIOJIb3YETCsl 3aTeM JJIsl TIOCTPOEHUs] MPOTHO3a HECTa-
[IHOHAPHOTO BPEMEHHOTO psifa. TeM caMbIM 3ajjada MPOTHO3UPOBAHUS MOXKET
ObITh chOpMyJIUPOBaHA KaK MMOCTPOCHHE MO 3BOJIIOLMK (DYHKIUK pacrpe-
JleJIeHus HaOIroJaeMoro mporecca. [lockonpKy Hanbouee morHas HH(QOopMAaIHs
0 TIPOIIECCE COACPKUTCS B PYHKIIUH pacHpefeICHUs 3HAUYCHUN Psjia, TO HMEH-
HO 3BOITIOIUS (DYHKIIMU PaCHpEACTICHHS, a HE T€X WM HHBIX ()YHKIIMOHAIOB OT
Hee (MaTeMaTH4eCKOro OXKHMJaHWs, JUCIEPCHU U T.II.), AOJDKHA OBITh MEpBUY-
HBIM 0OBEKTOM H3Y4EHUSI.

YpaBHEHUS SBOMIONUH (YHKIUH pacTpeleeHus] TPAOUIIMOHHO CTPOSTCA
00 IS ONPEAETICHHBIX THIIOB CIIyYaiHBIX MPOIECCOB, KOTIA 3aaf0TCs BEPO-
SITHOCTH TIEPEX0Jia CUCTEMBI U3 OJTHOTO COCTOSHHS B IPYrO€ B CIUHUILY BpeMe-
HH, MO0 I TUHAMHYECKHX CHCTEM C OOJBIINM YHCIOM CTEHEHEH CBOOOIBI.
B IIOCJICAHEM cnyqae 9THU ypaBHeHl/Iﬂ Ha3bIBAKOTCS KUHCTUYCCKUMU U 1/13yqa}0T-
csl B Kypce CTAaTUCTHYECKOW MEXaHHUKH KaK pa3zesie TEOPETUIECKON (PH3HUKH.



Kunerndeckue ypaBHEeHHs OOBIYHO aCCOLMUPYIOTCS C (Pa30BBIM ITPOCTPAH-
CTBOM HEKOTOPOHM IE€TEPMHUHUPOBAHHOM MEXAHWYECKOH CHUCTEMBI, COCTOSIIEH
13 OOJIBIIOTO Yucia OOBEKTOB, HE 0053aTENbHO MASHTUYHBIX, KKIBIA U3 KO-
TOPBIX TOAYUHACTCA OIIPEACIICHHBIM 3aKOHAM — YPAaBHCHUAM JABUKCHUS. Ecnu
OKa3aJIoCh BO3MOXXHBIM CBECTH OJIHOBPEMEHHOE PAacCMOTpPEHHE MIBIKEHHS
60JBIIOTO YHCIa WACHTUYHBIX (MM B YE€M-TO MOXOXKMX) OOBEKTOB K aHAJIH3Y
3BOJIFOINHU HEKOTOPOH (pyHKIMH, 3aBUCSIIEH OT MEHBILETO YHCIIa apryMEHTOB,
TO TOBOPAT O COKPALICHWU OMNMCAaHUS M3y4aeMOW cHcTeMbl. B TakoM ciryuae
KMHETUYECKOE ypaBHEHHE MO3BOJIAET U3y4aTh BIMSHHE OOJBIIOTO KOJINYECTBA
(hakTOpOB, KaXKIbII U3 KOTOPBIX MEHSETCS JACTEPMUHHUPOBAHHBIM 00pa3oM, Ha
HaOI0JaeMyI0 BEJIMYKHY, SIBISIIONIYIOCS, Kak IMpPaBWio, (DYHKLIMOHAJIOM OT
¢yHkMM pacnpenenenus. Yarie BCero B Ka4ecTBE TaKUX (DyHKIIMOHAJIOB BbI-
CTYHalOT MOMEHTHI (DYHKIMH pacupenesneHus. Hampumep, B craTuCTH4ecKOH
MEXaHHKE T'a30B ypaBHEHHS SBOJIIONNH IEPBBIX TPEX MOMEHTOB (DYHKIIHH pac-
npezaeneHus (HyJIeBoro, MepBoro M IEHTPAILHOTO MOMEHTa BTOPOTO TOpsAKa)
M3BECTHBI KaK ypaBHEHUS THAPOJIMHAMUKYA — Hepa3pbIBHOCTH (DHep), BA3KO-
cti (HaBbe—CTOKC) ¥ TEIIonpoBogHOCTH. Takum 00pa3oMm, QyHKIMH pacmpe-
JIEJIEHUs] B CTATUCTUYECKOM MEXaHHMKE CYIIECTBEHHO HECTALIMOHAPHBI, HO OHH
MOJYHUHSIOTCS ONPEACICHHBIM YPAaBHEHHAM DBOIIOLHN.

B Teopumn BeposATHOCTEH U MATEMAaTUYECKOW CTaTUCTUKE, HAIIPOTHUB, U3Y-
4aroTcsa CTaTHCTUYECKUE CBOICTBA ClydallHOro mpolecca ¢ HEKOTOPOH Heus-
MeHHOU (yHKuuMel pacnpexaeneHus. [loctaHOBKe 3aaud MOCTPOSHHUSI IBOJIIO-
U SMIIUPUYECKOro pacrpeACICHUs B MaTEeMaTHYECKOM CTATHUCTUKE OTYACTHU
IMPEISTCTBYET CYIIECTBYIONAs AKCHOMATHKA TEOPUH BEPOATHOCTEHR, B KOTOPOH
HaOmoaeMoe 3HaYCHUE CIy4aiHOM BENWYMHBI TPAKTYeTCs Kak BBIOOpKa U3
HEKOTOPOH TaK HA3BIBAEMOU «Te€HEpaIbHON COBOKYITHOCTH». OIHAKO CliemyeT
MIOMHHTB, YTO T€HEPaJbHAs COBOKYITHOCTH SIBJISIETCSI TEOPETHUECKOH abCcTpak-
1Mel, HEKOTOPHIM OECKOHEUYHBIM HAOOPOM 3JIEMEHTApHBIX HOCHTEINEH n3ydae-
MOTO TpHU3HAKa, paclpeielieHue KOTOPOro u onpeaensercs 3TuM Habopom. B
peaIbHOCTH HE 00s3aTeNIbHO JIOJDKHBI (DAaKTHMYECKH NPHUCYTCTBOBATH KOMIIO-
HEHTBI, COCTaBIIIOIINE COJACP)KaHUE aOCTPAKTHBIX KOHCTPYKIHUH, C TOMOIIBIO
KOTOPBIX MOKHO MaTe€MaTH4eCKH KOPPEKTHO IOKa3bIBaTh CYIECTBOBAHHE pe-
LIEHUH Te€X UM UHBIX MOJIENIBHBIX 3a/1a4.

B HCKOTOPBIX ClIy4dasiX KOHUCIIIUA reHepam)Hoﬁ COBOKYITHOCTHU SABJISACTCA
XOpoLKM TMpubIKeHneM. Hampumep, B YHOMSHYTOH BbIlIE KMHETHYECKOW
TEOPHH I'a30B YAOOHO CUHMTATh, YTO BMECTO OJHOTO — PEaIbHOI0 — COCya C
ra3oM 3KCIEPHUMEHTATOP UMEET JIeJI0 ¢ HAOOPOM TaKMX COCYIOB, HAXOSITHXCS
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B OJHHX W T€X XK€ BHENIHUX YCIIOBHSX, HO HECKOJBKO OTIMYAIOIINXCS BHYT-
pEHHE: TIOJIOKEHHS W CKOPOCTH YaCTHII B 3THX COCYIaxX pasiudHbl. IIpemmoso-
JKMM, YTO YHUCJO COCY/IOB TaKOBO, YTO B HHUX PEATU30BAHBI BCE BO3MOMHBIE
MEXaHHUYECKHUE COCTOSAHHA YaCTHILIL. Taxon Ha60p Ha3bIBACTCA CTAaTUCTUYCCKHUM
ancamOiieM. Pacnipenenenue u3y4aeMoro npu3Haka B 3TOM aHcambiie o0pasyer
COOTBETCTBYIOIYI0 TEHEPAIbHYI0 COBOKYIHOCTh. IlyCcTh OKCIEPHMEHT C
HUMEIOIMMCS B HAIMYUK €AWHCTBEHHBIM COCYIOM COCTOHMT B TOM, YTO B MO-

MEHT BPEMEHM [| HayJady BLIOMPAeTcs OJHA M3 MOJEKY] U OHpesensercs,

HarpuMep, ee CKOPOCTh WIIM TIOJIOKEHHE. 3aTeM JKCIIEPUMEHT IOBTOPSETCS B

MOMEHT [y u T.J. B pesymbrare momyuyaercs BpeMeHHOH psj HaOMIoAeHUH 3a

yKa3aHHBIM NPH3HAKOM. 3/1eCh He 00CYXKIaeTcsi, ¢ KaKOH TOYHOCTHIO MOXKHO
MIPOBECTU TAKOW 3KCIEPUMEHT, a TAKXKE TO, KAK MU3MEPEHHUE MOBIMSET HA CO-
CTOSIHUE COJEPKHMOIo cocynaa B ganpHedmeM. IIpennonaras, 4to pacnpene-
JIeHUe aHcaMOJisi He MeHseTcsl (Ha (U3MYECKOM SI3bIKE 3TO O3HA4aeT, YTo Ta3
HaXoJuTCs B paBHOBeCl/Il/I), MOXHO OHNpE€ACIUTb SMIIMPUYCCKYIO BEPOATHOCTDH
pacupeneneHns 4acTull 10 cKopocTsM. PopMalbHO ¢ TOUKU 3pEHUSI MaTeMaTH-
YECKOM CTAaTUCTUKU JJIsl 3TOrO HaJ0 HPOBECTH OAHOBPEMEHHBIE H3MEPEHMS
JMAHHOTO TpPH3HAKa [0 BCEM CHCTEMaM aHCaMOJsI, OOHAKO (HU3UIECKH MOXKHO
CUHTATh, YTO OOJBIIOE YHCIO YACTHUI[ ra3a IMO3BOJSIET PEaU30BaTh «IOYTH
BCE» BO3MOJKHBIE COCTOSTHMSI OJHOW YaCTHUIIBI B OAHOM HMEIOIIEMCS COCYE.
Torpa BeIOOpKa HAOIIOAEMBIX 3HAUCHUH MOXET TPAaKTOBAThCs KakK BBIOOpPKa
13 TeHEpalbHONW COBOKYIIHOCTH, IapaMETphbl paclpeiesieHusl KOTOpOH Torna
MOTYT OBITh HaIEHBI C TOW WK WHOH TOYHOCTHIO.

KoHnuenuus «cocyna co BCeBO3MOXHBIMU 3HAYEHUSIMH MPU3HAKa», U3 KO-
TOPOr0 4YeprHarTcs 3HAYEHUs] BPEMEHHOIO psijia, OKa3alach MaTeMaTHYeCKH
yI0OHO#, HO OHa He Bcera (U3NYECKU aJieKBaTHA M3y4aeMoi cucteme. B neii-
CTBUTCJIBHOCTU YaCTO MNPUXOAUTCA HUMCTb JCIIO0 eﬂHHCTBeHHOﬁ peanmauﬂeﬁ
HEKOTOPOro IpoLEecca, NMPUYEM HEBO3MOXKEH MBICICHHBIA JKCIIEPUMEHT pa3-
MHOXEHHS COCYIOB. Ecim mporiecc cTannoHapHEIA, TO 000CHOBAaHHOCTH CTa-
TUCTHYECKUX BEIBOJOB M3 HaOIromeHUH Bennka. Eciu ke HeT, Halo MMeTh WH-
CTPYMEHT HCCJEIOBaHUS, MO3BOJSIOIIMNA U B 3TOM CHUTyallMd OTBEYaTh Ha
MPaKTUYECKH BaXKHBIE BOIIPOCHI.

Crenyer noauepKkHyTh, YTO, CTPOrO rOBOPSi, B MPUPOJIE BOOOIIE HET CTa-
LIUOHAPHBIX MPOLIECCOB, KAK OHU ONPEIEIICHbl B COOTBETCTBYIOLIUX MaTEMaTH-
4yecKux Kypcax. Ha mpakTuke uaeanbHble yCIOBUS TEOPEM BBIIOJIHSIOTCS JIUIIb
MPUOIMKEHHO, TIPHYEM TOYHO OHH HE MOTYT OBITH BBHINIONHEHHI B MPHHIIUIIE.
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HccnenoBaTemio e NPeACTONT YCTAHOBUTH, HACKOJIBKO B YCIIOBHSX MPOBEIE-
HHUSI KOHKPETHOTO CTAaTHCTHYECKOTO SKCIEPHMEHTa MOXKHO CUHTAThH YCIIOBHS
TEOpeM BBHIITOJIHEHHBIMU. Tak, py aHann3e pa3dpoca pa3MepoB BHITAaUMBAEMbBIX
OJTHOTHITHBIX JIeTajiell MOKHO OpaTh Ha BOOPYXKEHHE MOEIH Pa3IMYHOM TOY-
HocTH. Hampumep, a) He npuHMMaTh BO BHHMaHHE MpOLIECC M3HOCA padouei
JacTH CTaHKa, T.€. MPEeHeOpeub ci1aboi HEeCTAMOHAPHOCTBIO IMIPOLECCa M3ro-
TOBJICHUS; 0) IPUHATH U3HOC BO BHUMAaHWE, H3MEPHUTh N3MEHEHNE (POPMEBI pa-
6oueil MOBEPXHOCTH, HO IIPEeHEOpeYh B3aMMHBIM BIMSHUEM H3MEPHUTEIBEHOTO
MHCTPYMEHTA M M3MEPIEeMON KOHCTPYKINH; B) YYECTh 3TO B3aUMHOE BIIMSHUE,
U II0CJIE KaXI0I'0 U3MEPEHUSI U3MEPSTh CaM U3MEPUTEINIbHbIM HHCTPYMEHT, HO
npeHeOpeyb U3MEHEHUEM HHCTPYMEHTA B MIPOLIECCE TAKOTO M3MEPEHHUs], 1 T.1I.

Kpome Toro, Bce 6€3 NCKIIIOUEHHS Tella MEHSIOT CBOU pa3Mephl U BEC B pe-
3yJIbTaTe WCIAPEHHs aTOMOB C IOBEPXHOCTH (WM, HA0OOPOT, OCaKACHUS Ha
MMOBEPXHOCTH), SIACPHBIX PEaKIid MOj BO3AEUCTBHEM (OHA HEHTPOHOB WIH
MHBIX YacTuI U T.1. Pazymeercs, yaiie BCero 3TH M3MEHEHUS HE CYIIECTBEHHBI,
T.€. DKCIIEPUMEHT MMeeT OOBIYHO ropaszio 0oiee HU3KYI0 TOYHOCTh, YEM YpO-
BEHb TAaKMX U3MEHEHHH, HO 3TO HE 03HAYaeT, YTO N3MEHEHHI BOOOILE HET.

CrenoBarenbHO, HEOOXOIUMO IOMHHUTD, YTO ONPEACTICHUS U yTBEPKICHUS
TEOPHUU BEPOSTHOCTEH M MAaTEMaTHYECKON CTATHCTHKH HICATH3UPYIOT peaib-
HOCTh. B 3TOM 0JJHOBpEMEHHO COCTOST MX cnabocTh U cuwia. CHibHAs CTOPOHA
TEOPETHYECKUX IIOCTPOCHUI B TOM, YTO OHH IIO3BOJIIFOT BHIOpaTh IJIaBHYIO
4acTh U3Y4aeMOro sIBICHHS, KOTOpasi, COOCTBEHHO, U HAOJFOIaETCsI B OKCIICPH-
MmeHTe. C1abocTh — Ha caMOM JieJie 3TO ClIa00CTh HE YTBEPXKACHUIL, a uccie-
JIOBaTeNsl, — B TOM, YTO MHOTJa MOXET BO3HUKHYTbh JKEJIaHHE ITOJMEHBI SIBIIC-
HUSI Ha €TO TJIaBHYIO YacTh, KOTOPAs B OINPEACICHHBIX YCIOBUSIX MOXKET M Ie-
pectaTth OBITH TTIABHOM.

B maremaTtnueckoil CTaTHCTHKE paccMaTpHBalOTCS CIEIYIOIIME IBa OC-
HOBHBIX THIIA 3aJa4: M0 UMCIOINUMCA TaHHBIM OLUCHUTH IMapaMETpPhbl pacupeac-
JICHUA, BUJ KOTOPOIo alpuopu HU3BECTCH, J'II/I6O MpOBEPUTHL CTATUCTUYCCKYIO
THIIOTE3y OTHOCUTEBHO BHJA pacmpeneneHus. B oboux cirywyasx npeamnosara-
eTcs, 4TO TeHepalbHasi COBOKYITHOCTh cymiecTByeT. Eciu mporecc Hecranmo-
HapHBIM ¥ HEW3BECTHON MPHUPOJBI, TO B paMKaxX CYIIECTBYIOUIET0 (hopMaIn3Ma
yKa3aHHBIE 33/1a41 HE MOTYT OBITh PEIICHBI, HOCKOJIbKY 3HAUCHHSI BPEMEHHOTO
pdada MpUHAAJICKAT pa3dHbIM TI'€HEPAJIbHBIM COBOKYITHOCTSAM, U IMOTOMY IJIsA
OLIEHKH ITapaMEeTPOB paclpeIeIeHUsl B KaK/Iblil MOMEHT BPEMEHH y HAC UMEET-
Csl TOJIBKO OZIHO 3HAa4€HHE, 4ero SIBHO HexoctarouHo. He xemas, ogHako, 3a-
KpBIBaTh Ha 3TOM W3y4YECHHUE ABJICHUS, KOTOPOE OOBEKTHBHO CYIIECTBYET, CIE-
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JyeT TOHSTh, KaKHE COJICPKaTeIbHbIE YTBEPXKACHHUS B TAKOM CIIydae MOXKHO
CZIeNaTh OTHOCUTENIBHO 3TOTO SIBJICHHMS.

Jonyctum, u3ydaeTcss BpeMEHHOM psiji OMpKeBbIX 1eH Ha HedTh. Kiaccu-
Yyeckasi TEOpHsl BEpOSTHOCTEH Mpelyiaraet CIeIyIOIIyI0 MoJeNnb (M3BECTHYIO
KaK ypHa C BO3BpAIlIEHHSIMH): OMpika — 3TO Takas CBoeoOpa3Has ypHa C Iia-
pamy, Ha KOTOPBIX HAIMCaHa LieHa, Hampumep, Oappens HepTH B oIpeneseH-
HOM KOHTpPAaKTe. DTHX IIApOB TaM OECKOHEYHO MHOTO, HAAIIMCH HA HUX MOTYT
n coBnanath. Kaxaplid 1eHb HEBUIMMAasl «pyKa PBIHKa» J0CTaeT U3 yPHbBI OJWH
map, KOTOpbelid Mbl U HaOmogaeM. Ha cienyromuii 1eHp coctaB MIapoB B ypHE,
BOOOIIIE rOBOPSsI, COBEpILIEHHO Apyroii. [Iponecc nosropsercs exenteBHo. [1o-
HSATHO, YTO Ha OCHOBE TaKWUX HAOJIIOJICHHN HENIb3sl ONpPEICIUTh, KaKoW ObLI
COCTaB IIApOB B YPHE B HEKOTOPHIX (1r000i1) neHb. BpemenHo# psa Habmrome-
HUM OyImeT oTpakaTh He OOBEKTHBHYIO pEaIbHOCTH (BepHEe, OH U ee Oyner
OTpaXxxaTh, HO OYEHbH CJ1a00, HA YPOBHE EIMHUYHOTO HKCIIEPUMEHTA), KAKOBOH
SIBJISIETCSI COCTaB IIapoOB B ypHE B OIPEAEICHHBIN JeHb, a Halle BOCIPHUATHE
9TOi peanbHOCTH. HO, 3aMeTUM, YTO MMEHHO 3TO TIOCIEIHEEe U UMEET JUIs Hac
npakTHyeckoe 3HaueHue. llpenckasarenbHas cwiia TEOPHH TEM BBIIIE, YeM
Ommke CyOBEKTHBHOE BOCTIPHUSTHE K peajbHOMY MojoxeHuto nen. Cremosa-
TEJIbHO, B JTAHHOM CJIydYae CIJIEIyeT MOIBITATECS MHHHMH3HPOBATH OIIMOKY,
KOTOPYIO MOXHO CIeTIaTh IPH MPOTHO3E OYEPETHOTO 3HAYECHUS LIEHbI, HO HE Ha
OCHOBE JIaHHBIX O COJICPKMMOM YPHBI (3Ta PEIFHOCTh B paMKax IOCTaBJICHHO-
rO 9KCHEPHMEHTa OCTAeTCsl HEU3BECTHOH), a TOJBKO Ha OCHOBE pPe3yJbTaTOB
JKCIEpPUMEHTa. DTH Pe3yJIbTaThl HE SIBJISIOTCS BBIOOPKOI M3 TeHepalibHOM co-
BOKYITHOCTH, HO 3aTO OHH (POPMHPYIOT BEIOOPKY pe3yJIbTaTOB HAOIIOICHUM, U
pacrpesneneHie 3TOH BBIOOPKH, MEHSSICh C TEUCHHEM BPEMEHM, MOXKET IaTh
0TBeT 00 OKMJaeMoW OIIMOKe MPOTHO3a, a MHOTIA, €CIIM N3MEHEHHE CPaBHH-
TEJIFHO Majlo, ¥ SMIHMPHYECKH OINPEAEIUTh NPHONMKEHHOE NPAaBUIIO TAaKOTO
U3MCHCHMUA.

Jnst Toro, 4ToOBl C HEKOTOPOH TOYHOCTHIO OTHECTH M3Yy4aeMbli Ciy4aii-
HBII MpoIiecC K TOMY WM WHOMY Kiaccy, pa3paboTaHO OOJBIIOE KOIUIECTBO
CTaTUCTUYECKUX TECTOB WIIM KpUTEpHEB. bombmmHCcTBO MeTonoB (hopmyupy-
IOTCSI B TEPMUHAX CTAlMOHAPHBIX B IIHMPOKOM HIIM Y3KOM CMBICIIE HPOLIECCOB.
OTO CBSI3aHO C TEM, YTO JUISl CTAMOHAPHBIX CIyYaiHbIX ITPOLIECCOB JTOKa3aHbI
TEOPEMBI, MO3BOJISIOIIUE T10JTy4aTh KOPPEKTHBIE OLIEHKH ITapaMeTpOB COOTBET-
CTBYIOIIUX PaCHpeCICHUN 110 JaHHBIM HAOJIIOICHUH.

OOBIYHO psif MBITAIOTCS IPEACTABUTH B BUJIE CYMMbI HEKOTOPOH AETEPMHU-
HUPOBAaHHOW COCTAaBIIAIONIEH W OCTAaTKa, aBTOKOPPEISIIMOHHAS (DYHKIHS KOTO-
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pOro ¢ AOCTATOYHON TOYHOCTHIO OJM3Ka K HYIIO, YTO IO3BOJISIET BBIIBHHYTH
MIPEIOI0KEeHHE 0 OJIM30CTH OCTaTKa K OeoMy mryMmy. CTporo roBopsi, UMEHHO
B TaKylO CTOPOHY YTBEpXKJICHHE M HE paboTaeT: OeNblil IIyM MMEET HYJIEBYIO
ABTOKOPPCIIALNIO, HO HE BCAKas HYJICBAsA aBTOKOPPE/IALUA MMOPOKIACHA 6eJ'II)IM
IIYMOM, 3TO MOET OBbITh U JIETEPMUHUPOBAHHBIN npouecc. Tem He MeHee, Ha
MPaKTHKE KaK pa3 UCXOAAT U3 pabodell IMIIOTE3bl COMOCTABICHUIO MIPOLIECCY C
HYJIEBOW aBTOKOppeJsuell HekoToporo Oemoro mryma. ITocie sToro mapamer-
pPHUYECKUMH WM MHBIMH METOJAMH HaxXOIsAT HanOosiee ONHM3KYIO CTaTHUCTHUKY,
MOJICTIMPYIOILYIO MoBeJeHNe ocTaTka. CyIecTBYIOT pasiInyHble MoauduKaum
Takoro mnoaxozaa. B HacTosAee BpEMA OCHOBHBIMU CTATUCTUUCCKUMU METOHA-
MU HUCCJIEAOBAHNS BPCMCHHBIX PAJOB SABJIAIOTCA: METO BBIACICHUA IMOJIMHOMU-
aNbHOTO BPEMEHHOTO TPEHJA MM WHOW MapaMeTpHyecKoi (YHKIHMOHAIbHON
3aBHCHUMOCTH, PETPECCHOHHBIN, aBTOKOPPEIAINOHHBIA, aJalTHBHBIA (CKOJIb-
3AIIMX CPEAHUX), METOJ TAPMOHWYECKOTO aHAJN3a, CHHTYJSIPHOTO CHEKTPAJb-
HOTO aHalu3a, HelpoCceTeBOM METOA.

HO[l‘iepKHeM, YTO BbIHICHECPCUNCIICHHBIC METOABI KOPPEKTHO O6OCHOBaHbI
TOJIBKO ISl CTAIllMOHApHBIX pAnoB. OJHAKO, KaK yXe TOBOPUIIOCH, CYIIECTBYET
6O0JIBIION KiTacc akTyalbHBIX BPEMEHHBIX PSOB, KOTOpPBIE HE SBISIFOTCS CTa-
IIMOHAPHBIMU. B 3TOM cirydqae BBIOOpOUYHbIE CPEAHUE HE SIBISIOTCS COCTOSTENb-
HBIMH OILIEHKaMH MOMEHTOB PaclpeAeiIeHNs, X TOTOMY IIPUMEHEHHE aCHMIITO-
TUYECKHUX KPUTEPHUEB, FapaHTUPYIOLINX B CTALMOHAPHOM CIIyyae yBEIUYCHHE
TOYHOCTH aIlllIpOKCUMAIIUn reHepanbﬂoﬁ COBOKYITHOCTH HJIM €€ MOMCHTOB C
yBeJMYeHneM 00beMa BEIOOPKH, HE YBEJIMUMBAIOT TOYHOCTH IIPOrHO3a. B TO e
BpEMs 32 HEMMEHHEM JIyUILETro 3TH KPUTEPUU MPOJOKAIOT MPUMEHATHCA KO
BCEM psiiaM, KOTOpbIE BO3HMKAIOT B CIy4ailHOM 3KcnepuMente. Toraa mepen
HCCIIE0BATEIeM BCTAaeT MpOoOJIeMa KOPPEKTHOH OLEHKH TOYHOCTH IOJydae-
MBIX MM pE3yJIbTaTOB, HA OCHOBE KOTOPOW aJaNTHBHO HACTpauBarOTCsA Iapa-
METPBI UCTTOJIB3YEMBIX Moaeneﬁ. OCHOBHBIM napaMeTpoMm ABJIACTCA IJIMHA BbI-
OOpKH, OTCUMTHIBAaEMasi Ha3aJl OT TEKYLIEro MOMeHTa BpeMeHu. [Ipu aTtom ak-
TyalbHBIM BOTIPOCOM SIBJISIETCS CIEIYIOLIMIA: 10 BBIOOPKE KAKOTO 00bema ciie-
JyeT TPOBOJHUTH CKOJB3SMIEEC YCPETHEHHE, YTOOBI IMOIYYNTh HAUMEHBILIYIO
OImMOKyY MPOTHO32 Ha 3aJaHHOM BPEMEHHOM TOpH30HTE? YdeT OOJBIIOTO YHC-
Jla YWICHOB psiJia MOKET IPUBECTH K TOMY, YTO TEKYLIHH TPEH I OYAET MePeKphIT
«BBIIIEAIIUMH U3 MOJIBD» TEHACHIIMSIMH. MaJjioe jke 4HCIIO YWICHOB psiia He JacT
CTaTUCTUYECKOH PENPe3eHTaTHBHOCTH BEIOOPKH.

Takum 00pa3oM, OCHOBHOW MpPOOJIEMOH MPOTHO3UPOBAHUS BPEMEHHOTO
psina (B TOM YHCIIE U CTAIIMOHAPHOTO) SIBIISIETCS OLIEHKA CBEPXY CpPeIHEKBapa-
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TUYHON OMIMOKH, KOTOPYIO MOKHO NOMYCTHTb, €CIH NPHUMEHHTh K HEMY TOT
WJIN WHOHM MeToJX aHanmu3a. [y ee pemeHus CyImecTBYIOmue METO b IS CTa-
LIMOHAPHBIX PSAIOB CIIEIYET JOMOJHUTH OLEHKaMH BPEMEHHBIX I'PaHUIl UX TPH-
MEHHUMOCTHU.

B oTnrume oT HeKOTOPOro (BIPOYEM, IOCTATOYHO IIMPOKOI0) Kilacca «ec-
TECTBEHHO-(DM3UUECKUX» MPOOJIEM, IIPH PEIIEHUH KOTOPBIX THIIOTE3a CTAIHO-
HApHOCTH Ka)KeTCs Pa3yMHON, BPEMEHHbIE PSIbl B MHBIX 00JACTSIX dYeoBede-
CKOW JEATENbHOCTH B MOJABIIIONIEM OOJBIIMHCTBE HE SBILSIFOTCS CTAIlMOHAP-
HbeIMH. [IpoOieMbl, BO3HMKAIOIIME TIPH MX aHAIN3E, IIUPOKO OOCYXIAlOTCs B
CHeLUaNbHOW JIMTEpaType, HO, KaK IPaBHJIO, Ha YPOBHE «KOHTPIIPUMEPOBY,
Korja OKa3bIBaJIOCh, UTO Ta WJIM HHasA alpuopHas rurore3a HECIpaBCAjivBa,
WIN Ha yPOBHE NIPUMEPOB yJauyHBIX MOJENEH B OTIENIBHBIX KOHKPETHBIX CIy-
yasx. IlepBoe cucremMaTrHueckoe M3JI0KECHHE METOAOB aHAIM3a HECTALMOHAp-
HBIX BPEMEHHBIX PAIOB OBLIO MPEATPHHATO B MOHOTpaduu aBTopa [100], rae
COJIEpKAJIOCh OOJIBIIOE KOJMYECTBO TPHMEPOB M3 MpaKTHUecKoil obyactu. B
HACTOsIIEeH KHUIe OCHOBHOE BHUMaHHUE YJEISIETCSl TEOPETUIECKON 0aze — 1u-
HaMHU4YE€CKHUM CUCTEMAM U KUHETHUYCCKUM YPABHCHUAM [JIA T'CHEPAJIbHBIX WU JJId
BBIOOPOUHBIX TUIOTHOCTEH (DYHKIMIA pacipeieseHus.

KoHKpeTHOH! 1eTpI0 CTATUCTHYECKOTO aHAJIN3a SIBISIETCS] TOCTPOCHUE Me-
TOJIa MUHUMH3AIKN OIIHOKH IPOTHO3a BEIOOPOYHON (PYHKINHU paCIpeeTICHHS
U COOCTBEHHO BPEMEHHOTO psijia Ha 33/JlaHHOM BpeMEHHOM ropusoHte. Ilapa-
METpPOM, MO0 KOTOPOMY MMHUMH3HUPYETCS OIIMOKAa MPOTrHO3a, SIBJISETCS TEKy-
Ui 00beM BBIOOPKHU 3JIEMEHTOB psafa. Onrumusanus oo0bema BHIOOPKH BO3-
MOXHa B CHJIy TOTO, YTO OIIMOKA MPOTHO3a COCTOUT M3 OLIMOOK JBYX THIIOB.
OmundKa 1mepBoro THMa — 3TO MOTPEIIHOCTD OLEHKN CTATHCTHYECKUX CBOMCTB
BPEMEHHOTO psiJia 3a CYeT KOHEYHOCTH 00beMa BBIOOPKH, T.€. 32 CUET HEJI0CTa-
TOYHOH penpe3eHTaTHBHOCTH. OmMOKa BTOPOTO THIIA — 3TO HOTPELIHOCTH 3a
CYET HECTaI[HOHAPHOCTH cTaTUCTUKH. OmunoKa IepBoro TUIa ¢ pOCTOM 0o0beMa
BBIOOPKH YMEHBIIAETCS, a OMIMOKa BTOPOro THIIA BO3pacTaeT. TakuMm o0pazom,
KOPPEKTHBIM METOJl MPOrHO3UPOBAHMUS IOJDKEH yUHTHIBATh B3aUMOCBSI3b MEX-
JIy TOYHOCTBIO TIPOTHO3a, 00HEMOM BBIOOPKH M TOPU30HTOM IIpOTHO3a. B cTan-
JAPTHBIX HPOTHO3HBIX MOJEISIX CTALMOHAPHBIX BPEMEHHBIX PSAOB 3TH IOHSI-
THS pa300LICHBI.

I[J'lﬂ OIpEAC/ICHUS ONTUMAJIBLHOI'O O6'])€Ma BI)I60pKI/l n CO3JaHuA aJCKBaT-
HOMW MPOTHO3HOW MOJIENIM BPEMEHHOTO psijia HEOOXOMMO PELINTh ClIEIyoLIHe
3aJa4H.
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[epBoii 3amaueii ABNsIETCSA CO3MaHUE CUCTEMBI HEOOXOIMMBIX TIOHATHH IS
KOPPEKTHOTO IPOTHO3MPOBAHMS HECTAIIMOHAPHBIX BPEMEHHBIX PSIIOB, KOTIA
OTCYTCTBYET CaMO MMOHATHE TeHEPaTbHON COBOKYITHOCTH, H pa3padoTKa MoIXo0-
JALICTO Teopeanecxoro I/IHCprMeHTa JJIsI MUHUMU3A1lnu OI_HI/I6KI/I nporﬂosa.

Bropas 3anava cBd3aHa ¢ co3gaHMEM MaTEMaTUYECKOM IIPOTHO3HOU MoJe-
nu Uit BBIOOpouHOW (YHKIMK pacnpeseneHus. PaccMarpuBas 3a1ady IporHo-
3UPOBaHUS KaK 3a7a4dy O MOCTPOSHHUH OIEepaTopa IBONIONHUN (DYHKIMH pacripe-
JIEJICHUS, MOYKHO CKOHCTPYHPOBATh SMIIMPHUIECKOE KHHETHYECKOE YpaBHEHHE
TUNa ypaBHeHUs JIMyBUIUIL M ONPENENIUTh HEKOTOPbI KMHETUYECKUIl aHaior
CKOpOCTI/l U3MCHCHUS IIJIOTHOCTHU BepOHTHOCTH, T.C. HOCTpOl/ITL KBasuauHaMu-
YECKYIO MOJIENIb BpEMEHHOTO psija.

Tpersss 3amaua — co3gaHWE YHCICHHOTO ANTOPHTMA, PEaTH3YIOIIEro
MIPEUIOKEHHYI0 METOAHKY.

OO0cyXIeHNIO MOAX00B K PEIICHUI0 dTHX 33734 U Pe3yNbTaToB, OIydae-
MBIX B paMKaX NPUMEHEHUS KHHETUUYECKUX MOJIe]e MpOrHO3UpOBaHUs, U MO-
CBSIILICHA JIaHHAs] MOHOTPa(UsL.
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YACTH I. OCHOBBI CTATUCTHUYECKOHN
MEXAHUKHU

I'naBa I. I'magkue fMHAMHUYECKHE CHCTEMBI

1.1. YpaBHenne JInyBHJISAA B KJIACCHYECKOH CTATHCTHYCCKOM
MeXaHHKe

B nanHO# MOHOTpaduy M3II0KEH METOJ| aHaIM3a U MPOrHO3UPOBAHHUS IM-
INUPUYECKUX BPEMEHHBIX PSIOB, MCIOIb3YHOIIMH KUHETUYECKUE YpPaBHEHUS
JUISL MOJETIMPOBAHMS BOJIOLHMH BHIOOPOYHOM INIOTHOCTH (DYHKLMH pacIipese-
JIEHUS U3y4aeMOM CIy4yaliHOW BEJIMYMHBI. B 3TOH CBA3M clielyeT NOJ4YEpPKHYTh,
YTO KHHETHYECKas TEOpHs TPAAMIMOHHO IOHMMAETCsl KaK CTaTHCTHYECKas
TEOpHsl JIBMKCHHS MOJIEKYJ Ta3a, NMPUYeM KaxIas U3 MOJIEKYJ MOIYUHSAETCS
CTPOTO JETEPMHUHHUPOBAHHBIM ypaBHEHHSM [BIDKCHHUS, & CTATUCTUYECKas Me-
XaHMKa KaK HayKa 3aHHMAaeTCsl U3yYCHHUEM BEPOATHOCTHBIX PacCIpelesICHUN
KHHEMaTHYECKUX XapaKTEPUCTUK MeXaHHueckoil cucremsl. IloHnmaemas B
Gosee 0OmmIEM CMBICIIE, CTATUCTUYECKAs MEXAHMKA HM3Yy4acT BEPOATHOCTHBIE
pacmpezneneHus 0000IEHHBIX KOOPANHAT, XapaKTepH3YIOIUX CHCTEMY, KOTO-
pBI€ 3BOJIIOLMOHUPYIOT B COOTBETCTBHH C OIPEEICHHBIMHA YPaBHEHUSIMU. DTH
YpaBHEHUsI ITPEACTABISIOT COOOH KOPPEKTHO MOCTABJIEHHYIO Ha4albHYIO (MM
HayvaJbHO-KpaeByo) 3aaauy Komru.

OOBEKT K€ MaTeMaTUYECKOW CTAaTUCTHKH — BPEMEHHOW Psii — B 00IIeM
ciIy4ae He IpEeACTaBiIsieT CO00H peann3aniio Kakon-Tn00 THHAMAYECKOl cuc-
TeMbl. TeM He MeHee, BRIOOpOYHasl (QYHKIUS pacIpenesieH s TF000ro BpeMeH-
HOTO psiJia CYIIECTBYET, U OTHOCUTEIBHO HEE MOXHO CTaBUTh BOIIPOC O €€ M3-
MEHEHHH C TedeHHeM BpeMeHH. COOTBETCTBYIOLIEE ypaBHEHHE 3BOJIIOIMU €C-
TCCTBCHHO Ha3BaThb KHMHCTHYCCKHM, XOTs OHO M HC 6y,ueT HUMETh TOI'O HM3Ha-
JaJbHOTO CMBICJIA, KOTOPBHIM O0OJIafaeT, HanpuMmep, ypaBHeHue JInyBmia B
KJIaccuueckoil Mexanuke. Ho mHTEpIpeTanust Takoro ypaBHEHHUsI MOXKET OBbITh
JlaHa YHCTO B MEXaHWYECKMX TEPMHMHAX, YTO W MO3BOJIIET MCIOIb30BaTh METO-
JIbl CTATUCTUYECKOW MEXaHWKHU JUIS U3YYEHHSI CTAaTUCTUYECKUX XapaKTEPUCTUK
BPEMEHHBIX PSIOB. DTOT MOJXOJ| SIBIISETCS HOBBIM M BECbMa IEPCIIEKTHBHBIM
JUISl aHAJIM3a HECTAIIMOHAPHBIX CIIyYaiHBIX MIPOLIECCOB.
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CymiecTByeT 00JIBIIOE KOJIMYECTBO JIUTEPATYPhI IO TEOPHH AMHAMUYECKUX
cucreM (manmee JIC), paccMaTpUBaeMBIX C Pa3IAYHBIX TO3UIUHA: TOMOJOTHYE-
ckue JC, rnagkue JIC, ramuibToHOBHL JIC 1 ap. CrcteMaTnieckoe U3JI0KeHHe
teopuu JIC conepxkutcs, Hanpumep, B MoHorpaduu [1].

V Omnpeaenenue 1.1. JlunamMuueckoi cucTeMoil Ha3pIBaeTCs OJHONApaMeETPH-

geckasi rpynna (wm momyrpymna) Gy tp TpeoOpasoBammii Xx; = G; 10 X0
b b

KOOpPJIMHAT, JEHCTBYIONas Ha HEKOTOPOM MHOKecTBe Touek X € [, HaspiBae-

MOM (ha30BBIM IIPOCTPAHCTBOM cHcTeMmbl. Koopaunara Xy = xtO el ecms

3HAaYCHME X; IIPH 3HAYCHUM MapaMeTpa (T.c. BpeMenH) [ =1 . A

O6b14H0 MHOKeCTBO 1 saBnserca muddepeHupyeMbpIM MHOTOOOpa3HeEM.
JluHaMuveckas CUCTeMa B KOHTEKCTe omnpeneneHus 1.1 Ha3pIBaeTCs TaKxke
MOTOKOM (WM JWHAMHUYECKUM  TOTOKoM). Ecnmu  mpeoOpasoBaHue

X; = Gt, 1 X0 OMPENENeHO s IMCKPETHOTO napameTpa t, to takas JIC Ha-

3bIBACTCA KaCKaJoM. YI[06HO CUNTATh HAYaJbHBIA MOMCHT BPEMCHH HYJICBbIM,

nonarass fy =0, u coorsercrByrommii NOTOK 0603HAYATH ISl KPATKOCTH

Gt,O EGt .

V Omnpenenenne 1.2. JIC Ha3biBaeTcs I11aJKON, €ClAM MOTOK Gt TakoB, 4TO

CyHIE€CTBYET I'IaJKO€ BEKTOPHOE I10JI€

d
v(x)=—G.x|_,, 1.1
(x) L li=o (1.1)

Ha3eiBaeMoe (ha30BOH CKOPOCTHIO. A
3agaHue BEKTOPHOTO ITOJISI OJHOCTBIO ONpeersieT JMHAMIYECKUH TT0TOK

B TOM CMBICJIE, YTO NPHU 33[aHHOM HA4allbHOM YCIOBHU X() pelleHHeM aud-
(epeHnmanbHoro ypasHeHus X = V(X) SABISETCS HHTerpabHas KpuBas
x; = G;x(. Benencrsue sroro ypauenne X = V(X) wacto camo paccMar-
pHBAETCS KaK OMpe/ie/ICHHE MIAJAKOH TUHAMUYIECKOH CHCTEMBI.

V Omnpenenenne 1.3. Tmagkas JIC Ha3bpIBaeTCS aBTOHOMHOM, ecii (a3oBas

. n
CKOPOCTb HE 3aBUCHT sIBHO T Bpemenu: X = V(X), Xe M c R". A
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Ecnu B34Th 1100Yy10 AMHAMUYECKYIO BEIHYHHY, T.€. HEKOTOPYIO (YHKIHIO
B(x), apryment kotopoii 3aBuCHT OT mapamerpa ! B COOTBETCTBUH C aBTO-

HOMHBIM YPABHCHHUEM x = V(X) , TO €€ 3HaYCHUC B MOMCHT BPEMCHHU t cum-

BOJIMYCCKU 3aIIMChIBACTCA B BUJIC
B, (x) EB(xt): B(Gtxo): Gt(B(xO )) (1.2)

MHbIiMu ciloBaMu, Ha IIaJKOW TPACKTOPUU JUHAMUYECKUN IIOTOK KOMMY-
TUpYET ¢ GyHKIHEH OT 0000LICHHONH KOOPIUHATHI.

Baxwnsrit kmacc JIC cOCTaBISIOT JIarpaH>KEBBI CHCTEMBI KITACCHIECKOH Me-
xaHuKd. O1o riaakue JIC B MpocTpaHCTBE pa3MEpPHOCTH 2n, WHTErpajbHBIC
KPHBbIE KOTOPBIX SIBJISIIOTCS PEILICHUEM SKCTPEMalIbHOM 3a1aun Uil QyHKIHO-
HaJja, Ha3bIBAEMOI'0 JECHCTBHUEM:

4
S[z]= [ L(g,v)d. (1.3)

l
®yukuus  L(g,V) 2n nepeMeHHBIX — OOOOUIEHHBIX KOOPIMHAT
q=(q,,-.-,q,) u ckopocTeil V=g — HasblBaeTCs JarpamxuaHoM. Eciu

neiicteue (1.3) UMeeT CTanMOHApHYIO TOYKY, TO dTa TOYKA Ha3BIBACTCS IKC-
TpeMajblo U SIBIAETCS PELIEHUEM ypaBHeHUl Dinepa—Jlarpanika BapuUalloH-
HOW 3aJ]au¥l ¢ 3aKpeMICHHBIMU KOHIIaMU
d OL OL (1.4)
—_ = .
dt c?vl- qu
KOTOpBIE IIPEACTABISIOT CO00i cucTeMy andQepeHaIbHbIX YPaBHEHHH BTO-
POTo HOpsIIKa IO BpeMEHH [ OTHOCUTEIHHO KOOPIMHAT:
2
oL . 0 (oL
vV =— —v;—=Ld; |. (1.5)
oviov; 1 egi\ov; T Y
iovj q j i
IIpu ycnoBuM HEBBIPOXKIECHHOCTH MATPULBI BTOPBIX MPOU3BOAHBIX JIa-
rpamXuaHa 1o ckopoctsaMm cucrema (1.5) Moxer ObITh 3amucaHa B BUJE CHCTE-

MBI Au(epeHInaTbHBIX YPaBHEHUH IEPBOro MOPsIIKa OTHOCUTENIBHO (ha30BOM
nepemenHoit & = (q, V) , T.€. IpUBeJcHA K Buay onpenenenus 1.1. Takoe mpu-

BeJICHHE OCYIIECTBISCTCS ipeobpasoBanneM Jlexanapa.
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V¥ Onpenenenne 1.4. Ilycts matpuma J = (J ij)= (azL/ Ov;0v j) HEBBI-
pOXKIeHa: |J | =detJ #0. Torga  npeobpazoBaHHe  KOOpAMHAT

3: {q,v} - {q, p}, rae p; = OL/0v; — 06oGenHblil UMITYIIbC, HA3bIBA-

etcst mpeodpa3oBanueM Jlexxanapa. A

Hnst apronomuo# JIC Benuynna

E= Zpl- Vv, - L(q,v) (1.6)
i

€CTh TEpBbIi MHTErpan ypaBHeHHMH IBwkeHHs (1.4), T.e. OHa coxpaHseTcs B

cumy 9Tod cuctembl. Ecmm  sxkoOuan |J | HEBBIPOXKJEH, TO YypaBHEHHUs
pi = oL/ Gvi HUMEIOT EIMHCTBEHHbIE HENpephiBHO A depeHIupyemMble 1

oOpaTumble permieHus V; = V; (q, p). Torna npeoGpazoBanue Jlexanapa mo-
3BOJISIET MIEPEUTH K TAMIJIPTOHOBY OIMCAHUIO TWHAMHKH ¢ QyHKIHeH [ amrb-
tona H = JE = pv(p)—L(q,v(p)).

B nepemeHHbIX {q, p} ypaBHeHUs (1.5) 3anumnryTcs B BUIEe CUCTEMBI IBYX
ypaBHEHHH MepBOro mopsaka (ypaBHEHHH |'aMHIbTOHA) OTHOCHTENBHO (hazo-
Boil ckopoctH 7] = (q, p), KOTOpasl OIpejeNsercs KOCOCUMMETPHYECKUM

rpaguenToM (ckobkoi Ilyaccona):

oH 0 1
n=nH|=Ir—, Ir= , (1.7)
on -1 0
rne | — emunnunas 1 X n-marpuna. CoorserctBytomas JIC, 3anaBaemas
ypaBHeHusiMH (1.7), Ha3pIBAa€TCS] TaMUIIBTOHOBOM.
B Gonee oOmmx ciaydasx ¢GpyHkius Jlarpanika MOKET 3aBUCETh M OT BBIC-

LWKX NPOU3BOAHBIX (cM., Hampuwmep, [2, 3]): Ly =L q,q,éj,...,q(N)) rae

geR", q(s) =d’q/dt®. Vpasuenus sxcrpemaneii s geiicreus (1.3),

TIOPO’KIaEMbIE STUM JIArPAHXKHAHOM, HMEIOT BHJI

a Eray a
pi = Z

=—, i - —. 1.8
ay; = dt dqlgsﬂ) (18

Di
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YpaBraenus (1.8) Taxke MMEIOT WHTETpal SHEPIHH, 3aIHCHIBAIOIINICS B
BUJIE

N s N
d Rz
E:_L+Z —E qu()w 1.9
s=0 =1 A
HepeXOH K TaMHUJIbTOHOBY OIMMCAHUIO OCYIICCTBIIACTCA NOCPEACTBOM IIPEC-

obOpazoBanus Octporpaackoro [2]: BBOIATCS OOOOINECHHBIE KOOPIUHATHI

_ (s=1) P
QS == q nu COHpH)KeHHLIe I/IMHyHBCBI S Tak, 4TO

SE(¢.4.nq™) = H(Q,P)=-3L +iQSPS,
s=1

_ ‘ (1.10)
v a7 oL
PSZZ _E é’q“)

k=s

JlocTaTouHBIM YCIIOBHEM HEBBIPOXKAEHHOCTH IpeobpasoBanust (1.10) sB-

N
JSIeTCsl BO3MOXKHOCTh OJHO3HAYHO BBIPA3UTh CTAPIIYIO0 IPOU3BOJIHYIO q( )

gepe3 0000LIeHHbIH uMITysbe Py .

Takum 00pa3oM, MOKHO CKa3aTh, YTO KJIACCHYECKAsl TEOPUS IUHAMHYC-
CKHX CHCTEM eCTh TeOophs OOBIKHOBEHHBIX An((depeHIHaTbHBIX YpaBHEHU,
pa3pemeHHbIX OTHOCUTENBHO CTapIIe TPOM3BOIHOM.

3anaueit ananusa J[C sBnsieTcs n3ydeHne B3aMMHOTO PacIiOIOKEHHs HHTe-
TPAJIbHBIX KPUBBIX COOTBETCTBYIOIIEr0 BeKTOpHOro moiisi. [Ipu stom ymoGHO
MPEACTABITE ce0e KaX Iyl HHTETPAIbHYIO0 KPUBYIO KaK TPACKTOPHIO IBHXKE-
HUS HEKOTOPO# TOYedHOW Macchl. Tora eCTeCTBEHHBIM IIPEICTABICHHEM 00
MHTETPATBHBIX KPUBBIX HaHHOH JIC SBIsIETCS] aHAIOTHS C TEYEHUEM HICaTbHON
CIUIOLIHOW Cpe/bl, HUKaKHe YacTH KOTOPOW He B3aMMOJCHCTBYIOT MEXKIY CO-
Ooii. PacnipesienicHre MIOTHOCTH 3TOW CPellbl OTBEYAET THIIOTCTUICCKOMY pac-
MIPE/IEIEHHUIO TOYEYHBIX Macc.

[octpoenne cratuctuueckoil Mmexanuku st JC, onpenensieMoi MOTOKOM
G, , HauMHaeTCs C 3aJaHMs IUIOTHOCTH (YHKIMH PAaCIpE/CNeHNs] HaualbHbIX

COCTOSIHHI () (xo). Ilyets x €' C R" . Torma CpellHee 3HAUEHHE JUHAMU-

9eCKOM BeNMM4MHEI (1.2) B MOMEHT BpeMEHH [ IO 3TOMY PacIpeneleHuIo O
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OMPEACIIACTCA KaK MHTCTpal OT B(.xt) 1o (l)a30130My IMPOCTPAHCTBY C BECOM

po . ImeeM creayromryro 1enouKy npeodpa3oBaHmii:

IB G, (x0 ))po (o Jexg = IB G, (x))po (x)dx =

r r
- jpo<x>dx J BW(G, (0)- ¥ke' = [ B oy (e’ = (B),
r r r
TJie BBEIEHO 0003HAUECHIE
x')= Ipo(x)§(Gt(x)—x')dx. (1.11)
r

B BLIHICHpHBeﬂCHHOﬁ OCJICA0BATCIIbHOCTU PAaBCHCTB ,HGfICTBPIe 9BOJIFOIH-

onnoro oneparopa (5, TEPEeHOCHTCS ¢ AMHAMHYECKON BEIMYMHBI HA ILUIOT-

HOCTh (yHKIMU pacnpenenenus (manee [IOP). U3 (1.11) cnexyer ypaBHEHHE
3BOJ‘IIOHI/II/I [1OP:

—pt Ipo v(x), — |6(G, (x')—x)dx' =
:—lpo (x")] v(x"), % §(Gt (x')—x)dx':
:—a’ivlpo (x')v(x')é'(Gt(x')—x)dx':

=—divv(x)p,(x)= —dlv(xpt (x)) .

OT0 ypaBHEHHe, 3allMCAaHHOE B BHJE 3aKOHA HEPA3pPHIBHOCTH TEUCHHS TO-
YeK ¢ MEHsoLIeiics BO BpeMeHH (ha30BOil IIIOTHOCTBIO, HA3bIBACTCS YPaBHEHH-
em Jlnysuus. [loguepkHEeM, 9TO OHO HMEET MECTO TOJBKO B CITydae HEBBIPOXK-
nerHoctr (rmaakoctu) JC. Hwkuuit mHnexkc (Bpems) najee BHECEM B apry-
mentst [IOP, tak uro p; (x) = p(x, t )

Ecnu Tenepsb onpenenuts Mepy B [ kak aGCOMIOTHO HENPEPHIBHYIO OTHO-
cuTenbHO Mephl Jlebera, T.e. HMMEIOIIYIO IDIOTHOCTh p(x,t), TaK 4YTO
dl’ = p(x,t)dx, 10 ypasHenue (1.12) GyAeT ONMHCHIBATH SBOMIOIHIO STOM

MCEpHI B CUTTY paCCManHBaeMOﬁ ,HI/IHaMI/I‘ICCKOI\/'I CHCTEMBI.
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V Omnpenenenne 1.5. IlunamMudeckas cucTeMa Ha3bIBa€TCS KOHCEPBATHBHOM,
€CIM PAcXoAMMOCTh (Pa30BOTO MOTOKA PaBHA HymO: diVX = ﬁv(x)/ ox=0.

CooTBeTCTBYIOIIast MEpa Ha3bIBACTCS] JUHAMUYECKU-UHBAPHAHTHON. A

I[J'IH KOHCEPBATUBHBIX CUCTEM YPAaBHCHHUEC .HI/IyBI/IJ'IJ'I}I 3aIlIMChIBACTCsA B BUJIC

8p+x8p 0.

ot ox

B YaCTHOCTH, UISI TaMUJIBTOHOBBIX CHUCTEM B CHIIY KOCOCHUMMETPHUYHOCTH

(1.13)

(1.7) BeImonusieTcs ycnopue koncepsatusHoctn divi) = 0.

CymecTBoBaHNE THHAMHYCCKI-HHBAPUAHTHON MepHI s aBToHOMHON JIC
B 0o0ImIeM cirydae Jaetcs clieAyromei Teopemoit [1].

V Teopema 1.1. (borommo6oB—Kpsuios, 1937). ITycts B (hazoBoM mpocTpaHCT-
Be | (KOHEYHOMEPHOM €BKJIMIOBOM MIIM METPUYECKOM KOMITAKTHOM) 3a/1aHa

AC x; =v; (xl seees Xpy ) Torna, ecnu GyHKuuM V; A€HCTBUTENBHEIE, OTPAHU-

YEHHBIE M YJIOBIETBOPSIOT YCJIOBMAM JIumuuina, To B pocTpancTee 1 cyime-
CTBYET AMHAMUYECKH-UHBApUAHTHAs Mepa. A

Crenyer cienaTh BaXXHOE 3aME4aHHE OTHOCUTEIBHO aHAIOTUH YPAaBHEHUS
(1.13) ¢ ypaBHeHHEM HEPa3pHIBHOCTH AJIS MICANBHOW CIUIONIHOM cpeabl. DTa
aHajorus He monHas. Jledo B TOM, YTO WA€albHAs CIUIOMIHAS Cpela MOXKET
OBITH yIOOHOW MOZENBI0 OOJIBIIOTO, HO KOHEYHOro Habopa HeB3anMOIEHCT-
BYIOIIMX YacTHIl, 3aKIIOYEHHBIX B HEKOTOPOM COCYZE M a0CONIIOTHO YIPYTO
oTpakarommxcst oT ero cTeHok. s TIDP 3Tux yacTHIl TakKe MOXKET OBITh
BbIMMCaHO ypaBHeHUe Buaa (1.13), HO ero perreHue UMeeT HECKOIBKO HHBIC
CBOICTBA, YEM PEILICHUE TOTO )K€ YPaBHEHUS Ul CIUIOIIHOW cpenpl. Paznuuune
MEXAY «9acTUIIAMI» M «CIUIOIIHOHM Cpenoi» 3aKiIfovaeTcs B TOM, 9TO B 3THX
ciayyasx [IDP p(x,t) MPUHAISKUAT Pa3HbIM (PYHKIIMOHAIBFHBIM KJIaccaM.
OTO0 paznauyMe MPHBOAUT K TOMY, YTO AJISl «CIUIOIIHOM CpEIpD» CYIIECTBYET
cnabeiit mpenen [IOP mpu £ —> 00 [4], Torma Kak Ui TOYCUHBIX «YACTHID)
TaKOH MMpees OTCYTCTBYET.

V Teopema 1.2. (Ilyankape, 1906-Koznos, 2001). ITycts B ¢azoBoMm mpo-
crpanctee I = T” x R” 3anana unrerpupyemas no Jle6ery [IOP p(x, v ),

yaoBieTBopsitomas ypasnenuto Jluysuwns (1.13), u g(X) ectb unterpupye-

n
mast o Pumany (yHKuus, 3ananHas Ha n-mepHoMm tope [ . Beemem ¢QyHk-
LUOHAJ
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K(6) = [ plx—vt,v)g(x)d"xd"v. (1.14)
r
Torma cymiecTByeT mpeaes 3Toro GpyHKIHOHANA Ipu { —> 00 , paBHBIHA
lim K(t)=<p>g, (1.15)
t—>to0
rac
1

jg(x)d”x . A (1.16)
Tn
B uacTHOM ciyuae Teopemsl 1.2, korga g(X) sBisieTcs XapakTepucTHye-

<p>= jp(x,v)d”xd"v, g=
I 2r)"

ckoil pyHnkuueit nexoroporo muoxectsa G C I, usmepumoro no XKopnany,
dynxrmonan K () moxeT GbITh NpeCTaBleH B BUIE

K(t) = j o(x—vt,v)g(x)d" xd"v = j G, (f(x,v))d" xd"v.

T GXRn
[ocnenHuit HHTErpan npeacTaBaseT coO0 JOTI0 YaCTHII, HAXOAAILINXCS B
MoMeHT Bpemenn ! B 00beme (G . CrenmoBaTenbHO, TeOpeMa MMEET CIEMYFO-
IO HHTEPIIPETALHNIO:

lim K(0)=(p)g =

1 ., mesG -(1.17)

g(x)d"x =
(2n)" mesI1

™

U3 (1.17) cnemyert, 9TO YaCTHIBI CO BPEMEHEM CTPEMSTCS] paBHOMEPHO 3a-

MIOJTHUTH COCYJI: MX aCHUMIITOTHYECKAs TUIOTHOCTH B CITA0OM CMBICIIE CTPEMHTCS
K MOCTOSTHHOW. BrIpaBHMBaHUE e IUIOTHOCTH B CIA0OM CMBICIIE 03HAYAET, YTO
B TOM JX€ CMBICIIE MMeeT MecTo Iuddy3ns, npu KOTOpoi HayaJIbHbIE HEOJHO-
POZHBIE YCIIOBUSI HEOOPATUMO Pa3MBIBAIOTCA. DTO MOKA3bIBAET, YTO NPH OIpe-
JIETICHHBIX YCJIIOBHSAX HEOOPAaTHMOCTh MOXKET MOSBUTHCS U B MICATBHON cpefe.
MoOXHO pacHpoCTpaHHUTh YTBEP)KACHUE TeopeMbl 1.2 M Ha Jpyrue KiIacchl
¢yHKImMiA, KoTopbiM mnpuHLIexkuT [IOP, nHanpumep, Ha IIOP Buma

plx,v)=58(x)f(v).

= jp(x, v)d"xd"v-
r
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V Teopema 1.3. [Tycts p(x, a)) =0(x)f(v),rne f(v) — unrerpupyemas
1o JleGery gynxmus na R” | unyers g(x) ects nnrerpupyemas no Pumany

¢yHKIMS Ha T" . Torna CYILIECTBYET Ipeelt Ipu [ —> 00 (yHKIMOHAIA
K(t) = j Fx—vt,v)g(x)d"xd",
I

PaBHBII

lim K (1) = —
t—0 27[)”

~[f(v)a’nv Ig(x)d"x. (1.18)
Rn Tn

I[OKa?)aTeHI)CTBO OPpOBOAUTCSA B HECKOJIBKO 3TAIlOB. Hpez{BapI/ITeJ'ILHO 3a-
METHM, YTO, MOCKOJIBKY TI00YI0 HHTErpUpyeMyIo 110 JIe6ery (pyHKIHIO MOKHO
MMpEeACTaBUTH KaK PA3HOCTH JABYX IMOJIOKUTCIbHBIX (byHKHI/Iﬁ, TO JOKa3aTCJIbCT-
BO JOCTATOYHO IMPOBECTU TOJBKO IAJIS MOJIOKUTCIBbHBIX (l)yHKHI/Iﬁ f . CHauaina
JOKa)XEM TEOpEMYy I Cliydas, Korjaa g SBJIIETCA TPUTOHOMETPHUUIECKUM I10-
JIMHOMOM. 3ateM IMOJYYHUM TO K€ pPaBCHCTBO JId BCEX (l)yHKHI/Iﬁ g nu3 1po-

CTpaHCTBa UHTETPUPYEMBIX 110 PuMaHy Ha T".
1) ycts g = C. Torma cpasy xe nonyyaem popmyay (1.18):

K(t) = ,;[C fO)dv=C Rj f()dv = (2;),1 Tj Cd"x Rj F(d'y =

(2:[),1 j F(wyd"v j g(x)d"x.

2) Mycts g(x) = exp(ikx) . Torna

K(t) = Iexp(ikx)ﬁ(x —v) f(v)d"xd"v = J.exp(ikvt)f(v)d”v ,
r R"

u no teopeme Pumana lim K(#) =0. B cuny nuneiinoctn dynximonana
t—0

K (l‘) OTCIOJa CIEqyeT, 9YT0o paBeHCTBO (1.18) BERIOTHEHO TS BCEX TPUTOHO-

METPHUYICCKUX MTOJIMHOMOB.
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3) Mycts Teneps g(X) — dynkuus, unterpupyemas no Pumany. Torma mis

MOGOro € CyWECTBYIOT TaKME TPHTOHOMETpUYECKHE ToimHOMBI g1(X) m

gr(x), amo g1(x)<g(x)<gy(x), m g_2 —g_l < & rle 4epToil CBepXy
0603HaueHo ycpenHenne QyHKIuu o Topy. O603HauuM
K= [2100-f0dv.  K0)= [g200- f0)dv.
Rn Rn
T.x. h(v) >0, 10 a1 BceX MOMEHTOB BpPeMEHH MMeEET MECTO CHCTeMa

nepasencts K| (¢) < K(t) < K5 (¢) u, xpome Toro,

lim (K, ()~ K1 (1) = (82 = g1) [ f0dv <z [ fvav.
t—>0
R” R”
CJ'Ie)I[OBaTeJ'II)HO, MoJIy4yacM OLCHKY

K@) -g [ f()dv|<

<|K@O)-K(0) |+ | K(t) =g, [ fO)dv|+] g, g | [ f()dv <

< const-é&.
Teopema 1.3 nokazana. A
Takum o6pazom, GopMyIHpPOBKa TeopeMbl 1.2 B 9acTH MHTETPUPYEMOH IO
JleGery dyHKIMHM MOKET OBITH M3MEHEHA TaK, YTOOBI BKIIIOUUTH CIIydail, Koraa
p(x, v ) =0(x) f(v), rne Tonsko (V) sBnsercs uarerpupyemoii no Jlebe-
ry ¢yukmuei. 3amerum, uro s [IOP ¢ menpra-pacmpenencHreM MO CKOPO-
cTAM p(x, v ) = f(x)0(v) yrBepxnenue Teopemsl 1.2 yike He HMEET MECTa.

CMBICIT IPOBOAMMOTO aHAIN3a Cab0W CXOIMMOCTH pPEIICHHH ypaBHEHHUS
JInyBUIISL COCTOUT B TOM, YTO TPaJULIMOHHASI TPAKTOBKA CTPEMJICHUS 3aMKHY-
TOW (pU3NYECKON CUCTEMBI K TEPMOJMHAMHYECKOMY PaBHOBECHIO OOBIYHO CBSI-
3BIBAETCSI C POCTOM DHTPOINUH U C ypaBHeHUEM bonbliMaHa. BaskHO moHMMAaTh,
YTO HEKOTOPBIE PABHOBECHBIE CBOWCTBA MOTYT OBITh IPHUCYIUM U HACATH3UPO-
BaHHBIM CHCTEMaM 0e3 B3anMOAEHCTBHS.
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1.2. llenouka boroawo6oBa

[Iporpamma BbIBOJ]a KWHETUYECKHX YPAaBHEHHH, OMHMCHIBAIOIINX BBIIEIICH-
HBI KOMIUIEKC M3 § YaCTHIl CPEIU MOJIHOTO uX uncna N W ypaBHEHHit 9BO-
JIFOLIMYU CPEIHUX 3HAUCHUI NMHAMUUYECKHUX BEJIMYUH U3 TaK Ha3bIBAEMBIX «IIEp-
BBIX TNPUHIOUIOBY, T.€. M3 MHKPOCKONNYECKHX YpPaBHEHHH IBIDKEHHA B Ja-
TpaHXeBOH I TaMIIIBTOHOBOH (hopMax, Obl1a copMyInpoBaHa B OCHOBOIIO-
nararoumx padorax H.H. Boromo6oBa [5, 6] B 1946-1948 rr. B sTnx padorax
JUISL CUCTEM KJIACCHYECKHX YacCTHUII-MOJIEKYJI C TIAPHBIM ITOTEHIIMAIIOM B3aHMO-
JIEMCTBHSA, 3aBHCAIINM OT Pa3sHOCTH KOOPJAWHAT, OBUI MOCTPOEH ammapar S -
YaCTUYHBIX (YHKIMH pacnpeneseHus, YIOBIETBOPSIOMIMX 3BOJIOLHOHHOMY
ypaBHEHHIO, Ha3piBaeMoMy nenoukoit (wmu uepapxueit) BBI'’KU (Boromo6os—
Bope—I pua—Kupksyn—BoH). B 3aBrucumocTs oT crmoco6a oOpbiBa IEMOYKH Ha
KakOM-JIN0O ypoBHE (T.€. NMPHW pacUEIICHUH KOPPEIALUA BBICIINX IOPSAKOB
Yyepe3 HHU3IIKE), U3 Hee MOXKHO MOJYYUTh 3aMKHYTHIE YPaBHEHUS! OTHOCUTEIb-
HO (QyHKIMH pacnpeneneHus. B yacTHOCTH, pacueryieHne OMHApHON Koppes-
IIMOHHOM (DYHKIIUHY TTO3BOJISIET MOMYIUTh KUHETUYECKUE ypaBHEHHs bosbliMana
u Brnacosa.

Meronpl pelieHuil KOHKPETHBIX KMHETUYECKUX YPaBHEHUI UMEIOT WHIU-
BUTyaJIbHBIE OCOOCHHOCTH, TAKXKE KaK M MOJydyaeMble U3 3TUX YPaBHEHHH Mak-
POCKOITMUECKHE 3aKOHBI COXpaHeHus (TuaponuHamuka). Llemouka sxe siBiseTcs
3(QQEKTUBHBIM MHCTPYMEHTOM ISl TIOCTPOSHMSI M WCCIIEOBaHUS KHHETHYE-
CKUX ¥ THIPOJVHAMHYIECKUX YPABHEHUH B LIETIOM.

Hwxe kpaTko u3mararorcsi OCHOBHBIE TIOJOKEHHS (DyHKIMOHAIBHOMN THITO-
Te3bl boromo6oBa [6], 0000meHHON Ha ciydail CHCTEM C MHOTOKPATHBIM
B3aUMO/ICHCTBUEM, 3aBHUCAIINM OT KOOPIMHAT U UMITYJIbCOB YacTHIl B EKapTO-
BOM (ha30BOM NIPOCTPAHCTBE U OIMCHIBAETCSA METOH, MO3BOJIAIOIIUN HCCIEN0-
BaTh OOLIYIO CTPYKTYpPY YpaBHEHHUI TMAPOANHAMUKY. B mocnenyromux riaBax
3TOT MeTOA OyIeT MPUMEHATHCS IJIsi KOHCTPYHPOBAaHHS MOJENCH BPEMEHHBIX
PSIOB, YAOBJIETBOPSIOIINX OMPEAEICHHBIM CBOHCTBAM.

OnHol M3 IEHTPaNbHBIX 337ad CTATHCTHYECKON MEXaHWKHU SBISIETCS Ha-
XOXIeHNEe KO3((HUINEHTOB IEPEHOCA, CBS3BIBAIONINX B JIMHEHHOM Teopnu
TEPMOJJMHAMHYECKHE TIOTOKU C TPaJeHTaMH MapaMeTpoB, XapaKTepU3YIOIINX
KOHKPETHYIO cucTeMy. B kauecTBe Takux mapaMeTpoB, Ha3bIBAEMbIX THIPOIH-
HAMUYECKHUMHU, OOBIYHO MCIOJIB3YIOTCS Macca, IOJHBIA MMIYJIbC M IOJHAs
SHeprusi. OTH CBA3M, OyIydH ITOACTABICHHBIMH B 3aKOHBI COXPAaHEHUs, TPHBO-
JIT K YPaBHCHMSAM BS3KOH TMIPOJMHAMHKH M TEIUIONMPOBOTHOCTH. VICXOIHBIM
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IIYHKTOM IIPU BBIBOJIE 3aKOHOB COXPAHEHUS SBJISIOTCS TMHAMHYECKHUE ypaBHE-
HUS B TaMIJIbTOHOBOH WJIH JIATPaHKeBOH (popMax M OCHOBaHHOE Ha HHUX ypaB-
HeHue JIMyBUIUISL OTHOCHTENPHO (PYHKIMH pactpeieNeHus YacTHI] CUCTEMBI B
(ha30BOM IPOCTPAHCTBE.

PaccmarpuBaercst cucreMa u3 [N TOKIECTBEHHBIX YaCTHIl O€3 BHYTPEH-
HEH CTPYKTYpBI, 3aKIIOYEHHBIX B 00beMe } , raMHUIBbTOHMAH KOTOPBIX TIPEl-
CTaBIISIETCS] B BUJE CYMMBI BEIMYMH YHApPHOTO, OMHAPHOTO U T.A. TUIOB, CUM-
METPHYHBIX OTHOCHUTEIHHO MEPECTAHOBKH NHICKCOB, HYMEPYIOIINX YaCTHIIBI:

K
Hy=)Y th(xl-1 e Xy ) @.1)

k=1 1<ij<.<i; <N

3meck X =(qi,pl~) — (dasoBas KoopmMHATa -0  YACTHIE,

n o
q;,P; € R", n — Pa3sMEpHOCTL KOOPJAMHATHOT'O IIPOCTPAHCTBA OJHOM Yac-

THIIBIL.
BeomuTcs GyHKIMsS pacmpeneneHus Beeil cuctembl F N(x,t ) KakK IJIOT-

HOCTb BCPOATHOCTU HAXOKACHUSA CUCTEMbBI B OKPECTHOCTH (1)2130B01>i TOYKH

xX= (Xl,..., X N) B MOMEHT BpeMeHU f. Ee sBosonust onpenensercs ypaBHe-

HueMm Jlnyswis (1.12), KOTOpoe B JAaHHOM CIIy4ae UMEET BHT

WZ[HN’FN]’ (2.2)

e [,] — Kiaccuyeckas cobka Ilyaccona.

BBogsiTest Takke S -dacTHUYHBIE (YHKIHH paclpeneieHis KOMIUICKCOB

YJACTHII, YIOBJICTBOPSIONIMX YCIOBUSIM HOPMUPOBKH:
F, (xs,t): VSJ.FNdXS+1...dXN, X% = (X Xy )
) | 2.3)
lim —[F(xo)dx=1, Fy= lim —[Fdx,.;.
V-V Yoyseld *

Wnrerpansl OepyTtcs 1o (a3oBOMy NPOCTPAHCTBY, OTBEYAIOLIEMY YHCITY
NEPEMECHHBIX MHTCTPHUPOBAHUA. Ha rpaHvuie npocTpaHcTBa MMIYJILCOB (l)yHK-
sl paclpeneieHus MPEANoIaraeTcsi CTpeMsIeics K Hylo ObicTpee Jr000i
CTEIIEHHOM 3aBHUCHUMOCTH. HpI/I 9TUX MPEANIOJIOKEHUAX B TaK Ha3bIBAEMOM TEP-
MOJAMHaAMHUYECKOM IIPEACIIE, KOTrga YUCIIO YaCTULl U 00BEM CHCTEMBEI CTPEMSATCA
K 6€CKOHGqHOCTI/I, HO CpCAHsIA IMJIOTHOCTD YaCTULl OCTACTCA KOHEUHOM
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. (V
N >+, V — 400, lim| — |= @ = const,
\ N

u3 (2.2), (2.3) cnenyer ypaBHEHHE 3BOIONNU S -4aCTHYHOW (DyHKIMH pacmpe-
neneHus, HaspiBaeMoe 1enoukoii BBI'KU:

OF (x°,t K k-l 1
%)Z[HS,FY]J’Z >

m
k=2 m=l 1<i<.<i_<s M 'o
J[hk (xil,...,XIM,xm,...,xﬁm), (2.4)
s+m
F., (x""0)]dx,,,...dx,

B YaCTHOCTH, €CIIH B3aUMOJICHCTBHE MEXAYy YaCTUlIaMH OIIMCBIBACTCs Clia-

s+l +m*

raeMbIM OMHApHOTO THIIA h2 (X iXj ) = h(x i X ), uernouka (2.4) npuHUMaeT
OoJee mpocToii BUA:
OF, (xs , t)
o

-~ [Hsan]JrigJ.[h(anm)aFm (x”l,t)}dxm.

Cnez[yeT CACIaThb 3aME€YaHUE€ OTHOCHUTCIIBHO KOPPCKTHOCTU MHEpEXoaa K

2.5)

npegeny N — o0 B nenouke (2.4). JIeno B ToM, 4To (OPMAIbHO B OCHOBE
LETOYKH JEeXUT ypaBHEHHE JIMyBHIUIA JUIl CHCTEMBI XOTh U C OONBIIMM, HO
BCE-TaK¥ KOHEYHBIM YHCIIOM 4acTull. B mpenene N —> 00 He 0ueBHAHO, 4TO
Takoe ypaBHEHHE BOOOIIE MOXKET OBITH 3amucano. CienoBaTeiabHO, TpeOyeTcs
KOPPEKTHOE OIpeAeIeHNe IUIOTHOCTH TPeeNbHOM Mephl M TOJydYeHUH ypaB-
HEHUS HBOJIONUH 3TOW Mephl. Takoe ornpezeneHue ObIJIO JaHO B HEaBHEH pa-
oore B.B. Kosnosa u O.I'. CmonsHoBa [7], Te MOCTpOeHA Takke M 0OIias
cxeMma mepexosa OT ypaBHEHUs JINyBUIIISI OTHOCUTENILHO MEp Ha OECKOHEYHO-
MEpHBIX IMPOCTPAHCTBAX K PABHOCHIBHOW 3TOMY YPAaBHEHHIO OECKOHEUHON
CHCTEME YpaBHCHHH OTHOCHTEIBHO IUIOTHOCTEH (PYHKIMHA pacmpenercHHs Ha
KOHEYHOMEPHBIX IPOCTPAHCTBAX B MPEATNONOKEHNH, YTO (YHKIMS [ aMmibTo-
Ha sIBJIsIeTCS UIMHApHYeckoi. [locnenHee o3HavaeT, 4yTo 3Ta GYHKIHI U3Me-
pYMa OTHOCHUTEIBHO OOPENEeBCKOW O -aireOpbl TOJAMHOXKECTB CUMIUIEKTHYE-
CKOTO JIOKaJIbHO-BBIMYKJIOTO (ha30BOr0 MPOCTPAHCTBA CUCTEMBI. MBI He OyaeM
yIIIyONSThCS B TEOPHIO, Pa3BUTYIO B [7], MOCKOJIBKY Hallla 3aja4a GpopMynupy-
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€TCsl B TepMHUHAX KOHEYHOMEPHBIX IIPOCTPAHCTB, HO YIIOMSHYTH 00 3TOH Tpo-
OyiemMe OBIIIO HEOOXOIUMO IS IIEIOCTHOCTH KOHIeNuu. B [7] moka3aHo, 9To
pernreHne 0ECKOHEYHOMEPHOTO ypaBHEHUS JIMYBUILISE OTHOCUTEIHHO MEp SIBIIS-
€TCsl MOTOYCYHBIM CJIA0BIM IPEISIIOM MEPO3HAYHBIX (DYHKIUH, SBIISIOIIHXCS
pelleHUsIMA ypaBHEHUH JIMYBWILISI OTHOCUTEIBHO MEp HAa KOHEYHOMEPHBIX
MOIIPOCTPAHCTBAX UCXOTHOTO OECKOHEYHOMEPHOTO MIPOCTPAHCTBA.

Takum 06pa3oM, MOXKHO CUHTATh, YTO ypaBHEeHHE JIMyBWIIIS I TITOTHO-
ctu Mepsl d | BRIpaXkaromee 3aKOH COXPAaHEHHs HOPMUPOBKH, KOPPEKTHO, KaK
W TIpEJICTaBJICHUS MPOCKIWH Ha KOHCYHOMEpPHBIC MOIIPOCTpaHCTBA. Tem ca-
MbIM ormpesenieHa u nenouka BBI'KH B npenene 0eCKOHEYHOT0O YHCiia YacTHII,
HO KOHEYHOU UX CpeAHEeH MIOTHOCTH.

UroObl MONTyYHUTh U3 HETOYKH (2.4) MPaKTUUECKH MOJIE3HYI0 HH()OPMAIHUIO,
HA/I0 HAWTH ee YaCTHBIC PeIICHHs IS ONPENeIIEHHOTO Klacca N3yJaeMbIX CHC-
TeM. OIWH TakoW KJIACC — 3TO CHCTEMBI, OU3KHAE K YCTOWYMBOMY paBHOBE-
cuto. [Tpu ManoM OTKIIOHEHUU — CIY9YaliHOM WUJTH BEIHYKJICHHOM — OT TIOJIO-
JKCHHSI PAaBHOBECHS CHCTEMa PETAKCUPYET K 3TOMY ke cocTosHu0. )i omumca-
HUS peJaKCcallid BBOJIUTCS Pa3jOkKCHUE MO MaJoOMy MapaMeTpy, XapakTepH-
3YIOIIEMY BEJIMYHHY OTKJIOHEHHsI (DYHKIUH pacrpeesieHns: OT PaBHOBECHBIX.

OTMmeTnM, 9TO eClH CllaraeMble B TaMHJIbTOHHAHE (2.1) WHBapHaHTHEI OT-
HOCHTEINIFHO CHIBHTA TI0 KOOPIMHATAM, TO TeM K€ CBOHCTBOM 00JamaloT U cTa-

0
LIMOHAPHBIE PeIleHus Lenoyku (2.4), kotopeie Oyaem obosnadars [y . B 4a-

0 0
CTHOCTH, Fl OTHOPOJHA TIO |q1| , FZ 3aBHCHUT TOJBKO OT MOMYJIS pa3HOCTH

|q12| :|q1 —q2|, U T.A. BONMM3M CTaliOHapHOTO COCTOSIHUSI (DYHKIIMH pac-
npeneneHus MOoIU(UUUpPYIOTCA: BBOJIUTCS IapaMeTp HEOAHOPOJHOCTH [f,

UMEIOUINI MOPSI0K OTHOILIEHUs pajguyca ASHCTBUS MEXMOJEKYJISIPHBIX CHI K
XapaKTEpHOMY pa3Mepy MaKpOCKONMHMYECKOH HEOTHOPOTHOCTH, M IOIOJHH-

TenbHas MOAMUUMPOBaHHAs KoopauHata I = £ . 3uauenne 4 =0 orse-

YaeT MPOCTPAHCTBEHHO-OJAHOPOAHOMY COCTOSTHHIO. DyHKINM pacnpeneseHus
HepeoIpeIeITI0TCs CIIEIYIOIIM 00pa3oM:

Fi(x,1) = F(e,py,t ) Fs(xs,t)'—> F}(r,xs,t;ﬂ)s >2.

Hamee mmsi KpaTKOCTH THIIBAY omyckaeM. Bmecto (2.4) momydaem MOIH-
(buUnMpoOBaHHYIO LIETIOUKY:
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oF, J0H, OF, & 1
s s L H F .
8t +lu é’pf{ 0’7,,.0! [ v S]+; m=1 l<il<Z<ik,<s m'a)m

.J'{[hk (xil S P ST S )’F¥+m } — (2.6)

O O

a s+l s+m*
é’ pl Or
3necs obo3HaueHne ckoOku [lyaccoHa cOXpaHEHO IS KaHOHHMYECKUX Iie-
pPEeMEHHBIX ¢, p (MoaupUIUpOBaHHAS KOOpAMHATA Y = [I(J] HE ABIAETCA

KaHOHHYIECKON TIEPEMEHHOM); TIO TBAXKIBI TOBTOPSIOLINMCS HHACKCaM (f TIOJI-

> 5(26)

1
OTJINYHO OT HYJsI B TOM CJydae, €CJM DHEepIusi B3aMMOAEHCTBHUSI 3aBUCHT HE
TOJIBKO OT KOOPAMHAT, HO U OT MMILYJIECOB YacCTHII.
[lepBoe ypaBHeHHE MOIUPHUIMPOBAHHOHN Iemouku (2.6), T.e. ypaBHCHHE
s s = | umeer Bug
OF,

o
E—’_ﬂﬁ ( fffF)

K
- [Hl,lﬂ]+zmj‘[hk (xk),ﬂ]dx2...dxk . @)
k=2 .

. OH, & oh (xk)
ez‘i":ﬁp;—"z k — l'a)leJ. Of’pla

1 2

v Fdx,..dx,.

Beenennas 3neck 3 ()eKTHBHAS CKOPOCTh V, f €CTh AHAJIOT YHAPHOMU JiHi-

HaMHYECKOH BEJIMYMHEI, CpelHEee 3HAUCHHE KOTOPOH ONIpeneiseT CpPeaHIO
JIOKaJIbHYI0 CKOPOCTB YaCTHI] CHCTEMBI:

K
1
k{—~)=—/|vZ Fdp, ,
kZ‘ 5191 wp? T 2.8)

pZPHﬁZJE@mMumml
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VYrnoBeie ckoOKku B (2.8) 0003HAYAOT yCpeAHEHHE NAHHON (PH3MUECKON
BEJIMYMHBI [I0 MEpe C IUIOTHOCTBIO F) B (ha30BOM IPOCTPAHCTBE COOTBETCT-
BYIOIICH pa3MEpHOCTH, IpHYeM 1O (pa30BOMY MPOCTPAHCTBY HEPBOM YaCTHIIBI
MHTErpaj OepeTcsi TOJIBKO 110 UMITYJIBCY, a HE TI0 MPOCTPAHCTBEHHOH KOOpPIH-
Hare. Eciiu nmpouHTerpupoBats U 1o Hel, TO MOJIy4UTCs HE IUIOTHOCTh BEITHYH-
HBI, a €€ CpeJlHee 3HaUCHNe 110 PACIPEAEIEHUIO B TEKYIINII MOMEHT BPEMEHH.

Crenmyiomiee TPEANoOJOKEHHE COCTOMT B TOM, 4YTO  (DYHKLUH

s
F\r,x” ,t; (1] canrarorcst acHMITOTHYECKN PETYISIPHBIMHE IO TIApaMeTpy [L

B OKPECTHOCTHU HYJIA:
Fs(r,xs,t;,u):
, (29
=F’ (r,xs,t)+,qul (r,xs,t)+...+y"FS" (r,xs,t)+...

0 s
a (yHKIMK pacIpeseNieHns HylIeBoro npubimmkenns Fg (r,x . ) omnpenens-

IOTCSl KaK JIOKAIbHO-PABHOBECHBIC DEIICHHS CTAlMOHAPHOW Ienodku (2.6),
Kyzna I' ¥ ¢ BXOIMT Kak mapaMeTpsl, IPHYEM TOJIBKO Yepe3 IMOCPEICTBO THIPO-
JMHAMHYECKUX MEPEMEHHBIX, T.€. Yepe3 MOMEHTHI HYJIEBOTO, TIEPBOTO U BTOPO-
TO TIOPSAKOB TI0 MMITYJIbCaM OJHOYACTHYHOM (QyHKUMM pacnpexaeneHus. [lox-
CTaHOBKa pasnoxeHus (2.9) B menouky (2.7) u mpUpaBHUBAaHHE WIEHOB IPH
OJIMHAKOBBIX CTEIICHSAX Mapamerpa [/ MPHUBOIUT K METOAY IOCIIET0BATEIBHBIX
NPUOIIIDKEHUH U1 HAXOXICHUS HECTAIIMOHAPHBIX (YHKLIUH paclpeneneHus.

PaccMoTpuM 111 mpuMepa  BBIBOA  ypaBHEHMH s ONpEJeNCHUsS

2

le (r,x = F21 r,xz;[Fl] B KJIACCHYECKOM CIyYae MapHOrO B3aHMO-

)IeﬁCTBPISI, 3aBUCALICTO TOJBKO OT MOAYJIA pa3HOCTHU MPOCTPAHCTBEHHLIX KOOP-

IMHAT.
B ruppoamHaMuKke HCHOIB3YIOTCS CIEAYIONINE THAPOJMHAMUYECKHE Iie-

pemennbie (nanee HDP), o6osHauaembie p” :
pv=1..,n+2:
pt=p=p(l), p' = p(p*)=pp*,
P =p(H\)=pe

3neck # — pa3MEepHOCTh OJHOYACTHYHOTO KOOPIMHATHOTO IPOCTPAHCT-

(2.10)

Ba. Tuipaa Yy raMuJIbTOHHaHa O3HA4Yac€T, YTO OH 3alllMCaH B CUCTEME OTCYCTa,
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JBIKYIIENCS CO CKOPOCTBIO, OTBEUANOMIEH cpeiHeMy uMiyibcy P *. Cormac-

HO (DPyHKIMOHAJILHOW THITOTE3e, HYJIEBOE TIPHOJIMIKEHHE OTIPEeIsIeTCsl JIOKab-
HO-PaBHOBECHBIMH (PYHKITMSIMH pacIpeieieHus, KOTOphIe 3aBUCAT OT (a30BBIX
TIEpEMEHHBIX Yepe3 aJTUTHBHBIC MHTETPATbl ABIKCHHS, 3 MHTEHCHBHEIC TIapa-
METpHI, COTpsDKEHHBIE 3TUM WHBapuaHTaM (manee DFP, mapamerpsr QpyHKImiA
pacmpenenerus), 3aBucaT oT I' u !. O6bpraHo DFP — 3T0 mioTHOCTH, MM-

v
MyJbC, TEMIeparypa, o00o3HayaeMple janee /7 , KOTOPBIE 3aTE€M CBSI3BIBAIOTCS
¢ HDP (2.10) mocpencTBoM ypaBHEHUI

pV =p FOa] pV Fk =0, k>1. (2.11)

Jnst cornacoBaHMs JIOKaJIbHO-PAaBHOBECHOTO HPHUONMKEHHS C MaKpOCKO-
MUYEeCKAMHU CPEeTHUMH (T.€. HaOIIIOJaeMBIMH TTapaMeTpaMin) TpeOyeTcsl HEeBbI-
POXICHHOCTh MaTPHIIBI

Aot
OF = LV . (2.12)
or

Kpome Toro, T.K. ypaBHEHUs] THAPOJMHAMHKU CBS3BIBAIOT B JIOKAJIBHO-
PaBHOBECHOM MpPUOJMKEHUHN BpeMeHHble mpou3Boansle HDP ¢ rpaanentamu
DFP, To yxe B HEepBOM MPHUOJIKEHUH 10 MapameTpy HEOJAHOPOIHOCTH IS
MOJTyYEHHsI 3aMKHYTOH CHCTEMBI HaJI0 UMETh BO3MOYKHOCTBH 3alMCHIBATh 3TH
YpaBHEHUSI B €IMHBIX MTEPEMEHHBIX, YTO TPEOYET HEBBIPOXKICHHOCTH THIPOIH-
HAaMHUYECKUX YPaBHEHUH.

JlokanbHO-paBHOBECHBIE (DYHKIMHU paCIpeeIeHUs] KIACCUYEeCKOW CHCTe-
MBI IMEIOT BUJI

~ i ﬂ ns/2 . s
F’ =(wp) o gs(q )gexp(—ﬂ(pk—u)ZM), (2.13)

rie p,u, 3 — dyskuuu ot I u ¢ (310 M ecth DFP ¥ ),a &g — paBHO-
BecHast KOOpJMHATHAs (DYHKIHMS pacripeieNienns, 3apucsmas ot [f, P Kak oT
napametpos; g1 =1,8-7 = ng12|). Bynem OunHapHyr0 KOOpIMHATHYIO 000-

3HaYaTh MPOCTO g(q ), 0e3 HwkHUX HIekcoB. CormacHo (2.11), nMeeM
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1
p¥*=u, e=—(n+U(p,f)),
2ﬂ( (0-5) (2.14)

U(p.B)= B[ ©(q)g(q)dg.

W3 uemouku (2.6) ciemyer, YyTO ypaBHEHHs 3Boyonud BenwyunH HDP
(2.14) umerot BUA:

é)tp = _vapuaa
é’tua = —uﬂvﬂua —%Vﬂppaﬂ, (2.15)

b6 = —u“vag—%va,ﬂ“ — PPV P

Tortoxn P%P u J% onpenemstiorcs popmynamu

P =(pp")—uu’ —<qﬂ —&D(q)>,

oq”
Ja=%<pf(p—uy>+<pf®>—ua€— (2.16)
o OD
e

B nokanpHO-paBHOBeCHOM TNpuOImKeHnH (2.13) BBIpaKeHUs TSI TOTOKOB
(2.16) umeroT BU:

B’ =15aﬂ(1—G(p,ﬁ)), Jg =0,
B 2.17)
G(p.5) =22 [q® 2@y

Janee mmryTcst Te penieHust ypaBHEHHH 1enodkd (2.6), KOTOpbIe 3aBUCST
OT BPEMEHHU U MapaMeTpa HEOTHOPOIHOCTH TOJBKO uepe3 MOCPECTBO T'HJIpO-
JIMHAMUYECKUX nepeMeHHbIX. [IocKoNbKy mpaBas 4yacTh ypaBHeHUi (2.15) yxe
HUMeEeT MOPSIOoK O(,u), TO B mepapxuu (2.6) MPOM3BOAHBIC B JIEBBIX YaCTAX

9TUX ypaBHEHMH cliefyeT BeIpa3suTh depe3 rpaaueHTsl HDP cornmacHo Haiinen-
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HBIM 3aKoHaM (2.15) u HyneBoro (T.€. JJOKATbHO-PAaBHOBECHOTO) PUOIIKEHIS
(2.13). Hampumep, Uit 0THOYACTHIHONW (DYHKIIUN pacTIpeIeTICHUS NMEEM

OF' =F'c"dr" =0(u),

0 A2 (2.18)
o =2nb [y Bw. n-pw-  wep-u
or” 20

Hoxcrasisist pasnoxenune (2.9) nst £ B ypaBHenue nenouxu (2.6) u npu-

paBHUBAs B HEM WICHBI OPSIKA O(,u ) , TTolTy4aeM ¢ yderoM (2.18) ypaBHeHHe

1 . .
s nonpaBku 5 K GMHAPHOI JIOKAJIBHO-PABHOBECHOM (YHKIMM pacrpese-

TICHUS:
a
v v v..a ve_ﬁ v o_
oc'on"+|o veff+? v ' =
T
(2.19)

L
= D, F |dx
12>472 2
oF,
Ecnu teneps Bblpa3uTh Npou3BoAHbIE IO BpeMeHu oT DFP uepes rpaguen-
161 HDP cornacuo (2.15), To mompaBKy K JIOKaJTbHO-paBHOBECHOMY pactipesie-

1
JICHUIO F2 IMEPBOro nmopgaaka mo HEOAHOPOAHOCTU MOKHO IMMPEACTAaBUTL B BULIC

paznoxxeHus no rpagueHraMm DFP. B paccMmarpuBaeMoM ciydae ypaBHEHHS
spomorr HDP (2.15) B repmuaax DFP mmMetot Buz

o’ =NyVer,, (2.20)

1% 1%
rae K03 OUIIEeHTHI A’LOIC 3aBHCAT OT /7 ¥ OOBCTUHSIOTCS B OJIOYHYIO Mat-

puy:

—u —1I 0

. n - oG/

A= Ii(ﬂp_G_lj wei I(Lﬂ_ﬁ)] o
B

. pdU/p+2(G-1)
280U/ B -U —n
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rne 0 — cTpoka mvHBL 71, a i — eauHUYHas Martpuua A X 71 . [Tocne atoro
HIIEeM F21 B BUIC
1 0va v
F2 :F2 Xv Vaﬁ . (2.22)
Honcrasmsas (2.20)—(2.22) B (2.19), monydaeM ypaBHEHHE OTHOCHTEIBHO
HEM3BECTHHIX KOY(P(HUIMEHTOB PA3IoKeHUs X | 3 :

ﬁ)a
(A‘:él +v:{ﬁ"5v’ukv —}-Weﬁfzyg :%JdX2I:CD12,F20XZ]. (2.23)
H o

JleBble wyacTh ypaBHeHHWH (2.23) sl paccMaTpHBAEMOro Ciydas HMEIOT
CIeTyIOUTNi BUI:
opG w” oG
DPT ye X - pw+p 2,
op 2p Ppp

oU | dp+2(G -1
Y " = pww + 0% —1+l(n—,6’w2)'0 P ( )
2 20U /B —-U —n

VYpasHenus (2.23) npeacTaBisioT cOO0H HHTETpAIbHBIE YPAaBHEHUS ITEPBO-
r0 PojJa, U B 3TOM Clydae pelIeHHe MOXKET He ObITh OIPE/eNICHO OJHO3HAYHO.

Yla — WO{
(2.24)

JIeHCTBUTENBHO, yIAETCA HAUTH TONBKO HEYETHYIO IO KOOPAMHATE (J1) KOM-

L, yva
nonenTy Gynkmmii X 4 » @ 9CTHAS KOMIIOHEHTA OPTOTOHATbHA HHTErPATbHOMY
omeparopy B (2.23). XapakTepHO, YTO JJIsl ONPEACICHUS MOTOKOB B TIEPBOM

o
HpI/I6HI/I)KeHI/II/I HY>XHa UMEHHO 4€THasl 4aCTb X:u , KOTOpas HE OIIPEACIISIETCI

o o
N3 YpaBHCHUU LETIOYKH. HeueTtHas xe gacth X,u HYXHa [JIs ONIPEACIICHUA

MIOTOKOB BO BTOPOM TNPHOJIMIKEHNH, & JUIS IEPBOTO IPHOJIMKEHHsT OHa Oecrio-
ne3Ha, u0o obpamaer B HONb UHTErpaibl B (2.17). Takum obOpaszom, XoTs mud-
(epeHIMaBHAS CTPYKTYpa YPaBHEHHIH SBOJIOLUMH CPEJHUX BEIMYHH MOXKET
OBITH OIpe/eNIeHa BBIIICOMMCAHHBIM METOIOM, caMH K03()(QUITMECHTHI ITepeHoca
HE ONpeNeJIIOTCs HeTIOCPEICTBEHHO M3 Ienodkn boromro6osa. [iist Mx Haxox-
JICHUS] HaJI0 CHavaJia MOJyYUTh U3 LEMOYKH 3aMKHYTOE KHHETHUECKOE YpaBHe-
HHE OTHOCHTEIILHO OJHOYAaCTHYHOW (PYHKIMH paclpesiesieHHs], a 3aTeM B 3TOM
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MOCIIETHEM MPUMEHHTH Pa3JIoKEHHE IIOTOKOB IO TPAIMEHTaM MaKpOCKOITHYe-
CKHX [TapaMeTpOB.

N . a
Permenust ypaBHeHnii (2.23) OTHOCHTEIBHO HeueTHOH dacTH X PRLNAE
CTaHAApPTHBIM MeTojoM [3, 8] myTeM pa3iioXKeHWs] HEW3BECTHBIX (YHKIHH

o
X 4 B DAIBL IO MOTIHHOMAM Conuna—Jlareppa, apryMeHTOM KOTOPBIX SIBIISIET-

2 a .
cs1 GespasmepHast OTHOCHTeNbHAs sHeprus [Jw” . Tlocie Toro, kKak X 4 Haii-

JIeHBI (XOTs OBl B BUJIE PsAOB), oAcTaHoBKa (2.22) B (2.16) ¢ y4eToM ycioBHiA
(2.11) maet BTOpOE MPHUOIMKECHUE JJIs TOTOKOB, M YPABHEHUS THIPOINHAMHUKH
(2.15) momonHAIOTCS WIEHAMH BTOPOTO mopsinka mo rpaauentamM HDP. K co-
JKaJIeHHIo, K03 (HUIMEHTHI TTepeHoca — Iudy3un, BI3KOCTH U TEIDIOMPOBO/I-
HOCTH — HE MOTYT OBITh ONpPEACIICHBl 3THM METOJOM, ITOCKOJBKY, KaK YkKe
TOBOPHJIOCH, M3 YPaBHEHHUH LIETIOUKH B IIEPBOM IPHOIMKEHUN HAXOASATCS JIIIb

. oya
HeyeTHble 9acTh hyHKimin X R

Takum oOpa3oM, MOJPOOHO ONMCaHHAsA B 3TOM maparpade (yHKIHOHAIb-
Hasl THIIOTe3a U pa3nokeHrne (QyHKUUH pacnpeneneHus B OKPeCTHOCTH PaBHO-
BECHOI'O COCTOSTHHMSI HE BHOCSAT JUCCHUIIALUIO B OOpaTHUMbIE MO BPEMEHU YpaB-
HeHus1 — JINyBWIIISL ¥ HBOMIOIMM MOMEHTOB. DTHM METOZIOM MO>KHO TIOJTyYHUTh
JIVIIH HEBA3ZKYIO 3MIEPOBY TMAPOJMHAMHUKY. Y PaBHEHNUS K€ THAPOIMHAMUKH C
HeoOpaTUMbBIMHU MToTOKaMn — ypaBHeHUst HaBpe—Crokca, muddys3un n remno-
MIPOBOJIHOCTH — HAJO0 MOIyYaTh U3 APYTHX Mojenel. OTH MOJeNN CaMH MOTYT
OBITH BBIBEJICHBI M3 LIENOYKH IyTeM OOpBIBA (3aMBIKaHUs) €€ Ha KaKOM-ITH0o
ypaBHeHHH. IIpuMepbl 3aMBIKAIOMIMX YCIOBUI paccMaTpuUBalOTCS B CIEAYIO-
KX ABYX pasnenax. TeM He MeHee, BCe METOMBI IIOCTPOCHHUS HBOTIONHOHHBIX
ypaBHEHHH IJIs1 MHOTOMEPHBIX IUIOTHOCTEH (DYHKIWA pacmpemeseHus Omupa-
IOTCSI Ha IIETIOYKY, KOTOpast SIBJISIETCS TEOPETHYECKHM 0a3ncoM BBIBOJA MaTe-
MaTHYECKUX MOJeTed MaKpOCKOIMMUYECKUX MPOLIECCOB U3 ONPEAEICHHbIX Mpe-
MOJIOKEHUH BEPOSITHOCTHOTO XapakTepa OTHOCUTEIBHO MHMKPOCKOIMHUYECKOM
JUHAMUKH.

1.3. YpaBHenue boabumana

PaccmoTrpuM mepBoe ypaBHEHHE Ienouku boromo6osa (2.5) mans ciaydas
MapHOTO TOTEHIMaNa, 3aBHCAIIET0 TOJBKO OT MOAYJIS Pa3HOCTH KOOpAWHAT
noJiokeHust yactur. OHO UMeeT BH]
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(g, p.t aFilq, p,t 1 ' ' '
(o), PR la-ah e

HNuterpan co ckobOkoii [lyaccona mpeoOpasyercsi CIEIyIOUM 00pa3oM.

ITockonbky
h
[a - o oo

u noteHiman /(qg) He 3aBUCHT OT UMITYJIbCOB, TO TIOCIE MHTETPHPOBAHHS MO

)szxt

HITPUXOBAHHOMY HUMIIYJIbCY C YYETOM HYJIEBOTO TI'PaHMYHOIO YCIOBUS JUIs
(yHKIMH pacrpe/iesieHns oly4aeM

dyl(Qapat) +£ 5}71 (qapat) _ lij‘ ahqq _q,|)
ot m 0q @ Op 0q
Hccnenyem, xakue ypaBHEHHS TOIYYalOTCS MPH BTOPOM crocoOe pasiio-

KEHUsI QYHKIMN pachpenesieHus 10 MajioMy MapaMmeTpy — He IO BEeIHYHHE
OTKJIOHEHHsI OT HEOJHOPOAHOCTH, a 10 yaeibHOMYy obbemy 1/ @, mpuuem

Fy (3, x",t)dx’. (3.1)

pasnaratorcsi 1Mo HeMy TOJBKO (DYHKIUH paclpeleicHUs] KOMIUIEKCOB YaCTHIT
GoutbIIIe OHOTO, TaK YTO

Fu(x0) = FO(e,0)+ L F ()t —— FF (1), 522.(32)
(4] a)k

[oncranoBka (3.2) B memouky (2.5) maeT mporecc MOCIeI0BaTEIbHBIX

npUOIKEHNIT [T HAXOXKACHNS [ TyTeM NpupaBHUBAs WICHOB TPH OJMHA-

KOBBIX CTCIICHAX 1/0) .
T )
o ek

o il 0
o = [HS’FS ]+ Zj[hqqi ~Qs+1 )’FS+ILXS+1;“"
i=1

10T noAxoa MpUMEHACTCA MJI MOJYYCHUSI KUHETUYCCKOTO YpaBHCHUS,

3.3)

KOTOPBIM OIIMCBIBAIOTCS Pa3pekeHHbIE ra3bl. KMHETHYeCKkUM ypaBHEHHEM Ha-
3BIBACTCSI HBOJIIOLIOHHOE YPAaBHEHUE MEPBOTO MOPsIKA 10 BPEMEHU OTHOCH-
TENbHO OJHOYACTUYHOM IUIOTHOCTH (YyHKIMM DAacIpeneneHus, T.e. BCAKOEe
ypaBHEHHE BUA

38

Fi(q.p.1)
LD _ g4 ). (3.4)

ot
Ero CHCHI/ICI)I/IKa TIPOSABIIACTCA B TOM, YTO 3aBUCUMOCTDb OT BPEMEHU BXOIUT
B IIPaBYI0 YacThb YPaBHEHHUs TOJBbKO 4Yepe3 IOCPEACTBO caMmoil dyHkumn [].
TTOCKONIBKY K€ B CHIIY 3alleIUIAIOIIETOCS XapaKTepa ypaBHEHHH [IEIOYKH Tpa-
Basj 4aCTb 3aBHCHUT OT 6I/IHapHI)IX, TEPHAPHBIX U T.1. pacnpe[[eneHI/If/'I, TO aHaJo-
TUYHOC (l)yHK]_Il/IOHaﬂ])HOC MPEANOJJIO0KEHNUE CICAYCT CACIAaTh U JJId OTUX pac-
Npe/IeNIeHU: X 3aBUCHMOCTh OT BPEMEHH TaKKe OIPEAENIIeTCs TOIbKO (QyHK-

HoHaIOM 0T F] .
PaccMoTpuM MeTos TOCIHEOBaTENbHBIX IMPUOMIKEHUI IJIs omepaTtopa
A(q, D; Fl) u3 npaBoit yact (3.4): mycTh

1 1
A(X;FI)Z Ao(x;Fl)+—AI(X;FI)+—2A2(X;FI)+.... 3.5
w @

YTo6BI ONPEIENUTE SBHBI BU onepaTopoB Aj, (x; gl ), MOJICTABUM Da3-

noxenue (3.2) B ypaBHeHue 1enodky (3.1) u npupaBHsIeM BEITUYUHBL, CTOSIIIE
TIpM OIMHAKOBHIX cTenensx 1/ @ . Tlonydaem:

OH OF;
Ao(x;F1)=[Ho(P),F1]———8O e
P Oq
ohllq—q) 0F) (x,xsF)
Al(x;Fl)zj. o0 P dx’;...; (3.6)
h ! 8Fk_1 , X3 F
Ak()c;Fl):ja q& ) 2 (xx 1)a’x’ ;.
q op

Takum 0Opa3om, B HyJIeBOM NPHOIMIKEHUH TIOJIy4yaeM YPaBHEHUE DBOJIIO-
LUK aHCaMOJIsI U3 OJTHOM YaCTHIIbI, HA KOTOPYIO OCTalIbHbIE YACTHUIIBI HE AEHCT-
BYIOT, T.€. ypaBHeHue JIMyBUIUIA [UIs Ta3a HEB3aUMOJEHCTBYIOIIMX YacTull. B

ciefyroueM npuOmkeHud  9Bomroums [ ompenemsiercs  yHKuuen

0
pacnpeneneHus F2 (x,x';Fl) HYJICBOTO MPHOJIMKEHHsST Ul KOMIUIEKCa U3

’
nByx dactHil u T.J. Ilockomsky Fh (x,x ,t) YAOBJIETBOPSIET BTOPOMY

YPaBHEHHUIO IEMOYKH BoromoboBa, KOTOpOE A PACCMATPUBAEMOro Cirydas
MapHOro MOTEHI[UAIa B3aUMO/ICHCTBUS NUMEET BH/[]
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OF, (xz,t)
ot
A oh(la,—ai]) OF (x'.t) Oh(la; —ai]) OF (x'.1)
o 0q, p, oq, p,

=[H,.F]+
(3.7)

dx,

TO B HyleBOM Tpubmmkenuu no 1/ @ nesas wacts (3.6) BbIpaxkaercs uepes
IPOM3BOAHYIO on no [} ¢ mocnenyroweii 3amenoii npoussoauoit OF] / Ot

Ha omeparop A (x;Fl) B COOTBETCTBHMH C MPEANOIOKEHHEM O (PyHKIHO-

. 0 ' . .
HaJILHOM 3aBUCUMOCTH F2 (x, x5 F ) O603Ha4YUM OIIEPATOP TAKOM CII0MKHOM

IPOM3BOJHOI 10 BpeMEHHU B HylieBoM npubmmkennn o 1/ @ uepes Dy . To-
raa
0 _ 0
DoFY =[H,,F2], s=2. (3.8)

YcioBue, KOTOpOe HanaraeTcs AOMOTHHUTEIBHO Ha BCE YACTHBIC PEIICHHS
LEMOYKH paccMaTpUBaeMoro (yHKIMOHAIBHOTO BHA, COCTOUT B HE3aBUCHMO-
CTH pacIpe/e/iCHI YacTHIl B OCCKOHEYHO YAaJICHHOM MPONUIOM. JTO TaK Ha-
3bIBAEMOE YCJIOBHE OCiabiaeHusi koppesiunii. OHO ¥ SIBJSIETCS] HEIOCTAIOIMM
[0 CPaBHEHHIO C LIEMOYKOH YCIOBHEM, KOTOPOE BHOCUT HEOOPATUMOCTD B KH-
HETHYECKYI0 Teopuro. OMUIleM COOTBETCTBYIOUIYI0 MAaTEMAaTHYECKYI0 KOHCT-
pykuuto, cienys [5].

Ecnu nmeercst tTMuHAMHYECKUH TTOTOK Gt (1.1), To ons aro60i muddepen-

nupyemoit pyHkiuu [ TMHAMUYECKHX TIEPEMEHHBIX U BPEMEHH BBIMOJIHSIOT-
cs ypaBHeHust ['amMmuibToHa

%G_,F(xs e [HS ,G_,F(x* ,t)],

npuaem G, F(x(0)) = F(x(¢)) . Cpasrusas sto Bepaxenue ¢ (3.8), nony4a-

M

B TepMmmHax omepaTopa JUHAMHYECKOTO IIOTOKAa YCIIOBHE OCIaOJICHHS
KOPPEIALUA 03HaYaeT, 4T0 (PYHKIMN PaclpeAeIeHIs HyJIeBOTO MPUOIIKEHNS
(hakTOpU3yIOTCS B OECKOHEUHO yJajleHHOM IPOLUIOM, a QyHKIMM paciipenese-
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HUS B CICAYIOUIMX NPHONMKEHHAX CTPEMATCA K HYJIO B CHIIy COXPAaHCHHS
HOpMUpOBKH. Takas (yHKIMOHaNIbHAS TMIOTE3a 3alUCHIBACTCS B BHIE IIpeE-

JeNBHBIX COOTHOWEHNH Ha Fg mpu § > 2 :

S
G F(x*,G,F)-[[(GF)—0, t >+,
e (3.10)
G_,Fl(x*,G,F|)—>0, t > +o.
HOCKOJIBKy TOXIACCTBEHHO BBINIOJIHAETCS PaBEHCTBO
FY (xS;Fl): G_,F? (xs;GTFl )
IZi€ JIeBask 4acTb HE 3aBUCHUT SIBHO OT 7 , TO, IIEPEXOnd K mpeneny 7 —> +00,

MOJy4aeM ¢ YIeTOM TepBoro u3 ycnosui (3.10)
s

FSO(xS;Fl): lim G_. [ [(G,F(x))). (.11)

B tepmmHax omeparopa moToka (opMmankHOE pelieHne ypaBHeHui (3.3)
HUMEeT BUI

F;l(xs,t)ZG_,F;l(xs,O)—}—
! N

+.[ G—(t—r)zl[h“qj !
0 i=

Kak cnenyer u3 (3.6), B nepBOM NPHOIMKCHUN KHHETHYSCKOTO YPAaBHCHHUS
JIOCTATOYHO 3HATH S -YAaCTHYHBIC (PYHKIIUH PACIPEACICHUS B HYJICBOM IMIpH-

(3.12)

).l

(xs, z‘)] dx .drt .

6mmxenn, T.e. pemenns Buaa (3.11). KoopanHatel B 0eCKOHEYHO yAaIeHHOM
MPOIIIOM TPAKTYIOTCS C (DU3UUECKON TOUYKH 3PEHUSI KaK KOOPAMHATBI «I0
CTOJIKHOBEHHSD».

JanbHeiime npeoOpa3oBaHusl YpaBHEHUs, IOIYYaroOLIEToCs B IEPBOM
npubmmKkeHnd 1o 1/ @, cBA3aHBI ¢ MEXAaHMUYECKOH 3a/aueil pasneTa ABYX Tel
B nosnte notenuuana /(q) . Eciu Gbl MBI paccMaTpUBAIIN TPOHHOM OTEHIMAT,

TO BO3HHUKIIM OBI TPOMHBIE CTOIKHOBEHUS, U T.1. BBomuTCa nudpdepennuansuoe
CeyeHUe pacCesHus G(W, cos 6’) ,TIHe W= |p1 -p> | / m ecTh MOZYIb OTHO-
CHTENBHOH CKOPOCTH YacTHIl 10 CTOJKHOBEHHS, a ) — yrom Mexay OTHOCH-

TEJIbHBIMH CKOPOCTSIMH [I0 M TIOCJIE€ CTOJIKHOBEHHUsS. 1I0CKONBKY B ypaBHEHHH
(urypupyioT nanee TOJBKO yHapHbIe (DYHKIMH pacHpenesieHHs YacTHll, TO
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HIDKHAN MHIEKC OyJeM y HUX omyckaTh. O003HAYMM MMITYJIBCHI YaCTHI] TIOCIIE
CTOJIKHOBEHHS IITpuxamu. Torza noiaydaeM ypaBHEHHE

5F(q],pl,t)+ « OF(q, p,t)
D p =
ot aq,

= J- wo (w,cos8)[F(q,, pi,1)F(q,, p5.1)— (3.13)

R" >(Sn—l

_F(%aplat)F(%apzat)]dpzdﬂ'

WMIyIbChl MOCIE CTONKHOBEHHS HAXOAATCS M3 3aKOHOB COXPAHEHHUS M-
Hyﬂbca u 3HepFl/II/l C TOYHOCTBHKO OO0 HpOMSBOﬂbHOFO HanpaBHeHMﬂ, eﬂI/lHl/IquIﬁ
BEKTOp KoToporo o6osnaueH B (3.13) uepes 2. Murterpuposanue mo d€2

npoBoauTca 1o 7 — 1 -MepHOl, a He 7 -MepHOIi cdepe, TOTOMY YTO MOAYIb
€ ¢pukcuposan. IlycTs B 00IIEM Cllydae MacChl CTAJIKMBAKOIIMXCS YaCTHI
Pa3INYHbI, YTO aKTYaJIBHO I cMecel ra3oB. Torga BMECTO OJJHOTO ypaBHEHHS
(3.13) monmyyaeM cucTeMy aHAJOTHYHBIX YpaBHEHHH Ha yHapHbBIE (DYyHKIHH
pacrpezaeneHus 4acTull pa3HbIX COPTOB. B 3THX ypaBHEHMSX MMITYJIbCHI ITOCIIE
CTOJIKHOBCHUS BBIPpAXKAIOTCA 4Y€PE3 MMITYJIbChl 4O CTOJIKHOBCHHS CICAYIOIUM
o0pazom:

P =¥(l+5)+wcos€ﬂ,

p, =¥(1—5)—wc0509, (3.14)
s=2"" qer, |Q=1.
ml+m2

VYpasuenue (3.13) HazpiBaeTcs ypaBHeHHeM bombiiMana. OmmieM KpaTko
€r0 OCHOBHBIE CBOWCTBA.

Pasnosecnoe pewenue. Ecnm paccMOTpeTh CTallMOHApHBIA ciy4yail ypas-
Henus (3.13), mpudeM MpernoNoKuTh, 4TO (GYHKIHS pacipeaeICHUs OTHOPO/I-
Ha MO0 TPOCTPAHCTBEHHBIM KOOPIMHATAM, TO JIeBas YacTh ITOTO YpaBHEHHS
cTaHeT paBHOH Hymro. CieIoBaTEeNHHO, TAKOE OJHOPOIHOE CTAMOHAPHOE pe-
IICHHE, €CIM OHO CYIIECTBYET, NOJDKHO 3aHYJATh NMPaBYIO YacTh YpaBHEHHS
(3.13), HazpIBaeMyI0 CTOJKHOBHUTEIBHBIM WiIEHOM. Takoe peleHne Ha3blBaeTCs
paBHOBECHBIM. BBeieM 0003HaueHMe /11l CTOJIKHOBUTEIBHOTO YJICHA
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I[F,F]= .[ WO'(w,cosé?)[F(q],p]',t)F(ql,p;,t)—
o . (3.15)

_F(QUplat)F(qlap25t)]dp2dQ
PaBHoBecHOe pemienne [ (ql, p1,t ) =Foy (pl) JOJDKHO, TaKuM 00pa-

30M, 00J1a1aTh CBOMCTBOM

I[F,.F,]= [ wo(w.cos)[F,(p)F,(p})-

R'x§" .
~F,(p)F,,(p,)ldp,d2 =0.

CrietoBaTeNbHO, MOXHO MPEMLIOKHTL TAKOE YACTHOE PEIIEHHE JTOTO
ypaBHEHHUS, KOT/Ia JIorapu(M paBHOBECHOM QYHKIMHU pacIpeaeeHus SIBIAETCS
(byHKUMEN, COXPaHSIOMIENCS B NPOLIECCE MEXAHUYECKOTO CTOJKHOBEHHS JIBYX
Tes1. B TakoM citydae QyHKIMS pacupeeneHus sSBIAeTCS SKCIIOHEHTON OT MH-
BapMaHTOB CTOJKHOBEHHS, TPUYEM HHTErpaj OT Hee M0 MMITYJIbCaM JOJDKEH
CXOIMTHCA. DTOMY YCIOBHUIO YIOBIETBOPSET pacipeaeicnue Makcsea:

n/2 2
F

wp)=[ L] exp| - g2

—, 3.16
27mm 2m 3.16)

rae [ ecTh NOCTOSAHHBIH HEOTPUIATENBLHBINA MapaMeTp, Ha3bIBaeMBbli (akTo-

poM ['mbOca (oOpaTHas TeMrepaTypa, BRIpaKECHHAS B YHEPTETHUCCKUX CIAHHU-
1ax).
3axonwl coxpanenus. N3 (3.13) crnenyer, 4To €Clid BBECTH THAPOJAUHAMU-

v
Yyeckue nepeMeHHsle O, aHanoruussle (2.10), xak cpegHue 3HaueHHA (T.€.

HDP) no yHapHOMY pacnpeaeneHUI0 OT CASAYOMHUX AMHAMUICSCKUX BETMYHH
1 a+l a o
pt=p=p(1), p' = p(p*)=pp*,

)2 3.17
p<(p—p ) > (17
—— Lt =pe, a=1,..,n,

2m

TO 3BOJIFOIUS 3TUX CPEIHHUX 3HAYCHHU NPEACTABISICTCS B TUBEPreHTHOU (op-

n+2 __

M€, T.€. UMCCT BU 3aKOHOB COXPAaHCHMUH. OTO CBSI3aHO C TEM, YTO CYMMApHO I10

2
nape 4acTyIl BeMYuHbl 1, P u P~ /M coXpaHsioTcs B IPOLECCE CTONKHOBE-

HUsL, TaK YTO MHTErpaJl OT CTOJKHOBUTCIIBHOI'O YJICHA 110 UMITYJIbCaM OKa3bIBa-
€TCs paBHbIM HYJIIO. PaCCMOTpl/IM BCJIMYNHY
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2(q1.0) = [ Flqr prot (py)dp; .

B cuny (3.13) anst 9T0¥ BeNUYMHBI T0Jy4aeM YpaBHEHHE IBOJIOLHH

0 ,t 0
2(q1 )Jra _ p<pploty,(pl)>:J’I[F,F]W(pl)dpl. (3.18)
91

ot

C HUCIOJBb30BaHHEM CHMMETPHUH TOJIBIHTErPAIBHOTO BBIPAKEHUSI OTHOCH-
TEJILHO TIEPeHyMepalMy YaCcTHUI] TOCIEHUI HHTErpaJl MOXKET OBITh Mpeodpazo-
BaH K BULlY

T X o)+ (02) - v () - (3 iy

Hanmcannoe BBIpa)KCHHUE obparaercs B HOJIb, ecnu
w(p1)+w(py) = const. CienoBarensHo, sl BEIUYHMH, COXPAHAIOLIMXCS
B IIpoliecce OMHAPHOTO COyNapeHHs, HHTETPal OT CTOJKHOBUTEIHHOTO WICHA
paBeH HyJIIO.

HerpuBnansHbIM (akToM SIBISETCS CHPABEIUIMBOCTH U OOPAaTHOTO YTBEp-
JKJIEHHE: T€ U TOJBKO Te (PyHKIMOHAIIBI, Ha3bIBAEMbIE CYMMAaTOPHBIMH HHBapH-
aHTaMH ypaBHeHus: BonblMaHa, o0pamaroT B HOJb MHTErPal OT CTOJKHOBH-
TenbHOTO WieHa (3.15), KoTopble MpeACTaBISAIOTCS B BUE TMHEHHOW KOMOHWHA-
nuu HDP (3.17).

H-meopema. [Ina ypaBaenus bonpiimMaHa cymecTByeT yObIBatomuid QpyHK-
LIMOHAJ, Ha3bIBaeMblil H-pyHkunei bonbumana:

H={f1nfdqdp, a;,—ljso. (3.19)

Omyckas uist KpaTkocTH Y QYHKIMIA pacnpeeneHus Bce apryMeHThI, Kpo-
Me UMITYJIbCOB, oxy4aeM u3 (3.13) ¢ yueToM CUMMETPHH CTOJIKHOBHUTEIEHOTO
YJieHa 110 HOMepaM YacTHIL:

d—H_l'[I[F,F]ln F(Q]apiat)F(‘an%at)
dt 4 F(qlaplat)F(qlapbt)
| E£@IEP,)
F(p)F(p3)
X[F(p{)F(pé)—F(pl)F(pz)]dpldpdedql <0.

p.dq, =

:ij-wa(w,cosﬁ)
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INocnenHee HepaBeHCTBO CIEAyeT M3 TOro anredpamdeckoro Qakra, 4To
JUIsL TIOOBIX JIBYX IIOJOKHTENBHBIX BEIICCTBEHHBIX YHCEN X, )) BBIIOJIHICTCS

Y
HEPaBEHCTBO (x— y)ln — | < 0. 3Hak paBeHCTBAa MMEET MECTO TOJLKO B
X

cllyqae X = ).

Bemmuuna S = —H nasweBaerca surponmeit. Hamuume yOwIBaromero
(yHKIMOHAa O3HAYaeT CYIIECTBOBAHUE YCTOHUYMBOIO NPENENBHOTO COCTOS-
HUS IpU [ —> +00 | IpH KOTOPOM (DYHKLIMS pacrpeliesieHns] OKa3bIBAaeTCsl PaB-

dH

HOBECHOM, T.K. yCIIOBUE 7 = (0 o3HauyaeT paBEeHCTBO MPOM3BEAEHHH QYHK-
t

UH pacipeleneH s 10 U II0CIe CTOJKHOBEHUS, YTO MPUBOIUT K BHIPAKECHUIO
(3.16). CnenoBarensHo, ypaBHeHHe BoibliMaHa ONMHCHIBaET HEOOPAaTHUMEIE IO
BPEMEHM MPOLECCHl, NMPUYEM 3TH IPOIECCH HarpaBieHbl K PaBHOBECHOMY
MAaKCBEIUIOBCKOMY COCTOSIHHIO.

VYpasnenue nepenoca. 3to ypaBHeHue, clenyromee U3 ypaBHeHus boibi-
MaHa JUIsl CMeCH JIByX ra3oB. [lycth f ecTh IIIOTHOCTB yHKIMM pacrpesiere-

nus (IIOP) mepsoit kommonenTsl, a F — Bropoil. Torma BMECTO OJHOTO
ypaBHenus (3.13) umeeM cucteMy U3 IByX ypaBHEHHH

of p; O

T LT iy, f14 111, F)

ot my 6q1

O P2 g p1eIiF, ]

ot my Oq;

B npubmmkeHun, Koraa pacupeieieHne BTOPOi KOMIIOHEHTHI HU3BECTHO, a
TUTOTHOCTB ITEPBOI KOMITOHEHTHI Malla, TH00 Majio CeYeHUE CTOJKHOBEHUH, TaK
YTO CTOJIKHOBEHHMSIMH MOJIEKYJI NIEPBOTO ra3a Mexay coOOW MOXKHO NpeHed-
pedb, ocTaeTcs OIHO ypaBHEHHE, ONHUCHIBAIOIIEE JBM)KEHHE IIEpBOrO rasa B
cpezie, CBOMCTBA KOTOPOW M3BECTHBI:

T, _prp (3.20)
ot m qu

10 — nuHeitHoe ypaBHeHue no [IDP f (q,v,t). OHO uMEET TOJBKO
OJIVH JIMHEHHBIA 3aKOH COXpPaHEHHUs — YuCiIa yacTull. PaccmMoTpum aiis mpo-

CTOTBI NPOCTPAHCTBEHHO-OJHOPOAHBIN City4ai, koraa IIOP e 3aBucur ot g .
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Torma mpu U3BeCTHOM CEYEHUH paccesHus ypaBHeHHe (3.20) ymoOHO 3amucath
B BHJC

TCD (K (vy0) 10,00~ K ) £ (1))t =
= (3.21)

= J.K(v,u)f(u,l‘)du —a() f(v,1),

TOE TOJIOKUTEIIBHOE AP0 paCCEeAHUA K(V,M) ONPEACIIACTCS MO CCUCHUID O

u 1o pynkuun F .
O6o03nauum uepes g(V) craumonapHoe pemienue ypasHenus (3.21) u

BBezieM (pyHKIMOHA

Hy(f.8)=[f0)n {@} dv, (3.22)

gv)
Ha3pIBaeMbIl paccrosHueM Kympbaka—JIpvitbnaepa MeXAy NOJIOKHUTEITHHBIMA
dynkuusmu f M g WM OTHOCHTENBHOM SHTponueit. Paccrosue (3.22) He-
CHMMETPUYHO OTHOCHTENBHO QyHKIMH [ W €, MOTOMY €ro ciieyeT Hasbl-
BaTh «KBa3UPACCTOSHUEM», HO OHO He oTpuuarensHo. ITockonbky ams Bcex

X > _1 BBITIOJTHACTCA OLICHKA ln(l + X) <XxXu PAaBCHCTBO BO3MOIXKHO JIMIIb

1{&]:1{“(& Dgé_l.
f f f
Torma

[£@)mn (%) dv< | f(x)( ]% 8 - ljdx = [(g() - f(x)dx =0.

TlociteiHee PaBEHCTBO CIEAYET U3 TOTO, YTO 062 pacnpenenennss [ u g

mpu X =0, 10

HOPMHPOBAHBI HA €IUHUITY:
If(x)dx = J.g(x)dx =1.

Takum oOpazom, kBasupaccTostHue (3.22) HEOTPHUATEIHHO TPH JIIOOBIX
HEHyJIeBBIX TIOTHOCTSIX pacrpesesienuii BepostHocTeit f u g .

Jns gpynkunonana (3.22) cymecrsyer aHanor H -teopemsi:
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dH,, _

. [Kuw)f@)(Inz=1+1/z)dudv<0

__ Jwege)
Fg)

CrietoBaTeNnbHO, B HEPAaBHOBECHOM COCTOSIHHM (DYHKIIMOHAJ KBa3Hpac-
CTOSIHUSI MEXIy paclpelelieHHsIMH yObIBaeT B cwmiry ypaBHeHus (3.21), T.e.
TEKYIIEee COCTOSIHIE CTPEMHUTCSI K PABHOBECHOMY.

Jluneapusosannoe ypasuenue bonvymana u Kunemudeckue KodQpuyuen-
mul. YpaBHenue bomnbiimana (3.13) B OKpeCTHOCTH PaBHOBECHOTO MaKCBEJIIIOB-
CKOTO PAcCIpe/ieNICHUs] MOXKET OBITh JITHEAPU30BAHO 10 BEJIWYMHE OTKIOHEHHMS

OT paBHOBecHs. PaBHOBecHOe pacmpezencHue BeioepeM B Buae (3.16), moompe-
JEIMB €ro MHOKHUTEIEM P :

(3.23)

nl/2 N2
Fo,(p)=fo =p(%j exp —ﬁ% . (324

CBs13b MeXIly TapaMeTpaMu (pyHKIUHU pacipeaeIeHus 7
=p, 2=y "2 =Ba=1..n (3.25)

v
Y THJIPOAMHAMHUUYECKUMH NiepeMeHHbIMH O (3.17) maeTcs paBeHCTBaMU:

1 1 a+l a a+l
p:p:”)p =Uu = )

pn+2 _n__n . (3.20)
2ﬁ 2ﬂ_n+2
opt
Marpuna npoussoanbix () pv =, JMaroHaibHa H HEBHIPOXKICHA.
on
OroT ¢akT OyJeT MCIONB30BaH Janee MPH HaXOKICHUH Kod(QQUIMEHTOB 1e-
peHoca.
Bynewm uckarp pemenne ypaBuenus (3.13) B Buze
F(g,p.0) = fo - (1+ (g, p.1)). (327

Torna B nMHEHHOM NPHUOIIKEHNH IO () TTOTy4aeM ypaBHEHHE
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op, « O
— =
fo([%)[ Py D 5q°

1 '
=— [ wo(w,c0s0) i (P) fu(2) (9 + 0~ 91 = 0, ) dp,dR = 328)

=1L[p] .
Jluneiinsli onepatop L sBIfeTCS SPMHUTOBBIM, IPHYEM BCE €O COOCT-

BEHHBIE 3HAYEHMS HENONOKHUTeNbHB. OH uMeeT 71+ 2 COOCTBEHHBIX (yHK-

I[UH, OTBEUYAIOIIUE HYJICBOMY COOCTBEHHOMY 3HAUCHHIO, TAK KaK B 3TOM Cliydyae
(yHKIMH (0 ABISFOTCS JIMHEHHBIMA KOMOMHALMSIMHA CyMMAaTOPHBIX HMHBapHaH-
TOB. OHH UMEIOT BHUJ

(0(0)1 =1, ¢(O)a zpa ,ﬁ/m,
nt 1
(0 zzm(ﬁpz/m_n)

JluneapuszoBanHOe ypaBHeHHE bonprmana (3.28) ucmons3yercs At Haxo-
KICHUS CBA3M MEXIy TEPMOAMHAMUYECKHMH TOTOKaMu u rpaguentamu GDP
B JIMHEWHOM TpuOmmkeHnH. COOTBETCTBYIOMHE KOA(P(GUIIMESHTH HA3BIBAIOTCS
KHHETUYECKUMHU KO3((HUIMEHTAaMH IepeHoca (BS3KOCTH M TEIUIONPOBOIHO-
ctn). Bynem uckate perienue TogyHoro ypasHenusi boipumana (3.13) meronom
MOCJIEI0BATENILHBIX IPHOJIMIKEHUI

F=fo+ Alfol+ L2l Al (3.30)

rac fO €CTh JIOKAJIbHO-PABHOBECHOC MAKCBCIIJIOBCKOC pacCHpeaCICHUC, a ﬁ

(3.29)

— HEpaBHOBECHas MONpaBKa, NMponopuuoHaibHas rpaaueHtam DFP, xoTopeie
(rpaguvieHThl), B CBOIO OYepeib, MPONOpIHoHANbHBI TpaguentaM GDP, kak B
Mmetone boromro6osa.

[TOCKONBKY CTOJIKHOBUTEIBHBIN YWICH HA JIOKAIEHO-PABHOBECHOM pacIpe-
JISJICHUH O0paIaercs B HOJb, TO TepBOe MpUOIKeHue B ypaBHeHHH (3.13),
MoJIyyaeMoe 1ojaAcTaHoBKoil pasnoxxenus (3.30) B (3.13), oka3piBaeTcs TUHEHHO
no f]. 13 cooOpaxkeHunii HOPMHPOBKH NEPBYIO MONPABKy (KaK U MOCIELYIO-
IMe) K JIOKaJIbHO-PAaBHOBECHOMY PAacClpeesIeHHI0 yI00HO 3aliChIBaTh B BUJIE

f1 = fo@ - Torna ypasuenue Ha () umeeT BUX
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3.31
ot (331)

Yo, pr 90 _ 1),

JlokanpHO-paBHOBECHOE pacIipeesieHne naetrcs popmynoii (3.24), B koto-

poit DFP 7 v (3.25) 3aBHCAT OT KOOPAMHATHL § ¥ BpeMeHH [ . JIjid KpaTKOCTH

HIOJIOKHMM MacChl PaBHBIMH €IMHHILE, TaK YTO MMIIYJIbC ¥ CKOPOCTb YHCIEHHO
coBnagaroT. [loctynas Tak ke, Kak ¥ IIPH BBIBOJC YPaBHEHUI I'MAPOANHAMHKA
u3 1enodkn boromo6osa B m. 1.2, B mepBoM mpubmmkeHun noinydaem GDP
(3.26), ypaBHEHHS HBOIIIOIMH KOTOPHIX HUMEIOT BUJL

0 0

Gl
e
ag:_ua e _ pap 6u'b7 1 0 (pJa)

ot oq“ oqg* P og”
[ToToku B mpaBeIX YacTsAx cucTeMsI (3.32) onpenenstorces: GopMyITaMu:
1
P <p“pﬁ> —u%uf; g = 5<p“ (p —u)2> ~u%g (3.33)

B J0KaNbHO-PaBHOBECHOM MPUOJIMKEHUH TMOTOKH (3.33) paBHBI COOTBET-

CTBECHHO
aff
P :<papﬂ>0_uauﬂ :5_;
B . (3.34)
a 1 a 2 a
J, =E<p (p—u) >O—u =0

UroObl HaliTu nonpasky ¢ u3 ypaBHeHus (3.31), BeIpa3uM IPOU3BOAHBIE
f ( B €ro jeBoii yactu yepes DFP:
Yo _ % 97" _2hOp, 9 M OB _
or or' ot opot out o OB ot

_h3p, O u" ¥, 0B 0
op 0t ou“ ot O os ot
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AmnanornyHo mnpeobpasyercs u BTOpoe ciaraemoe B (3.31) p

a Yo

og* .
N3(3.24) nmeem

Y% _Lo, U

op p ou®

o _Lfn o uy
aﬂ_2(ﬂ (p-v) jf"

Hockoneky € =n/(2f), To 0ff/ 0 =—n /(282) . B pesysbrare ne-

Bast 4acTh (3.31) MOXeT ObITh BhIpaskeHa TOJIBKO dyepe3 rpaauentsl GDP B co-
OTBETCTBHUH C BBIBEICHHBIMU YPaBHEHHUSMH THAPOAUHAMUKHU MIEPBOTO MPUOIIH-
skeHns (3.32). BBoas OTHOCHTENBHBIN HMITYITBC

=—p(p" ~u") fis

(3.35)

(04 :pa (04
[0JIy4aeM:
%_’_pa aﬁ) =
ot oq”
0 2 0 w | O ou”
_ﬁ op — |- W fy| — B 7 |-
p\ ot 19/ 16} oq
n (n ) oe , O¢
PR S — — 4 = 336
2 a s
=1 _Bw divu +lﬂw“wﬁ aL+au +
n 2 oq”  0q°
Oln g

[ocnenusis ctpoka B (3.36) maeT BBIpaXKCHHS IS TEPMOJIMHAMHYCCKUX
CHJI, KOTOPBIE MPOTMOPIIMOHANBHBI TPAJAUEHTaM COOTBETCTBYIOIIUX apaMeTPOB.
OTMeTHM, YTO IPAJMEHT IUIOTHOCTH B JIOKATBHO-PABHOBECHOM MPUOIMKCHUH
OTCYTCTBYET.

[Nocne atoro nHensBecTHast GyHKIM (P u3 (3.31) niercs B BUIE pa3ioxKe-

HUS TI0 TPaJUeHTaM BEJIMYMH B COOTBETCTBHHU C TpeacTaBienueM (3.36) ¢ ko-

a
3¢ dunreHTaMHt, 3aBUCSIIIMH OT OTHOCHTEIBHOTO UMITyJIbca W . DTH KO3(-
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(bUIMEHTHI ONIPEAETISIOTCS 3aTEM B BUJIE PAMOB 10 CHENHATBHBIM MHOTOWICHAM
Conuna—Jlareppa [8]. IloncranoBka (pyHKIMU (9 B ypaBHEHHs UL IOTOKOB
(3.33) no3Bossier HaiTH KO3(GHULUEHTHI MTPOMOPIHOHATBHOCTH MEXIY MOTO-
kamu u rpaguertamu GDP. Otu ko3¢ ¢urmenTs Ha3pBaroTCs Kodhduimenra-
MH nepeHoca. Takum o0pa3oMm, ypaBHeHHEe boiblMaHa MO3BOJISIET B SIBHOM
BUJIE€ TIOJIyYUTh BBIPAXKEHUS! JUIs BSI3KOTO W TEIUIOBOTO MOTOKOB. Haiinem, Ha-
npumep, K03(QGHUIUEHT TEIIONPOBOAHOCTH.
bynem nckate @ Bune

a s
¢—X1“alnﬂ+X p| Ou”  ou N
oq“ oq”  0q”

(3.37)

a B
+ X7 O O _2 50 givu |
oq”  0g” n

3nech BennunHbl X CUMTAIOTCS 3aBUCSIMMA TOJBKO OT OTHOCHTENBHOTO
. . _ 2
umynsca W . BespasmepHoii BenmuuHol sBisercs z = fw” /2, tak uro,
a_.a
nanpumep, X" =w" g1(z), rne g| ectb nckomas ¢ynkuns. Ecmm oma

Haii[cHa, TO
P A 2
=3 o)

mpfp pu) f(p)w g (2) =

61n,8 _Kalnﬂ
oq“

K= ﬁfp“ (p—u) fo(p)wo’gl(Z)p(gj x

o (3.38)
X exp[—ﬂ%j dp=

2

2
R

_ ﬁ n/zlw <o (— B> n+3 2 _
_( J a);')‘e p( Lw /2)w gl(ﬂw /Z)dw

o0
Ie—zzn/2+l )dZ )
0
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IlockonmbKy 3aKOHBI COXpaHEHHS YJIOBIECTBOPSIOTCS Ha JIOKAJbHO-
PaBHOBECHOM pacIpeAeiIeHIH, TO IepBas MONpaBKa JOJDKHA OBITH OPTOrO-
HaJlbHa CYMMAaTOPHBIM HHBapUaHTaM:

ij‘fo-{l,pﬂ,pz}dp=0- (3.39)
VpaBHeHne Ha g| pelaeTcs ¢ ydeToM ycaosuii (3.39) u uMeeT BUA:
fow?* (l+n/2-z2)=Lw* g (2)]. (3.40)

@Oynkuus g1 pasnaraercs B Pl [0 OPTOrOHalbHbIM MHorouneHam Co-

nuna—Jlareppa S ,]f (Z ) , KOTOpBIE ONpenestoTes GopMyIIoi

Sk(z) 1, dk -z v+k.

=—e?z7V ——e %2
Y k! dzF
B gactHOCTH,
2
S'=1,8 =vil-z, S3=W—(V+2)Z+%.

OOOOILIeHHBI TOPSIOK V' MOJMHOMOB, 110 KOTOPBIM HaJ0 pasjarath

GyHkuMoo g1, onpeiensercd BHAOM JeBod dacth ypasHenus (3.40). Ilo-

1
ckompky 1+n/2—-z=398 Z), TO IJIs HAXOXJEHHS TEMIOBOTO MOTOKA
y nl/2

k
PasJIoKEHHeE CIIeLYeT BECTH MO MOJMHOMaM S n/2 (2):

o0
k
g1(2)= D A4Sy 5 (2). (3.41)
k=0
Hcrmosb3yeM najee yCioBrue OPTOrOHAIBHOCTH
o0
) T(v+k+1

j e 22V Sk (2)8™ (2)dz = %@m . (3.42)
! !

Ecmm moncraButh Teneps (3.41) B mocnexnee Beipaxkerne B (3.38), moiry-
YUM C Y9eTOM ycioBuil oproroHansHOCTH (3.39) 1 (3.42) BRIpaXKeHHE IS KO-
3¢ GUIHEHTA TEIUIOPOBOTHOCTH

24T(Q2+n/2)
K= 3 .
p o

(3.43)
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Camu k03 PuIueHTHI Ak HAXOMATCS U3 aNreOpandecKol CUCTEMBI, MO-

o a
nmydaemoit u3 (3.40) myTeM HOMHOXKEHHS €r0 HAa W ¥ MHTETPHPOBAHUEM IIO
MMITYJTECaM.

Maxceennoeckuii nomenyuan. OTMETHM, YTO JUIS CTENICHHBIX ITOTEHIIMAJIOB

a o
h(l") = 1/ ¥V W3 aHajun3a MCXaHUWKM CTOJIKHOBCHMH JIBYX TOUCYHBIX TECJI CJIC-

ayer G(W,COS 9) = W_4/ag(COS 9), rae g(COS 9) — ¢dyHKUMs, He 3aBHU-
camas or w. Ilpn @ =4 wunaukarpuca paccesnns B = WJ(W,COS 9) HE

3aBUCUT OT OTHOCUTEIBHON CKOPOCTH CTAJIKUBAIOIUXCSA YACTHL, YTO YIPOIa-
€T MHTerpall CTOJIKHOBEHUH U MO3BOJISIET B SIBHOM BHJIE BRIYHCINTH KO3 duim-
€HTBHI IepeHoca (BA3KOCTh, TEIIONPOBOIHOCTD), HEe Mpuberas K JIMHeapH3alHH.

. 4
CoOOTBETCTBYIOIUN TOTEHIIAAT h(r) =1/7" Ha3bBaeTCI MOTEHIHAIOM

MAaKCBEJUIOBCKHX MOJIEKyJ. OHAKO CIEAyeT 3aMETHTh, YTO UMEHHO JUIS TAKUX
CPaBHHUTENIFHO cJa00 yOBIBAIOIIMX IOTEHIMAIOB KakK (DYyHKUUIA paccTOSHUS
ypaBHeHHe BoJblMaHa W He MPUMEHHMO, MMOCKONBKY CTOJKHOBEHHE B TOM
Cllydae He KOPOTKOACHCTBYIOLIEE.

1.4. YpaBHenne Biacosa

Jns nanbHOIEWCTBYIOUIMX MOTEHLMAJIOB MpEjaraercss APYroe ypaBHe-
HHe, NOJIy4aeMOoe W3 LEMOYKH NPH pa3lioKeHUH (QYHKIMH pacrpeieseHus 1o
TPEeTbEMy MaJOMy HapaMeTpy — TaK Ha3bIBAEMOW CHIIbI MEXXKYACTHYHOM CBSI3H
WIN WHTEHCHBHOCTH B3aHMOJICHCTBHS, KOTOPOE IPH CpeAHEH INIOTHOCTH
MIPEAINOJIAracTCsl MajbIM 10 CPABHEHHUIO C KUHETUYECKOU sHeprueil Ten. Ilomy-
YaeMble TAaKUM ITyTEeM YPaBHEHUs B IEPBOM NPUOIMKEHUH OIHCHIBAIOT JBHXKE-
HHE B CAaMOCOIJIACOBAHHBIX IOJISIX. DTHU YpaBHCHUA NIPUMCHUTCIIBHO K 3aJavdaM
TEOPHH I1a3MbI ObLTH BBeeHBI A.A. BiiacoBbiM [9].

PaccmoTpum 3aMbIKaHNE Ha EPBOM ypaBHEHMH IIETIOYKH boromo6osa, HO
0oOpeIB OyIeMm nemaTh He B MPUONIKEHUH MalloW IUIOTHOCTH, a MO MajoMy
B3auMoOJeHCTBUIO. EciM MeXIy 4YacTULIaMU HET B3aUMOJEHCTBUSL WM OHO
NPOSIBIISIETCSL B BUJE TOYEYHOI'O CTOJKHOBEHHMS, TO OMHapHas (QyHKIuUs pac-
npezaeneHus QakTopusyercss 4yepe3 yHapHble pacrpereienus. Eciu BBectn
NapHOe B3aUMOJAEHCTBUE CO Ccl1aboll KOHCTAHTOM CBSI3M, TO MOYKHO Pa3lIOKHUTh
OuHapHy!0 (DYHKIUIO paclpeleNeHus] MO CTENeHAM 3Toil cBs3u. Ilockombky
MOTEHIMAT Y>K€ BXOJUT B NPaBYIO HHTETPAITBHYIO YacTh LETOYKH, TO B IEPBOM
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MPUOIMKEHUH TI0JT HHTETPAJIOM MOXKHO B3ATh OMHAPHYIO (QYHKIIUIO pacrpesie-
nenust B Bupe [ (1;2) = F(1)F{(2). Torma monyuaercs KuHETHYECKOE

ypaBHeHue Bumacosa. ITockonbKy nanee B 3ToM maparpade paccMaTpuBaeTcs
TOJIBKO OJHOYACTHYHAst (PyHKIMS pacrpelereHus], HHIeKC «1» y Hee omycka-
eM. YpaBHEHHE UMeeT B

!
. (4.1)

1
H,=H, (Q:pQ[F]) = Ho(p)+gjh(x1axz)F(xzat)dxz
DddexruBublii ramunbronnan Hj, onpenensercs He TONBKO dHEpruei
cBoGosiHOTO ABMKeHns H (> HO U CpETHEN SHEPTUEH B3aMMOICHCTBHS YaCTH-

bl CO CBOUM OKPYXKCHUEM, T.C. FTaMUJIbTOHUAH HV SABJIACTCA q)yHKIJ,I/IOHaJ'lOM

OT MCKOMOI (yHKIMH pactipenenieHust. Takue CUIIOBBIC MOJIS HAa3bIBAIOTCS Ca-
MOCOTTacOBaHHBIMU. OHHU XapaKTepHbI Ul NajJbHOACHCTBYIOIIMX MOTEHLIHA-
JIOB, KOTJIa CIIOKHO BBIACITUTh MHKPOCKOMIMYECKH MATIYI0 MPOCTPAHCTBEHHYIO
JIOKAITM3AIHIO TPOIIECCa CTONKHOBEHHS YACTHII.

B orTinume oT memouku, I 3TOr0 YpaBHEHHUS HE MPOXOMUT METO[ pasJio-
KeHHs (YHKLUHM PaclpeneleHus 110 MaJIoMy IapaMeTpy IpOCTpaHCTBEHHOM
HEOIHOPOJHOCTH, T.K. CTAIMOHAPHBIE PACIIPEACIICHUS] MOTYT HE OBITH OJHO-
ponHbiMuU. JleiicTBUTENBHO, JTI000€ CTAllMOHAPHOE pelieHue ypaBHeHus (4.1)
MUMEeT BUJI IPOU3BOJILHON auddepeHpyeMoii GYHKIMN OT CpeaHEel SHEpruu
camocornacosauoro nomwt: Fg = f (H V)- [lonaras, B YacTHOCTH, (PyHK-

uiio  f  SKCMOHEHTOM, TMOoMyYaeM JUisl KIACCHYECKOTO IaMHJIbTOHHAHa ¢ OM-
v 4
HapHBIM B3aUMO/ICHCTBHEM CDQq —-q |) Clle/lyIolee paBHOBECHOE pacripe/ie-

JICHUC!

2

1 p
=——exp\-pHy ) Hy =—+Uyplq),
Zo0y ( v) Hy o v(q) w2

Zy = Iexp(— BHo(p))dp, Oy = Iexp(— BUYy (q))dq .

Orcrofa CIemyeT, 9TO caMOCOIIaCOBaHHbIA motenmuan U/ 4 (q) JIOJDKEH

st

YAOBIIETBOPATH YPABHEHUIO
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U, (q).l.exp(—ﬂUV (q’))dq’ =

= if ®(la-qf)exp(-U, (¢'))dq"

MHOXK€ECTBO JIOKAILHBIX MapHbIX noteniuanos O, mpu KOTOpbIX CymecT-
ByeT peuleHne ypasHeHus (4.3), He mycTto. B HeM BO BCSIKOM citydae copep-
JKUTCSl OCHWIISITOPHBIA MOTEHIUA, NIl KOTOPOTO pelieHue ypaBHeHus (4.3)

)=klg—q') w

(4.3) momyuaem, uro Uy (q) ABJISETCS TIOJIMHOMOM BTOPOTO TOPSZIKA IO ¢ C

4.3)

MOXHO TOJY4HTh siBHO. Hampumep, B R! st (D(h -q

K03 DULMEHTAMH, 3aBUCAIUMHU OT [ U NpPEACTABISIONIIMH MOMEHTBI PaBHO-

BECHOT'0O CaMOCOIIaCOBAHHOI'O paClIpCACICHUA:

k
Uv(q)=g(q2—2qml+Mz)>

= [qexplc BUy (@, m> = [ expl- Uy (@)

—00 — 00

OTKYyZa CIeNyeT, 9YTo

Oy = rw! ek, my=mi +1/2p%k,
a K03 HUIMEHT | TPOU3BOILHEIN. B MTOre moTydyaeM paBHOBECHOE pacipe-

JIeJIEHUE B BUJIE

y K
Fy =P expl - o) - P g-m P |
0 Tw a

Ecnu moreHuman B3auMoJeWCTBHS MUMeeT 0ojiee BBICOKWIT MOPSIOK —
TepHapHBI 1 OoJee, TO MocTyJaT (paKTOpU3aLUH IIPUMEHSIETCS KO BceM (QyHK-
LUSIM PACHpEIeNICHNs], YIaCTBYIOIIMM B IIEPBOM YPAaBHEHUH LEMOYKH AJISL OA-
HouacTHYHOH ¢yHKumu. Torma mms ramuinbToHMaHa (2.1) ciemyer KHHETHYe-
CKO€ ypaBHEHHE, OIMCHIBAIOIIEE ABMKEHHE CHCTEMbI B CaMOCOIJIACOBAHHOM
noJe:
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E_[HV,F],
. 3 K k-1 1 .
HV(q,p,[F])—Ho(kaZ:;,Z—(k o 4.5)

I (Koo Xy ) F O F ()%, Xy

CpoiictBa ypaBHeHus BnacoBa (4.1) OTIIMYHBI OT CBOWMCTB ypaBHEHHUS
BonbpnMmana.

Bo-1epBrIX, ypaBHEHHE JOIYCKAaeT MUKPOCKOITMUECKHE PEIIeHHUs, T.C. pe-
HICHUA BU A

F(q,p,t) = 6(q —q(1)o(p - p(1)), (4.6)
rae ¢(t) u p(t) ynosnerBopsioT ypasHeHUsM [aMHJIBTOHA ¢ MOTEHIMAIOM
Hy/ , aro npoBepsiercs HEMOCPEACTBEHHOI TOCTAHOBKOI (4.6) B (4.1).

Bo-BTOphIX, ypaBHEHHE BiiacoBa coxpaHseT SHTPONHUIO:

as _d
=[S fipdg =

= J.E(l+ln [)dpdq = [[H,, [1(1+1n f)dpdg =
N OH, o(fInf) oH, o/ /), 4 _

oq op op 0q
- j [H,, fn fldpdg = 0.

Ecmu B ypaBHenun BacoBa (4.1) cmenars Tak Ha3bIBa€MYyHO THAPOJWHA-
MHUYECKYIO IT0JICTAHOBKY

F(C],p,f) = p(q’t)é‘(p —M(C],t)), 4.7)

TO OJIA (byHKHI/Iﬁ p U U TIOIY4YaroTCs YpaBHCHUSA THAPOJMHAMMYCCKOTO THUIIA:

3_P+ii_)8/’”a _

at m 6q o

a B
ou Lu” ou” I@h(q ,q")
o m 5qﬁ

(4.8)

p(q'.t)dq’".
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VYpaBHEHUS] TUAPOAWHAMHUKH, T.€. YPaBHEHHS 3BOJIONMM MOMEHTOB MO
MIPOCTPAHCTBY MMITYJIbCOB Al (DYHKIUH pPAaCIpeesCHNs], yI0BIECTBOPSIONICH
ypaBHeHH0 (4.1), OTIMYAIOTCS, €CTECTBEHHO, OT AHAJIOIMYHBIX YpaBHEHUH,
CIIEAYIONIMX U3 Lieno4ky boromo6oBa wiu u3 ypaBHenus: bosipimana. Kaxubiid
MOJIXO, UCTIONB3YIOIIMHA TO WIM MHOE KHHETHYECKOe YpaBHEHHUE, OIpeaesseT
CBOIO THIPOJUHAMUKY. IIpy 3TOM Ba)XHO TIOHMMATh, YTO MEXIY YPaBHEHHSIMHU
THAPOJMHAMHUKY HET TOW I'€HETHYECKOW CBS3M, Kakas €CTh MEXIy KHHETHUe-
CKUMH ypPaBHEHMSMH: €CIM T€ WIM WHbIE KHHETHYECKHE yPaBHEHHS MOKHO
BBIBECTH U3 OoJiee 00IIMX ypaBHEHHUH, HapuUMep, U3 1enodyku boromobosa, To
ypaBHEHUsI THUAPOAMHAMUKH, Clienytonne u3 0ojee oOMMX ypaBHEHUH, HE 10-
3BOJAIOT MOJYYUTh YpaBHCHUA THAPOAUHAMUKHU, CICAYIOUINE U3 YaCTHBIX KH-
HETUYECKUX YPaBHEHUH.

1.5. YpaBHeHusi 3B0JIIOIMA MOMEHTOB

HyCTI) MMECTCs JUHAMMYECKas BEJIMYKMHA S -KpaTHOI'O THIIA, CUMMETpUY-

Hasgd OTHOCHUTCJILHO MEPECTAHOBOK MHACKCOB YaCTHUIL
() () =
BY(x)= st(xi1 eees X ) (5.1)
I<ij <. <iy<N
Ee cpennee 3HaueHre B MOMEHT BPeMEHH [ B TEPMOJAWHAMHUYECKOM IIpe-
JIeJIE €CTh

Bs () = %J-bs (xs)Fsde : (5.2)
slo

JlokanpHas OAHOYACTHYHAS KOOPAWHATHAS IJIOTHOCTH ONPENEIIETCS Kak
MOMEHT HYJICBOTO MOPSIIKA YHAPHOU (HYHKIMH pacTIpeeICHUs:

1
pla,t)=—[Fi(a.p.t)dp. (5.3)
a

o o o N
CpeIIHQI/I JIOKQJIbHON KOOPAWHATHOU IINIOTHOCTBIO BEJIIMYHMHBI B( ) Ha3bI-
BacTCA BCIIMYNHA

(By)= jb ( S)Fsdpldx2...dxs. (5.4)
P’ s!
Henocpencreenno u3 nenouku boromo6osa (2.4) MHTErpupoBaHUEM MO

(ha30BOMY HpPOCTPAHCTBY KOMILJIEKCA YAaCTHILI, OTBEYAIOIIUX MOPSIKY B3aHMO-
JIEUCTBUA B U3y4aeMOW (QYHKIMH OT JUHAMHYECKUX NEepeMEHHBIX (yHapHasl,
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OuHapHast ¥ T.1.), TOJyYaeM ypaBHEHUs SBOJIOLUH KOOPAHHATHOH IIOTHOCTH
stor pyrkmmu. 13 (5.4) cremyer, 4To W3MEHEHHE JIOKANBHOW IIOTHOCTH TTU-

HaMUYecKOH BeluuuHbl B (q, p) OTIpeNIeNsAeTCs] He TOIBKO YpPaBHEHHEM 3BO-
arouuy (YHKUUM paclpefereHus, HO U U3MEHEHHEM IUIOTHOCTH L . DBOIIO-
IS JIOKAJIBHOW IIoTHOCTH O (5.3) ompenensercs n3 MepBOro ypaBHEHUS 1ie-
mouky (2.4) myTeM MHTEIPUPOBAHUS ATOTO YPABHEHHS [0 MMITYJIbCaM IEPBO

yacTuipl. Umeem

o"F(xl,) _[H,.F, +K
v 2( )'a) ,

J'[hk (xl,xz,...,xk),Fk(xk,t)}dxz...dxk
ap(ql’t):lj.ﬁﬂ(qlapl’t)
ot w ot
:_j[aH OF, 0H, F, jd

dq, op;’  Op;" Oq

dp, =

K
+Z mj‘[hk (Xl’xza---axk)aﬂ (xk,t)}dpldxz..dxk.

k=2

Brmmcannsle BhIIe MHTErpanbl oT ckoOku Ilyaccona B mpaBoil dacTh
YpaBHEHUsI SBOJIOLUH [UIOTHOCTH MPEOOPa3yIoTCs MyTeM HHTETPUPOBAHUSI 1O
YacTsAM C YYE€TOM HYJIEBBIX MPeAesioB y QYHKIUH PACIpEe/iCHUs] Ha TPAHULIC
(ha30BOrO MPOCTPAHCTBA, a TAKIKE BEIHOCE TPOM3BOJHOM IO TIEPBOW MPOCTPaH-
CTBCHHOH KOOpIWHATE W3-TOJ HMHTerpana. [Ipeamosnaras, 4To raMmIbTOHUAH
SIBIIICTCS JIBAXKIBI HEMPEPBIBHO MU(PepeHnpyeMor (yHKIUEH CBOMX apry-
MEHTOB, TaK YTO €ro CMEIIaHHbIE MPOM3BOJIHBIC MPU MEPECTAHOBKE MOPSIKa
nuddepeHpoBanus COBNAAAIOT, AJISI IEPBOrO CIAraeMoro Mmojiy4aeM

I(aHl OF, 0H, OF, jd ~
0, op;"  op," Oqy
oH, ..  0°H, o (oH
_all—oo__[ aEdpl_ a.[ 1
oq, gy Op oq;" * opy’
0’°H, 0 (OH,
+I—a d I

a an:_ a an'
piogt " oqf Y apy

Fdp, +
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AHaJIOTHYHO MHTErpajl OT CyMMBbI Ul K -KpaTHOTO B3aUMOJIEHCTBHS Mpe-
oOpasyeTcs K BHIY

K
z mﬂ:hk (Xl’xz’---axk)aFk (xk,f)} dp,dx,..dx, =

k=2
oh, (x*
=—Z | ( )ﬂ(xk,t)dpldxz...dxk .
> (k= 1)‘60 oqy ° Opy
BBoxs teneps 3q)q)eKTHBHy}0 OTHOYACTUIHYIO CKOPOCTH, Kak B (2.7)
k
ahy \x
(Xl t Z dXz ka Fk ,
"o @1 = k- wo“Flj P
NOJTy4aeM ypaBHEHHE SBOJIOLHUH JIOKAJILHOW IUIOTHOCTH B BHIE
op(q,t) 0 .
D), 2 () (a) =0
ot oq (5.5)

)j ve (x,0)F, (x,¢)dp

a q,t - -
(@) wp(q.t

AHajgoru4HO nojiy4aeM YpaBHCHHUE 3BOJIOLNHU CpCZ[HefI JIOKaJIbHOM ILIOT-
HOCTHU (54) ﬂHHaMH‘IeCKOﬁ BCJIMYMHLI § -KPAaTHOI'O THUIIA:

olp(By)) o
. s/)_ _ o (pn_‘;‘)+ T, (5.6)

I'JIe BBEIEHBI 0603Haqu1/1;[

I =

o jdp]azx2 dx b, (x")x

oH K 1
ST h

1 I=1 2:2< <1A,

XJ‘dXHI‘ s+ h ( Hl’ Hl )F;H 5 (5'7)

r_ <|:bsj H ]>’ ﬁpl

k-1 F—l
ARTAS D

=2 =l 2<iy<.<i, <s o

k-1
J‘dx dx ah(x ,xm,...,XH,)FH,.
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Takum 00pa3omM, MoOIydaeM, 9TO SBOJIIOLUS CPEeOHEH JIOKAJTHHOH ILUIOTHO-
CTU S -KpaTHOM TMHAMUYECKOW BEJIMYMHBI ONPEEISIETCS IUBEPreHIMEN TOTO-
Ka 9TOH IUIOTHOCTU U CPEIHUM 3HaueHneM ckoOku [lyaccoHa aToill quHamude-
CKO# BEeMUYUHBI M 3PPEKTUBHOIO raMIJIbTOHHAHA S -4ACTUYHOTO B3aMMOJICH-
CTBUA.

Ot0 00mas CTPYKTypa ypaBHEHHUH rUApoHHaMudeckoro Tumna. OHa mpen-
CTaBISIET CO00H HE3aMKHYTYIO0 OECKOHEUHYIO CHCTEMY MOMEHTHBIX ypaBHEHHI
HE3aBHCHUMO OT TOTO, KAKO€ KMHETHYECKOE YPABHEHHE IIOJIOKEHO B OCHOBY.
OOpBIB MOMEHTHOM CHCTEMBI COCTOUT B BBIOOpE HEKOTOPOTO MpaBHiIa 3aMbIKa-
HUs, KOTAa BBICIHHMC MOMEHTHI BBIPAXKCHBI Y€PE3 HU3IIUC. Baxxno IIOHUMAThb,
YTO 3aMBIKaHWE — 3TO HE MAaTEMaTHYECKOE CIIE/ICTBUE KHHETUUECKON TEOPHUH,
a MOJeJIbHOE TpeOOBaHME.

VYpaBHEHUs] THOPOJMHAMMKH, CIEAyIOIMe W3 ypaBHeHUs bonbiMana,
UMEIOT OoJlee TPOCTOi BHI M Ooiiee sicHoe ¢u3mdeckoe copepkanue. [wumpo-
JTUHAMHYECKUMH MEPEMEHHBIMH ISl 9TOT0 KMHETHYECKOTO YPaBHEHUS SIBIIS-
10TCst cpeanue 3HaueHus (3.17) cyMMaTopHbIX MHBapUAaHTOB. Y PaBHEHUS DBO-
JIFOLIMY JUIsl HUX CJIEAYIOIIHE:

I
ot mpg®
R R
a(’Og)+i 0 J“)=O.
ot maqa

BBeneHHble 3/1€Ch CpeHHE BEIMYHMHBI ONPECISIOTCS [0 YHAPHOMY pac-
HPEIENCHUIO:

p=(1) p**=(p") €=ﬁ p-rF)

1 :
P“ﬁ=<p“p > J = (p—p )zp“ :
2m

CpaBHUM TOJIyYE€HHBIE YPAaBHEHUS C TUAPOJMHAMUKOH, cleAyloued u3
ypaBHeHust Bnacosa (4.1). TTockosbKy 3TO ypaBHEHHE ONHMCHIBACT IBHXKCHHE

(5.9)

Tena B 3¢ deKkTHBHOM moTeHumane [y, , To u THIpOIMHAMIYECKHE TapaMeTphl
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B YaCTH CpEIHEW 3HEprHu cieayeT BhIOpaTh CaMOCOTIIacOBaHHBIMU. BBexem
«BIIACOBCKHE CPETHHE

1 . 1
Py :gJ-F(anaf)dpa Py :w_pVJ-PF(q,PJ)dP,

| (5.10)
& =—— HVF(q,p,t)dp.
wpy
Huddeperunpys paBerncTsa (5.10) B crry ypaBHEHHS SBOIIONUH QYHKITHHA
pactpenenenus (4.1), moxygaem mis mepBeix asyx GDP

A O 1 ccH
* (5.11)
ﬂ a
Py L[ b, iy - [ p* T (g, ki
a ! 4 o aF »”

3aMeTHM, 4TO B ypaBHEHHWHM SBOJIOIMH IUIOTHOCTH (UTYPUPYET CPemHss

a
CKOPOCTh U}y KaK CKOPOCTb, HOCTPOEHHAS 10 3(P(HEKTHBHOMY TaMHIbTOHHAHY

CaMOCOIIJIACOBAaHHOTO TI0JIs, KOTOpasi He 00si3aHa, BOOOIE rOBOPSI, SIBHO BbIpa-

%
. a a
JKaThCA Yepe3 CPEAHUN HUMITYIIbC . OTO 03HAYaeT, YTO AJSI CKOPOCTH U
14 > Vv

TaKKe CJIEAYET MOJIYYUTh YPaBHEHHUE BOJIIOLMH, KOTOpoe OyJeT UMETh 3HAuU-
TEJIbHO OO0Jiee CIIOKHBIM BHA, MOCKOJBKY 3Ta CKOPOCTb OMpENENeTCs Yepes
TaMIJIBTOHMAH, KOTOPBI caM 3aBHCHUT OT BpeMeHH B cooTBeTcTBHH C (4.1).
[lonyunm cHavana ypaBHEHHME 3BOJIIOLMU IJIsl CPEAHEW BIACOBCKOW 3HEPIHH.
IMockonbky

TF]) = 1
H,=H, (Qop:[F])_Ho(p)"'a)J-h(vaz)F(xz’t)dxza

oF
= _[H, F
ot [, F]

TO

oH, 1 OF (x,,1) ~
o= M) T

1 )
= [ (%% )[Hy @2 P FDs F@s. pash)] s,
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Torna

dpyey) _ 1 poHy 1 oF(q.p.t) ,
o —wf o F(q,p,t)dp+waV Py dp =

= ij‘h(XI’XZ)[HV (x29[F]): F(Xz,t)]F(xl,t)dpldxz +

+éjHV(xl;[F])[HV (xi3[F1), F(xy,t)ldpy -

st KpaTKOCTH B MPOMEKYTOUYHBIX BBIYUCIECHUSIX OMYCTUM UHAEKC «V» y
CpPeIHMX BEIMYHH, 4 TAK)XEC apryMEHTHl y (YHKIUI pactpeielcHUs, OTMeYast
3aBHCHMOCTh OT «IITPUXOBAHHBIX)» MEPEMEHHBIX INITPUXOM HaJ (QYHKIHEH.
Torna nepBblii HHTETPAJl B IPABOM YaCTU YPAaBHEHUS HBOJIIOLIMU CPENHEN SHED-
THH UMEET BUJ

J-—Fd =

' a_F g
) =~ dd'dp’ =

' )[H’,F’] qude

KOTOpBIii MHTErPUPOBAHUEM MO HACTSM C YHETOM HYJEBBIX TPAHHUHBIX yCIO-
BUif, @ TaKXke TOTO, 4TO 8®0q — q'|)/ oq' = —8®Qq - q'|)/5q , IpeoGpasy-
eTCsl K BBIPAKEHHUIO
oD(lg—q'|) oH
.[—Fd = IdeJ.—(|q - 1 |)—,F'dq'dp' =
aq"  p
' ),O'M'd(]'-

Bropoii nnTerpan B mpaBoil yacTu ypaBHEHUS 3BOJIIOLIUU CPENHEN SHEPrUU
npeoOpa3yeTcs UHTErPUPOBAHUEM 110 YACTSIM K CIIEAYIOIEMY BUAY:

IH(éH oF OH 8Fjd

oq 0p Op Oq
- Fi(Ha—dep—inFa—Hdw
op\ Oq op
+jHF dp jFa—Ha—Hdp 0 IHFa—Hdp.
opoq oq oq oq op
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B urore asis 3BoSIIOLMK CpPEeTHEN BIIACOBCKOM 3HEPIUU MOJY4YaeM ypaBHeE-
HHE

o(py& 0 "
%:_pVa_aJ. ( )qu dq' -
4 Lo q oH (5.12)
————[H,F —Ladp.
® 0q“ op”

AHaJOTMYHO TOJIy4aeM YpPaBHEHHUE SBOJIIOLMH CPEIHEN BIACOBCKOM CKO-
pocTH:

8pyug _ J‘aHV GHVFd J‘
ot @ oq” ? p® opP mao
Taxum 06pa3zoM, KakI0€ KHIHETUIECKOE YPABHEHHUE IIOPOXKIAET COOCTBEH-

HYI T'HApOAUHAMUKY. BaxrocTh 3THX ypaBHCHI/Iﬁ B TOM, YTO UMEHHO CPECIHHNC
BCJIMYUHBI U ABJIAIOTCA Ha6ﬂIO}laeMI)IMI/I, a YpaBHCHHA HUX 3BOJIOLHU OIIpEAC-

Y Fdp (5.13)

JISIFOT HEKOTOPYI0 MaKpPOCKOIHMYECKYI0 JUHAMHYECKYI0 cHcTeMy. TeM caMbIM
YPaBHEHUsI 3BOJIIOIMH MOMEHTOB MOTYT OBITH IMOJO0XXEHBI B OCHOBY MOJCIH
BPEMEHHOTO PsiJia, Ul KOTOPOTO yaloCh HAITUCATh YPABHEHNE HBOJIIOLNH €TI0
BEIOOpOYHON (DYHKIIMU pacIipeliesieHus. DTa CBI3b OyAeT peaan3oBaHa Jajee B
yactu III.
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I'nasa Il. Boipo:kaeHHbIe JMHAMHUYECKHUE CUCTEMbI

2.1. CaabopeniTHBHCTCKHE TMHAMUYECKHE CHCTEMBbI

B nepBoﬁ TJIaBE 6])1.]'11/1 IMOCTPOCHBI KNHECTUYECKUEC YPABHCHU JJId TJIAAKUX
TUHAMAYECKHUX CHUCTEM, T.€. [UII CHCTEM, Y KOTOPBIX K WHTETPAIbHBIM KPUBBIM
pelleHuil ypaBHEHUI IBIKEHHS B (DA30BOM IMPOCTPAHCTBE B KAXKIOW TOYKE
MOJKHO TIPOBECTH €IUHCTBEHHYIO KacaTelbHyl0. B marpamkeBoMm Qopmanmsme
KJIaCCMUYECKOM MEXaHWKH 3TO O3HAYaeT, YTO MaTpulla BTOPHIX IMPOU3BOHBIX
JlarpaHkKMaHa 1o CKOPOCTSM HEBBIPOXK/ICHA.

B psane ¢usnueckux NpUIIOKEHUI BOZHHMKAIOT MOJIENH, KOTOPBIE JOIyC-
KalOT HEOTHO3HAYHOCThH pelIeHui. Takne mpuMephl XOPOIIO H3BECTHHI U3 Kyp-
ca OOBIKHOBEHHBIX TU(QQEpeHIHANIbHBIX YPABHEHUI: €Clin, HalpuMep, ypaBHe-
HHE BTOPOTO MOPsIKAa UMEET 0co0o0e pemieHne (INCKPIMUHAHTHYIO KPHUBYIO),
TO Ha TaKOM PELICHUM TEPSETCS OJHO3HAYHOCTh AMHAMUKH. Eciu Her ykasa-
HHUH Ha TO, KaK CJIe/yeT IPOJI0JDKATh TPAEKTOPHIO U3 TOYKH 0cO00T0 perIeHHs,
TO BBIPOXKJCHHBIE JMHAMUYECKUE CHCTEMbI €CTECTBEHHBIM 00pa3oM MOpOXKa-
I0T BEpPOSITHOCTHYIO JIMHAMUKY. TakuMm o0pa3oM, TOYKH MHOXKECTBA, Ha KOTO-
POM BBIPOXJAeTCS JarpaHKMaH AWHAMHYECKOW CHCTEMBI, MOTYT paccMaTpH-
BaThCS KaK HCTOYHHKH Xaoca. DTO — JIOTOJHUTEIBHBIA 3JEMEHT Heolpee-
JICHHOCTH K CIy4aifHOMY BbIOOPY HadalIbHBIX YCJIIOBHH IPH ONHMCAHHU SBOJIIO-
IINM CTAaTUCTHYECKOro aHcamOis. Ecim y cucteMbl HET 0cOOBIX TOUEK, TO IBO-
JIIOIMST HAyYalbHOTO paclpeseneHus aaercs ypaBHeHueMm Jluyswmis (1.1.12)
WM, JJIs1 KOHCepBaTUBHBIX cucteM, (1.1.13). Ho, kak ObUTO MOKa3aHO B mapa-
rpade 1.1, mUHAMHUYECKMM OCHOBAaHUEM JUIs ypaBHeHHs JIMyBWILIsS ciyxar
ypaBHeHust Ditnepa—Jlarpamka (1.1.4), KoTopble onpeneNeHbl TOJIBKO IS pe-
rymapsbeix tpaekropuii JIC. IlosTomMy cienyer cHavana ONpenesuTh IpaBHia
MPOXOX/ICHHUS Yepe3 0COObIe TOUKH.

CymectByeT psia Gpusuuecku BakHbIX npumepoB JIC ¢ 0COOCHHOCTAMU B
(azoBoMm mpoctpancTBe [3]. B wacTHOCTH, 0COOBIE TPAEKTOPUU TTOPOKIAIOTCS
narpamxuanamu Jlapsuna u @oka—Puxrenronsiia—Madensaa B cnabopensiT-
BHCTCKOW TEOPUH B3aMMOACHUCTBYIONINX YACTHI[ — SJICKTPHUECKUX 3apsIOB U
TATOTEIOMMNX Macc. [IpakTHueckW BaKHBIM SIBIISIETCSl JIaTPAH)KHMAH CHCTEMBI
CJ1a00pENITUBUCTCKUX YaCTHI[ C YYETOM 3ala3/bIBaHHs B3aUMOJACHCTBUS B
TMEPBOM MOPAAKE MO OTHOIICHUIO SHEPIrur ABUKCHHUSA K SHCPIUU IMOKOs, OIH-
CBIBAIOIIIH TOPSAYYIO 3JIEKTPOHHYIO IUIA3My WIIM OBICTPBIE MYYKH 3apsDKEHHBIX
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yactuil. Mojiesb Takoi CHCTEMbl MPUBOIUT K HATMYUIO CHHTYJISIPHBIX TOUYEK B
(ha3oBOM TIPOCTpaHCTBE, YTO TpeOyeT pa3palOTKH CHEIHaTbHOH METOAHUKH
MIPOJIOJKEHHUS TPAEKTOPHUH Yepe3 CHHTYIISIPHOE MHOXKECTBO.

YrtoObl 000CHOBATH HJCIO O MPOAOCJIKEHUH TPACKTOPHU, PACCMOTPHM CHa-
Yaja MpoCcTOH MpUMeEp OJHOMEPHOH TUHAMUKH CI1a00pPENITHBUCTCKOTO OCLIWII-
asitopa. DTa MOJieNbHAs CHCTeMa MMEET HeTPHBUAIBHYIO TOYKY IOBOPOTa, B
KOTOpPOW CKOPOCTh OTJIMYHA OT HYJIsI, & YCKOPEHHE CTPEMHUTCS K OECKOHEYHO-
CTH.

PaccmoTpumM narpamxuan

2
L =-mc? 1—(v/c)2 —lqu lJr(a—l)V—2 ) (1.1)

2 2c
rjie 771 — Macca MOKOs 4aCTHIIbI, K — KeCTKOCTh OCHMJLIATOPHON CBA3M, d —
HEKOTOpasd HEOTpHLaTCIbHAasA LCJIOYUCICHHAA IMOCTOAHHAA (TaK Ha3bIBaEMbIH
panr nons B3aumozeiictus). Ilpu @ =1 mozmens (1.1) HeBbIpoKIEHA, TAK YTO

OyzeM cuurtath, uto @ # 1.
Cornacho (1.1.4), ntnHaMIYecKast Macca 3TOH CHCTEMBI paBHA

o°L m _ k(a-1)g¢*

M="—"= , (1.2)
ov? (1—1/2/02)3/2 2¢°
a DHEPTHs ONPEAC/IACTCA BIPAKCHUEM
2 2
E=vE_po_m L2 I-(@-D=—|. a3
ov 1—(v/c)2 2 2¢

3amMeTHM, YTO DHEeprusi Kak (QyHKIHs, onpeaensieMas no JarpaHXuaHy 1o
npasuity (1.3), onpenesneHa st Bcex TOYEK (pa3oBOro NPOCTPAHCTBA, €CIH, KakK
B JIaHHOM NpUMEpe, JlarpaHkuaH sBisiercss nuddepeHuupyemoit GyHKIuen
ckopoctd. OIHAKO CMBICI MHBApHAHTa YPAaBHEHMH ABMKCHUS 3Ta (QyHKIHA
HpHOOPETaeT TONBKO B PETYIAPHBIX TOYKAX TPAEKTOPHH, T.€. TaM, IJI¢ OIpere-
JIeHBI ypaBHEHU Ditnepa—Jlarpamxa.

B Toukax kpusoit Sy, onpenensiemoii ypasuennem M =0, r.e. Ha xpu-

BOH

2 2mc? f[k(a-1)]
- /2
(1—v2 /cz)3

Sp: (1.4)
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BEKTOPHOE TI0JI€ JWHAMHYECKOH CHCTEMBl HE ONpENeNICHO. Y paBHEHHE
E = const onpenenser tpaekTopuio, KOTOpas MOXKET MEPECEKATLCS C KPUBOU

S 1pH HEKOTOPBIX 3HAYCHUSIX KOOPIAMHAT U CKopocTeil. Beesem st cokpa-

ueHus 3anucy Ge3pazmepHbie koopaunatel U =V/c u X =(q/c)Nk/m ,a

2
SHEPrUI0 MOKOsL 0003HaunM Kak [y = mc” . B 9tux KoopauHaTax JHEprus

HAMEET BHU]

1 +l 2 l—a_l 2

a Ha 0c000¥ TPACKTOPUH BBITIOJIHAETCS YCIIOBUE

2 2Ma-D

E=E,

=

HO,HCTaBJ'IHfI €Tr0 B YpPaBHCHUC SHEPIruu, 1nojlydacm, 4To yCJIOBUEC NOCTUKU-

MOCTH 0CO0Or0 pelIeHHs IPU 3aJaHHOM 3HaueHnd Benuunubl & = E/E

COCTOUT B Cye€CTBOBAHUN pemeﬂuﬁ OTHOCHUTCIIBHO BCJIIMYMHBI

y=1/vl-u 2 4 MuONeCTBE [1;+00] cnemyromero ypapuenus:

3 & 1 1

3
+—y—-——=0, a= -—#0;
4 205}/ a a-1 2
(1.5)
—E a=3
Ve 3 .

KyGuueckoe ypaBHEHHE OTHOCHTENBHO ¥ mpu d > 1 umeer enuHcTBen-

HOE JIeHiCTBUTENBHOE pemenne. Hanpumep, ipu @ = 2 penieHne UMEET BUL

1/3 1/3
V= Vi+e? +¢ —|V1+e? —¢ .

Heob6xomumoe yenosue ¥ > 1 Boimonusercs Tonbko npu € > 2 . B atom

cirydae ocobasi TpaeKTopHs JocTkuMa. [Ipu cTpemiieHnH K HEH peryssipHON
TPAEKTOPUHU YCKOPEHHUE Tella CTPEMHUTCS K OECKOHEYHOCTH M HAIIPABICHO JTHOO
MPOTHB JBIKEHUS, JTHOO TIO JBIKCHHIO, B 3aBUCHMOCTH OT TOTO, B KaKO# 00-
nmacty Ga30BOT0 MPOCTPAHCTBA MPOUCXOIUT MPUOIMKEHUE K 0CO00H TOUYKEe —
tam, rae M >0 wm rne M < 0. CnenosarensHo, MOKHO HPeNIOKUTE Ta-
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KYI0 HHTEpIIPETALMIO MPOUCXOAMIET0 Ha 0cO00i TPAeKTOPHH: YacTUIA IGO0
OTpakaeTcst OT Hee KaK OT aOCOIOTHO XKECTKOH CTEHKH, JTHOO MPOCKAKUBAET B
Ty 1actb asosoro npocrpanctsa, rae M > 0. Xors na camoit Spy Tpaekro-
pHs He OnpejieNieHa, OHA MOKET OBITh TIPOJOJIKEHA HA Hee MO HEMPepPhIBHOCTH
¢bysxiuy 3Hepruyu. [Ipu TakoM MOAXOJE OTPAXKEHME MIM IPOCKAKUBAHHUE HE
COTIPOBOYK/IAKOTCS M3MEHEHHEM MOJIYJIsl CKOPOCTH B GECKOHEYHO MajIoii OKpe-
CTHOCTH 0C000i1 TPaeKTOpUH.

. n
PaccMoTpum Temeph Gosiee obmmii npuMep — oaHy vactuiy B R, na-
IpaH)kKMaH KOTOPOM 3aBUCUT OT MOAyJleH KOOpPAMHATBI M CKOPOCTH:

L= L(q,V), q= |q

, V= |V| . Torna TeH30p Macchl TaKOH YaCTUIBI PaBEH

1 cE

12
My =N +=A;, (1.6)
Yz v v
12 1
rne FE=v——L — oueprus cucremsl, a Aij u Aij —  B3aWMHO-
OPTOrOHaNbHBIE IPOEKTOPHI HA HAMPABIEHUE BEKTOPA CKOPOCTH:
_ 1 _ _
Al-j—el-ej, Alj_é‘l]_Alj’ e—V/V.
1E
Onpenenutens matpunsl M jj TIETKO BBIYHCIIAETCA, TIOCKONbKY _E —
\%
1L
ee COOCTBEHHOE 3HAUEHME KpaTHOCTU 1, a —5 — coOGCTBEHHOE 3HAUCHHE
%
kpatHocTH 7 — 1, Tak uToO
-1 -1 -1
10LY""10E ) 1L 1 O
g1 ——, (M) =[ === A+ == A0
vov) v oy i v Ov vov)

Ortciona cieayer, 4To OCOOBIMH TOYKAaMH SIBISIIOTCS HETPUBHAIBHBIE (C
HEHYJIeBBIM 3HAUY€HHEM CKOPOCTH) CTallMOHApHBbIE TOYKH SHEPTHM M JIarpaH-
JKHaHa, IPUYeM IOCIIeIHHE CYIIECTBYIOT TOJBKO B IPOCTPAHCTBE Pa3sMEPHOCTH
6ompme 1. CrampoHapHBIE TOYKH DHEPTUU OTBEYAIOT Pa3phIBY KOMIIOHEHTHI
YCKOPEHHs, KacaTelbHON K TPAEKTOPHH, a CTAI[HIOHAPHBIE TOUKH JIarpaHKHUaHa
— Ppa3peIBy €T0 HOPMANBHOW cocTaBistomeil. Paspemras ¢opmansHO ypaBHe-
Hust Ditepa—Jlarpanxa (1.1.4) OTHOCHTENIFHO YCKOPEHUH, TTOTy4aeM

v, = MA#—MA[ vn., nzg. (1.8)
oL/ov ' OE/dv V) q
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Ortciona ciemyer, 9To B OKPECTHOCTH CHHTYJIIPHOIO MHOMKECTBA YCKOpE-
HHE  CTpEeMHTCSI B  OECKOHEYHOCTb, €CIM B  3THX  TOYKax

A& +0, E/a 0.

Ha30BeM CHHIYISPHBIM MHOXKECTBOM S ) AMHAMUYECKOH CHCTEMbI MHO-
JKeCTBO Touek, B kotopbix J = 0. B nawem npumepe Sy pasbusaercst B npsi-
MYIO CyMMY JIByX MHOXKECTB: CHHIYJSIPHOTO MHOKECTBA S}) MIEPBOTO THIIA,
OTBEYAIOILETO PAa3pBIBY KOMIIOHEHTHI YCKOPEHUS, HAaNpPaBICHHON BJOJIb IBH-
JKEHMS, U CUHTYJIIPHOTO MHO)KECTBA Siz) BTOPOIr'0 THUIIA, OTBEUYAIOLIETO Pa3Phl-

BY HOpMaJIBHOﬁ KOMIIOHEHTBI YCKOPEHHUA.

B Toii obnactu (hazoBoro nmpoctpaHcTBa, rie —/d/ > (), B okpecTHOCTH

1
SD YCKOpPEHUEC HMCCT HaIIPpAaBJICHUEC, MNPOTHUBOIIOJOKHOC ABUIKCHHUIO (3HaK

2
«MHUHYC» HPH HPOEKTOpE Aij ), @ B OKDECTHOCTH O]) — OPTOrOHAIBHO CKO-
poctu. TT03TOMY MOKHO TPEMLIOKUTH CIEAYIONLYI0 HHTEPIPETAIMIO TIOBE/Ie-

1
HUSL CHCTEMbI B OKPECTHOCTH S ) : TPAEeKTOPHUsl OTPAXKaeTcst OT Sy C CoxXpa-
. 1 .
HEHHEM MOJYJIsl HODM&IbHOH K ) COCTABIAIOLIEH CKOPOCTH, U CIIMPAIBHO

2
Hakpyunsaercs Ha STy . Ha camom MHOXecTBe S7) BEKTOpHOE 110JI€ AMHAMH-

YEeCKOM CHCTEMBI HE OIPEAC/ICHO, HO IICPBBIC HMHTETPaJibl — B YaCTHOCTH,
OHEPIrusd CUCTCMBbI — MOTYT OBITH MMPOAOJKEHBI Ha HETO IO HEIIPECPBLIBHOCTH.
TOF[la JOCTUXKUMOCTb CUCTEMOM CBOETO CHUHTYJIAPHOT'O MHOXXECTBA 3aBUCUT OT

TOro, uUMeer I Sy) OOLME TOYKH € M309HEPreTHYECKOH MOBEPXHOCTHIO
E = const . Tlostomy MOXeT BO3HMKHYTb Takas CHTYalus, 4TO, XOTs JMHA-
MUYECKAsl CUCTEMa M UMEET CHHIYISPHOE MHOXECTBO S ), OHO HEJOCTHKIMO

B CUJTYy UMCIOLIMUXC 3aKOHOB COXpaHCHUS. HyCTI), B 4aCTHOCTH, IBUXKCHUC TC-

n
Jla B R 3a4a€TCs JIarpaH>KuaHOM

2
L:—mcz\jl—vz/cz—q)(q l+ﬂ , (1.9)

202

CI/IHFyHHprIe TMOBEPXHOCTU ONIPEACTIAOTCA YPAaBHCHUEM

68

1 (a-D)@(g))"
J= _
" NI=vi/e? mc? §
(1.10)
1 (a-1)@(q) o
(1 —v*/c? )3/2 mc?

Jns cnyuas nputsxenus (O <0) npu a > 1 narpanskuan (1.9) HeBbI-
pPOXIEeH. DTO Ba)KHOE 3aMeuaHue, IIOCKOJIbKY M3 HEro CIEAYeT HEBBIPOXK/ICH-
HOCTh ClabOopesTUBUCTCKOM 3anaun Keruiepa o JABM)KEHHH B I10JI€ TPUTSATH-
BAIOILIETO [IEHTPA.

Juramudeckas cucreMa (1.9) mMeer MHTErpasr SHEPTUU TOTO KE BHIA, YTO
u(1.3)

2 2
E=—"C° L l—ﬂ : (1.11)
V- v2/e? 2¢*
anpu n>1 cymecTByer Takke elle OfUH MEpBbI MHTErpal — KUHETUYE-

CKUIl MOMEHT:

K=|q% ! —(a_l)(f(q) [q.v]. (.12

qa_ =m
X V1-v?/c? mc

Mostomy, ecmu K # 0, T0 cunrysispHoe MHOKECTBO BTOPOTO THNA He-

1
JOCTIIKAMO, T.K. HA HEM JOJDKHO OBITh —— = 0. Yro xacaetcs S D> TO U3

2
ovISD
(1.10) crmemyer, dYTo Ha 3TOM MHOXCCTBE BBINIOJIHIETCS PABCHCTBO

m02 3
CD(q) = m ¥~ , u moroMy 3aKkoHsl coxpanenus (1.11), (1.12), rermpepsis-
a f—

|
HO IMPOJOJDKCHHBIC HA SD ,» JOJIDKHBI OBITh COBMECTHBI.

1
Kak u B PAaCCMOTPECHHOM BBILIC OJHOMEPHOM Ciiydac, NJOCTHIKCHUC SD

onpenensercsa peuienueM ypasHenus (1.5). JlanpHeliee ncciaenoBaHue 3aBH-
CHUT OT KOHKPETHOrO BHJa MOTEHIMalla B3ammozencteus. Vccnenyem curya-
LU0 JUIs CJIy4as PeNSTHBUCTCKOrO OCLMILIATOpA Hpu d = 2 . YCIOBHS COBMeE-

1
CTHOCTH UHTCIPAJIOB JIBUXKCHUSA HA SD JAAa0T CUCTEMY
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73 +3y -2 =0,
()/2 —1)3 sin2¢=k2,

rie @ — yron mexy Bektopamu  u V,a k = K /(mc).

(1.13)

Ecnu 7<\/§ (T.e. 8<5/\/§) k2 >1, 10 Hu npu kakux yrmax @

1 .
MHOXECTBO ) HEHOCTHKHMO, T.K. JOJDKHO ObITb |51n ¢| <1. Takum o6pa-

30M, YCJIOBHUEC NOCTUKUMOCTU CUHTYJIAPHOTIO MHOKECTBA UMEECT BU/T

2/3 2/3
k_2 (\/1+82 +£j +(\/1+52 —5) =31=21. (@114

OOpartuMcsi Tenepb K MOJENSIM KOHKPETHBIX (usnueckux cucrtem. Jla-
TpaH)XHaHBI, 3aJal0IINe JHHAMHUKY CHCTEMBI C YU4e€TOM KOHEYHOCTH CKOPOCTH
pacTpoCTpaHeHHsT B3aMMOJACHCTBHSI, WHBAPHAHTHBIC OTHOCHUTEIHHO TPYIIIIEI
npeobpaszoBanuii [lyankape, moctpoeHsl B padote [10]. CiabopensITHBUCTCKHUE
JlarpaHXHaHebl C 6I/lHale>lM B3aMMOJIEICTBHEM UMEIOT BU/T

ch NI v/c)

v. 0.
-2 9 { £ 21",-,2» ‘;cvz"+2c”2 (m, v)(nyvj)}— (1.15)

1<i<j<N C
b ,
T2 Y O 2 (0,0, + DD + DD ),
C <i<jsN C icj<k

rae 4epes ml 0003HAYEHBI MAaCChl ITOKOS qacTuIl, Vij = Vi - Vj’

nU :qij /qij — CIWHUYHBIC BCKTOPbLI B HAIIPABJICHUM qij =q; _qj 5
q)ij = q)(qij) — KJIACCHYECKMHl TOTEHLHal MapHOro B3aUMOJAEHCTBHS, a
6’1-]- :%'jCD;'j /D j — norapudmueckas NpousBoiHas motenuuana. Ilpn

[ =0, a=1, b=0 us(1.15) nonyuaercs narpanxkuan Jlapsuna [11], a npu
[ =3, a=4, b=1 — narpamxuan ®oxa—Duxrenronsua—Uudensma [12].
IMapameTp @ omnpenenseTcsa TEH30pHBIM paHToM Mois B3aumojeicraus [10]:
ans ckansproro nois @ = 0, ans cuctemsl sneKTpUUecKUX 3apsanoB d = |
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(BekTOpHOE MOJIE), [/ TPaBUTALMOHHOro nois & =4 (paur Tensopa Puma-
Ha).
Haiinem cHHTynsipHOE MHOXKECTBO JIByXYacCTHYHOH CHCTEMBI, 3a/laBaeMO

B

narpamxuanoM (1.15). Tenzop maccer M g,b’ =0°L/ avia ov |j mmeer Buj

— Mll M12
M21 M22

_ 2
Mi?ﬂ:[miyi_wjé‘aﬁ—i_m_yz 1 1’

(1.16)

¢ (1.17)

off
Mij i

; :%[(Za—l)é‘“ﬂ—ﬁn“nq

Z[J'IS[ COKpalicHusd 3ammcei BBCICM 0003HaYECHHUS

(a-1) 3 (a-1)0

iri_—za My =mly ————r—.
C C

ITo dpopmyne Llypa [13] st onpenenurens 6I09HONH MATPULIBI UMEEM

szetM:detMlldetT, T:M22—M21M1_11M12,

rne det M 11 Boraucisiercst mo dopmyie (1.10), a matpuna I mmeer Gonee

z=®/c?, My =m

CJIO)KHBIP'I BUI;
= A5” + Beel +B,elel + B 71‘)’11’3+Bl3(el n’ +eln ),

A=u2——2(2a 1), B = Z_z( a-1) (L_i}

4 &
2 1.18
Bz=[¢2—y2,33=42—9 (2a-1)- nel)z 019
1
11
By=-"0(2a-1)| L-L
N 4 ( ) H ﬂ]J( )
I[.]'DI BBIYHCIICHUS OHpe[leJII/ITeIDI MaTpulibl BUJa
7% = A5“ﬂ+ZByel , ecR"|e=1,
i,j=1
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BOCTIONIB3YyeMcs (OPMYIIOH, BEIBOAUMON HEITOCPEICTBEHHO MYyTEM Pa3IIOKEHHS
OIPEACTIUTENS IO CTPOKAM:
n n—k N N
A (k) 1, (k)
! ZBiljl'" Z BikjkVil...z'ijl...jk (1.19)
k=1 ' I, =1 ik,jk =1

det7 = A" +

k
rae Vi( )i — obwem k -MEPHOI'0 HAIIpaBJICHHOI'O Iapajulejenuiesna, Io-
CTPOCHHOI'O Ha BEKTOpax el-l ooy € i - B uvactHOCTH, B TpEXMEPHOM ClIyyae

1 2 3
Vi() =e;, V,-J(- ) z[ei,ej], Vl.](.k) :(e,-,ej,ek). (1.20)
Just matpuust (1.18) o popmye (1.20) nonyyaem

det7=A4"" {4 + 4 (B, + B, + B, +2B,ne, )+
+A[(B1B3 ~B)[ne,] +BB,[ee,] +B,B,[ne,] + (121

+2B,B,;[ee,|[ne, ]] +B, (B1B3 - B}, )(elezn)z} .

Ota Qopmyna onpenenser 00Kl BU TOBEPXHOCTH BBIPOXKICHHUS IS T1a-
pbl yactui B (a3oBoM mpocrpaHcTBe. OJHAKO MPAKTHYECKYIO 3HAYUMOCTD
MMEEeT Ta YacTh CHHIYJISIPHOI'O MHO>KECTBA, HAa KOTOPOH MPOHUCXOIUT OTpaxe-
HHE TpaeKTopHH. [IJIst TOro Hafo y4ecTh, YTO YCIOBHE CYLECTBOBAHHS HETPH-
BHABHBIX PEIICHUH (OTHOCHTEIFHO CKOPOCTEH) CHCTEMBI

M My | vy
Mo M|\ V2

yxe, uem ycnosue det M = 0. Mckmouas U3 AMaroHaTbHBIX GIIOKOB MaTpH-

=0

1l M npoeKTOphl, OPTOrOHANBHEIE CKOPOCTH, MOJTy4aeM Topasio 6osee mpo-
1
CTOE BBIPQXKECHHE ISl COOTBETCTBYIOLIETO CUHIYJISIPHOTO MHOXKeCTBA S :

J = mmyriys =(a=1)z(my} +myp3) -

-1
2 n
z

—?(6’2—26’(2a—1)+4a—3) X (1.22)

x[mlmzyfyf —(a —l)z(mljfl3 +m2}/23)—a22] =0.
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Hus narpamxuana Jlapsuaa 00e ocoObix moBepxHocTH B (1.22) coBmana-
0T, ¥ YCIIOBUE BBIPOXKICHUS IPHHUMAET BUJ
2

33 1 q I [ el e
Vivy =", X=—r. 4y =4 495 - 4 =——5(1.23)

X 90 m;c

OTMeTI/IM, YTO BBIPOXKJACHHUEC MOKET IMPOUCXOAUTH MPHU JIIOOBIX CKOPOCTSIX

el
(B TOM 4MCIIE ¥ HYJIEBBIX — Ha PACCTOSHUM (() MEXIY 3apsAJaMu) U IPH JIK0-

el el
OBIX 3HAKaX 3apsAJ0B, IPHYEM, ECIIH | # ¢ , TO COMMKEHHE IPOUCXOIUT 3a
CYET «CAABJIUBAHMSD) YACTHUIIBI C OOJIBIINM KIIACCHUECKUM PAJUYCOM.
JUIs rpaBHTAalMOHHOrO B3amMopelkicteus @ = Gm1m2 / ¢ YCIOBUE BbI-

POXKACHUA UMECT BU

3 1 4
v +=| N =7 |- |x
X 1/77 X

3 1 7
SEa R x/573+ﬁyi -5 =0 a2

q , . o Gm,
n= ml/mzax=¥, 95 =N 95> 4 = 7

0

IpuBenem Taroke ypaBHEHHE CHHTYJIAPHOIO MHOXKECTBA IIEPBOTO THIIA IS
CHCTEMBI JIBYX DJICKTPUUECKUX 3apslioB C ydeToM rpaButanuu. s ynodcTea
cpaBaeHus ¢ (1.22)—(1.24) BBemeM crexpyromee Oe3pa3MepHBIC BEIUYHUHBI:

1 = my / my — OTHOLIEHNE MaCC MOKOsI ABYX Ten, X = ¢/ ¢ — Gespasmep-

HOC pAaCCTOAHUEC MCIKAY YaCTULaMH, HOPMUPOBAHHOC HA CPEAHCE IrCOMETPpUYIC-

CKOE OT JIByX KJIACCHYECKHX PaMyCOB 3apsaoB, A = O — OTHOCH-

TCJIbHasg CHJIa DBJICKTPOMArHMTHOIO W TI'PaBUTAIMOHHOT'O B38.I/lMOI[CﬁCTBHI7[,
O = il = Sgn(elez) — 3HaK HOPOU3BCACHHA IJICKTPUUCCKUX 3apsd0B. B

3THX 0003HAYCHUSX JJIS OMpeaeauTeNs MaTpullbl SIkodu npeodpasosanus Jle-
KaHIpa UMeeM
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n-1

30 1 1 140 13
J=\ry+—=|nyi+—=r |-=| 1+ —+—=
Ve i nn \/;72 2 1 A2
(1.25)
3o 1 1 &8c 20
x| v+ = nri+—p |-—=| 1+ —-=
}/]72 /Ix 777/1 [77]/2 xz ﬂ, /12

Ipu A —> 400 (T.e. KOria CUJIBI FPABUTALMM MHOTO MEHbIIE SIEKTPOCTa-
THaecknx), u3 (1.25) momyqaem (1.22). Baxxnoii ocodbennoctsio (1.25) sBuser-
s TO, UTO CyIIECTBYeT 00JIaCTh 3HAUEHHil mapameTpa A , Korja skobuaH He-
BBIPOXKICH JUISl Cllydyas Pa3HOMMEHHBIX 3apsfoB. MIMEHHO, eClii OTHOIIEHHE
MAacc yIOBJIETBOPSET yCIOBUIO 7] € (7 - 4\/3 , 7T+ 4\/5 ), a OTHOIICHHE CHII

JIC)KUT B IIpeaeiiax

iel7-6 1—((\/Z+1/JE)/4)2,
4+6 1—((\/5+1/\/5)/4)2

To ompenenurens (1.25) ornuuen ot Hymsa. Takum oOpas3om, nelCTBHE «B OJ-

(1.26)

HOM HAalpaBICHUW» 3JIEKTPOMATHUTHBIX W TPABUTALMOHHBIX CHJI MPUOIN3H-
TENbHO OJMHAKOBOI BENMYUHBI (C1a00 PasHOMMEHHO 3apshKEHHBIE OONbIINe
MAacchl) CHIMAeT BBIpOXKIIEHHE mpeodpa3oBanus Jlexxannpa Bo BceM (pa3oBoM
MPOCTPAHCTBE.

Crenyer noauepkHyTh, YTO paccMaTpuUBaeMasi CUTyalysl IPUHLIUIINAIBEHO
OTJIMYAETCS OT KJIACCHYECKOW IMHAMHKH. Bo-TepBbIX, JarpaH)XHaH CHUCTEMbI
HE COJCPXKUT «CTEHOK» M MHBIX «OTpakaTeneil», 3a KOTOpbIE YacTUIa HE MO-
KET MIPOUTH B CUITy HAJIOXKEHHBIX BHEIIHUX YCIOBUI; OH SIBIAETCS HEMPEPHIB-
HO muddepeHIpyeMor (yHKIHEH CBOUX apryMEHTOB OECKOHEUHOE YHCIIO Pa3
Be3/Ie, KPOME CHHTYJISIPHBIX TOYEK IOTEHIHaNA (€CIIM OHU €CTh) U TPeJeNIbHBIX
3HaueHui ckopocTelt U = £1; Tem He MeHee, B (ha30BOM MPOCTPAHCTBE CyIIle-
CTBYIOT 00JIaCTH, B KOTOPbIE TOYKA HUKOT'/Ia HE CMOXKET MOIACTh HHU MPU KaKUX
3HAYEHHUSX CBOEH JHepruu. bojee TOro, M3 KypcoB CTATHCTHYECKOWH (H3UKU
U3BECTHO, YTO PABHOBECHOE PACIpEeNICHUE, BEIBOANMOE U3 IPUHIUIA MaKCH-
MyMa SHTPOIHH, 3aBHCHUT TOJIBKO OT ITOJIHOM SHEPTUH CHCTEMBI, 8 3aBHCUMOCTh
OT JIpyTMX aJJIMTHBHBIX WHBAPUAHTOB MHKPOCKOIWYECKOTO IBIDKEHUS (MM-
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MyJIbCa ¥ MOMEHTA HUMITYJIbCa) MOXKET OBITh MCKITFOYCHA BEIOOPOM TMOIXOAIICH
CHUCTEMBI OTcueTa. B HamreMm jke cirydae AOCTymHas o6iactb (ha3oBOrO Mpo-
CTpPaHCTBa OMPENEIICTCS BCEMU HHBAPHAHTAMHU, KOTOPBIMA 00JIaJlacT CHCTEMA.

B kauecTBa npumMepa, WIITIOCTPUPYIOIIETO BaXXHOCTh yd€Ta OrpaHUYeHUs
JIOCTYIHOW 00JacTh (ha30BOr0 MPOCTPAHCTBA HEBBIPOXKICHHOCTBHIO sSKOOHMAHA
npeobpas3oBanus JlexaHapa, pacCCMOTPUM TOYHO pPeIIaeMbIi CiTydail pensTHBH-
CTCKOIO Ta3a B JIMHCHHOM BHEIIHEM I10JIE:

2

L:Z —mcqul—viz/cz—/1|qi| 1+‘i2 . (1.27)
i C

Omnpenenurens TEH30pa Macc B 3TOM citydae (aKTOpU3yeTcs:

m 2/1|ql.|
J=11J, J = — X
H B |
z=(2))", z= [ exp(-PE,)J dgdv, (1.28)
Ji>0
m02 Vz
e el

Hackonbko Takas CUTyalus OTJIMYACTCA OT KJIACCUYCCKOTO cnyqaﬂ? Bse-

. N 2
JleM KIacCH4eCKuil paauyc B3ammopeiictsus ¢o =mc~ /2A wu mnapamerp

2 o .
b = ﬂmc . Tor,ua nojgy4dyaceM Uil OAHOYACTUYHOU CTATUCTHYCCKOU CYMMBbI

Z| BBIpaeHHE
1
Z = 2mcq0J‘du exp(—b/\/l —u’ )x
0
() . (1.29)

! —2x |exp —b%(l—uz) X

HUcnone3ys npencrasienue ¢pynkipn Mak-J{onansaa [14]
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Jro ()7 2\ 2(v-1
(5 Feuf el
F[v - j 0
2
HOquaeM TOYHOC BBIpB.)KCHI/Ie JIIsL CTaTI/ICTI/II{eCKOﬁ CyMMLI:

Z = %[\1’1 (b) + ¥, (3b/2) + %(\112 (3b/2) - P, (b))},

(1.30)
B =Kib) + Ko B, Pa(b) = Ka(6) ~ Ki(b)

3b

Unen LPI (7j naet npuHIMnuaigbHoe ommune (1.30) or ciyuast mue-

AJIBHOT'O PEIIATUBUCTCKOI'O Tasa, KOTOPOE€ IMPOABUIIOCH H3-3a OIPAHUYCHUSA

4] 1

J >0, 1e us3aycnopus — < ——————.
0 (l—v /c )3

CpenHsist SHEpTHs CHCTEMBI OTIPEACISIETCST POPMYIIOH

_0”an1
a

B ciyyae muskux Temnepatyp (b >>1) ucnombzyem acumnToTHUeCKoe

(1.31)

npencrapiene K -QpyHkuuu

T bl a2 -1

K, (b)=,|— +——+oll/b)|.
V(B) = e o +oll/b)
Torna
__anz_ 2 L o), (1.32)
p 24

YTO COBIAJIACT C KBa3MKJIACCUUECKHM MPUOJIMKEHUEM sl cpeaHelt sHeprun. B
JPYTOM TIpefielbHOM clydae Bbicokux Temmeparyp (b << 1) wucnombzyem

bopmyay [14]
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K, b)=(-1)" In<b)1n(§j+%"z_l(—1)k(” j Skt

2 k!

NG i(éj”‘*" w(n+k+)+yk+1)

2 =2 k\(n+k)! ’

d o b 2k+n 1
=" InT(x), I(x)=|-| ——0.
()=, L@ ,Z;(z] K\(n+ k)]
Torpma noxywsaem Bmecto (4.10)
&= %(l-ﬁ-o(b)), (1.33)

YTO COBIAJAET C YJIBTPAPEIATUBUCTCKUM MpeneaoM. B ciyyae mpomexxyTod-
HBIX TEMIIEpPaTyp HaJ0 KCIOJb30BaTh 00myto (Gopmyny (1.31), u3 koTopoii
HEJIb3S BBIWICHHUTH OTAC/BHBIC BKIAIBI CBOOOMHOTO IBWKEHUS W 3(D(HEKTOB,
CBSI3aHHBIX C CHHTYIISIPHOCTBIO TIpeoGpasoBanust Jlexkanapa.

2.2. CuHIy/IsIpHOE MHOKECTBO H Xa0TH3ALHMA ABH/KCHUS

[IpuHIMOBI TPOJOIDKEHUS TPAEKTOPUH Uepe3 CHHTYJSIPHOE MHOXECTBO,
Ul KOTOPOro siIkoOuaH mnpeoOpazoBanust JleskaHapa BBIPOKIAEH, OCHOBAaHBI Ha
CIEeIYIOLIEM YTBEPKACHHH.

V Teopema 2.1. IlycTh narpanxuan L(q,v) SIBJISICTCS HempepbiBHO audde-

peHnupyemMoi (QyHKIMEeH KOOpIWHAT M IBaXKIbl HempepsiBHO auddepeniu-
pyeMoii QyHKIue#r ckopocTei. Torga MHOXKECTBO JIOKAIBHBIX AKCTPEMYMOB
TpaekTopuy (T.e. TOUeK, B KOTOPbIX &, / OV = 0) sBysteTcst MOAMHOKECTBOM

cunrynsproro muoxectsa S :detJ =0.

JoxkasarensctBo. Tlockomnbky sneprus E = —L + Zvl-aL/ 0v; sBuser-
csi HEmpepsiBHO guddepeHnmpyeMoir (yHKIHUEH CBOMX apryMeHTOB, TO
2
OE /ov; = Zv]@ L/aviavj = ZJz’jVj . Torma Ha TpaekTopwH, T.e. HA
J J

nuann ypoBHsi = FE(y crpaBe1iuBbI COOTHOMICHHS
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a __Eld;

1
=- J vy (2.1)
&;  Eldy aE/ag,.%' /

CrenoBarenbHO, HETpUBHAJIBHBIE (T.€. C HE PABHBIMHU HYIIO CKOPOCTSIMH)

TOUKH JIOKaIbHOTO dKcTpemyma ¢y, /v, =0 cymectsyior TobKO B TOM

ciyuae, eciu detJ = 0. A
Iycts cuctema coctouT n3 N HacTHIl M Pa3sMEPHOCTb OJHOYACTHIHOTO

KOODPJIMHATHOTO TIPOCTPAHCTBA PaBHA 1 , TO COBOKYITHOCTh (nN )2 BEJINYUH
.. 2
MUIB — 0°L (q’ V)
Q
vax 8\/}6

00pasyrT TEH30p MacChl AMHAMUYECKOW CHCTEMBI.

(2.2)

ij .
O6o3Haunm uepes J = det(M ojzﬁ) ONPENETUTEND COOTBETCTBYIOIIEH

marpuibl. CornacHo onpenenenusm [2], narpamxuad L Ha3bIBaeTCS HEBBIPO-
AKJICHHBIM, €CIIM 3TOT OIPEAEINUTENb HE 00paliaeTcsa B HOJIb HU B OJHOM TOUKe
(hazoBoro MpoCTpaHCTBA: V(q,v)c y:J #0. Jlarpamkuan Ha3blBaeTCs

CUJIBHO  HEBBIPOXKIACHHBIM, €CJIM OH HCBBIpOX(HeHHBIﬁ, n ypaBHCHHUSA

oL
ovy

HUMECIOT €MHCTBEHHBIC HENpPEphIBHO AuddepeHiupyembie u 00-

Pia =

a a
paTUMBbIE pelieHus V. =V; (q, p). OroGpakerne <3 : {q,v} - {q, p} Ha-
3pIBaeTcs npeoOpasosanuem Jlexanapa, ecnmu L cuimbHO HeBbIpoXaeH. [loa-
YEPKHEM, YTO KJIACCHYECKAasi CTATUCTHYECKas MEXaHHKa TIOCTPOCHA JUTS CHIIBHO
HEBBIPOXKICHHBIX JIarpamXHaHoB. Eciu B HekoTopo obiactu (a3oBOro mpo-
CTPAHCTBA ) OIpPEACIHUTEND BEIPOXKICH (J = 0), TO TaM YCKOPEHHS HE MOTYT

OBITH IIPE/ICTABIIEHBI KaK OIHO3HAUHbIE (PyHKIMH (ha30BBIX IEPEMEHHBIX.

V Omnpenenenue 2.1. Jlarpamkuan OyZeM Ha3bIBaTh HEBBIPOXKICHHBIM OYTH
BCIOLY B ¥, eciu MHOXKecTBO, Ha Kotopom J = 0, nmeer JleGeroy mepy

~

HyJ1b. B 3TOM ciydae coxpaHuM oOoO3HaueHHe <5 3a mnpeoOpasoBanuem Jle-
JKaHapa, KOTOpOE ONpeneieHo IOYTH BClogy B Y. DBymem nwmcats

J:y—>IH=3E. A
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Knaccudukanus ocobpix Todek narpamkeBsix JC maercs criemyromein
TEOPEMOH.

V Teopema 2.2. OcoObiMu TOUKaMu JarparxkeBbix JC sIBISIOTCS HETPUBH-
albHbIE CTAL[IOHAPHBIE TOUKU SHEPIUU U JIarpaHkuaHa. CTaliOHapHbIE TOUKU
SHEPrUM OTBEUYAIOT Pa3pbIBy KOMIOHEHTH! YCKOPEHUs, KaCaTeIbHONW K TPaeKTo-
pHUH, a CTALIMOHAPHBIE TOUKH JarpaH)KMaHa — pa3pbIBy €ro HOPMAJIbHON KOM-
MOHEHTHI. A

CI/IHFyH}IpHBIM MHOXCCTBOM SD JIUHAMHAYECKOM CHUCTEMBbI Ha3bIBAETCS

MHOXeCTBO ToueK, B kotopsix J = 0. IIpu atom Sy pasGusaercst B npsaMyo

1
CYMMY JIBYX MHOCCTB: CUHTYJIAPHOI'O MHOKECTBA SD NepBoOro Tuia, OTBC-

Yarouiero paspbiBy KOMIIOHEHTbI YCKOPCHUA, HaHpaBHeHHOﬁ BJOJIb ABUXKXCHHUA,

U CUHTYJISIPHOTO MHOXKECTBa szj BTOPOT'O THIIA, OTBEYAIOIETO Pa3pbIBY HOP-
MaJIbHO KOMITOHEHTBI YCKOPEHHUSL.

[oguepkuem, yTo popMaIbHO Ha CHHTYISIPHOM MHOXKECTBE HE OIpejielie-
Hbl HUKAaKHW€ MHBAPUAHTHI IBIDKEHUS, NTOCKOJBKY OHM 33Ja0TCSl TOJBKO JUIS
perynaspHbeix Todek. OnHaKo, ecI WHBApUAHTHI (SHEPIUs, UMITYJIbC, MOMEHT
UMITyJIbCa W T.II.) HETIPEPHIBHBI B (Da30BOM IPOCTPAHCTBE, UX MOXKHO IO HE-
TIPEPHIBHOCTH MPOIOJKUTE W HAa MHOXKECTBO O . [TOCKOJIbKY JIBUIKEHHE TIPOUC-
XOAMT Ha MEPECEUEHNH MHOXKECTB, OIPEACIIEMbIX HHBAPHAHTAMH, HOSBISETCS
CleyIolIee yCIOBUE NOCTUKUMOCTU CUHTYISIPHOTO MHOXECTBA.

V Teopema 2.3. IlycTh AuHAMHIYECKas CHCTEMa C JIarpaHXAAHOM L(q,v)

MMEET CHHIYJISIPHOE MHOXKECTBO ), Ha KOTOPOM BBIPOXKAAETCS IPeoOpasoBa-
uue Jlexxanapa. Ecom oHa oOnamaeT HE3aBUCHMBIME HEITIPEepBIBHO Tu(depeH-

[UPYEMbIMH B ) HHBapHAHTAMH JBHXKCHHS Ij, j=12,..,j,<nN, n
S, =8, N 1; — muoxecrso obmwx touex S, u 1;, 10 ), nocrmwrumo
; . .
TOTa W TOJBKO TOIJa, KOTrJa ﬂS ;. * . HocrymHas o6macte ¢a3oBoro
J
J

MPOCTPAHCTBA CHCTEMbl OIPAaHMYCHA MOBEPXHOCTSAMH BBIPOXKICHUS sIKOOHaHA
J =0, B OKPeCTHOCTH KOTOPHIX HOPMAJIbHAS COCTABIAIONIAS YCKOPEHMS Ha-

npaBiieHa NPOTHB ABMXKeHMs. ToUYKaMu OTpaxeHus oT S, SBISIOTCS HETPHBH-

anbHbIe pemienns cuctemsl ypasuenuii 0g, / Ov, = 0, rae tpaexropus, 3aa-
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o o 0 o
BaeMas CUCTCMOU YPaBHCHUU Ij (q, V) = Ij , UIMCCT JIOKAJIbHbIM MAaKCHUMYM.

A

Takum 00pa3oM, CHHTYISIPHOE MHOKECTBO pasfeisieT o0mactu (Ha3oBOro
npocTpaHcTBa ¢ pasHbiMu 3Hakamu detJ . TIpoekius BeKTOpa YCKOPEHHs Ha
HaIpaBlieHUE BEKTOPA CKOPOCTH BONM3M S B OJHOM CIIydYae MOJIOKUTEIbHA
(JIOKaNBHBIE MUHHUMYM), a B OPYTOM — OTpHIAaTeNbHa (JIOKAJBHBIA MaKCH-
MyM). CrienoBaTenbHO, B IIEPBOM Cllydae 4acTHIA CKAUYKOM, T.€. C Pa3pbhIBOM
OMPEICICHHON KOMIIOHEHThI YCKOPEHUSI, POXOAUT Yepe3 CHHTYISIPHOCTb, a BO
BTOPOM OTPa)KaeTcs OT Hee. XapaKTepHO, YTO 1O JAPYIYI0 CTOPOHY CHHIYIISP-
HOCTH TPaeKTOPHsI MEHSET THII SKCTPEMyMa, T.€., HAIlPUMEp, JIOKAILHBIA MU-
HUMYM CTAaHOBUTCA JIOKaJIbHbBIM MAaKCUMYMOM H HaO60p0T, IMO3TOMY TaKO€
MHOXKECTBO 0COOBIX TOYEK SIBJISETCS HOIYPOHULIAEMBIM.

i
B ciyuae, eciau matpuna M g TOTOKHUTEILHO Onpesienena Ha Sp ., Tpa-

eKTOpHS MMEET Ha 0COOOH MOBEPXHOCTH JIOKAIBHBI MUHUMYM, a €CIH OTPH-
LaTeJIbHO — TO JIOKAJIBHBIH MakcUMyM. B TepMuHax ypaBHEHUH ABHKEHUS 3TO
O3Ha4aeT, YTO €CIIM CHHIYJISIPHOE MHOXKECTBO paszieisieT obyacté (a3oBOro
NPOCTPAHCTBA C Pa3HbIMHU 3HaKaMH J , TO TPOCKIHUSI BEKTOPa YCKOPCHUS Ha

HaMpaBJIeHHE BEKTOpa CKOPOCTH BOJIM3K S, B OIHOM Cllydae COHANpaBieHA

JBHOKEHUIO, @ B IPYrOM — MPOTHBOHaNpasiieHa. [103ToMy ecii ¢ ofHoi cTo-
pousl Sp (t.e. mpu t —> ¢, —0, rme {, — MOMEHT HOCTIDKeHHsT S ) Tpaek-

TOPHUSI IMEET JIOKAIBHBIH MAKCHMYM, TO OHA HE MOXET IIPOHUTH «CKBO3b» Sp U

OTpa)kaeTcss OT OCOOOM MOBEPXHOCTH, HO TOTAA C APYTLOM CTOPOHBI 3TOrO
MHOYKECTBA TPACKTOPHUSI MMEET JIOKAIbHBI MUHUMYM (B CHJIy OPYrOro 3HaKa
J) n «upockakuBaeT» Ha IPYrylo CTOpPOHY Sp. DTO 03Hauaer, 4To 0coboe

MHOXKECTBO TOJIyIIpoHHI[aeMo. IMeHHo, Te obiactu (a3oBOro MpOCTPaHCTBA,
2
[J€ yCKOpeHue a, = (a,v)v / |v| HampaBJICHO MPOTHUBOIIOJIOKHO CKOPOCTH,

UMEIOT OTPAKAIOLIYIO TPAHMILY, a €CJIM A, HalpaBJIEHO BJOJIb JBHKEHHS, TO

COOTBETCTBYIOIAss 00JaCTh OJHOCTOPOHHE MPOHHUIAeMa. AHAJOTHYHO pac-
CMaTpUBAIOTCS IMHUU YPOBHS U JJIsl NPYTHX WHBAPHAHTOB.

1
3aMeTuM Temeph, 4To Ha MHOXecTBe O noseneHue JIC JeTepMUHMPOBa-
2
HO B CUJIy TeopeMbl 2.1, a Ha MHOXeCTBe S~ pacCceMBaHHE MOKET MPOMCXO-

. 2
JUTH Ha JI000I yrosi. DTO 03HAYAET, 9TO HA O MOXHO BBECTH AlPUOPHYIO
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2
BEPOSTHOCTh BO3HUKHOBEHHS JIBYKEHHUS B HANPABJICHUH, KacaTelbHOM K S |
CoOTBETCTBYIOIIHME yCIOBUS BOMAYT KaKk TPaHUYHbIC B ypaBHeHHE JIMyBmILIA,
KOTOpO€ OyZAET OIUCHIBATH HBOIIOLHUIO CHCTEMBI B PETYJISIPHOM 00JacTH ¢ yde-

1
TOM OTpA’KCHUS OT (I/IJ'II/I MMPOXOKACHUA CKB03L) S " Xao0Tu3allu HalpasJic-

HUSL JIBUKEHUS TIPM TOCTHKEHUH S 2 .

Takum 00pazoM, XaOTHUECKOE ITOBEJCHNE TMHAMUUECKOH CHCTEMBI MOXKET
BO3HUKHYTb 10 IPUYMHE HEOJHO3HAYHOCTHU IPOJOJDKEHUS TPAEKTOPUU 4Yepe3
CUHT'YJISIPHOE MHOXECTBO.

2.3. YpaBHenue JInyBusuis AJs1 BbIpoxkaeHHbIX [[C

3anuiem obuiee ypaBHEHHE, MOJIEIHPYIOIIEe BEPOSITHOCTHYIO 3BOJIIOIHIO
[1OP, rae BeposSTHOCTH MEPEXo1a 3aBHUCUT OT TOUEK (Pa3oBOro MPOCTPAHCTBA U
MOMCHTa BPCMCHHU. PaCCMOTpl/IM TOJIBKO JIOKAJIbHBIC 110 BPEMCHU BEPOATHOCTHU
nepexona.

Mycts [ (x,t ) ectb IIDP cucremsl, paccmMaTpuBacMoil B (pa30BOM Mpo-
crpanctee I’ Touek X B MoMmeHT Bpemenu ! . ITycTh Takxke sl Kax 10l napbl

’ !
touek X,X €1 w a1g mobwIX AByX MOMeHTOB BpeMeHu ! u ' ompezneneHa
! !
YCIIOBHAsl BEPOSITHOCTh P(x , |x,t) TOT0, YTO CUCTEMA HAXOAUTCS B MOMEHT
! !

! B TOUKE X TMpHU yCIOBUH, YTO OHA HAXOAWIACh B TOYKE X B MOMEHT [.
Ecmu cumrate, 9TO B MOIENHM OTCYTCTBYeT ICHCTBHE W3 OYAyIIEro, TO
! ! ! ’

P(x N |x,t)= O nmpu ¢ <t. Torma BepoOATHOCTH IEpexoja w(x,x ;t) B

!
€IMHUIY BPEMEHH! U3 TOYKH X B TOYKY X B MOMEHT BPEMEHH [ OIpenenser-
cs1 popmysnoit (em. [15]):

W(x, x'; t) = Tli_r)nO%(P(x',t +7 | x,t)— 5(x’ - x)) (3.1

INockonbKy (a3oBoe MPOCTPAHCTBO CUNUTAETCS TOJHBIM, TO MEPEX0] B Ka-
Ky[0-TM00 TOYKYy 0O0s3aTeseH, OTKyJa CIeIyeT YCIOBHE HOPMHPOBKU

.[P(x ot |x, t )dx "=1. Torma u3 (3.1) 115 BEpOATHOCTH HEPEX0/a MOTyYaeM
YCJIOBHE KOHCEPBATHBHOCTH jw(x, x';t )dx' =0.
ITockosbky

f(x,t + z') = jF(x',t;x,t + r)dx' = IP(x’,t x,t+ r)f(x’,t)dx' ,
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TO

of (x,t) =limf(x,t+r)—f(x,t) ~
ot

7—0 T

=1iml(jp(x',z | x,t+r)f(x’,t)dx’—f(x,t))

=0 7

=liml (P(x',t | x,t+r)—5(x—x’))f(x',t)dx’:

0 1

= Iw(x’, x;t)f(x',t)dx' .
UTtak, B TePMUHAX BEPOSTHOCTH IMEPEXO/IA YPABHEHHE SBOTIONUU [ (x,t )

HAMEET BHU]

—af(x,t)_ x twlx’, x;t )dx’
> _jf( O, x; 0 )dx (3.2)

B cnydae neTepMHHHPOBAHHOM 3BOJIIOLUH MEPEXO C BEPOATHOCTBIO €/1H-
HHUIIA OCYLIECTBISIETCA MEXIy TOYKaMHM, JEeKAIIUMU Ha OJHON MHTErpalbHOM
KpUBOH cucTeMbl X = V(X), U C BEPOATHOCTBIO HOJIb MEXKILY APYTMMH TOYKA-

Mmu. Torzma nerko nposeputs, uto ypaBHenue Jluyswuis (1.1.12) cnenyer u3
(3.2), ecnu

w(x,x';t) = %5(}6'(0 ~x). (3.3)

HeiictButensHo, moactasisis (3.3) B (3.2) u BemonHAa auddepeHupona-
HHE, TOJy4aeM

Fl5) [ 006 ) o

ot dt ox'
_ [ os(xx) 0
~ Ve /e =5 @),

[Ipeanonoxum Tenepp, 4TO TUHAMHKA 33/1a€TCsl HEOJHO3HAYHBIM O0TOOpa-
JKEHUEM, NPUYEeM B CaMOM CHCTeME OTCYTCTBYET MEXaHH3M BbIOOpa TOW MiH
HMHOU TpaekTopuu. Torna B KaxJ0l TOUKE HEOAHO3HAYHOCTU MOYKHO «PyKamm»
3a/1aTh HEKOTOPYIO BEPOSITHOCTH BBHIOOpA ONpENETCHHOW TpaekTopuu. B pe-
3ynbrate dBomornusd [IOP cama Oyner uMeTh BepOATHOCTHEIN xapakrtep. Cuc-
TE€MBbl MOTYT UMEThb TaKoe MOBEJIEHHE, HalpUMep, TOrAd, KOrja HapyllaeTcs

82

ITIAJKOCTh OTOOPaKEHHUS], YTO M UMEET MECTO B CIIy4ae BBIPOXKIAFOLICHCS au-
HaMUKH.

B cooTBeTcTBUM C NMPOBENEHHBIM aHAIN30M B II. 2.2 CJIEAYET AOIOJIHHUThH
ypaBHenue Jlnyuiuis (1.1.12) rpaHUYHBIMU YCIIOBHSIMHE JUTsl QYHKIMH pacipe-
JIeJIeHUs! TIOCJIe TIOTaIaHNsl CUCTEMBI Ha CHHTYJISIpHYIO (Da30BYIO IOBEPXHOCTb.
DT0 yCIoBHE 3alHIIEM B HHTETPAIbHOM BHE 10 aHanorui ¢ (3.2). Torma

plx,tg +0)= jP(x,x')p(x', ty —0)dx', (3.4)
rae sAIpo P(x,x') OIUCBIBAET MPOLIECC MPOXOKACHHST TPACKTOPHHU YEPE3 T10-

BepxHOcTh S(X) . OcoOyI0 MOBEPXHOCTH Oy/IeM CUMTATh TIAJKOM, TaK 4TO B
KaKJI0i ee Touke ompesesieH BekTop Hopmanu N =V.S/ |VS |, [JI€ TPAMEHT

Oepercs UMEHHO B (Da30BOM IIPOCTPAHCTBE pasMepHocTH 27. B supe
! o
P (x, X ) JIOJDKHBI OBITH OTPa)KEHBI TIPaBHJIa MIPOXOXKIAEHHST 0COO0H TTOBEPXHO-
CTH: AP0 OTJIMYHO OT HyJIS TOJNBKO Ha 0COOOH MOBEPXHOCTH, T.€. B HEM JIOJI-
!
JKeH HaXOAuThes GakTop O (S (x )), OHO JIOJDKHO COXPAaHATh MPOCTPAHCTBEH-
HbIE MIOJIOKEHUSI YaCTHI] ITOCIIE TIPOXOXKICHHUS, YTO O3HAYaeT HAIMYKMe (akTopa
!
o (q —-q ); COXpaHEHHE MEePBBIX HHTETPAIOB CHCTEMbI 00ECIIeUnBACTCS Yepe3
!
o) (1 (x) -1 (x )), rae non /(X) 3neck moapasymesaeTcst HAGOP UMEIOIIUXCS
HE3aBUCHUMBIX IICPBBIX HUHTEIpPajOB CUCTEMBEI. I[J'Iﬂ IMPOCTOTbI PaCCMOTPUM
TOJIBKO Cllydyail ¢ OTpa)arolled IMOBEPXHOCThbIO. Torma B siape MHoOsBIsIETCA

MHOXHUTEIb 5(X - 2n(x’n)). T.x. B 1aHHOM cJyyae MOBEPXHOCTb HE MOTJIO-

IL[AET CUCTEMY, TO IP(X, x')dx' =1. B urore nonyyaem

P, x')= S(SG))S(I(x)— 1(: )5(q - a')5(x = 2n(x'n)). 3.5

B kagectBe mpocroro mpumepa npuMeHeHHs IpaBuna (3.4) paccMoTpuUM
cuCTeMY, HOpoXxaaeMyto IuhepeHIHaIbHBIM YpaBHEHHEM IIEpPBOro MOPsKa,
HE Pa3penIeHHBIM OTHOCUTEIBHO IPON3BOIHOM 110 BPEMEHH:

y(x, p,t)=0, p=x. (3.6)

JlocTaTo4HBIM yCIIOBHEM Pa3peIInMOCTH ypaBHEHU (3.6) OTHOCHTEIBHO p
spnsercss 0y /Op # 0. B sToM ciydae yepes KaskIylo Takylo TOUKY {x,t } B
pacimpeHHoM (ha30BOM IPOCTPAHCTBE, HA3BIBAEMYIO PETYJISIPHOM, MPOXOIUT

POBHO OJIHA MHTETpaibHas KpuBasd. B Touke {x, t } OTIPENENICHO EANHCTBEHHOE
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BEKTOPHOE TOJIE {fc,l} E{ p(x, t),l}, rne p(Xx,t) sABISETCS JOKAIBHBIM

pelieHreM ypaBHeHus (3.6) oTHocUTENbHO p. McciaenyeM BOMOLMI0 aHCaMO-
7L TAKAX CHUCTEM, Pa3IMYalOIINXCS HaYalbHBIMH yCIOBHSAMH, U BBEAEM ILIOT-
HOCTh pacnpenenenus f(X,7) KOOpAMHATHI X, YUUTBIBASL, UTO ITA KOOPMHATA

siBisieTcs  perieHueM ypaBHeHust (3.6). Torma 3Bofionus pacnpeeeHus
f(x,t) B cuny cucremsi (3.6) onuceiBaetcs ypapHeHuem JInyBusis

zf+—(f) 0. (3.7)

1

Onuako mepa dx B obmeM ciydae He uHBapuantHa B R : ecmu p(X,1)
He paBHa noctosuHOM, T0 Op /Ox # 0. C npyroii CTOPOHBI, Tak KaK TOTHAsS
BEPOSITHOCT JUISl CHCTEMBI TpPeObIBaTh B (ha30BOM IMPOCTPAHCTBE ) paBHA

C€AUHUILE U COXPAHACTCA BO BPEMEHH, TO HOJDKHA CYIIECTBOBATH IIJIOTHOCTH
ﬂI/IHaMI/I‘ICCKI/I-I/IHBapI/IaHTHOﬁ MEphbI, TakKas, 4YTO

[rdv={r@net.nde=1,

7€ /g W ecTb 9Ta mIoTHOCTE. Jlerko ybemuthes, uto /€ =1/ p ects Tpe-
OyeMasi INIOTHOCTS, T.K. TOrAa

dwfx_\/’g(I) fa(fpf)

u ypaBHeHue (3.7) MOKHO 3anucaTh B JMBEPreHTHON (GopMe 3aKOHA COXpaHe-
HUA.

B ciyuae xe, ecmu 0y /Op =0, Takoii Mephl B o0uIeM clTydae MOXKET U
He OBbITh, TaKk KaK CKOPOCTb p MOKET ObIThb He ompejeneHa. Eciu
0’y /0p® #0, 1o ypasuerne Oy/0p = MOXKHO NOKAILHO Pa3spELIUTh OT-
HOCHUTENBHO p, TOCJE€ Yero HUCKIIOYUTh p U U3 MUCXOAHOTO ypaBHeHUs (3.6).
[omyuusascs B pesynbTate JUCKPUMUHAHTHAS KpuBas
S(x,t)=F(x, p(x,t),t)=0 B pacuupenHom (azoBoM HNPOCTPAHCTBE

{x,l‘ } SIBIISIETCSI OCOOBIM pEIICHNEM, MMEIOIUM OOIIYI0 TOUKY C KaXIOH pe-

TYJISIPHOW WHTETPaJbHOI KpHBOH. J[BHKEHHE aHCAMOJIS CHCTEM B OCOOBIX TOY-
Kax He OMpeIeNIeHO, TaK KaK B HUX HET €AMHCTBCHHOCTH PEIICHUS YpaBHEHHS
(3.6). CnenoBatenbHO, HA TUCKPUMUHAHTHOW KPUBOH CIIEyeT MMOCTABUTH Ipa-
HUYHBIE yCJIOBHS JUTS IUIOTHOCTH BepositHocTH f (X,1) , KoTOphle MOTYT OBITh
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chopMyIHpOBaHbl B BHJE HEKOTOPOIO IpaBHJa PACCESHHUS BEPOSTHOCTH Ha
0co00ii TpaeKTopuu.

Juis wntroctpanuu 06o0mienns cratuctuaeckoro onucanust Ha JIC ¢ oco-
OCHHOCTSIMH PACCMOTPUM KOHKPETHbIA mpumep. [lycTh AMHAMHKA CHCTEMBI
3aJjaHa OOBIKHOBEHHBIM JH(depeHInaIbHBIM ypaBHEHHEM:

y(x,%,0)=5x+ x> —t(t+x)=0. (3.8)
Beons p(t) =X u pemas cosmectHo ¢ (3.8) ypasuenne Oy/0Op =0,
xotopoe umeer Bua 2p—t =0, maxomum MHOKECTBO S 0COOBIX TOYEK

ypaBHeHUS (3.8):
2

t
S(x,t)zz—xzo. (3.9)
Perymsipasie TpaekTopun ypaBHeHus (3.8) UMEIOT B
1
x=—§C2+Ct—t2, (3.10)

rae C — TIpOW3BONBHBEINA MapamMeTp. B 3aBucumocTH oT 3HadeHuit C KapThHA
MHTETpaJIbHBIX KPUBBIX ypaBHeHus (3.8) mokaszana Ha puc. 2.3.1.

BriGepem ornpezeneHHoOe HarpaBieHUe ABMKEHHS 10 MHTETPAILHBIM KPHBBIM,
HaIlpuMep, B CTOPOHY BO3pacTaHUs mapaMeTpa f. 3agada CTaTUCTUUECKOH Me-

XaHUKH, IOPOXKIAEMOM 3TOM CUCTEMOM, COCTOUT B ciieytomeM. Ilycts B HEKo-

TOpBIii MOMEHT /() 3a/1aHbl BEPOSTHOCTH PEalM3aliik 0co60ro pewenus f

PEryJIsSpHBIX PeIleHnit f,., a TakiKe COOTBETCTBYIOLIHE BEPOSTHOCTH IIEPEXO-

na. TpeOyercs onpenenuTh MIOTHOCTh BEPOSATHOCTH B 33JlaHHOH ToYKe (a3o-
BOT'O IPOCTPAHCTBA, T.€. PELUUTh YpaBHEHUE 3BOMOLUH y1st [IDP.

Ha oco0oii kpuBOl (yHKIUS pacnpenaeacHus f 5 » KaK ¥ CKOpOCTb, 3aBH-
CHT TOJILKO OT OJIHOTO MapameTpa, Hanpumep, ot X . [Tycts a(X) ectsb Bepo-
ATHOCTb YXO/Ia B €IMHHILYy BPEMEHHU CUCTEMBI C 0COOOTO PEIEHHs Ha PETyJIsp-
noe, a f(X) — c perynsproro Ha oco6oe. O6o3Hauum f, ri (x) mnpenenst
fr(x,t) mpu t > ¢, £0, rae f; ecTb MOMEHT monajaHus BHIOPAHHOI pe-

TyJSIPHOM TPaeKTOPHHU Ha 0c000€ PEellCHUE.
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Puc. 2.3.1 — UnTerpanpHbie KpuBHIE YpaBHEHUS (3.8)

U3 (3.9), (3.10) cnenyer, uto ckopoctu p,.(X,t), pg(xX,t) na perymsp-

HOW ¥ 0CO00H KPUBBIX UMEIOT BUJT

p,(x,1) :%(t+\15t2 —20xj, Py (x,1) :%: +x = pg(x).(3.11)

ypaBHeHI/Ie .Hl/IyBl/I.]'lJ'lﬂ JUIA ancaMOJIs TaKuX JUHAMHYCCKHUX CHCTCM 3allu-
HICTCA B CJIIEAYIOIEM BHUIC:

2 afé(x) __ ! f.(x)—ax)f.(x,0)+ p(x)f (x) ,
' Jx

2
o.(x,t) 0 _
Tt (p,(x,0)f,(x,1)) (3.12)

= (~BW)S; (5u0)+ @) £,())3(Se.0).

B pesynbrare nBrkeHHE B peryisipHOi o0iaacTH (a3oBOro MpOCTpaHCTBA
COJIEPKUT CIIyYaitHbIe HCTOYHHKH B MIPaBOil yacTu ypaBHeHU: (3.12).
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2.4. 'aMHJIBTOHOBBI CHCTEMBI ¢ BBICIIAMH NMPOM3BOAHBIMH

BapMaHMOHHbIe 3aaa4yy ¢ BbICHIMMU MMPOU3BOAHBIMU BO3HUKAIOT B pa3jiny-
HbIX MOACJIAX: 3TO PCIATUBUCTCKHUE CUCTEMBI C OI'PaHUYCHHBIM, HOJIOGHO CKO-
POoCTH, YCKOPEHUEM, HEKOTOPBIE MOACIIHU KBaHTOBOM TCOPUM II0JIA, BKIIFOYAA
cinydaii JIupaka TI00ambHOTO BBIPOXKICHHS JIarpaH)kMaHa, a TaKXkKe JarpaH-
JKWaHBI, 3aBUCIINE OT TJIAaBHBIX KPUBU3H TPACKTOPUH.

o)

PaccmoTpuM narpamxuan L q1s29 , 3aBUCALLIUA OT KOHEYHOT'O Ha-

s s s
60pa BBICIINX MPOM3BOIHBIX () = d”q/dt’ xak He3aBHCHMBIX MmepeMeH-
p p p

HbIX. YpaBHEHUS ABWKEeHUA nopoxkraeMoit uM JIC uMeroT Buj
a Nz‘l ) a
= Pi= 2\~ | T

. s+1
dyl s=0 dt @ ,( )

OObI4HO B cuily (PU3MYECKUX MPEACTABICHUI O CUCTEME WICHBI B ypaBHe-

D 4.1)

HuK Diinepa—Jlarpanka, OTBEYaOIIHE BBICIINM MPOWU3BOAHBIM, Mpearoara-
I0TCA MaJbIMH. OJTO O3HAa4yaeT, 4YTO pPAacCMaTpuUBAaeTICs CHHIYJSPHO-
BO3MYIIICHHAs KlIacCHYecKas 3aJa4a, ¥ BO3HHKAET BOIPOC O HEBBIPOXKACHHO-
cTH peobpa3oBanus JlexxaHnmapa.

B KkadecTBe HWILTFOCTPATHBHOTO MpUMEpa BO3BMEM MOJENb «CBOOOIHOTO
JBIDKCHHS» CO CTENEHHON 3aBHCHMOCTBIO JIATPaHKHAaHA OT MEPBOTO YCKOpe-
HUs:

m? "
L:T+ﬂ° a=dv/dteR", A=conste R. (42)

Janee 6ynem o6o3nauats W = a. CornacHo (4.1), ypaBHEHHS BIKEHHUS
B 3TOM YaCTHOM CJIy4ae UMEIOT BUI

a_ p
ma® :L|a|l_2 §“ﬁ+(1—2)& W+
24 2
|a| (4.3)

+ %[(1 - 4)|a|l_6(aw)2aa + |a|l_4 [|w|2 a® +2(aw)w? ﬂ )

Vpasrenns (4.3) umeror uHBapuantel: mmnyiasc P =Py u snepruro

E = E(y. Duepruio MOXHO 3anucath B BUIE
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L /-1 mv2
E=Ppv+a——L=Pyv+—|a ) 4.4
0 Y 0 A || N 4.4

U3 (4.3) cemyert, uTo mpu BceX KoHeunbIx 3Hauenusx A mnpu [ # 1 na-
rpamkual HeBbIpokaeH. Eciu ke [ =1, To npu 7 >1 narpamkuan BHIPOX-
JIeH Bo BceM (ha3oBOM mpocTpaHcTBe. U3 (4.4) cinenyer, 94To TOrIa

(mv -P )2 = P02 —2mE = const 20,
Y IOTOMY JOIIYCTHMBIE CKOPOCTH OHpeZ[eJI}IIOTCH BBIPaKCHUEM
v(t)=Py /m + n(t - 2mE , (4.5)
rae n(t) — MPOU3BOJILHO HANPABJICHHbIN €IMHUYHBINA BEKTOP.

CuHrynspHoe CBOMCTBO Jlarpamxuana (4.2) nmposiBUIOCH 37IECh B TOM, UTO
JBIDKCHUE HE OIPEJEICHO OJHO3HAYHO. DTO HAXOAUTCSA B COIJIACHU C BbIIIE-
NIPUBENICHHOW TPaKTOBKOM CHHTYJISIPHBIX MOBEPXHOCTEH B (ha30BOM IpOCTpaH-
CTBE KaK MHOKECTB, MOTYIIINX HOPOKAATh Xa0TU3ALUIO ABUKEHHS.

Ipu [ =2 narpamxuan (4.2) HeBBIPOXKIEH U ypaBHeHus (4.3) Ierko UH-

TErPUPYIOTCSL:
q( ) qo t+ Vol ——~ a0 (cosa) t—l)—w—g(sma) I—w t) (4.6)
a)S a)S

rae @y =+ MmA — yacTora cBOGOIHBIX BpallleHHil, COBEpLIAEMBIX YACTHUIEH.

Hunexkcom «0» 0003HaueHBI HaYaIbHbIC 3HAUCHHS (ha30BBIX MepeMeHHbIX. Ec-
m A <0, 1o B (4.6) noyyaeM SKCIIOHEHIUAILHO PACTYLIUE YIEHBI, KOTOPhIE
MOTYT OBITh MCKJIFOYEHbI TOJBHKO HYJIEBBIMH 3HAYCHUSIMU HAa4YaJbHBIX YCKOpE-
HUIA, 9TO, B TAKOM Cilydae, OyJeT SKBHBAJICHTHO KIACCHYCCKOMY JBHIKCHHIO.
[pu A —> 400 pemenue (4.6) NEPEXOMUT B KIACCHYECKOE CBOOOHOE [IBHKE-
HHE MaTepuajbHOW TOUYKM Maccel 71 . IlocnexHee o3Hayaer, 4YTO peLICHHS,
MMpEeACTaBJIAIOIINC CO6CTB6HHble BpallCHusd 4YacTullbl, UMCIOT aMIUIMTYOYy,
CTPEMSIIYIOCS K HYJIIO C yBeJIMueHHeM napamerpa A , ¥ moToMy He SBISIOTCS
CUHTYJIIPHBIMU. DTO MO3BOJSIET pacCMaTPUBATh TAaKUE PELICHHs KaK HEKOTO-
PYIO KJIACCHYECKYI0 MHTEPIPETAIMIO CIIMHA YaCTHLI.

PaccMoTpuM Teneph HEKOTOPbBIE CUHTYIISIPHBIE TPACKTOPHH, TIOPOXKAAEMbIE
KBaJ[PATUYHBIM JIArPAHKUAHOM C B3aUMOJICHCTBUEM:

1Y 2
Ly :_EZ(_I)S'”S q(s) ~TI(g), my>0. (4.7)
s=1
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10T JlarpaHXuaH sBJIACTCA CUJIbHO HCBBIPOKIACHHBIM IIPU mN > 0 , A

€IMHCTBEHHAs1 0COOEHHOCTh PelIeHU ypaBHeHUH Ditnepa—Jlarpamxa
N a
(25)
a q
> mg® "+ p 1'(g)=0 (4.8)

BO3HHKAET B CIIy4ae IpeebHoro nepexoga my —> +0.

V Omnpenenenne 4.1. Penrenne q(l) ypaBHeHwmi (5.34) Oymem Ha3BIBaTh pe-
IYJSPHBIM [0 mapamerpy Mg, S =1,..., N, ecnu npezenbHas Tpackropus

q * (t ) = q(t smg —> +0) CYLIECTBYET U SIBISETCA DKCTPEMAbIO JIarpaHKHAa-
wa L¥= Ly (mg —+0). A

ITocTpoum Kjacc CHHTYNSAPHBIX pellieHUH ypaBHeHHH nBrxkeHus (4.8) Ha
n
chbepe B R". Tlomaras (=Rr,R= r=1, u ob6o3nauas

1

mg = —H'(qj g=R > 1OTy4aeM u3 (4.8) nuHeiliHOE ypaBHEHHE C IOCTOSH-

HBIMHU K03 puItnenTamu:

(25)

N
stra =0, a=1,..,n.
s=0

Jis mccnenoBaHus MPUHAUICKHOCTH PEIISHUS 3TOTO yYpaBHEHHUs cepe B

n N
R" yno6no nepeiitn x 6e3pazMepHbIM BETHUHHAM:

g =Amg/my, Ag= (csczs\f__]}])z, T=cy_it. (4.9)
Coxpansiss 11 TPOM3BOJHOM 1O Oe3pa3MepHOMY BpEMEHHM 7 IIpeKHee

(s)

o0o3HaueHue ¥’ , 3aMKUCHIBAEM ypaBHeHHe Sﬁnepafﬂarpaﬁma B BHJIE

(2N) (2N-2)

- 229
P e + Z =0. (4.10)

Eciu nBuxeHne mpoucxoauT Ha C(_’pepe, TO COOTBETCTBYIOIIEE XapaKTEePH-
CTHYECKOE ypaBHEHUE
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N-2
XN(wz):sz —o” NP Y (1) 4P =0 @i
=0

OTHOCHTEIEHO (¥ MOXXET UMETh TOJIBKO IPOCTBIE JICHCTBUTENBHbIC PEILCHUS.
O0603HAYNM TIOJIOKUTENBHEIC pemeHus ypaBHeHus (4.11), 3aHymMepoBaHHBIEC B
TOPSIIKE BO3pACTaHMs, Yepes @y, kK = l,...,]\N/ < N . Torna obuiee pelieHue
ypaBHeHus (4.10) umeer Bug
N
r:Z(ak coswT+by sina)kr). (4.12)
k=1
D10 perieHne OyneM Ha3bIBaTh IOJHBIM, €CIM IOCTOSIHHBIE BEKTOPEI

a;, b; BeGpanbl Tak, 4TO BCe JOMYCTHMBIC YACTOTHI IIPEICTABICHBI B PeLlIe-

2
HUHU. YCloBHE |r| = 1 HaKJIaJAbIBACT OTPAHUYCHUA HA 3HAUYCHHUA YaCTOT, C KO-

TOPBIMU MOXKET peaﬂI/BOBaTLCH Takoe JBWKEHUE, T.K. U3 (4.12) ciemgyet

N 2 2 2
a, +b —b,
Y| == + 4 “cos2w,7+ab, sin2m,7 |+

a2
+Z[(akbj +ab,)sin(w, +w,;)7 -
k<j
—(a,b, —a b, )sin(w, —a)j)r]+ (4.13)
+Z[(akaj +b b, )cos(w, —o,)T +
k<j
+(a,a, —b b, )sin(o, +a)j)r] =1.

~

2 .
IlosTomy, ecau Bce N~ xomOunanmii yactor B (4.13) pasnuuHbl, TO Bce

2N Bexropos aj, bj 10MKHEL GBITH B3AMMHO OPTOTOHAIBHBL, IIO3TOMY Pe-
ILIEHHE MOXKET ObITh MOJHbIM ToJbko npu 2N < n. U3 (4.13) cnemyer, uTo

. 3
Ha0Op OCIMIUISIIANA {a)l sy DN } MOJKHO peajii30BaTh Ha cdepe B R~ Torpa
W TOJIBKO TOT/A, KOTJa JJIsl JII000H Maphl 4acTOT CPely YEeThIpeX KOMOHMHAIMI

{Zwk, 20, |0 a)S|} HaiifeTcs XOTa Obl OHA, COBIAJAIONIAs C KaKoii-
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HUOy/Ib aHAJOTMYHOW KOMOWHANIWEH Ui Apyrod mapel dYacToOT, JHOO
o =30;.

3
Hanpumep, i1 N =2 B R” cymectByeT eIMHCTBEHHAs BO3MOXKHOCTh
cepruecKoro JIBWXKEHHs, Koraa KopHH mnomuHoma (4.11), paBHBIE

1
6012’ y = 5(1 F1-44 ), YZIOBICTBOPSIIOT YCIOBHIO () = 3. D10 npu-

BOJUT K TOMY, 4TO a)12 =1/10, (022 =9/10, Ay =9/100, 1.e. puxcupo-

BaHBI KaK YaCTOTHI BPAILICHIsI, TAK U MTOTCHIMAT B3aUMOJICHCTBHUSA (T.C. PAINyC
ctepsl). B mosnie ¢ nmeproanYecKuM MOTEHIMAIOM COOTBETCTBYIONIUX PATUYCOB
cepbl CUeTHOE MHOKECTBO. B mone kynoHosckoro notenuuana 11 =—a /7
TaKo pannyc eIMHCTBEHHBIN, KOTOPBIN BBIpaXkaeTcs GopMyIIoil:

1/3 1/3
omy _ [ 100

/'tomlz \9am?

OO11ee pemnreHUe B 3TOM CIIydae ONpenessieTcs (¢ TOYHOCTHIO IO OpUeHTa-

R=

105071 CHUCTEMBI KOOpJAUHAT {e1 ,€2,€3 }) ABYMsI napameTpaMu

}(,g:}(z +g2 Ep2 <1, rak uro

r(r)= Z g 2 75 coswr—25sinwr—heos3wr |e +
2h 1

£ —2—sin a)f—%cos 0T+ hsin3wr |e, + (4.14)

;(cos a)z-+gsm cor)e

rae @=1/10,a h ects xopens ypasuenns A’ —|h| +p*/4=0. Jlnuua

3aMKHYTOH TpaekTopun pemeHus (4.14) BeIpakaeTcs SJUTUNTHYCCKAM HHTE-

TpajioM:
1=41+80* +20° [ E(p,. k) - E(p,.k)],

k=2p/\1+8h* +2p°, (4.15)

o :arcsin(,/p2 J_r(;(z —gz)/p\/z).
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[octpoennoe pemenue (4.14) He uMeeT npenena npu @ —> O , T.€. ABI-
€TCsI IPAMEPOM CHHTYIISIPHOH TPaeKTOPUH.

Crenyer OTMETHTB, YTO B OTIEJBHBIX ClIydasx nepexo]| K 0ojee BHICOKON
pa3mepHocTH B ypaBHeHUH ABmxkeHHs JIC nmo3BossieT CHATh 3 QEKT BBIPOXKIe-
Hus. Tak, cnmabopensTuBUCTCKUE narpamkuan lapsuna (1.15) siBisercs pas-
noxkeHueM B psan Teinmopa 3amasapiBaromux moTeHuanoB [12]. Jlns oneHkn
BIIMSTHASL YCKOPSHUH HAIO YYECTh COOTBETCTBYIOIIYIO 3aBHCHMOCTE B 3ama3fbl-
BaHUM B3aMMOAEUCTBH. PaccMOTpUM It IPOCTOTHI IBE 3apsDKEHHBIX YacTH-
upl. @ynkuus Jlarpanxa mpsMoro B3auMOAEHCTBUS, 3aBHUCSIIAS OT YCKOPEHHUH
BCeX MOPSAKOB, MosydeHa B [16], 1 umeeT Bup

2 . (DD,) V.V
bee 3O (15 o o)
2 0
D, = () _— 4.16
i QQz aql(s), ( )

M =2s-1D)®_,(r), D,(r)=1/r.
r

OI’paHI/l‘iI/lBaﬂCb TOJIBKO YCKOPC€HUEM IICPBOro mopsijka, T.C. 4JIC€HaMHU I10-

psaKa 0(0_4), u n06aBisis B (4.16) «yckopeHHe COOCTBEHHbBIX BpalllEHUI»

KBaJI[paTUIHOTO BHMA, Kak B (4.7), momydaem u3 (4.16) pynxmuro Jlarpamxa B
BUIE

2

L= —z m.c’

i=1 ¢’ _2_Ai
48| V,V, +(n\;l )(nvz) s aa, +3(al4n)(a2n) 2,
r 2c 4c

+Zl_ei (a,v,)(nv,)+(a,v,)(nv,)+ 322: (V12 N (nvi )2 )@n) |+
C i=1

4

+0| = |, 4.17)
C

e N=q2/qy1p, qp =7, a uieHs 0(\/4/64) 0603HAYAIOT BKJIA/IbI

YETBEPTOr0 MOPSAJKA TOJIBKO IO CKOPOCTSIM, KOTOpBIE OyIyT HECyIIECTBCHHBI
npu ucciienoBaHuH (4.17) Ha HEBBIPOXKAEHHOCTb.
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Jlarpamxwuad (4.17) HEBBIPOXKICH, €CITH

n—1
J = det o%L _| 1 _8126%1”2 1 _Selze%rz 40
dayi’ oa }B 44y 16c8 A4, 8%
(4.18)

BumHo, 9TOo 0€3 WICHOB «YCKOPEHHH COOCTBEHHBIX BpAIICHHID
(4] > +o, Ap — +00)  ompenenuTenb  HEBBIPOXKIACH,  T.e.  MOCT-

MOCTTAJIMIICEBO MPUONIMKEHNE HEBBIPOXKICHO. DTO — BaXKHOE OOCTOSTEIHCTBO,
MIOCKOJIbKY OHO MOTJIO ObI TIO3BOJIMTH MEPEHTH K TaMIJIBTOHOBY ONHMCAHUIO BO
BceM (ha3oBoM mpocTpancTBe. OJIHAKO, COOTBETCTBYIOIIUN IAaMHUIBTOHHAH HE
SABJIACTCA MOJIOKUTECIBbHO OMPEACICHHBIM 10 UMITYJIbCaM, U MOTOMY JJid HETO
HeJb3s OyZeT OCTPOUTh PAaBHOBECHYIO TepMOANHAMUKY. Ee, BipoueM, mo Toi
K€ MPUYMHE HEJb3sl IOCTPOUTH M B JIATPAHXKEBBIX NTEPEMEHHBIX, T.K. IS CXO-
JUMOCTH CTaTUCTHYECKOW CYMMBI WIEHBI, 3aBUCSIINE OT yCKOPEHHH, CIeayeT
10JIaraTh pacupeieIeHHBIMU C OTPHULIATEIBHON TEMIIEpaTypoi, Ul Yero B Ha-
CTOﬂHJ,l/II‘/II MOMCHT HET JOCTATOYHBIX OCHOBaHUH.

B xaxxnom u3 npumepo JIC, paccMOTpeHHBIX B 3TOM naparpade, ypaBHe-
Hue JInyBunist ONMONHSAETCA, €CIM HEOOXOANMO, TPAaHHMYHBIMU YCIIOBHAMH Ha
CHHTYJIIPHOM MHOXECTBE, MPUYEM 3TH YCJIOBUS MOTYT OBITh 3aJaHbl B BHUJE
HEKOTOPBIX BEPOSATHOCTHBIX paclpefeneHnil. TeM caMbIM B HCXOIHYIO AWHA-
MHKY BHOCHTCSI 9JIEMEHT CITy4aiHOCTH.

2.5. 3ameyaHus 0 AMCKPETU3AIUH BbIPOKICHHBIX YPABHEHMIl
JABHAKEHUS

[Ipu 4yncIeHHOM MOJENUPOBAHUM AUHAMHYECKHX CUCTEM C BBIPOXKJICHHEM
BO3HHUKAET BONPOC O TOM, KaK MOJAEIHPOBATh CUHTYISIPHOCTh, KOTOpasi peau-
3yercst 1o HyJeBoW Mepe B (a3oBoM mpocTpaHcTse. CylecTByeT HECKOJIBKO
MyTed peIleHHs 3TOW 3a/ladd, NPUBOIALNIMX K NPUHIUIHAIGHO Pa3INYHBIM
pe3ynbTaTam.

Hanpumep, ecnu ucxoauTs U3 NPeACTaBICHUS O MOMAJaHUU CUCTEMBI Ha
CUHTYJIIPHOE pELIeHHEe, TO NpUOMMDKEHHas YHCICHHAas pealu3alis TaKoro
JIBIDKEHUS! JIOJDKHA BBIOMpATh TaKyl IOCIEA0BATENLHOCTh (ha30BBIX TOYEK,
KOTOpasi TOYHO IIOTafaeT Ha CUHTYJSIPHOE MHOXKECTBO. Eciu auckperHas cxe-
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Ma Oyzer BeIOpaHa 0e3 ydera 3TOro TpeOOBaHHUS, TO MOXKET OKa3aThCs, UTO
oco0bie Touku JIC UTHOPUPYIOTCA.

[IpexncraBnsiercsi, 4TO TUCKpPETHasl cXeMa JOJDKHA aJeKBAaTHO IepeiaBaTh
NpUOJIMKEHHBIN XapakTep JF000ro peajbHOr0 JIBHXKEHHS, HO B TO K€ BpeMs
COXpaHATh U CHeuu(pUKy TeopeTHueckoil Mozaenu. [IpuMeHUTENbHO K CHUHTY-
JSIPHOMY MHOXECTBY 3TO O3HA4aeT, YTO BMECTO MHOXECTBA HYJEBOH MepBI
clieyeT BbIOpATh ONpPENeICHHYI0 MIHPUHY AUCKPETHOM SYSHKH, OTBEYAIOILYIO
(aKkTHUECKOMY BBIPOXKICHUIO. [10CKONBKY Takoi BBIOOP JOJDKEH MCXOIOHUTH U3
NIPE/ACTAaBICHUI O TOYHOCTH pean3allii MOJENH, I0JIE3HO IPOBECTH KIIACCH-
(ukanuio omMOOK, BOZHUKAIOUIMX HA IyTH YMCIIEHHOro mojenupoBanus J(C.
DaKTHYECKH BO3ZHUKAIOT ONIMOKHU ISTH THIIOB, KKl U3 KOTOPBIX CYIIECT-
BEHEH KaK ¢ Ka4YeCTBEHHOM, TaK ¥ C KOIMYECTBEHHON TOYEK 3PEHHSL.

[lepBblii THIT OIIMOOK MOPOMKIACTCS CAMUM BBIYUCIHTEIBHBIM HHCTPYMEH-
TOM, UMEIOLIMM KOHEYHYIO TOYHOCTH (KOMITBFOTEPOM C KOHEYHOH JUTMHOW Ma-
MMHHOTO cioBa). [ToaTomMy Teopernueckast popMyiia YUCIEHHO OyAeT BOCIPO-
HU3BCJCHA 3aB€AOMO HC TOYHO. Bo mHOrmx ClIydasXx, CBsA3aHHBIX C BBIPOKACHU-
€M, 3Ta HETOYHOCTb (haTalibHa AJIsl MOJIEJIH, TOCKOJIbKY CHHIYIJISIPHOCTH OOBIY-
HO JIOKQJIM30BaHa B MPOCTPAHCTBE MEHbLIEH pasMepHOCTH, 4yeM (a3oBoe, U, B
YaCTHOCTH, MOKET HAXOIUTHCS B TOUKE C HPPALMOHAIBEHOH KOOPIMHATOM.

CrietoBaTeNbHO, YTOOBI COXPAHUThH 332 YHCIICHHOM peanu3anueil MOJeH
Ba)KHBIE, C TOUKU 3PEHUS MCCIENA0BaTelsl, 0COOCHHOCTH, UX CIEIyeT NMPUHYIH-
TEJILHO pa3Ma3aTh B HEKOTOPOH 00JacTH, T.e. «O(PHU3HYUTBHY TEOPETUUECKYIO
MOACIIb. OT0 MPUBOJUT K OL[II/I6K6 BTOPOI'0 TUIla, KOTOpPasd HECKOJILKO OTJIN4Ya-
€TCs 110 COJEPKAHMIO OT OOBIYHBIX OMIMOOK IUCKPETH3AlMH, CTPEMSIINXCS K
HYJIIO IPH YMEHBIIECHNHX [1ara. IMEeHHO, B MO/Ie)Ib BBOAUTCS MOHITHE «Xapak-
TEPHOI0 PACCTOSHUS» WM «pa3Mepa HyJs», KOrJa BCSAKOE YHCIO, MEHBILIEe
OIIpEIETICHHON BEIMYMHBI 110 MOJYJIO, CYMTAETCSI HE OTIIMYMMBIM OT 3TOH Be-
JIM4YuHBL. B YaCTHOCTH, BBIPOKIACHUE B TOYKC CJICAYCT 3aMCHUTHL HAa BBIPOKIC-
HHE B MHTEpBaJle XapaKkTepHoro pasmepa (—&, £) . DTOT xapakTepHblii pasmep

3aJaeTCs B paMKaX MOJEIH COBEPIICHHO MPOU3BOJILHO, TPEOYETCs JIUIIb, YTO-
OBl OH OBUT OOJIBIIIE MHHUMAJIBHOTO YHCIIA, BOCIIPUHIMAEMOTO IIKAJIOH KOM-
MBIOTEPA.

Manee, eciiu MoJenb NMpU3BaHa OOBSCHUTH PEAILHO MOJy4YaeMble JaHHbIC,
TO HAJ0 y4YeCTh, YTO ITHU JAHHBIE CAMH MOJYUYEHBI C OHMIMOKOM, XapaKTepHOM
JUIs. KHCTPYMEHTA HAOJIOJICHHUS, U TIOTOMY K HUM HE CTOUT OTHOCHTHCS KaK K
«a0CONIOTHO TOYHBIMY. TpEeTHil TUI OIMOOK COCTOUT, TAKMM 00pa3oM, B TOM,
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4TO 3HAYCHHUS HAOIIOIAEMBIX BEINUHMH OCHAIIAIOTCA NApaMeTpoM &', KOTOpbIii
oTpenessieT BEIMIUHY HETOYHOCTH B ONIPEIeIICHIH NCXOIHBIX TAaHHBIX.

Crnemyer Takke y4ecTh, YTO cama HccieayeMas (pu3ndeckas CucreMa uMe-
€T CBOW COOCTBEHHBIH MOPOT YyBCTBUTEIBHOCTH &", mmxe KOTOpOIr'o OHa HE
pearupyetr Ha U3MEHEHHE CBOUX NapameTpoB. BenuuumHy &£ crieayer B TakOoM
ClIy4ae COOTHECTH C PeaJbHOHN (PM3NIECKOIl CHCTEMOH, T.€. TOHITh, HACKOJIBKO
TOYHO cama CHCTeMa paclo3HaeT, B Kakoil To4uke cBoero (azoBoro mpocrpaH-
CTBa OHA HAXOIUTCS. JTOT YETBEPTHIA THUI OIIMOKK HE 3aBHCHUT OT HaOIromaTe-
Jis, €CM TMPEIIOJIOKUTh, YTO €ro MPUCYTCTBUE HE UCKaXKaeT TMHAMUKY CHUCTe-
MBI, B MOZICITH KOTOPOH M3HAYAILHO HE OBLIO MecTa JUIsl HAOMIOAaTes.

[TsaTB1it THII OIMOOK HE CBSI3aH COOCTBEHHO C BO3MOXKHBIM CHHTYJISIPHBIM
XapaKTepoM AMHAMHUYECKUX TPACKTOPHHA, a MPHUCYII BCSKOW BOOOIIE YHCIICH-
HOHM ammpoKCHMamuu Tpou3BoAHON. [Ipobiema coCTOMT B TOM, YTO 3ajada
BBIYMCIICHUS TIPOU3BOIHON OT (PYHKIMH, 3HAUEHHSI KOTOPOI M3BECTHHI HE BE3-
Jie, a IMIIb B Y3JIaX CETKH, SBJIAETCS HEKOPPEKTHOM C TOH TOYKHU 3pEHUS], YTO
MAaJIBIM MTOTPEUTHOCTSIM B 3aJJaHHH (DYHKIIMA MOTYT OTBEYATH OOJIBIINE OITUOKH
B BBIYHCJICHUHU MIPOU3BOIHON. DTO O3HAYAET, YTO YMUCIICHHBIC METOBI, BOOOIIE
TOBOps, HE MO3BOJIIIOT PEAJM30BAaTh HEMPEPBHIBHYIO 3aBHCHMOCTH 3HAYCHHH
MPOU3BOIHON OT 3HaUeHUH (PyHKIMHU. [l03TOMY mIar qUCKpeTH3amuu He MOXKET
OBITH BBIOpAH CKOJb YTOJHO MAalbIM HE 1O (HIOCOPCKUM COOOpaKECHUSM,
aneuIMpyoIuM K KOHEYHBIM aTOMAapHBIM pa3MepaMm U K Y4YeTy pazHoro pojaa
KBaHTOBBIX 3((EKTOB, a B CHIIy TOT0, YTO 3TOT IIAr TOJHKEH OBITH COTIACOBAH
C TOYHOCTHIO BBIYHCIICHHS 3HaueHHWM camoit (yHkiwu. [lycts, Hanpumep, 3a-

JIaHO HEKOTOPOE Pa30HEHHe BPEMEHHON OCH Ha MOMEHTBL f,, , B KOTOPbIC BbI-
YHCIISIOTCS 3HAYEHUS KOOPAMHATEL X(f) ¢ maroM 7 Kak peleHHs HEKOTOPO-
ro 1udepeHIMATBLHOTO YPABHEHHS. 3HAYEHHS e ITON KOOPIMHATHI H3BECT-
HBI C TOYHOCTBIO &', T.e. BMECTO TOUHBIX 3HaueHmil X(f,) wucronb3yroTCs
npubmmkennsie X (¢,,) , IpHYeM U3 IPEABLIYIIEro aHAIN3A CIELYET, YTO TOU-
HbIC 3HAUYCHHSA HaM HC M3BCCTHLI B IIPHUHIIAIIC. Taxkum 06p830M, B Ka)K[l])lﬁ MO-
MEHT BPEMEHHU BBIMOJIHAETCS OLEHKA |x(t n)—X(t, )| < &', xoropas, cTporo

TOBOps, MOXXET He OBITh PaBHOMEpPHOHM 1o BpeMeHH. Ho maxe mpm yciaoBum
paBHOMEPHOW OrpaHMYEHHOCTH OUIMOKM M3MEPEHHs allpOKCHUMAIHS IPOH3-

Boauoit dx/dt Brouke ¢, mo popmymne
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dx(tn) f(tn+l )_ x(tn)

dt T
uveer nopsaok He (O(T) B COOTBETCTBMM C  MpPEJICTABIECHHEM
x(t+7)=x(1)+='(t)+o(r),a O(r)+2¢&'/ T . HorpemHocts B BhIUHC-
JICHUU IIPOU3BOJHON HETOYHO 3aJaHHON (DYHKIUH 3aBUCHT OT IOTPEIIHOCTH
annpokcumanuu 1poussoanoii ((T) M OT MOrpelHOCTH BBIYUCIEHUS 3HAYe-
HUi camol (yHkumu. Briag oT mocnenHeidl HEOrpaHMYEHHO BO3pacTaeT NMpHU
7 — 0, ecru war Mo BpeMeHH He COTNIACOBaH C TOYHOCTHIO &' . OUeBUIHO,

9TOOBI 00€ MOTPEUTHOCTH UMEH OJUH U TOT )K€ MOPSIOK MaJIOCTH, TpeOyeTcs
BBINIOJIHEHHE YCIIOBHS COTJIACOBAHHS, KOTOPOE B IAHHOM Clly4yae UMeeT BU]I

r= O(\/g_) (5.1)

Bce 3Ti THIIBI OIIMOOK ClleAyeT YYUTHIBATh NpU (GopMuUpoOBaHUK TpeOOBa-
HHUH K TOYHOCTH BOCIIPOM3BE/ICHNSI BPEMEHHOT'O PsiZia ¢ IOMOIIBIO KOMITBIOTEP-
HON Mozenu. HeBO3MOXXHO, 1a B 3TOM M HET HEOOXOIMMOCTH MIEalbHO BOC-
MMPOU3BOANUTH HECTOYHO HM3MEPACMBIC JaHHBIC. CaMbIM y[lO6HI)IM 1A UCCIIEI0-
BaTes siBisiercs Bapuant, korga & < &' < &". Ecm ke &" < &', 10 HeTou-
HOCTh M3MEPEHHH MOKET CBECTH Ha HET CYILIECTBEHHBIE AJII MOJEIH acHeKThl
MIOBEJICHUSI, TAKHE, KaK YYBCTBUTEIILHOCT K HAYAIIBHBIM YCIIOBHSIM.
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I'nasa III. XaoTnueckue 1TMHAMHYECKHE CHCTEMBI

3.1. XaoTHn4ueckoe ABHKEHHE IIAJKHX raMHJILTOHOBEIX CHC-
TeM

B aro0it rnaBe GyayT paccCMOTpEHBI pa3IniHbIe BApHAHTHl BO3SHUKHOBEHUS
Xa0THYECKOTro, T.€. MO BUANMOCTH HEPETYJISIPHOTO, IOBEICHHS TPACKTOPHH
JUHAMHYECKUX cHCTeM. V30o)keHHe HOCHUT O3HaKOMUTEJBHBIH XapakTep, I10-
CKOJIbKY 10 TEOPHH JTUHAMHUYECKHX CHCTEM CYILIECTBYET OOJIBIIOE KOJIUYECTBO
CIIELIMANILHON JINTEPATypBl, B TOM YHCIIE U I10 XaOTHYECKUM aclleKTaM IHHAMH-
ku. Llenp 3Toi rimaBbl COCTOUT B TOM, YTOOBI JaTh MPEACTABICHUE O BOSMOXK-
HBIX croco0ax MHTEepIpeTaliy MoJeeil HeCTallMOHAPHBIX BPEMEHHBIX PSJIOB.
[TockonbKy MOJENH 3T OYAYT CTPOMTHCS C MOMOIIBIO KHHETHYECKUX YpaBHE-
HHH, TO €CTECTBEHHO BO3ZHHMKAET aHAJIOTHS C AMHAMHUYECKOH CHCTEMOM, KOTO-
poii oTBewaeT, HalpUMep, SMIMPUUECKOE ypaBHeHHE JIMyBWILIS MM JIpyroe
MOZEJIFHOE YpaBHEHHUE, NPUOIMKEHHO OIMChIBAIONIee HAOII0JaeMyl0 3BOJIIO-
U0 BBIOOPOYHBIX CPEJHUX 3HAYEHHH BPEMEHHOTO psilia MM 3BOJIOLUIO BbI-
OopouHoil (yHKIMM pacmpenencHuss ero 3HadeHwmid. CremoBaTeNbHO, HAIO
npeAcTaBisTh cebe, kakoro tuna JIC MOryT UCTIOIb30BaThCs U1l MOJICINPOBa-
HUSI XaOTHYECKOT'O TOBEJICHUS! BPEMEHHBIX PAIOB. DTO MOTYT OBITH TJIaJKHE,
HO HCEUHTCTPUPYCMBIC TaMUJIIBTOHOBBI CHCTEMBbI, HEJIMHEHHEIE JUCKPETHBIC
0TOOpa)KeHUs1, BEIPOXKICHHBIE ANHAMHYECKHE CHCTEMBI, 8 TAK)KEe CHCTEMBI, 3a-
JaHHbIe Ha (paKTaJbHBIX MHOXECTBaX. B HacrosmeMm maparpade paccmarpu-
BAIOTCS TJIaJIKHE TAMHJIBTOHOBBI CHCTEMBI.

Hamomuum HekoTopble (akThl n3 Kypca tudQepeHratbHbIX ypaBHEHHH.

¥ Teopema 1.1. Ecnn B ypasuennu dx/dt = g(x), x € R", exroproe
none g(x) seusercs muddepentmpyempim (wim, B Gonee cinaboil Gopme,

YAOBIETBOPSET ycI0BHIO JIMmmmia), To 4epe3 KakIyl TOYKY PACHIMPEHHOTO
(ha30BOro MPOCTPAHCTBA MPOXOIUT OJJHA U TOJBKO OJJHA MHTErpasibHAsI KPUBAsI
peuieHus. A

V Teopema 1.2 (JIuyBuiab). [Tycts JIC ramMunbToOHOBAa C TaMHIBTOHMAHOM
2
H(q,p), (g,p) € R“". Ecnn s1a cucrema nMeer 7 HE3aBUCHMBIX Iep-

BBIX MHTErPaJioB Fj (¢,p), j=12,...,n, xoTOpblE HAXOAATCA B MHBOJIO-
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wun, te. [F;, F j] =0, To TpaeKTOPUH CHCTEMBI JIEXKAT Ha 1 -MEPHOM HMHBa-

n
PUAHTHOM  TOpPEC T , JABHXCHHUE II0 KOTOpPOMY SABJIAETCA  YCJIIOBHO-

NEPHOMYECKUM C 71 4aCTOTaMH () (Fl,...,Fn), U YIIOBBIE TEPEMEHHEIE

¢9k, XapaKTEpU3YIOIUE KOOPAUHATHI HA TOPE, YIOBJIETBOPSIOT YPABHEHUAM

de/dt:a)k.A

B cirydae BEITOMHAMOCTH TeopeMbl JIMyBIILIA CYIIECTBYET MEepexo] K Ie-
PEMEHHBIM «ICHUCTBHE-yroi», MPUYEM IPeoOpa3OBaHHbBIN TaMIUIILTOHHAH 3aBU-
CHT TOJILKO OT MepeMeHHbIX jeiicTBus | J - OT HUX K€ 3aBUCAT U IIEPBHIE MH-
Terpaibl. Takas cucTeMa Ha3blBaeTCs MOJHOCThIO UHTETpUpyeMon o JInyBui-
a10. HenHTErpripyeMoCTh BO3HHKAET TOT/IA, KOTa YKa3aHHbIE PeoOpasoBaHus
BBITIOJTHUTH HEBO3MOXHO. B kadecTBe mpumepa vacto npuBoaar JIC DHoHa—
Diineca, 3a/aBaeMyl0 TaMIUIBTOHHAHOM IBYMEPHOTO OCHIJUIATOpa ¢ KyOmue-
CKOH HeIIMHEHHOCTHIO:

(2 2. 2. 2) 2 3
HZE(pl T4 P2 tq2 )t 4192 =45 - (1.1)

N3BectHO [1], 4TO y 3TOH CHCTEMBI €CTh TOJIBKO OJUH MEPBBIA UHTErpa
(oueprus). [lpu H =1/ 6 na uzosnepretuyeckoii nosepxnoctu cucrema (1.1)
JIEMOHCTPHUPYET Xa0TUYECKOE TIOBEICHUE.

Ecmu npexncrasuts HenHTerpupyemyto JIC B Buzme

H=Hy(l,....I,)+V(1,6), (12)
rae H () oreuaer uHTerpupyemoii cucreme, a go0aBka V(I ,(9) TpaKTyercs

KaK BOSMYIICHUE, TO NHBAPUAHTHBIC TOPBI «HICAIbHOI CHCTEMEBI C TaMUJIBTO-

auanom H. 0 TIpH 100aBJIE€HUM HEUHTETPHPYEMOIo BO3MYILIEHHUS Pa3pyLIaloT-

Csl, ¥ IBW)KCHHE BHELIHE MPUOOPETaeT Xa0THYECKHE YEPTHI, XOTS HO-IIPEKHEMY
BBITIOJTHEHBI! YCIIOBUS JIOKAJIBHOW HHTEIPHPYEMOCTH B CMBICIIE CYIIECTBOBAHMUS
HHTErpaibHOM KpuBOH 1o Teopeme 1.1.

. n
¥ Onp. 1.1. UnBapuantaeni Top 1 Ha3eIBaeTcs pe30HAHCHBIM, €CIIH CYIIE-

CTBYIOT HEKOTOPBIC HE BC€ PABHBIC HYJIIO LIEJIBIEC YUCIIa kl’ TaKHE, 9YTO
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D kiw; =0. A (1.3)

Ecnu JIC unterpupyema, To ee ha3oBoe IMPOCTPAHCTBO COCTOUT U3 PE30-
HAHCHBIX M HEPE30HAHCHBIX TOPOB, MPUYEM HU OJMH M3 HHUX HE SIBISIETCS] U30-
JUPOBAHHBIM JIHOO Mpe/ienbHbIM. Bo3aMmyliieHe pa3pyiaeT pe30HaHCHbIE TOPBI
M, BO3MOXKHO, HEKOTOpbIC HEpE30HAHCHbIC. J[BM)KEHHE B ATHX Pa3pyIICHHBIX
00acTAX HE SBISCTCS KBa3HIICPHOAMYCCKUM U TMPEICTABISACT MPUMEP XAOTH-
YEeCKOM TMHAMUKH, Ha3biBaeMoi nuddy3ueit ApHOIbaA.

Jpyroii npuMep XaOTUYHOCTH JIBHIKCHUS AT HeraMuwibToHOBBI JIC, 00-
JIaJIAfOII1e TAK Ha3bIBAEMBIM CTOXaCTHYECKUM aTTPAKTOPOM.

V¥V Omnp. 1.2. ABTOoHOMHas cucTeMa OOBIKHOBEHHBIX IU(epeHIIHaTHHBIX
YpaBHEHWH Ha3bIBaeTCs MEpeMEINMBAIONIC HA HHBAPHAHTHOM KOMIIAKTHOM

mHoxectse A , ecim st m06b1x aByx obmacreit Qg € A u M < A cywe-

CTBYET KOHEUHBIH ITpeaen

lim mes(Qt ﬂM) _ mes(Qo)'

(1.4)
t—>00 mesM mesA

ATTpakTop, ABWXEHHE MO KOTOPOMY O0JIafaeT CBOWCTBOM IE€peMeEIINBaHUs,
Ha3bIBAETCS CTOXaCTHYECKUM. A

B ciyuae, eciu arTpakTopbl 00Ja1al0T MaciiTaOHOM WHBAPHAHTHOCTHIO,
OHM HAa3bIBAIOTCS CTPAHHBIMH WU 00JaJaromuMu (paKkTaaIbHON CTPYKTYPOIL.
Takue aTTpakTOpbI HE SIBIAIOTCS KOHEUYHBIM 00BbEJUHEHUEM TTOIMHOT000pa3nit
(hazoBoro mpoctpancTBa. OHM XapaKTEPHBI U TaK HA3bIBAEMbIX JHCCHIIATHB-
HBIX CHCTEM W HMEIOT APOOHYIO pa3MepHOCTh Xaycaopda.

I'nankue JIC 0OBIYHO HE PAacCMAaTPUBAIOTCS KaK MOJEIBbHBIE IPOTOTHIIBI
BPEMCHHBIX PAOOB. KpaTKOC YIIOMHUHAaHUEC O HUX BBI3BAHO TE€M, YTO B OTHECJIb-
HBIX CIy4asX K TaKUM CHCTEMaM MOXHO CBECTH 3MITUPUYECKYIO 3BOJIIOLMIO
BBEIOOPOYHBIX MOMEHTOB, TPAKTyeMYIO KaK HETIPEPBIBHBINA CITydaifHBII mporecc.
Tem He MeHee, Oompmmii mHTEpec mpenctaBistioT AC ¢ IUCKPETHBIM BpeMe-
HEM, TIOCKOJIbKY K HUM B SIBHOM BHJE CBOISTCS PETPECCHOHHBIE U aBTOPErpec-
CUOHHBIE MOJIENT BPEMEHHBIX PSAIOB.
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3.2. XaoTH4ecKkne TMHAMHYECKHE CHCTEMBbI C JUCKPETHBIM
BpeMeHeM

AstoHOMHBIE [IC B MOAENAX C JUCKPETHBIM BPEMEHEM 3aJaroTCsl PeKyp-
PEHTHBIMH COOTHOIIEHUSIMU (TaK Ha3bIBAEMbIM KacKagoM g )

x(t+1) = g(x(2),x(t —1),...,.x(t — k)) .1

1 COOTBCTCTBYIOUIMM KOJIMYCCTBOM HaYaJIbHBIX yCHOBI/Iﬁ. Hepexouﬂ K MHOI'O-
MEPHOMY MpEICTaBICHUIO, peKypcuio (2.1) MOXXHO 3ammcaTh KaK PEKyPCHIO
TIepBOro MopsaKa oTHOCHMTENbHO K + 1 -mepHoro BekTopa. [ns ymo6cTBa 3a-
MUCH mapamerp ¢ OyleM WHOTJa 3aMEHSTh Ha MHJEKC MOCIIe0BATEIbHOCTH 7,
TaK 9TO PEKYPCHS 3aIUIIICTCSI B BUIC

__n
Xui1 = g0x,) =" (31). (22)
UrepatuBHas mporeaypa, 3agaBaeMas oToOpaxxeHrneM (2.2), ompenemnser

TPAEKTOPHUIO KaK MOCIeJ0BATEIFHOCTh 3HAYCHUN {xl 3 XDy eees Xpgyaanf

Tpaekropus JIC X, ] = g(X, ) HasblBaeTcs meproanuecKoi (LUKIOM),
€CIIM CYLIECTBYET Takoe HaTypaibHoe K , 4TO JJIs HEKOTOPOro 7 OKas3auoch
X, K =X, .Yucno K mnaseBaercs nepruonom. MHTEpeC NpeCTaBIsIOT He-

3aMKHYTBIE TPAaeKTOPUH, OTIMYHBIE OT IMKIOB. COBOKYNHOCTH TPaeKTOPHH,
MOJy4aeMbIX NP peaii3aliy pa3inuyHbIX Ha4YalbHBIX YCIOBHUIi, 0Opa3yer cTa-
TUCTUYECKUHM aHCaMOJIb.

Mycts f((X) nmpeacraBisier HavaubHYIO IUIOTHOCTH PACHIPE/IEIEHNs Be-

JVYMHBI X , 33[JaHHYI0 Ha KOHEYHOM M3MEpHMOM MHOXecTBe. Torza, neiictBys
TaK e, Kak IpH BBIBOAE ypaBHEHHs JIMyBHIUIA Uil HENIPEPHIBHBIX CHCTEM
(1.1.12), mosmy4aem ero aHajor B JUCKPETHOM CIydae, Ha3bIBaeMbIi ypaBHEHH-
em [leppona—®Dpobennyca [17]:

Fas1 () = [ £,(2)8(x = g(»))dy . 23)

Ecnu ¢pynkuus g(X) uMeeT poussoaHyto, To (2.3) MOKHO MepenucaTh B

BHIE

Soe1r® =l Y S e), (2.4)
k

IJle CyMMUPOBAHHE BEJIETCS 10 BCeM KOpHsiM ypasHenus X = g(V).
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CranmoHapHBIE TOYKH OTOOpaXkeHHs (2.2) OIpeneNsroTcs pPemIeHUSIMU
ypaBHEHHsI (€CTTH TaKOBBIE €CTh) X = g(x). B cBoro ouepenp quHaMUYECKH-

WHBapUaHTHBIE Mepbl (He 00s3aTeNbHO €AMHCTBEHHBIE) ONPEICISIIOTCS CTa-
IIUOHAPHBIMH TOYKaMu 0ToOpakeHus (2.3):

S@) = [ F(S(x—g())dy. 2.5)

[IpaBas wacte oTtoOpakeHHs, 3agaBaeMoro (opmyioi (2.5), Ha3BpIBaeTCA
omeparopom I[leppona—®pobeHuyca ]3 Takum 00pa3oM, WHBapUAHTHAS
IUIOTHOCTh SIBJIACTCSI COOCTBEHHOM (yHKIMEH oreparopa 13, OTBEYaroIIeH
cobctBenHoMy 3Hauenuio A = 1. Onepatop, conpskeHHBIH K onepaTopy P s

HasbiBaetcs oneparopom Kynmana . On onpenensieTcst paBeHCTBOM

Of () = f(g(x). (2.6)
Mycts fj,,(X) — nHBapuaHTHAs IUIOTHOCTH OJHOMEPHOrO OTOOpae-
Hus X, .1 = g(x,). Ero asroxoppemsiuuoHHoli (ynkumeir (AK®)

A(n), n>1 uasbiBaercs penuumHa

An) = [ xg" () fimy (D) = [ xfimy ()dx [ " () fime D)y . 27)
EcTecTBeHHO MpeanonoxkuTh, 4To eciau gauckperHas AK® B uem-To mo-
nooHa AK® cimygaifHBIX MPOIIECCOB, TO CBOMCTBA TPACKTOPUI TaKUX JUHAMU-
YEeCKUX CHCTeM OyIyT BHEIIHE MOXOJHUTh Ha TPACKTOPHU CIYYalHBIX MpOLEec-
COB.
JuHaMudeckuM  O€nbIM  IIyMOM  HA3BIBACTCS TakKoe OTOOpaKeHHe

Xu41 = 80(x,), must xoroporo A(n) = S, . Mpumepsr Takux JC cymect-

BYIOT. DTO, HAIIpUMEP, pacCMaTPUBAEMOE HIUKE JIOTUCTHYECKOE OTOOpaKEHUE.
Tem cambIM K PacCMOTPCHUIO MPUBJICKAIOTCA CUCTEMBI, OBOJIIOLIUA KOTOPBIX
BITOJTHE JIETEPMHHHAPOBAHA, HO B HEH NMPHUCYTCTBYIOT M HEKOTOpPHIE XaOoTHYe-
CKre 4epThl. J{UCKpeTHBIE CHCTEMBI C TMHAMUYECKIM Xa0COM SIBJISTIOTCS] €CTe-
CTBCHHBIMH KaHIWAATaMH Ha TECTUPOBAHHE MOJENel BPEMEHHBIX PSIIOB, IIO-
3TOMY UM CTOHT YACIHTh 0CO00¢ BHUMaHHKe. Hinke paccMaTpuBarOTCs HEKOTO-
pBIC IIOMYJISIPHBIC» MOJIENI JHHAMUYECKOTO Xa0ca ¥ U3YJYarTCs UX CTATHCTH-
YECKHE CBOMCTBA.

Cucremsl, 3aaBaeMble ypaBHEHHEM Buia (2.1), MOTHOCTBIO IETEPMHHH-
poBanbl. OHAKO Ha MPaKTHKE AETEPMUHUPOBAHHYIO CHCTEMY HE Bcerna ObIBa-
€T JIETKO OTIIMYUTH OT XaOTHYECKOH IT0 BUAY €€ TPASKTOPHH. DTO CBSA3aHO C
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TEM, YTO peajbHbIe M3MEPEHHs BCErJa MMEIOT HEKOTOPYIO MOTPEINHOCTh & .
Ecnu paznuune B HaYadbHBIX JaHHBIX MEHBIIE & , TO C 3TOH TOYHOCTBIO JIaH-
HBIE BOCIIPUHMMAIOTCSl KaK COBHajarolye. Torga HaOioaaTeNb eCTEeCTBEHHO
OKHMJAET, YTO €CIH M3 KaXKIO0H TOYKH, B3ATOW W3 Mayloil 0o0iacté B & -
OKPECTHOCTU HEKOTOPOTI'O HAYAJIbHOT'O YCJIOBHUS, BBIIIYCTUTH TPACKTOPHUHU, TO B
JaJbHEeWIIeM BCE 3TH TPAEKTOPHH B JIIOOOH MOMEHT BPEMEHH Takke OymyT
HaXOJWUTBCS €CIM M HE B € -OKPECTHOCTH, TO JJOCTATOYHO OJM3KO OJHA K JpY-
roii. Takue cucremsl BU3yalbHO BOCIIPUHMMAIOTCS KaK JETEPMHUHHPOBAHHBIC.
Ecnu sxe TpaekTopHH, BBITYIIEHHBIE U3 JIFOOOH CKOJIb YTOJHO MaJoi IepBOHa-
YaJbpHOW 00N1acTH, pa3olayTcsi MeKAy coOOi Ha paccTOSHHUE IMOPsJIKa Xapak-
TEPHOTO pa3Mepa BCEro MHOXKECTBA 32 KOHEYHOE BPEMs, TO OHH BOCIPUHHMA-
I0TCA KaK CllydaliHbIe.

Taxoe BoCIpuATHE ONPaBIaHHO: MyCTh, HATPUMEDP, HECKOIBKO pa3 HOAPST
CTaBHUTCS «IKCIIEPHUMEHT» II0 TeHEpaldl HEKOTOPOW TpaeKTopuu Buma (2.2)
JUISL OJTHUX M T€X K€, C TOUYKH 3peHHs1 HaOmoaarels, Ha4ajabHbIX ycioBuil. On-
HaKO YCIIOBHSI 3T Ha CaMOM Jielie pa3jiMuaroTcsi, U, OyAb M3MepeHus Oosee
TOYHBIMH, 3TO MOXXHO ObUIO Obl OOHapyxuThb. CunTas HayajbHbIC JAHHBIC
OJIMHAKOBBIMHM, SKCIIEPUMEHTATOP TEM HE MEHEE IOIy4aeT Habop Pa3IHMUHbIX
TpaekTopuii. C ero TOUKM 3peHMs 3TO 03HAYAET, YTO CHCTEMA IPOSBIAET CIIy-
yalinple cBokcTBa. CleoBaTelIbHO, Xa0THYECKUM TToBeaeHneM obnanaroT JC ¢
BBICOKOI 4yBCTBUTEIBHOCTBIO K HaYaJIbHBIM JaHHBIM. CTPOTrO 3TO MOXHO OII-
PENEINTh CIIEAYIOIIAM 00pa30oM.

¥ Omp. 2.1. IC X, = g(X,,), 3anaunas na muoxecree X € A =[0;1],
HAa3bIBAETCA XAO0THYECKOM, €CIIH ISl JIFOOOM TOYKH X() , IpMHAIJIEKAIIEHR JIHO-

Gomy oTkpeiToMy MHOkectBYy O C A, m mns moboro &£, Takoro, 4ro

0 <& <1, naiinyres rtakas touka Yy € O u takoe uucno n € N, uro

X, = yal>e. A

WnTepec x xaotruecknm JC BBI3BaH TeM, UTO, KaK OKa3aJI0Ch, MHOTHE SIB-
JIeHUs1, BOCIIPUHAMAEMbIE KaK CllydalHble, MOTYT OBITh Ha CaMOM JIeJie JAeTep-
MUHUPOBAHHBIMH, W TOTJIa MOJAENU TUMa (2.2) SBISIOTCA CPEACTBOM IS U3Y-
4YeHUs! ¥ 1no3HaHus xaoca. C OJHOH CTOPOHBI, KakoBa Obl HU ObLIa TOYHOCTH
W3MEpeHul, OHa MPUHIHUIHAAIGHO HE MOXET OBITh a0CONIOTHOM, MOATOMY
OKOHYATENFHO PEIINUTh BOMPOC O MPUYMHAX, MPUBOIIINX K TE€M HIH HHBIM
CIIeNCTBUAM, HeBO3MOXHO. C npyroil cTopoHsl, Habmromas 3a BBIOOpPKOW W3
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HEKOTOPOTO pacHpeieICHHsI, MOXKHO IIOTBITATECS C HEKOTOPOH TOYHOCTHIO
moctpouth JJC ¢ MOXOXKUM TOBEACHHEM, T.€. C MHBAPHAHTHON IUIOTHOCTHIO
Mephbl, K KOTOPOH aCHMITOTHYECKH CXOJHUTCSI BBIOOPOUYHAs IIOTHOCTH (DYHK-
uu pacupeacicHus. Xors OJHa U Ta K€ MHBApUaHTHas MEpa MOXKCET OTBCUATH
pazmuuabM JIC, Bce ke ee 3HaHHME CyXaeT KPYr BO3MOXKHBIX MOJEIBHBIX
(hYyHKIMH, TOPOXKIAIOIINX TOT M MHOW BpeMeHHOH pszn. IlomuepkHem, dTo
HaOIOIeHNE 32 KOHEYHBIM YHCJIOM TOYEK HEKOTOPOTO OTOOpaKeHHs HE II0-
3BOJISIET TOYHO OIPENENIUTh COOTBETCTBYIOIIMIA KacKald, IIO3TOMY B 3amadax
MIPOTHO3UPOBAHMS CIIELYeT MOJSINPOBATH HE caMy MpEeAIojaraeMylo JHHAMH-
YECKYI0 CUCTEMY, a IBOJIIOLHIO BHIOOPOYHON MEphI, U TO HA HEOOJIBIIOE YHCIIO
maroB Buepen. [1oaTomy nmproOpeTaroT OOJIBIIYIO MPAKTUYECKYIO BAXKHOCTD T
M3MEpHUMBbIE BEIMYUHBI, KOTOphIe XapakTepu3yoT [IC B nemom. OmnpeneneHus
HEKOTOPBIX TAKUX BEIMYWH JTAIOTCS HIDKE B cCOOTBETCTBHH C [1, 2, 17].
KommmuectBenHoit mepoit gyBctBuTensHOCTH JIC K BapHalidy HavaJdbHBIX
YCIIOBUI1 B TEPMHUHAX CKOPOCTH SKCHOHEHIMAIBHOTO pa3deranus OJM3KHX Tpa-
eKTopHil ciyxar nokasarenn Jlsmynosa. O6o3naunm uepes d(0) paccrosuue

MesKly HadanbHbIMK TOYKamu AByX tpaekropuit IC X, 1 = g(X,,), u nycts
d(n) ectb paccrosHue Mexay HUMH Ha n-oM mare. ITokasatenem JlamyHoBa

Ha3bIBACTCA IPEACT

2.8)

B yactHOoCcTH, eciiu oTOOpaxkeHue 3amaetcs auddepeHuupyemoit GpyHKIH-
eil, To nokazarenp JIsmyHOBa BBIYMCISAETCS KaK Ipelell BJOJIb TPAEKTOPHUHU C

HA4YaJIOM B X():
1 n—1
Axp)= lim — Zln|g'(xk 1 : (2.9)
n—oo n
k=0
Eciu CymecTByeT eIMHCTBEHHas MHBAPHAHTHAS IUIOTHOCTh [, (X), TO
IPOLECC CTPOTO SProAUIECKHH M mpeen B (2.9) He 3aBUCHT OT X () :
A= J' fimy () In|g"(x)]dx. (2.10)

Jns k -mepuoit JIC cymectByer kK Takux mokasateneif. Eciu okasanocs,
9TO XOTS OBl OJMH W3 IMoKa3aresei JIAmyHOBa MOJOXKHUTEICH, TO PACCTOSHHUE
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MEXAY TPACKTOPUSIMH 3KCIOHCHI[HAIBHO BO3PACTAeT C POCTOM 71, UYTO U O3HA-
gaeT xaoTrdueckoe nosenaenue J(C.
[TycTh Ha MHOXKECTBE 3HAUCHUI X 3aJ]aHa HEKOTOpasi HayajbHas INIOTHOCTh

Jo(x)

ecc, 3a1aBaeMblii ypaBHenuem [leppona—®pobennyca (2.3), cxoqurcs K MH-
BapuaHTHOH Mepe. [Ipu 3TOM, OJHAKO, MOKET OKa3aThCs TaK, YTO HOCUTENb
MHBAapUAHTHON MEphl HE COBIaZaeT co BceM (DAa30BBIM IIPOCTPAHCTBOM, a CO-
CPEeOTOYCH Ha HEKOTOPOM €ro MOAMHOXKECTBE, Ha3bIBAEMOM IPHUTATHBAIOIIIM
MHO>KECTBOM WJIM aTTPAKTOPOM.

. Ecnu cucrema (2.2) ctporo sproguueckasi, TO MUTE€PALUOHHBIN IPO-

V¥ Omp. 3.2. MHOXeCTBO A Ha3bIBA€TCsl MHBAPUAHTHBIM OTHOCUTEJIBHO JIMHA-

t
MHYECCKOI'O IIOTOKa Gt (I/IJ'II/I KackKaaa g ) €CJIM 1 BCEX ¢ BBIOJHEHO YCJIO-

BUE Gt(A):A. A

V¥ Omp. 3.3. O6nacteto nputsokerust IC st MHOKecTBa 4 Ha3BIBACTCS MHO-

JKECTBO TOYEK U A (hazoBoro IIPOCTPAHCTBA, TaKuX, 4TO
VxeUy3t(x):Vixt(x) g (x)eAd. a

V Omnp. 3.4. 3aMKHYTOE€ HHBapUAaHTHOE MHOXKECTBO 4 Ha3bIBA€TCSl aTTPAKTO-

pom JIC, eciu mMepa ero obuactu nputsbkernst U 4 CTPOro MONOXHUTEIbHA 1

!
HE CYNIECTBYET CTPOTO MEHBLIErO 3aMKHyToro muoxectsa A C A Takoro,

aro U 4 coBnagaer ¢ U 4 ¢ TOYHOCTBIO 10 MHOXECTBA MEPBI HyIb. A

IlepBoe ycnoBue B onpeneneHny 3.4 COOTBETCTBYET MOHATHIO YCTOHYHMBO-
CTH, T.K. HEOOJIBIIIOE IIEBEJICHNE TPACKTOPHH, BBIBOJISILEE €€ 3a MPEAEIbI PH-
TATMBAIOLET0 MHOKECTBA, IPUBOAUT K TOMY, UTO BIIOCJIEACTBUHU T4 BHOBb OKa-
3bIBA€TCA 3aXBau€HHOH arTpakTopoM. Bropoe ycnosue B onpeaenenun 3.4
Ha3bIBAETCS] CBOMCTBOM HEPA3I0KUMOCTH MHOXECTBA, U 03HAYAE€T OTCYTCTBHE

B HCM MHBAPUAHTHBIX OTHOCUTCIILHO Gl IIOAMHOXKECTB.

Ecnn artpakrop HEycTONYUB, T.€. IPH JIOOOM MajoM LIEBEJICHHH TpaeK-
TOPHUS HE BO3BpALIAETCS K HEMY, TO OH Ha3bIBAaeTCs peresuiepoM. 3aMeTHM, 4TO
npu oOpameHnn BpeMmeHH (st nuddeoMopdhu3MOB) pereruiep CTAaHOBUTCS
aTTPaKTOPOM M Ha00OPOT.

OnHOl M3 Ba)XHEHWIINX XapaKTEPUCTHK NPHUTSITUBAIOIIETO MHOXKECTBA SB-
JseTCs €ro Pa3MEepPHOCTh, KOTOpast ONpeenseTcs ciaeayomum oopasom. Ilycts
MHOX€ECTBO A4 MOKPHIBAETCSI HEKOTOPBIMHU «ITATOHHBIMIY» MHOKECTBAMHU C Xa-
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paktepubiM pasmepom O 1 mepoit C(d)o d ,tie C(d) — reomerpuueckuit
kodpduument:  nanpumep, s ky6a C(d)=1, gna  wapa

”d/2

“D=rira)

norpeosanock N (O) sTanoHHBIX MHOMKECTB. BBeneM BeqnuuHy (BEPXHIOK

. ITycTh niist MOKPBITUSL pacCMaTpUBAEMOI0 MHOXKECTBA

mepy) mesA =C(d) lim o 4inf N (0), rne nuwxusas rpanb Gepercs 1O
0—0

BCEM BO3MOJKHBIM IOJHBIM TIOKPBITHSIM MHOXKECTBA A.
PasmeprocThio Xaycmopda—be3nkoBuya MHOXKECTBa A HA3BIBACTCA TaKOe
ancio D ,utonpu d > D mesA=0,anpu d <D mesA= .

V¥ Omnp. 3.5. ATTpakTOp Ha3BIBAETCS PETYJSAPHBIM, €CIH OH SIBISECTCS TOYKOM,
WM NEPUOANYECKON TPACKTOPHUEHN, WM MOBEPXHOCTHIO, PA3MEPHOCTh Xayc-
nopha—be3nkoBruda KOTOPO paBHA €€ TOMOJIOTMYECKON pa3MepHocTH. B mpo-
TUBHOM CJy4ae aTTPaKTOp Ha3bIBAaeTCs CTPaHHBIM. MHOXECTBO, pa3MEpHOCTh
Xaycnopda—be3ukoBuua KOTOPOro CTpoOro OOJIbIIE €ro TOMOJIOTHYECKOH pa3-
MEPHOCTH, Ha3bIBaeTCid (pakTaloM, a COOTBETCTBYIOIIAs pPa3MEpPHOCTb —
(pakraapHON. A

Hpyroii nH()OpPMATHUBHON XapaKTePUCTUKON OTOOpaKEHUS
Xp+y1 =8 (xn) Ha HEKOTOPOM MHOTroo0pasuu M SIBIISETCS ero TOIOJOoTrnuye-

CKasl PHTPOMHS WiH SHTporus KomMoropoBa, KoTopas HHTEPIIPETHPYETCS Kak
Mepa xaoca JaHHOU cucTeMbl. BBegem paccTosiHue Ha M, MOJI0XKUB

Vn>0 Vx,yeM p,(x,y)= max p(gk(X),gk(y))~
0<k<n

O6o3Haunm uepe3 N s (n,5) HaWMEHbIIIee KOIMYECTBO IIAPOB paiyca
5 B METPHUKC pl’l , JOCTATOYHBIX JJId MMOJIHOT'O IMOKPBITUSA MHOKECTBA M.

Tononornueckoii sutponueit Ap[g] orobpaxkenns g HasbiBaeTcs npesen

. InNy\n,o

hrlg]= lim M @2.11)
n—»oo n
0—0

I/IMCGT MECTO CJICAYIoIIEC YTBCPIKACHUC, CBA3BIBAIOIICC TOMOJOTMYCCKYIO

SHTPOIIHNIO U MOKa3aTCIn HﬂHyHOBa.
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V Teopema 2.1. IlycTp rmagkoe oTOOpakeHHE g CTPOTO 3PTrOAWYHO. Toraa
TOIOJIOTHYECKast SHTPOIUSI paBHA CyMMeE ITOJIOKUTENBHBIX TToKa3aTesnei Jlsmy-
HOBa. A

Kpome Tomonorudeckoil SHTponuH, A OLEHKH Mepbl HH(OpManuy, He-
00XOIMMOM IJIs1 OTIpENIeNICHNST TTOJIOKEHHUSI CUCTEMBI, UCTIONb3yeTcs HH(OpMa-

IMOHHASI SHTPOITHS Sinf , orpenensieMas popmysnoii [llenHona [17]

Sinf ==Y, piInp;. 2.12)
i

rac pl €CTb BEPOATHOCTb CUCTEMC HAXOAUTHCSA B i-OM COCTOSITHHH. I[J'lﬂ OLICH-

Ki BBIOOPOYHON HMH(OPMAIIMOHHON SHTPONHU WCIIONB3YEeTCS BHIOOPOUHAS
IUIOTHOCTH. ECIIM NaHHBIX J0CTAaTOYHO MHOTO, IO HUM MOXHO OLIEHHTH pa3-
MEpHOCTh («MH(pOPMAIMOHHYIO») MPEIIOoaraéMoro arTpakTopa, paz0ouBas
o0nacTh U3MEHEHHs HabIroJaeMoil BeIMUHHbI, T.€. (hazoBoe npoctpancTso JIC,
Ha MEHbIIME SYCHKM C XapaKTEPHBIM Pa3MepoM O H OJHOBPEMEHHO YBEJHYH-
Basi 00beM BBHIOOPKH, OLICHUBAS BEPOSITHOCTh CYIIECTBOBAHUS Ipeiernia

dipr =— lim S;¢(0)/Iné. (2.13)
00

[IpakTHyeckoe MpUMEHEHNE BBEICHHBIX IMOHATHN K 3aJa4aM aHajw3a CITy-
YaiHBIX MPOIECCOB COCTOUT B OMpEICICHHU (pa3yMeeTcs, MPUOIMKEHHOM) 10
HUMEIOIICHCS BBIOOPKE XapaKTEPUCTHKH BO3MOYKHOUW JUHAMHYECKOW CHUCTEMEI,
MOPO>KIAIOIIEH TaHHBIM BpEMEHHOM P,

Hccrnenyem Temepr HEKOTOpbIE KOHKPETHBIE XaOTHYECKHE AWCKPETHBIC
OTOOpaKEHUSI.

Paccmorpum 3amagy Komm mis crenyromero muddepeHInaIbHOTO ypaB-
HEHUS:

Xzax—bxz, x(0)=xg, a,b>0. (2.14)

Ero peurenue naetcs popmyoit

x(t) =

axo

, (2.15)
bxg + (a — bxg e

U3 KOTOpoil cremyer, uto mpu ¢ —> +00 X —>a/b no monoromHoii S-

00pa3HOll KpHBOM, HA3BIBAEMOM JIOTHCTUYECKOW, HE3aBUCHMO OT HAYAIBHOTO

3HA4YCHUA XO, 34 HUCKJIOYCHUECM Cllydas XO = 0, npu KOTOpOM )C(t) = 0 .

* *
33MCTI/IM, YTO YKasaHHBIE TOYKH Xl = O u .X2 = a/b SABJIAKOTCA CTaIlUO-
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HapHbIMA TouKamu J[C (2.14). JIuHeHHbBII aHAIN3 yCTOWYMBOCTH ITOKA3BIBACT,
YTO BTOpAsi U3 HUX YCTONYUBA, a IepBasi — HET.

Bynewm pemars Ty xe 3agady (2.14) uncnenno. He oOcyxnast 31ech pa3Ho-
CTHBIE CXEMbI, KOTOPbIE MOXXHO MPUMEHUTD JUIS 3TOW LIEJIM, BO3BMEM CIIE/IyI0-
IIYIO SBHYIO CXEMY MEPBOTO MOPsAKa C IIAroM JUCKpeTU3aIuu /i, 0003Havast
uepes X,, sHadenus X(f) B ysmax ceTku:

X - X
n+l n o_ 2
———==uax, —bx;,.

I[lycts mwar / BBIOpaH Tak, uto ha # 1. Torma nuHeiiHoi 3amMeHol mepe-

MEHHOM

x_a2h2—1 L ah+l
T 2T o

Pa3sHOCTHOE ypaBHEHHE OTHOCUTENBHO X, Ipeodpasyercs K BULY

1
Y+l =1—’y5 Eg(yn;r), r =Z(a2h2 —1). (2.16)

Ecnu cymectByer npenen Y ¥  mocleoBaTenbHOCTH Yn (2.16) mpu

* —1F+1+4r

N —> 00, TO OH PaBEH OJHOMY M3 JBYX 3HAUEHHUIl: V12 = 5
’ r

*
Ilpu BbiGope 3Haka «muuyc» )| =—2/(ah—1), a npu BbGOpe 3Haka

*
«moe» Yy =2/(ah+1). CoorsercrByiomme npenenbHble 3HAYEHUS IS

HCXOJHOM TEePEeMEHHOW X paBHBI YKa3aHHBIM BBIIIC CTAIMOHAPHBIM TOYKAM
Y

X1.2 - OnHako mocnenoBaTeNnbHOCT (2.16) ABIAETCA CXOMAIIEHCS HE IPH BCEX
9

*
¥ u y(: Hampumep, ecau 1 > 0mn Yo < )1, 10 ona pacxomurcs. Cienosa-

TEJIHO, YTOOBI ITPABUIILHO PELIUTh ypaBHeHHE (2.14) YMCIIEHHO, TPaKTHYECKH
BO)XKHO U3Y4YHTh JMHAMHKY, 33aJaBaeMylo oToOpaxeHnuem (2.16), npu BceBO3-
MOXHBIX 3HaYEHHSX Iapamerpa 7 .

3aMeTHM, OJTHAKO, YTO OOBIYHO JIOTUCTHYECKAs MOZETh MPUMEHSETCS UL
OLIGHKH YHCICHHOCTU IOIMYJALUU B YCIOBHUAX OTPaHHYEHHOIO pecypca, Mo-
3TOoMy (U3MYECKH cojepikaTelbHble pemeHus: cucteMsl (2.16) nomyuarorcs
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k
mpu —1/4 <7 <0 n yy < y; (nocuenHee ecTh yCI0BUE MOIOKHUTEIBHOCTH

*
nepeMeHHoH x), mubo pu 7 >0 u yog > ¥y .

CX0aUMOCTh MOCIEN0BATENBHOCTU ONPEJEIAETCS €€ MOBEACHUEM B OKpe-
CTHOCTH IpejenbHON Touku. Ecin nokaszartens JIsAmyHoOBa IOJIOXKUTENEH, YTO
O3HauaeT paciiupenue ($Ha3oBoro o0bemMa H, Cle[0BaTeIbHO, PACXOAUMOCTb, TO
npu audepeHIpyeMocT (HYHKIUN g(y;r) IO y B IPEJEIBbHON TOUKE B

9TOM CJiy4dac I0JHKHO BBIITOJHATHCA yCIOBUE

ogly;r
agbir) oy a1
oy o
Y=X1,2
* —1++1+4r
Jlerko mpoBepseTcs, 4To Touka Yo = 2—, OTBEYArOIIas yc-
r

TOMYMBOMY  IIOJIO)KCHHUIO  paBHOBECUS, TepseT  YCTOMYUMBOCTb  IIPU
r>1 =3/4. Ilpu 5TOM NOSBISLETCA HOBBIA TUI CTALMOHAPHOTO PELIEHHS
— K nepuoa 2 (cyuecrtsopapmas npu ¥ < 3 /4 enuncrenHas yCTONYH-
Basi MpejeNibHas TOYKa IpeacTraBisuia coboit mukin nepuoaa 1). CoorBerct-
BYIOIIME LUKIMYECKHE TOYKH  YIOBIETBOPAIOT CUCTEME ypaBHEHHI

(1+/4r-3)

2r

C yBelIMYeHHEM 7 3TOT IIMKJI, B CBOIO OU€pe/Ib, TEPSET YCTOWYUBOCTD MPH 3HAa-

Y2e :g(ylc;r)’ Ve =g(y2c;7”) U UMCIOT BUA } 5. =

YEeHHH 7 = F) TaKOM, YTO MYNbTUIIMKATOP (2.17) A0 maphl TOYEK, CBA3AH-
HBIX MEXIY COOOH, onpenessieMblii 10 MpaBuIly NPOU3BOJHOM CI0XKHOU (DyHK-

LMY, TaK)KE€ CTAHOBMTCA OOJbINE €IUHULBI: |g'(ylc;r)g'(yzc;r1 >1. Us

9TOT'0 YCJIOBUSA MOXKHO HaﬁTl/I, 4To ”'2 = 5/4 . HpI/I r> 7"2 TOABJIACTCA LTUKII

u3 YeTbipex To4yek u T.1. OnucaHHoe siBIeHHWE HasbiBaeTcs Oudypkaumeit yia-

BoeHus nepuona. Ilocnenyronue 3HaueHus 7y, OyAyT y’Ke UPPAMOHATLHBIMH.
ITocnenoBarenbHOCTD {Vk} CXOAUTCSA K HEKOTOPOMY KOHEUHOMY Mpeneny #,
npu k — 00. DTOT mpejen Ha3bIBAeTCs KPUTHUECKOH Toukoil. [lpu 7 > e

JAUHAMHUYECCKas CUCTEMA IEMOHCTPUPYET XaOTUIECKOE ITOBEACHHE.
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B kadecTBe TOYHO PEIIAEMOr0 MpUMepa XaOTUYECKOW JAUHAMHUKH YAOOHO
paccmotpeTh cuctemy (2.16) ¢ napamerpom 7 = 2 :

x,, =1-2x2, x, e[-1;1]. (2.18)
JC (2.18) nmeeT AMHAMUYECKH-UHBAPUAHTHYIO MEPY
1

Siny(x) = —, (2.19)
aN1- x?
MO3BOJISIOIIYI0  BBIYMCIUTH ToKazaTens JlamynoBa (2.10): oH paBeH

A= i—1 In2.

T
Maremaruueckoe oxxunaHue [/ pacnpeneneHus (2.19) pasno, oueBuiHoO,

2
nymo, a muctepcus o~ = 0,5. INocnenHee 03HAYAET, YTO CHPOrHO3UPOBATH
3HAYCHUS Pslla TOYHEE, YeM C OIIUOKON, paBHOU O ~ 0,7 HeBO3MOXHO, ecin,

pa3yMeeTcsi, He M3BECTHA IOPOXKIAIOIIAs ero JUHAMUKA. Pacder moka3siBacr,
gto BeIOOpouHas AK®D 3toro mporecca XaOTHYSCKH OCHWILIHPYET C aMILTUTY-
moit 0,05. Tounoe 3nauenue AK® g mepsr (3.19) paBHo Hyiro, T.e. 31a JIC
MOXET CYMTAThCSl TUHAMHUYECKUM TeHEPaTOpoM OesIoro nryma.

[IprmepoM ABYMEpHOTO OTOOpaskeHHsI, 00JIaJAIONMIeT0 XaOTUIECKOH IH-
HaMHUKOH ¥ 0000IIaroIero Joructadeckoe (2.16), sBiusercs cucreMa JHOHA:

Xpyo =1— rx%H +bx,,. (2.20)
IIpu O<b<lur> 7, Y OTOH CHCTEMBI MMEIOTCH XA0TUYECKHE PEXKU-

MBI, aHajoruuHble ciydaio (2.18). Ilpupamenus psoa DHOHa NMPAKTHYECKH
He3aBucHMBl, AK® Hemeproanmdecku KoneOIeTcs OKOJIO HYJICBOTO 3HAYCHHUS C
ammmutyzoi 0,05.

[MomynapHO! TpexMepHOH MOJENBI0 C KBaApaTUYHON HEJIMHEHHOCTHIO,
HMEIOIIeH XaoTHYECKHE PEXUMBI, sBigercs cucrema JlopeHna. OToT mpumep
YacTo MOSBIIAETCS B PA3IMYHBIX (PU3NMUECKUX NpHIoKeHHAX. B nuddepennu-
AJIBHOW (hopMe MOJeIb UMEET BUJ

x=0(y—x),
y=Ax—y—2xz, (2.21)
Z=—pzZ+X).
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OHa 3aBHCHT OT TpeX HAYAIBHBIX YCIOBHH M TPEX MapameTpoB. XaoTHde-
CKOE€ TOBE/ICHUE PEIICHUs 3TOW CUCTeMBI HAOMIOAAeTCs IPH 3HAUCHHSX Tapa-
metpos 0 =10, A =28, ©=8/3.

[IpuBeneHHpIe B 3TOM mMaparpade IpuMepsl MOKa3bIBAIOT, YTO MPOTHO3M-
pOBaTh MOBEJEHUE TUHAMUYECKONW CHUCTEMBI C Xa0COM B OTCYTCTBHE 3HAHUU O
ee JUHAMHKE TaK e TPYIHO, KaKk U CIy4yailHOro npouecca WHOM MPUPOIBL.
JIvHeliHble CTaTUCTUYECKUE MOJENIM PErpPeCCUOHHOIO U aBTOPErPECCHOHHOIO
TUIIOB MMPUBOJAT B OTUX ClIydasaX K 6OJ'II>IIJI/IM OLIJI/I6KaM, IMMOCKOJIBKY UCXOAHBbIC
CHCTEMbI HelMHEeHHbI. B To e BpeMmsi MporHo3upoBanue QyHKIMHU pacrpese-
JIEHUSI SIBJISIETCS YHHMBEPCAIbHBIM IOAXOJIOM K HCCIEIOBAaHUIO CIIy4dalHbIX
MIPOIIECCOB, B TOM YHCJIE M TUHAMUYIECKOTO Xa0Ca, U MOXKET OBITh POBEACHO C
OTIPENICIICHHOW TOYHOCTBIO, OLCHHBAEMOW MO 00BhEMY BBHIOOPKH U TOPH3OHTY
nporHo3a. OCHOBBI ATOTO METOJIa ONHUCKHIBAIOTCS najiee B yacTu II, a mpumepsl
MPUMEHCHHUS 3BOJIOIUN BHIOOPOYHON TUIOTHOCTH (DYHKIMH pacHpeieIcHUs Ha
BPEMEHHOW TOPHU30HT, COTIIACOBAHHBINA C JJIMHON BBIOOPKH M TpeOyeMoi ToY-
HOCTBIO IIPOTHO3a, AaroTcs B yacTH II1.

3.3. Beipo:kaeHHbIe Xa0THYECKHE THHAMHYECKHE CHCTEeMbI

Beime Obi1 paccMotpen npumep soructuueckoit J{C, HenpepbiBHas Bep-
CHsI KOTOPOH MMEET BIIOJIHE MPEACKa3yeMoe OBEICHNE, TOT/1a KaK AUCKPETHAs
IIPY HEKOTOPBIX 3HAYEHUSX MapaMeTpOB, HAIPUMEP, NPH ONPE/ICICHHOM Ilare
JVCKPETU3alMU TPOSBISIET XaOTHYECKHe cBoicTBa. CienoBaTenbHO, IPH MO-
JISTMPOBAHUN PEATBHBIX (PU3UUECKHUX IMPOLIECCOB HA/l0 BHUMATEIBHO CIEIUTH
3a aJeKBaTHOCTBIO MCIOJIB3YEMBIX MOJENEH M 332 KOPPEKTHOCTHIO BBHIBOJIOB,
KOTOpBIE JIENAal0TCs U3 UX aHAJIN3a.

Hcxonst u3 cOBpeMEHHBIX MPEACTaBICHUN O MHUpE, CIEAyeT CUMTaTh, 4TO
pearbHO MPOUCXOISIINE B HEM IIPOLIECCHI IO CYINECTBY AWCKpeTHbI. Hampu-
Mep, AL TOTO, YTOOBI IBIDKCHNE (PU3MUECKOTO TeIa KOHEYHOH M OTIMYHOM OT
HYJISI Macchl BO BCEX CIydasX aJeKBaTHO ONMCHIBAJIOCH ObI auddepeHuatb-
HBIM YpaBHEHHEM, TPeOyeTCs, YTOObI y ATOro Teljia ObUT «MHCTPYMEHT», CIIO-
COOHBIN «CKa3aTh» €My, YTO BHELIHsS CHJIa U3MEHWIIACh Ha OECKOHEYHO Ma-
JyI0 BEJIMYMHY, TOTAA KaK MEJIKOCTh Pa3OMEHHs OTpaHHYCHa €CTECTBEHHBIMU
aTOMapHBIMHU pa3MepaMu. XOTs 3TO SBISIETCS U OOIIMM MECTOM, CIEIyeT BCe
K€ TOAYEPKHYTh, YTO HETPEPBIBHOCTD SIBISIETCSI XOPOLIMM IPHOIIKEHUEM,
KOTZIa PacCMaTpUBAIOTCSl TAKHE Pa3Mephl TeNl U NPOMEXYTKH BPEMEHH, KOTO-
pble «MHOTO 0OJIBIIE» COOTBETCTBYIOIIMX MHUHUMAIBHBIX BEJIMYHMH JJISl TAaHHOM
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cucreMbl. «MHOTO OOJBIIE)» B3SITO B KAaBBIUKHA IIOTOMY, YTO 3TO IOHITHE Ha
MPAaKTHUKE OTPENEeNIeTCs HE B COOTBETCTBHH C KypCOM MaTeMaTHIeCKOTo aHa-
JM3a, a U3 cOOOpasKeHUi JOCTaTOYHOW TOYHOCTH M3MepeHus. Ecnm xapakTep-
HOE BpeMs, ONpEeeIIAIoliee PEaklhio CUCTEMbl Ha BHELIHEE BO3JCHCTBUE WU
OTpenessIIoNee ee BHYTPEHHIOIO 3BOJIONHIO, «MHOTO MEHBIIE» MPOMEKYTKa
BpPEMEHHU, Ha KOTOPOM HM3YYaeTCsl CHCTEMa, HENPEPHIBHOE ONMHCAHKE SBIISCTCS
aJICKBaTHBIM. B IPOTHBHOM CiTydae IPUMEHSIOTCS TUCKPETHBIE MOZIEIIH.

Ho, pemass «HempepsIBHYI0 MOJIENb» YHCICHHO, HCCIIENOBATENb BBOIHT
CBOH IIar JUCKPETH3aluy U CBOIO YUCICHHYIO CXeMY, OTJIMYHYIO, BOOOIIE Io-
BOpsi, OT (hM3MYECKU aJeKBaTHOM MoJeNu mpouecca. Kpome Toro, BenuyuHa
mara JUCKpeTrU3alun onpeacasaeTCss B OCHOBHOM HE (1)1431/1K0ﬁ, a BbIYHCIIUTCIIb-
HBIMH BO3MOXHOCTSMH. OTKIIOHEHHUS TapaMeTpPOB YHCICHHOW CXEMBI OT Xa-
paKTepHBIX MUHHMAIBHBIX BEIUYWH, MPUCYIINX HCXOJHOH CHCTEME, MOMKET
MPOUCXOIUTH KaK B OOJBIIYIO, TAK M B MEHBIIYIO CTOPOHEL. Ecnu mar muckpe-
TH3alMU MEHbIIE MHHUMAaIBHOTO pa3Mepa, TO HaJlo OT/AaBaTh ceOe OTYeT, 4TOo
Ha KaXXJIOM II1arc¢ BBIYUCIIAKOTCA BCIWYUHBI, HC UMCIOIINUC HpaBI/IHLHOﬂ HUHTEP-
NpeTalyy B TEPMUHAX UCXOJHOM Mojenu. Eciu ke oH Oouiblie, TO HAnO cie-
JIUTh, BO-TIEPBBIX, 332 TE€M, YTOOBI IIIar BCE €II[e OCTaBAJICS MAJIbIM, B COOTBETCT-
BHU C TpeOOBAHUSAMH II0 TOYHOCTH, M, BO-BTOPBIX, YTOOBI M PACCUUTHIBACMEIC
BEJIMYMHBI OIPEACIISUTUCH TOCTATOYHO TOYHO.

B wactHOCTH, TOBOPS O JOTHCTHYECKOW crcTeMe (2.14) NpUMEHHUTEIEHO K
OIMMUCAHUIO OBOJIIOIMU YHUCJICHHOCTU IMONYJIALUU, NPEACTABIACTCA HEBCPHLIM
JieJIaTh BBIBOJ O €€ XaOTHYHOCTH MPOCTO HAa OCHOBaHMH 3HaKa mMokasarens JIs-
IIyHOBA JJIsl HEKOTOPOM AUCKPETHOHN cxeMbl. Pasymeercs, Al MaTreMaTu4ecKo-
ro obwekTa (2.16) cymiecTBYIOT pa3nmyHble THIBI pemeHmid. Ho ¢usmuecku
CTPaHHO BBITILSIIAT SBOIIOUSA, KOTOpas HAa OJHOM IIIare yMCHbBIIAET YHCIICH-
HOCTH 0CO0€H MOYTH 110 HYJIs, a Ha CIEAYIOIIEeM — YBEINYNBAET JIO MEPeno-
HCHMS, TaK YTO Ha CJICAYIOUICM IIare BCC OIATh <(FI/16HyT>> uT.nOo. Ci) O3Ha4yacrT,
YTO IIar 10 BPEMEHH OKa3aJCsl KpaTeH XapaKTepPHOMY BPEMEHH >KHU3HHU IOKO-
JICHHUA, a JOJDKEH OBITh PaBEH XapaKTEepPHOMY BPEMEHH, HEOOXOIUMOMY IS
YBEJIMYCHHUS YUCICHHOCTH TTONYJISIIAN HA OTHY OMOJOTHYECKYI0 enuHuIry. Ec-
JU 3TH BpPEeMEHa COBIAIAIOT, TO, ACHCTBHUTENBHO, CHCTEMa OYAET BECTH cels
xaoTndecku. Ecnu ke, Kak 3TO yaiie BCero n ObIBAaeT, €CTECTBEHHBIN MIar Mo
BPEMEHHU MaJl II0 CPAaBHEHHIO C MPOMEXYTKOM BpPEMEHH, Ha KOTOPOM UHCIICH-
HOCTh MEHSETCSl CYLIECTBEHHO, TO AucKkpeTHas (2.16) u HenpepbiBHas (2.14)
Mojeny OyAyT MPUBOANTH KAYECTBEHHO K OJHUM M TeM Xe pe3yibraram. Ha-
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KOHEII, €CIIM [EebI0 OBUIO ONMMCAaHHE MMEHHO 3BOJIOLWH MOKOJIICHHUH, TO JIOTH-
CTHYECKasi MOJICINb HE SIBIISICTCS VIS 3TOTO aJeKBATHOM.

Ecnn Monens u3HaualbHO SIBIAETCS AUCKPETHOH, TO, pasymeercs, Ipo-
6J'IGM])I JAUCKPETU3AllU CHUMAIOTCS, U OCTAIOTCs TOJIBKO BOIIPOCHI yCTOfl'-IIdBO-
CTHU TPACKTOPUH 11O OTHOIICHUIO K TOYHOCTH BBIYMUCJICHUA BEJIMYMH Ha KaXKAOM
mare. OTHaKoO HE BCE ypaBHEHUs, KOTOpPbIE TPEOYIOT IPAKTUIECKOTO PEIICHHUS,
UMEIOT SICHOE (pru3nvecKoe cofepKaHne, 1 MOTYT OBITh 3alMCaHbl B €CTECTBEH-
HOW IHICKpeTHO# Gopme. B pane cmyyaeB ypaBHEHHE, UMEIOIIEEe HEITPEPHIBHYIO
(opmy 3amucu, SBISETCS B TEOPETHUYECKOM IUIaHE MCXOIHBIM, U €ro CBOHCTBa
JOJI>KHBI 6]:.IT]) 10 BO3BMOYKHOCTHU COXPAaHCHBI TP AUCKPETU3ALIUH.

B maparpage 2.1 OblIM npHBEINECHBI IPUMEPHI BHIPOKACHHBIX JIarpaHKe-
BBIX CHCTEM. BO3MOXXHO, 4TO MpH HEKOTOPBIX NMapaMeTpax IUCKPETHOH CXEMBI
YHCJIEHHOE PEIICHHE HE TOMAJET Ha 0COOYI0 KPUBYIO, HO OyJET XaOTHIECKUM.
Uro mpom3ouaeT, ecind B 00NAaCTH M3MEHEHHUS MapaMeTpOB, OTBEYAIOMICH -
HaMHUYECKOMY Xa0Cy, CYILECTBYIOT 3HAUEHUS, IPU KOTOPBIX JOCTHKUMO TaKXke
W CHHTYJISIPHOE MHOXECTBO, Ha KOTOPOM, KaK ObLIO MOKa3aHo B naparpade 2.2,
MOJKHO 3a/aTh Cly4aifHOe NpOJOJDKeHHe TpaekTopun? Takylo AMHAMHKY, B
KOTOPOHM COYETAIoTCs [Ba CIyYalHBIX MPOLEcCa PazIMYHON MPHPOIEI, Oyaem
Ha3bIBaTh JABYXYPOBHEBOW XaOTUYHOM IUHAMUKOM.

Taxkum 00pa3om, HETPUBHAIFHOE MTOBEJCHUE PEIICHUI PAa3HOCTHBIX ypaB-
HEHUH MOXET MPEICTaBIATh CAMOCTOSATENBHYIO LEHHOCTb U MPAKTHUECKYIO
BaXXHOCTb. C pyTroif CTOPOHBI, XaOTUYECKOE MOBEACHUE PEIICHUs, 10JTy4yaeMo-
rO YHCIIEHHO, MOXET SIBISIThCS M apTedakToM YHCIEHHOW cxeMmbl. B o0omx
ClIy4asiX CTaTUCTUYECKOE ONMCAHUE TAKUX CHCTEM MMEET 3HAa4UEeHHE I TIOHH-
MaHHUs CI0KHOTO XapakTepa ANHAMHUKH.

IIpuBenem npumep JiarpaHkeBOM CUCTEMBI, UMEIOILEH Xa0THYECKOE MOBE-
JIEHHE U, KpOME TOr0, BBIPOXKAECHHON. 3a OCHOBY BO3bMEM H3BECTHYIO MOJENb
DOHoHa—Jilleca IBYMEPHOM HEMHTETPUPYEMOH CHCTEMBI OCHMIUIATOPOB C KY-
OMUYECKOW HETMHEWHOCTRIO. JIarpaHKuaH UCXOTHOW MOJICITH UMEET BUJT

2 2 2 2 3

vi V2 490 93 2 92 S
L G SISO S § S +—=, v.=¢q;, i=12.03.1
HH ) 5 > 5 q1 92 3 i =4 3.1

Cucrema (3.1) uMeeT XaoTHYECKOE MOBECHNUE NIPU YHEPTUAX, MPHOIA3H-
TenpHO Oonpmmx (B Oe3pa3MepHBIX TepeMeHHBIX) umcna 1/6. IIpocreiimeit
Mo uduKameil 3TOH CUCTEMBI SBIISIETCS MOJIENb CIIA00PEIIITUBUCTCKUAX HEJH-
HEWHBIX OCHUIUIATOPOB [8] ¢ marpaHXxuaHom
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2 2 2 3
A% % q
L:_l l_q_l +_2 1_‘]_2 _Q_l_‘]_z_qlzqur_z, (3.2)
2 202 2 202 2 2 3
rae C ecTh HEKOTOPHI OONBIION ITTONOXKUTENBHBIN mapaMeTp (B pa3MepHBIX
BEJIMYMHAX — CKOPOCTh cBeTa). B peryispHpIXx 00macTsx (Ha3oBOro mpocTpaH-
CTBa BHEPrHs cucTeMsl (3.2) gaeTcs BhIpaKeHHEM

Tt t9192 - (33)

2 2 2 2 2 2 3
Vi qi V) q3 9 , 92 2 Ep)
E=—1|1-2L |4 2292 2

2 22 2 202 22 3

Bynyun nenpepsiBHOH (yHKIMEH KOOpAMHAT U cKopocTei, sHeprus (3.3)
MOXET OBbITh IPOJOJDKEHA 110 HENPEPHIBHOCTH U Ha CHUHTYJIIPHOE MHOXECTBO
cuctemsl (3.2), onpenensieMoe yCIOBHEM

|k |: - ar - a7

det’ _‘avia"j‘ 2¢? 2¢2

=0. (3.4)

Takum 00pa3zoM, CHHTYJISIPHOE MHOXKECTBO IIPEACTAaBISICT COOOM UeThIpe

IUIOCKOCTH (] 9 = £CV2 . OHO HOCTHXKMMO NepBOI YacTHULIEH, eciu TpH 3a-
>

JIAHHOM 3HAYEHNH SHEprun £ ¢| CyIecTBYIOT KOOPAMHATA U CKOPOCTh BTOPOH

YacCTUIbI, YIOBJICTBOPAIOIINE YPABHCHUIO
v 2 q 2 q 2 q 3
E=Eg=-2|1-22 |42 (1+qy)+ 222
2
2 2¢ 2 3
VcaoBue NOCTHKUMOCTH CHHIYJISIPHOIO MHOXECTBA BTOPOM UacTHLEH
MPECTABISACTCS ABYMS YPABHEHISIMH:

2 2 2 2
v 2c
E=E SLATR PR, +q—1ic\/§ q12 -——
2 202 2 3
O06e 4YacTHIbI MOTYT JOCTHYb CHHTYISIPHOCTH TPU 3HAYCHUSAX DHEPTUU
2

Egs=c" c3\/5 /3. Cnesys npaBuIaM MpOJIOJKEHHsS TPACKTOPHH Yepes
ocoboe MHOXKecTBO (TeopeMsl 2.2.1 u 2.2.2), mpUXOauM K BBIBOAY, YTO B JIaH-
HOM ciIydae Oy/leT MPOHMCXOIUTh YHIPYroe OTPAXKEHHE YAaCTHI] OT TOYEK, OTpe-
nensieMblx B (3.4): KOOpAMHATHI HE MEHSIOTCS, a CKOPOCTH MEHSIOT 3HaK.
VYpasuenue Jlnysws (1.1.12) cnenyeT AOMOIHUTE B 5TOM Clly4dae TpaHHYHbI-

MU YCJIIOBUAMU IJIS TNIOTHOCTU PACIIPCACIICHUA MOCJIC MOoMaJaHuss CUCTEMbI Ha
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CHHTYJIIPHYIO (Da30BYIO TIOBEPXHOCTh. JTO YCIOBHE 3aIHIIEM B HHTETPAILHOM
BHJIE TI0 aHaorHH ¢ (2.2):

plx,t, +0)= .[P(x,x')p(x', ty —0)dx’, (3.5)
rae supo P(x,x') OIHKCHIBAET TIPOLIECC TPOXOKICHUS TPACKTOPHH Yepes T10-
BEPXHOCTh S(X), MOMEHT JOCTIKEHHs KOTOPO# 0603HaueH B (3.5) kak f¢. B

saape P(x,x') JIOJDKHBI OBITH OTpa)KeHbI IpaBHiIa MPOXOXKICHUS 0CO0OH ITo-

BEPXHOCTH: AAPO OTIMYHO OT HyJIsl TOJILKO Ha 0COOOM MOBEPXHOCTH, T.€. B HEM
JOJIDKEH COAEPXKAThC 4IEH BHIA O (S (x')); OHO JIOJDKHO COXPaHSAThL IIPO-

CTPaHCTBEHHBIE TIOJOKEHHS YACTHUI] MOCJIE MPOXOXK/IEHHS, YTO O3HAYAET HaJIH-
une unena S(q —q'); coxpacHue SHEPrHM MOKET GBITh 0GECTICUCHO MHOKH-
! o
Tenem 5(E (x)— E (x )) OTpaskeHHE OT CHHTYJSPHON MOBEPXHOCTU B JaH-

!
HOM KOHKPETHOM CITy4ae ONHMCHIBAETCS MHOKHUTETEM O (V +v ) B urore 1o-

JTy4daeMm

P(x,x'):
25(%2 —202)5(%2 —202)5(E(x)—E(x'))5(q—q')5(v+V').

B kauectBe mnpumepa JUCKPETHOW BBIPOXKIEHHOW CHCTEMBI C XaoCOM
BO3BMEM CHHTYJSIPHO-BO3MYIICHHYIO IHCKpETHYI0 cructemy JHoHa (2.20), B
KOTOPYIO J00aBleHBI Mainble wWwieHbl. Hampumep, Bmecto (2.20) paccMoTpuM
cucTtemy

(3.6)

2
Xpil t@pVns1 =1=rxy +y,
OpXpi1 + Vel =bx,

B KOTOpOH (0, = (p(xn R yn) — HeKkoTopas (QYHKIWS, IpEeHEOPEeKUMO Maast

3.7)

MPHU TIOYTH BCEX 3HAUEHUSAX CBOMX apryMEHTOB, HO MPUHUMAIOIIAsl 3HAYCHHE,
2
PaBHOE €IIMHMIIE, €CIIH OKAXKETCA, 9T0 ), = FX, + bxn —1. Toraa npu moc-

THXXEHHUN COOTBETCTBYIOIIUX 3HAYCHHI {Xn 5 yn} MaTbHEUIIasi SBOJIIONUS HE

OIpeacJiCHa, 1, IPU KEJIAaHNHU, €€ MOXKHO IMPOJAOIZKUTE BEPOATHOCTHLIM ITYTEM,

3aZlaB IUIOTHOCTb BEPOATHOCTH TOYKH xn+1 B 3aBUCHUMOCTH, HallpuMmep, OT

Xy.
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[IpuBeeHHbBIC TPUMEPHI MTOKA3BIBAIOT BO3MOXHOCTh MOJICIMPOBAHUS CITYy-
YaHBIX MPOLIECCOB ¢ MOMOIIBI0 Oonee cioxkHbIXx JIC, B KOTOPBIX 3al0KeHa
XaO0THU3aIMs Pa3IudHON mpupoasl. OIHAKO HA MPAKTUKE HCIOJIB30BATh HEKO-
TOPYIO TOTOBYIO MOJEIb JJIsi OOBSICHEHHs HAOJIFOJaeMbIX JAHHBIX yIACTCs, KaK
MPABUJIO, JIUIIIb HA OYCHb HEOOJIBIIOM (IT0 CPABHEHUIO C UMEIOIIMMCS 00HEMOM
3THX JAHHBIX) OTPE3KEe BPEMEHH. DTO CBS3aHO C TEM, YTO BPEMEHHOH pAn, Oy-
JIy9H HECTAIIMOHAPHBIM, Ha OOJIBLIMX TPOMEKYTKAX BPEMEHH XapaKTepU3yeTCs
ropaso OoJjbliel Jucnepcueil, ueM Ha CPABHUTENBLHO MANIbIX, HO CTATHCTHYE-
CKH{ JIOCTaTOYHBIX MPOMEKYTKax. [103TOMy MHTEpeC MpeacTaBIseT MOJICIUPO-
BaHME SBOJIOLMHU (DYHKUUM paclpelesieHus] psijia, 4TOObl OLIEHUTh XapakTep-
HBIA TPOMEXYTOK BPEMEHH, B TEUYCHHUE KOTOPOTO HAOJIIOAAEMYI0 CHCTEMY
MO>XHO OBLTO OBI CUNTATh KBa3UCTAIMOHAPHOM.

3.4. YpaBuenune Koiamoroposa—®@oxkkepa—Ilnanka

[TosnyyuM KHHETHYECKOE YpaBHEHHE OTHOCUTEIILHO IUIOTHOCTH PACIIpeie-
JIEHUS] CIIY4alHOTO MpOolecca, €Clu MepexoHasi BEPOSATHOCTh 3aBUCUT TOJBKO
OT HAYaJIbHOT'O U KOHEYHOIO IMOJI0KEeHHMH cucteMbl. Kak u B 1. 2.3, BBIBOJI KHU-
HeTuueckoro ypasHenus 1uist [IOP onupaercs Ha ypaBHeHre Konmoroposa ass
BEPOSATHOCTH TEPEX0/ia CHCTEMBI U3 OJHOTO COCTOSIHHS B APYToe B EAMHUILY

BpemeHu. HarmomanM BBeneHHBIE B 1. 2.3 ompenenenus. [lycts f (x,t ) €CThb
IUIOTHOCTh BEPOATHOCTH, paccMaTpuBaeMas B (p)a30BOM IpocTpaHcTBe 1 To-
v !
ek X . Jlug kaxmoil mapel Touek X,X €1 u g moOBIX ABYX MOMEHTOB
’ [ !’
BpeMeHU [ u { ompesereHa yCIOBHas BEPOATHOCTh P(x N |x,t) TOTO, 4TO
!/ [
CUCTEMA HAXOJUTCA B TOYKE X B MOMEHT t HpI/l yCJ'IOBl/II/I, YTO OHA HAXOo4u-
Jlach B TOYKE X B MOMEHT [ . BBonuTCs Takke AByMepHas INIOTHOCTh BEPOSAT-
’ ! 1 ’
Hoctn (x , ;x,t) TOTO, YTO CHUCTEMa HAaXOAUTCS B COCTOSHUU (x ,t ) u
HaXOoJWJIaCh B COCTOSIHUU (x,t). VYcnoBue COrnacoBaHHOCTU pacIpeneIeHU

COCTOHUT B TOM, UTO
IF(x’,t’;x,t)dx' = f(x,1)
1, KpOM€ TOrO, 110 OMpCaACIICHUIO yCﬂOBHOﬂ BEPOATHOCTU
P(x',t' |x,t)- f(x,t) = F(x',t';x,t).
Ecin BeposTHOCTB TEpexoja B TOYKy X B MOMEHT ! ompenensercs
TOJIBKO BEPOATHOCTHIO HAXOAUTHCA B TOUKC X B MOMEHT BPEMCHHU t (MapKOB-
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CKHE TPOIIECCHI), YCIOBHBIE BEPOSATHOCTH P(x',t ' |x,t ) YIOBJICTBOPSIIOT ypaB-
Henuto Konmoroposa—CmonnyxoBckoro—YernmMena
V' <" <t P(x | xt)=
! ’ n 14 n 14 n
:IP(x,t | x",t )P(x,t x,t)dx.
[TockoIpKYy MHOTHE MOJEIH CIyYaiHBIX IPOLIECCOB BBIBOISATCS W3 YpaB-

HCHUA (41), MOJIE3HO IMPOCICAUTD CBA3b MCKAY IMOJTYUAONIUMUCS YPaBHCHUA-
MU, IPU3BAHHBIMHA OIMMCATH ONPECACIICHHBIC CBOMCTBa npouecca, 1 UCXOJHbIMH

4.1)

npennoioxenusmu. Hanpumep, ypaBHenue ®doxkepa—Ilnanka (Tak Ha3blBae-
Moe mpsMoe ypaBHeHHEe KonmMoroposa) 4acTo MpUMEHSIOT AJISI ONHCAHMS IH-
HaMUKHU TIPUPOCTOB IIEH HA T€ WM MHbIC (DUHAHCOBBIC MHCTPYMEHTHI, CUUTAsS
MIPUPOCTHI CITydalHbIM OnmyxnanneM. [Ipyn 3TOM HagoO MOMHHTH, YTO MOJEIH,
SIBHO WJIM HESIBHO MCIOJIB3YIOIIUE MapKOBCKOE CBOMCTBO, MMEIOT BEChMa Orpa-
HUYEHHYIO0 00JacTh NMpUMEHEHUs Uil (UHAHCOBOrO PBIHKA, TAaK KaK PHIHOK
o0nazaeT HEKOTOPOH KOHEYHOH NaMAThIO, a MOJIETb IIPEIIoaraeT OTCYyTCTBHE
TaKOBOH yXe uepe3 OJHH LIar 10 BpeMeHH. M eciu st pu3n4ecKux Iporec-
COB Takoe INpUOIMKEHHUE KOPPEKTHO, TO HA PHIHKE LIEHHBIX OyMar OHO dalie
BCET0 HE BBINONHsETCA. TeM He MEHee, B OTIEIBHBIX CIIydasX TaKUe YIPOIIEH-
HBIE [IPEICTABICHUS MOI'YT AATh [IOJIE3HbIE PE3YJIbTATHIL.

MOKHO INIOCTPOUTH ABa YPaBHEHHUS 3BOJIOLMUU YCIOBHOM BEPOATHOCTH

P(x,t xo,to) JUISL TIpoLiecca MePeEXoaa U3 TOUKU (xo, to) B TOUKY (x,l‘) : TIo

KOHEYHOMY BpPeMEHHM ! M IO HavalbHOMY BpemeHH f(. B mepsom ciyuae

ypaBHEHHE Ha3bIBaeTCs MPSIMBIM ypaBHeHHeM KosmMoroposa mim ypaBHEHHEM
®okkepa—[lnanka, a BO BTOpoM ciIy4ae — oOpaTHBIM ypaBHeHHeM Kommoro-
poea [15]. Ecmm 3amaHO HaualbHOE paCHpefeleHUE BEPOATHOCTEH

f(x, t)‘ =ty = Jo(x) u tpeGyercs HaiiTi BeposTHOCTb B GyayLinii MOMEHT

BpeMeHHU [, TO pemaercs npsiMoe ypaBHeHHe. Ecnm jke Hago BBIYHCIHUTH pac-

npejieieHre NepBOro MOMEHTa BPEMEHHU JIOCTIDKCHUS! (PUKCUPOBAHHOTO YPOB-
%
HS X =X , TO pelaercs oOpaTHOE ypaBHEHHE.

Jlig BBIBOJIa IPSIMOTO YpaBHEHUS pPacCMOTPUM B ypaBHeHHH KoimMoroposa

xo,l‘o) IIpY YBEJIMYECHUH Ha

(4.1) u3MeHeHne YCIOBHOW BEPOSTHOCTH P(x,t

T BPEMEHU IIEPEXO/A U3 TOUKH X() B TOUKy X . Dopmanbno u3 (4.1) umeem
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P(x,t +7 |x0,t0): JP(x,t +7 |x',t')P(x',t' |x0,t0 )dx' .
Iockonbky Bpems ! mo6oe, Gonblee to u MmeHpiee f+7T, MOXKHO
B3aTh ' =1 . Torna
P(x,t +7 |x0 ,20 ): IP(x,t +7 |x',t)P(x',t X020 )dx' . (42

Juis nanpHeHmMX TpeoOpa3oBaHMid IepeaeM K IpEeICTaBICHUIO XapaKTe-
puctnueckoii ¢pynkiun (X®), T.e. K dypbe-00pa3y YCIOBHOH BEPOSTHOCTH

P(x,t + T|x',t ) CllydaitHOTO TIpupamenus X — X' 3a BpeMms 7 IpH QUKCHPO-

!
BAaHHOM 3HaueHUu X . Beenem ycnoBHyro X®

o0
X(a),t + z'|x’,t) = J.P(x,t + r|x',t)exp(ia)(x — x'))dx . 43)
—00
Paznaras skcrionenTy noxa uHrerpaiom B (4.3) B psn Taiopa, nomydaem
9KBHBAJIEHTHOE NpeacTaBieHne XD yepe3 yCcI0BHbIE MOMEHTHI:

X(a),t+r|x',t):i(iw)n T P(x,t+r

x', t)(x — x')n dx =

n=0 n'
(4.4)
0 . n
=y (i) m, (x',t;7)
n=0 n '
O6patHoe k (4.3) npeobpazoBaHUEe UMEET BU
o0
P(x,t + z'|x',t): % IX(w,t + z'|x’,t)exp(— io(x— x’))da) ,
T
—00

KOoTOpoe ¢ yueToM (4.4) MOKHO NpEACTaBUTh B BUAE psiia MO MPOM3BOAHBIM
JienbTa-QyHKINH:

P(x,t+r|x',t) =

_L T iﬂmn (x’,t;r)eXp(—ia)(x—x'))da): (4.5)

© (—1)" ! o" .
:z( ) mn(x,l‘;z')%é‘(x —X) .
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[MoxcraBnss nToroBoe BeIpaxeHue (4.5) B MHTErpa B MPaBOH YacTH ypaB-
HeHnd (4.2) ¥ BBIAETSAS B HEM IIEPBOE CllaraeéMoe B OECKOHEUHOU cymme (Iph
n=0), nosyyaem nocie UHTErpUpOBaHus JeNbTa-QyHKIMIi CIETYIONIEE pas-
JIO>KEHUE:

P(x,t+r | xo,to)z

0 _17‘[
= (it | xput,)+ 35D
=1

n.

(4.6)

W (mn (x,t;T)P(x,t | xo,to)).

Pasnoxxerne (4.6) MOXXHO HCIIONB30BATH ISl BBIYUCICHHUS MPOU3BOIHON
YCIOBHOM BEPOSTHOCTH [0 KOHEYHOMY MOMEHTY BpeMeHH (T.€. [0 BpEMEHH [ ):

8P(x,t xo,to)_ . P(x,t+r|x0,t0)—P(x,t xo,to)_
ot _r—>+0 T - 47
Vi
. e (-D" " mn(x,t,r)
_rlgrionzzl n! ox" T P(x,t xo’tO)

U3 (4.7) BumHO, YTO A CYNIECTBOBAHHS IPOU3BOJHON B JIEBOHM YaCTH
(4.7) mOIKHBI CYIIECTBOBATH MPENENbl YCIOBHBIX MOMEHTOB B TIPAaBOW YaCTH.
Wtak, mycTh CyIIeCTBYIOT BEJTMUHHBI

M (x,f) = lim LACSIN
7—>+0 T

(4.8)

o0

= liml j(x'—x)"P(x',tJrr

T>+0

X, t) dx'.
Torna (4.7) HpeaCTaBﬂHeTCﬂ; BUJIE
GP(x,t XO,fo) & (—l)n o"
at =Z n! ax_n(Ml’l(xﬁt)P('x’t

[lo onpenenenuto, npouecc X(¢) HaspiBaercs AMPOY3HOHHBIM, €CIU B

Xo:lp)). (4.9

n=1

npaBoii yacty (4.9) OTIMYHEI OT HYJIS TOJBKO MEPBbIE JBA MOMEHTa, KOTOpPhIE

Mbl Gynem oGo3Hauath kak U(X,?) (ko>pUIMEHT cHOca) 22 (x,t) (mo

MOCTPOEHHIO HEOTpHLATENbHBIH Koaddumment anddysumn). Ecnu 12 (x,2)

cTporo Ooibllie HYJISl, HEMPEPBHIBHBII MapKOBCKHI MPOLIECC HA3bIBACTCS pery-
JIIPHBIM.
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AHAJOTHYHBIM CIIOCOOOM IIOJIy4aeTcsi ¥ 00paTHOE 3BOJIOLMOHHOE ypaB-
HeHre (II0 HaYaIbHOMY BpEMEHH), KoTopoe it nu((y3HOHHOTO Iporecca
3aIMChIBAETCs B BUJIE

8P(x,t | xo,to)
ot,

4.1

6P(x,t| xo,to) 1., 82P(x,t| xo,to) (10
3 —— A% (xp,1)) > .
X, 2 ox,

Jlns onHOMepHoi# wioTHOCTH BepositHocth f (X,1) perynsproro auddy-

= —u(xo,to)

3HOHHOTO nporecca B COOTBETCTBHU c Npe/ICTABICHHEM
f(x,t)z jF(x',t;x,l‘)dx' = ~[P()C',t x,t)f(x',t)dx' nonyyaeMm u3 (4.9)

oaHoMmepHoe ypaBHeHHe Dokkepa—Ilnanka:

2
of (x,t 0 10
ACCT (0 [, 1)+ —— 2 (x,0) f(x,0)). @.11)
ot Ox 2 ox?

Kak cnenyer u3 BeiBona ypaBHeHus @oxkepa-Ilnanka, oHO mpeAcTaBisieT
co00ii 0OpBIB pa3iIokeHus: 00paTHOTO IpeodpazoBanus Dypre A yCIOBHOU
BEPOSITHOCTH HAa BTOPOM HOPSAIKE MO IPON3BOJHOI JenbTa-(QyHKINH.

Mexny croxactnueckuM anddepeHnuaibaeiM  ypasHenueM (CAY) u
ypaBHeHneM ®oxkepa—Ilnanka (4.11) cymecTByeT TecHas CBA3b, KOTOPYIO

II0JIC3HO HAIIOMHUTH JJIA TOI'O, I-IT06I)I npeacTaBlidATb, KAKUE€ UMCHHO Tpe6OBa-
HUS K OMIMPHYECKOMY paclpeeseHHIO TOJDKHBI OBITh BBIIOJIHEHBI, YTOOBI O
HAOIIOZaeMOM CIIy9aifHOM TIPOIIECCe MOXKHO OBUIO TOBOPHTH Kak O MPHUOIH-
JKeHHOM perreHun onpexaenennoro CJY. Kpome Toro, creayer mpencTaBisTh
OTJIMYMSL KOHKPETHO IPOU3BOJMMBIX BBIUMCICHUH C KOHEYHOW IMCKPETHOU
BBIOOPKOI OT TEOPETHUUYECKOH CXEeMBbl, B paMKax KOTOPOW BBIBEJEHAa MOJIEIb
nporecca.

JU1st cTpOToro ompeneneHus: CTOXacTH4ecKoro qudpepeHInaabHOr0 ypas-
HEHUSI BBOAUTCS CIIAyIOIIas BEpPOATHOCTHAs cxeMa. IlycTh 3a1aHO BEpOSITHO-
CTHOE IIPOCTPAHCTBO {Q,O',P} u usmepumsbiit npu Beex ¢ €[0;7] Bunepos-

ckuit mpouecc E(2,®),w € €. Tapamerpusaiusi BpeMEHEM «IIPEBPAIIAET)
ciyuaitnyro Benmuuny &(@) B caywaiinbiii nporece E(Z, @) , HO 06bIYHO st

KPATKOCTH yKa3aHhe Ha MpoCcTpaHcTBO () JOIYCTUMBIX HCXOIOB OIMyCKAETCs.
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Cryuaitneiii npouecc, onpeaenennsiii npu ¢ €[0;7'], naspiBaetcs BUHEPOB-
CKHUM, €CJIH OH:

1) siBiIsieTCs IPOLIECCOM € HE3aBUCHMBIMH IIPUPAILECHUAMUY;

2) ero cpenee 3Hauenue pasro Hyito ME(1)=0;

3) mucnepcus O'g% =const ;

4) cpesHEeKBAPATUYHOE TIPUPAILEHHE TIPOTIOPIHOHALHO PA3HOCTH BPEMEH
M(Et+7)-E0) =of|d; 4.12)

5) pacnipenenenus npoueccos &(¢) u E(¢+7)—E(¢) nopmanbHeL

OyHKIMS paclpeneleHus NPUPalieHU BUHEPOBCKOIO IIPOLIECCa, TaKUM
00pa3oM, UMeeT BU/T

1 x 22
- - .
P{g(t +7)-&() < x} —2722'0'5 _J;O exp 20§|T| /4

Ha BEpOATHOCTHOM MPOCTPAHCTBE {Q,O',P} PaccMaTpUBAETCS COBOKYII-
HOCTh O -anredp {‘Pt} npu t €[0;7'], cBA3aHHas ¢ BUHEPOBCKMM MpOIIEC-
com &(t) yenopusmu:

Y, c¥, co npu s<t;

2) npu Beex ¢ €[0;7] npouecc &(¢) nsmepum otnocurensho Yy ;

3) npouecc npupamennit &(t+7)—E(7) npu seex ¢ >0, 7>0 ne 3asu-
cuT OT cobbITHii O -anre6psr V', .

IlycTe X; ecTh coydalHbIi npouecc, sBasomuricsa pemennem CAY:

dx, =u(x;,t)dt + A(x,,0)ds,, x9=x(0,0),weQ. (4.13)

B ypasnenun (4.13) & = &(t, @) — suneposekuii npouecc, u(X,t) n
A(x,t) — wusmepumbie Gynxuun npu kaxaom ¢ €[0,T]. Torna [15], ecin

BBITIOJIHEHBI YCJIOBUA
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) IK<oo: Vx,yeR, Vtel[0;T]
u(x,0) = u(y,0)|+[A0x, )= Ay, 0| <K [ x = y;

2) Ju(x,)f +| A< K (1+]xF);

3) M|x(0,0)['< o,

TO C BEPOSATHOCTHIO | (T.e. MOYTH HaBEpPHOE) CYIIECTBYET HENMPEPHIBHOE pellie-

(4.14)

uue CJ1Y (4.13), u otnoers f (X,¢) pacnpenenenns npouecca &, ynosie-

TBOpsieT ypaBHeHHI0O Dokkepa—Ilmanka (4.11). Tem campiM obOecrieunBaeTCs
nepeBo] ¢ si3bika CAY Ha s3bIK KMHETUYeCKuX ypaBHeHui. [lomuepkHem, 4TO
TEOPHS ONEPUPYET C HENPEPHIBHBIMU I'€HEPAIbHBIMU PACIPEACIECHUSIMH CIIy-
YalHBIX Mpo1ECCOB, TOrJa KaK Ha MPAaKTHUKC MPUXOAUTCA UMCTh €JI0 C HCKO-
TOpPOM KOHEYHOH peann3aiiei, MOXeT ObITh, JaXe U He CIIy9aifHOTO (B CMBICTE
JAHHBIX BBIIIE ONpeneneHuil) mporecca. [loaToMy mpeacTaBiseTcss BaKHBIM
OMHCATh Ty KHHETUYECKYIO CTPYKTYpPY, KOTOpas MOSBISIETCS B 3aJax MaTeMa-
TUYECKOH CTATUCTHKH HECTAIIMOHAPHBIX BPEMCHHBIX PSIOB, YTOOBI TEOPHS
Moryia ObITh NPUMEHEHa B KOHKPETHOM ciyuae. HapyliieHue Bbilenepeuuc-
JICHHBIX yCHOBl/Iﬁ MPUBOJUT K COBEPUICHHO APYT'UM KMHECTUYCCKUM YPaBHCHU-
saM. Tak, eclnu OTKa3aThCsl OT BHHEPOBCKOTO IIPOIECCa WM OT KOHEYHOCTH
JUCTIEPCHH, TO OyIyT MOTydaThCS HENOKAIBFHBIE HHTETPO-Tu(PepeHIIHaIbHbIC
ypaBHEHWsI, 00CYK/IaeMbIe B CICIYIOIIEM pa3zede.

3.5. Moaean ppakTajabHOro 01y:KIaHus

ITocTaBum Temepp BONPOC O TOM, KAKUM YPABHEHUEM CIIELYET ONUCHIBATH
3BOJIIOLHUIO IUIOTHOCTH (PYHKIMH PACTIPENIENICHHUS CIyYalfHOTO MpoIecca, KOTo-

peiii ynosaersopser CIIY (4.13), Ho mepa d&; He cBsi3aHa C BHHEPOBCKHUM

nporeccoMm. byneM paccMaTtpuBaTh Takue MPOLECCHI, [UII KOTOPBIX pacrpenie-
JIEHUS CIIy4aiiHOM BEJIMYMHBI U €€ MPUPALLEHUI OMUCHIBAIOTCS OJHUM U TEM XKe
TUTIOM paclpeieNieHus, Kak U B clydyae BUHEPOBCKOro mpoiiecca. B ciyuae
BHHEPOBCKOTO TpoIliecca 3TH paclpe/iesieHrs HopMaibHbl. Takue pacmpeserne-
HUS Ha3BIBAIOTCS yCTOWYMBBHIMHU. YpaBHeHne KommoropoBa—Uenmena s yc-
TONYMBOMN TUIOTHOCTH BEPOSTHOCTU f (x, t ) WMEET BUJ

S0 = [ (x=y,t=t")dy. 5.1)
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AHaNoOrnYHOE ypaBHEHHE 3aIIMCHIBACTCS U B CIIydae 7-MEPHOTO MPOCTPaH-
CTBa.
B xapakrepucruueckux pynkuusax smecto (5.1) momydaem

X(k,t)=X(k,t")X(k,t—t"). (5.2)
Pemenuem »Toro YpPaBHCHHUA B KJIACC€ aBTOMOICIbHBIX

(GYHKIMH, 3aBUCSIINX TOJBKO OT OJJHOTO apryMeHTa z = |k|tl/a U

IPOM3BOJILHOTO NapameTpa « > 0, sABnsieTcsa QyHKIHS

g(z)= exp(— Dz* ), D = const > 0. (5.3)
YpaBHeHue 3BOIIONUH 151 TaKo XD nMeeT BUT
0g a A
—==-Dk|" g, (5.4
o K“ & )

KOTOpPOE Ha3bIBACTCsl ypaBHEHHUEM aHOMabHOU Auddy3un. B ucxoansix nepe-
MEHHBIX OHO CHUMBOJIMYECKH 3alUCHIBACTCS B BUJE TAK HA3bIBAEMOTO OMEPaTO-
pa Pucca [18]

og al2 al2  _ pelpge g

5=—D(—A) g, (-A)"Cg=FK"Fg. (5
rae cumsoniom F oGosmatero npeobOpasoBanue @ypee. [Ipomece, ya0BIeTBO-
psommii ypasnennto (5.5) npu 0 < @ < 2, maswiBaercss mpoueccom JleBw.
[Ipy @ =2 OH NEPEXOOUT B CTAHAAPTHBIH BUHEPOBCKHI mpomecc. Ilpu
a>?2 ¢ynkuus g(X,f) TepseT MOJOKUTENLHOCTb, U TIOTOMY HE MOJKET

paccMaTpuBaThCs KaK MIOTHOCTh BEPOSITHOCTH.
YcroiuuBbIe pactipeesieHus! ONPEIESIOTC HHTEPaJloM

1 . «
g,(x) =erxp(—zkx—D|k| )dk -

© (5.6)
= (2 1)n/2 J.exp(—ka)‘](n/]l ;f/li) nildk'
T 0 k X

Ousnueckas unTepnperanus CHY, B KoTopoMm ciydaiiHoe OJyKaaHue

OIMCBIBAETCS HE BUHEPOBCKHUM IIPOLIECCOM, a IpoueccoM JIeBu, COCTOUT B TOM,
YTO TaKHe MPOLECCH IMEIOT aHOMAJIBHO IIMPOKOE PaclpeiesieHne — IHUCIep-
cusi OECKOHEYHO BeNMKa. DTOT (PAKT TPAKTyeTCs B TOM CMEICIE, YTO BCTpeUa-
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IOTCSl OYCHb OOJNBIINE MPHUPOCTH 3HAUCHHUH CIIyYaiHOW BENMYMHBI, Ha3bIBae-
MBI «roneramu JIeBu». A Tak Kak B OOBIYHOM HPOCTPAHCTBE MIMPHHA HAYAIb-
HOTO pacrnpeesieHus] B BHUJIE JIeNIbTa-(QYHKIMN IPOIOPIHUOHAIbHA KBaApaTHO-
My KOpDHIO M3 BPEMEHH, TO aHoMaiibHas quddy3us o3HayaeT, YyTO HaCTUIBI
«Kak OBl TPOJIETAIOT» MUMO 3JIEMEHTOB CpEeZbl, UMEIoLIel, TakuM 00pazoM, B
OTHOIIEHUH 3THX YaCTHIl ITyCTOTHI. Takoe ABMKEHHE MOTJIO OBl OBITH pPeain3o-
BaHO, HalpUMep, Ha (PPaKTATLHOM MHOMKECTBE.

B kauecTBe KOHKPETHOTO MHOXECTBa OyneM paccMmarpuBaTh KaHTOpOBO

muoxectBo C ), KoTopoe 06pa3oBaHO HTEPALMOHHOI POLIEAYPOi 110 BbIOpa-
CHIBAHUIO U3 CPeJHEH 4acTH MpeiblIylIero OTpe3ka OTKPBITOrO HHTEpBaia
nmuanbl A . UcxoausiM MHOkecTBOM siBnsercst otpesok [0;1] . Jlnuna kaxaoro
ws 2771 MHTEPBAJIOB, Y/AIAEMBIX Ha n-Oi uTepauuu, pasHa [3 n—l’ rae
P =(0—-A2)/2, tak uTo Ha n-oM IIare yjanAloTCs MHTEPBAIBI COBOKYITHOM

TUTHHBL [ 1 » DaBHOM

L=2ep p=t

CyMMapHaﬂ JJIMHA 3TUX UHTEPBAJIOB, KaK JICTKO BUACTH, paBHA CAMHULEC,

(5.7)

nostomy Mmepa JleGera muoxectsa C 2 DbaBHa Hymo. PasmepHocts @ Xayc-

nopda TAKOro MHOXKECTBA ONpEJENseTcs BhIpakeHHEM ¢ = —l0g B 2, mo-

ckonbky C; sBisiercst 0GbeIMHEHUEM [ABYX MOZOOHBIX €My MHOXKECTB ¢ Mac-
wTaGHbBIM Ko3(pQuieHTOM [f M MOXKET IPUHUMATE JHOObIE 3HAUEHUS MEKITY

0 u 1. Toukn 0600LIEHHOTO MHOXKecTBAa KaHTOpa MOTYT OBITh NpEICTaBICHBI B
BUJIE

x=(-58)Y b 5. b 0.1} (5.8)
k=1

O[lHI/IM 13 HanboJiee U3BECTHRIX MMPpUMEPOB MHOKECTB BUAA C/’L SABJIACTCA
TEPHAPHOEC MHOXKCECTBO KaHTopa C napamMeTpamMu /1 = ﬂ = 1/3 , KOTOpO€ MO-

JKeT OBITh OIMCAHO B SIBHOM BHJIE KaK
o 3"

3k+1. 3k+2
as=0:my U — == (5.9)
iso 3 3

m=1
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Hycrs f(x,t), x€Cy, ects [IOP npouecca, onpeneneHHoro Ha $pax-
TaIbHOM MHOXECTBE, Tk 4TO
j £,y (dx) =1. (5.10)
Ca
Untepnperanus ApoGHOrO MHTErpaia Kak UHTErpaia 1o (GpakTaibHOMY
muoxkectBy ), koTopblii Bbramcisiercss ¢ Mepoit fl, (dX), orBeuaroweii

pa3mepHocTH Xaycnopda MHOXKeCTBa, MpeuioxkeHa B padore Hurmarymimna
[19]. UnuTerpan (5.10) BeIYMCISIETCS B COOTBETCTBHH C MHTErPaIbHOU (hopMy-
noil Pumana—Jlysuist. IMeHHO, HHTErpan ¢ NEPEMEHHBIM BEPXHUM NIPEAEIOM
0 MHOXECTBY ¢ HeHaTypanbHO# pasmepHocthio 0 < <1 onpenensercs
hopmymoit (cMm., Hamp., [18])

(]gU’kx) =

B % 5.10
TEPMHHAX HHTErpana [, yCIOBHE HOPMHMPOBKH MOXeT (5.10) mmeeT

(5.11)

J‘ y(§)d§
CI

BHJL ([ (()Z+ f kl,t) =1. B uactHOCTH, ecnn paccmarpusaetcs otpesok [0;1], na

KoTopoM «kuBeT» MHOXKecTBo C ), To dpakranbHas Mepa LI, 3TOTO MHOKe-

CTBa €CTh
1

1 (C1) (0+ })— F(a)-[( (gl_a = arl(a)' (5.12)

Benmuuna, obpatras Mepe (5.12), ecTs IUIOTHOCT PaBHOMEPHOTO pactipe-
JieneHnst Ha MHoxecTBe KaHTopa.
Jns BeiBoma ypaBHeHMs JIMyBMILIS, BBIPAXKAIOIIETO 3aKOH COXPaHEHUs

HOPMHUPOBKH, HaJI0 BBECTH Omeparop ApoOHoro nuddepeniupoBanus. Onepa-
TOp, 0OpaTHBIN ApoOHOMY MHTerpany Pumana—Jlmyswms (5.11) cnesa, sBus-
eTcst IPOOHOM POM3BOTHOMN PI/IMaHa—HI/IYBI/IJIJUI [18] Toro xe mopsiaka:

I y(f)df
) (5.13)

(D) )_dxF(l )
(DsI2y)(x) = y(x).
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B uwactrocty, korma 0 < <1, pesynsrar apobrOro muddepeHunposa-
HUS TIPEJICTABIIAETCS B BHJIE

_ y(a) y(f)df
(a+y}) 1_,(1 ) ( )

(5.14)

3aMeTHM Tenepb, YTo Ul BBIBOAA ypaBHeHus sBoirounu [IOP tpedyercs
BBIYUCIIATE UHTCIpal OT JUBEPIrCHIUHU, T.C. IPUMCHATH ONIEPATOP MHTCTPUPO-
BaHMs cjeBa oT oneparopa nuddepenuuposanus. Ho unrerpan (5.11) sBiser-
Csl IPaBbIM OOPATHBIM, @ HE JIEBBIM OOPATHBIM ONEPATOPOM AJSI MPOU3BOIHOMN
(5.13). IToaToMy HY>XKHO OIIPENENUTh KOMMYTATOp 3TUX ABYX omepaTopos. Co-
oTBeTcTBYMOmas popmyna nmeet Bup [18]

a ygna])( ) a-j
(1 DaJ)(x) y(x) - Zﬁ( —a) © o (5.15)
n=[a]+1.
rae Vy_g(X)= (Igﬂrykx) , T.€. B cymmy (5.15) BXonsT npon3BogHbIe 1po0-

HOIO MHTerpajia B HayanbHoi Touke. B uactHoCTH, HpI/I 0<a <1 umeem

(12‘+D y)(x) y(x)~ (r() ( y)(a) (5.16)

B pesynbrare okasbiBaercs, uyTo ypaBHeHue Jluysms pia [IOP na mHo-

xkectBe C ) (OPMaIbHO COXEPKUT (YHKLHMIO MCTOYHMKA, ONPELCICHHYIO C

TOYHOCTBIO JI0 TPOM3BOJIBHON GyHKIMH (P(X,?) TaKoM, 4TO 1S Hee BHIMON-
HseTcs ycnoBre (5.12) HOpMUPOBKY Ha SIHHUILY

[ote0mg (@) =1.

Cy

210 YpaBHCHUC UMCCT BU

M + (D“ uf) (x,0) =J(t)p(x,1),

J(r) u(l 1 Q, t)—m(léf‘ uf )(0,0),

3nech u(x,t) — Boobuwe roBops, npoussonbHas Gpyrkuus va C ), K Ko-

(5.17)

TOPOI MOXKHO MTPUMEHHUTD OTeparnto qpodHoro quddepennuposanus. [1o cBo-
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€My CMBICIY 3Ta (YHKIHS NPEICTABISECT CPEIHIO CKOPOCTh M3MEHEHHs KO-
OpJMHATBl X CIIy4allHOH TPAaeKTOPHUHU.

HMeHHO Takoe ypaBHEHHE OTBEYaeT YCIOBHMIO COXPaHEHHsS HOPMHPOBKH
(5.10). B 00bryHOM Cilydae HATYPaIbHON PasMEPHOCTH ISl OTCYTCTBHS HCTOY-
HHKa B [IPaBOW 4acTH ypaBHeHHs JIMyBHIUIS JOCTaTOYHO NOTPEOOBAThH €CTECT-
sennoro «ycinosus nenporekanus» u(0,7) £(0,¢) =u(1,2) f(1,¢)=0. Te-

IEPhb KE€ B MMPABYIO0 4acCTb ﬂ06aBﬂﬂIOTCﬂ HEOYCBUIHBIC YJICHBI OT HpOHSBOﬂHOﬁ
(06BraHO#) pobHOTO MATErpana ot motoka U(X,?) f(x,t) B HavanpHO# TOU-

xe. ITpu mynesom rpanuunom ycmosuu U(1,¢) f(1,6)=0 wu ananornunom

YCIIOBHH Ha WHTETpai APOOHOTO MOpsIKa B Hylle IpaBas 4acTs (5.17) obpama-
eTcs B HOJIb. TOJIBKO MPH 3TOM YCJIIOBHH CHUMAETCS HEONPEIEICHHOCTh PaBOH
vacTtu B (5.17). Bynem cuurarh ero nanee BBITOJTHEHHBIM.

[ockonbKy U1l KOPPEKTHOTO HCIIOJIb30BaHUs ypaBHEHUs JIMyBHILIS HYXK-
Ha AMHAMUYecKas CHCTeMa, a Ha MPaKTHKe CIy4YalHbIi NpOLEcC MOPOKAAETCS
JUHAMHYECKOW CHCTEMOH JIMIIb NPHOIMKEHHO, TO OOJee eCTeCTBEHHBIM I
ONMCAHUs CIIyYalHBIX TPACKTOPWI Ha (HPAKTAIBHBIX MHOMKECTBAX SBISETCS
ypaBHeHue Konmoroposa u cienyromiee u3 Hero ypasHeHue dokkepa—Ilnanka.
Opnnako ¢popmMasibHOE 00001IeHNne Ha (PpaKTalIbl KIACCHYECKOTO BBIBOJA YpaB-
Henusi @okkepa—Ilnanka u3 ypaBHenus: KosmoropoBa BcTpeuaer onpenesnieH-
HbIE TPYAHOCTH. J[€JI0 B TOM, YTO NpH €ro BHIBOJE HCIOJIB3YETCSl XapaKTepH-
cTHYecKas (YHKLUS NEPEeXOTHON BEPOSTHOCTH, T.€. ACNAETCS MpeodpasoBaHue
®dypbe IUIOTHOCTH BEPOSATHOCTH, 3alaHHON Ha ¢paktane. Ho ¢ dopmanbHOH

TOUKH 3peHus mnpeobpasosanme [ (X) —> f(k) = Jexp(ikx) £ (x)d"x co-

JEPXKHUT O] 3HAKOM 3KCIIOHEHTHI CKAJISAPHOE MPOHU3BEICHNUE B H-MEPHOM IIPO-
CTpaHCTBE, a Ha (hpaKTasie ero ONnpeAeIuTh 3aTpyJHUTENbHO. Kaxercs ecrect-
BEHHBIM, YTO Clly4aliHOe OJy)KJJaHWE Ha MHOXKECTBE HEIENOi pa3MepHOCTH
6y)leT OIMMCBIBATHCS YPaBHCHHUEM BU A

of (x,t 1
f(gt ! + (Dgﬁruf}x,t) ZE(D(()ZJFD&FO'zf}x,t), (5.18)

C Y4EeTOM TPAHUYHBIX YCIOBHH «HEMPOTEKaHUs». DTO BO BCSKOM CIydae Tak,
€CITH CITy4aifHbIH MPOLECC N3HAYAIBHO 33/1aH Ha «OOBITHOM» MHOTOOOpAa3uH, U
JMIIb «BOJICIO CyAe0» ero KOHKPETHBIC 3HAYEHUsI MOMaAaloT Ha (pakTaabHOE
MHOXeCTBO. BbiBoj ypaBHeHus (5.18) aHanornueH BbIBOy OOBIYHOTO ypaBHe-
Hust okkepa—Ilnanka u3 ypasHeHus: Kommoroposa—Uenmena ¢ yueTom Toro,
YTO HMHTETpall MO0 MPOMEKYTOUYHBIM COCTOSIHHSAM, CBSA3BIBAIOIIMM ILIOTHOCTH
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BEpOSATHOCTEH B pa3HBIE MOMEHTHI BpPEMEHH, Oepercs B cMbIcie Pumana—
JImyBumns. CooTBETCTBYIOIIEEe YpaBHEHHE HA3BIBAIOT ypaBHeHHEM Dokkepa—
[Tnanka—3acnasckoro [20].

C apyro# CTOpOHBI, CYIIECTBYET JOBOJILHO OOJIBLIOE KOJIMYECTBO Marema-
THUYECKHX MOJIeJiel (paKTalbHbIX Oy>KAaHHH, BRIBEJCHHBIX U3 3BPHUCTHYECKUX
co00paXkeH Il U HE UMEIOLIMX CTPOroro o0ocHoBaHust. OHU ONHMPAIOTCSI Ha YKe
YIOMHUHABIIEECS BBIIIE TPEACTABICHHE O TOM, YTO €CIH pacmpeieiicHue, Ha-
MpUMep, TPUPOCTOB HEKOTOPOH CIy4allHOW BENMYHHBI (IOIyCTHM, IIEH Ha Ka-
KOM-1m00 (prHAHCOBBIH MHCTPYMEHT) MMEET CTEIEHHBIE «XBOCTBI», TO MO-
JACJIbHBIM YPABHCHUEM JOJI’KHO 6])ITI) YpaBHCHUC C HpO6HbIMl/I IMMPOU3BOAHBIMU,
4TO, B CBOIO OY€PElb, ACCOLMUPYETCS C JBIKEHUEM MO (PPaKTAILHOMY MHOXE-
ctBy. Ilo MoBomy Takux Mojeneil ciemyeT CIenarh 3aMedaHHe, Kacaromleecs
BEPOSATHOCTH HE MPOCTO OONBIINX, a OYeHb OONBIINX CKAYKOB: BEPOSTHOCTH
9Ta He Onm3Ka K Hymo. Ho Torma Momens CTaHOBHTCS HE aJleKBaTHA JEHCTBU-
TEJIFHOCTH, MO0 HM B KakuX (haHTa3usIX, HAlpUMep, CyTOYHas [IeHa Ha He(Tb
He u3menutcs Ha 1000 mosutapos 3a Gappenb 3a OJUH Iiar (CyTKH), T.e. TaKOi
«ronet JleBu» CoBeplICHHO HEBO3MOXKEH. MeXay TeM IO IUIOTHOCTH pacmpe-

JNesieHus, cnanawomeii, Hanpumep, kak 1/ xz, BEPOSITHOCTh TAKOTO COOBITHS
pasHa 1/1000, 1 moTOMY «IOJKHA» HAOIIOAATHCS B CPEIHEM pa3 B TPH-UYETHIPE
rona. Takue 3PeKThI CBA3aHBI C HEONIPABIAHHON MHTEPIIOISAIIUECH CTEIICHHOTO
«XBOCTa» B 00J1aCTh HECYIECTBYIOIIMX 3Ha4eHNH. Ha camom nene Bce pactipe-
JieNieHns1 HaOJII0JaeMbIX BPEMEHHBIX PSAOB (DMHUTHBI B COBEPILEHHO NPAKTH-
YECKOM CMBbICIIE, TaK KaK OTHOIIEHHE CYTOYHOI'O U3MEHEHHMS LIEHbI K THKOBOMY
npupocty uMeeT nopsaok 100 uam MeHbIe, 9TO He MOXKET CUUTAThea «OecKo-
HEYHOCTBIO». TeM He MeHee, YpaBHEHHUS 3BOJIIOLMN, TPAKTyeMbIE KakK «(pak-
TaJIbHAs JUHAMHKA», UCIIOIB3YIOTCS PSIIOM aBTOPOB JUIA MOJEIHPOBAHMS He-
KOTOPBIX pealbHbIX cuTyauuii. He o0cyxast 31ech NpakTHYECKYIO M0JIE3HOCTh
TaKUX Mojesel, o0paTuMcs K MaTeMaTH4eCKOH CTOPOHE BOIPOCa O KOPPEKT-
HOCTH BbIBOJIa MOJCIBbHBIX ypaBHeHHﬁ, IMMPUBOJAMUMBIX B pa3IMdHbIX pa60Tax 10
AQHOMAJIBHBIM CITyYalHbBIM OJTy>KIaHUSM.
Tak, yacto ucnonb3yercs ypaBHeHue @okkepa—Ilnanka B Buzae

of (x,t) 0 1.8 (.
7+6x—a(uf)(x,t) = 2—8x20! (O_ f}x,t),
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a-1

o K

A€ BBOAUTCA MPOU3BOJIHAA = ———— . Ho Ttak 3amnmcangHoe ypaBHe-
axa a ax

HHUE DBOJIIOIMK HEe 00J1ajacT CBOMCTBOM 3aKOHA COXPAHECHUS HOPMHUPOBKH IMPH
JpoOHOM MHTerpupoBanuu no Moxectsy C 2

BerpeuaroTess MOJETU CTAllMOHAPHOTO (DpakTaabHOrO ONYKIaHUS C HC-
moJy30BaHNeM ypaBHeHUS @okkepa—Ilianka ¢ OOBIYHBIM TUHEHHBIM CHOCOM H

IpoOHOW MU PY3MOHHON MPOM3BOMHON, TOHUMAaeMOW B cMbIcie Pumana—
JnyBuis:

(04
M — —i(u(x,t)f(x,t))+ Dw.
at 3x axa

IIpousBosaHas mepBoro mopsiaka A ONMHUCAaHHUS CHOCA B TaKOM MOJENH He-
BEpHA, TaK Kak npy unterpuposanuu no C ) OIATB-TaKd HE OyJeT BHIIOIHCH

3aKOH COXpaHEHUs] HOPMUPOBKH.
Yacto ucnone3yrorest Monenu auddysrnonnoro Tumna 6e3 cHoca Buia

%:—D(— A2 f(x0),

9TO OBLIO PACCMOTPEHO BHIMIE B (5.5).
Wnorpa npu BbIBoJe ypaBHeHUs: KoiaMmoroposa paccMaTpHBaeTCs 3BOIIIO-

0% £ (x,1)
P

MEHH TIOHMMaeTcs B cmbiciie Pumana—JInysumis nopsaka f, 0 < f<1. Ho

IIUS TIEPEXOTHON BEPOATHOCTH B BHIIE , TIIe TIPOM3BOAHAS 110 Bpe-

3aMETHM, YTO «IPOOHAs IBOJIOIMS» HE SBISETCS €CTECTBCHHBIM 0000IIECHIEM
JUTS. TMHAMHYECKON CUCTEMBI, €CJIi Obl MPHIIUIOCHh 337aBaTh TAKOBYIO Ha (ppak-
Taje, Tak KaKk CKOPOCTh MO-IPEKHEMY OMPEeNsIeTcs: OOBIYHOM, a He IPOOHOI
MPOU3BOJIHOM MO BPEMEHHU.

[IprMeHSIOTCS TakKe MOJENH CIlydailHOTO ONMy>XIaHWS C HeMpepBIBHBIM
BpeMEHEeM, HO TUCKPETHBIMH KOOpAWHATaMU. MICXOMHBIM SIBISETCS SBOJIOLH-
OHHOE ypaBHeHHe ThMa JINyBHIUIA ¢ ()paKTaTHHOM 3BOIONKEH IO BPEMEHU U C
JIMHEHHBIM CHOCOM

oF f .ty _

po i UG URNICR))
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T7ie IPOW3BOIHAS IO BPEMEHHU IMOHMMAaETCs B cMbIcie KamyTo (HECKOIBKO H3-
MEHEHHBIH BUA Mpou3BoHON Pumana—JInyBums):

1 I 1 s,
d‘l: r(n—ﬂ)o(t_s)“ﬁ—” ds"
d

2

dt” "f
— , f=neN.
dt

Takum 00pa3oM, CyIIECTBYET JIOBOJBHO MHOTO MMEHHO Mojened Qpax-
TaIbHOU CIIy4allHOW JMHAMHKH, B KOTOPBIX U3 TEX WIM MHBIX (QU3HMYECKHX CO-
oOpakeHHI TOCTYJIHPYeTCs HEKoTopoe ymoOHoe ypaBHeHHe. CyIIeCTBEHHO,
YTO BO BCEX ONMCAHHBIX MOJEISIX YacTHLA OMyxKIaeT 10 OOBIYHOMY MHOXECT-
By (IefcTBUTENBHON MPSIMON), ¥ JIMIIb poOHast NPONU3BOHAS aCCOLUUPYETCS
¢ ¢paxTanbHON TMHAMHUKOMN Ha YPOBHE HHTEPIIPETAIMU PE3YJILTATOB.

B zaxioueHue cpenaeM BaXXHOE 3aMEUaHUE OTHOCHUTENBHO BEPOSTHOCT-
HBIX paclpeeleHuil, 3alaHHbIX Ha ()paKTadbHBIX MHOXecTBax. Kak BumHO U3
MIPOBEJEHHOTO BBIIIE KPaTKOro 0030pa pe3ysbTaToB padOT, INIOTHOCTH 3THX
pacrpeneneHnii  yIOBIETBOPSIOT HEKOTOPBIM HHTETpo-An(depeHInaTIbHBIM
YpaBHEHUSIM, K KOTOPBIM CBOJSTCS BBIPAKEHUS C IPOOHBIMH ITPOM3BOIHBIMHU.
OjiHaKO JaNieKo He KaKJ0€ PEIeHUE 3THX YPaBHEHHH MOXKET CUUTAThCS ILIOT-
HOCTBIO BeposITHOCTH. [leno B ToM, uTo jro0asi HeOTpHLATENbHAsE HHTETpUpye-
Mast (DYHKIHUST MOXKET CUMTAThCSI IUIOTHOCTBIO (DYHKIMU paclpeieieHus B
OOBIYHOM TIPOCTPAHCTBE, MOCKOJIBKY MHTErpajl OT Hee ONpEEIsieT HEyObIBato-
IIyI0 HEOTPUIATEIbHYIO HETPEPHIBHYIO cieBa (QpyHKuIMIO pacnpexneneHus. Ha
(hpakTasbHOM K€ MHOXKECTBE 3TO HE TaK.

Paccmorpum umHTerpan Buga (5.11) ¢ mepeMeHHBIM BEpXHHMM IpPEIESIOM,
KOTOpBIf MMeeT TPaKTOBKY MHTerpaibHoi Gynkimu pacnpenenenus na [0;1],

npuuem 0 < @ < 1:

o T f(0)dt
['(a) O(x—t)l_a .

F(x (5.19)

HOCKOJILKy IIOABIHTETPAJIBHOE BBIPAXKCHUE CaMO 3aBUCHUT OT X , TO HEOT-

PHMUATENBHOCTH TUIOTHOCTH, T.¢. GpyHkimu f (f), HenOCTaTOUHO /17151 MOHOTOH-

HOCTHU F(X) . A oHAauB JAaHHOM CJIy4da€ OOJIKHa OBITH TaKOBOﬁ, MOCKOJIbKY
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BEPOATHOCTH TOTO, YTO ClyYailHass BEIMYMHA 3aKIIOueHa B npejenax [u;Vv],
paBHa
Plu<x<v}= (13‘+ f)(v) - (13‘+ f)(u) = F(v)-F(u).
Hampumep, nycts IIOP umeer KyCOUHO-IIOCTOSHHBIN BUJL:
a,0<x<xg
f(@)= (5.20)
b,xy<x<1
u a,b > 0. Torma u3 (5.19) nomyuyaem, uTo QYHKIHUS paclpeneieHus, OTBe-

qaromas 3TOM IIJIOTHOCTH, HETIPEPbIBHA, HO HC MOHOTOHHA:

Lx" , 0<x<x,,
I'a+1)

F(x)= b ., (5.21)
—(x—xo)a +—— x* , x,<x<L
INa+1) IN'a+1)

Jlerko mposepsiercst, urto ecim 0 < xp <1-— (1 _ b/a)l /(1-a) ,

F(x) npu b < a umeer skcrpeMyM B Touke X() < Xpyp <1, 1 9Ta TOUKa

OTIPEETISIETCS] PABEHCTBOM
X0

Feutr 1-(1-b/a)/0-®

Tem cambiM TUCTOIrpaMMHasd OLICHKA IJIOTHOCTHU BEPOATHOCTU HAa MHOXKE-

(5.22)

CTBE IPOOHOI pa3MEPHOCTH MOXKET He ObITh TpeOyeMoii (hyHKIIHMEH, eIl COOT-
BETCTBYIOMIAs QYHKIIMSA PaCpeeieHusT OKAKEeTCSI HEMOHOTOHHOT.
JlocTatounbiM (HO HE HEOOXOIMMBIM) YCiIOBHEM Toro, uto F(X) wus

(5.19) moxer cuutathes yHKIMEH pacnpeseneHus, sIBISIETCSl HECTPOTroe BO3-

pactanue mwiotHoctd f (7). To, 4T0 9TO yclNOBUE He HEOOXOAUMO, CIIELYET U3

npumepa (5.20): eciu B (5.21) BEIpaxkeHHe M X() YHOBIETBOPSET YCIOBHIO

1- (l -b/ a)l i-a) xg <1, 1o dyHKums pacnpenenenuss MOHOTOHHA.

[IpuBeeHHbIC PUMEPHI TOKA3BIBAIOT, YTO UHTEPHPETALUS «aHOMAIbHO-
TO» TOBENICHUS CIyYallHOW BEIIMYHMHBI KaK JBIDKEHUS MO (hpaKTamy MMeEeT Ol-
peliesieHHbIE TIPaKTUYecKUe Heyno0cTBa. bojee ecTecTBEHHBIM MPENICTaBIISIET-
Csl OIMCAHUE 3BOJIIONMK MMEHHO BBIOOPOYHON (DYHKIMHU pacrpenesicHus 0e3
anesuIsIMK K MOJIEIISIM FeHEPAIbHON COBOKYITHOCTH.
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YACTD II. BBIBOPOUYHbBIE ®YHKIINN
PACITPEJAEJIEHUSA

I'nmaBa IV. HecranuoHapHbie BpeMeHHbIE PSAAbI

4.1. IlonsiTHE BPEMEHHOI0 Psiia

Iycts Ha noamuoxkectse T C R muoxectsa neiictBurensubix uncen R
sanana Hexortopas ¢ynkuus X(7),7 € T. BpemennsiM psjom HasbiBaeTcs
M060€e CYETHOE MHOKECTBO X YIOPSI0YEHHBIX [0 BPEMEHHU 3HAYEHMIl BejIu-
uuHbl X . KOHEUHOE ymopsimoueHHOe Mo BpeMeHu noaMHoxkectBo (J aToro
MHOECTBA, COCTOAIIEE U3 BCEX TEX HJIEMEHTOB MHOXKeCTBA X , KOTOpBIE OT-
BEYAIOT BBIOpAaHHBIM 3HAYCHHUSIM BpEMEHHU u3 MIPOMEXKYTKA
A(t,7) = (t;t + 7], nasbiBaeTcs BHIGOPKOH M3 BPEMEHHOTO psijia, a TIPOMe-
KyToK A(f,7) — OKHOM BBIGODPKH.

Ha mpakTuke BpeMEHHOI psa moiydaeTcss Kak pe3ynbTaT HaOMIOACHUS 3a
HEKOTOpO# MeHsiomeiics Bo Bpemenu BenumuuHoit X(Z). Eciu 0603HaumMTH
4yepe3 # TOPSAKOBBIE HOMEpP MOMEHTa HaOJroleHHsl (M3MEPEHUsI) BEIUYUHbBI

X, TO MOMEHTBI BpeMeHU 11,15 ,...,1,,...

Ha3bIBAIOTCS MOMEHTaMHU HACTYyI-
neHus:  HaOMIOJaeMoro  CoOBITHS, &  COOTBETCTBYIOIIME  3HAYEHHS
X15X2 5.y Xy 5.0, OOPA3YIOT BPEMEHHOH PAJ B TOM CMBICIIE, YTO HAa MHOMKECT-
B€ HATypallbHBIX YMCEJl BEJMYMHA X OIPEAENIEHa 10 pe3yibTaTaM HaOmoze-

nuii kak Qynkuus Bpemenu: X = X(¢). B pesynbrare HabmoneHuii, ecrect-
BEHHO, BCErJa MOJyYaeTcs KOHeYHas COBOKyMHOCTh BenumumH X(Z). Takum

00pa3oM, BPEMEHHOM psijil — 3TO HEKOTOpasi a0CTPaKIUs, MOKa3bIBAKOIIAs 10~
TEHIHATBHYIO BO3MOKHOCTh OECKOHEYHO J0JITOT0 HAOJIOAEHHS 32 H3ydaeMOi
BEJTMYUHOM.

3/1ech ClleAyeT 3aMETUTh, YTO JUIS KCIIEPUMEHTATIBHO MOJYyYaeMOro Bpe-
MEHHOT'0 psijia BpeMsi [ M3MepsieTcs 1o yacaM HaOIIIoAaTels, KOTOPbIe HMEIOT,
BO-TICPBBIX, KOHEYHYIO HIKAY MEIKOCTH M3MEPEHHs BPEMEHH, U, BO-BTOPbIX,
caMo HaOJIOJICHUE MOXET OCYILIECTBIISATHCS C MOIPEIIHOCThIO u3MepeHus. [1o-
3TOMY BCE HU3MEpSIeMbIe BEIUUUHBI SIBIISIFOTCS CITyYaiHBIMH B TOM CMBICIIE, Y4TO
a0COJIOTHO TOYHO 3HAYEHHS Mapbl «MOMEHT BPEMEHH — pe3yJbTaT U3Mepe-
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HUSD», CTPOTO TOBOPSI, HE U3BECTHBI. DTH MOTPELIHOCTH B JAIBHENIIEM HAC HH-
TepecoBaTh He OyIyT, U MBI OyAeM CUHMTaTh, YTO MOMEHTHI BPEMEHHU M 3Haue-
HUSI HaOJIIOaeMON BEIMYMHBI ONPENEIIIOTCS «a0CONMIOTHO TOYHO». AHAIN3y
MOJIEKUT OPYrod acleKT CIIy4allHOCTH — a UMEHHO, CTAaTUCTUYECKUE CBOMCT-
Ba I1OCJIEIOBATEIBHOCTH A0COIIOTHO TOYHO M3BECTHBIX BEIMUYMH. DTO O3HAYA-
€T, 9YTO BO3MO>KHAsI HEPETYISIPHOCTh TIOBEJICHHUS TTOCIIEI0BATEIBHOCTH BETNINH

{xn} MMeEET BHYTPEHHIOIO IIPUPOJY, U HE BCETJa JOIyCKAeT MHTEPIPETALIMIO
«JIETEePMHUHAPOBAHHOE JIBIDKCHHE TLTIOC mIyM». OIWH M3 IEHTPAJIbHBIX BOIPO-

COB COCTOUT B TOM, C Kakoi TOYHOCTBIO «TPacKTOpHU» xn BCC-TaKN MOXCT

OBITh NIPHUOJIIKEHA TUHAMUYECKON CHCTEMOM, M KaK paclo3HaTh HAMJIYYIIYIO B
CMBICIIC allIPOKCUMATHBHBIX CBOHCTB TMHAMUYECKYIO CHCTEMY.

W3y4aemble HaMu HaGJIroaeMble BETMYMHBI OYIyT OTHOCHTBHCS K OJHOMY
U3 IBYX THUIIOB.

[lepBblii THIT — 3TO BENMYHHBI, KOTOPBIE CYLIECTBYIOT HE3aBHCHUMO OT TO-
ro, HaOIIFOJaeT 32 HUMH KTO-HHOYIb WM HET. DTO, HAIpHMep, TeMIIepaTypa
BO31yXa B KOMHaTe, KOJIMYECTBO OMOMAacChl HA HEKOTOPOH TEPPUTOPHH U T.II
Ecnu He mMeTh B BUIYy TOHKHMX (DH3HYECKHX TEOPUH O KBAaHTOBOM CTPOCHHHU
MaTepuu, B KOTOPHIX IPOCTPAHCTBO M BpPeMs IO CYIIECTBY TUCKPETHBI, TO B
OCTAJBHBIX CIIy4asX MOXKHO CUHMTATh, YTO BpeMs HempepbiBHO. M3ydaemas ke
cucTeMa IpearoaraeTcsi 00bEeKTHBHO CYIIECTBYIOIIEH B JIF000H MOMEHT Bpe-
MEHH, T.€. HaOI0AaTelb MOXKET B OO0 MOMEHT 00OHAPYKUTh TaKyl0 CHCTEMY
B HEKOTOPOM COCTOSIHUM IIOCPEACTBOM IPOBEICHUS ONPENEICHHOIO H3Mepe-
Hus. [Ipu 3TOM yI0OHO IPOBOAMTE H3MEPEHHS Yepe3 OANHAKOBEIC POMEKYT-
KA BPEMEHH, KOTOPbIE COCTABIIIOT OJUHAKOBOE KOJMYECTBO MUHHUMAIBHBIX
NPOMEXKYTKOB Ha IIKaJle 4yacoB HaOroAaTess. [10J0XUB B TAKOM Cilydae Iar
10 BPEMEHH eIMHUYHBIM, MOXKHO OTOXIECTBHTh MOMEHT HaOJIOACHHUS C HOME-
pom wieHa pana. Torna Ha IPOMEKYTKE BPEMEHH JUTUTEIILHOCTH 1" M3MEpeHHs

npoBozsTCss B MOMeHTHI Bpemenu [y +1,...,7 +7 . Ykasauusiii HaGop
MOMEHTOB BpEMEHHU Oyzmem, Kak u BEIIIIE, 0003HavYaTh

A(Z‘O,to +T ) =Ar (to ) , OTJINYAsi €T0 OT CAMOTO BPEMEHHOTO TPOMEKYTKA
(10 i + T ] .

Bropo#i i HabIrOIaEMBIX — 3TO BEIUYHHBI, PEATU3YIOIIHECs N0 CyOb-
SKTHBHBIM NpuYuHAM. Hampumep, eciu u3ydaeMoil BEIMYUHOM SIBISIETCS [UTH-
TENBHOCTH TeNe()OHHOrO Pa3roBopa IO HEKOTOPOMY TeleOHHOMY armapary,
TO COBEPIICHHO E€CTECTBEHHO, YTO HaOIIONaTh Takoe sBJeHHUE (Tene]oHHBII
pa3roBop) MOXKHO HE B JIFOOOW MOMEHT BPEMEHH, a JIMIIb TOT/A, KOTrJa MOCTY-
il BbI30B. TOYHO Tak ke OMpXKEBOH psI IieH 0oO0pa3oBaH aKTaMH KyIUTH-
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MIPOJIa’KH, KOTOPBIE COBEPIIAIOTCS HE HETPEPHIBHO, @ B TE€ MOMEHTHI BPEMEHH,
KOTZIa CIIPOC M TPEIUIOKEHNE COBMANH 110 IeHe U 00beMy. Takum oOpazom, B
3THX CIydasX MOMEHTHI BpPEMEHH, B KOTOPbIE U3MepseTcsl HabmrotacMasi BeH-
YHMHA, HE 3aBHCAT OT HAOMIOAATENsl M CaMH IPEICTABISIOT Pealn3annio HEKO-
TOPOTO CITydaifHOro mporecca.

Jis BenWUYMH TEpPBOTO THIIA BEIOOPKOW oOBeMa 7 Ha TPOMEKYTKE

A(to,to +T ) Ha3bIBaeTCs Habop u3 T 3HaueHHMH pAja, MOMYYEHHBIX B MO-

menTsl Bpemenn fo +1, ..., 7y +7 . B aTOM cilydae KOIMYECTBO IIEMEHTOB

BBIOOPKH YMCIIEHHO COBMNAJAET C BEIMYUHON BPEMEHHOTO NMPOMEXYTKa, H3Me-
PEHHOI B «EIMHUYHBIX IArax».

JIi BeMYMH BTOPOTO THIA CYLIECTBYIOT JIBE PA3IM4HBIX BHIOOPKH, TOJI-
JiexKalllie U3ydeHHIo: KoJMuecTBeHHas BbIOOpka U3 N 3JIEMEHTOB U «BpeMeH-
Has» BHIOOPKA U3 DIEMEHTOB, coaepkawuxcs B npomexytke (¢, +17].

B COOTBETCTBUM C STMMM JBYMs THIIAMH BBIGOPOK («IITY4HOMH» M «Bpe-
MEHHOI1») BO3MOXHBI M J[Ba BapMaHTa MPOTHO3HBIX 3ajad. I1ycTh M3BECTHBI

3HAYEHHs PAa B MOMEHTEI BpeMeHH {],17 ,...,[,; . TpebyeTcs HaliTu 3HaueHus

pana B MOMEHTHI [, 11 ..., 5,1, T.€. JaTh IPOrHO3 HA k nabmonenuii Bre-

pen, Mo XK€ IaTh MPOTHO3 3HAYCHUH, KOTOphIe OyOyT HAOMIOIEHBI B IIPOMe-

KYTKE A(l‘ n-ln +T). Bo BTOpOM ciiydae Hall0 Take CIPOTHO3UPOBATH U

KOJIMYECTBO COOBITHI, KOTOpOE OyIeT HAOIIOACHO B ’TOM IIPOMEXKYTKE.

Jis MaTeMaTH4eckoil KOpPEKTHOCTH OTACAHUS COOBITHI B TEPMHHAX TEO-
pHH BEPOSITHOCTEH BBOJHTCS BIIOJIHE ONpENENICHHAs akcHoMaTwka. KpaTko
HATIOMHHM €€, OTChIIas 3a MOAPOOHOCTAMH K (hyHIAaMEHTANBHBIM Kypcam [21,
22].

[Ipn akcnoMaTH4ecKOM ONpENEeNICHHH BEPOSITHOCTH NEPBOHAYAIBHO BBO-
JUMBIMU TOHSTUSIMH SIBIISIFOTCSL COOBITHE M BEPOATHOCTHOE MpocTpaHcTBo. Co-
ObitneM A Ha3bIBAETCS HEKOTOPOE TIOAMHOKECTBO KOHEYHOTO MM OECKOHEY-

HOT'O MHO>KCCTBA SR 3JICMCHTOB {E}, Ha3bIBACMBIX 3JICMCHTApPHBIMU HCXOJa-

MH CTaTUCTHUYECKOTO KCIIEPHUMEHTA. DIeMeHTapHOe coObITHE £ dIeMeHTapHo
B TOM CMBICJIE, UTO OHO MPEJACTABIAET CO0O0i TaK HAa3BIBAEMBINH HEPA3T0KUMBIH
HCXOJ IKCIEPUMEHTA, T.€. TAKOW HCXOJl, KOTOPBIN MPEACTaBIAETCS OJAHUM U
TONBKO OJHUM coObITHEM. OmpejencHue eIMHCTBEHHOCTH HCX0Aa TpebyeT
BBEJICHUS CBOETO POJa MPHYHMHHOCTH B BEPOSTHOCTHYIO cXeMy. IMeHHO, roBo-
pat, uto cobbitue A Bieuer 3a coboii cobbitue B, ecnu B mactynaer Bee-
rna, xorga Hactynaet codetue A: A C B. B stux Tepmunax cobuitue E
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Ha3BIBAETCS HJIEMEHTAPHBIM, €CIIH IS 1100010 cobbituss A oHO Bieuer 1160
A ,mbo A .

Dnemenraphsie cobbitus £y, E»,..., E, o0pasywr nouHsii Habop co-

OBITHIA, €CITH OHH IMOTIAPHO HECOBMECTHHI (T.€. MPOU3BEACHUE IIIOOBIX IBYX W3
HHUX — HEBO3MOXKHOE COOBITHE, HUKOTAA HE HAOJII0AaeMOe B HKCIIEPUMEHTE) U
CyMMa BCEX AJIEMEHTAPHBIX COOBITHI — JOCTOBEPHOE COOBITHE, T.€. COOBITHE,
Bcerna HabmromaeMoe B 3kcriepuMenTe. O003HAYNM TIOJTHOE MHOKECTBO COOBI-
Tnii uepe3 S . BEpOATHOCTBIO HA3BIBAETCS ONpE/EIEHHas Ha TIOJHOM MHOYXKe-
CTBE COOBITHI BelIeCTBEHHAsI GDYHKLUS P, YIOBJIETBOPSIONIAsl TPEM yCIIOBUSIM:
HVAeS P(4)=0;
2) P(S)=1;
3) anst MoO0ro KOHEYHOTO WIIM OECKOHEYHOT0 Habopa MOMapHO HECOBMECTHBIX
cobbitnii £ € S cupaseiusa popmyia
P(EyUE,U..)= P(E|)+ P(Ey)+....

Hopmupyemocts P(S) Ha enuuuily cBszaHa ¢ reOMETpHYECKHM CMbIC-
JIOM BEPOSTHOCTH: UMEHHO, BeposiTHocThi0 P(A) Hacrymnenns coGbitus 4 B
3TOM TPAaKTOBKE HA3bIBACTCA OTHOLICHUE KOJIMYECTBA 6ﬂaFOHpHﬂTHI)IX JJIs1 A
MCXOJIOB K OOLIEMY YHCITy UCXOO0B.

Henycroe muoxkecTBo (2 cOObITHI Ha3biBaeTcsi anrebpoil, ecium OHO

BKJIFOUaeT B ce0s JIOCTOBEPHOE M HEBO3MOXKHOE COOBITHS U YJIIOBJIETBOPSET
JIByM yCJIOBUSIM:

Decu A€ Q,toun AeQ;
2)ecmn A, BeQ,tou AUBeQ ,araxxen A(1BeQ.

Ecnm anrebpa coObITH TakoBa, YTO BMECTE C KaKHOil OECKOHEYHOil Io-

ciefoBarenbHOCTbIO coObituit Ay , kK =1,2,... ona comepxur u coGbiTus

U Aj n ﬂ Aj, , To Taxas anreGpa HaspiBaeTcs noneM cobbrtuit 0 wm o -
k k

anreOpoi.

OnucanHasi abCTpakTHAsE BEPOSTHOCTHAS MOJENb SBISETCS 0000IIeHneM
CIIEAYIONICH MPaKTUUeCKOU cutyaruu. CTaBUTCS SKCIIEPUMEHT, COCTOSIIUI B
M3MEPEHUU HEKOTOPOU BEJIMYUHBI, 3HAUEHHS KOTOPOM SIBISIFOTCS JIEHCTBUTEIb-
HBIMH YucIaMu. [T0CKOJIbKY H3MEPEHHE HE MOXET MPOBOAUTHCS C JII000H TOU-
HOCTBIO, TO B 3KCIIEPUMEHTE (DUKCUPYETCS MPUHAIICHKHOCTh U3MEPSIEMOMN Be-
JIMYMHBI OJHOMY W3 POMEXYTKOB Buaa [d, D), Ha koTophle pazbuta umcio-
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Bast npsiMasi. [TyCTh IPOMEXYTKHU MOMAPHO HE MEPECEeKAITCs, a X 00beanHe-
HHE 00pa3yeT BCIO YHCIOBYIO OCh. Torja yKa3aHHbIC MPOMEKYTKH SIBISFOTCS
JJIEMEHTAPHBIMU COOBITUSIMU, BCSL YUCIIOBAs [IPSIMasi — IMOJHBIM MHOXXECTBOM
COOBITHH, 8 BCEBO3MOXHBIC KOHEUHBIE CYMMbI MPOMEKYTKOB — alredpoit co-
OBITHIA.

BeposiITHOCTHBIM MPOCTPAHCTBOM HJIHM TOJIEM BEPOSITHOCTEH HA3bIBACTCS

COBOKYIHOCTb {S , Q, P} Tpex OOBEKTOB: MOJHOrO MPOCTPAHCTBA DIEMEH-
TapHbIX coObITUi S, O -anre6psl {2 NOAMHOXECTB IIPOCTPaHCTBA S U Bepo-
stHocTHO#M Mepbl P(A) , onpenenennoit anst mo6oro 4 € Q.

CryvaiiHoii Benmunnoit & HasblBaeTCs M0G0 BEIIECTBEHHOE OTOOpake-
nne g:S — X O -anreGpbl MOIMHOMKECTB M3 TPOCTPAHCTBA S B O -
anreOpy MOIMHOMKECTB M3MEPUMOTO TIPOCTPAHCTBA X, B KOTOPOM TIPMHHMAET
3HaueHHe pesysbTar skcriepumenta, Tak uto g(S) = X, u 3nauenus sroro
otobpaxenus & = g(E ): X, T.€. PE3yJbTAThl DKCIIEPUMEHTA, OTpPEIEIEHbI
HA MHOXKECTBE 3JICMEHTAPHBIX COOBITHIA.

PacnipenienienueM ciydaitHoil Benuunbbl & Ha3bIBAaeTCS BEPOATHOCTHAS

vepa Pg (a)) = P(f(a)) € Q), 3ajlaHHas Ha O -anre6pe MOIMHOXKECTB BEPO-

SITHOCTHOT'O IIPOCTPAHCTBA.
Crny4aiiHBIM TIPOILIECCOM HA3BIBACTCS CEMEHCTBO {x(t), teT } ciayyai-

HbIX BesmuuH X(7), 3a1aHHbIX 1S BCEX 3HAYEHHil f U3 MHOXKecTBa T Ha HEKO-
TOPOM H3MEPHMOM BEPOSTHOCTHOM HPOCTPAHCTBE, T.€. 3TO CEMEWCTBO H3MeE-
PUMBIX OTOOpaKEHHUH MPOCTPAHCTBA JIEMEHTapHBIX COOBITHH B (pa3oBoe Mpo-
CTpaHCTBO mpouecca. Ecim nepemMeHHas ¢ NpUHUMAET AUCKPETHBIC 3HAYCHHMS,
MIPOLIECC HAa3bIBACTCSI BDEMEHHBIM PSIIOM.

B npeanonoxeHny BBIIOIHEHHS YCIOBUH TaK HA3bIBAEMOM 3PronyecKou
TeopeMbl Buprxopa—Xunuuna 11s cramuonapHoro mpomnecca X(7), II®OP ko-

TOPOTo f(X) HUMECT KOHCUHOC MATCMATUYCCKOC OXHUIAHWUEC U AUCICPCUIO, a

ABTOKOPpEJISIMOHHAS (DYHKLMS CTPEMHTCSI K HYJIIO C YBEJIMYEHHUEM Jiara,
cpelHee 3HAUYEHME IO BCEH peal3aluy Ipoliecca COBMNAAAET CO CPEIHUM IO
TeHEepaJIbHON COBOKYITHOCTH:

T—>w

T
) 1
lim ?E[x(t)dt =[x/ (x)dx (1.1)
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OTa TeopeMa MO3BOJISET 3aMEHHUTh BBIYUCICHHE MAaTEeMaTHUECKUX OXKUJa-
HHUH CITydalHBIX BEJIMYMH NO (YHKIMU pacupelelicHHs Ha BBIYUCICHHE CPea-
HHUX apu(MeTHYeCKuX 1Mo BHIOOPKE 3HAUCHHMI, KOTOpasi IPEACTABISET SIUHCT-
BEHHYIO peajiM3alliio CiydaiHoro mpouecca. VI Hao00opoT, BO MHOTUX HpH-
KJIaJHBIX 33/1a4aX TEOPHH HAJIC)KHOCTH BEPOSTHOCTb, HAIIPUMEp, OTKa3a HpH-
Oopa B TeueHHE 33IaHHOTO BPEMEHH OLICHUBACTCS O PacHpeleNICHHIO MHTep-
BAJIOB BPEMEHH JI0 IIEPBOTO OTKa3a IS JOCTATOYHO OOJIBILON COBOKYITHOCTH
UICHTHYHBIX NpubopoB. [amee Hac OyAeT WHTEpecoBaTh CHTYalWs, Koraa
IpoLecC HECTAMOHAPHBIH, a FTeHepallbHOE pacIipe/iefieHue B TeKYILIH MOMEHT
BpPEMEHHU HE M3BECTHO. Toraa aHamm3y JOCTYITHA TOJBKO JeBast 4acTh u3 (1.1)
IIPY KOHEYHOM IPOMEXYTKE BPEMEHH / , a B MPABOil 4acTH B 9TOM CIIydae
UHTerpai oepercs OT BEIOOPOYHOH INIOTHOCTH (DYHKLMHU pacupeneeHus.

4.2. BepoSITHOCTHBIE pacnpe/ieJeHUus1  CTAIMOHAPHOCTH

B teopun ciyuallHbIX NPOLECCOB BBOAATCS ABa YPOBHS CTaLlMOHAPHOCTH
BPEMEHHOTO psiZla — B LIMPOKOM M Y3KOM cMbiciaax. O0a OHHM HCIIONB3YIOT
MIOHSITHE TeHEePAIbHONW COBOKYITHOCTH, T.€. THIIOTETUYECKON IJIOTHOCTH (PyHK-
LUH paclpeiesICHNs], ONPEASNIOMEl B KaXAblii MOMEHT BPEMEHH BEPOSITHOCTD
HaOJIIOJICHUSI TOTO WJIM MHOTO 3HAYCHHUS CIIy4aiiHOM BEJIMUUHBI.

Jlaske Oydyun HENpepBIBHOM, Ha MPAKTHKE CilydaiiHas BeJqMuMHA & MpH-
HUMAeT JAHCKPETHOE MHOXXECTBO 3HAYEHUM MM NPUHAUIEKUT KOHEUHOMY
MHO€ECTBY NPOMEXYTKOB 3HAYEHHH X|,X) ,..., X, , KOTOPLIMA UCYEPIILIBA-
IOTCSI BCE BO3MOJKHBIC BapHAHTHI. TakuM 00pazoM, MPEearoiaraeTcs, 9To mpo-
CTPAHCTBO COOBITUH, 00Opa3oBaHHOE MHOKECTBOM X{,X) ,...,X; , SABIAETCS
MIOJIHBIM.

PacnipenenenuemM IUCKPETHOM CIIy4allHOW BEJIMYUHBI f Ha3bIBACTCA COBO-

KYIIHOCTb P(g = )Cl' ) = pl 3HAYCHHH BepOHTHOCTCﬁ B IMOJIHOM MNPOCTPAHCTBE

n
COOBITHIA, TAK 4TO Z p; =1
i=1
®ynkuueit pacnpenenenus (OP) F & (x) Bemuuunbl & HaswiBaeTcs Bepo-
SATHOCTB TOTO, UTO 3HauYeHHe & He MPEeBOCXouT x: F/| & (x)= P(f < x). Eciu

13 KOHTEKCTa ACHO, O KAKOW UMEHHO CIIy4YallHOM BEIMYMHE UJIET peUb, HIXKHUAN
HHJIEKC f: y Gynkuuu F' Gynem omyckaTh M mucaTh npocto £ (x) Ilycth
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IEMEHTBI X],X7 ,...,X,, POCTPAHCTBA COOBITHIA YIOPSIOYEHbI 10 BO3PACTa-
Huto.  Torma,  ecid xX<Xxy, 1O F(x)=0; eom  xe

Xk Sx<xk+1, k<n-1,r0

k
F(x)=F(k)=>p;. @.1)
i=1

Ecmu X 2 X,,, To, ouesuano, F(x)=1.

MuoroMepuble ()DYHKIMM PACIPEENeHus] BBOIATCSA AHAJIOTHYHO: €CIIH
E,xeR’, 10 F(x)= P(fl <X yeeenbg S xs) €CTh COBMECTHAs BEpOST-
HOCTB TOTO, UT0 &| < X ..y &g < X

KpauTuiem mopsaka ¢ ans onHomeproit P F'(X) HaseiBaeTcs Takoe

4yuCcJI0 X 4qTo

q b

F(xq ): q. 2.2)

B YaCTHOCTH, MeHHaHOﬁ pacnpeﬂeﬂeﬂnﬂ HAa3bIBACTCsSA KBAHTUJIIb nop;uu(a
qg=1/2.

I'enepanbHOM COBOKYMHOCTBIO TPH MPOBEICHUH CTATHCTHYECKOTO 3KCIIe-
pPHMEHTA SIBIIICTCS TUIIOTETHYECKAs «ypHa» ¢ OECKOHEYHBIM YHCIIOM IIApOB, Ha

KaXXJI0M M3 KOTOPBIX YKa3aHO POBHO OJHO M3 YHCEJI XI ,x2 ,...,XN B OJHO-
MEpPHOM Cliy4dac WA k 4qucel B k -MCPHOM, IPUYEM J0JIA IIapoB xl‘ paBHa

p; . HabmonenreM B cMbICIIE BEPOSTHOCTHOH KOHCTPYKIMH SIBJIAETCS BBIOOD

W3 3TOH ypHBI IPOMU3BOJIFHOTO MIapa. B crannoHapHOM ciiydae BBIOOp IIapa He
BJIMSICT HA COCTaB OCTABIIMXCS IIAPOB, T.€. C TEXHUYECKOW TOYKH 3PEHHS ITO
O3HAYaeT, YTO LIap rocje HaOmoJeHus] Bo3BpamaeTca odpaTHo. B Hecrammo-
HApHOM CIydae IT0ciie KaXKI0ro HaONIOIEHHsS COCTaB IIapoB B ypHE HPOU3-
BOJIHO MEHSIETCSL.

KoHnenmus «ypHBI ¢ MapaMm» YUCTO yMO3PHUTENbHAs, TOTOMY YTO M3 pe-
IBHOHN YPHBI C PETbHBIMY [IIApaMU KOHEYHOTO pasinyca Heb3s BRIOpATh map
«Ha ynady», 100 OJHHU MIapbl IEPEKPBIBAIOT JOCTYI K APYTUM IIapam, T.€. Ta-
Kasi MOJIENIb OTBEYACT KOPPEIUPOBAHHOMY MPOLECCY, M JIMIIb Ul TOYEUHBIX
IapOB OHA MMEET CMBICI KaK PealIn3allysl CIy4aiHOTO Ipomecca.

Pacnipenenenne Ha3pIBa€TCs CTAIIMOHAPHBIM B Y3KOM CMBICIIE, €CIIH HA0Op

BepOHTHOCTeﬁ {pl} HE MCHACTCA BO BPCMCHHU. PacnpeﬂeneHI/Ie Ha3bIBACTCA
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CTAlMOHAPHBIM B INMPOKOM CMBICIIE, €CIIM CPEAHEee 3HaYeHHEe W ANCIEPCHs
CIlyJyalHOW BENWYMHBI HE MEHSIOTCS BO BPEMEHH. DTH XapaKTEPHCTHKU pac-
IpeeeHus BBOIATCS 110 hopmyrte

n n

p=E[E1=Y xp;, o =El(E-m)*1= Y (x; - 1) p; 23)

i=1 i=1
rae cumBon E 0003HauaeT B3ATHE YKa3aHHOH CIpaBa CyMMBl M Ha3bIBA€TCS
MaTeMaTH4YeCKUM OXKUJAHHEM CIIy4ailHON BEJIMUYMHBI, COJEpIKAIIeHcs B KBaj-
paTHBIX CKOOKax.

AHaJIOTUYHBIE OTIPEEICHNUS 3aMCHIBAIOTCS U ISl HEMPEPHIBHBIX CITydaii-
HbIX BenuuuH. Ecnu ciyyaiiHas BennuuHa f HeIlpepbIBHA U NPUHUMAET 3Ha-
YEHUsl U3 MHOYKECTBA JIEWCTBUTENBbHBIX uKcell, To ee P He oTpuliarenbHa, HE
yOBbIBaeT u HelpephIBHA cJeBa, npuyeM

lim F(x)=0, lim F(x)=1. Takas ¢ynxuus onpenenser Mepy
xX—>—00 X —>+00

Jle6era—Crtuntbeca Ha R :

X
P(E<x)=F(x) = de. 2.4)
—Q0
JlaguM oIIpefeNeHnsl 9acTo BCTPeyYaromuxcss (QyHKIHOHAIOB oT OP mis
JIMCKPETHON MIIM HETIPEPBHIBHOMN CITy4aiiHON BEJMUMHEI, IOHUMAst TIO/l MHTETpa-
JIOM B JIMCKPETHOM cJiydae cymmy Buja (2.3).
MomenTtamu Topsika » pacnpesenenus F(X), eciu oHu cyulecTByIoOT,

Ha3bIBAIOTCA BEJIMYUHBI
+00

_ ro_ r
m, =E&" = _[x dF . (2.5
—0
HeHTpaHBHBIMI/I MOMCEHTaMHU IOPAAKaA 7 HA3BIBAOTCA BEJIMYUHBI

+o0
m,(,) =E(E-my)" = J.(x—ml)rdF. (2.6)

—00
HyCTB a0COJIFOTHBIE MOMEHTBI pacnipeneii€nusa CymeCTBYIOT U KOHEYHBI:

k
E|§| < 00 . Torya xapakrepuctuueckas dynkuus (XP) y(s) pacnpenene-
nust F'(X), koTopast onpesienseTcs Kak MaTeMAaTHUYECKOE OKUIAHUE BETHUMHBI

exp(isf ), MOJKET OBITh MPEICTABIICHA CXOISAIIUMCS PSIOM 1o MoMeHTaMm DP:
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#(s) = Eexplis¢) = [explisx)dF = > mGs)* k. @)
—® k=0

OO0patHO, ecni W3BECTHA XapaKTEepHCTHUECKas (DYHKIHS, TO MOMEHTHI
pacrpeleeH:s BEIpaXxaroTcs yepes Hee 1o Gopmyie

~k o (k
my. = (=i)* 7 (0). 2.8)
le/l JOCTAaTOYHO 061HI/IX HpeﬂHOHO)KeHI/IﬂX 0] paCHpeﬂeHeHMI/I OHO MOXET

6I)ITb BOCCTAaHOBJIEHO II0 CBOUM MoOMeHTaM. MMeeT MecTo ciaeayromias TeopeMa
[22].

V Teopema 2.1. (Kapneman, 1926). OgHoMepHOE pacnpeeieHne BepOsITHO-
CTel ¢ TOYHOCTBIO JI0 MHOXKECTBA JIEOErOBOM Mephl HYJIb OIPENENISETCS CBOH-

o0
MH MOMEHTAMHA {m k }, €CIIM OHH CYIIECTBYIOT U PSJL Z|m k |Sk / k! exonur-
k=0
cs1 ipu Hekotopom S > 0. Pacnpenenenne F'(X) ompenensercs ceoumu mo-
o0
MEHTaMH OJHO3HAYHO, ECIIU Pl z (m2 k )_1 /2k)
k=0

pacxoagurcs. A

Takum 06pa3oM, 3HAHME BCEX MOMEHTOB PACTIPE/IEIEHHS] BO MHOTHX CITy-
qasX MOKET ObITh SKBHBAJIEHTHBIM 3HAHUIO CAMOTO pacrpejeienus. B To xe
BpeMsl CYIIECTBYIOT NPUMEpPHI pacrpesiefieHuil, KOTOpbIe He OMpeesoTes
CBOMMH MOMEHTaMH OJIHO3HAYHO. TaKOBBIM SABJISETCS pacrpesielieHue CiIydaii-
Hoit Benmumnel 7] = eXp(&), rae ciyuaiinas penmmumna & pacnpesenena

HOPMaJIbHO. I[pyrI/IM MMPUMEPOM SABJIICTCA PACHPECACTICHUE C INIOTHOCTBIO
f(x)=F'(x)= exp(—c|x|p )(1 +ﬂcos(|x|p )),
ﬂ| <1, xeR

JI1 5TOTO pacnpesiesienns Npu BCeX 3HaueHusAX [ M3 yKa3aHHOTrO I1po-

c>0,0<p<l,

MeXyTKa MOMEHTBI OJTMHAKOBOTO IOPSIKA COBHANAIOT MEXIY COOOA.

Haaum Takke onpeneseHns MOMEHTOB U XD 11 MHOTOMEPHBIX pacIipe-
IEJICHU.

CMelaHHBIM MOMEHTOM TOpsiKa # 71 -MEPHOM Cily4yailHOW BEJTMYHHbI 2;

Ha3bIBACTCA BCIIMYHMHA
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My, =B £l =[xl xiedF (x),

n n

R" 2.9
ki +..+k =r.

LenTpanpHBIN CMEIAaHHBI MOMEHT MOPSAKA 7 OTIpeAeIIIeTCsT POPMYIOi

ky ky
O bk, — E (51 M. o ) (52 —Mi0..0 )

.- (éﬂ _MO,.“,O,I )

KoBapuarueit KOMIIOHEHT fl 5 §2 JIBYMEPHOH CIIy4allHOW BEJIMYUHBI 2;

. (2.10)

n

HA3bIBACTCA BCIIMYUHA
cov(&), &) =E(& — M) (& —Mo1) =E&E — M gMg;. (2.11)

KoadduumenT xoppemsnnu onpeaensercs GopMynoit

P12 = P21 = COV(§1,§2)/\/052,0050,2 : (2.12)

Cienyer nOa4epKHyTh, 4T0 P17 = 1 Torma u Tonsko Torma, Koraa ciy-
vaiinple Bemwumbbl &) n &)  CBS3aHBI JIMHEHHOH 3aBMCHMOCTBIO BHJA

Yy =ax+b c nocrosuubiMu 3HaueHMAMH TapameTpoB @ u b (cm., mamp.,
[22, crp. 243]).
Ecau ciyuaiinbie Benmaunbl &) U &) HE3aBUCHMBL, TO UX KOd(QdULHEHT

KOPPEJSILMA paBeH Hymo. Kak M3BeCTHO, 0OpaTHOE YTBEPIKIEHHE HEBEPHO.

Hanpumep, mycts £ M 7] — OIMHAKOBO PACTIpE/EeHHbIE CITydaiiHble BEIH-

YHHBI (B YaCTHOCTH, 3HAYEHHS 3aHyMEPOBAHHBIX IPAHEH JBYX UIPAIbHBIX KOC-
N 2 2

Teit), n nyers &1 9 =& 7. Torma M&EEy = ME™ —Mn~ =0, npuuem

M&Ey =ME—-Mn =0. CneposarensHo, COV(fl & ) =0, Ho BenMUMHBI

&1 n &) 3aBHCHMBL CyMMa M Pa3HOCTb JBYX LEIBIX YHCel MO0 00e YeTHBI,

6o o6e HedeTHEI. [103TOMY CTAaTHCTHYECKU METO.I HE TIO3BOJISIET OJHO3HAY-
HO 0TOOpaTh He3aBUCHMBIC BEIMIMHEL.

IycTh cymiecTByeT n3Mepumas o Jlebery pynkuus f (xl yeres xn) TaKas,
YTO DNIEMEHT BEPOSTHOCTHOH Meprl dF (X) MPEICTABIISIETCS B BUJIE
_ 0"F(x)

dF(x)=
) 0x1...0x,,

dx = f(x)dx. (2.13)
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Tor,ua (I)y'HKHI/IH f(XI gesey xn ) Ha3bIBACTCA ITNIOTHOCTBIO (byHKHI/II/I pac-

npeneneHust (IIOP). M3ydeHne cCBOWCTB CIIydaiHBIX BENMYHWH yIOOHO TIPOBO-
muth B TepmuHax [IDP, mockompKy 3Ta (QYHKIHSA SBISETCS €CTECTBEHHBIM
00001IeHnEM TUCKPETHOTO pacpeieICHAS BEPOSITHOCTEH.

OOBIYHO TIPH aHAJM3€ BPEMEHHBIX PAIOB UCXOAAT U3 TOTO, YTO CYIECTBY-
€T CTaI[IOHAPHOE paclpeiielIeHue, U3 KOTOPOTro M OepyTcs HabIomaeMble 3Ha-
yeHusl. TeM caMbIM LeNIb HKCIIEPUMEHTa COCTOHMT B ONPENCICHUH CPEIHETO
3HAUEHMs PACTpEeIIeHus, T.€. €ro MEePBOr0 MOMEHTa, a OTKJIOHEHHUS OT Cpea-
HETOo TPaKTYIOTCS Kak IIyM. Ecin e pacnpeneneHne HeCTallHOHAPHO, U 3aKOH
€ro M3MEHEHHs BO BPEMECHM HE M3BECTEH, TO BBIIICONMCAHHAs BEPOSTHOCTHAS
cxema TepsieT 000CHOBAaHHOCTh. J{IT KPaTKOCTH PSABI, paclpeiercHue KOTo-
PBIX CTalMOHapHO, OyJeM Ha3bIBaTh CTalMOHApHBIMH, a ecimn ux PP Hecra-
IIMOHAPHA, TO HECTAIMOHAPHBIMH.

3aMeTHM Tenepsh, YTo (PAaKTHUECKU B PACIIOPSDKCHUH HCCIICIOBATENS HMe-
eTcs He BCS TeHepalbHasl COBOKYIHOCTH, a JIMIIb KOHEYHAs! BBIOOpKA M3 Hee.
IIpu 3TOM He Bcerma ObIBAacT ONMpaBAAHHO MPEACTABICHUE O TOM, YTO CYIIECT-
BYET HEKOE TEOPETHIECKOE PacTIpee]ICHUE BEPOSITHOCTEN TIOSIBIICHHS TOTO MIIN
WHOTO COOBITHSA, PEaJM30BaHHOE B BH/IE OOBEKTHBHO CYIIECTBYIOIIETO BBIIIC-
YIIOMSIHYTOTO «SIIHKa C mapaMm». [ Takoro npeacTaBieHns U SKCIEPHMEHT
JIOJDKEH OBITH OPTaHU30BaH COOTBETCTBYIOUINM 00pa3oM, 9TOOBI IKCIIEPUMEH-
TaTOP «M3BJIEKAD) 3HAUCHUE U3MEPSIEMOH BETMYHNHBI U3 MOAXOSIIETO SIIUKA.

Hanpumep, 11 MakpOCKOIMYECKOTO COCyJa C Ta30M TaKOe IpeicTaBlie-
HHE €CTECTBEHHO, IIOCKOJIBKY OOJIBIIIOE YHCIIO MOJIEKYT MOKHO PacCMaTpPHBATh
KaK (U3NYECKN CYIICCTBYIOIINI TeHepaTop OecKOHEYHOro Habopa HCXOJIOB.
OpHako BO MHOTHX ITPAaKTHYECKHX CITydasXx MCXOAbI HAONIONCHUI HE TeHEepH-
PYIOTCS U3 HEKOTOPO# COBOKYIHOCTH. boiee Toro, ecinn «sImKm» i1t KaskKao-
TO HaOJIOAEHUS Pa3HBIE, TO 10 €ANHCTBEHHON Pealn3alny OIbITa HEBO3MOXKHO
COCTaBUTH MPEACTABICHUE O PACIPENEIICHUN «IIapoB». I Mmoresa ke 0 ToM,
YTO SIIUKI» COAEPKATEIFHO OJMHAKOBBIEC, HE MOXET OBITh TpoBepeHa. Toraa
MIPUMEHEHNE MaTeMaTH4ecKOr0 WHCTPYMEHTA, KOTOPBIH yIOOCH W TOJIC3CH B
CHITy TOTO, YTO MO3BOJIIET KOPPEKTHO JOKA3bIBATh T€ WM WHBIE YTBEPKICHUS
0 TIOCIIeIOBATENHbHOCTH HAOIOAAEMBIX BEIMIHH, HO TOJIBKO €CIH T€ SIBISIOTCS
peanmu3anisiMi CTAI[MOHAPHOTO MPOILEcca, MOXKET NPHBECTH K OOJBIIMM He-
TOYHOCTSIM.

Ha npaxTrke aHanm3 mpoBOAUTCS HE U OECKOHEYHOTO0, a Il KOHEYHOTO
o0beMa JaHHBIX, 3aKJIIOYEHHBIX B ONPEICICHHOM BPEMEHHOM WM KOJIMYECT-
BEHHOM OKHe. [Ipm 3ToM «Ha B3rIsa» OBIBAET OBOJIBHO CIOXKHO ONPENENUTD,
SBIISIETCSI JIM M3Y9aeMbIH PsIJl CTAlIMOHAPHBIM WK HeT. Cpa3y oroBopuMcs, 9TO
PSIIBI C SIBHO BBIPAXXCHHBIM TPEHAOM, KOTOPBIH MOXKET OBITh YIAJIECH MOCPEACT-
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BOM TI€pEX0/a K MEPBBIM Pa3HOCTSIM WM C TIOMOIIBIO MOAXOSIIEH (GyHKINO-
HaJIbHOM amnmpoKCUMalUHM, Mbl HE paccMmarpuBaeM. Hameil nenbto sBisiercs
aHaJM3 PsOB, KOTOPHIE HE MOTYT OBITh CBEIECHBI K CTAMOHAPHBIM TaKHMH
npeoOpa3oBaHUSIMIL.

TunuaHBIM TIpECTaBUTENEM PSIIOB, KOTOPHIE OyAyT aHAIM3WPOBATHCS B
3TOM KHHTE, SBIIETCS IEHOBOW PAN Ha (PUHAHCOBOM MIIM CBHIPHEBOM DPBIHKAX.
OOBIYHO TIpH aHANIM3€ TAaKUX PSAAOB Cpaszy MEPEXOIST K IEPBBIM Pa3HOCTSIM,

nzy4dasi BMCCTO psija, O6pa30BaHHOFO 3HAYCHUAMU LICH xn, paa TpUpPOCTOB

LEH, KOTOPBIN ONPeleNaeTca Kak ¥V, = X, 11 — X, .

Ha puc. 4.2.1 moka3ana BeIOOpKa, cocTaBiIeHHas U3 ()parMEHTOB TPEX psi-
JOB C Pa3IMYHBIMH CTaTUCTHYCCKHMMH CBOMCTBAMH: HECTalMOHAPHOTO psna
NPUPOCTOB CYTOYHBIX IAHHBIX Kypca €BpO/IOUIap, CTAJHOHAPHOIO Oeoro
IIyMa ¢ paBHOMEPHBEIM paclpeleleHHeM U psna, 00pa3oBaHHOI'O CTOXACTHYe-

CKOIi IMHaMHUYeCKol cucTeMoit X, = 4X,, (l - X, ) W3 Kaka0ro psaaa Obl-

mm B3ATH 10 1000 maHHBIX, HOPMHPOBAHHBIX 3aTe€M IS YOOOCTBAa CpaBHEHHS
na otpesok [0;1].

0,8 1

0,7
0,6
0,5

0,4 1 I L

0,3 | ] ||
0,2

0,1 4| i

0,0 T T T T T T T T T T T T
1 201 401 601 801 1001 1201 1401 1601 1801 2001 2201 2401 2601 2801 3001

Puc. 4.2.1 — ®parmMeHTH BpeMEHHBIX PSIOB
Hamra memb cOCTOMT B IOCTPOCHHU CTATHCTHYECKHX KPUTEPUEB, KOTOPHIE

MO3BOJIMITM OBl Pa3IWdaTh PAIBI MO WX YPOBHIO HECTAIMOHAPHOCTH C TOYHO-
CTBIO, IOCTATOYHOH ISt MPAKTHUECKUX HYKI.
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4.3. Be10opo4HbIe QyHKIUH pacnpeae/ieHusi  MOMEHTBI

Kak BbITEKaeT U3 MPEIBbIAYIIEr0 PACCMOTPEHHSI, OCHOBHBIM O0BEKTOM HC-
CJIEZIOBaHUS SIBIISIETCSl HE TeHEepaIbHAs COBOKYITHOCTh, a BEIOOpOYHAs (PyHKINS
pacrpezeneHus, IOCTPOSHHast 0 KOHEYHOMY MHOKECTBY HaOIIIOACHHH.

B neiicTBUTENFHOCTH MHOXECTBO NMPUHUMAaEeMBIX 3Ha4YeHWH x(f) HaOIo-
JITaeMBIX BEJIMYMH BCErJa OTPAHUYEHO B CHIIy OTPAaHMYEHHOCTH CaMOTO IpoMe-
JKyTKa BpeMeHH HaOmroneHuit. [103ToMy, 4TOOBI 03 COMYyTCTBYIOIIUX OTOBO-
POK paccMaTpuBaTh psiJi Ha JIIOOBIX KOHEYHBIX MPOMEXYTKaX, B JajbHEHIeM
CUUTAEM, UTO psill x(f) sBJISETCS PAaBHOMEPHO OIPaHWYEHHBIM I10 BpeMeHH. To-
rna 0e3 orpaHMYeHHsI OOIIHOCTH MHOXECTBO MPUHHMAEMBIX MM 3HAueHHH
MOHO cuuTaTh euHndHbM otpeskom [0 ; 1].

Ilycts B BHIOOpKE OOBemMa 1 3HauYeHHE X; CIyd4aliHOH BEJHMYMHBI &

serperioch #;(T7) pa3s. OTHOCHTENBHOM 9aCTOTOM 3TOr0 COOBITHS HA3BIBACT-
Cs1 OTHOIICHHE
V,(T)zn,(T)/T 3.1)
Cosokyntocts Benmaut V;(17) HasbBaeTcs SMIMPHYECKUM pacipeserne-
HHEM I BHIOOPOYHOH IUIOTHOCTBIO (QyHKIMH pacupenencans (BIIDP)
Jf7 (X) . DMnupuueckoit min BeiGopouHoii GyHKumel pacnpesenetus (BOP)
HA3BIBACTCSL CTyINeHYaTas HeyObiBatomas pyuxuust Fp (X), onpenensemas mo
SMIIMPUYECKOMY paclipelielleHHI0 JacToT mo ¢opmyse, aHajgorugHoi (2.1), ¢
TOM IIMIIbL PasHHUIEH, YTO TEOPETUYECKHE BEPOATHOCTH p); 3aMEHAIOTCA HA

smmupudeckue V; (1), 3aucsmue ot 06beMa BHIGOPKU.

[IpakTuyeckas BaXHOCTb BBeAeHHOH BOP [Fp (X) craumonapHoit ciy-

JalfHOM BENIMYMHBI COCTOUT B TOM (Teopema I'nmuBenko, 1933), uto oHa paBHO-
MEPHO TI0 X CXOAUTCS IO BEPOATHOCTH K COOTBETCTBYIOLIEMY PACIIPEIEICHUIO

F(x) renepanbhoit copoxynaoctv npu T —> 00, T.e.
P{ lim sup|Fr(x)—F(x)|=0f=1. (3.2)
T—o
CMBICJ 3TOTO YTBEPKIEHHSI COCTOUT B TOM, YTO C YBEIMUYEHHEM 0ObEMa
BLIGOPKH BEPOSTHOCTH TOTO, YTO HaubOJbIIee OTKIOHeHHe BOP oT renepas-

HOU COBOKYITHOCTH pPaBHO HYJIIO, CTPEMUTCA K €AMHULEC, T.€. CTAHOBUTCA J0OC-
TOBCPHbLIM COOBITHEM. BTO, B CBOIO O4YCpPCIb, O3HAYACT, YTO OSMIHPUYCCKUC
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BeposTHOCTH (3.1) cxomsaTcs K TeopeTrmdeckuM. VIMEHHO, OTHOCHTENbHAS Jac-

TOTa Vi (T) €CTh HECMEIICHHAA COCTOATCIIbHAs OLICHKA BEPOATHOCTHU pi .

HaHOMHI/IM, YTO OIICHKa QT BCJIIMYHHBI 6 (0] BLI60pKe JJINHBI T Ha3bI-

BaeTCsl HECMEIICHHOW, eClIi ee MaTeMaTHIeCKOe OXXHIaHWe PaBHO OIICHHBae-
MO BeJIUYHHE:

E[0r1=6. (3.3)
PasencrBo (3.3) o3HavaeT, 9To ecnu OBl HaM OBIIO M3BECTHO pacIpesierne-
HHE BEPOSITHOCTEH, TO, YCPETHHMB IO 3TOMY pacIlIpeleNIeHHnI0 HalIlIoaaeMyIo
SMITHPHYECKYIO CTATUCTHKY, MBI IOJTYUYHIH Obl 3HAUEHHE apameTpa & .
Ouenka @ Ha3bIBAETCS COCTOATENBHOM, €CIIM OHA CXOAUTCS IO BEPOSIT-
HOCTH K OIIEHHBAEMOW BETMUUHE!
P! lim |0 -6 =0 =1, (3.4)
T—o
T.C.
Ve>0 PQHT —9‘33)—)1,T—>oo.
Ecnu onenka cocrositensHa, TO yBelIH4eHHEe 00beMa BHIOOPKH PUBOAUT K

YTOUHEHHIO SMIUPUUECKOTO 3HAYCHUS U3y4aeMOH BETMUHHBI.
Mepa yknonennss BOP F7(X) or Teopermueckoro pacmpeesneHus

F(x) nmaercs cnenyromum yTeepxkneHueM. Ecin psj cTalMOHAPHBIN, TO TIpH

T — o passocts Fp(x)—F(x) pacnpenencHa acMMITOTHYECKH HOD-

2
manbHo ¢ mapamerpamn (=0, c° =F (x)(l -F (x))/ T . Acummrotmye-
CKas HOPMAILHOCTh O3HAYAET, YTO MPH OONMBIIMX O0BEMAX BBHIGOPKH ILIOT-
HOCTb BEpOSTHOCTH Bennunisl Z = Fp(x) — F(X) sBnsercs rayccosoi, on-

peaenseMoil BeIpaxkeHUEM
a+d

P(ze(a,a+8))= [ fo(zmo)ds,
| ¢ ( )2 (3.5)
Z—H
Zy 1l,0) = ———exXp| ——— |.
Jo(z,0) Ny
Kak crnenyer u3 (3.5), Benmunna ykinonenus Fp(X)— F(x) nepasro-

MEpHa 110 X. I[J'IH MOJYUCHUSA PAaBHOMCPHBIX OLICHOK YKJIOHCHHSA pacCMaTpuBa-
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etcst craructuka Konmoroposa Dp = Sup|FT (x)-F (x)| . Pacnipenenenue
x

9TOM CTaTUCTHKH Jaetcs Teopemoit Kommoropora (1933). Eciiu Teopetudeckoe

pacnpenenenne F'(X) reHepanbHO COBOKYNHOCTH HeNpepbiBHO, To BOP

crarncrixn T Dy cxomures mpu T —> 0 x ¢ynkuum Konmoroposa
K(z):

lim P 0<\/Tsup|FT(x)—F(x)|<z}:K(Z):

T

. (3.6)
= > (-D'exp(-2k°2").
k=—0

OGBIMHO pacIpe/ieNieHUe TeHEPAbHON COBOKYITHOCTH He OBIBAET U3BECT-

Ho. Torja, B MPE/NONOKEHUN, YTO OHO CYIIECTBYET, JUI U3ydeHUs BOIPOCA

IPUHAIEKXHOCTH IByX BOP 01HOMY 1 TOMY € PacCTIpe/IeIeHHIO TeHePaTbHOMN

COBOKYITHOCTH IPUMEHSETCS CTaTHCTHKA CmupHOBa

Dy n = Sup‘Fl’m (x)=F>, (x)‘ , TIOCTPOEHHas MO JIBYM BBIOOpKaM 0Obe-
x

MOB M u 1. OTHOCHTENBHO 3TOH CTATUCTUKH CIPABETHBO CIELYIONIEE YT-

BepkaeHue. IlycTe MpoBOAATCS 1Be HE3aBHCHUMBIX CEPUM HCHBITAaHWH 1O CO-
CTaBJICHUIO BBHIOOPOK OOBEMOB 711 W M M3 HEKOTOPOH TeHepalibHOW COBOKYII-

Hoctu. Torna BOP cratucruku +/mn/(m+n)D,, , cxogutes npu n —> 00
b

K ¢pynkimu Kommoroposa B cMbiciie popmyitst (3.6).
Ipu m =n BOP cratucruku Cmuprosa D, , =S, onpenensercs B

SIBHOM BHJIE Yepe3 KOHEYHYIO0 CYMMY OTHOILIEHN OMHOMUHAIILHBIX KOA(PPHIH-
€HTOB:

n
P ES" <zp=
q(n,z) 2n-r(n,z)k
k ~2n
2 (D=
k=—q(n,z) 2n

1 n
\/E<z£\/; ; (3.7
)}, r(n,z)z[z\/ﬂ]

n n
Lz>, = q(nz)=| ——
2 9(n.2) r(n,z
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Uro kacaetcss BEIOOPOYHBIX MOMEHTOB, T.C. CPESIHHX 3HAUYCHUH CTENeHeH
9JIEMEHTOB BHIOOPKH, TO MPH YBETUYICHHUH 00beMa BBIOOPKH B CTALIMOHAPHOM
Cilydae OHHM TaKXe CXOIITCS K MOMEHTaM I'€HepallbHOM COBOKYMHOCTH. B wa-
CTHOCTH, ITOCIIEAOBATEIFHOCTD CPEAHUX apUPMETHUECKNX CXOIUTCSA K MaTeMa-
TUYECKOMY O’KHJIAHHIO HE TOJIBKO MO BEPOSITHOCTH, HO M ITOYTH HABEPHOE, T.€.
C BEPOSITHOCTBIO €MHUIA BBITIOJIHAETCS MIPEAETHHOE PABCHCTBO

n
. 1

lim| =Y x; —u|=0. (3.8)

Ckopocth cxomumoctd B (3.8) maercs Teopemoii Jlesu—Jluanebepra, co-

CTOSIIEH B TOM, YTO €CIIH .fn} — IIOCJIEIOBATEILHOCTE B3aUMHO HE3aBHCH-

MBIX U OJAMHAKOBO PaCHpPEACICHHBIX CHy‘IaﬁHLIX BCIIMYHWH, UMCIOIIMX KOHCY-
2
HBIC MAaTEeMaTUYCCKOEC OXHIaHUEC /,l n JUCTICPCUIO O , TO mociaenoBaTeiib-
n
1
—=| 2 Sk —nu
ONN k=1

CXOJUTCS PaBHOMEPHO Ha R K HOpPMalbHOMY CTaHAApPTH30BAHHOMY pacripe-
JIeTIeHNI0, T.€. pactpeenenunio ['aycca (3.5) ¢ HyneBbIM CPeIHUM U eIUHUIHON
JIUCTIEPCUEH.

OTO yTBEpXKIEHHE CIPABEUIMBO HE TOJIBKO AJS OLEHKU CPEAHEro 3Hade-

Hocts BOP {Fn (x)} HOPMHUDOBaHHBIX CyMM X, =

HUs, HO U MOMEHTOB JI000ro mnopsiaka. IlyCTh CyLIECTBYIOT MOMEHTBI 711,
HOpAKA /1 TeHEPaNbHON COBOKYITHOCTH, HA3BIBAEMBIE T€HEPATLHBIME MOMEH-
TaMU pacrpeieeHHs BepOsSTHOCTEl { D }:

N

=> ()"
my = Xi) Pi>

i=1

re, HallOMHUM, X[ ,...,X ) IPEICTABISIOT IIOJHbIA HA0OP BO3SMOMKHBIX HCXO-

JIOB JJIsl pacCMaTpUBaeMO CiydaifHO! BeMMIUHEL Toraa BEIOOpOYHBIE MOMEH-
THI, OTIPEJIENSEMBIE MO BEIGOPKE 00bema 1

T
1
my(T) = ()" (3.9)
T
HUMEIOT CpeJIHee 3HaYEHHE 110 TEHEPATBHOM COBOKYITHOCTH, PaBHOE
E(m, (T))=m,. (3.10)
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U JUCTIEPCHIO, PABHYIO

2
D(m, (T)):%. (3.11)

B YaCTHOCTH, €CJIN ILl u 0-2 €CTb I'CHCPAJIbHBIC CPEAHCE U AUCTICPCUs, TO
Emy(n)=u, Dmy(n)= o /T, (3.12)
AHaIOTHYHO BBI60pO'-IHI)IM HCHTPpAJIbHBIM MOMEHTOM cn (T) nopsAakKa n

O BEIOOpKE {xl,...,xT} o0bema I Ha3pIBaeTCA CTATHUCTUKA
T

1
en(T) == (x) —my(1))" . (3.13)

T =

k=1
O6o3HaunM 4epe3 g, TE€HEPalbHBIE LICHTPATbHEIE MOMEHTHI IOPAAKa 1 :

N
n

gn =2 bk —m)". (3.14)

k=1

Tor,ua AJIsE BTOPOro0 LCHTPAJIBHOTO BBI60p0‘IHOFO MOMCHTA BBIPAKCHUA
CpeaHero u AMcnepCcruu UMEIOT BUA:

1 .
E(Cz(T))= 1_? & >

(3.15)

2 2 2
g,— &g g,—2g;  g,—-3¢g
D(C (T)): 4 2_2 4 2_+_ 4 2
2 2 3
T T T
TaKI/IM o6pa30M, B OTJINYHUEC OT HeI_IeHTpaJ'H)HLIX BLIGOpOlIHLIX MOMCHTOB,
I_IeHTpaJ'IBHLIe BLI60pO‘{HLIe MOMCHTHI ABJISAIOTCSA XOTA W COCTOATCIIBHBIMU, HO
CMCUICHHBIMU OLICHKaAMH COOTBeTCTByIOI_[II/IX TeOpeTI/IlIeCKI/IX BCJIIMYHH. CTaTPI—

CTHKHA S, (T ) , JAFOIIIe HECMEIECHHBIE U COCTOSTEIbHBIC BEIOOPOUYHBIC OICH-

KU MCPBLIX I'CHEPAJIBLHBIX HEHTPAJIbHBIX MOMEHTOB, UMCIOT BUI:

. P T2 .
s2(T) = T_lcz(T), s3(T) —m%(n, e
T(T2 —2T+3}4 (T) - 3T (2T - 3)c3(T) '
s4(T) = :
(T -I(T-2)(T-3)
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B wactHOCTH, ecnM y TeHEpaNTbHOTO PACTIPENENICHNs CYIIECTBYIOT KOHEU-
HBIE BTOPOM U Y€TBEPTHIA LEHTPAIbHBIE MOMEHTEL €9 U £ 4, TO

M(s2(T))=g3, Dl(sy(T))= (4—§—?g2) (3.17)

BriGopounbiv  kodpummentom  xoppensin Ry, (n)  BwIGOpPKH

{xl S } 00BeMa 1 Ha BBIOOPKY {yl s Vi } HA3BIBACTCS CTATHUCTHKA

n
nZXiYi - le Zyl
Ry, (n) = =1 i=1 . (3.18)

”zxi - in ”Z)’i - Z)’i
i=1 i=1 i=1 i=1

Br160podHBIM KO3 GUIIIEHTOM aBTOKOPPEIANNH (M BEIOOPOYHON aBTO-

KoppensumonHoit pyukuueit, AK®) Ay (n) BsiGopku {xl yeres xT} obbema T

C JIarOM 71 Ha3bIBA€TCs CTAaTUCTHKA CICAYIOLICTO BHUJAA:

Ay (n) =

)N—n N-n N-n
(N-n) X X Xpn ™ > Xp > X
P A

N-n 2 (N-n 2 N-n 2 (N-n 2
(N=m) 3 () o T | (V) B (e, ) T n,
k=1 k=1 k=1 k=1

BI;I60p0‘IHLIM KBaHTUJIEM X q (N ) nopgaaka q HAa3bIBACTCA COOTBETCTBYIOIIAsA

(3.19)

KBaHTWIb BBIOOpOUYHON (yHKIMHN pactpeneneHus. Ecim BOP mmeer miort-
Hocts fy(X), 1O X4 onpezenseres no Gopmyse
Xq (N)
ij (x)dx = q = P(¢ < xq). (3.20)

—00
Crnemyer OTMETHTh, YTO HECMEILICHHBIE OLICHKHM TEX WM UHBIX CTaTHCTHK
HEJb3sl UCIOJb30BaTh KaK apryMEHThI ISl MOIYy4YEHUs] HECMEIIECHHBIX OLEHOK
¢yHKIMIA OT HUX (32 HCKIIOYEHHEM JMHEHHBIX). Hampumep, ecim mHTEpec

npencrasnster cpennexsanaparnanoe otknonenne O (1) = 4/s2(T), 10 He-

CMEILEHHOI OLEHKO! 1y1st O siBisiercst He 4/So (1) , a Benmunza
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[2 r(r/2)
T- 12() r(r-1/2) 321

[MomgepkHeM, 4TO Bee POPMYIBI ATOTO maparpada, Jaromne BHIOOPOIHBIC
OLICHKA MOMEHTOB T'€HEPaJbHOH COBOKYIIHOCTH, CIIPABEIUIMBHI TOJBKO JUIS
CTaIlMOHAPHBIX PSIOB.

Ecnm okazanoch, 4To pacmnpeleneHre Ha paccMaTpuBaeMOM IIPOMEKYTKE
CTaIlMOHAPHO ¥ OJN3KO K TeHEePaITEHOMY, MOYHO ITOIBITATHCS allPOKCUMHUPO-
BaTh paclpeleiecHHe ero CPeIHUX 3HAYCHHH C IMOMOIIBI0 HOPMAaJbHOTO pac-
npeneneHus. [IpuBeneM Ui ClpaBKH HECKOJIBKO MEPBBIX WICHOB TaKOTO pas-
noxenns. Ilycts y pacnpenenenns F'(X) cylecTBylOT KOHEUHbIE IIEHTPAb-

HBIC MOMCHTBI gk BIIIOTH OO0 IATOTO MOPSAAKa BKIIFOYUTEIIBHO (g2 TI0 Tpaaun-

uuu 0003Ha4YaeM Kak O'2 ). Torma wis ®P F), (x) HOPMHPOBAHHBIX CYMM

n
Zxk nu | paaomepno no X € R umeer mecro acumrmro-

z
n G\/_

TUYCCKOC PA3JIOKCHUEC

F,(0)=Fyf nlesl)

“n
_ (&_ 3j Hy(x) , 10g§ Hy(x) | foo®)

o’ 4 ! c® 6! n
_ (§_10g3jH4(x)+35g3 (&_3jHﬁ(x)+280g§ Hy(x)
5 3 3 4 9
o o 51 o o 7! o 9 |
fGO(x) ( j
+o0 , 322
PEp PEp (3.22)

rae H,(X) — nonunHoMBEI DpMuTa, OpeaENsieMbIe PABEHCTBAMH

H,00 = (1) exp(+*/2) - exp(~+° 12) =
X

3.23
' f (_l)kxn72k ( )
' (n=2k) ! 2"
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fG.0(x) ects cranpaprusoBanHas mwIoTHOCTH pactpenenenus [aycca (3.5) ¢
b
HYJICBBIM CPEJHMM M eIMHMYHOH aucnepeneit, a F; o(Xx) ects coorserct-
B

ByFOIIast I/IHTel"paJ'ILHaH (l)yHKIII/ISI pacnpeneneHus

2
(z-p)" |, _1
Fg(x)= F J'exp —2d2—51+erf G\/_ L (3.24)

20

Oynxuusa erf (x) HasbIBaeTCs PyHKIMEH omuboK:

X

erf (x) = Tjexp(— 22 )dz =2Fg (x\/i )— 1. (325
g
o3

g4

Vo = 4 3, COCTaBIEHHBIE U3 LIEHTPATIBHBIX
o

MOMEHTOB T€HEPaIbHOTO PacIpeeIICHIsI, Ha3bIBAIOTCS COOTBETCTBEHHO KO-

(uIMeHTaMl aCHMMETPUH U dKcrecca. U3 (3.22) ciemyert, 9To eciiu y pacrpe-

Bennuuner yp =

JCJICHUA HNCXOIHBIX CHy‘lafIHbIX BCJINMYHNH Xk ACUMMETpHUA paBHaA HYIIIO, TO

pacopeacicHue HOpMHpOBaHHOﬁ CYMMBI OTHUX CJ'Iy‘-IafIHI:IX BEJIMYUH OJIU3KO K

HOPMaIbHOMY C CYIIEPCOCTOATENIBHOM OLIEHKOH MopsiKa 0(1/ n), T.€. CXO/IH-
MOCTb HIeT ObicTpee, ueM 1/+/7 . Ecin ke U dKcliece paBeH HyJIO, TO CyTiep-

-3/2
COCTOATECJIbHAS OLCHKA MMECT MOPAIO0OK O(}’l . OTMGTI/IM, 4TO IJId HOP-

MaJILHOTO pacIpeesicHIs 00a YKa3aHHBIX KO3 (GUIMEHTA PaBHBI HYJIIO.

4.4. OTINYMe MOMEHTOB CTALIMOHAPHBIX PSIA0B OT HECTAIUO-
HAPHBIX

Ecnu BpeMeHHOU psJ HECTallMOHAPHBIN, TO JOKa3aTENbHBIX yTBEP)KICHUN
0 CXOAMMOCTH BBIOOPOYHBIX MOMEHTOB K MOMEHTaM T'€HEepaIbHOM COBOKYITHO-
CTH HET, TIOCKOJIBKY IOCJIeHAS OTCYTCTBYeT. IloaToMy mepen mpuMeHEHHEM
METOJIUKH OIIEHUBaHUS MOMEHTOB OBIBaeT IIOJIE3HO IIPOBECTH OIKCIpecc-
MPOBEPKY PAla Ha CTAllMOHAPHOCTb. J{JIs1 3TOro JOCTaTOYHO MOCTPOUTH 3aBH-
CHUMOCTh BBIOOPOYHOW JMCIIEPCUH, BBIYMCICHHOW B KaKOH-HHOYIb (J11000i1)
MOMEHT BpPEMEHH, OT 00beMa BBIOOpKU. Eciim paccMaTpuBaeTcst BEIOOpKa IMO-

IIATOBBIX JTAHHBIX U3 «OKHAY A(l‘o i+ T ) C Ha4aJIoM B MOMEHT [ + 1, 10

npu u3MeHeHnn obbema BeIGOpKH oT 1 1o T momyuaercs na6op u3 7' BEIGO-
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POK YBENHYHUBAIOIIErocs o0beMa A(to,to + n), re 1 mensiercs ot 1 o T .

JIs KXo Takod BBIOOPKH MOYKHO BBIYHCIIMTEH CpElIHEES 3HAUCHUE m(t 0> n)

U TUCTIEPCHIO O 2 (l‘ 0> n) , oTIpenernsieMble popMyIaMu

ty+n to+n 5
m(to,n) Z xe, o (tg.n)== Y. (o =mltg.n)” @)
k l0+1 k:lo+1

[loBenenne mucnepcun (4.1) mms cTalMOHAPHBIX M HECTAITMOHAPHBIX Psi-
JIOB TIPUHIMITHATIBHO PazandHO. COOTBETCTBYIOMINE MPUMEPH! MPUBEICHBI HA
puc. 4.4.1. B xauecTBe CTaIMOHAPHOTO psifa OBLT B3ST Psii, PABHOMEPHO pac-
npenenennsii Ha [0;1] (cm. puc. 4.2.1, 3nagenns ¢ 1001 mo 2000), a dpar-
MEHT HECTallMOHAPHOTO psifa 0Opa3oBaH MPUPAIIEHUSAMH THKOBBIX LEH (biO-
4epCHBIX KOHTpakToB Ha Hedpre WTI. [lnst ynmoOCcTBa CpaBHEHUS ATOT Psijl TakK-
e O6bL1 HopmMupoBaH Ha otpesok [0;1] .

0,10

0,09 -

0,08 -

0,07 -
g 0,06 -

——Crau,.

£ 0,05 1 Tau. pAA
E ——HecrTau. psip
g 0,04

0,03 x\’\ /VI\\W‘

0,02 N

0,01

0,00 T T T T

0 200 400 600 800 1000
06beMm BbIGOPKKU

Puc. 4.4.1 — 3aBucuMOCTb BEIOOPOYHOI TUCTIEPCHU OT 00beMa
BEIOOpPKH

ITpn manbIx 0o0beMax BBIOOPKH AWCIEPCHS JUIA BCEX PANOB CHAdaiIa BO3-
pacraer, Moka He HabepeTcsl HOCTATOYHON PENpe3eHTATHBHOCTH IAaHHBIX, a
3aTeM ee MTOBEACHHE I Pa3HbIX THIIOB PAIOB Pa3IHdIHO. 1 cTalroHapHOTO
psizia oHa CTAOWMIM3UPYETCS, UMES TOJBKO «IIyMOBBIE» KOJICOAHWS yMEHb-
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HIaromieicss aMIUIUTYIbl, MHOTO MEHBIIEH CaMOil JHUCIEpPCHH, @ B HECTALHO-
HApHOM CITydae AUCIEPCHS HIMEET CTATHCTHYECKN 3HAYMMBIE SKCTPEMYMBI.

Hammune rimobanpHOT0O MHHUMYMa AUCIIEPCUH Ha 00BeMax BBIOOPKH CIIpa-
Ba OT MIEPBOT0 3HAYMMOT'0 MAaKCHMyMa BO MHOTHX MPUMEPaX HECTALMOHAPHBIX
BPEMEHHBIX PSIIOB MTO3BOJISET MTOCTABHUTH 3aady ONTHMHU3AINK 00beMa BBIOOD-
KH, YeMy MOCBSIIEH CICAYIONNIA maparpad.

OtMeTHM, 9TO BBIOOPOYHAS AWCIEPCHS AT HECTAIIMOHAPHBIX, HO PABHO-
MEpHO OIPaHWYEHHBIX PAIOB, KaK M JUIS CTAI[MOHAPHBIX, IPU OOIBIIOM 00BEMe
T BoiGOpKM cTabumusupyercs. OIHAKO €ClM B3STh TaKoe cTaOMIIBHOE, Ka3a-

Joch OBI, 3HAYCHHE, MTOTYYCHHOE IS BEIOOPKH A(l‘ 0-fp + T ), U 3aTeM OIpe-

JETHUTh AUCIICPCHIO IO TOMY e 00beMy BBIOOPKH, HO B APYrod MOMEHT Bpe-
MEHH ], TO OKaXeTCs, YTO JAUCIEPCHs 3aMETHO SBONIOLMOHUPYET, TOTa KaK
JUIS CTAIlMOHAPHOTO Psija KoneOaHus BHIOOPOYHOI AMCIICPCHH OIHMCHIBAIOTCS
tdopmynamu (3.17) B COOTBETCTBHH C LEHTPAIbHOM NpeHeNbHON TeopeMOil.
Tak, reHepanbHOe 3HAYEHHE AUCIIEPCHU PAaBHOMEPHO PACIPENENIEeHHOIO psaa
na [0;1] pasno 1/12, a nucnepeus Bri6opounoii aucnepeun mo oobemy 1000

JIAHHBIX PABHA IPUOIU3UTENBHO O - 10_6 .

IIpumMep moOBeZicHUS BBHIOOPOYHOW ITUCTICPCHH, MOCTPOCHHON MO 00BEMY
1000 maHHBIX, TSI HCHOPMHPOBAHHOTO Psifia THKOBBIX IIEH HA HE(Th MPHUBEICH
Ha puc. 4.4.2.

1,7E-04
1,6E-04 -/
1,5E-04 -
S 14804 L)
o VW
]
&
S 1,3E-04 4
(=%
1,2E-04
1,1E-04 -
1,0E-04 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
1 101 201 301 401 501 601 701 801 901 1001
HavanbHbIli MOMEHT BpeMeHMU (TUK)
Puc. 4.4.2 — DBonrorus BEIOOPOYHOH TUCTIEPCHH HECTAITMOHAPHOTO
pAna

U3 puc. 4.4.2 BugHO, 4TO 32 TpoMexyTok BpeMeHH B 1000 THKOB BEIOO-
poOUHas IUCTIEpCHsl MPUPOCTOB IIEH, IMOCTpOeHHas mo oobemy B 1000 THKOB,
n3MeHwIach Oonee yem Ha 30% OT cBOEr0 MHHMMAIBHOTO 3HAYEHHS 3a 3TOT
neproa. CiemnoBaTesnpHO, TUCIEPCHIO HECTAIMOHAPHOTO Psiia HENb3sI CUNTATh
MpUOIKAOMIEc K HEKOTOPOW TEHEPaTbHOW IHCIIEPCHU C yBEITHMYCHHEM
o0beMa BBIOOPKH, HECMOTPS Ha TO, YTO IHUCHEPCHS B HEKOTOPBIN KOHKPETHBIN
MOMEHT BpPEMEHH C yBeIHUeHHEeM O0OBheMa BHIOOPKH CTAOMIM3HUPYETCS, HUTO
BAIHO u3 puc. 4.4.2. Jlnsg HeCTAaIlMOHAPHBIX PSIIOB OTMEUCHHAS CTAOIUTH3AIIHS
CBSI3aHA HE C MPENeNBbHON TeOpeMoi, a ¢ TeM (haKToM, YTO Ha MPAKTUKE ATH
PsLIBI PABHOMEPHO OTPAHMUYCHBI IO BPEMEHH.

4.5. IIpobsiema onTuMu3anum 00beMa BbIOOPKH

Ecnn BpeMeHHOH psii HECTALMOHAPHBIH, TO TeopeMbl 00 3(heKTHBHOCTH,
COCTOSITEIBHOCTH U aCUMIITOTHYECKOH HOPMAILHOCTH BBIOOPOYHBIX OIIEHOK U
uX aucrepcuil B o0IIeM cirydae He BBIMOIHSIOTCS. PaccMOTpUM B 3TOi CBsI3M
OTpPAaHUYEHUS, MIPUCYIIUE CTaHJAPTHBIM METOJIaM aHaJIN3a M MOJCIUPOBAHUS
BPEMEHHBIX PSAIOB.

B Mopnensix perpecCHOHHOTO aHajIM3a BHAA CPEIHUE BEIMYUHBI (MaTeMa-
THYECKOe OXHJaHKe, JUcCIepcusi, KoBapualys) NOCTOSHHBI BO BpeMEHH. Y Tou-
HEHME 3THX MojieNnel B ciaydae 3aBUCHMOCTH yKa3aHHBIX BEIMYMH OT BPEMEHH,
T.€. OT TEKYIIEro 3Ha4eHHs f, MOXKET OBITh CAEIaHO TOCPEIICTBOM aHAJIUTHYE-
CKOTO MOJICIIMPOBAHUSI TaKOH 3aBUCHMOCTH, JIMOO MEPEX00M K MEpBbIM, BTO-
PBIM U T.J. PA3HOCTSAM B HECTAllMOHAPHBIX BPEMEHHBIX PAAAX, BRIPAXKAIOIINX
3aBHCHMOCTh CPETHHX BEJIMYMH OT BPEMEHH, JHOO TeM K€ PerpecCHOHHBIM
aHAJIM30M — HO YK€ U3y4aeMbIX BeIMYHH Ha BpeMs. OKHO ycpelHEeHHs CTaHo-
BUTCSI IIPU 3TOM CKOJIB3SIIIM, OJHAKO OCTaeTCs HEBBIACHEHHBIM, KaKOW LINpHU-
HBI JIOJDKHO OBITH 3TO OKHO.

[IpobGnema mpoMexyTKa YCpeAHEHHS BO3HHKAET W TIPH HCIIOJIB30BAHHU
Pa3IMYHBIX aBTOPETPECCHOHHBIX Mozenei. IIpu 3TOM BO3HMKAIOT IOMOJIHU-
TeJIbHBIE TPYIHOCTH C aHAJIM30M aBTOKOPPENSIMOHHBIX (yHKIA. Hanpumep,
HEoOXoAMMO OTIANYaTh dPQeKTsl Ha3HAYCHHON NEPHOINYHOCTH, CBSI3AaHHOU C
CYTOYHBIM, HEAEIbHBIM WM WHBIM LUKIIOM, H BHYTpEHHE 00YCIIOBJIEHHOH 3a-
BUCUMOCTH MEXAy YICHAMHU psja. YBEIHUEHHE NPOMEXYTKa YCpPEeIHEHHS B
3TOM CiIy4ae He IPUBOJMUT K yCIeXy, NOCKOJIbKY 3aBUCHMOCTb, HaOII0[aBIIas-
csl B OJIHOW BBIOOpKE, MOXET MCYE3HYTh B JIPYroi TOro e o0beMa, HO OTHe-
CeHHOW K MHOMY MOMEHTY BpPEMEHH. Y cpefHeHNne KO3 PHUIMEHTOB MOJIEIH 110
HEKOTOPOMY IPOMEXYTKY BPEMEHH M Nepexo] K CpeJHeH MoJenu 3a Mepuos
HaOIOJICHNH yBEJIMYMBAaET HETOYHOCTh IPOTHO3a Ha KOPOTKUH ITPOMEKYTOK
BpEeMeHH, a Ha OOJIbIIIOM MHTEpBaJe TAaKylo 3aJady CTaBHTh BOOOIIE HE OYE€Hb
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ocMbIciIeHHO. Kak 1 B ciiydae ¢ perpecCHOHHBIMU MOZETSIMHU, HAWITYUIInii Te-
pHOA ycpenHeHus He u3BecTeH. Ha mpakTuke OoH ompenesnsieTcsi NCXOsI U3 al-
PHOPHBIX TPEICTABICHUH O PsZie M HA OCHOBE 3KCIEPTHBIX OIIEHOK.

Takum 00pa3oM, perpeccCHOHHbIE W AaBTOKOPPEIIIMOHHBIE MOIETH IIPO-
THO3UPOBAHMS CTAIIMOHAPHBIX PSAOB HYXXIAIOTCS B aJalTallMU MIPH HCTIONB30-
BAaHWM WX B HECTAI[MOHAPHOM CIIydyae, MOCKOJBbKY TOTZa OMIMOKa NPOTHO3a,
MoJTydJaeMasi STUMH METOJaMHU, MOKET He yOBIBaTh C yBEIWYEHHEM CTATHCTH-
YEeCKOU 0a3bl.

B cnity mepeuncineHHbIX TPy JHOCTEI HECTAlMOHAPHBIE PSIIBI H3y4JaloTCs B
paMKax NMPHUHAUIE)KHOCTH UX ONpPENEeICHHBIM KitaccaM. Takue psiisl 001aatoT,
KaK TPaBHJIO, THIIOTETHIECKH HABSI3bIBACMBIMU MM allpHOPHBIMH CBOMCTBaMH,
W TIPUHAUIEXKAT TOMY WJIN HHOMY (DYHKIIMOHAIBHOMY KIIAcCy.

Ecnu He HakiaapIBaTh OrpaHMYCHUI Ha THI HECTAllMOHAPHOTO IpoIlecca,
TO TIEpPBOOYEPEIHAS 3a7ada CBA3aHA C AaHAIN30M CKOPOCTH M3MEHEHUsSI €T0 BbI-
OOpOYHOI PYHKIINH pacHpefeTICHAs U 3aBUCUMOCTH 3TOH (PYHKITUH OT 00BheMa
BBIOOpKH. TeM caMbIM TOPH30HT CABHIA OKHA, B KOTOPOM OBUIM 3aKIFOYEHBI
3HAYEHUS] BPEMEHHOrO psifia, UCIIOJIb30BAaHHbIE Id mocTpoeHus ero BIIDP,
3aBUCHUT OT TOTrO, Kakas BeauunHa u3meHeHus BIIOP nomyctuma nmnst Toro,
YTOOBI NPUOIMKEHHO CIUTATh PS CTALMOHAPHBIM.

O0beM BBHIOOPKH UTpaeT OYeHb BAKHYIO POJIb IPH aHAIH3E HeCcTaIoHap-
HBIX BPEMEHHBIX PSAIOB, M €r0 yBEIWUICHHE Yallle BCErO MPUBOINUT HE K MOBBI-
IIEHUIO TOYHOCTH MPOTHO3a, a K YXYIIIEHHIO, YTO MPEIMSTCTBYET OCO3HAHUIO
TeKylIel ITUHAMHUKH Mpouecca. YMEHBIIEHHE 00beMa BBIOOPKH TOXKE MOKET
MPUBECTH K YXYAUIICHUIO KayecTBa IMPOTHO3a, MOCKOJBKY AWCIIEPCHS IO BBI-
Oopke mManoro o6bemMa OOBIYHO BENMKA M3-32 HEJOCTATOYHOW perpe3eHTaTHB-
HOCTH JaHHBIX. TOr/la MOXHO OXHIATh, YTO JUIS HECTAI[MOHAPHOTO psilia B Ka-
JKIBIIT MOMEHT BPEMEHHU CYIIECTBYET BEIOOpKA ONMTHMAaIBHOTO 00BeMa, Hanbo-
Jiee JOCTOBEPHO MPEACTABILIONIAs CTATHCTUYECKHE CBOMCTBa TIpoliecca Ha
ONPEIEIICHHBIN BpEMEHHON TOPU30HT.

Wnaue Benyt cedst BIIOP cranmonapHbIX mporieccoB. B cooTBeTcTBHU €
3aKOHOM OOJIBIIIMX YUCEJ BEIOOPOYHBIE MOMEHTHI C YBEIHMYCHHEM O00beMa BbI-
6OpKM CTaOMIM3HUPYIOTCS K T€HEpaIbHBIM 3HAUCHHSIM, a IMITUPHYECKHIE BEPO-
ATHOCTH CXOIITCS K TeopeTndeckuM. OIHAKO MPUBECTH IPHMEP TaKOTo HIe-
IBHOTO psifia Ha MIPAKTHKE HE TaK JIETKo. [IpakTudecku Bce peabHbIE BPEMEH-
HBIE PsBI KaK ITOCIEIOBATEIBHOCTH 3HAYEHHH, MOIYYaeMbIX B PE3yJIbTaTe
KOHKPETHBIX M3MEPEHUH, SBIAIOTCS HECTAIMOHAPHBIMH. JTO CBS3aHO C TEM,
4TO (haKTOPHI, (POPMUPYIOLIHE YCIOBHUS MPOBEACHHS CIy4aifHOTO SKCIEPHMEH-
Ta, B CBOEH OCHOBE (PM3MUECKHE, T.€. MOJABEPIKEHBI IBOIIONNH, IPUYEM HEO00-
parumoii. Kpome Toro, nmpu ¢pu3nveckux M3MEpeHHSX, €CIIH OHU IPOBOIATCA
MHOTOKPAaTHO, HaCTYINaeT yCTAJIOCTh MPHOOpPa, T.€. BO3HUKAET ONpPENCIICHHBIN
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Ipeti ero cucremaTndeckoil ommOku. Bee BEIIETIepednciieHHOE 3aTPyIHSACT
BBIJIETITh B YHCTOM BHJE CTallMOHAPHBIN IpoIecC, KOTOPBIH MpPEACTaBISIET
co00if, TakuM 00pa3oM, OIPEACTICHHYIO WACaTH3aNi0 peanbHOCTH. CTENeHBIO
9TOHM HIeanu3alliy 1 SBIAETCS JOBEPUTEIbHAsI BEPOSTHOCTh, C KOTOPOH IpO-
I[eCC MOXKHO OTHECTH K TOMY WJIM HHOMY yJIOOHOMY Kiaccy.

Taxkum 00pa3om, Ipy aHAIN3€ HECTAIIMOHAPHOTO BPEMEHHOTO psifia HEoO-
XOAMMO 337aThCS TPEMS BETHYMHAMH, HaXOISIIMMHUCS MEXIy co00il B ompe-
JIETICHHON B3aMMOCBS3H HANoJ00Me TOTO, KaK CBS3aHBI MEXIy COOOH IIIOT-
HOCTh, TEMIIEpAaTypa M JAaBJICHHE B Ta3ax. JTH BEJWYMHBI CIEYIOIINE: Bpe-
MEHHOH MPOMEXYTOK, HA KOTOPOM PacCMaTpPHBAETCS MEHSIOMAsICS MIIOTHOCTh
(yHKIMA pacrpenesieHus (TOPU30HT MPOTHO3a), BenudnHa m3MeHeHus: BIIOP
Ha STOM IPOMEXYTKe (TOYHOCTH MPOTHO3a) M 00BeM BHIOOpKH, 0OecrieunBaro-
IIXH CyIIECTBOBAHKE MEPBBIX IBYX BEINYMH B TPeOyeMBIX Ipesienax.

UroOBl KOHKPETH3UPOBATh MICI0O O HAXOXKICHUHM ONTHMAIBHOTO 00beMa
BBIOOPKH, PACCMOTPHM OIIEPAIMIO YCPETHEHHUS! NAHHBIX MO HEKOTOPOMY IpO-
MEXYTKYy BpeMeHH. IlycTh X(Z) ecTh 3HaueHHWE CITydaiHOW BENTMYMHBI é’ B

MOMEHT BpeMeHH [ . Toraa Tekylue OLEHKH CTaTHCTHYECKUX XapaKTEPUCTHK
JTAHHOTO IIporecca (HEeMPEephIBHOTO WM UCKPETHOTO) HCHOIB3YIOT YCpEeIHe-

HUE OIpECIICHHBIX OIEePaToOpoOB ‘P[x(t)] M0 HEKOTOPOMY MPOMEXKYTKY
[fo sl + T ]:

to+T

(¥[x)]), _1 [ wx®)]a (5.1)
T "

B ciyuae QucKpeTHBIX BEJIMUMH IT0J] MHTETPAIOM MOApa3syMeBaeTcs KO-
HeyHas CyMMa.

B kauectse omeparopa ¥ Mmoryr BeicTymarte cremennsie QpyHKMM (310
TpebyeTcst sl HaXOKAEHHUST BEBIOOPOYHBIX MOMEHTOB JTAHHOTO Psiia Ha YKa3aH-
HOM IIPOMEXXYTKE), OIIEpaTopbl pasHOCTHOTO A depeHrpoBanus, sapa HHTe-
TpaJIbHBIX TIpeoOpa3oBaHuii u 1.

[Tpumenenne npeodpasoBanuii Buaa (5.1) 11 BEIMHUCIEHHUS TEKYIUX Olle-
HOK CTAaTMCTMYECKMX XapaKTEPHCTUK HecTaluoHapHoro npouecca X(f) mpu-
BOIUT K TOSBJICHUIO NPUHLUUNHAAIGHO HEYCTPAaHUMBIX MOTrpEIIHOCTEH: Mo-
TPELIHOCTH, BO3HUKAIOIIEH 3a CYeT KOHEYHOCTH BPEMEHHM YCPEIOHEHHMs, T.€.
BCJI[ICTBHE HEIOCTATOYHOM pPEeNpe3eHTaTUBHOCTH 00beMa BBHIOOPKH, a Takxke
MOTPENTHOCTH, BO3ZHMKAIOIIEH 3a CueT M3MEHEHMs CTATHCTHKHM Ha HHTEpBale
ycpeaHeHus. bynem Ha3pIBaTh MOTPEUIHOCTh OLIEHKM CTAaTUCTHKH (5.1) 3a cuet

KOHCYHOCTH BI)I60pKI/I MOTpCHIHOCTBIO TMIEPBOTO TUIIA U 0003HaYaTh 21 , a I10-

155



IPEIIHOCTH 32 CUET HECTAIMOHAPHOCTH CTATHCTUKH — MOTPEIIHOCTBIO BTOPO-
ro THIa 1 0603HAYATb X7 .

BaxHO moHMMAaTh, YTO MO pe3yNbTaTaM HAaOJIOAECHUH HEJIb3sl CTaTHCTHUEC-
CKHM OTHENHUTh B KOHEYHOH BBIOOpKE (haKTOp HECTALMOHAPHOCTH OT (akTopa

HEPCIPE3CHTATUBHOCTU. HOSTOMy 0003HaYCHHUS 21 u 22 COOTBETCTBYIOT HE

CTPOrO OIpeAesieMbIM BEIHUYMHAM, a TPOCTO YKa3bIBAalOT Ha TO, YTO CYIIECT-
BYIOT pasHble (DaKTOpbI, IPUBOASIINE K OmHMOKaM. B To e Bpems it MUHH-
MH3alUU OLIMOKHM MPOTHO3a KENaTeIbHO yMETh aHAIN3UPOBAThH BIHMSHHE 3THX
(hakTOpOB MO OTAENBHOCTH. Mess MeToZia TaKoro aHaiuKu3a COCTOUT B CIIETYIO-
IIEM.

Ecnu cimyuaifHbIif mpoliecc CTallMOHApHBIM B Y3KOM CMBICIIE, TO JBE €ro
BII®P, noctpoeHHbIe IO JIIOOBIM IBYM Pa3IM4YHBIM BBIOOpKaMm, OyIyT IocTa-
TOYHO Onu3ku B cwiy kpurtepus Kommoropoa—CwmuproBa (3.7). ITosTomy Be-
JIUYMHY HECTAIMOHAPHOCTH MOXHO OICHHTH 10 Omu3octu mexay BIIDP. Pa-
3yMeeTcs, IOCKOIbKY BBIOOPKM KOHEYHBI, TO MEXAYy COOTBETCTBYIOIIUMHU
BII®P Oyner HekoTOpO€ pa3indne HE3aBHCUMO OT TOTO, SIBJISETCS DsI CTa-
IUOHAPHBIM WK HeT. Ho ¢ yBenndyeHneM oObeMa BBIOOPOK 3TO pasinuue Oy-
JIET CTPEMUTBCA K HYJIIO JUIs CTAlIMOHAPHBIX PacHpeeIeHUH.

C npyro#l CTOpOHBI, BETHMYHHY CTATHCTHYECKOTO pa3dpoca ecTecTBEHHO
OILIEHMBATh MO AUCIEPCUH BBIOOPOUYHOIO pacnpeneieHus. B Hell Tawoke comep-
JKUTCS BIMSHEE 000MX (haKTOPOB, HO €CIIN OKaXKETCS] BO3MOXKHBIM 3a(HKCHPO-
BaTh AOIycTHUMoOe paccTosiHue Mexny BIIDP u paccMaTpuBaTh TONBKO Takue
BBIOOPKH, KOTOpBIE MOPOXKIAIOT JOCTATOYHO OJM3KHE pacHpeiesieHHs], TO JIHC-
nepcus Oyner (MPHOIMKEHHO) ONPENENAThCS B OCHOBHOM TOJIBKO KBa3HCTa-
LIMOHAPHOM CTaTHCTHKOM psina. Takum oOpasom, paccrosaue mexay BIIOP n
BEJINYMHY BBIOOPOUYHOM AMCTIEpCUH MPH (PUKCHPOBAHHOM 3HAYE€HHU TOTO pac-
CTOSTHHSI MOYKHO PaccMaTpUBaTh B KayecTBE KaHIUIATOB IS (OPMaNbHOTO
OIpEeJIeNIeHHsT 2y H 2] .

dopmanu3yeM MOCTaBICHHYIO 33/1a4y B TEPMHHAX BBIOOPOYHBIX (QYHKIIHH
pacrnpeneneHusl.

Wrak, ocHOBHOW NpoOIsieMOil SIBIsieTCsl MUHMUMU3aIKsl (QyHKIIMOHAJA I10JI-
HOW OmMOKH X B OlEHKe cTaTUCTUKH (5.1). TIpeamonokumM, 9To HpOLECCH,
NIPUBO/SIIIE K OMIMOKaM MEPBOTO W BTOPOTO THIOB, HE3aBUCHUMBI. Bynem To-
T71a OIpeneATh (PYHKIIMOHAI ITOJTHOM OMIMOKH 10 (hopMyIie

Y= +32. (5.2)

3anava ontumuzanuu oobema 7 BeIOOpKH B (5.1) B TepMuHaxX (pyHKIHOHA-
na onOku (5.2) COCTOUT B OMpEJENEHHH TaKoro o0bema 1 opt » IPH KOTOpOM
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2(T, opt) = MIN, ¥ MOCTPOEHHH COOTBETCTBYIONIETO YHMCIEHHOTO ANrOpUTMa
naxokaenns 1p,,, JUI 3a1aHHOTO HECTALOHAPHOTO BpeMeHHoro psza. Or-

THMM3ALMOHHAs 3a/a4a BO3HMKaeT B cuiy Toro, 4ro ommbkn %1(7°) m
25 (T) xak Qpynkuum 06bemMa BEIOOPKH NMEIOT PasIMIHOE MOBeACHHE. VIMeH-
HO, 4T00BI ymeHbnTh ommOKy 21(7°) BCneacTBHE HEMONHOM cTaTHCTHYE-

CKOIi PETPE3EHTATUBHOCTH, CIIEMYET YBEINUNBATE 00beM 1 , a JUist yMeHblIIe-
Hust onOKkn 25 (77) OT BIMSHMS HECTALMOHAPHOCTH HA CTATHCTHYECKUE Xa-

PAaKTEPUCTHKU BPEMEHHOTO psijia CIIeyeT YMEHbIIATh 00BhEM BEIOOPKH.
TpeboBanue coOmrONEeHUSI HEKOTOPOW 3aJaHHOW BENWYMHBI W3MEHEHHUS

BII®P npuBoAMT K MOCTAHOBKE YCJIOBHSI OJIH30CTH, KOTOPOE OOBEAMHSIET JIBE

CTATHCTHKM JIAHHOTO BpeMeHHoro psna X(f): craTucTHKy oObema BHIGOPKH

Topt (t) u cratuctuky ropusonta nporsosa 7(¢) . Vimenno, TpeGyercs onpe-
nenutsb 1, opt (¢) Tax, uTo6w1 BIIMP, noCTpOEHHbIE 1O BHIOOPKAM 3TUX OMTH-

MaJbHBIX 00BEMOB Ha MpoMexXyTKax [f, ¢ + 7(¢)], paznuuanucs 661 MeHbIIE,
4eM Ha 3a/[aHHOE YHCIIO & , XapaKTEPU3YIOIIEe YPOBEHb HECTAIIMOHAPHOCTH.

Oumbkoif O mporHosa X; BpeMeHHOTro psima X(f;) = X; Gyiaem Ha3bl-
BaTh BEIMMMHY CPeAHEKBAJPATHMHOTO OTKIOHEHHS IPOTHO3HBIX 3HAUCHNIT X;

OT (paKTHYECKHX X; HAa NPOMEXYTKE TOPU30HTA IIPOTHO3a (IPOTHO3HEIE BENH-

YHHBI Oy/1eM CHa0XXaTh «KPBIIIKOM», YTOOBI OTIMYATh MX OT (PaKTHIECKUX):

(5.3)

IlycTh 3HaueHus psaa NpUHAAIEKAT HEKOTOPOMY KOHEUHOMY MPOMEXKYT-
xy [a; b], xorTopeiii 6e3 orpaHuueHHs OGIIHOCTH MOKHO TPHHSATH 32 OTPE30K

[0; 1]. Omm6Koii nporrosa BIIMP B MoMeHT BpeMeHH ¢ OyaeM Ha3bIBaTh MH-

TerpajibHoe abCconoTHOe oTaMure npornosHoit BIIOP f(x,f) or paxruue-
ckoit f(Xx,?), MOCTPOEHHBIX MO BHIGOPKAM PaBHBIX 00BEMOB. OGO3HAUUM

COOTBETCTBYIONTYFO Beuuuny & (1)
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1
&)= [| 70 - £ nfax. (5.4)
0

OtMmernM, uTo ommbka nporuo3a BII®OP u ommbka nmporHosza BpeMeHHOTO
psina, Mo BBIOOpKE M3 KOTOporo moctpoeHa nanHas BIIDP, — asro pasnble
OImMHMOKH, ONpeAeTIeHHbIE Ul PAa3HBIX MaTeMAaTHUECKUX OOBEKTOB M B pa3iny-
HBIX (YHKIMOHAIBHBIX NMpOCTpaHCcTBaxX. Ciie10BaTeIbHO, YTOOBI HCIONb30BaTh
BesmunHb! (5.3) u (5.4) coBMeCTHO, Ha/J0 NMPHUAATh KOPPEKTHBIH TEOPETHUKO-
BEPOSITHOCTHBIH CMBICH IMOJTyYaloIeMycsl (pyHKINOHATY COBOKYITHOHM OIIMOKH
(5.2), mockonbKy cam 1o ceGe OH JUIIb (HOPMATIU3YET HEKOTOPYIO HIIEH0, C I10-
MOIIBIO KOTOPOH MOXKHO OBIIO OBl OLIEHWTH MEpPy HETOYHOCTH IPOTHO3a He-
CTalMOHAPHBIX BPEMEHHBIX psinoB. Takas (opmanmsaiyst MOXeT OBITh POBE-
JIeHa Ha OCHOBE HIDKECIIEIYIOIINX OIEHOK, Tourydaronmxcs u3 (5.3), ecnm 3a-
IIcaTh BEIOOPOUHYIO TUCTIepCHio B TepMuHax BIIDP.

[peanonoxum, 4TO MPAKTHUYECKUMHU COOOPAKECHUSIMU JUKTYETCS HEKOTO-
pasi MaKCHMAJIbHO JIOMyCTHMAs OIIMOKA IPOrHo3a O . B cralmonapHoM cyuae
omnOKa MPOrHO3a B CMBICJIE CPEIHEro KBaJpaTUYHOIO OIpenessieTcs JUcIep-

cuei 0'2 :
o*(1) = [(x=%() f(x)dx. (5.5)

Pa3nnune sxe MeXTy NMPOTHO3HBIMH M (DAKTUYECKHMH CPEIHUMH BEIHUH-
HaM{ MO>KHO OLICHUTh U3 HEPAaBEHCTBA

\%—x\ - jxf(x) dx—jxf(x)dx <

0 0

\x-(f—f)\dx=j|x|\i—f\dxsg.

ITocnenHss oreHKa B LieouyKe paBeHCTB (5.6) MOIydaeTcst C y4eToM TOro,

(5.6)

<

S —

YTO HA paccMaTpUBAEMOM IMPOMEKYTKE |x| <1, a paccrosinue mexay BIIDP

yAOBIETBOpSET yciaoBuio (5.4).
Paccmorpum ommOky (5.3) mMporHO3MpPOBaHMS 3HAYEHUS psAAa B HEKOTO-
pbIii MOMEHT BpeMeHHU. [IpOrHO3HBIM 3Ha4YeHHEM psa B MOMEHT BpPEMEHH f

Oy/eM cuuTath cpejHee 3HaueHue X (1), ONpeieleHHOe MO TPOTHO3HOMY pac-

npenenennto f . TIpu cpaBHeHUH ¢ (AKTOM CIETYET yUeCTh, 4TO (haKTHIECKAs
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BII®P u3MmeHunach 1o CpaBHEHHIO C IPOTHO3HOM, TaK YTO OLIEHKA CBEPXY
KBazpaTa (paKTHIECKOH OMIMOKHM IMPOTHO3a PSAia COCTABUT BETHMINHY

s :i(x_fc)z f(x,t)a’x:i("—’%+’7_’7)2 Fend= o

2 = A2 2, 2

=0 +(x—-X)" <o +¢&.
Ucnonb30BaHHbIe [PH BBIBOAE OLECHKU (5.7) BEIMUYMHBI OLIMOOK UMEIOT
OYEBMHBINH CMBICT: O =X, & = X, . Takum oGpa3som, oueHka (5.7) sBis-

eTcst 000CHOBaHHMEM HCIIONB30BaHUS (PyHKIIMOHANA (5.2) B Ka4ecTBE MEpHI He-
TOYHOCTH MPOTHO32 HECTALMOHAPHOTO BPEMEHHOT'0 psijia.

IMockonbKy ISl CTALMOHAPHOTO Psfa PA3IHUINe MEXIYy IBYMs BBIOOpOU-
HBIMA (PYHKITSIMH pacTpeieIeHns] U3 OJHON U TOW ke TeHepaIbHOW COBOKYTI-
HOCTH MO’KHO CZI€JIaTh CKOJIb YTOAHO MAaJbIM, yBEIHIHBasi 00bEM BBIOOPKH, TO
u3 Gopmyrsl (5.7) crmemyer, 9TO OIMMOKA MPOTHO3a OyIeT TEM MEHbBINE, YeM
TOYHEee OymeT ompeneneHa AWCIEPCHs PAAa, T.e. YeM OoJbIIee KOJIMYECTBO
YIIEHOB 3TOTO psifa yuuTeiBaeTcs npu moctpoernn BIIDOP. Omnako eciom psg
HECTallMOHAPHBIN, TO yBENIWYEeHHE 00beMa BHIOOPKH XOTS WM HPUBOAWUT K
YMEHBILICHNIO & , OJHOBPEMEHHO C 3THM B OOIIEM CiIydae IPUBOAWT K YBEIH-

YEHUIO JUCIEPCUU O 2 .

Takum 00pazoM, TpeOyeTcs ONpeeauTh Takoi 00beM BBIOOPKH, MPH KO-
TOPOM BEpXHSS OLIEHKA BEIMYHMHEI B JIEBOH yacTu (5.7) MUHMMaNbHA. B aTOM 1
COCTOMT LieJIb aHAJIM3a HECTAllMOHAPHOIO BPEMEHHOTOo psaa. Jlanee B rnase VI
BBOJUTCS HMHIWKATHBHAs CTATHCTHKA, Ha OCHOBE aHAJIN3a KOTOPOH MOXKHO
HPOBECTH TPEOYEMYIO ONTUMHU3ALHIO.
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I'naBa V. CorsnacoBaHHblii ypOBEHb
CTALMOHAPHOCTH

5.1. CorsiacoBaHHBI JOBEPUTENbHbIA HHTEPBAJI

Teopust cTalMOHAPHBIX CIYYAHHBIX MPOIECCOB TO3BOJIAECT MO KOHEYHOM
BBIOOpPKE CYIHTH O TOM, C KaKOH JIOBEPUTEIBHON BEPOSTHOCTBIO PSII SIBJIACTCSI
CTAIlMOHAPHBIM B IIMPOKOM WM y3KOM cMbICiIaX. COOTBETCTBYIOIMIAS 3a1ava
COCTOHMT B MPOBEPKE CTATUCTUYCCKUX T'HIIOTE3 OTHOCHTEIBHO TOTO, HACKOJIBKO
OJIM3KO TIOBEICHUE BBHIOOPOUHBIX CPEIHHUX 3HAUCHHA K TOMY, YTO TUKTYETCS
npeAenbHBIME TeopeMaMu. bornee ciiokHasi 3ajava OLUEHKH OJM30CTH HecTa-
IIMOHAPHBIX paclpeAeieH i OyIeT pacCMOTpeHa B ClIeYIONHX naparpadax.

B crammonapHoM ciydae BHIOOpPOUYHBIE CPEJHHE C yBEIWYEHHEM oObeMa
BBIOOPKH JIOJDKHBI CTAOMJIM3UPOBATHCS K COOTBETCTBYIONIMM MOMCHTaM TEHe-
paJIbHOM COBOKYITHOCTH, €CITH TTOCJIETHHE CYIIECTBYIOT, & OTKJIOHEHHUS OT ATHUX
MOCTOSIHHBIX BCJIMYMH OILCHUBAIOTCS JHCIIEPCUEi BBIOOPOYHBIX MOMEHTOB,
BBIUKCIIIeMOH TI0 hopmyiam (4.3.12) u (4.3.15). Pacmipenenenue OTKIOHEHUIT B
CTAIlMOHAPHOM CJIy4ae SBJISICTCS HOPMAaJIbHBIM.

[TpoBepka cTaTHCTHYECKOW T'MITOTE3BI COCTOUT B cienyomeM. [lo umero-
IIeHCcst BRIOOPKE BBIYHCIISICTCS] HEKOTOPAsk CTATHCTHKA, PACIIPEICTICHAC BEPOST-
HOCTEH KOTOPOW M3BECTHO, €CIIM CYUTATh, YTO OCYIIECTBJICHA NMEHHO IMPOBeE-
psieMast TUIOTe3a. JTa CTATHCTHKA HA3bIBACTCS KPUTEPHEM. 3aTeM BBIYHCIISCT-
Cs TIpeAroiaraeMasl BEPOSITHOCTh PEaTM3allii KPUTCPUATLHOW CTAaTUCTHKH B

nauHoi BeIGOpKe. IIpoBepsiemast rumotesa f1 () HasbBaeTcs HyneBoi. I'umote-

3a M|, cocrosimas B Tom, uTo rumotesa f1() HeBepHa, Ha3bIBAETCS albTEpHA-

THBHOM.

IToauepkHeM, 4TO CTATUCTUYECKAs! TUIIOTE3a, B OTIIMYUE OT UHBIX TUIIOTE3,
OTHOCHTCS K (DYHKIIMH paclpeieiicHHs CITydailHON BEJIMYUHBI, & HE K CaMOM
ciay4aiiHoi BenuuuHe. Hampumep, rumore3a o TOM, YTO CpeJHEE 3HAUYCHHE
cily4yaitHoM BeIu4uHbI paBHO 0,5, SIBISETCS CTATUCTUUYECKOH, a TUTIOTE3a O TOM,
YTO OMpeJesIeHHOe OyayIiee 3HAaUeHHUEe BPEMEHHOTo psna paBHO 0,5, TakoBOi
He sBisierca. CTaTUCTUKa HE MPeACKa3bIBaeT 3HAYEHUS CIy4YailHBIX BETUYMH,
KOTOPBIE MOTYT OBITh HAOJIIOJICHBI B SKCIICPUMEHTE, a OLCHUBACT MapaMeTPhI
WX pacipe/esieHnH.

YpoBeHb 3HAYUMOCTH — 3TO AMPHUOPH 3aJ]aHHOE 3HAYEHHE BEPOSITHOCTH
peanu3aiyu KpUTepusi, HECOBMECTHMOE C MPU3HAHUEM ciydaitHocTH. CoOBITHE
Ha3bIBAETCSl 3HAYMMBIM, a HE CIyYalHBIM, €CIIM BEPOSATHOCTH €ro TOSBICHUS
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MEHBIIE, YeM NPUHATHIA YpOBeHb 3HAUMMOCTH. COOTBETCTBYIOIICE 3HAYCHHE
CTATHCTUKH KPUTEPHs Ha3bIBACTCS KPUTHUECKUM. JlOTIOIHEHHE YPOBHS 3HAYH-
MOCTH JI0 €IMHUIIBI Ha3bIBACTCS YPOBHEM IOCTOBEpHOCTH. Ecii 3HaueHune cra-
TUCTHKU KPUTEpPUsl, BEIYHUCICHHOE 110 UMEIOIIeHcsl BRIOOPKE, OOJIbIIe KpUTHYIe-
CKOTO, TO Ha BBIOPAaHHOM YpOBHE 3HAYMMOCTHU IIPOBEpseMasi TUIIOTe3a OTKIIO-
HSETCH.

INockoybKy NPUHATHE WM OTKJIOHEHHE T'MIOTE3bl HOCHT BEPOSTHOCTHBIH
XapakTep, CyLIIeCTBYeT BEPOSTHOCTh OMHMO0YHOro penteHus. [Ipu 3ToM pasmu-
YaroT OmMuOKKA OBYX THIOB. OmmnOKa MEepBOrO poja COCTOHUT B OTKIIOHEHUH
BEpHOI1 rumoTe3bl. BeposaTHOCTh OIIMOKK IIEpPBOrO PoJa He BBIIIE YPOBHS 3Ha-
yuMocTd. Ommbka BTOPOro poja COCTOUT B NPHHATHH JIOKHOW THIIOTE3BL.
D¢} dexTuBHOCTH MM MOIIHOCTh KPUTEPHs, BEIOPAHHOTO IS IIPOBEPKH THIIO-
te3sl H (), OLeHMBaeTCS BEPOSTHOCTBIO OTKIIOHCHHS JIOXKHOM ruoTe3sl. Yem
BBIIIIE 3Ta BEPOATHOCTb, T.€. Y4EM MEHBIIIE BEPOSTHOCTh OIIMOKH BTOPOTIO POJa,
TeM 00J1ee MOIIHBIM SBISETCS KPUTEPH.

OOBIYHO THITOTE3a yKa3bIBaeT 0071acTh, HA3BIBAEMYIO TOBEPUTEIHHOM, T/Ie
MOTYT HaXOIWThCS MCTHHHBIC ITapaMeTphbl, XapaKTepu3ylollue 3axady. 3ana-
UM HekoTopoe unucio & > () Kak BEpOSTHOCTb ONIMOKH B OMPEIETEHHH STOM

obnactu. BepostHocts | — @ wHaswBaercs koddduumentoM nosepus. s
TUIIOTE€3  OJHOCTOPOHHETO  OLEHMBAaHMA TpaHUIBl &, Takod, dTO

P(x > &) =a, nosepurenshas obmacts ompenensercs | — & -KBaHTHIEM
pacrpesesieH’s: NpoBepsAeMoil CTATMCTHKM OTHOCHTENBHO X , TIOTHOCThH pac-
npenenenus kotopoit ects f (X) . JBycTopoHHss ouenka untepsana (a, b),
cofiepKaliero X, Ha ypOBHE 3HAUMMOCTM ( OMpENensercs U3 YCIOBHS
b

I f(x)dx =1— . Ecnu pacnpenesnenne cTaTUCTHKU GJIM3KO K CHMMETpPHY-

a
HOMYy, TO mojaraloT d =—b wu TpeOylOT BHIIONHEHUS  YCJIOBHS

+00
jf(x)dx —al2.
b

Z[J'If[ CTallMOHAPHBIX pacr[pe,ueneHI/Ii/'I OTKJIOHCHUSA CPEAHUX 3HAYCHHMI CyMM
CJ'Iy‘-IafIHI:IX HE3aBHCUMBIX BCIWYUH OT UX I'CHCPAJIbHBIX 3HAYCHMI pacimpeac-
JICHBI aCUMINTOTHYCCKU HOPMAJIBHO, MMO3TOMY B CTATHCTUKEC U3YYAIOTCS TJIaB-
HBIM 06pa30M BI)I60pKI/I 13 HOPMAJIBHOTO paclipCACICHUS. Tor,ua OTJIINYNC U3Y-
qaeMOro pacrnpeaciicHud OT CTAHUOHAPHOT'O MOYKHO O6Hapy)KI/ITI), AHAJIU3UpYys

161



€ro BBIOOPOYHBIE MOMEHTHI M OIPEAETSIsL, HACKOIBKO TOYHO MOXKHO YJIOBIIE-
TBOpUTH Teopeme JleBu—JInHnebepra.
PaccMoTpum 3amady OIEHKM MapamMeTpoB HOPMAJIBHOTO PACIpENeNICHUS

(4.3.5). Ilyctp {xl,...,xn — BBIOOpKA U3 HOPMAJILHOTO PACIPEICIICHUs C

TCHCPAJIbHBIMU 3HAYCHUSIMHA IU uo:

2
1 (x—p)

fo(xp,0) =——exp| ————
G N27wo 20-2

IMocraBuM 3amady 00 OImpeeIeHNH CPEJHETO 3HAYCHUsS [/ 3TOTO pacIpe-

o 2
JCJICHUA 110 3alaHHOU BLIGOpKe, CUMTas, 4TO ICHEpajbHas AUCIICpCUs O
n3BecTHa. O003HAYUM BBI60pO‘-IHO€ cpeaHee, OoImpeacigaeMoc 110 BH60pKe

{xl N }, uepes my(n). B cootBercTBUH ¢ Teopemoit JleBu—JInnnebepra

BCJIMYMHA

1

oNn

Zn:

D x —nu =g(m1(n)—u)
k=1

uMeeT pacrpenenenne ¢ mwiotHoctsio [ (z; 0, 1). Toraa BepostrHocTs TOTO,

4TO |Z| < &, paBHa

& &
Pl <e}= N je_zz /247 = %J‘e_zz 24z = F(e)- F(~¢),

—-& 0
npuueM B cuny  cummerpun 1 — F(g)=F(-¢£), Tak  u4ro
Pﬂz| < 8}= 2F(&)—1. Eciu MBI x0THM, 4TOGBI 3Ta BEPOATHOCTH ObLIA
paBHa TpeOyeMOMy ypOBHIO f0Bepus | — @ , rae & ecTh ypoBEeHb 3HAUHMO-
CTH (BEpPOSATHOCTH OMIMOKH TIEPBOTO POJa), TO CIEAYeT B3ATh TAKOE 3HAUCHUE
g, wuroom a=2-2F(g). Cnemosarenvno, F(-&)=a/2,
F(&)=1-—a/2. Takum o6pa3zom, o 3aJaHHOMY YPOBHIO IOBEpHUS YHCIIO &
HaxojuTcs u3 obpamenus pasenctsa F(€)=1—a/2, t.e. npencrasnser
coboii 1 — @ / 2 -kBaRTHIIL HOPMAEHOTO pacIpeieie s, KOTOPBIiA OyeM s

KpaTKoCTH 0603HauaTh & = Uy, J = 1— /2. B pesynbrare noyuaem, uto
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C BEPOATHOCTBIO | — (X OlEHMBaeMOe CpeaHee 3HAYEHUE PACTIPENENICHUs Ha-
KPBIBAETCs IPOMEIKYTKOM

|,u—m1(n)|Su7,%. (1.1)

Haiinem Temeps pacrnpesneneHrne BRIOOPOYHOIN NUCHEPCHH MPH M3BECTHOM
CpelHeM 3HAueHUHM [/ TE€HEPaJIbHOH COBOKYIHOCTH, T.€. PACIPEAEICHUE CIIy-
YalHOW BETMYUHBI

~2
, no(n) 1 2 N
A e DI CRY DI DI
o O k=i k=1
(1.2)
) 1< 2
=3 (v, ~u)
n =
rle Zj — HE3aBHUCHMbIE HOPMAILHO PACHPENENICHHBIE CIlyYaliHbIE BETHYUHBI

C HYJICBBIM CPEIHUM U eﬂHHH‘IHOﬁ ﬂHCHCpCI/Ieﬁ. 910 O3Ha4acT, 4YTO KaXxaasa U3

BEIMYMH Zj MMeeT pacmpezencrue ¢ mwiotHoctsio f(zg; 0, 1). Torna co-

BMCCTHasd TJIOTHOCTb BEPOATHOCTU  JJIid n TaKUX BCJIIMYMH paBHaA
n

H J6(2x50,1), a dynkuns pacupeneneHus COOBITHIA, COCTOAIINX B TOM,
k=1

2 o .
qr1o Y <r , €CTb HHTETPAJl OT 3TOU COBMECTHOU IUIOTHOCTH 10 71 -MEPHOMY

Hmapy paauyca \/; :

1 1 <
P{;(z < r}:— exp ——Zzl‘z‘ dzy..dz, .
(27)"? ZzJ‘Q 2o

HOCKOJ'H)Ky HO,HBIHTerpaHBHaﬂ (l)yHKHI/Iﬂ CI/IMMeTpI/IqHa, TO, r[epexo,uﬂ B
C(bepI/I‘leCKI/Ie KOOpI[I/IHaTI)I, HOquaeM
1 r
P{lz Sr}=/2— n12-1,-t12 4
2" 4T (n/2) 0

2
Taxkum 06pa3oM, IIIOTHOCTb PACIPEEICHHS BEIUUUHbBL ¥~ UMEET BUJ
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n/2—le—t/2

?,2 (t;n) = (1.3)

220 (n/2)

2
3OT0 pacnpenencHue HasblBaeTcs pacrnpeneneHuem J - (wu Ilupcona) c

n creneHsMu cBo6oabl. CTENEHBIO CBOOOBI HA3BIBACTCS KOJIUYECTBO HE3aBU-
CHMBIX BEJIMYMH B CTATUCTHUYECKOW 3amade. OHO paBHO Pa3sHOCTH MEXIY 00-
[IAM YHCIIOM BeIHYHMH (0OBEMOM BBIOOPKH) M YHCIOM HAJOKCHHBIX OrpaHH-
YeHUi (CBsI3eH).

2
[Tycts Teneps cpenHee 3HaYeHHEe [/ U IUCHEPCUs O HOPMAaJbHOTO pac-

TpeJeNieHIsI He W3BECTHBI, KaK 3TO OOBIYHO W ObIBaeT Ha mpakTuke. OTsTh 3a-
JaMM JIOBEPUTEILHYIO BEPOATHOCTE | — (X TOro, 4TO TEOPETHUECKOE 3HAue-
HHE [/ JI&XUT B HEKOTOPBIX IIpefieslaX, KOTopble TpeOyeTcst HalTH 110 BEIOOPKE

{xl,...,xn}. Ilpu aHanuse ucroib3yercst BeIGOpouHOe cpexnee My (n), a

TAaKKE MONpaBJICHHAsA Ha CMCIICHHOCTL JUCIICPCUSA S2 (l’l) . 21.]'[51 HaXO0XJICHUSA

pacnpeneneHus ciay4yailHoW BEJTMYHHbL

-1 1 & L
R LI e 2 T
o 0" k=1 k=1

CJIEyeT YYECTh, YTO U3 /1 BEJIWYMH B MOCIEIHEN CyMME HE BCE HE3aBHUCHMBI,
MOCKOJIBKY JUTS MCXOJHOW BBIOOPKH 3aPUKCHPOBAaHO BBIOOPOYHOE CpEHEee,

pasuoe my(n).
B of0mem cimydyae miIoTHOCTB Pn (x) pacnpeneneHus Ciiy4aiiHON BEIUYH-
HBI 7], KOTOpas MPEeACTaBiIsieT cO00I HEKOTOPYIO (DYHKILUIO OT /1 CIydalHBIX

BEJMYHH 7] = g(fl yeesCp ) C IUIOTHOCTBIO COBMECTHOTO pPACIpPENIENEHHUs
f & (xl N ), ompeiensercs hopMynoit

@p (u)= .[ff (x5een 2, )O( (v Xy ) =)y, . (15)

Torma ms cimy4aitHON BETUYHHBI 772 u3 (1.4) momydaem, 4To OHa pacmpe-

2
nenena o 3akony ¥~ (1.3) ¢ n—1 cremensio cBOGOMIBL 3aMeTHM TemEpb,

uro BenmumHbl 7M1 (71) u So (1) CTATMCTHYECKH HE3aBUCHMBI, TaK 4TO BENH-

uuna & = | H—my (n)|/ /S2 (1) mnpencraenser co60i OTHOLIEHNE ABYX CIly-
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YaifHBIX BENMYMH C U3BECTHBIMH pactpeneneHusaMu. [Ipuvenss (1.5), momyqa-
€M, 4TO 5Ta BeJIMYMHA MMeeT pacrpenenenne CTeronenTta ¢ 11— 1 cremensro
CBOOOJIEL.
[TnotHOCTH pactpenenenust CTpiofieHTa AT X cTeleHel CBOOOBI AaeTcs
hopmyoit
n+1 n+1
= e
2
plt;n) 2 14+ (1.6)
) =——— — . .
b
Nm T(n/2) n

Tornma nmoBepuTENbHBIA TPOMEXYTOK Ul A/ B 3aJade OIEHUBAHUS CpEl-

HErO IIPU HEU3BECTHOM JMCIIEPCHM IO BHLIOOPKE M3 HOPMAILHOTO pachpeserne-
HUA JacTCA HepaBeHCTBOM
55 (n)

| —my(n) < g, — (1.7)

t
rae ¢, ectv y =1- o/ 2 -xeautuns pacnpenesenust Ctbroenta ¢ 1 — 1

CTCIICHBIO CBO60,HBI.

Ecmu BLIGOpKa HC ABJIACTCA HOPMAJIbHO pacnpeneneHHOﬁ, TO BBIIICTIPUBE-
JCHHBIC (bOpMyJ'H)I JJI0 TIOJTYYCHUA NOBCPUTCIIbHBIX WHTEPBAJIOB HEIIPHUMCHU-
MBEI. CneayeT AHAJIM3UPOBATH COOCTBEHHO BLI60p0'-IHO€ pacnpeacicHue B ycC-
JIOBUAX, KOrjja réHepajbHOC pacnpeacICHUC HE HU3BECTHO. Kak YK€ TOBOpHU-
JIOCh BBIIIC B II. 43, 3aJa4a O MPUHAAJIC)KHOCTU ABYX BLIGOpOK OIHOW TeHe-
pam)Hoﬁ COBOKYITHOCTH peIIacTCAd HeHapaMeTpH‘leCKOﬁ cratuctukor Kommo-

ropoa—CmupHoBa Sy = Sup‘FL NX)-F Nn (x)‘ , WISl KOTOPOM CIIpaBeji-
x
JIMBa aCUMIITOTUKA

lim P<0< ESN <z;r=K(2). (1.8)
N—>o 2

DTO 03HAYAET, 4TO €Clu A AByX BOP Obo HalifeHO 3HaYeHHE S N H

BHIMKCIICHA BenuunHa Z =,|—S 7, To Benmmumna 1 — K (z) mpubmmkenHo
CUHTACTCS PABHOI BEPOSITHOCTH TOTO, 4TO |—— 7 = Z . 3a/1aB yPOBCHb 3Ha-



uuMocTH ¢ , cuutaeM, uto ecmu 1 — K (z) < @, 1o ocymectBunoch Masose-

POSTHOE COOBITHE, HECOBMECTHUMOE C TIOHSITHEM CIYyYalHOCTH, U 3T BBIOOPKH
clenyeT CUuTaTh pas3audHbIMH. HekoTopas HeolpenaeneHHOCTh BBIBOJA COCTO-
WUT B TOM, YTO HAJO anpHOPH 3a/1aTh >KeJaeMbld YPOBEHb MaJIOCTH KpUTEpHs
1 - K (z). Kakyro BeposITHOCTb ClIeyeT CUMTaTh J0CTATOYHOM I TOTO, YTO-

OBl MPHU3HATH BBIOOPKH OAMHAKOBBIMHU?

UroOBl MpaKkTHYECKN OTBETUTH HA JaHHBIM BOTIPOC, IIOCTaBUM CTATHUCTHYE-
CKHUH 9KCIEPHMEHT I10 TeHEPaIly BBIOOPOK M3 HOPMAJILHOTO pacHpeesIeHHs 1
MOCTPOUM (YHKIMIO PACHPENENICHNs] PACCTOSIHUI MEXIy HE3aBHCHUMBIMU BBI-
6opkamu. Ha puc. 5.1.1 nokazan BpeMeHHOM psint paccTosHui Mexxay BOP s
nByx Be16opok amunsl N =1000 nannbx.

0,30

o
N
()]

o
[N)
o

o
5]

o

[=

&
|

PaccrosiHue mexay BbiGopkamu
o
o

o
o
o

1 101 201 301 401 501 601 701 801 901 1001 1101 1201
Homep napbi

Puc. 5.1.1 — ®parmeHT BpeMEHHOTO psijia PAaCCTOSHUH MEXTY
He3aBucuMbIME BOP u3 HopManbHOM coBokymHOCTH AuHOM 1000
JAHHBIX

Pacnipenenenne paccTosHUI MEXAy BRIOOPKaMH, BPEMEHHON Psii KOTOPBIX
mokaszaH Ha puc. 5.1.1, mano Ha puc. 5.1.2 o pesynsraram 5000 3xcriepumMeH-
TOB.

ITockonbKy Bce BEIOOPKH B 3TOM IpHUMEpe B3ATHI U3 OJHOTO pacmperee-
HUSI, TO OMMOKON Ha YpPOBHE 3HAUYMMOCTH & OyAeT HeNmpH3HAaHHE BHIOOPOK
«OJIMHAKOBBIMH», €CJIM PACCTOSIHUE MEXIy HUMH OKa3ajoch Ooible & .
CMBICIT e ypOBHS 3HAUMMOCTH TAaKOB, YTO B CPEIHEM B JI0JI€ CIIy4acB, paBHON
YPOBHIO 3HAUUMOCTH, OyJeT CAeNaH OMMOOYHBIN BBIBOJ M3 CTATHUCTHYECKOTO
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skcnepuMenTa. Ho u3 puc. 5.1.1, B 4aCTHOCTH, CII€AYET, YTO NPU CPABHEHHUU
B®P mrs Ber6opok B 1000 maHHBIX GECCMBICIEHHO 3a/1aBaTh YPOBEHb 3HAUH-
Moctu MeHee 0,01, Tak Kak TOT[a MOYTH BCETAA MPUACTCS MPU3HABATH BHIOOP-
KM Pa3NUYHBIMH, a Ha caMOM [elle 3To He Tak. CIenoBaTeinbHO, TIPH aHAIH3E
BEIOOPOK OMpEAETICHHON UIMHBI HEMPABWIIBHO 3a/1aBaTh alPHOPHU >KeTaeMBbIi
YPOBEHb 3HAYMMOCTH, TaK KakK JUIS 3aJaHHOM IIMHEI /N BBIOOPKH IMIIb IIPH

OJIHOM 3HAQUECHUU & = 80 (N) BEPOATHOCTH NPEBLIIICHUA 3HAYCHU 80 paBHa

3HAQYUMOCTH HCHOJIB3YEMOTO ISl 3TOHM LENN KPUTEpHsi, M 3TO 3HAYCHUE HaXo-
JIUTCS] U3 yPaBHEHHUS

N
1—80 =K ?80 . (1.9)

0,25

0,20

0,15

0,10 -

BeposiTHOCTb

0,05 -

0,00 T ‘ 7 p—
0,00 0,06 0,11 0,17 0,22

PacctosiHne mexay BOP

Puc. 5.1.2 — Pacnpenenenre paccTOSIHUN MEXAy HE3aBUCUMBIMHU
BBIOOPOYHBIMU PACTIPEICICHUSIMH U3 HOPMAIBLHON COBOKYITHOCTH

Pemenne ypaBuenus (1.9) emmHCTBEHHO, NMOCKOJBKY IpaBasi 4acTh Kak

(l)yHKHI/ISI 80 MOHOTOHHO BO3pacTa€T OT HYJId A0 CAWUHUIBI, a JICBAs1 MOHOTOH-

HO yOBIBaeT OT eAMHMIBI 10 Hyis. I'padux pemenns £y(N) npusenen na
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puc. 5.1.3, a HeKoTOopEIe ero 3HaueHns — B Tabm. 5.1.1. HalinenHoe pemrenme
Oyznem Ha3bIBaTh COTJIACOBAHHBIM YPOBHEM 3HAYMMOCTH WJIM COTJIACOBAHHBIM
OTKJIOHEHUEM Mex 1y BOP.

0,07
0,06 \
0,05
0,04 \
0,03 -
0,02 4 \
0,01
0,00 ‘
1000 11000 21000 31000 41000 51000 61000

CornacoBaHHOe OTKIIOHEHUe

OnuHa BbIGOPKHK

Puc. 5.1.3 — CormacoBaHHBIH YPOBEHb 3HAYNMOCTH JJISI KPUTEPHUS
Komvoroposa—CmupHOBa

U3 puc. 5.1.3 cnenyer, 4To, HAIPUMEp, BEPOATHOCTH TOTO, UYTO PACCTOSTHHE
MEXAY IBYMS HE3aBHCHUMBIMH BbIOOpKamu utHON 1000 maHHBIX M3 OXHOTO
pactipenenenus Oyner 6ombme 0,06, paBHa 0,06; aHanmorugHO AJsl BHIOOPOK
JuIMHOW 11 ThIC. HaHHBIX BEpPOATHOCTH NpeBblmieHUs paccrosHusa 0,02 paBHa
0,02 u T.1.

Tabn. 5.1.1. 3HaueHNs COTIIACOBAHHOTO YPOBHS 3HAYNMOCTH KPUTEPHS
Komnmoroposa—CmupHoBa

Jlnuna BeiGopku N | Vposens snaunmoctu Eq(N)

100 0,18

200 0,14

300 0,10

400 0,09

500 0,08

1000 0,05926

2000 0,04364

3000 0,03641

4000 0,03220
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5000 0,02910
10000 0,02135
50000 0,01023

C nampHEWHMM yBemMYeHHEM N COTJIACOBAHHBIA ypPOBEHb 3HAYAMOCTH
yMeHbIaercs odens cinabo. Hanpumep, gt N =100 toic. £ (N) =0,009.

OTMeTHM, YTO Ha JOCTATOYHO BHICOKOM YPOBHE JTOCTOBEPHOCTH (BBIIIE, YeM
0,99) gucnenno HalimeHHoe pemieHne ypaBHeHHS (1.9) mpm oObeMax BBIOOPOK
ot | TeIc. 10 100 THIC. ZAHHBIX ANMPOKCUMHPYETCSI YMIHPHIECKON 3aBUCHMO-
CTBIO

£o(N)=0,06N "% (1.10)

AHAJIOTHYHBIE PACCYKIEHHUS MOKHO B HEKOTOPBIX CIydasX MPOBECTH M
JUTSL 33/1a4K TIAPAMETPHYECKOTO OIIEHMBAHUS TIPU TIOCTPOEHUH IOBEPHTEIBHBIX
WHTEpBaTOB. Kakoli ypOBEHb 3HAUMMOCTH (X CIEIyeT anphOpH 3a1aTh JUIs
TIOJTyYEHHs! PAKTUIECKU Pa3syMHBIX pe3ynbTatoB? [104epKHEM, YTO TOYHOCT
OILIEHKH, HATIPHMED, CPEIHETO 3HAYEHHS CITy9alHON BEJMYMHBI JA€T HE TOJBKO
YPOBEHb 3HAYMMOCTH, HO M COJEPIKAIMii 5TO 3HAYEHUE HHTEPBaI. Bo3MokHast
HETIPUEMIIEMOCTh OIIEHKH BO3HHMKAET TOT/A, KOTJA JOBEPUTENBHBIH MHTEpPBAI
OKa3bIBAETCs CIMIIKOM IIMPOK, MO0 yPOBEHb 3HAYMMOCTH CIIMIIKOM BENHK.
[To3TOMy Ba)KHO COTJIACOBATH 00€ ITHX BETMYMHBL.

VMeHbIIas ypoOBEHb 3HAYMMOCTH, Mbl PACIIMPSEM HHTEPBAI JOBEPHUS, HO
TEM CaMBIM yBEIMYMBAETCS OIIMOKA MPAKTHYECKOTO TPMMEHEHHS TTOTYYEHHBIX
OLIEHOK TOYHO TaK e, KaK OHa YBETMYUBAETCS IPU BHICOKOM YPOBHE 3HAYMMO-
CTH ¥ y3KOM JIOBEPHTEIBLHOM MHTEpBasie. TaK, MPAKTHYECKH HEHYKHBIM SBIIS-
€TCsI pe3yJbTaT, COCTOSIIUN B TOM, UYTO C JOBEPUTEIHHON BEpOSTHOCTHIO 1,0
cpelHee 3HaYeHHME HEKOH BeanmumHbl 3akmroueHo B npomexytke [0; 1], mpen-

CTaBJISIIOLIEM BCE MHOXECTBO JOIYCTUMBIX 3HAUEHHMH 3TOW BEJWYMHBI. TOYHO
TaK K€ He MPeICTaBiIsIeT MHTEepeca 3HaHHE O TOM, YTO CpelHee 3HaueHHUe 3a-
KIIIOYEHO B Y3KOM IPOMEXYTKE C JOBEPUTEIBFHON BEPOSATHOCTHIO, OIM3KOHM K
HYJIIO.

C mpakTH9ecKoil TOYKK 3pEeHUs] BHIOPAHHBIN YPOBEHb 3HAYMMOCTA (X 03-
HAYaeT, YTO IPHU MPOBEICHUH OONBIIOTO YHCIa OJHOTHITHBIX AKCIICPUMEHTOB
0 TIPOBEPKE CTATUCTUYECKOM TMIIOTE3bI B YCIOBUAX, KOTJIa OHA 3aBE€OMO BEp-
Ha, B JoJie (¢ ciydaeB (GopMaibHO OyJEeT MOMyIeHa OIIMOKa MEepBOro poja.
Pe3ynbTaThl SKCIEPUMEHTOB PAaBHOBEPOSTHBI, TaK KaK BHIOOPKU OepyTcs W3
OJIHOTO U TOTO e pacnpeaencHus. [loaToMmy mpakTudeckasi TOUHOCTh KPHUTE-
pUs TIPUHSITUSA TUIMOTE3bl paBHA HAHUOOJBIIEMY W3 JBYX YHCEN: alpPUOPHOMY
YPOBHIO 3HAYMMOCTH U JI0JIE€ MEPHI IOBEPUTEIHHOTO HHTEPBAJIa B MEPE MHOXKE-
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CTBa JIONYCTUMBIX MCXOAOB. {151 paBHOMEPHO OTrpaHMYEHHOW CIy4ailHOM Be-
JMYMHBI yIO0OHO HOPMMpOBATh ee 3HadeHus Ha npomexkytok [0;1]. B stom
cilydae MOKHO OTIPeeNIUTh COTIACOBAHHBIN JOBEPHTEIBHBIN HHTEPBAJ YCIIO-
BHEM DABEHCTBA YKa3aHHOI J01M 1 ypoBHs 3Haunmmoctn. Ilyets f7(Xx) ects
BBIOOPOYHAs MIOTHOCTH (DYHKIHMH pachpe/eseHns H3ydaeMoro npusHaka. To-
IJla COrNacoBaHHbIM foBeputenbHbiM unteppaioM (a; b) < [0; 1] na yposue

3HAYMMOCTH £ HasbliBaeTcs MHTepBan (d; d + £), T1e COrMacoBaHHBIH ypo-
BeHb 3HaYMMOCTH £() TIpM 331aHHOM JIEBOM KOHIIE HHTEpBAja HAXOIUTCS U3

YCIIOBHS
at+e

[frde=1-z. (1.11)
a

CaMm >xe JIeBBIH KOHEI MHTEepBaja HAaXOJUTCA B OOIIEM Cly4ae HEOIHO-
3Ha4yHO. MIMeeT cMBICT BBIOpaTh Takoe 3HaYeHUE d , IPH KOTOPOM JOCTHraeTCs
HaWJIy4Ilasi TOYHOCTh B OLICHKE M3y4aeMOro MoKa3aTeds, T.€.
=argminé&(a) . (1.12)

a

OnucaHHBI MOAXOJ TO3BOJIIET OMPEHCTUTh (HaKTHUECKYIO OIMIMOKY, CO-
BepIIaeMyl0 IPH IPAKTHYECKOM HCIIOIb30BaHUU TOTO MJIM MHOTO CTaTHUCTHYeE-
CKOTO KpPHUTEpHSL.

Aopt

5.2. OueHka mI0THOCTH QYHKIUM pacnpe/eseHust

IIpu mpoBeAeHUN CTaTHCTUYECKUX SKCHEPUMEHTOB, COBEPIIAEMBIX B JIUC-
KpPETHbIE MOMEHTHI BpEMEHH, YJIO0OHO MCXOJUThH M3 IPEICTABIECHHUS O HEKOTO-
POl HenpephIBHOW CITy4allHON BEJIMYHMHE, 3HAYE€HHS KOTOPOW MOTYT OBITH Ha-
OmozieHb! B JII000M MOMEHT BpeMeHH. Torja IpencTaBiseTcss eCTeCTBEHHBIM
OLIEHHTH TIPEJIIOIaraeMyr0 HETPEpPHIBHYIO (YHKIMIO pacrpenesieHus] 3TOH Be-
JIMYHMHBI Yepe3 MOCTPOSHHE BBIOOPOYHOM IIIOTHOCTH pacIpeieIeHUs], arperi-
pys HaOmromaeMble IaHHBIE B KiaccoBble MHTepBaibl. lllnpnHa wHTEpBaoB
orpezessieTcst AByMs (pakTopaMu: BO-TIEPBBIX, TOYHOCTBIO U3MEPEHUs HaOIIr0-
JTa€MBIX BEJIMYUH M, BO-BTOPHIX, [UIMHOM BBIOOPKH, IO KOTOPOH CTPOMTCS THC-
Torpamma. YtoObl MOXXHO OBIJIO TOBOPHUTH O TOM, YTO pacrpezeieHHe 3HaYNMO
HU3MEHWIOCh 33 HEKOTOPBIA NMPOMEXYTOK BPEMEHH, CIEIyeT ONpEAEIUTh CTa-
TUCTHYECKYIO HEOIIPEAEICHHOCTh B OLIEHKE IIIIOTHOCTH PaclpeesIeHus 110 TUC-
TOrpaMM€ B MPEAION0KEHUH CTAallHOHAPHOCTH T'€HEPanbHOH COBOKYIHOCTH.
HawnGomnpiee n3 aByX 4ucen — TOYHOCTH W3MEPEHHUS CITydalHOW BENWYHHBI U
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TOYHOCTH B OIIEHKE IUIOTHOCTH — MPWHHUMAETCs 3a MIMPUHY WHTEpBana pas-
OueHnsa. 3aMeTHM, YTO TOYHOCTH B OIEHKE IUIOTHOCTH KaK pa3 W 3aBUCHT OT
BBIOpAaHHOW IIMPHUHBI HHTEPBAA, IOATOMY 3a/1a4a ONPECTICHUS 3TON IMINPHUHBI
CTaHOBUTCS CaMOCOTJIACOBAaHHOW. UTOOBI IMOIyYNTh MPABHIO COTJIACOBAHMSA,
OTIpEZIETIM CHadaja CTATUCTUYECKYIO OIIMOKY B OLIEHKE IJIOTHOCTH pacipeze-
JIeHUs! TIPY 33laHHOM Pa30MEHNN THCTOTPAaMMBI.

PaccMOTpHM HOCIENOBATENRHOCTh n3 [N 3HAUCHMH CIydaiiHOM BEITMIUHBI

f , KOTOPBIC NTOIMaJIM B ONPEACICHHBIC KJIACCOBBLIC MHTCPBAJIbI A], YHUCJIO KO-

TOpBIX M.  DIeMEeHTBl  5TOH  MOCIEN0BATENBHOCTH  00O03HAUUM
Xj, j=L2,.., N.Ilycts u3 Hux 3HaueHue X; BCTPETHIOCH k; pas. To-
ria BBHIOOPOYHOM MJIOTHOCTBHIO (DYHKIHMH pacrpeieNleHus, OleHMBaeMOoi Mo
rucTorpamMMe Mo 3aJaHHoi BbIGOpKe MMHBI [V , Ha3bIBAaeTCs COBOKYIHOCT
S (i,t) Benuunu
ki
v =—, i=12,.,n. 2.1
N
Bpewms ¢t B aprymente f) (i,¢) ykasbiBaeT Ha TeKylumii MOMEHT BpeMe-
HU, OT KOTOPOTO Ha3ajl OTCUMTHIBAETCS BbIGOpKa Muubl N . Jlanee ayist kpart-
KOCTH apryMeHT ! OIyCKAeTCsl, €M aHaln3 MPOBOJUTCS B HEKOTOPBIH (HUK-
CHPOBaHHBIH MOMEHT BPEMEHHU WJIH €CIH KOHKPETHOE 3HAYEHHE MOMEHTA Bpe-

MEHH Ha JaHHOM 3TaIlle He CyLIeCTBEHHO.
CornacHo Teopeme Jlen—JIuHnebepra oTKIIOHEHHE BEIOOPOYHOTO CpEaHe-

ro 3nadenust & (V) crammonapHoil cirydaifHOl BEMUMHBI, OMPEEISEMOTO MO
BBIGOpKE MHBL /N , OT T€HEPATLHOTO CPESIHETO PACTIPENETIEHO ACUMIITOTHYE-
CKM HOPMaJIbHO C HYJIEBBIM CPEIHUM M CTPEMSIICHCS K HYIIO IUCIIepCHen
2 2 . .
0°/N,tne 0° ecth aucnepcus 5TOI BETHUUHBI IO THIIOTETHYECKOH TeHe-
paJIbHON COBOKYIHOCTH. PaccMOTpUM B KauecTBe TaKOU CITydailHON BEJINYHMHEI
camy smmmpuyeckyto gactory f(j) = fn () monamanms B j -biif kmacco-
BBl MHTepBall. PopMaIbHO IMIMPHUYECKAs 4ACTOTa €CTh CPEeJHEe BEIOOPOUHOE

3HAaYeHHE CIydaiHON BeNMYMHBI, HAa3bIBAEMON HMHAMKATOpOM [ jk TpUHAI-

JIC)KHOCTU pE3YyJibTaTa k -r0 HaOJIO[CHHS B ] -OMY KJIaCCOBOMY HHTCpPBAJy.

Wnpukarop jk ompenensercs bopmynoit
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1, xp eAj;

I (2.2)

Jjk =
0, X %A]

Kak BumHO 13 hopmynsr (2.2), sSMIupuIecKyro 9acToTy (2.1) MoXxHO Tpea-
CTaBUTH B BUIIE

LN
v =(I) :Wzljk :
k=1
BriGopounas aucniepens smnupuyeckoit wactotsr f (/) pasna
sV = ((1=(0)) =(2) =4y =(0)-(1) =
= fN(])(l_fN(.]))

Cornacao (1.7), korma reHepanbHas AUCIEPCHS HE M3BECTHA, a OICHHUBA-

2.3)

eTCsl TOJIBKO 10 BbIOOpouHOit mucniepeuu Sy (N ), muist nosydenus nosepu-

TEJIPHOTO MHTEpBaja CPEIHETO 3HAUCHHUS CIIeyeT PaCCMaTPUBATh {~CTATUCTUKY
CrblozieHTa, KOTOpast 3alUChIBACTCS B BUJE

= 170)
t=~+N-1 ,
\$2(N3 )

*
rne [ (j) ectb rumoreTHueckas reHepaibHas BEPOSTHOCTb, €CIU OBbI MPO-

(2.4)

necc ObUI cTallMOHAPHBIM. CMBICI CTAaTUCTHKU (2.4) B TOM, YTO HAa YPOBHE 3Ha-
. *

IND =1 ()

g 2 (N =15y (N5 j) /NN -1,

rae t, (N —1) ects o -xkBauTuis pacupenenenns Crorogenta ¢ N —1 cre-

YUMOCTH & BBIpaXKCHHUE HE MPEBOCXOAUT BEJIMUNHBI

nenpio cBoGomel. Ipu Gomsummx [N moxmo cuntats N —1~ N u umcio
cTerieHed cBoOO/IbI B KBaHTWIIE pactpeeneHus CTbloJieHTa B3STh LIS TPOCTO-
ThI OECKOHEYHBIM (TOTJa 3TO pacHpeeNIeHHe COBIIAAAET C HOPMAIBHBIM).
3aMeTuM Terepb, 9To, XOTs (OpPMaIbHO YPOBEHb 3HAUMMOCTH MOXKET OBITH
Ha3HAYeH JIOOBIM, HE OUY€Hb OCMBICIICHHO, YTOOBI OH OBLT BEIOpaH TOYHEE (T.e.
MEHBIIIE) YPOBHS HEONPEACICHHOCTH B MO3UIHMOHHPOBAHHU JIOBEPHTEIHHOTO

wwrepeana |fy (/)= (/).
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Taxum 06pa3om, eCTeCTBEHHO MOTPEOOBATH BHIIIOIHEHHS YCIOBHS

n *
Dlv-f (j)‘s(e. 2.5)
j=1
OdeBHIHO, YCIOBHIO (2.5) MOXKHO yIOBIIETBOPHUTD, IIOTPEOOBAB BHITIOTHE-
HUs1 00JIee KECTKOrO YCIOBHS — OJU30CTH KaXJ0H U3 4acTOT B OTACIBEHOCTH:

INnD=1 D (). 2.6)

Ecnm xe TEICPb HOTpeGOBaTI), YTOOBI JUIIsL Ka)KI[Oﬁ 3MHHpH‘{eCKOﬁ qacTo-

\S2(N5 )

k
Tbl GBLIO BBIIOIHEHO yCIOBHE []_ /2 T <& (j), To onHoBpe-

MEHHO C BBITIOJIHEHHEM YCIIoBUs (2.6) OyAeT NOCTUTHYT U TpeOyeMblil ypOBEHb
3HAYUMOCTH Ui cTaTUCTHKH CThionieHTa (2.4). OHaKo eciy HEKOTOpHIe BEpo-
ATHOCTH B Pe3yJIbTaTe BEIOPAHHOTO Pa30MEHNs HA KJIACCOBBIC HHTEPBAJIBI CAMH
OKa3aJIMCh Malbl, MHOTO MEHBIIE & , TO HET HEOOXOJMMOCTH TpeOOBaTh, UTO-
ObI ¥ OHUM OBLIM OLIEHEHBI C TOH K€ TOYHOCTHIO. [103TOMY YMECTHO st Kax 101

BEPOSTHOCTH BLI6paTB CBOIO TOYHOCTH amnmpoOKCHUMallun 5] U CYHUTATh, YTO

Tpe6yeMLIﬁ B [CJIOM YPOBCHbL 3HAYUMOCTH ONPCACIIACTCA Cpe[[HeBSBeH.ICHHOﬁ
1o p3.36I/IeHI/IIO TOYHOCTBIO, TaK YTO

1 < _
N-g/2 =—Z \/SZ(N;J)tl—gj/Z’ 2.7)

Zy () D

rJe CyMMa, ONpenesomas BIUsSHUEe MENKOCTH pa30UeHHs THCTOrpaMMbl Ha
TOYHOCTH OIICHKH SMIHPHIECKNX BEPOATHOCTEH, paBHA

Ty () =D (N ) =D\ Iv@OU-fy@). @8
i=1 =1

Cymma (2.8) BBIpakaeT Ka4eCTBO NMPHUONMKCHUS IUIOTHOCTH THCTOTPaM-
MOM, MOCKOJIbKY, YeM MEHbILIE CYyMMa, TEM BBILIE TOYHOCTh olieHKH BIIOP, T.e.
TeM MeHble yucio & . C yBenmuYeHHeM 4uciia UHTepBajioB cymma (2.8) Bo3-
pacTaeT, 4To 03HayaeT CHIbKeHHe TouHocTH oneHku BIIDP. B cranmonapHom
cllyyae 3Ta CyMMa IpeicTaBisieT coboil Hekuil 3ddexTHBHBIA (QyHKIMOHAT
yuera ocoOeHHOCTel rpaduka (QyHKIMHM TJIOTHOCTH TPH ANIPOKCHMAIHH
TUTOTHOCTH T€HEPaJIbHOTO PaCIIpe/IeNICHNUSI.

Teneps u3 (2.6), (2.7) momyyaem, 4to
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A/ 82 (N;
Zfl £;/2 Sz\/(ﬁj) H-g/2 %)<82f (=¢.

j=1
OTKyJla Ha YPOBHE 3HAYNMOCTH & CIIEIyeT OIlCHKA

tl—g/Z < \/ﬁ

g Iy
ITpu 3agaHHOl TOYHOCTH £ U criocobe pa3OueHus THCTOrpaMMBbI popMyIa

(2.9) nmns 3HaKa paBEeHCTBA JaeT OINCHKY Ha MHHHMAIIBHYIO JUIMHY BBIOOPKH,
IpH KOTOPOH 3Ta TOYHOCTh JOCTHraercs B cpenHeM. Ilockonmbky (yHKIHS

2.9)

1|_, Tabynupopana (cMm. [14]), To ynximms #_, / & w3BecTHa. OHA MOHO-

TOHHO yOBIBAaET C POCTOM & , IOATOMY K HEH CyIIecTByeT oOpaTHas, 3HaUCHHUE
KOTOPOH M JaeT BEPXHIOK OIEHKY TOYHOCTH OINPEICIICHUS SMITMPHUCCKUX Be-
POSATHOCTEH MO 3alaHHOMY pa30MEeHUI0 rucTorpaMmbl. O003HAYMM IS KpaT-

KOCTH
JN

Sy ()

t _
p(e) = 1;8, V=90 L z=z(N,n)= (2.10)

Torma Tounocts onenku BIIOP onpenensercs popmyioit
e=2y(2z). (2.11)

Hekotopble 3Hauenus Gynkuun (&) npuseaeHsl B Tabm. 5.2.1.

Ta6n. 5.2.1. 3aBucnmocts GyHkumn f_. /€ or &

0,30 0,524 1,7
0,40 0.253 0.6

Otmerum, uto mpu € > 0,01 umeer mecto anmpoxcumanus [14] kauTH-

Ji1 HOPMAJILHOTO PacIpe/Ie/ieHds, ¢ KOTOPhIM NpH Gonbmux /N coBmanaer
KBaHTWIb pacnpezaeneHus CThI0JeHTa:

tl_g/zz\/——ln( -(1- 5)) (2.12)

OtHocuTenpHas ommoOKa anmpokcuMarmu (2.12) cocrasmser 0,037. I'pa-
puku pynxkumn @(€) u ee anmpokcumaruyu o popmysie (2.12) nokasansl Ha

puc. 5.2.1. BugHo, 9TO IPaKTHYECKHA BO BCEM JHANIa30HE H3MEHEHUS TOYHOCTH,
kpome camoii nipermsuonnoit (€ < 0,01), dopmyna (2.12) moxkeT cuuraThes
JIOCTaTOYHO TOYHOM.

250

200 \

—t/eps
——appr

®DyHkuus tleps

100 -

50

g tl—g tl—g /&
0,0005 3.291 6582.0
0,0025 2,807 1122.,8
0,0050 2,576 515,2
0,0075 2.432 3243
0,010 2,326 232,6
0,015 2,170 1447
0,020 2,054 102,7
0,025 1,960 78.4
0,05 1,645 32,9
0,10 1,282 12,8
0.15 1036 6.9
0,20 0,842 4,2
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TouHoCTb eps

Puc. 5.2.1 — Bun dpynxkunn @(&) u3 (2.10)

Taxum o0pazom, pu 331aHHOM pa30nMeHNH TUCTOTrpaMMbl popmyia (2.10)
TIO3BOJISIET OTIPEAEIUTh TOYHOCTD, C KOTOPOH OIEHUBAETCS MPEIIOJIOKHUTEIEHO
craimonapsast [IOP. Ha nmpakrike, o1HaKo, pa30neHne THCTOTPaMMEI, T.€. BbI-
60p IIMPUHBI KJIACCOBBIX MHTEPBAJIOB, €CTh 33/1a4a, penraeMas OJJHOBPEMEHHO
¢ onenkoil Tounoctn BII®P. B crnepyromem maparpade Oyner paccMOTpeHO
MOCTPOEHHUE ONTUMAJILHOTO PABHOMEPHOTO Pa30MEHHs THCTOTPAMMBI.
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5.3. OnTumManbHOEe paBHOMEpPHOe pa30ueHne THCTOrPaMMbl

Lenpio MOCTpOEHMSI ONTHMAIBLHOTO pPa30MEHHsT T'MCTOTPaMMBI SIBISAETCS
peleHre npodsieMbl HanboJiee TOYHOW aNMpPOKCUMAIIMH BHIOOPOYHOMH TJIOTHO-
cTH (QyHKUIMH pacripeie]IeHusl BpEMEHHOTO psijia, KOTOPBIH B 00IIeM citydae He
SIBJISIETCS CTalMOHapHBIM. O4YeBUIIHO, BUJI TUCTOTPAMMBI 3aBHCUT OT TOTO, KaK
MIOCTPOEHBI KJIACCOBBIE MHTEPBANIBI MPHHAUICKHOCTH CIY4YaiHON BEJMYMHBL
Jlaxke B CWJIBHO YNPOLIAIOIIEM CIIy4ae PaBHOMEPHOTO pa3OMEHHs 10 CHX IOp
HET Y/OBJIETBOPUTENHHOTO CIIOCO0a MOCTPOEHHS «IIPABHIBHOI0» pa3OUeHuUs
00JIaCTH TUCTOTPaMMBI, TIPEICTABISIONIEH SMIMPHYECKYIO IUIOTHOCTh BEPOSIT-
HoCTH. «IIpaBMIIBHOCTB» pa3OMeHHs IMOJpPa3yMeBaeT, YTO B CTAlMOHAPHOM
cilyyae OHIMOKa ammpoKCHMAIMU IMPEOIOKHUTELHO HENPEPBIBHON IIOTHO-
cTH (QYHKIUHU pacrpenesieHus KyCOYHO-TIOCTOSIHHON (DyHKIMeW MUHHMAaJIbHA.
TpyAHOCTH COCTOUT B TOM, YTO OLIEHMBAaeMasl INIOTHOCTh HEM3BECTHA, TIOATOMY
YHCII0 MHTEPBAJIOB CUJIBHO CKa3bIBAeTCS Ha BUAE PACIpEeAECHUs YacTOT KO-
HeuHOH BbIOOpKH. C OJHOW CTOPOHBI, IpU (UKCUPOBAHHOHN [UIMHE BBIOOPKU
YKpYyITHEHNE HHTEPBAJIOB Pa30MeHUs! BEJET K yTOUHEHUIO SMIIUPHYECKOH BEpO-
STHOCTH TONAJIaHKs B HUX, HO CIMIIKOM CHJIBHO CIJIa)KMBaeT M3ydaeMoe pac-
npenenenre. C Apyroi CTOPOHBI, M3MeEJIbUCHHE MHTEPBAJOB JleaeT BUJ pac-
IpeJesieHHs] HeONpaBIaHHO M3PE3aHHBIM B CHJIy MaJIOTO KOJMYECTBA JAHHBIX,
CITy4alHO IMOMAIAI0IINX B KaX/IBIH U3 MHTEPBAIOB. AOCOIIOTHO TOYHBIM SIBJIS-
eTcsl pa30MeHne TUCTOrpaMMbl Ha OJTUH MHTEpPBaN, HO Takoe pa3OueHue Mmpak-
THYEeCKH He uHTepecHo. CrnenoBaTenbHO, 3ajada IOCTPOEHUS THCTOTPAMMBI
SKBUBAJICHTHA 3a/la4€ ONTUMAJIbHOW (HUIBTPALMM IIyMa B 3aBUCHMOCTH OT
o0beMa JJaHHBIX.

3agaya ONTHMAIBHOTO pPa30HMEHHsT THCTOTPaMMBI JIOBOJIBHO MOMYJISIPHA
CpeIy CIEIHATUCTOB 10 MaTeMaTHYeCKONH CTaTUCTHKE, HO HET €UHOT0 yCTO-
SIBIIETOCS] MHEHHUSI OTHOCHTEINILHO €€ PEelIeHHsI, IIOCKOJIBKY OTBETHI HOCST TOJTY-
OMITMPUYECKUHA XapakTep, JIM00 TPeOYIOT anpuOPHOTO 3HAHUS 3aKOHA pacrpe-
JIeTIeHNs] BEPOSTHOCTEH, MO0 BOOOIE HMMEIOT XapakTep OBITOBHIX COBETOB
«TpyNIUPOBaTh TaK, YTOOBI OBUIO HE MEHbIIE 6 U He Oosbine 20 HHTEPBAJIOBY.
B kiaccuueckux ke Kypcax 1o MaTeMaTHYeCKO# CTaTUCTHKE ATa mpobiiemMa He
o0cyxaaercst, BUIUMO, KaK HEe pPeLIeHHas /0 KOHLA WM, MOXET OBbITh, KaK He
CYIIECTBEHHAs.

B cnpaBouHBIX pykoBoJCTBax [23, 24] TOBONBHO YacTO YIOMHHAETCS M-
nupudeckoe npasuno Crepaxkeca, npeanoxeHHoe eme B 1926 r. OHo ocHOBa-
HO HE Ha CTaTHCTHKE, a Ha TOM (OpPMaJIbHOM HAOJIOIEHNH, YTO eciu (hakTHie-

CKO€ YHCJIO ITONaJaHui ki 3HAYEHUH CIyYaiHOM BEJIHMYMHBI B I -BIi KJAcco-

BBl HHTEPBaJl pAaBHO OMHOMUHAIBHOMY KO3(GHIUEHTY
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b= Ci

i=bLn-1-
TO, MOCKOJBKY CyMMa IO BCEM ¥ MHTEpPBAJIaM Pa30UeHHs JOJDKHA ObITh PaBHA
Konu4aecTBy [N DIEMEHTOB B BHIOOPKE

n noo { {
— =1 _~Hn—=1_
Sk=3cih =2 =,
i=1 i=1
COOTBETCTBYIOIIEE YHCIIO KIACCOBBIX MHTEPBAIOB /I 3aBUCUT OT JUIMHBI BbI-
6opku N o norapudMudecKoMy 3aKOHY:
n=1+log, N . (3.1)
3T0, KOHEYHO, CIUIIKOM HICATUCTHYECKOe TPeOOBaHHE Ha IPYHIIUPOBKY
JaHHBIX, HE MMEIOIIee OTHOIEHHS K PealbHOM CUTYyaluH.
B 1942 r. Mann u Banpg nanu CTeneHHYIO OIEHKY ONTHMAaJIBHOTO YHCIia
MHTEPBAJIOB /ISl IPIMEHEHUS KPUTEPHS XHU-KBapar:
1/5

n=>4 %(N—l)2 . (3.2)

U3 (3.2) cmemyer, uto mpu OOmpIMX N YHCIO WHTEPBAIOB PacTeT Kak

N 2/5 . 3ametnm, 4to oueHkH (3.1) n (3.2) He 3aBUCST OT BHJa pacnpesaerne-
HUSL ¥ YK€ TIOTOMY HE SIBJISIFOTCS yJJOBJIETBOPHUTEIBHBIMHU, HOO ISl «IUTOCKHUX)
pacrpeaeneHli YiciIo HHTEPBAIOB JI0JDKHO OBITh SIBHO MEHBIIE, YeM /ISl KBa-
3U-CHHTYJISIPHBIX, C Y3KMMH ITHKaMH BEPOSTHOCTEH.

B 1950 r. CMupHOB mokasai, 4To yKJIOHEHHE TMCTOTpaMMbI OT rpaduka

. . -1/3
HEU3BCCTHOU HCHOPEPBIBHOU IJIOTHOCTU BEPOSITHOCTH y6I)IBa€T KakK N .

CkotT B 1979 T. yTOYHMI 3Ty OICHKY JJIs anmmpokcuMarmu auddepermnupye-
MO IIOTHOCTH TPH OONBIINX UTHHAX BEIOOPKH U TOTYIHI ONTHMATBHOE YHC-
JIO UHTEPBAJIOB B BUIE

1/3

+00
n= % jf’z(x)dx . (3.3)

I[IpuMensieTcs TakKe OLEHKA ONTHMANBLHOTO PasOHeHHs Ul anmpoKCHMa-
MK BXIBI Tuddepennupyemoii miotoctn f (X) : 4Mcio MHTEPBATOB pas-

OueHus paBHO
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1/5
N "
n= % ) (3.4)

4 f(X) max

@®opmyist (3.3) u (3.4) 00nagaloT BHIPOXKICHHOCTHIO B OTHOIICHHU PaB-
HOMEPHOI'O paclpeeneHus, Ui KOTOPOro IPOU3BOAHAs IUIOTHOCTH pPaBHA
HYJII0. DTO 03HAYaeT, YTO UX HENb3s MPUMEHUTH K TUIOCKUM TpareHeBUIHBIM

pacrnpeneneHusM.
B knure [24] npuBoauTCs SMIMpUYIEcKas popMmyIia
I+x
nzTNZ/S, (3.5)

rae K ecTh 9KcLecce pacmpesaesieHus. Jta GopMyia npencrapisercs Hanbosee
NOAXOMAIIEH M3 BBIMICTICPSUNCICHHBIX, TOCKOJIBKY OHA YYHTHIBACT 3aBHCH-
MOCTB OT ()OPMBI PACIIPELCIICHHUS, HO M OHA SIBIISIETCS ITOTYIMITUPUIECKOM.

Takum ob6pazom, dopmynsl (3.3-3.5) paznuyaroTcst 0 BHAY CTETICHHOTO
3aKOHa, a BMecTe C (3.2) OHM OTJIMYAIoTCs OT (PyHKIMOHAIBLHOTO 3aKkoHa (3.1).

CymiecTByeT Takxe IM0JIX0/, OCHOBAaHHBIH Ha MaKCHUMH3ALUHA HH(POPMaIH-
oHHOH 3HTponmK. OH JaeT CIenyIoUyI0 OIEHKY YHCIla PaBHBIX WHTEPBAJIOB
pa3OueHns THCTOrpPaMMBIL:

n
Nop = argmax Zki Ink; + NInn—n |. (3.6)
n i=1

OpnHako He OYEBHUIHO, Kakoe BOOOIE OTHOLIEHHE UMeEeT MH(OPMAIUOH-
Hasl SHTPONHS K 33/aue 00 ONTUMAaIbHOM Pa30OHMEHHH, T.€. OTHOIIECHHE-TO OHa
UMEET B CHIIy CTaTHCTUYECKOTO XapakTepa pa3MELICHUs AaHHBIX IO MpoMe-
JKyTKaM, HO He SICHO, YTO JAaeT €€ MaKCUMHU3aLUs C TOUKU 3PEHUS] ONTHUMAaIbHOMN
¢ueTpanmm.

MsI BUIUM, YTO TpejsaraemMble GOpMyIbl HE TOJNBKO Pa3IM4HbI, HO U HE
0COOEHHO XOPOILIO 0OOCHOBAHBL, T.€. 000OCHOBAHUS IPUBOJATCS KOCBEHHBIE IO
OTHOWIEHHIO K pemraeMoil 3amade. TeM He MeHee, OCIe IEPEUUCIICHUS U, Jac-
THUYHO, aHalM3a OOJBIIOr0 KOJMYECTBA PE3YJIbTATOB MO ONTHMAILHOMY pas-
O6uenuto rucrorpamMm Hounkwii um 3orpad mpuxomar B [24] x ciemyronmm
BBIBOJIAM: «ONTHMAJIbHOE YHCIIO HHTEPBAIOB pa30MeHus, Oe3yCIIOBHO, CyIIECT-
BYeT; OHO 3aBHCHUT OT JKCIlecca CHIbHEe, 4eM OT 00beMa BBIOOPKH; 3aBHCH-

2/5 N
mocth 1= AN , Tle A — TEeOpEeTUYECcKH BBIYHUCISIEMbIN K03((UIMEHT, B
JABHEHIINX YTOYHEHUSX, NMO-BUAUMOMY, HE Hykmaercs». HecMoTps Ha mo-
clle/lHee ONTHMHUCTUYHOE 3asBICHHE, CUTYalldsl C ONTHMAIBLHBIM pa3OHeHHeM
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MPOJIOKAET OOCYXKIAThCSI B M3/IaBa€MOW M B HACTOSINEE BpeMs OOMMpPHON
JUTEpaType 10 MaTeMaTHIeCKON CTaTUCTHKE.

Hanpumep, B cripaBounnke [23] npuBeeHH «peKOMEHAANNN (MIMEHHO B
Takoil (POpMyIHPOBKE) BEIOMPATH YUCIIO MHTEPBAJIOB B COOTBETCTBUH C BEIIIIE-
YIOMSIHYTBIMH pa0OTaMH, 3aTe€M JaHa IIPaKTHYecKas PEKOMEHMAIMs «BHIOH-
paTh Kak MOKHO GoIblee /1, HO He mpesbimaromee IV /5 », a B 3akmodenne
yuratenb orceutaercsi kK [OCTy «lIpukmamHas CTaTHCTHKa» KaK MCTOYHHUKY,
COJIepIKaIEMy «MCUCPIBIBAIONINE PEKOMEHAAIMH 0 METOMOJIOTHH BBIOOpA
9gHcIia KJIACCOBBIX MHTEpBanoBy». B ymomsayToM [[OCTe, k cokajeHNI0, BHOBb
MIPUBEICHBI OTHIOIb HE PEKOMEHJAIMH B MPSIMOM CMBICIIE 3TOTO CIOBa — B
KaKHUX CIyJasx Kakoe pa3OMeHre BHIOMpaTh, a HaOOp HECOBIMATAIOIINX MEXKIY
co00i1 pe3ynbTaToB BCe TEX XKE pabOT M psAna APYTHX, MEHEE H3BECTHBIX, MOCIIE
4ero MpuUBOIUTCA Tabmmma pekoMeHaoBaHHEIX BHUVM mm. [I.11. Menneneesa
OLIEHOK, yHoMuHaeMblx u B [24] (oma kopotkas: ectu N =40+100, To
n=7+9;ecmm N=100+500, 10 n=8=+12; ecou N =500=1000 ,
to 71 =10+16; makonen, ecnu N =1000+10000 , 10 n=12+22). Ie-

PCUCHDb O3TUX SMIHUPUYCCKUX IMPAaBUJI 3aBEPHIACTCA 3HAKOMBIM YIKE HHKCHEP-
HBIM COBETOM <<BBI6I/IpaTI> KaKk MOKHO OoJblee N, HO HC MNPEBBILIAIONIICE

N /(5+10)», 1.e. aBropsl T'OCTa Kkak 6yATO He JOBEPSIOT CIOKHBIM (OPMY-

JlaM, a TPeJIararoT 00XOIUTHCS MPAKTHUCCKUM 3PABBIM CMBICIIOM.

Ha mnpakTuke BbIOOp ONTHMAJIBHOTO PABHOMEPHOTO pa30HMEHUs THCTO-
IpaMMBI OCJIOKHSIETCS €lle U TeM, YTO JUIsl MPEICTaBISIONINX MPaKTHYECKUN
MHTEPEC HECTAI[MOHAPHBIX BPEMEHHBIX PSANOB HE CYLIECTBYET TIeHepalbHOU
COBOKYITHOCTH, KOTOPYIO SIKOOBI MPHOIMKACT THCTOrpaMMa, U TCOPETHYCCKH
el He OT Yero «yKJIOHAThCS». TeM He MeHee, MOXKHO MPECTaBIIITh ceOe U JIo-
KaJIbHO MEHSIIOIIYIOCS TI0 BpEMEHU TIOTHOCTh paciipeieIeHHsI.

OTnnuueM mpenaraéMoro Mojaxojia OT BCEX BBIIICTIEPEUNCICHHBIX SIBJIS-
€TCSl BBEICHHE COTJIACOBAaHHOTO YPOBHSI 3HAYMMOCTHU, Ha KOTOPOM NPUHUMAET-
csl pelieHre 00 amNMPOKCHMAIMK TEOPETHYECKOTO paclpesesieHus BBIOOpoU-
HBIM: HEJIB3s allPHOPU TPeOOBATh OMPEICICHHON 3HAYUMOCTH HE3aBUCHUMO OT
BUJIA pacIpeesICHus], MOCKOIbKY UM (BHIOM) ONPEACISIeTCs, B YacTHOCTH,
pa3uyre MEXIy BBIOOPOYHBIMH IIOTHOCTSIMH PaCIpEe/ICHUN HEe3aBUCUMBIX
BBIOOPOK PaBHBIX JUH. JKemarelnbHO, YTOOBI YPOBEHb 3HAYMMOCTH, TCOPETH-
YECKH MPEIBSIBIIIEMBINA K TOYHOCTH PEIICHHUS 33]1aud, IMEN OBl peajbHOE MpaK-
TUYECKOE BBIPAKCHUE B BUJIC JIOJH OIMHOOK, TOMYCKACMBIX MIPU MHOTOKPATHOM
MOBTOPEHUH COOTBETCTBYIOIIETO CIy4YaiHOTO 3KCIEPUMEHTa. 3aMEeTUM 3]1ECh,
910 JUIst QYHKIMU pacrpeaecHus (He TUIOTHOCTH, & HHTETPAbHON (DYHKIIH )
HenapaMmeTpuueckuit kpurepuit Konmoroposa—CMupHOBa HE 3aBHCHUT OT CIIO-
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coba pa30MeHus THCTOrPaMMBI, HO Ha OIEHKY IIOTHOCTH 3TOT PE3yJNbTaT, YBHI,
HE MIEPEHOCHUTCH.

Ha npaxtuke m3mepsieMble BETMIMHBI BCETAA AUCKPETHBI, TOITOMY MOXKHO
OBUTO OBl BBECTH €CTECTBEHHOE pa30HMEHHe TUCTOTPAaMMEBI B COOTBETCTBUH C
TOYHOCTBIO M3MepeHHs. Hampummep, ecim paccMaTpuBaeTCsi BPEMEHHOW psift
IIEH Ha HEKOTOPBIH (PMHAHCOBBIN MHCTPYMEHT M IICHBI BBIPAXEHBI B PyOIIsiX
TOYHOCTBIO /IO COTHIX, TO €CTECTBEHHBIM paz0OneHrneM OyneT pa3dueHue ¢ Ima-
roMm 1o meHe, paBHbIM 0,01. Bonee Menkwii mar, eCTeCTBEHHO, IelaTh Oec-
cMmbIciieHHo. OHAKO I MPaKTUYEeCKOTO aHalln3a Takoe pa3OueHne OyneT He-
yIoOHO, TOCKOJNBKY pa3Max LEeH 3a MepHOJ, HalPUMEpP, B MECSIT MOXKET J0XO-
JUTH 10 JECATKOB E€IMHUI], YTO OyAeT O3HAa4aTh HAIMYHE THICSY KIIACCOBBIX
MHTEpBAIOB. B TakoM ciryyae AMCKpETHas 1O CYIIECTBY CIydaiiHas BEIHMYHHA
€CTECTBEHHBIM 00pa30M HAYMHAET TPAKTOBATHCS KaK HENPEpBIBHAS, a MPUOIH-
JKEHHBIN TpaduK ee «UCTHHHOTO» paclpenesieHus OyIeT MpencTaBisaTh co00i
THCTOTpaMMy B OOBEIMHEHHBIX KJIACCOBBIX MHTEepBaiax. VIMEHHO Al Takoro
CiTydast 3a7jada ONTHMAJIBHOTO pa3OMEeHNsI TUCTOTPAMMBI UMEET NMPAaKTHYECKUN
CMBICIT.

3aMeTHM Temnepb, YTO €CIIM BEPOSTHOCTH OLEHEHBI ¢ TOYHOCTBIO &, TO,
Kak JIETKO IOKa3aTh, C TOH K€ TOYHOCTHIO OLIEHWBACTCS M CpelHee 3HauCHHE
(cm. dopmymy (4.5.6)). [TosTomy 3HaHWE (HaKTHUSCKUX BEIWYWH C OOJNBIICH
TOYHOCTBHIO OyZeT M3NUIIHUM (He BOOOIIE, a B CMBICIE IPEBHILICHNAS TOYHO-
ctr). C Apyroil CTOpOHBI, €ClK BBIOPaHO pa3OueHHe Ha F KIAacCOBBIX MHTEP-
BaJIOB, TO CPEAHEE 3HAUEHHE 10 BBHIOOPKE OTIMYAETCS OT CPEJHEr0 3HAYCHUS
10 THCTOTpaMMe Ha BeJMuuHy 1/71, ecilv cuMTaTh, YTO BHYTPH KJIaCCOBOTO
MHTEpBaa pacrpeecHie PaBHOMEPHO, YTO U IMTOKa3bIBACT THCTOTPaMMa.

Hcxons u3 3THX Ka4eCTBEHHBIX COOOpayKeHNH, MOXKHO CIEIATh BBIBOJ, YTO
Ha TPaKTHKE HE MMEET CMBICIA BBEIOMPATh MEJIKOCTh Pa3OMEHHs THCTOTPaMMBEL,
MPEBBIIAIONTYI0O TOYHOCTh OLIEHKH BEPOSTHOCTEW MO 3TOM CaMOW TMCTOrpam-
Mme. Tak Kak 9MCIIO MHTEPBAJIOB JKENATEIHHO BHIOpAaTh HAMOOJBIINM U3 BO3-
MOXHBIX, TO ONTHMAJIbHBIM PaBHOMEPHBIM Pa30MEHHEM T'MCTOrpaMMBbI Oyaem
TOT/Ia CUNTATh OJIDKalIIee HaTypajJbHOE YHCIO /1 (KJIACCOBBIX MHTEPBAJIOB) K
PELICHUIO YPaBHEHHS, COTIIACYIOIIEro YpoBeHb 3HaunMocTu (2.11) u Menkoctsb

pas3OueHus:
1 [ 2N 67

n Xy (n)
Pemenne ypasaenus (3.7) MOXET HE CyIIECTBOBATh B HATYPAILHBIX YHUC-
Jlax, HO OHO BCETJa CYIIECTBYET M €IMHCTBEHHO OTHOCHTEIBHO TOYHOCTH & ,

TaK Kak ¢ yMeHblIleHneM £ uucio pasouennii 7 =1+[1/¢&] ne youiBaer, kak
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U apryMeHT QyHKIMU |/ B mpaBoii yactH (3.7), mpuueM cama QyHKIUs |/ 1pu
3TOM MOHOTOHHO BO3pacTaeT, a 00JacTH 3HaYeHUH 00eMX 3THX HeNpephIBHBIX
dynxuuii € u W (&) copnamaror. ONTUMATLHOE YUCIIO Pa3OUeHHit Nopt Pac-

nojiaractcsa MExXay I’ZO (HeKOTOpLIM ITPOU3BOJILHO BI)I6paHHI)IM YHCJIIOM pas-

onennit) n 1+[1/&(ngy)], um naoGopor, B 3aBHCUMOCTH OT TOTO, KAKOE U3

3THX YHCEN MEHbIIEe. MI3MeHeHne Jiciaa HHTEPBAIOB B JIIOOYIO CTOPOHY IIPHBO-
JUT K MPOTUBOIOJIOKHOMY M3MEHEHHIO TOYHOCTU & , TaK 4YTO C KaKJOM clie-

IyIOIIeH uTepamnuei 4mcio nopt 3aKJIFOYEHO BO BCE MEHBIIEM I[E€TOYHCIEH-

HOM TIpOMEXyTKe. B pe3yspTare 3a KOHEUHOE YHCIJIO IIAroB HaXOJWUTCS pa3-
OueHMe, COrIacoBaHHOE ¢ TOYHOCTBIO aNIPOKCUMALUU SMINPUYECKUX BEPOSIT-
HOCTEHN.

IIpumenum 3Ty MeToauky K Messtouieiics Bo Bpemenu BIIDP. Torna se-
nnunHa (2.8) siBisiercs emie U GyHKIMeH BpeMeHH. EcTecTBeHHO, HET cMbICTa
Ha Ka)XJI0M BPEMEHHOM Illare MeHsTh pa30MeHUe TUCTOrpaMMBbl, TaK Kak TOrAa
OyzeT HEeCKOJIBKO 3aTPYIHHUTENILHO CPaBHUBATh MEXIy cO0OH pactpeneneHus,
MEHAIoMmYeCsT BO BpeMeHH. 1lo3ToMy ciedyeT HCIoib30BaTh HE JIOKAIBbHO-
ONTHMAJIbHOE Pa30MEHHE T'HCTOrpaMMBbl, @ BBECTH HEKOTOPOE XapaKTEepHOE
pa3OueHne B COOTBETCTBUM C XapaKTEPHBIM K€ YPOBHEM TOYHOCTH 3MITHpHUE-
CKuX BeposiTHOCTeil. [locnenHuii CTpOUTCs CIeAYIOIUM 00pa3oM.

[Tycts B pesynbraTe NPOM3BOJIBHO BHIOPAaHHOTO pa30MEHHs] THCTOIPAMMEI
Ha /1 KIAcCOBBIX MHTEPBAJIOB ITOJYYEH BPEMEHHOH PSR TOYHOCTEH OIEHKH
BII®P B coorserctiuu ¢ (2.11). Moctpoum mnotHocts V(E,M) pactpesene-

HHS 3THX TOYHOCTEH IO BCEMY OOCTYITHOMY JIs1 aHaJIM3a MAaCCHUBY JaHHBIX U

k
ONpeJIeNIM COTJIaCOBAHHBIN YpOBEeHb TouHOCTH & (71), ompesenseMblii Kak

KBaHTWIb pacnipenesienns V(&,1), paBHbIi cOGCTBEHHOMY YPOBHIO 3HAYHMO-
CTH, T.C.

*
&

J.V(g,n)dg —l-c . (3.8)

0
3aMeTuM, YTO B CHIIy HHTETPAIbHOTO XapakTepa yciaoBus (3.8) MCKOMBIiA
YPOBEHb TOYHOCTH 8*(1’1) HE 3aBHUCHT OT CIocoba pa3OHUeHHUs] THCTOIPAMMEI
A mocTpoeHust pacnpenenenust V(E,M1), u60 (GaKTMUECKH HCHONb3yeTCs

YIOPS/IOYEHHBIN 10 BO3pacTaHuIo psj 3Hadenuii £(71). Onpenenum oTBe-
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YafoIee 3TOMY COTJIACOBAHHOMY YPOBHIO TOYHOCTH YHCIIO MPOMEXKYTKOB pa3-

* % *
ouenus n =[1/& (n)]. Ecnu okasanoce, 4o 7 > 1, YUCIO MHTEPBAJIOB

YBCJIMYMUBACTCA U HpouLcaypa IOBTOPIACTCA, CTPOUTCA HOBasd IIJIOTHOCTH

*
v(&,n) n t.a. Eciu ke n <M, 4MCIO MHTEPBAIOB yMeHbIIaeTcs. Takum

00pa3oM, Tporiecc HaXOXKICHHUS ONTHMAaIbHOTO pa3OmeHus OyneT MMeTh HTe-
paLMoOHHBIH XapakTep. Hanmmydmiee menoyncieHHoe NpUOIMKEHNE K PEIICHHIO
ypaBHeHUs (3.7) M IACT ONTHMANBHYI0 MEITKOCTH PAaBHOMEPHOTO pa3OHEHHS
THCTOrPAaMMBI. JTa MEJIKOCTh B KOHEYHOM HTOT'€ 3aBHCHT OT IJIMHBI BEIOOPKU H
OoT cyMMBI (2.8), MHTETPAIBHO XapaKTEePHU3YIOUIeH BHIl SMIHPHUIECKOTO pac-
npeneeHus.

[IpuMeHNM ONMCAaHHBIA aJTOPHTM CHayaia s allpOKCUMAIMH CTalno-
HapHBIX PaCIpeIeNICHNH, KOrJa pe3ysIbTaThl YHCICHHOTO MOJCINPOBAaHHS MO-
TYT OBITH CPaBHEHHI C TEOPETHUECKUMH, TIOCKOJIBKY cymMMa (2.8) BBEIUMCIIIETCS
TOTJa B SBHOM BHJE HE3aBHCHUMO OT pPeallM3allii BpeMEHHOT0 psina. B crammo-
HapHOM ClTydae HamOoIbIlee 3HaYeHne CyMMEI (2.8), Kak U T000r0 (QyHKIHO-
HajJla OT IUIOTHOCTH paclpelelicHHs IPH YCIOBHH COXPAaHEHUS HOPMHPOBKH,

JIOCTHTaeTCsl Ha PaBHOMEPHOM pacrpenenerun, u toraa = (n) =+/n—1.

Eme pa3 moguepkHeM, 4TO ONTHMANbHOCTb NMOHMMAETCS HE B CMBICIE MHHU-
MaJIbHOTO OTKJIOHEHHsI OT Te€HEPaIbHOMN IUIOTHOCTH ([UIsl STOM LENU J0CTaToq-
HO pa30uTh BeCh IIPOMEKYTOK Ha OJUH-CIUHCTBEHHBIH MHTEPBAII), a B CMBICIIE
COIJIACOBAHUS TOYHOCTH MOMAJaHUs YKciaa B TOT MM MHOHM KIacCOBBIA UHTEp-
BaJ B 3aBHCHMOCTH OT IIUPHHBI IIara TUCTOTPAMMBI, C TOYHOCTBIO OLICHKH Be-
POATHOCTH TAKOTO MOMAJaHHUS.

HWcnone3ys npubmmkenne (2.12), MOXHO IJ1s1 paBHOMEPHOTO pacipeselie-
HUS TIOJIyYUTh ONTHMAIbHYI0 TOYHOCTh & €ro ammpoKCUMaluu IO TUCTO-
rpamMMe B 3aBUCHMOCTH OT JumHbI N BBIOOpKH Kak oOpamieHue (GyHKIUH
N (6‘) M3 pPaBCHCTBA

rhll-(-2)?)

N = . 3.9

6‘3
HHTEepecHO CpaBHUTH MONy4YaeMble PE3YJbTAaThl C APYTUM MpeIeIbHBIM
CllyyaeM — Y3KHM pacIHpe/ielIeHUeM THIMa «KOJOKOJa», A 4ero BO3bMEM

HOPMaJIbHOE PAaCTIpe/ieIeHHE ¢ LIEHTPOM B Touke 0,5 U CTaHIAPTHBIM OTKJIOHE-
nuem, pasabiv 0 = (0,1 . Torna na orpeske [0;1] conepxurcs mouru Bee pac-

MNpeaAcICHUE, TaK KaK HUHTErpajl OT INUIOTHOCTU IO 3TOMY OTPE3KY pPAaBCH

erf(1/2042))~ erf (3.54) ~ 0,9995
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7151 HOTHOTHI KApTUHBI CIEAYET PACCMOTPETh U IPOMEKYTOUHBIN Cayyail,
KOT/Ia IUIOTHOCTh HEPABHOMEPHO «pazMasaHa» 1o Bcemy otpesky [0;1]. Hns

3TOM OCJIn BO3bMEM CTaHI/IOHapHHﬁ paa OHHOMepHOﬁ Xa0THYECKOH aBTOHOM-
HOU )IPIHaMPI‘IeCKOfI CHUCTCMBI, 3a11aBaeM0171 JJOTUCTUYCCKUM OTO6pa)KeHI/IeM

x(t+1) = 4x(t)-(1-x(1)). (3.10)
Kaxk 6I)IJ'IO IIOKa3aHO BBIIIIC B I'JIaB€ HI, JAVMHaMHUYCCKU-UHBapUaHTHas1 MEpa
3TOTO OTOOpaKEHHMsI TaeTCsi POPMYIIOi

dx

dy=———o-—. (3.11)
# 4 x(1—Xx)

OnTumanbHble paBHOMepHbIe pasouenus orpeska [0;1] B 3aBucumoctu ot

JUTHHBI BBIOOPKH, OTBEYAIOLIHE PAaBHOMEPHOMY M HOPMAJbHOMY paclpeierie-
HUSIM, @ TaK¥Ke U IUIOTHOCTH JUHAMUYeCKU-HHBapuaHTHOU Mepsl (3.11) naHsl
Ha puc. 5.3.1.

30

) _D—D_:—‘:
J:"FDJI'_H_'_. ——Hopm

PasH

Yucno WHTepBanos
o

100

5100 -
10100 +
15100 4
20100 -
25100 -
30100 -
35100 -
40100 -
45100 +
50100 -
55100 -
60100 -
65100 -
70100 A
75100 -
80100 -
85100 -
90100 -
95100 -

[OnuHa BbIGOPKK

Puc. 5.3.1 — OnTumanbsHOE YUCIIO0 HHTEPBAJIOB B 3aBUCUMOCTH OT
JUTMHBI BEIOOPKH U1l HEKOTOPBIX CTAIIMOHAPHBIX PacIpeieNieHni

Kak u cnenoBano oxuiaTh, paBHOMEPHOE paclpeseieHie TpeOyeT MeHb-
e MPOMEKYTKOB Pa30MEHUs, YeM HOpPMaJbHOE, a JIOTUCTHYSCKOE OTOOpaKe-
HUE — YyTh OOJIBIIE, YeM HOpMalibHOEe. KaueCTBEHHO 3TO CBSA3aHO C TEM, UTO B
TeX 00JIACTSIX, TJie TeHEepalbHOE paclpe/elieHne MMeeT HCUe3aroliee Malylo
TUIOTHOCTh, YUCIIO MHTEPBAJIOB M WX IIUPUHA HE UMEIOT 3HaueHwus. s pac-
MpeaeNicHui ¢ OOJNBIION auchepcuel (a He 3KcieccoM, B ommume ot (3.5))
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YHCJIO HHTEPBAJIOB MOXET OBITh MaJbIM. Bripodem, Ha BBIOOpPKaxX OTHOCHTEIIb-
HO HebOompmmx amuH (10 1000) TogHOCTH MPUOMIHKEHUS BCeX pacIpeeeHI
OIM3KH.

Ha BrIGopkax cpemaux aimuH mopsaka 5—10 TeIC. pa3muduns B pa30MEeHUSIX
yKe 3aMeTHBI. MOXeT T0Ka3aThesl, 9To BBIOOpKa B 10 THIC. JaHHBIX JOCTATOY-
HO TIpeACTaBUTENbHA, B [24], HanpuMmep, Be1OOpka B 1000 maHHBIX Ha3bIBacTCA
«OYeHb JIMHHOW». Ha camoM nene 9T0 He Tak, IOCKOJBbKY HAaWIyqIias JOCTH-
JKUMasi TOYHOCTh OIICHKH BBIOOPOYHBIX BEPOSTHOCTEH Jake st BEIOOpKkU B 10
TBIC. JAHHBIX M3 HOPMAJIBHOTO PaclpeAeNeHns coctapisieT Beero jumsb 0,05.
Hmns tounoctn xe 0,01 TpeOyercst Oonmee MHIUTMOHA NaHHBIX. Ecim panbIie
TaKoe KOJIMYECTBO JAHHBIX B IPAKTUUECKOM JKCIEPHMEHTE MO H3MEpPEHUIO,
HalpuMep, 4YHUCJia OTKa30B 3JIEKTPOTEXHHUYECKOro NPHOOpa MONYUYHTH OBLIO
HEBO3MOJYKHO Ja)Ke MPHU HCIOJIB30BAHWUH JUIS 3TOM LMW BCEX BBIMYIICHHBIX
npubOpOB, TO B HACTOSIIEE BPEMs CYLIECTBYET OOJIACTh NESTENBHOCTH, I10-
CTaBJIIONIAs JAaHHBIE NECATKAMH, a TO ¥ COTHSMH MIJUTHOHOB: 3TO OHpPI)KEBBIC
BpPEMEHHBIC PSAIbl, KOT/Ia B CYTKH 0 OTACIBFHOMY (PMHAHCOBOMY HHCTPYMEHTY
npoxoauT mopsiaka 100 Teic. cmenmok. B pesyipraTe CTaTHCTHYECKUN aHAIN3
MOJKHO OBUIO OBI TIPOBECTH C OYEHBb BBHICOKOH TOYHOCTHIO, eciii OBl HE HecTa-
IIMOHAPHOCTh N3yYaeMBIX IIPOLIECCOB.

CpaBHUM TOYHOCTb HPHOJIKCHHS BBILICTIPUBEICHHBIX HEMPEPBIBHBIX
pactipenenenuii o BbiOOpke B 10 THIC. TOYEK THCTOTPaMMOM, pa3OUTON MO
Metozauke (16—19) Ha coOTBETCTBYIOMIEE KOJINIECTBO MPOMEXKYTKOB, C BapHaH-
Tamy, ciaenyromumu 3 Gopmyn (1-5). Yncna pa3OnueHnit mpUBEICHBI B TaOIl.
5.3.1.

Tabm. 5.3.1. Yucno npoMeKyTKOB pa30HeHHs 10 pa3HbIM METOIUKAM

®dopmyna METOAUKH PaBH. Hopwm. Jlorucr.
3.1) 13 13 13
(3.2) 150 150 150
(3.3) - 63 -
(3.4) - 12 -
(3.5) 19 27 33
3.7 10 15 14

Jis cpaBHEHHS TOYHOCTH ampoKcUManui Opumm creHepupoBaHsl 2000
BBIOOPOK M3 PABHOMEPHOIO, HOPMAJILHOTO U JIOTHCTMYECKOrO pachpeieieHmii
na orpeske [0;1], m s Kaka0rO M3 HUX BBHIMKUCIEHA MHTErPATbHAS ONIMOKA

OTKJIOHCHUA
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Jappr k()= f(X)|dx ,  k=1L..,2000.

1
gk:J.
0

[Mocne aToro [uis Kakaoro Meroja ObUIa IMMOCTPOEHA IMITUPUYECKas HHTeE-
rpabHast GYHKIHS pacnpeneneHus omuook mo 3tuM 2000 sKcrieprMeHTOB.

Oxaszanoce, 4To Ul annmpoKCHMAIMi HOPMaJIbHOTO pachpeieNeHus ¢ y3-
KAM MakCUMyMOM, KaK B JJAHHOM CIIydae, BC€ METObI JAf0T OJIM3KKE 3HAYCHUS
omuboK, cpeantoro ommoOky (0,17) u cranmaptHOe oTkioHeHue omuoku (0,03).
Paznuunst mposIBIAIOTCS B TPEThEM 3HAKe Tocie 3ansiToil. OnpeneneHHas no3u-
TUBHAs1 0OCOOCHHOCTb NPE/IOKEHHOTO METOJa COCTOUT B TOM, YTO BEPOSTHOCTD
ManblX omu60K B HeM HauOonbmias: 1o 3Hadenus £ = 0,15 unrerpansroe

pacipeneneHie OMMOKM WIET BBINIE PACTIPENCNICHNH, OTBEYAIONINX IPYTHM
MeTozaM. BrpodeM, mpenMyIiecTBo 0Ka3ajJoch HEOOIBIINM U MPOSBIIIOCH BO
BTOPOM 3HAK€ IOCJIE 3aIATOM.

Jlnst paBHOMEPHOTO pacIlpeAeieHus CUTyanus, O4€BUIHO, BBIPOXKACHHAS:
YeM MEHBIIE YHCIIO MHTEPBAJIOB, TEM TOYHEE NMPHOIMKAETCS MIIOTHOCTH BEPO-
ATHOCTH. YKaKeM, 4YTO, KaK M JOJDKHO OBITH IO ONPEIEICHUIO COTIIACOBAHHON
TOYHOCTH aNIPOKCUMAIINH, BEPOSTHOCTHh OmMUOKH, MeHbIed 0,05, mo omru-
ManpHOMY pazouenuro (3.7) paBHa 0,95, a mia pazouenus mo popmyre (3.5)
ona paBHa 0,91, T.e. TOUHOCTH pa3OueHwus (3.7) BhIIIE.
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OnTumanbHoe Yucno UHTepBanos
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AnuHa BbIGOpKK

Puc. 5.3.2 — OnTumanbHOE YUCIIO HHTEPBAJIOB B 3aBUCUMOCTH
OT JUTMHBI BEIOOPKH
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Takoe e HaOMOICHNE OTHOCUTCS U K IUIOTHOCTH MephI (3.11). Bee pas-
OMeHUs IO HHBIM METOIMKAM AT XYALIYIO allpOKCHMALHIO.

PaccMoTpuM Tereps MOCTPOSHUE ONTHMAJIBHOTO Pa3OHMEeHHUs MO ONHCaH-
HOIf METOZMKE B HECTAIIMOHAPHOM CIIydae Ha puMepe OUprKeBBIX psiioB. beum
B3ATHI psiabl uHAeKca RTS 1o JacoBBIM IleHaM 3aKpBITHS M THKOBBIC TaHHBIC
¢drrouepco: GC Ha 30moto 1 CL Ha HEpTH. UNCIIO HHTEPBAIOB B 3aBUCHMOCTH
OT JUTMHBI BEIOOPKH TIpUBeIeHO Ha puc. 5.3.2. Ha puc. 5.3.3 onTtumansHOE 9wC-
JI0O WHTEPBAJIOB BBIYHCIICHO UIA BEIOOPKH JOCTaTOYHO OobIIoN mawHEI B 100
ThICc. TaHHBIX (prrogepcel CL Ha HEDTS).

Pasnuume B pacCMOTPEHHBIX BPEMEHHBIX psaxX NPOSBIAETCS, B YaCTHO-
CTH, B TOM, YTO CYIIECTBYET IUAIa30H JIHH BEIOOPOK B 3—7 THIC., TA€ OTIHYHS
B MEJKOCTH Pa30MEeHUs NPUHIHMNHAIBHEL Pa3OHeHHe Ha YHCIIO MHTEPBAJIOB,
Gompmee 20, 17 HeCTAITMOHAPHBIX PSIOB, KaK U JJISl CTAIMOHAPHBIX, OKa3bIBa-
€TCsl aKTyaJ bHBIM TIPH JUTHHAX BEIOOpKH, Oonpmmx 30 Teic. [locnemnee BaxkHO
IUISL THKOBBIX PSIOB, XapaKTEPHOE YHCIO JaHHBIX B KOTOPBIX 32 JOCTATOYHO
KOPOTKHI IIPOMEXYTOK BpeMEHH B OJHM cyTku mocturaer 100 Tteic. (puc.
5.3.3).
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Puc. 5.3.3 — OnTumanbHOE YUCIO HHTEPBAJIOB B 3aBUCUMOCTH
OT JUTUHBI BRIOOPKH U1 THKOBOTO psifa ¢rrouepcoB CL u ero
CTETIeHHasl allPOKCUMAIIHS

3amMeTHM, 94TO B PACCMOTPEHHBIX NPUMEPaX MOTyYeHHbIE BEJIUYMHBI ONTH-
MAaJIbHOTO YHCIIa MHTEPBaJOB Ui HeOospmmx BeIOOpok 100-500 maHHBIX HO-
BOJIBHO OJIM3KH KO BCEM BBILIETIPUBENEeHHBIM orleHKaM (3.1-3.5), Bkirodas pe-
komernaru BHUNM [24]. Ho, B oTinune oT MOCIEAHNX, BMECTO TIPOCTO pe-
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KOMEH/IOBAHHOT'0 TMANa30Ha Mbl HIMEEM KOHKPETHBIC 3HAYCHUS B 3aBHCUMOCTH
OT KOJMYECTBA AaHHBIX JUTS KXJOr0 U3 BPEMEHHBIX psaoB. Brpouem, 3Have-
HUS CyMMBI (2.8) U1 MHOTHX PEajbHBIX BPEMEHHBIX PSIOB IIPH OTHOW M TOU
)K€ MEJKOCTH pa30UeHHs] BapbUPYIOTCS HE OCOOCHHO 3HAYMTENIHHO,  [TOTOMY
ONTUMAIIEHOE pa30MeHNe TP HEOOIBIIOM YUCIIE JAHHBIX (IO HECKOIBKUX THI-
Cs9) OKa3bIBACTCS MPUMEPHO OJMHAKOBBIM HE3aBUCHMO OT psija. B atom
CMBICIIE peKOMEHIANNH [24] IMEI0T MPaKTHYeCKOe 3HAUCHNE ke B OOJNBIICH
CTeTIeHH, YeM TeopeTrdeckue oueHkH (3.1-3.5). OmHako Bce 3TH OICHKH BMe-
CTE B3SThIC 3aMETHO OTKJIOHSIOTCS OT (DAKTHYECKOTO ONTHMAIBLHOTO Pa30UeHNUS
Ha OOJBIIIOM AMana3oHe W3MEHEHHs [UIMHBI BEIOOPKH, XOTS HanOosee OIM3KUM
K HEMy OKa3bIBaeTCsl pe3ynbraT CMHPHOBA, KOTJa YUCIO WHTEPBAJIOB PACTET
Kak KOpEHb TPEThel CTeNeH: U3 JUTHHBI BEIOOpKH. COOTBETCTBYIOIIHIA TPUMED
TpUBEIeH Ha puc. 5.3.3.

Takum 00pa3oMm, 4YHCIICHHAs WTEPALUMOHHAS MPOIEAypa ONTUMAILHOTO
pa30ueHns] TUCTOTPAMMBI C JOBOJIGHO BBICOKON TOYHOCTHIO MPHBETA K aCHM-
NTOTHYECKOMY pe3ynibTaty CMUpHOBA.

5.4. Pacnpene/ieHue paccTOTHUI MexK/1y BbIOOPOYHBIMHU
IJIOTHOCTAMM

UroOB! IMETh BO3MOKHOCTH KOPPEKTHO aHAJIM3UPOBATh HECTALMOHAPHBIA
BPEMEHHOMU PsiJ], HEOOXOUMO, BO-TIEPBBIX, ONPEAETUTH IIPOMEKYTOK BPEMEHH,
Ha KOTOPOM BBIOOPOYHAS IIOTHOCTH PACHPENENICHHsI HE YCIEeT 3HAYUTEIBHO
W3MEHUTHCS, U, BO-BTOPHIX, HA OCHOBE MMEIOIINXCS TAHHBIX OICHUTH, KaK B
cpenaem meHsutack BIIDP, moctpoeHHas 1m0 BBIOOpKE TAaKOTO ke 00beMa, Ha
Pa3HBIX MPOMEKYTKaX BPEMEHH, C TEM, YTOOBI OIPENEIIUTD ISl HEE IMITUpHYC-
CKHI OIIEpaTop IBOJIIOLIUU.

it Toro, 9ToOBI ONpenenuTh, HACKOIBEKO n3MeHseTcs BIIOP ¢ TeueHmem
BPEMEHH, CJEAyeT BBECTH HOPMY B COOTBETCTBYIOIIEM HPOCTpAaHCTBE (PyHK-
uui. ITockonabKy MBI aHaIU3UPYEM IUIOTHOCTU PACIpEAETIEHUs] BEPOATHOCTEM,
SBIISTFOIITMECS B KQKIBII MOMEHT BPEMEHH ! CYMMHUPYEMBIMH 110 X (YHKIHUAMH,
TO ymOOHOHM U MPOBEAEHHS OLEHOK MX OIM30CTH SBISETCS HOpMa B IIPO-

crpancTe L :

1/ o)) = j | e, @

Ecnym minoTHOCTE OLEHWBAETCS MO THCTOTPaMMe, TO IO MHTETPAIOM II0-
HUMaeM CyMMY II0 TIPOMEXYTKaM pa3OneHusI.
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PacctosauemM  Mexay ~— aBymsa — BIIDP h=r il (x,tl) u

fr=r 7 (x, ty ), TIOCTPOEHHBIMH 110 BbIGopkam uH 1] n T , HasbiBaeTcs
BEJTHUMHA
p(foZ)Ll = Hle (x, 1)) _fT2 (xatz)H =
= [|£ et = £, (.| .

B mpoctpancTBe HeNIpepHIBHBIX (QYHKIHHA, B KOTOPOM H3Y4al0TCs HE IUIOT-
HOCTH, a (pyHKIMH paclpeneneHus, PacCTOSHIE BBOIUTCS KaK CyIpeMyM MoO-
JyJIsL pPa3HOCTH MexXay (QyHKuusiMu (mpuMeHuTensHo kK BOP Oynem HasbBaTh
ero paccrostaneM 1o CMHUPHOBY):

IO(FI’FZ )C = sup|F1 —F2|. 4.3)
X

4.2)

MO>XHO BBECTH U IpyTHE PACCTOSHUSA MEXTy QYyHKUMAMH — HalpHMep, B
NPOCTpaHCTBe L2, HO MPUMEHHTEIHEHO K BEPOSITHOCTHBIM PAcIipeIeNIeHUsIM OHO
He 0COOCHHO MHTEPECHO, IIOCKOJIbKY HE COACPKUT BEPOSTHOCTHON MHTEpIpe-
tarn. Cpeln «KBa3UpPaCCTOSHUID 0OTMETHM paccrosiHue Kymsbaka—JInitbaepa
Mexy BIIOP, onpenensiemoe B cootBetrcTBuH ¢ (1.3.22) dhopmymoit

P21 = [ FIILf () g(x)ld. (44)

B stom paccrostHuM QyHKIns £ WrpaeTr poib reHepaltbHONH COBOKYIHO-
ctH, a Gpynkuus f — JOKaNBHOTO pacipesenenus. Ecin reHepaibHas coBo-

KyITHOCTh HE W3BECTHA, MOXKHO IOMBITaThCsl MPUMEHUTH (4.4) 1isi cpaBHEHHUS
texkynwmx BII®P, ognako B cuity Toro, uro paccrosiHue (4.4) MOXeT OBITh JIfo-
OBIM TOJIOXKUTETBHBIM YHCIIOM, CIOKHO OT(QHIBTPOBATH OMIMOKY BTOPOTO pPO-
Jla, KOTJla CITyYaiHbI BHIOPOC B OHOW M3 KPaWHHX SY€EK TMCTOTPaMMBI TIpH-
BOJIUT K OYEHb OOJIBIIIOMY OTKJIOHEHHIO MEX/Y pacrpeesIeHUsIMH.

Pacnipenenenne paccTosiHUN MEXIy IUIOTHOCTSMH WM (yHKOUSMH pac-
IpeJeNieHNs] B Pa3IMYHBIX HOPMax XapaKTEepPHU3yeT MPOLECC C TOUYKH 3pEHHUS
TUIOBBIX OTKJIOHEHHH MEXIy BBIOOPOYHBIMH pacmpeneneHusMu. [lostomy
NIPUHSITHE PEIICHHSI O TOM, YTO TEKyIlas BHIOOpKA W3 BPEMEHHOTO psifia UMEET
3HAYMMOE OTJIMYHME B PACHPENEIICHUN OT MPEIbIAyIeH BEIOOPKH, JOJDKHO OC-
HOBBIBAaThCS Ha M3YYEHHH CBOMCTB pacHpeNeNIeHNs] PACCTOSIHUI MEXy BBIOOD-
KaMU.

PaccmoTpum cHavana pacrnpenenieHne pacCcTOSHUIE MEXKAy BHIOOpKaMH U3
CTallMOHAPHBIX pacHpeaeneHuil. I 3TOro CreHepupyeM BPEMEHHOH psif C
3aaHHOl (pyHKIMEW pacrpeneneHnss U pa3o0beM ero Ha IPOMEKYTKH JUTHHBI
T, mocne 4ero onpenenuM paccTOSHUE MEXTY JABYMS BBIOOpKaMW JMHBL 1
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KOTOpPBIE PacIoJIOKEHbI BCTHIK. Takue BBHIOOPKH IO IIOCTPOSHHIO COCTOAT U3
HE3aBUCHUMBIX JaHHBIX.

Ha puc. 5.4.1 nokazan psin, 0Opa30BaHHBIA PACCTOSHUSAMH MEXKIy IOCTIe-
JOBaTeIbHBIMH MTapaMH BCTHIK-BBIOOPOK JTHMHON 40 THIC. JaHHBIX, B3STHIX H3
PaBHOMEPHOTO PACIIPEACIICHHUS.
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Puc. 5.4.1 — Psme1 paccTosHUIA B pa3HBIX HOPMaX I BEIOOPOK M3
PaBHOMEPHOTO pacrpeeIeHHs

Ha puc. 5.4.2 nokazan psi, 00Opa30BaHHBIA PACCTOSHUSIMH MEXKIY MOCTIC-
JTIOBAaTEIbHBIMU MMapaMU BCTBHIK-BRIOOPOK JIHHOM 40 THIC. TaHHBIX, B3SATHIX W3
BPEMEHHOTO psna JIOTHCTAYECKOMH JTUHAMAYECKOM CUCTEMBI

Xp41 = 4%, (1 _xn)~
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Puc. 5.4.2 — Pspgpl paccTosiHUI B pa3IMYHBIX HOPMAX ISl BHIOOPOK M3
JIOTHCTUYECKOTO psia

Jnst BBIOOPOK, B3ATBIX U3 OJHOTO U TOTO K€ CTALMOHAPHOTO pacIpesierie-
HUSI XapaKTEePHBIM SBJSIETCS TO, UYTO paccTosHUE B HOpMe L1 Gouible paccTos-
Hus B HopMme C, a To, B CBOIO OYepesib, OOJIbIle KBA3UPACCTOSHUS OTHOCUTENb-
HOM 3HTponuu. [TonuepkHeM, 4TO NPU BBIYUCIEHUU paccTossHuM Mexny BIIDOP
THCTOTPAMMBI, MIPEACTABISIONNE OLEHKY IUIOTHOCTH, CTPOWJIHCH IO pa3due-
HHIO, KOTOPOE COTTIACOBAHHBIM 00pa3oM 3aBUCHT OT AJIHMHBI BEIOOPKH, KaK 3TO
OBLTO OmpereNieHo BhIIIe B aparpade 5.3.

Kak y»xe roBopuiiochk B iaparpade 5.1, 1i1st BBIOOPKH OINpPEAEIEHHOTO 00b-
ema ' cremyer 3a1aTh COracoBaHHbIN yPOBEHb 3HAYUMOCTH, HA KOTOPOM €€
MOXKHO MIACHTH(HIMPOBATh KaK BBEIOOPKY W3 CTAIMOHAPHOTO paclpelesieHHs.
OTOT ypOBEHb ONpeEENsIeTCs] KaK TaKoH KBaHTWIIb PACIPENENICHUs] PACCTOSHUM
MEKAY BbIOOpPKaMH, KOTOpBI paBeH IOMOIHEHHIO A0 YPOBHS 3HAYMMOCTH.
Ecrn moctpoeno pacrpesenenne g(0) paccTosHHUI MekKILY BEIGOPKAMH, TIPH-

4eM Pmax €CTh APUOPHOE MAKCHMMAIBHOE PACCTOSHUE MEXKIY HHMH, TO CO-

%
TJIACOBAHHBIN YPOBCHb 3HAUUMOCTH & 10 aHanoruu ¢ (1.9) onpenenum ¢dop-

MyJIOH
*

&
Jg(p)dp =l-¢ ! Pmax - 4.5)
0
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PaccTosinve mexay BbiGopkamu

BeposATHOCTL

Puc. 5.4.3 — Pacnpenenenue paccrosuuit Mmexy BIIOP B Hopme L1.

3aBUCHUT N pacIpeieleHHe PacCTOSHUH MKy BEIOOPOYHBIMH pacrpere-
JeHUAMH OT BHZIA paclpeleneHHs reHepanbHoil coBokymHoctH? IlocTponm,
HaIllpuMep, paclpeleNeHust IS PsAOB PacCTOSHMH, NPUBEAEHHBIX BHINIE Ha
puc. 5.4.1-5.4.2 mo 1200 cratucTUdecKUM SKCIEpUMEHTaM. DTH paclipesere-
HUS IaHBl Ha puc. 5.4.3 — 5.4.5.
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Puc. 5.4.4 — Pacnpenenenue paccrosauil mexny BOP B Hopme C.
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PaccTosinve Mexay BbiGopkamu

Puc. 5.4.5 — Pacnipenenenue paccrosauit Kyns0aka—JIsiibnepa mexmy
BIIDP.

U3 puc. 5.4.3-5.4.5 cnenyer, 4To B pa3HBIX HOpMaX CTATUCTHUYECKHE CBOII-
CTBa OJHOIO U TOrO € CIy4allHOrO MPOLECCa MOTYT 3aMETHO Pa3IU4aThCsl.
Tak, paccrostaust B L1 u B kBazuHopMe (4.4) Mex1y BHIOOpKaMH U3 paBHOMEp-
HOTO pachpesieNieHusl pacriperieJieHsl 0ojiee KOMITAKTHO, YeM JUIsl JIOTHCTHYe-
CKOro psza, a B Hopme C — HaobopoT. IlocneqHee 0COOEHHO UHTEPECHO TEM,
uyTO 1o kpurepuro KommoropoBa—CMupHOBa pachpeneneHle pacCTOSHUN IS
CTallMOHAPHBIX PacCHpeAelIeHU He JOJDKHO 3aBUCETh OT BHJA PacIpeesICHUs,
€CJIM BPEMEHHOM psifi COCTOUT U3 CTaTUCTUYECKH HE3aBUCHMBIX BennduH. [lo-
CKOJIbKY JUISl JIOTHCTHYECKOTO psja, KaK W JII000H pEeKyppeHTHO 3a/iaBaeMon
HOpoLEeayphl, MOCIEAHEE YCIOBUE HE BBINOJHSECTCA, TO pAcHpeAeleHHe pac-
CTOSTHAH OTJIMYaeTCsl OT Mpomn3BoaHON K-QyHKIMH. DTO OTIIMYME MOXKET CIy-
JKUTh WHAWKATOPOM HECTAlMOHAPHOCTU WM CTaTUCTUYECKON 3aBHCHMOCTU.
CornacoBaHHBIM YpOBEHb 3HAYMMOCTH JUIS 3TOTO KPHUTEpUs NMPUMEPHO PAaBEH
0,01, gro Gym3K0 K TOYHOMY peuieHuro ypaBHeHus (1.9). OTmernm, 4to eciu
B®P cTpouTh He HEMOCPEICTBEHHO IO BEIOOPKE psijia, a HA OCHOBE IIpeBapH-
TENbHO BBIYMCIEHHOW MIOTHOCTH B BUAE TMCTOTPAMMBI C ONTHMAJIBHBIM pa3-
OueHuem, To HaOMIOJaeMBIi Ha TIPaKTUKE COTJIACOBAHHBIN YPOBEHb OYIET
NPUMEPHO B JIBa pa3a BBIIIE, YEM 3TO ClleAyeT U3 pemeHus: ypaBHeHus (1.9).
OTO CBA3aHO C TE€M, YTO KPUTEpUN OTHOCHUTICA K HempepblBHBIM BOP, a mns
TUCTOTPAaMMBI OTPaHMYEHHUEM IO TOYHOCTH ABISETCA LIMPUHA IMPOMEXYTKA
pasouenns. Ilostomy, ecim ananmsupyercs uMeHHO BIIDP, To kpurepwmii
Konmoroposa—CmupHOBa kK NOCTpoeHHOH Ha ee ocHOBe BDP mpumensrs He
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CIIeIlyeT, TaK KaK OH OyJeT JaBaTh OUIMOKY, PEBOCXOSIIYIO COTIACOBAHHBIN
YPOBEHb 3HAYNMOCTH.
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Puc. 5.4.6 — CornacoBaHHbII YpOBEHb 3HAYUMOCTH JJIs1 CTAIIHOHAPHBIX
BIIOP

B otnuume ot pacnpenenenus pacctossHuii B HopMe C, HHTETpaJIbHbII UH-
JIUKAaTOp CTAIlMOHAPHOCTH B BUJE COTJACOBAHHOTO YPOBHSI 3HAYUMOCTH, BBE-
JIEHHBIA B M. 5.3, JUIs BceX CTAaIlMOHApHBIX pacrpeaeneHuil B HopMme L1 gaet
OJIMHAKOBBIN pe3ynbraT. Ha puc. 5.4.6 mpuBe[cHBI TpapuKH YHCICHHOTO pe-
IIICHUS YpaBHEHUs (4.5) B 3aBHCUMOCTHU OT JUIMHBI BEIOOPKH, TIE Ui CpaBHE-
HHS TI0KA3aHa TakXke TeopeTudeckas kpupas cornacopannoit Tounoctu 2&£(7)

JUIsl PaBHOMEPHOTO PACHpPENENCHHs, HE BbIIIE KOTOPOH MO MOCTPOECHUIO TOJI-
JKeH OBITh HallICHHBIH YHCIIEHHO COTJIACOBAHHBIM YPOBEHb 3HAYMMOCTH. DTO H
HaOmonaercst Ha rpadukax puc. 5.4.6.

[NockonbKy pa3OMEHUs! THCTOTPAMM JUIsS pPABHOMEPHOTO M JIOTHCTHYECKOTO
pacrpeneneHuil pa3IudHbl, TO TEOPETUUIECKUE COTTIaCOBAaHHbBIE YPOBHH TOYHO-
CTH JUIS 3TUX IIPOIIECCOB pa3Hble, XOTS U JOCTaTOYHO Oim3kH. [losTtomy cpas-
HUBATh Mex1y coboii e BIIDP nist pa3nuuHbIX BpeMEHHBIX PSAIOB Ha OJHOU
THCTOTpaMMe MOXKHO TOJIBKO B TOM CITydae, €CJI OHH UMEIOT OJIM3Kue pa3due-
HUSL. B 3TOM cityyae MOXXHO B3SITh eIMHOE pa3OHeHHe, KOTopoe XOTs U He Oy-
JIeT ONTHUMAaJbHBIM, T€EM HE MEHEE, COXPAaHHUT NMPHUEMIIEMYI0 TOYHOCTb OLEHKH
BBIOOPOYHBIX BEPOSTHOCTEH.

Hopwma, B KoTOpO#i cpaBHEHNE MEX Iy COO0M BEIOOPOUHBIX pacHpeieeHui
JTaeT HAWIY4lIyl0 TOYHOCTb Pa3lIM4YE€HHUs, allpUOPH HE U3BECTHA, HO JUI KaXK-
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JIOTO KOHKPETHOTO CJTydas OHa MOKET ObITh ONpe/esieHa U3 YCIOBHs Haubosee
KOMIaKTHOTO pacrpeieienus paccTossuuil. COOTBETCTBYIOIIAs XapaKTePUCTH-
Ka — OTHOILEHHE CTaHIAPTHOTO OTKIOHEHHUS K CpeJHEMY 3HadeHHIo. YeM oHO
MeHbIIe, TeM Gojiee KOMIAKTHO pacrpejeieHue. HamoMHuM, 4To 3HAYeHMs
cityuaiinoit Bemmumnbl npunamnexar otpesky [0; 1], tax uro cpennee 3naue-

HHUE OTJIMYHO OT HYJIS, 32 UCKJIIOYEHHEM TPUBUAJIBHOTO CIydasi psijia OCTOSH-
HBIX YMCEJ, paBHBIX HYJr0. OKa3anock, YTO ISl MPUBEICHHBIX IPUMEPOB PaB-
HOMEPHBIX U JIOTHCTHYECKUX BEIOOPOK HAUMEHBIIIEE OTHOLICHUE CTAaHAAPTHOTO
OTKJIOHEHUsSI K CpeJHEMYy 3HaueHHIO Habirofgaercs I paclpeneleHHil pac-
CTOSTHMH Mexay BbliOopkamu B Hopme L1 (cm. Tabn. 5.4.1). Tem cambiM 3Ta
HOpMa BBITJISIIUT 00JIee IPEANOYTUTENBHON C IPAKTHYECKOH TOUKH 3PEHHUSI.

Tab6m. 5.4.1. OTHOmEHNE O D / P nns pacnpesienenuii paccTosHUIA

MeXTy BEIOOpKaMHU

Hopma L1 C K-L
PaBHOMEpHOE pacnipenene- 0.07 029 0.16
HUE
Jloructuaeckuit psg 0,15 0,33 0,27

Kak y>e roBopuiioch, KBa3UpacCTOSIHUE B BUA€ OTHOCUTENBHOM 3HTPOIHHU
(4.4) s cpaBHEHMs BBIOOPOYHBIX paclpellelIeHUH HCIIOIb30BaTh 3aTpPyTHH-
TENBbHO, TOCKOJIBbKY HE HM3BECTHO, KaKOW XapaKTEpHBIA ypOBEHb NPUHATH 3a

BEPXHIOIO TPaHULLy JUIsl Oy, . 3aMETUM, 4TO JUIs JOCTATOYHO JIHHHBIX BEIOO-

POK M3 OZHOTO M TOTO K€ PacIpeeNiCHNs 3Ta BeJIWINHA BeCcbMa Mana. Tem He
MeHee, XOTs U1 BRIOOpoK muHE 40 ThIc. oTimuane umeeT mopsagok 0,001 (cm.
puc. 5.4.5), HO BEIOOPKH W3 Pa3HBIX COBOKYITHOCTEH Pa3lIMYalOTCs BIIOJHE YC-
MENIHO: CPEIHEE PACCTOSIHUE MEXTy PaBHOMEPHOW M JIOTUCTUYECKOW BBIOOD-
KaMu Tex ke muH paBHO 0,06, T.e. B 60 pa3 Oombie. s cpaBHEHUS yKaXKeM,
9TO paccTOsHUE B HOpMe L1 Mex Iy TeMH ke BRIOOpKaMu paBHO B cpenHeM 0,4,
9T0 BCero Jummb B 20 pa3 OoubIle, 9eM COTJIACOBAHHBIA YPOBEHb 3HAYMMOCTH.
OpHaKo HAJIMYHE CaMOT0 3TOTO YPOBHS CHIBHO YBEITHYMBAET TOYHOCTH PacIio-
3HaBaHUS ONM3KMX DACTpeNeNeHnil 32 CUeT yMEHBIICHHUS OIIMOKH BTOPOTO
poma. Jlasee 1Mo yMOJYaHHMIO PACCTOSIHAE MEXIY BBIOOPKAMH TTOHMMAeTCs B
CMBICIIE PACCTOSHUA MEXITy cooTBeTcTBYIomnMI BIIOP B HOp™ME L1.
ITocTponm Tenepp aHAJIOTHIHOE PACTIpeIeNICHNE PACCTOSHUMN TSl BEIOOPOK
W3 HECTAlIMOHAPHOTO BpeMeHHOTO psna. Ha puc. 5.4.7 mokazaH mpumep psiaa
W3 3HA4YeHWH (pyHKOMOHANA PACCTOSHUS, BBIYMCICHHOTO IUIS JBYX BCTBIK-
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BEIOOpOK 0O0beMoM 1000 mannBIX ¢ marom B 1000 THKOB I pa3sHOCTEH IuC-
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Puc. 5.4.7 — Psn 3Ha4eHUI pacCTOSHUHN ISl IBYX BCTHIK-BEIOOPOK B
1000 trKOB

[Ipn aHamu3e HECTAMOHAPHOTO psja aKTyaleH BOIPOC O TOM, IJie Hpo-
BECTH YPOBEHb, HIKE KOTOPOTO OTKJIOHEHHMS MEXIY PACIpPEACICHUIMHI C TIPH-
HATOW TOYHOCTBIO OOBSCHSIOTCS CTAlJHOHAPHBIM CITYYaifHBIM MTPOLIECCOM, a IIe
MPOBECTH YPOBEHb, BHIIIE KOTOPOTO paclpeneeHHs CIeAyeT CUUTaTh Pa3iInd-
HBIMH.

Jnst oTBeTa Ha TEpBHI BOIPOC MCIIONB3YeTCs TOT (aKT, YTO IIar ONTH-
MaJIbHOH THCTOTPaMMBbI COBIIAJIAET ¢ TOYHOCTBIO OLCHKH CTAalMOHAPHBIX BEPO-
ATHOCTed. B yacTHOCTH, pa3OreHne rHCTOrpaMMBI IUIsl JAHHOTO Psifa IpHBE/ie-
HO Ha puc. 5.3.3. B city mocTpoeHus ONTHMAaIbHOTO pa30HEeHUS THCTOTPAMMBI
CTaIlMOHAPHO OOBSICHSIEMbIC OTKIOHCHHS MEXKIY BBIOOPKaMH JIeXKaT B Ipere-

nax or myns go &y =2/n(T), rne n(T") ectb 4mucno MHTEpBATOB paBHO-
MEPHOT0 Pa3OUeHHs], OTBEYAIOLIETO BLIOOPKE IIUHbL 1 .
B KkadecTBe BepXHEro YpPOBHS OTCEYCHHUS PACCTOSHHHA PEKOMEHIYeTCS

aHAJIOT pemIeHus ypaBHeHHs (4.5) B HecrarmuoHapHOM ciydae. [IoCKONbKy
(dyrkmoHan paccrosaus Mexry BIIOP npencrasisier coboit Mmepy HecTarmo-

naproctu BII®P, To xapakrepHoe 3nauenue O (7'), npesblinenne KoToporo

TpPaKTyeTcs Kak W3MEHEHHWE paclpeaeneHus (WM pas3laJkd CUCTEMBI), eCTb
pelIeHne ypaBHEHHS

195



ps(T)

[er(pydp=1-
0

DTo 3HaYeHWe 3aBMCHT OT pactupenenenns g7 () pacCTOSHHH MexITy

(OpMaNbHO He3aBUCUMBIMU BbIOOpKaMu AyiuHbl 1 . ITox opMansHOil HezaBy-
CUMOCTBIO TIOZPa3yMeBaeTCa TO, YTO AJs psiia CTAllMOHAPHBIX HE3aBUCHMBIX
BEJINYMH BBIOOPKU CTATHCTHUECKH HE3aBHCUMBI. TakoMy YCIIOBHIO yJIOBJIETBO-
pSIIOT, HAlpuUMep, BCTHIK-BBIOOPKH BpPEMEHHOTO psina. UMCIeHHOE pelieHue
ypaBHeHUs (4.6) MO0 MMEIOIMMCS SMIMPUYECKUM JAaHHBIM OyZeM Ha3bIBaTh
COTJIaCOBaHHBIM ypoBHeM crannoHapHocTH (nanee CYC) BpemeHnHoro psiga. B
crannroHapHoM ciaydae CYC coBHagaeT ¢ COracoOBaHHBIM YPOBHEM 3HAYMMO-
ctu. Ha puc. 5.4.8 noxasan npumep pacrpeneseHusl pacCTOSHUN MEXIy THKO-
BBIMU psAnamu uHjaekca S&P anunoit B 5000 TUKOB, HOCTPOEHHOTO MO BCTHIK-
BBIOOpKaM 3a TpexieTHui nepuox ¢ 2005 o 2007 rr.

Hnst storo uHctpymenta CYC nHa 5000 paHHBIX paBeH OPUMEPHO

Ps = 0,10. Ecu 651 maHHBIT psix GBI CTAMOHAPHBIM, TO TOT MOKA3aTeNb

ps(T)
—_— 4.6
5 (4.6)

6511 OB1 paBen 0,06. ITO psix CPaBHATEIHHO MAJIO MEHSIOIIUICS.
Bonee HecranmonapHsli psax THKOB CL MMeeT pacnpeneneHue pacCTOsTHUN
MEXIy BCTHIK-BBIOOpKamMH B 10 ThIC. THKOB, MoKazaHHoOe Ha puc. 5.4.9. lns

Hero CYC pasen npumepHo 0,14 BMecTo oxxugaemMoro 3HadeHus nopsaka 0,04
B CTAllUOHAPHOM CIIy4ae.
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Puc. 5.4.8 — Pacmpenenenne pacCTOSHUI MeXTy BCTHIK-BEIOOpKaMH B
5000 TuxoB unaekca S&P
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Puc. 5.4.9 — PacnipeneneHnue pacCTOsIHUI MEXAY BCTHIK-BBIOOPKAMH B
10 TeIC. THKOB psiga CL

IpuBeneHHble MpUMephl MOKA3bIBAIOT, YTO IS Pa3HbIX HHCTPYMEHTOB
pacnipenenenne g7 () TpM OIHOM M TOM e 3HAYEHHH JUIMHBI BEIOGOPKH 1
MOXKET 3aMETHO pa3nuuarbes. Yem Oonee crallMoOHapeH psil, TeM JIeBee paclio-
JI0>KEH MaKCHUMYM paclpezeneHus (QyHKIMOHaIa pacCTOsHUs B HopMe L1.

BaxxHyro nHGOpPMALUIO OTHOCUTEIBHO HECTAMOHAPHBIX CBOMCTB BPEMEH-
HOro psana HeceT 3aBucuMocTb CYC or 1iuHbl BbIOOpKH. [l MHOTHX HecTa-
IIMOHAPHBIX PSIOB XapaKTepHO HAIMYME CTATUCTHYECKU 3HAUNMBIX JOKAJIbHBIX
MUHUMYMOB CYC B 3aBUCHMOCTH OT JUIMHBI BCTHIK-BBIOOPOK, TOTZAa Kak JUIs
CTaIlMOHAPHOTO psifa HaOII0aeTcss MOHOTOHHO yOBIBAIOIIAsl 3aBUCUMOCTb, KaK
Ha pucC. 5.4.6. ApryMeHTbl 3THUX JIOKaJIbHBIX MUHMMYMOB MOXKHO TPAaKTOBAaTb
KaK TUIOBBIE JUI1 JAHHOTO Psa IPOMEXYTKU BPEMEHH, Ha KOTOPBIX IIPOHCXO-
JUT CMEeHa pekuMa paboThl HabIro1aeMoil cucTeMbl. AHAJIOTUYHO, apTyMEHTEI
JIOKaJIbHBIX MaKCUMyMOB OTBEUalOT HaHOONbIIEH pasiafke MexIy paclpee-
nennsivu. pumep 3aBucumoctn CYC pg(T7) ot ammHbl BBIGOPKH ISl THKO-

Boro psina CL u nns yacoBbIX 1eH 3akpbiTusi uHAekca RTS npuBenen Ha puc.
5.4.10. Tax, mnst psga CL xapakTepHBIMH pa3Mepamu BBIOOpOK sBisitoTest 500,
1100, 2600 manHbIX, a 18t psaa «dacoBukoB» RTS — 200 u 1100. dns Toro,
9TOOBI yIOCTOBEPUTHCS, UTO ATH XapaKTEpHBIC UIMHBI BEIOOPKH NAIOT CTATH-
CTHYECKH 3HAUMMEIH 3ddekT, cnenyer cpaBHUTH MakcumyMbl CYC ¢ TeopeTu-
geckoit kpuoit 2&(7) TOYHOCTH OlEHKM BEPOATHOCTEH B CTAIMOHAPHOM
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ciydae. Ecmm xonebanms ypoBHs CYC HOyT HIKE TEOPETHYECKOH KPHBOIA,
HaOmIomaeMbIi 2PQEKT He SBIACTCS SHAUNMBIM.
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Puc. 5.4.10. 3aBucumocts CYC 0T AMHBI BHIOOPKH

Ha puc. 5.4.11 npusenens! rpadukn CYC B NIMPOKOM JHana3oHe 3aBHCH-
MOCTHU OT [UIMHBI BBIOOPKH B CPaBHEHHH CO CTAIlHOHApHBIM YPOBHEM OLICHKU
TOYHOCTH. MHCTPYMEHTBI — THKOBBIE pAnbl ¢prodepcoB Ha Hedgth CL u Ha
3omoto GC. OHU noKa3aHbl HA OJJHOM TpadUKe C eIUHBIM YPOBHEM TOYHOCTH,
TaK Kak pa30HeHHe THCTOrpaMMBI Ul HUX IpHMepHO coBmanaer. Ho, crporo

TOBOPsI, ONTUMAJIbHOE pPa30MeHNe THCTOrPaMMBbl AJIsl KayKA0T0 HHCTPYMEHTa —
CBOE.
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Puc. 5.4.11. 3aBucumocts CYC B CpaBHEHHH CO CTAllMOHAPHBIM
YpOBHEM

U3 puc. 5.4.11 BuAHO, 4TO HA MaIBIX JUTUHAX BBIOOpKH MHUHUMYMBI CYC
He sBisAoTCs 3HaunMBIMU Kak st CL, tak u s GC, moCKOJIbKY COOTBETCT-
ByIOIIKe TpadyKH MPOXOIIT HWXKE KPUBOHM CTAIMOHAPHOW TOYHOCTH. MHBIMH
cJI0BaMH, MUHIMYM B o6siacte 4 ThIc. TUKOB 17151 CYC psana GC uHTEpeceH, HO
MOCJIEAYIOIUN pocT paccrossHuil Mexay BIIOP He Mmoxer, cTporo rosops,
CUNTATHCS 3HAYMMBIM. JIMIIb Ha JUIMHAX, MPEBBIMNAIOINX 15 THIC. THKOB Ul
psna CL u 20 thic. THKOB g psiga GC uMeeT CMBICT HCKaTh JI0Ka3aTeIbCTB
pazmanku, npudeM psg GC cam no cebe BecbMa OM30K K cTanimoHapHoMy. Ha
quinHax cBbiire 50 Teic. THKOB CYC 000MX PsIIOB CTa0MIM3UPYETCS] HA OTHO-
CUTEJIbHO HU3KOM YpPOBHE, Cl1ab0 IPEBBIMIAIOIINM YPOBEHb CTaI[MOHAPHOU
TouyHOCTH. TakuM oOpa3zoM, Kak Majble, TaKk U OOJIbIINE UIMHBI BBIOOPOK HE
JIA0T BO3MOXKHOCTH PAcIIO3HATh 3HAYMMBIE M3MEHEHUS B TEKYIEM pacIpelie-
JICHUH BEPOSITHOCTEH HECTAllMOHAPHOTO psifia. B mepBoM ciydae HEAOCTaTOUHO
TO4HOCTH B oueHke BII®P, a Bo Bropom ciydae psiabl HMEIOT KBAa3UCTALKO-
HapHOe noBezeHne 6e3 peskux m3meneHnit CYC. MHTepec npencTaBisioT BHI-
GOpKH CpeHMX HIHMH, KAKOBBIMU B JIAHHOM CIIydae CJIEAyeT CUMTAaTh JUINHBI
nopsiaka 15-25 Teic. TaHHBIX.

Hapsimy ¢ THKOBBIMH psAZaMU MpPaKTHYECKYIO BaKHOCTh MMEIOT IIEHOBBIC
Ppsizibl, XapaKTEepU3YIOLIHUE MPOLECC B ONPEIEICHHOM BPEMEHHOM IIPOMEXYTKE:
3TO LIEHA OTKPBITHS MPOMEKYTKa, MaKCUMalbHAasl U MUHUMAaJIbHAs LIEHBI, [IEHa
3aKpBITHA. DTH Psibl UMEIOT UHBIE CTATUCTUYIECKUE CBOMCTBA 110 CPAaBHEHMIO C
TUKOBBIMU AaHHbIMHU. [Ipu aHanmuse, HampuMep, IPUPOCTOB LEH 3aKPBITHS MO

199



COCEeTHMM BPEMEHHBIM MPOMEXYTKaM Ha TOT WM MHOW (PMHAHCOBBIM HHCTPY-
MEHT cienyeT u3yqdnuts nosereHne CYC He TOIbKO Kak (DyHKIUIO JUTMHBI BBI-
OOpKHM, HO W B 3aBHCUMOCTH OT TaiM-(ppaiiMa (MUHYTKH, S-MHUHYTKH U T.I.).
OnopHBIM PSIIOM 3THX IIEH SBISETCS PAN ¢ |-MUHYTHBIM TaiiM-(paiiMom, w3
KOTOPOT'O MOJYYaIOTCS OCTATBHBIE PSIIBI C OOIBIINM IPOMEKYTKOM arperupo-
BaHMA. CTaTHCTUYECKHE CBOMCTBA PSAAOB yKPYITHEHHBIX NAHHBIX OTJIMYAIOTCS
0T «MUHYTOK». OOBIYHO OTIMYHS MPOSIBISIOTCSA B BHUJE CKIMIMHTA XapakTep-
HBIX TapameTpoB. lIpuBeneM HEKOTOpBIE HMPUMEPHI CK3MIMHTOBOTO aHAIN3a
craructuku CYC s OUpiKeBBIX PSIOB.

Bo-mepBsIxX, i Kaxmoro taiiM-(paiiMa MMEeT MECTO CBOE ONTHMAIIBHOE
pa3OmeHne TICTOTPaMMBI, B CBSI3M C YEM OJMHAKOBAsI TEOPETHIECKasi TOUHOCTh
B OLICHKE BEPOSITHOCTEH paclpeleseHnil IPUPOCTOB LIEH JOCTUTAeTCs Ha pas-
HBIX JUTMHAX BBIOOpOK. C yBenmuueHneM TaiiM-¢ppaiiMa 7 , B KOTOPOM CUHMTAIOT-
Cs1 IPUPOCTHI 1IEH 3aKPHITHS, pacTeT JUTMHA BHIOOPKH, HA KOTOPOH JOCTUTAETCS
OJIMHAKOBBI ypOBEHb TOYHOCTH B OLIEHKE BeposiTHOCTeW. MHBIMH clioBamH,
HECTAaLMOHAPHOCTB Psifia C yBeIMYeHHeM TaiiM-¢poiima pacter. O6o3naunm 1]
JUITMHY BBIOOPKH Ha €AMHHYHOM TalM-(piiiMe, OTBEYaIOIeM psAy MHHYTOK
(11 =1 wmun). Torna Habmonaercs CIEIYIOUIMA CKIMIMHT AITHUHBI BBIOOPKH
JUTS ’HBAPUAHTHON TOYHOCTH, T.€. TOH, KOTOpasi paBHAa TOYHOCTH OLIEHKH BEPO-

SITHOCTEH [UIst psiia MUHYTOK JUIHHBL 1] :
T(r T
Q:l{.a.ln — 1, (47)
n 7
re d eCTh mapaMmeTp, 3aBUCALINA OT TUIAa MHCTPYMEHTa. THUIMYHEIC eTo 3Ha-
yeHus Jexar B npomexyTtke ot 0,2 1o 0,5. JIocTOBEpHOCTh CKIMIMHTOBOW af-
npoxkcumanuu (4.7) gocrarouno Bbicokas — oHa pasHa 0,97 + 0,99 .

Bo-BTOpBIX, NpakTUYECKUH HMHTEPEC MPEACTABISET MEPBbII MUHUMYM
CYC, KOTOpBIi TpaKTyeTCsl KaK JOCTUKEHHE PSIOM TOUYKH CBOEH JIOKaIbHOU

craumnonapHocTy. C yBenudeHneM TaiiM-gpaiiMa 7 peansHoe Bpemst i (7)

JOCTHXCHUS TIEPBOTO MUHMMYyMa (B MUHYTaX, a HE B KOJHIECTBE 3JIEMEHTOB
BBIOOPKH) pacTeT 3KCIIOHCHIUAIBHO 110 AIMITHPHIECKOMY 3aKOHY

T
!min (7) = tmin (71) €Xp : (4.8)
22’1
rae 7] =1 mun, a t,(7]) = 240 +300 mun. Cama xe BenuunHa 5T0TO

NepBoOro MMHUMYyMa CcyC PacTeT Mo CTCIICHHOMY 3aKOHY BHU1ad
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4/5
T
Stmin (7) = Smin (71| — . (4.9)
71

HocrtoBepHOCTH CKaitnuHTOB (4.8—4.9) cocrasmset 0,95.

B-Tperbux, BaXHOH sBIAeTCS HHPOPMAIMS O CKOPOCTH YCTAHOBICHUS
pacrpeneseHus ¢ 3aJaHHbBIM YPOBHEM CTAllHOHAPHOCTH. YHCIIOBOH XapaKTepu-
CTHKOW 3TOW BENMYMHBI SBISIETCS INTMHA BHIOOPKH, Ha KoTopoit CYC BnepBbIe
JOCTUraeT 3agaHHOW BeMWYMHBL. CKOMIMHT JUITMHBI BEIOOPKH B pEalbHOM Bpe-
MEHH 7 B MHHYTaX IJIs IEPBOTO JOCTHXKEHHS orpeseneHHoro yposas CYC §
B 3aBHCHUMOCTH OT TaiM-(piiiMa UMEeT 3aBHCUMOCTb C JIOCTOBepHOCTHIO 0,9
BUIA

als
T(r,s)=A(s)- T ( ),
TJie MOJIENbHBIN MapaMeTp aMILIUTY/Ibl B IMaNa30He NPaKTHYECKH HHTEPECHBIX
3HAYECHHH CYC 0,2<s5<03 uMeeT CTETICHHOM BUJI

b

Ay =—
S5/2

b zl—2 , a IIOKa3aTcJib CTCIICHH Of(S) YMCHBIIACTCA C

c
yBenndenneM yposns CYC 1o 3aBucumoctu &(S)- = s CR 0,1+0,3.
S
B pe3ysibTate HoJMydaeM, 4TO CK3IIMHIOBas 3aBUCMMOCTb JUTHHBI BHIGOPKH
ans goctmkenus yposus § CYC npubmmkenno umeeT Bun (17, T BeIpakeHsI
B MUHYTax):
b. 2_c/ 52

I(z,s)=
S5/2

(4.10)

5.5. UHexkc HeCTAIMOHAPHOCTH BLIOOPOYHBIX pacipeeJie-
HUH

BBenennslit B naparpage 5.4 coriiacoBaHHBIH YpOBEHb CTallMOHAPHOCTH
TIO3BOJISIET ONPEAEIUTh XapaKTEPHYIO BEJIMYMHY HEONpPENEeJICHHOCTH B BBIOO-
POYHBIX paclpeneneHusx BpeMeHHoro psaa. Ilomuepkrem, uto BIIOP psana
CTPOUTCS Ul ONTHMAIBHOTO pa30MeHHs THCTOrpaMMbl. [10CKOJNBKY ke Iuist
Pa3HbIX BPEMEHHBIX PSIOB ONTHMaIbHOE pa3OMeHue, BOOOIEe TOBOPS, pa3iny-
HO, TO CPaBHHMBAaTh Ha OJTHOM TpaduKe /Ba yPOBHS HECTALMOHAPHOCTH HE KOP-
pekTHO. UTOOBI NMETh BO3MOKHOCTH TaKOTO CPaBHEHHMS, CIIETyeT BBECTH HHBa-
PHAHTHYIO XapaKTepUCTUKY HECTAlIMOHAPHOCTH BPEMEHHOTO PsIa.
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PaccmoTrpuMm Goiree 00mIyI0 CTaTUCTHKY paccTosHuiA Mexay BIIOP — ne
TOJIBKO MEXY BCTHIK-BRIOOpKAaMH, Kak 3T0 ObuT0 caenano Beimie aast CYC, HO
U MEXAy BBHIOOPKAMH, CABUHYTBHIMH OJIHA OTHOCHTENIBHO JPYIrOi Ha MpPOU3-
BOJIFHOE YHCIIO 7 IIaroB, HO He OOJbIee, YeM caMO OKHO BBIOOpKH. [nHY

BBIOOPKH, KaK U paHblue, 0003HauaeM depe3 1 , a 9ucio MpOMEKYTKOB TUCTO-
rpaMMBl uepe3 7 . Bregem

,O(T,T;t) =||fT(X,t)—fT(X,t+T)|| = Z|fT(i9t)_fT(i9t+T)| -(5.1)
i=1

Bapbupys BennuuHy cMemenns 7 ot 1 1o ', moydaem, 4To BO3MOKHBIE
3HAYEHMS PACCTOSHHUI MEXKTy BHIGOPKAMHI 0OPA3yIOT CIIEYIONIHMil THCKPETHbII
na6op 7+1 uwmcem: pe {0; 2/T;4/T; ... 22’/T}. OGo3HauuM uepes

Gr, (k) BeposTHOCTH TOrO, uTO paccTOsHHE O MEKIy BHIGOKAMH MpH

cnsure Ha 7 pasHo 2k /T . Torna Benmuuuna
k(p)
Fr.(p)= 2. Gr (), k(p)=[Tp/2] (52)
/=0
TIPEeJICTABISET SMIMPUUECKYIO BEPOSTHOCTh TOTO, YTO PACCTOSIHUE MEKITY pac-
TpefieNeHuAMHU He Gonbire O . Hambosblree BOSMOXKHOE PAacCTOSHHE MEKILY

BBIOOpPKaMH PaBHO JIByM, KOTJa Mepa IepeceueHns] HOCUTENEH COOTBETCTBYIO-

*
X pacnpenenennii pasna nymo. Onpenenum CYC p (T,7) ans takux
CIBUHYTBHIX BBIGOPOK MO TOMY K€ TIPABUJIY, 9TO U B I 5.3: MpakTHYecKas Be-
POSTHOCTB €r0 TIPEBBIMICHHS PaBHA YPOBHIO 3HAUMMOCTH, T.€.
* x 1
FT,r(P ):1—p P (5.3)
2t
%
Pagenctso (5.3) onpenenser gpynximio 0 (7', 7), kotopas ob6nanaer Tem
CBOMCTBOM, YTO TIPH MPOBEJEHUN JOCTATOYHO GOJIBIIONO YHC/IA SKCTIEPHMEH-
TOB MO BBIYMCIIEHHMIO PACCTOSHUI MEXILy ABYMs BHIOOPOUHBIMU pacmpeserie-

*
HUSIMU JJINHBI T, CIABUHYTBIMU HA IIPOMEXKYTOK 7 , B J0OJIE€ p T/(2T) ClIy-

*
qaeB OyzeT HaOJIIoAaThCs MPEBBIMICHIE PACCTOSHNUS, paBHOTO O . TeMm caMbiM

*
p MOXKHO TPAKTOBATb KAK XaPAKTEPHOC PACCTOSAHUC MEKAY PACIIPCACIICHUA-

MU Ha YPOBHE 3HAYMUMOCTH, HE MMPEBOCXOAAIICM I3TOI'0 paCCTOAHUA.
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BBCZ[CM HWHACKC HECTAIIUOHAPHOCTHU J(T, T) paaa, MOJOKUB €TI0 paBHBIM

OTHOUICHHIO JOJIM PAcCTOSHHUH, He npeBocxoxasmux ¢aktudeckuit CYC, mo-
CTPOEHHBINA MO UMEIOIIMMCS SMIUPUYECKUM JaHHBIM, K YPOBHIO IIIyMa, 3a KO-
TOPBIA €CTECTBEHHO NMPHHATH 00 paccTosHUM Mexay BIIDP, e npeBocxo-

*
namux 2€ 7/ 7T npu 3amannoit nune Boi6opku 1 u capure 7 :

J(T,7) = FT,T(p*)

. (5.4)
Fr ¢ z/T

Hamomuunwm, uto 8* = 8*(T ) ecTb TOYHOCTH OLIEHKH SMITMPUYECKUX Be-
POSITHOCTEH IO CTAIIMOHAPHOMY KpHUTEpHIO (cM. 5.2).

Ecrm J(T,7) <1, psn cunraercs cranmonapusv, a ecmu J(7,7) > 1,
TO PSIJ HECTAI[MOHAPHBIH.

PaccMoTpuM mpuMmep CpaBHEHHUS JBYX PSIOB MPUPOCTOB THKOBBIX IIEH HA
drerouepesr CL u GC 3a mepuog 2008—2010 rT. ¢ MOMOIIBI0 WHJICKCA HECTa-
[IHOHAPHOCTH JUISl BCTHIK-BBIGOPOK, T.e. npu 7 = 1 . Tlpu Npou3BOSABLHOM T
KapTHUHA Ka4eCTBEHHO Ta xke. YKcI0 MHTepBaloB pa30MEeHUsI THCTOTPAMMBI IS
3THX JIBYX PSAJOB B 3aBUCUMOCTH OT JJTUHBI BBIOOPKH MTPUBEJCHO HA puC. 5.5.1.

40 r—I—H

8
2 301
©
a T
225 —
z
S 20 o= GC
g I
S 154
g 15
T
107,,'
5‘
o+
o O O O O O O O O O O O O O O O o o o o
o O O O O O O O O O O O O o o o o o o o
22 2 28 2 28 22 222 222222 2282
n O v O LW O W O 1 O 1 O v O LU O !, o
- - N N O M < < O 10 © © M~ N~ 0 o O O

[nuHa BbIGOPKMU

Puc. 5.5.1 — OntumanbHOE YMCIIO UHTEPBAJIOB Pa30HEHUs B
3aBHCHMOCTH OT JUTMHBI BEIOOpKH 17151 TUKOBBIX psinoB CL u GC

VHaeKkcsl HecTalMOHAPHOCTH PacCMaTPHBAaeMBIX PSIOB IPUBEICHBI Ha
puc. 5.5.2.
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Puc. 5.5.2 — 3aBucuMocTs UHIEKCa HECTAIIMOHAPHOCTH OT JJTMHBI
BCTBIK-BBIOOPKH

Kak BUJIHO, p8,36I/IeHI/I$I JAOBOJIBHO ITOXOXKH. OTMGTI/IM, YTO C JOCTOBCPHO-

cthio 0,97 Y4MCIO MHTEPBANIOB B HAIIIEM MPUMEPE PACTET Kak 1 0,34 , 9TO, KaK
YK€ OTMEYaJIoch B II. 5.3, 6mm3Ko K pesynbratam CMupHOBa [3], OKa3aBIero,
YTO YKJIOHEHHE THCTOTPaMMBI OT rpadiKa HEIPEepbIBHON IIIOTHOCTH (QYHKIMH
pacmpezneneHus 00paTHO MPOTOPIHOHATIBHO KOPHIO TPEThel CTENEHH M3 JUTH-
HBI BBIOOPKH. 371€Ch YHMCIEHHBIM METOZOM IIOJIydeH MPUOJIM3UTENBHO TOT JKe
pe3ynbTar, HO OH HE TpeOyeT HaJMYus TeHEpaJbHOM COBOKYIHOCTH, UTO IIO-
3BOJISIET €r0 IPUMEHUTH U K HECTALIMOHAPHBIM BPEMEHHBIM PsiaM.
CyILeCTBEHHO, UTO CTAl[MOHAPHBIE M HECTALIMOHAPHBIE PSIbI MPU MAaJIbIX
BBIOOpKaxX (10 HECKOJIBKMX THICAY) HEOTIMYMMBI B CHIIy HH3KOH TOYHOCTH
OLIEHKH 3MIHMPHYECKUX BEPOSITHOCTEH, U JIMIIb C YBEJIMYCHUEM JUTMHBI BBIOOD-

* *
K4, Korma pO > 28 , TAKOC pa3acCICHUC TOCTOBEPHO. TaK, 110 UHAWUKATOpYy

(5.4) HectaunonapHbIi THKOBBIA pan CL HauMHAeT OTAENATHCS OT CTallMoHap-
HOTO YPOBHS C JUIMH BBIOOPOK MOPSAKA 8 THIC., HO 3HAYMMO HECTAalMOHAPHOCTh
JUIsE 000MX pSAIOB HAUMHAET MPOSBIATHCS MMocie 22 THIC. JAHHBIX.
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I'naBa VI. I'opu3oHTHBIN psia

6.1. OnpenesieHne rOpU30HTHOTO Psifa

[epeiinem K MOCTPOCHUIO OCHOBHOW MHAWKATHBHOW CTAaTUCTUKH JUISl aHa-
JIM3a HECTAllMOHAPHBIX BPEMEHHBIX PSIIOB — TOPU30HTHOTO psia. UToObl on-
pelnenuTh ONTUMAaJIbHBIH 00beM BBIOOPKU B TEKYIIMII MOMEHT BpeMEHH, HE00-
XO/IMMO TIOHSITh, BBIOOPKM Kakoro o0beMa O0eCIeYMBalOT KBa3UCTAIMOHAp-
HocTh BII®P. Ilycts nBe BII®P, ciBuHyThIe 0lHA OTHOCUTENIBHO OPYTOM Ha
7 IIaroB, MHTETPaJbHO OTIMYAIOTCSA HE OOoJiee YeM Ha 3a/laHHYIO BEIUUUHY & .
COOTBETCTBYIOIINK  WHTETPANBHBIA  (PyHKIHOHAM  OOO3HAYMM  4epes

V(T,r;x,t):
V(T,z;x,t) E,O(fT(x,t+T), fT(xﬂt)) =
(1.1)

|fr (et +7)— fr(x,0)|dx < &.

o — —

Jlanee ais kpatkoctu apryment x B gynkimonane V(7T,7;x,t) Gynem
OTyCKaTh, €CJTH 3TO He OyJeT HCKaKaTh CMBICT YTBEpAKICHWH, M IIHCATh
V(T,r;t). BHOP fr(x,t) Bpemennoro psna X() Oynem HasbiBath & -

CTalMOHApHOH (MM KBa3sMCTAlMOHAPHOI) HAa BPEMEHHOM MNpoMexyTke 6,
ecnu

Vr:1<7<60, VvVt V({I,r;t)L¢. (1.2)

[NoquepkHeM, YTO KBa3HCTAlMOHAPHOCTH HE O3HAYAET BO3MOXKHOCTH HC-

MOJIb30BaHUSI aCUMIITOTHYECKHX (TI0 BpEMEHH WM 00BbEMY BHIOOPKH) OIIEHOK.

OHa Hy>XHa TOJBKO JJIsI TOTO, YTOOBI MOKHO OBUTO 3apMKCHUPOBATH JIOIYCTH-

MO€ paziMyre MEXIY INIOTHOCTAMH pactpeseneHnii. OCHOBHOE yTBEp)KIECHUE,

MOKa3bIBaIOIIEee BO3MOKHOCTh PAaBHOMEPHOTO OTPaHWYEHHs 110 BPEMEHH ISt

OLIEHKH HeTO4YHOCTH B omnpeneneHnn BIIOP, cocrout B ToM, uTo st QyHK-
unonana V (T, 7;t) 6musoctu nByx BIIOP umeeT MecTo olleHKa

0 <V (T,r;t) <min(27/T; 2). (13)

JeiicTBUTENFHO, W3 HEOTPHUIATENHFHOCTH TMpon3BobHON BIIDP (B ToMm

YKciIe M HECTAIlMOHAPHOW) W €€ HOPMHUPOBAHHOCTH HAa €WHUILY B JFO0OH MO-

MEHT BpPEMEHH CIIEAyeT TpHBHAlbHAs OLCHKa HEpPaBeHCTBA TPEYTOJBHUKA,
nmpuMeHeHHOTOo K HopMe (1.1):
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0< p(f.0)=|f(x0) - p(x.0)] <
<|F1+lel= [(1]+le])dx = [ (£ +o)dx=2.

B cnyuae, ecmu 27 < T, onenka (1.3) MOXkeT OBITh YTOUHEHA HOCPEACT-
BOM M3Yy4e€HHs pacrpeseneHus pacctosauii mexay BIIOP. Paccmorpum caur
BBIOOpKH Ha | miar o BpeMeHH, T.e. paccMoTpuM aBe BIIDP, nmocrpoennsie B

okuax Ap(t) m Ap(t+1). lns uux Bee 3navenns X(k), na ocHoBe KoTO-
PBIX OBUIH OLICHEHbI COOTBETCTBYIOLIME SMIMPUIECKHE BEPOSTHOCTH P; , COB-
namm, Kpome, 6bITh MOXeT, mepsoro B okie A7 (f) m mocmenHero B oxHe
Ap(t+1). Ecin 3navenns x(¢ —7 +1) u x(¢# +1) nonam B pasusie npo-
mexxytku A; pas6uenus Ry orpeska [0; 1], To usmenenue BIIOP cocrasut

2/T. Ecnn e 3TH 3HAYEHUs MOTAIH B OJWH U TOT e MPOMEXYTOK, To BIIDP
HE U3MEHUNACh. AHAJIOTHYHO, IPU CABUIE Ha 7 IIaroB BO3MOXHOE U3MEHEHHE
BII®P usmensiercs quckpetHo ¢ marom 2/7 ot myns go 27 /T B 3aBucHMOCTH

oT KomuuecTBa cosnazenuii mexay nabopom x(¢ —7 +1),., x(t =T +7) u
nabopom X(t+1),.., x(¢+7). Takum o6pasom, B 3Tom ciyuae V(T,7;t)

e nipesocxoaut 27 /T .

TakuM 06pa3oM, MBI MOJKEM CJIENATh BaKHBIHA BEIBOJ O TOM, UTO MPH (DHK-
cupoBanHOM 7 (yHKimoHan (1.1) paBHOMepHO orpanHmueH mo f. IlodTomy,
€CITM Hellb3sl CPABHUTH BEIGOPOUHYIO (DYHKIIHIO PACIIPeeeHUs CO CTAMOHAP-
HBIM pacrpe/eleHHeM, TO BCErIa MOXKHO JTOOMThCS OIM30CTH ABYX HECTAIMO-
HAPHEIX BEIOOPOUHBIX PACHIpE/IeIeHH I,

I[Ipy yBeIMYEHHH TOYHOCTH B ONPEJENCHHH & -CTAllHOHAPHOCTH, T.€. TIPH

yMeHbIIIeHUH &£, 00beM /I BBHIOGOPKH, HPU KOTOPOM JOCTHIAaeTcsl YCIOBHE
V(T,t;t) < &, pacter. B crity paBHOMEPHO OrpaHHYEHHOCTH /ISl KaKIO0TO
MOMEHTa BpEMEHH ¢ M JUIs KaXIOTO 3HAueHHss 7 CYIIECTBYET TaKOe MUHH-
MaJIbHOE 3HaYeHUe h(t, T;S), uto mipu Beex 1 > h(t,7;€) 3mauenus QyHk-
unonana V(T',7;t) me mpesocxoaar & . Hampumep, mns moGoro & >0

BCerJa MOXKHO T000paTh Takoi o6bem BiGopku I > 27/ &, uto BIIDP
Oyner & -cTalioHapHOM.

V¥ Onpenenenne 1.1. TopU3OHTHEIM PAIOM h(t, T;S) s pana X(¢) npu

C/ABHTE HA NMPOMEXYTOK 7 HA3bIBACTCS TAaKOW MUHHMAJIBHBIH 00BEM BBIOOPKH
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h(t,r;&‘), uto mnpu Beex 1 > h(t,7;€)  BbIIONHEHO  yclOBHUE
V(T,r;t)<¢. A

PaCCMOTpI/IM BCIIMYNHY
H(7; &) = max h(t, r;g) ) (1.4)
t

U3 (1.3) cnenyer, uTO BepxXHEH OLIEHKOW MUHMMAIIBHO JIOMYCTHMOI'O 00b-
ema Beibopku H (7€) sBnsercs 27/ & . Orcrona Takxke cieayeT, UTo eCiu
Bty H(7;6)=27/¢& , 10 mua Beex T 2 H(T,&‘) u s Beex 7 < T
semonnsercsa V (T, 7;t) < €, T.e. Takas BBIOOpKA rapaHTUPOBAHHO Oy/eT & -
CTallMOHAPHOM.

Dra onenka i H (7;€) Mosxker GBITH 3aTeM yTOUHEHa ITyTeM HCCIE0-
BaHMs CTATUCTUYECKUX CBOMCTB KOHKpeTHOTO psina X (7). B yacTHOCTH, MOKeT
OKa3aTbCsl, YTO PACTPEACIICHUE BETHIMH h(t, 2';8), OPECTaBISIFONINX TIPU
33JIaHHBIX T M € CAaMOCTOATEIBHBIII BPEMEHHOH psl, MMeeT BBIOOPOYHOE
cpelHee IO BPEMEHH ! 3HAUCHHUE <h(t, T;€)>, 3HaYNMO MEHbILee PaBHOMED-
HOH 110 ¢ oueHkH (1.4).

Beenem miotHOCTH pacnpeneneHus Y . g(T ) 3HaueHHil TOPU3OHTHOTO
b

psna /’l(t ,T ;6‘), T.€. OINpPENETUM BEPOSITHOCTH TOTO, YTO PACCTOSHUE MEXKIY

nBymst BIIOP, nocrpoennsiMEu 10 BeIOOpKE 0ObeMa 7' M CABHHYTBHIMH TIO Bpe-
MEHU Ha (UKCHPOBAHHBIA NPOMEXYTOK 7 , HE IPEBOCXOAUT & I BCeX

!
T > T . I[J'IH KpaTKOCTH 3aBUCUMOCTb OT MOMEHTa BPEMEHH ¢ B apryMeHTax

Ve, & (T') onymena. B cuny (1.4) 10CTaTOYHO PacCMOTPETh KOHEYHOE MHO-
JKECTBO 3HAUCHHH [, He IPEBOCXOAIIHX BETHUHHE 27 / & .

Ora WIOTHOCTD Y7 (T') cTpouTcs M0 MMEIOIMMCS TaHHBIM K TEKYIIEMY
MOMEHTY BPEMEHH CIEIYIOIMM 00pa3oM. Jis KakI0ro MOMEHTa BpeMeHH [ :
1<t'<t—1, crposrcs BIIOP no BeiGopkam obvemos I =1,2,....¢", no-
cie vero i Kaxmon u3 3tux BIIDP Berumcisiercs GyHKIHOHAT V(T LTt ’) .
Ipomexytox 3nauvenuii [0;2], npurnmaemsix dyuxmmonanom V(T,7;t"),

pa3OuBaeTcst MpK ITOM Ha HEKOTOPOE KOJIMYECTBO K OTPE3KOB, HAIIPUMEp, paB-
HOMEPHO, TaK 4TO IpaBbIi KOHe1l k-ro OTpe3Ka ecTb

v =2k/K,k=1,2,.,K. Homep orpeska, ¢uxcupyrommii 3azaHHy:o
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TouHocTs &, ecth k. =[Kg/2]. Mpomexyrok [1;¢ —7] Bo3moxkHbIX 3HA-

yeHul 00BHeEMOB BI)I60pOK COACPIKUT t—7 OCJIOYHUCICHHBIX TOYCK, TaK 4YTO

2
IUTOCKOCTB {T X V} nokpbITa 1 X ?—cemo. OTnenbHYyIO SIMEHKY CeTH HyMe-

. !
PyeM MHIEKCaMK {l k } Ecmu 3nauenne V(T',7;t") cootBercTBYeT HOMEpam
i,k wmexotopoii sueiiku, momemaem B Hee MHAMKATOP «1». Sdeiiku, HOMepam
A
KOTOPBIX He OTBewaroT 3Hauenus Qpyukuuonana V (T,7;t"), 3anonusem my-

nssmu. COBOKYITHOCTB S9€eK [T TaHHOTO i WK k oOpasyeT monocy. B kaxablif
’ -
MOMEHT BpeMeHH [ k-as Tojoca COCTOHMT, TaKUM 00pazoM, U3 HyJiel U eIu-

! o
HMUII. 3HaueHHEM hk (t ) TOPU3OHTHOT'O psAda B k-oii monoce Ha3LIBAETCS UH-

JIEKC i SYCHUKH, CIEAYIoNel 3a sueiikoil ¢ HaubOoNBIINM HHAEKCOM, COAepIKa-
el Hosb. Ecnu HyneBas siuelika — IOCIENHsAs, TO 3HAYEHUE TOPU30HTHOIO

psna B 310# mosoce orcyrersyer. Ilnotrocts ¥, . (1') mpencrasuster coboit
b

BBIOOPOYHYIO IUIOTHOCTh (YHKIMM PACIHpENCICHUs BPEMEHHOTO  psijia
’ o
hkg (t") , moctpoennyio no BeIGOpKE 0OBEMa ¢ — 7, MOCTaBIIOMIEH HCXOJI-

HOMY PsIy YCIOBHE & -CTAaI[MOHAPHOCTH.
OmnpenennM WHTETPATbHYIO QYHKITUIO pacpeieIeHUs

T
Yoo (D) =Dy, k), Y, Qc/e)=1. (1.5)

n=1
Cwmbich GyHKIMH pactpenesenns (1.5) B TOM, 4TO €Il BMECTO BeTHUMHBI
H(7; &), onpenenennoii B (1.4), BO MHOTHX CITydasx OKa3bIBAKOLIEHCS PaBHOM

CBOEMY TEOPETHUECKOMY MakcuMyMmy 27 / £, B3STh HEKOTOPOE MEHbILee 3Ha-
* *
uenne 1, 10 ¢ Beposithocteto ‘W, (T ) Gymyr BBIMONHEHBI yCn0BUS & -
b

CTalMOHAPHOCTH. BBIOOpOoUHBIC KBaHTHIU pactpeneneHus (1.5) moryT ciy-
JKHTh OLIEHKAMH TOYHOCTH B YCTAQHOBJICHHH COOTBETCTBYIOIINX OOBEMOB BBI-
GopoK.

V Teopema 1.1. Ecniu BII®P f7(X,f) & -crauuonapa, to u BIIOP

W ; & (T') cOOTBeTCTBYIOLIErO FOPU3OHTHOTO Psija TAKKE & -CTALMOHAPHA.
b

JokazatensctBo. Kostb CKOpO U HEKOTOPBIX 7 M & OIpeZeieHa yKa3aHHas

SMIIMPUYCCKasA BEPOATHOCTDH I//T E(T) pacopeaciacHusd MUHUMaJIbHBIX 00be-
b
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MOB, TO U3 €€ MOCTPOCHHS CIIEAYET, YTO 00beM N UMEIOIUXCSI JAHHBIX BO BCSI-
KoM crydae Gombure, ueM [27/&]. TIycTh B 3TOM TOPU30HTHOM pacrpesese-

HUM  3HAYEHHE >JIeMEHTa h(l‘, T; 8) FOPH30HTHOTO  psJa, paBHOE
T, =k, k=1,2,..,[2r/¢€], Bcrpermmoce  nj  pas, Tak  4TO
/788 g(T k ) =ny /T . o cmbiciny Bennuns h(t , 2';8) Kbl 2IeMEHT HUc-

xoaHoro psna X(Z) MOKeT ObITh IEPBBIM 3JIEMEHTOM TOIBKO B OJHON TOpH-
30HTHOM BBIOOpKE. JIeHCTBUTENIFHO, €CIIN OKA3aJI0Ch, YTO BEIOOPKA 00BEMOM k
C HaYyaJIbHbIM 3JIEMEHTOM x(l‘l) OKa3ajach TOPU3OHTHOM B HEKOTOPBIM MO-
MeHT [, TO HUKaKasi BRIOOpKa 0oJibiero o0bemMa ¢ TeM ke HauyalbHBIM JJIeMEH-
TOM HE OyJeT TOPU30HTHOMN IUIT MOMEHTa ! B CHIIy TOTO, YTO h(t T, 8) €CTh

MHHHMaJIbHOE 3Ha4YeHHe 00beMa COOTBETCTBYIOIIEH BBIOOpKH. TOUHO Tak ke
He OyleT TOPU30HTHOW M BHIOOpPKA MEHBIEr0 00beMa C TeM e HauyalbHBIM
3IIEMEHTOM, T.K. 3TO OyZIeT NPOTHBOPEUHUTH TOMY, YTO HCXOAHAs BEIOOpKa 00B-
€MOM k siBIsieTcsl TOpu30HTHOM. Clle1oBaTeNIbHO, IPU CABHUTE BCETO psijia JaH-
HBIX, Y4acTBYIOUIMX B moctpoeHuu BIIDP Ve, g(T ), Ha T 1waroB Brepen

HN3MEHCHUC COBOKYIHOCTU JAaHHBIX COCTABUT HE bosee yem 2T YJICHOB, 4YTO
NPpUBEAET K TOMY, YTO CyMMa a0CONIFOTHBIX BEIIMYMH HM3MEHEHUN Yuces nk

Takke OymeT He Oomee, ueM 27, Tak 4ro u3MeHeHHe BIIDP
[27/ €]
Z ‘l//r,g (kst)—w, (ke + z")‘ nms Beex 7' < 7 He MpeB3OHIET Be-
n=l1
maanuet 27/ N <& . Takum obpasom, BIOP . (T) semserca & -
cramoHapHoi. Teopema 1.1 mokazaHa. A

YkakeM eme oHO cBoiictBo pacupenenenus Y, (7)., mossonsromee
b

ONTUMHU3UPOBaTh 00BeM BbIOOpKH. OHO coctouT B TOM, uTo eciau BIIDP
fr(X,t) &-craumonapHa, TO MOXHO YMEHBIIMTh O0BbEM BHIOOPKH Ge3

YXyAmeHuss TOYHOCTHU B OIEHKC YPOBHA CTAllMOHAPHOCTH.

* *
V¥ Teopema 1.2. ®ynximonan V(T ,7;t), tne T ecrs 1— & -xpanTimm
pactpenenenns W, o(T) B cpenHem omimuaercs 0T  (yHKIMOHAIA

V(T,7;t) naemuuuny o(&) .
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k
JoxasatenscTBo. Bribepem Hekotopoe 1 < 27/ & . Jlna Hero ¢yHKIHOHAT
%k

V(T ,7;t) e npeBocxoauT &£ ¢ BEPOATHOCTBIO, OMPE/IENSIEMOIl pacipesie-

k
*

nemmem WY, (T), e W (k)= ZWT,g(n) ,  TpuYeM

n=1

*
W, .Q2t/e)=1. Hyere T  ect» 1—¢&-kpantus pacnpenenenus
% k
Wee(T),1e. W (T )=1-¢&.B xaectse o6bema oiGopkn 1 BO3b-

*
MeM Ommkaiiiee CBEpXY LECJI0€ YHCIIO K PCHICHUIO OTHOCUTECIHLHO T »storo

%
ypasHenus. Torma martematumyeckoe oxunanne ¢ynkuuonana V(T ,7;t)

Oyzner He OoJbIe, YeM

27

Bl V(T m]< e’ =a¥ (1) + (1-%,.(1)=

=c 1+2T

£

—& |=¢g+o0(&).

HOCJ’IGI[HCG PAaBCHCTBO B BLIHIGHpHBeHeHHOﬁ Oenoy4yke ciaeayer u3 Toro,

%
yrompu & >0 T — 27/ &, nockonbKy 1-KBaHTHIIb pacrpesieieHus ecTh

* *
takoe 3Hauenne [ , mpun koropom VY, (T )=1. CnenosarensHo,
b

2t 2t
——&—>0 mpu £ —>0, a sr0 u o3mauaer, uro & ——& |=0(¢).

T
Teopema 1.2 nokazana. A

Hcnonp3ys moka3zaHHOE YTBEPXKICHUE, MOXXHO MPOBECTH MHUHHMH3AIUIO
OIIUOKH B OICHKE CTATHCTHYCCKUX CBOHCTB MCCIEAYEMOTO Ps/ia, MMOCKOIBKY
JUTS. 3TOW IIeTH JKEIAaTeNbHO MMETh KaK MOXHO OoJice HHM3KYIO OLEHKY IS
H(7;&) ¢ Tem, 4ro6bl MMETH GOJIBIIMIA TMANA30H BapHAllMk 00bEMa BEIGOPKH
IUTS TOCTVOKEHUS] MUHIMYMa CyMMBI BEIOOPOYHOH IUCIIEPCHH U KBaJpaTa HOp-
MbI pazHocTH BIIOP.

AHAIIOTUYHO TPOBEICHHOMY PACCMOTPEHHIO ISl CTATHCTHKH MUHUMAIIEHO
JIOCTATOYHBIX 00BEMOB BBIOOPKH, IS KaXKI0W BEIOOpKH 00BemMa T He MEHbIIIe-

ro, ueM [2/&], cymecTByer MakcuManbHOE 3HAYEHHE TOPH3OHTA CIBHTOB
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S(t, T ;6‘), takoe, uro npu Beex 7 < 8(¢,7T;¢) snauenus dyHkumonana
V(T,t;t) rapanTpoBaHHO He TIPEBOCXOJAT £ . BBeneM BeTHuMHy

S(T;g)zmins(t, T;g). (1.6)
t

®yukus S(7';€) npencrapiser SMIMPUYECKYHO OLEHKY MAKCHMAJIbHO-
IO TOPH30HTA MIPOTHO3a, BHYTPU KOTOPOIO paclpeneneHue ocraercs 7 -& -
cranronapueM. U3 (1.3) crnenyer, uro ecrm B3ate S(7;6) =[&T /2], 1o
mobsie 7 < [T /2] apnsorcs [OMyCTUMBIMU TOPU30HTAMU TIporHo3a BIIDP
C YKa3aHHOU TOYHOCTBIO.

Hycrs @7 ¢ (7) mpencrapnser MWIOTHOCTH QYHKIMH pacrpeeeHus psiaa

S(l‘ , T 8), T.€. BEPOSTHOCTH TOTO, YTO TPH (PUKCHPOBaHHOM 00BEME BHIOOPKH
’
T paccrostaue Mexnay asyms BIIOP, caBuHyTEIMH Ha MHTEpBal BpeMEHHA T
!
HE TPEBOCXOIUT & Ui BceX 7 < 7. DTa BeNMYMHA MOXET OBITh IOCTPOCHA

0 aHAJOTUYHOMY aJIrOPUTMY, KaK MW BCJIMYHWHA l//l' S(T)’ TOJIBKO BMECTO
2

AYeeK Ha IUIOCKOCTH {T X V} paccMaTpUBAIOTCA SAYEHKH HA IUIOCKOCTH
! o
{T X V}. 3HaueHHEM MaKCHMAIBHOTO NPOTHO3HOro ropusonta Sy (¢') B k-oit

[I0JIOCE HA3BIBAETCSl MHAEKC I SUEHWKH, IPEIIECTBYIOLIEH SUeiike ¢ HaUMEHb-
LIMM MHIEKCOM, colepkaulieil Houb. Ecnu HyneBas siueiika — mepBasi, TO 3Ha-
YeHHE psiia TOPU30HTA MIPOTHO3a B 3TOH IMojIoce OTCyTCTBYyeT. OnrcaHHas mpo-
Ieaypa MO3BOJISAET ONPENCIUTh BEPOATHOCTh & -Omm3octu BIIDP ncxomnoro
psna Uit GUKCUPOBaHHOTO 00BEMa BEIOOPKH.

OnpenenuM Terepb HHTETPATbHYI0 QYHKITUIO paclpee/icHus TOPU30HTOB
MPOrHO3a

T
Or (1) = Z(pT’g(k), Or (T/2)=1. (1.7)
k=1

Benuunna q)T E(T) mpeaAcCTaBIACT coboit BEPOATHOCTH TOI'0, YTO IIPpU
b

Bcex I'>T w npu Becex 7' <7 paccrosHume Mexay pasanunbiMi BITOP
psana x(¢) me mpeBocxomut & . IOCKOJNBKY 3Ta BEpPOSTHOCTh UMEET TOT JKE

CaMbIit CMBICJI, YTO U BEPOATHOCTH (15), TO CIPaBCIJIMBO YTBCPIKIACHHUC O
HBOﬁCTBeHHOCTH MEKAY BBCACHHBIMU UHTCTPAJTIbHBIMHA (byHKHI/IHMI/I pacipeac-
JICHUA. I/IMGHHO, 3HAUYCHUSA HHTCTPAJIbHBIX (byHKIII/Iﬁ pacrpeaciicHud psaaoB
MUHUMAJIBHBIX NOITYCTUMBIX 00BEMOB BBI60pKI/I U MaKCHUMAaJIbHBIX OOIMYCTH-
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MBIX TOPH30HTOB MPOTHO3a NPHU COOJIOEHHN & -cTanroHapHOCTH B®P cos-
MaJIaloT, €CIIM apTyMEHT OJJHOH M3 (QyHKIMI SBISIETCS TapaMeTpOM JIpYTOM:

¥, o (T)=Dr (7). (18)
13 (1.8) crezryer, uTO 1Sl HAXOXKNEHNUS TUIOTHOCTH (T ¢ (7) mer HeoO-

XOAUMOCTH CTPOUTH OTHACHbHBIM anropuTM. IlockoibKy MO oONpeneneHuto
or.e(7) = CDT’E(Z')— Or (z —1), 0 u3 (1.8) cnenyer, uro

§0T,g(7) = ‘Pr,g(T)_\Pf—l,g(T)' (1.9)

Taxum o6pasom, BOP ropusontroit cratuctuku V', 8(T ) SIBJISIETCS 1OC-

TATOYHBIM MHCTPYMEHTOM JJIsI MCCJICAOBAHUS OOOMX THIIOB 3ajady — «IIpsi-
Moi» (ompeneneHus o0beMa BBIOOPKH JUISi MTPOTHO3MPOBAHUS HA 3aJlaHHBIN
TOPH30HT) U «00paTHOI», IO ONpeeNIeHNIO TOPU30HTa IPOTHO3UPOBAHHUS TIPH
3a71aHHOM 00beMe BBHIOOPKH.

Tpetss cTatucTuka — pacnpeaeneHue paccrosHuil mexay BIIOP mpu 3a-
JTAHHBIX BEJIMYMHAX 00beMa BHIOOPKHM M OKHa CIBHra — ObUIa paccMOTpEeHa
panee B rmase V. OHa HCIONB3yeTCS ISl MOCTPOCHHS UHAUKATOPOB HECTALHO-
HApHOCTH M JUIS KJIAaCCU(HUKALMK BPEMEHHBIX PS/IOB IO TUITY HECTallMOHAPHO-
CTH B COOTBETCTBUH C BEIMYMHOM MX COINIACOBAHHOIO YPOBHS CTallMOHAPHO-
CTH. OTa CTaTHCTUKA B ONpPEJEICHHOM CMBICIE HE3aBUCUMa OT FOPH30HTHBIX
CTAaTUCTHUK, MOCKOJIbKY HE TpeOyeT BBHINMOJHEHUsS KaKuX-JIMOO yCJIOBUH OITH-
MAaJIbHOCTH.

6.2. PacnipeiesieHrie rOPU30HTHOIO PS/Ia CTAIIMOHAPHOIO MPO-
nmecca

Z[J'IS[ aHaJn3a HeCTaHI/IOHapHI)IX pS[,HOB C IIOMOIIBKO FOpI/I3OHTHOﬁ cTraTtu-
CTUKHU H606XOHI/IMO HpCZ[CTaBHﬂTI) OCHOBHBIC OTJIMYUA OT CTaHI/IOHapHOFO CJ'Iy—
qasl. I/IMGHHO Mepa OTKJIOHCHHA OT CTaIII/IOHapHI)IX pacnpeneneHHﬁ U I1IOKA3bI-
BacT, HACKOJIBKO Z[aHHLIﬁ HpOHCCC HeCTaHHOHapHLIfI. I/I3yquI/I€ CTaHHOHapHOﬁ
FOpH30HTHOI>'I CTAaTUCTUKHU I10O3BOJIUT HOCTpOI/ITI) CHCHHHHLHLIﬁ I/IHHI/IKaTOp HEC-
CTaHI/IOHapHOCTI/I KakK MepBI HapymeHI/m CTaIII/IOHapHOl"O FOpI/ISOHTHOFO pac—
Hpe[[eJ'ICHI/IH. I/Iccne,uyeM HO3TOMy CHadaJia CBOﬁCTBa BpCMeHHOFO psma

h(t, 2';8), SABJISIOMIETOCS TOPU3OHTHBIM PSAIOM JJIsI HEKOTOPOTO CTaloHap-
HOTO BpemeHHoro psxa X (7).
IToctpoum IIDP cratuctuku h(t R 1;8), €CIIN W3BECTHO pacIpenesiCeHHe

BepOHTHOCTCfI pi TOTr'0, YTO 3JICMCHT HMCXOJHOI'0 psdgaa Imomnal B IPOMEKYTOK
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A; Hexoroporo 3ananHoro pasouenus orpeska [0 ;1] Ha n pasubix uwacreii.

PaccmoTpuM cHauana mpocTeMinuil ciydail, Korga AeNaeTcsl CABUT Ha OIUH
mar, T.e. korna 7 = 1.

Cpasaum BIIDP Yi,e (T';t) ropusoHTHOrO psijia, IOCTPOEHHYIO TIO Bbi-

Gopke (¢ —T7,1t], ¢ BI®P yq -(T';t+1), noctpoennoii no BeGopke Toro

ke 00beMa, HO CIBHHYTOH Brepeq Ha | IIar mo BpeMeHH, T.e. IO BHIGOPKE
(t—T+1,t+1]. Tlpu Takom cIaBUre U3 UCXOIHON BHIGOPKM HMCKIIOYAETCS

nepseiii ee snement X(f —7 +1) u mobGaensercs oaMH HOBBIA dMEMEHT
x(t+1).

BosMoskHbl iBe cuTyanuu: kpaiinue snementsl X(£ —71T +1) u x(¢ +1)
NpPUHAJUIEKAT OXHOMY U ToMy ke npomexytky A;, u torga V(T,1;¢)=0;
ma6o x(¢ —T +1) u x(¢+1) npunannexar pasHeIM IPOMEKYTKAM, M TOTIA

V(T,1;¢t)=2/T . Tostomy, ecnu £ > 2/ T, To B npesnenax ofHOro mara
0 BpPEMEHH J1I000€ BHIOOPOUHOE pacmpeneneHne ¢ oosemMoM I sBiseTcs & -
craronapubiM. Ecm sxe € < 2/T, To ycnosue & -CTalMOHAPHOCTH TIpHMe-
HUTEJBHO K JIAHHOMY MOMEHTY BpPEMEHM O3HAyaeT, 4TO JOJUKHO OBITh
V(T,1;t) =0. BeposaTHOCTb peaqn3aliy MOCIEIHErO YCIOBUsS PaBHA BEPO-
ATHOCTH TIOTAaJiaHus ABYX (DMKCHPOBAHHBIX 1JIEMEHTOB BPEMEHHOTO pAga —
x(t—=T+1) u x(t+1) — B omuH U TOT e, HO TPOU3BOJILHBIH, TPOMEKY-

2
TOK Al . 21.]'[51 KOHKPETHOT'O ITPOMEIKYTKaA Al 9Ta BEPOATHOCTH paBHaA pl . To-

I7ia B CHITy TIpENIoiaraeMoil He3aBUCHMOCTH COOBITHI BEpPOSITHOCThH HOMaja-
HUS [IBYX 3HAYCHHUH BPEMEHHOTO psifia B OJWH MPOW3BOJBHBIA MTPOMEKYTOK

n
paBHa Zplz .
i=1

OnpesienuM najnee TEOPETUIECKYIO BEPOSTHOCT P{h(t, L; 8) = m} TOTO,
4TO h(t , 1 8) =m,rTHe M ecTb HEKOTOpOe HaTypaiabHOE grcio. O003HauNM
STy BEPOATHOCTH Hepes ¢ . (/M) wimm, ecin 510 He GyaeT CyeCTBEHHO ULt
paccyxenuii, npocto g(m).

Ipeske Beero 3ametum, uto eciu M > [2/ €], 1o g(m) = 0. Ecu xe

m<[2/&], To MUHUMaIBHO OMYCTHMBIH 00BEM BBHIOOPKH B JAHHBIH MO-
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MEHT BPEMEHH ¢ JIOJKEH 00I1a/laTh TeM CBOMCTBOM, 4TO TIpM CABUTe Ha | mar
BBIGOpOK 06BEeMOB M, Mm+1, m+2, ..., [2/&]—1 Bemonneno ycnosue
V(m,1;¢) =0, 1.c. neppblif 37eMEHT PacCMaTPUBAEMOTO Psjia (ITOT SIEMEHT
umeer Homep £ — 1 + 1) ueme [2/&]—m snementos npunanexar ogHOMY
M TOMy e [POM3BOJBHOMY IPOMEXYTKY A;, a 3IEMEHT C HOMEpOM

t—T+m+1 €My He HpHHa;[nench. CnenoBareinbHoO,

M—-m+1
q(m) = Zp (1-p;), 1<m<M,
i=1
rzie auis kpatkocT obosnaveno M =[2/g].
BeposATHOCTE ke TOTO, 9TO h(t 1 6‘) =1, o3HayaeT, 4TO peanu30BaNOCh

coObITHE, KOTAa BCe M 3I€MEHTOB BHIOOPKH MOMAIU B OJUH MPOMEKYTOK pas-
OueHus, T.€.

n
g = p
i=1
HaxkoHell, BEpOATHOCTb TOTO, YTO h(t , 1;6‘) = M , onpenenserca u3 yc-
M
JIOBHS HOPMUPOBKH z q(m) =1, uaro naer
m—l

n n
q(M)—l—Z ZpM " i-p)-> pM =1-> p?
i=1 i=1

ITockombKy BEpOATHOCTH TOTO, YTO ABa (PMKCHPOBAHHBIX 3HAYCHUS BpE-
n
MEHHOT'0 psifia MoNalu B OJUH MPOMEXKYTOK, paBHa Z pl-2 , TO TIOJIy4YEeHHOE
i=l
BBIIIE BBIPAKEHHE €CTh, OYEBUIHO, BEPOATHOCTb TOTO, YTO JBa (PUKCHPOBAH-
HBIX 3HA4YEHHsI BPEMEHHOTO psjia HE MOMalHd B OAUH MPOMEXyToK. OmHOBpe-
MEHHO C 3TUM JOKa3aHO, YTO CyMMa BEpOSTHOCTEH BceX JOIMYCTUMBIX HCXOI0B

JUISL psia h(t 1 8) paBHa enuHwuIE. JIETKO BUIETH, YTO BEPOSTHOCTH COOBITHS

{h(t 1 6‘) =M } MOJKET OBITh MpeCcTaBIcHA B BHJIE
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n n
P{h(t, 1;8)2 M}z 1- Zplz = Zpl-(l—pi), T.e. B BHUJE, aHAJIOTHY-
- “
HOM BEPOSTHOCTH COOBITHS {h(t , 1 8) = m} npu l<m< M .
Urax, npu 7 =1 nomydeno Teopernueckoe pacnipenenenne ¢ . (1)

CIy4yailHOM BEJIMYUHBI h(t 5 2';8), NPUHUMAIOIIECH LENOYUCIECHHbIE 3HAYEHUS

orlno M =[2/¢]:
¢,,(m)=P{h(t, L;e)=m} =

n
M
2p s m=1
=t 2.1
= ZpM T (1-p,) s 1<m<M =[2/¢€].
0, m>M
Pacnipenenenue (2.1) MOKHO Ha3BaTh MO aHAJOTHH C U3BECTHBIM T'€OMET-
PHUYCCKUM pacrpeeieHem, 3a]]aBaeMbIM thopmyoii

Pr = ak (1-a),0<a<1,k=12,.., KoHEeYHO-aIATHBHEIM T€OMETPH-

YEeCKUM paclpeleliCHHEM.
VYkaxeM HEKOTOpPBIE CBOHCTBA CTAIIHOHAPHOTO PACIIPEISNICHUS] TOPU30HT-
HOTO psifa Uil caBura Ha 1 mar.

CaoiictBo 1. Pacmpenenenme ropm3oHTHOTO psiza (2.1) mMeer MakCHMyM B
Touke M = M , TOCKONBKY OHO MOHOTOHHO BO3DACTaeT HE3ABUCHMO OT BHJIA

pacrpe/ieNieHus BepoOATHOCTEN p; MCXOAHOTO psja.

HetictBurensHo, u3 (2.1) cnenyer, 9To
M—-m+1 2
Do m) =g (m=1)= 3 p (1= p P >0
i=1

CaoiictBo 2. Pacmpenencnne (2.1) obmamaeT clemyromuM 3KCTpPEMaTbHBIM
CBOMCTBOM: (DYHKI[OHAJT, COIOCTABJISIONIMNA HMCXOMHOMY PpACIPEICTICHUIO

{pl} CynpeEMyM paclpe€aciI€Hus TOPU30HTHOIO psaa, )IOCTPII"aIOI.HPIﬁCH, Cco-
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IIacHo cBoWcTBY 1, B Touke M = M , uMeer aGCOMOTHBIN MaKCUMyM TIpH

PaBHOMEPHOM pacIIpe/ieNieHnH BepositHocteil p; =1/1.

CBoiictBo 3. OTHOCHTENBHOE CPEAHEKBAIPATUIHOE OTKIOHEHWE IS pacmpe-
nenenus (2.1) npu mo6oM pacrpeeNeHId BEPOSTHOCTER P, OTAEIEHHOM OT

enuuunbl, umeeT mpu € —> 0 mopsamok £ .

B o0miem ciydae cagura Ha 7 1IaroB 00J1aCTh ONpeEIeNIeHHs] TOPU3OHTHOM
CTaTUCTHKHU TIPEJACTABISICT COOOW IIEIOUMCIICHHBIH Habop To4yek oT 1 1o
[27/&]. Dra obnacts pasbuBaercs Ha monocsl mmpuHoii [2/&], BHYTpH
KOTOPBIX paclpesieJieHue TOPU30HTHOTO psijia SBISIETCST MOHOTOHHO BO3pac-
tatomeil Gpynknuei. KycouHO-MOHOTOHHBIH pOCT pactpenesieHus B IoCleTHeH
(xpaiiHeli cnpaBa) rmoJioce, oTBevaronield HanOOJIBIINM 3HAYEHHUSIM TOPH30HT-
HOTO psiZia, UIMEET OTpeJieNieHHYI0 cnennduky (cM. [25]), KoTopast MOXKeT OBITh
UCIIONIb30BaHa JJISl TOCTPOEHUS CIIEIHAIBHOTO KPUTEPHS CTAIIMOHAPHOCTH -
Ja.

[ycts psn X() cTanmoHapHBIN, ¥ TOPU3OHTHBIN PAZ PACCMATPUBAETCS B

2(r—

2t
o0nacTn 3Ha4YEeHUH —) < h(l‘, T;&‘)S — . Torma ycnoBHas BeposT-
&

Hocts A = Ay, (il,...,ir) TOTO, YTO 3HAYEHHS TOPU30HTHOTO PAjia HE Tpe-
BOCXOMIAT 3afanHoro uncina m =[27/&]—7 +k w3 yxazannoro nuanasona
NpY yCJIOBUM TIOTAJaHMs 3Ha4deHuii ucxomHoro pspa X(f) B mpomexyTku
A; i A; i > BWLY i » BBIp@KACTCA uepe3 uuTerpan Komm 1o KOHTypy, OXBaThi-
BalOIeMy HyIH XxapakTepucThueckoro muorounena (J(A) pexyppentHoii

MOCTICTOBATEIBHOCTH JJIS ONIPEACTICHHS Ak :

Ay = (1)I %z 22)
9@ (z- 1)

Muorounen Q(A) umeer By

AT T va(1-a)t
o) = 1 (-a)

e a = a(il,...,iz.) €CTh BEPOATHOCTH TOTO, YTO 7 3HAYEHHI BPEMEHHOIO

, (23)

pAzia IOMAIU COOTBETCTBEHHO B IIPOMEKYTKH A ; i A iy 5o A i
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T T
-1
(lla -1 szk zpikpil +~-~+(_1) | Ipik - (24
k=1 k,[=1 k=1
k#l
IpencrapneHue (2.2) MO3BOJSLCT MOTYUYUTh HECKOJIBKO BaXKHBIX CIICICTBHUIA
OTHOCHUTEJILHO CBOMCTB TOPU3OHTHOM CTAaTHCTUKH JIJIsl YKA3aHHOTO JHara3oHa
3HaUYEeHUN. DTHU YTBEPKICHHUS OKA3bIBAIOTCS MOJIE3HBIMHU BO MHOTHX MpaKTHYe-
CKHX CJIy4asiX MpHU OLIEHKE TOT0, HACKOJIBKO HCCIEAYEMBIH psJi HECTAIIMOHAD-
HBIH.
Bo-niepBbIX, MOKHO OIMpPENETUTh BEPOSITHOCTh MaKCUMAIBHOTO 3HAYCHUS
ropu3oHTHOTrO psifa. OHa paBHA
T

qr.e(27/€])= Z(l P pi | 2.5)

JleficTBUTENNbHO, M3 BUIA BEITUYHH a(il,...,ir), oTpenieieHHBIX B (2.4),
MOJTy4aeM IETI0UKY paBEHCTB, MPUBOIAIIYIO K (2.5):

qre([27/€])= Z Pyopy, (14, (i eesii)) =

ol =1

> [10-p)| p;p; =

|
T

Y a-pyp, | o | D0-p)p, |=[Z0-p)p

i=1 i,=1

Bo-BTOpPBIX, MO’KHO MOCTPOUTH HOBBIM — TFOPU3OHTHBIA — KPUTEPHH & -
craimonaproctu BIIOP uccnemyemoro pspa X(¢) . PaccmoTtpum pacnpenene-

HUe TOPU30HTHOIO psana B KpaiiHel crpasa 10JI0CE

2(z-1)

27
< h( )S— mpunoit [2/€]. OxasbiBaercs, 4To B 3TOi
&

1oNoce pacnpeneieHue §r o ([22' /e]— m) npu 1 <m <7 sBnsercsa pas-

HOMEPHBIM.
JleticTBUTENHHO, TIOCKOJIBKY

A =a- (Ak_l +(=a)-Af_y+.+(1-a)" ! -Ak_,), 10
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dre ([21’/8]—m) =

ﬁ ool (A (s )= A,y (i, )) = (2.6)

i yesdy =1

ﬁ: (a(il..ir)(l—a(il..ir))r)piI .

i ey =1

INocnenHee BeIpakeHUE HE 3aBUCHUT OT M7, YTO U TPeOOBAIOCH IOKA3aTh.

Takum oOpasom, s mpoBepku Toro, uro BIIOP & -cranmmonapHa, Hago
MOCTPOUTHh TOPU3OHTHYIO CTATHUCTHKY JUI1 AOCTATOYHO OOJBIIOrO Mapamerpa
CZIBUTA, €CJIN 3TO MO3BOJIIET CAENIaTh UMEIOIIUICS HA0Op NaHHBIX, U TPOBEPHUTH

BBIOOPOYHOE pacHpelenenue |/ r g([22'/ el- m) B TIOCJICJIHEH MOJoce LIH-

punoit [2/&] ma paBHOMEPHOCTB: MMEHHO, B KOHIIE 3TOH TOIOCH, HO HE

BKJIIOYAs €€ KpalHIOI NPaBylO0 TOYKY, JOJDKEH CYIIECTBOBATH PaBHOMEPHO
pacnpeieNeHHbIi yqacToK Hbl 7 — | . OTCyTCTBHE 9TOTO y4acTKa 03HaYaeT
HaJIM41e HeCTAlMOHAPHOCTH.

Ha puc. 6.2.1 npuBeseH TOPU3OHTHBIA PSJ CTAIlHOHAPHOTO BPEMEHHOTO
psiga, MPEeACTABIAIONIEro cO00M BBIOOPKY M3 HOPMAJbHOTO DAacIpeneNeHus,
nns spavennit 7 =10, £ =0,05.

410

400

390

380

370 k §

360

350

340

330 +

320 T T T T T T T T T
1 51 101 151 201 251 301 351 401 451 501

Homep anemeHTa pspa

Puc. 6.2.1 — I'opU30HTHEII psii CTALIMOHAPHOTO IMpoIecca A

=10, =0,05
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Ha puc. 6.2.2 moka3zaHO pacIpeqereHie 3TOTO0 TOPH30HTHOTO psfa, I0-
cTpoenHoe 1o Bbibopke B 2000 3Ha4eHUI.

0,3
0,25
0,2
a
G
g
E 0,15
<]
o
@
0,1
0,05
0 +—r—r—r——TrT T T T T T T T T T T T T T T T T T T T T T T T T T T
354 358 362 366 370 374 378 382 386 390 394 398
3HauyeHMe ropu3oHTHOTO psaa

Puc. 6.2.2 — Pacnpenenenre CTallMOHAPHOTO TOPU3OHTHOTO Pl st

=10, =0,05

XapaKkTepHOCTh TOPU30HTHOM CTAaTHCTHKH, MOKa3aHHOH Ha puc. 6.2.2, co-
CTOUT B TOM, 4TO, KPOME PAaBHOMEPHO PACIPEAEIECHHOTO «IUIATO», UMEETCA
npeo0iaiaronee KOJMMIeCTBO 3HAUCHUH TOPU30HTHOTO psijia, KOTOPBIE PaBHBI
MaKCHMaJIbHOMY 3HaueHuIo (B gaHHOM ciydae 400). st craTucTH4ecKky 3aBu-
CUMBIX CITy4aWHBIX BEIMYMH MOCIEIHEE HE UMEET MECTa, TaK YTO TOPU30HTHAsS
CTAaTUCTHKA, KaK MBI YBHIUM HIDKE, TIO3BOJSIET OOHAPYKUTH 3aBHCUMOCTD (HE
00s13aTeNbHO IMHEHHYI0) MEXKY JIEMEHTaMH psijia.

6.3. 'OpU30OHTHBIN PS/I XA0THYECKOH JTUHAMMYECKON CHCTEMBbI

JlMHaMHUYeCKHE CHCTEMBI YacTO HCIIONB3YIOTCS ISl MOJECIUPOBAHUS Bpe-
MEHHBIX PSI0B, MOCKOJIBKY M3BECTHO, YTO Ka)KJOM KOHCEpBAaTUBHOM (T.e. co-
xpassitorieii cBoi (a3zoBbiii 00beM) JIC MOXHO MOCTaBUTh B COOTBETCTBHE
CTallMOHAPHBIN CITy4YalHBIN Mporecc. OTO CBSI3aHO HE TOJIBKO C TEM, UTO CyIIle-
ctBytoT JIC, AEMOHCTpUPYIOIIUE Xa0THYECKOE MOBEJEHUE, HO TIIaBHBIM 00pa-
30M C T€M, YTO MHOTHE MOJENIN CTallMOHAPHBIX BPEMEHHBIX PSI0B — perpec-
CHOHHBIE, aBTOPETPECCHOHHBIE, CKONB3AIINX CPETHHUX U JIP. — SBJIAIOTCS MPH-
MepaMH JUHAMHYECKUX CHUCTEM C IUCKPETHBIM BpeMeHeM. Tak, aBToperpeccu-

OHHas MOJCJIb BUIA Xn+1 = axn + b , KOTOpad B JIMHEHHOM HpI/I6J'II/I)KCHI/II/I
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YCTAaHABIMBACT CTATHCTHYECKYIO CBSI3b MEXKIY [BYMS IOCIEHOBATEIbHBIMH
3JIEMEHTaMH BPEMEHHOTO psifia, aBisiercst mpumepoM JIC, TpaekTopust KOTOpoid,

CoCTOAMasd U3 TOUCK xn , OIPCACIIACTCA PCKYPPECHTHO. [Insmka Hax Xn YKa-

3BIBaCT Ha TO, YTO 3TO MOJEIBHOE 3HAUEHHE, CTPOSIICECs 0 U3BECTHOMY TIpe-
IBIIYIIEMY WICHY psiza.

WnTepec x xaotruecknm JIC BBI3BaH TeM, UTO, KaK OKa3aJI0Ch, MHOTHE SIB-
JICHWs, BOCIPUHIMAaeMble KaK CIlydaifHble, MOTYT OBITH Ha CaMOM [Ielie IeTep-
MUHHPOBAHHBIMU, W TOTAa Moaenu Tuma (3.1) SBISIOTCS CPEACTBOM IS H3Y-
YeHHs U MOo3HaHWA Xaoca. C OHOM CTOPOHBI, TOYHOCTh PEATbHBIX M3MEPEHUH
Bcerjia KOHeYHa, II03TOMY OKOHYATEIHHO PEUINTh BOIIPOC O TMPHUYHMHAX, IIPUBO-
IIAX K TEM WIA WHBIM CIEACTBUSM, HEBO3MOXKHO. C ApPYroil CTOPOHBI, Ha-
Omomas 3a BBIOOPKOW M3 HEKOTOPOTO PacCIpENeIeHUsl, MOKHO TOMBITATHCS C
HEKOTOPOH TOYHOCTHIO MTOCTPOUTH [IC C MOX0KIM TTOBEICHUEM.

BozHuKaeT Bompoc: MOX0KH T TOPH30HTHEIC PSIBI IS CTATUCTHYECKOTO
U JHHAMHYECKOTO XaocoB? MeXIy 3THUMH ABYMS THUIAMHU PSIOB CYIIECTBYET
TO TPUHIMITHAIGHOE Pa3In4He, YTO IS CTaTUCTHYECKOTO OENoro mryma He
TONIBKO JIMHEHHAs, HO W Jt00as HENWHEeWHas aBTOKOPPEISINUS paBHA HYIIIO,
TOTIa KaK I THHAMHYECKOTO Xaoca CYIIECTBYeT (DyHKIIMOHAIbHAS KOpPes-
IIHOHHAS CBS3h MEXIy JIEMEHTaMU Psfa, a IMEHHO: Ta, KOTOpasi ONpeAeIseTCs
JIOTHCTUIECKAM OTOOPaKCHUEM.
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Homep anemeHTa psga
Puc. 6.3.1 — I'opHU30HTHBIN psi JOTUCTUUECKON CUCTEMBI [l
=10, =0,05
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Ha puc. 6.3.1 mpuBeneH TOPU30HTHBIN P TMHAMAYECKOTO Xa0ca, TOPOXK-
JIEHHOTO JIOTHCTUIECKAM OTOOpakeHHeM, a Ha puc. 6.3.2 moka3aHo pacrpene-
JIEHHE 3TOT0 TOPU3OHTHOTO psiza. [lapameTphl MOCTpOCHHS TOPHU3OHTHOTO psaa
OpUTH BBIOpAaHBI TAKUMH JK€, KaK M I CTallMOHAPHOTO psAna Ha puc. 6.2.1:
7 =10, £ = 0,05 . MpununuansHbIX pasauuuii MexkITy psgamMu Ha puc. 6.2.1

u 6.3.1, Ha nepBblit B3rA, HeT. Ho pacnpenenenus atux psnos (puc. 6.2.2 u
6.3.2) KaueCTBEHHO Pa3IMYHBI.

I'maBHOE oTyIMuUME pacHpeneNieHHss TOPH30HTHOTO psifia JIOTHCTHYECKOU
cucteMbl — B 0oJiee CHJIbHOW HEMOHOTOHHOCTH TIOBEJCHHUS B OKPECTHOCTH
MpeeNbHBIX 3HAaYEHUH U, B YaCTHOCTH, B TOM, YTO MaKCUMYyM DPacIpeeeHHs
MPUXOIUTCS HE Ha MAKCUMAJIBHOE, a Ha IIPENIOCIICAHEE 3HAUCHHE.
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3HauyeHMe ropu3oHTHOrO pAaa

Puc. 6.3.2 — PacnpeneneHue Topu30HTHOTO Psiia IOTUCTUIECKON
CHCTEMBI

To, 4TO BEpOSATHOCTh MAKCUMAaJIbHOI'O 3HAYEHHs] TOPU3OHTHOIO psiia Cy-
LIECTBEHHO HIDKE, YeM MPEIbIIYIIEro 3HaYEHUs], CBUJIETENbCTBYET O KOPPEIIs-
LUSAX MEXIY DJIEMEHTAMU psJa, XOTS JUHEWHbIE KOPPEsU, KaK Mbl BUACIU
paHee, ONMU3KU K HYJII0. TakuM 00pa3oM, TOPH30HTHAS CTATHCTHKA TTO3BOJISCT
BBISIBUTH HAJIMYME CKPBITHIX 3aBUCUMOCTEH MEXAY 3HAYEHUSIMH BPEMEHHOI'O
psana JC, xoTopble HEe HaxXOIATCS CPEACTBAMH JIMHEHMHOTO KOPPEISILIMOHHOTO
aHanm3a.

IIpuBenem emie OgUH NMpPUMEP TOPU3OHTHOTO pslia AJSl CUCTEMBI, POJICT-
BEHHOH paccMoTpeHHOH BbIie oructudeckot JIC — 310 TpexmepHasi cucre-
Ma C KBaJpaTUYHON MPaBOM 4acThlO, U3BECTHAs Kak cucTteMa JlopeHua:
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x=0(y—x),
y=Ax—y—xz, 3.
Z=—UZ+X).

Ona yacTo BO3HHMKAET B PaslMUHBIX (PU3NYECKUX MpuiIokeHusx. Hampu-
Mep, K HeH NMPHBOIUTCS CHCTEMa I'a30AMHAMUYECKHX yYpaBHEHHH B OIHOW U3
MoJienield 1morozpl. XaoTHYECKOe MOBEACHHE YHCIEHHOTO DPEIICHHS CHCTEMBI
(3.1) wnHabmopmaercs, B  YaCTHOCTH, IIpM  3HAYEHHWSAX  I1apaMETPOB
o =10, 4 =28, £ =8/3 u ware muckperusauu 1o BpeMeHU B TIpeeNax
0,05-0,06. I'opHU30HTHEIH P U €ro paclpeneieHne ISt BTOPO KOMIIOHEHTHI
ITOH CHCTEMBI npu HaYyaJbHBIX YCIIOBHSX
x(0)=0,71, (0) = 0,28, z(0) = 0,32 u ware muckpetuzamuu 0,06 noKa-
3aHbl Ha puc. 6.3.3 1 6.3.4.
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Puc. 6.3.3 — T'opusoHTHBIH psin cucteMsl JlopeHna s

7=10,&=0,05
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Puc. 6.3.4 — Pacnpenenenrue TOpU30HTHOTO psJZia cUcTeMbl JIopeHna

Pacnpenenenns TOpU30HTHBIX pAIOB Ha puc. 6.3.2 1 6.3.4 BecbMa OXO0XKH.
3T0T akT TpaKTyeTcs B TOM CMBICIIE, YTO THII M BEIMYMHA Xa0Ca B HCXOAHBIX
JUHAMHYECKNX CHCTeMax IPUMEPHO OIMHAKOBHIL. [loquepkHeM, 4TO, HECMOTPS
Ha CTAalMOHAPHOCTb Ps/Ia, TOPU3OHTAIBHBIA y4acToK B mocienannx 7 =10
3HAUCHUAX HE HAaOIIOJaeTcsl, YTO CBUIETENBCTBYET O KOPPEITHUPOBAHHOCTH 3HA-
yenuit JIC.

6.4. PacnipeiesieHusi TOPM30HTHBIX PAJOB B HECTAIIMOHAPHOM
ciayuae

Jlnsi HecTalMOHAPHBIX BPEMEHHBIX PSIOB paclpesiesieHHe TOPHU30HTHOTO
psizia caMo He SIBISICTCS] KBa3UCTAI[MOHAPHBIM, OJJHAKO BAaXKHOCTH JJISI HCCIIENIO0-
BaTelsl MPEACTABISIET HE TO, YTO 3TO paclpeie]ICHUE BOTIOLUOHUPYET, a €ro
OTJIMYME KaK TaKOBOE OT CTAllMOHAPHBIX pacmpenesieHuil. CTaTucTuka ropu-
30HTHOTO psifia MPEJCTaBIseT COO0I MHCTPYMEHT Al aHalIM3a UCXOMHOTO psi-
Jla, HO MHCTPYMEHT HE YHHMBEPCAJBbHBIN, a TpeOyIomuil ompeneneHHol «Ha-
CTpOHKH». B 4eM-TO ero mpuMeHEHHE CX0XK€ C YBEIUYUTEIbHBIM CTEKIIOM,
KOTOpPOE€ YETKO IMOKa3blBaeT HE BCE BOOOIIE MPEIMETHI, a JHIIb Te, KOTOpbIE
HaxomaTcs B (okyce. Tak M B pachpeleNeHNH FOPU30HTHOTO psilia HAIHYHe,
HanpuMep, HEIMHEHHBIX KOPPENSIIUN MOXKET HanboJsiee 3aMETHO IPOSBUTHCS
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IPH ONpEAETICHHBIX 3HAYEHUSAX MapaMeTpoB CABMra 7 M KBa3UCTALIMOHAPHO-
CTH & . DTO 03HAYaeT, YTO aHAJIM3 CTATUCTHUKU HEOOXOAMMO CTAaHOBHUTCS MHO-
TOMEpHBIM J1a)k€ B TOM CJIydae, KOI/la MCXOJHBII BPEMEHHOW psii OZHOMEp-
Hblll. CamMu 3Ha4eHHs TOPH30HTHOTO psiia 3aBUCAT OT TPEXMEPHOIO MaccHBa
MepeMEHHbBIX — TEKYILeTo BpeMeHH [ u mapaMeTpoB 7 u & . Pacnpenenenue
K€ ITOTO psifia, TOCTPOSHHOE TI0 HEKOTOPOH BPEMEHHOI BHIOOPKE, ABYMEPHO.
Te 3HayeHUst 7 , MPHU KOTOPHIX OOHAPY>KUBAIOTCSI OTKIOHEHHS TOPH30HTHOTO
pacrpeneneHis OT KapTWUHBI, TUIMYHOH AJsl CTalIOHApHOTO OeJioro myma,
MOKaXYT AAJIBHOCTh KOPPENIAIUOHHON CBSI3U.

B nocnenyromux riaaBax OyayT pacCMOTPEHBI HA TOBAPHO-CHIPHEBBIX PBIH-
Kax, PbIHKaxX IEHHBIX OyMar, B 33/iauax [IPOrHO3UPOBAHUSI ITOTO/IBI 1 B HEKOTO-
PBIX IIpyrux OONacTAX 4YeIOBEYECKOH NesATENbHOCTH. 311eCh MBI IPHBEICM
MIPUMEpPHI TOPU3OHTHBIX PacHpefeNeHUH Ui HEKOTOPhIX U3 HeCTallMOHAPHBIX
PSIOB, BOSHUKAIOIINX B NMPAKTHUECKOH NESTENLHOCTH, YTOOBI MPOJIEMOHCTPH-
poBaTh HEOOXOIUMOCTh MPOBEAEHHUS TAKOTO JOCTATOYHO TPYJOEMKOTO MO BBI-
YHUCIUTENbHBIM CPEJCTBAM aHAJIM3a.

Ha puc. 6.4.1 u 6.4.2 nokazanbl (hparMeHT TOPU30HTHOTO PsiJia U €ro pac-
npeneneHue no oobeMy B 2500 qaHHBIX AJIS IPUPOCTOB MUHYTHBIX 1LIE€H 3aKpbI-
Tus Ha akimu kommanuu General Electric, a Ha puc. 6.4.3 u 6.4.4 — ananoruu-
Hasl Tapa Juisl MPUPOCTOB CYTOYHBIX JaHHBIX OOMEHHOTO Kypca €BpO/moiuiap.
Kaxk u B npensinymem naparpade, Oynem paccMaTpuBaTh 3TH PSIbI AUl 3HAYE-

mnii 7 =10, £ =0,05.
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Puc. 6.4.1 — TI'opu30oHTHSBII psA U1 IPUPOCTOB MUHYTHBIX LIEH
3akpbTus Ha akuuu General Electric, 7 =10, £ = 0,05
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Puc. 6.4.2 — Pacnpenenenuie TOpU30HTHOTO psiia IPUPOCTOB LIEH Ha
akunu General Electric

Pacnipenenenne Ha puc. 6.4.2 CylIecTBEHHO OTIMYaeTcs OT Tpaduka Ha
puc. 6.2.2. OHO 3aMETHO HEMOHOTOHHO M UMEET YETKHH MAKCHUMyM B KOHIIE
HIpeblayIIel T0NI0Ch! IUPHUHEL B 40 3HAUCHU.
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Puc. 6.4.3 — T'Opu30HTHBIH psA U HIPHUPOCTOB CYTOYHBIX JTaHHBIX
Kypca epo/nomnap, 7 =10, £ = 0,05
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OTOT psAA TaKKe 3aMETHO OTJIMYACTCS OT TOPH30HHBIX PSAIOB, PACCMOTPEH-
HBIX B MPEABIAYIINX ABYX mMaparpadax. ['JTaBHBIE OTIMYHSA COCTOAT B 3HAYM-
TeJIFHO 00JIee MIMPOKOH IT0JI0CE N3MEHEHHS M B TOM, YTO MaKCHMaJIbHbBIE 3Ha-
YEeHUS] BCTPEYAIOTCS BECHMA PEIKO. DTO CBUAETEIBCTBYET O TECHOM CBSI3U Me-
KTy IIEMEHTAaMH Psifia, XOTS JIMHEWHBII KOPPESIINOHHBIN aHAIN3 TaKylo CBA3b
BBISIBUTH HE ITO3BOJISIET.
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Puc. 6.4.4 — Pacnpenenenne TOpU30HTHOTO psijia IPUPOCTOB Kypca
€Bpo/osutap
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Puc. 6.4.5 — T'opu30HTHBIH psia 1T OTKIOHEHUH CPEeAHECYTOIHOM
TeMIiepatypsl B Mockse
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[IpuBenem Taxke Ha puc. 6.4.5 1 6.4.6 TOPU3OHTHBIN PST IUTA Psia OTKIIO-
HEHHUH CpeaHeCyTOYHOU TeMrepaTypsl B Mockse 3a mepuog 2000-2010 rr. ot
CPEeTHETOOBOTO MPOGUII, MOCTPOSHHOTO 3a MecsITmwieTHH nepuon ¢ 1990 mo
1999 rr., u pacmpeneneHue Toro psa.
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3HauyeHue FTOPU3OHTHOro psaa

Puc. 6.4.6 — Pacnpenenenuie TOpu30HTHOTO Psiia OTKJIOHEHUH
CPEIHECYTOYHOH TeMITepaTyphl

Kak oka3zayiock, 9To psii TeMIlepaTypHBIX OTKJIOHEHHH ropas3zio Ooiee cra-
IIMOHAPHBINA, YeM pSIbl OMP)KEBBIX KOTHPOBOK, IIPUYEM OH IPOSBIISIET YEPTHI
JUHAMUYECKON CHCTEMBI, KOTOpas MOX0Xka Ha cucteMmy JlopeHna.

PaccMoTpeHHbIe TTpUMeEpBI MO3BOJIIIOT CJENaTh CIEAYIONINE BBIBOABI 00
OTIIMYUSAX TOPU3OHTHBIX PAJOB CTAI[HOHAPHBIX U HECTAL[MOHAPHBIX CIIydailHBIX
nporeccoB. OTMETHM, YTO aHAJINU3 YPOBHS HECTAllMOHAPHOCTU HEKOTOPOTO
BPEMEHHOTO psiia ¢ TOMOLIBIO PACIpEAEICHUsI TOPU30HTHOTO psifa IOJIE3HO
MIPOBO/IUTH COBMECTHO C aHAIM30M aBTOKOPPEISIIIMOHHON (QYHKIIMK UCXOIHOTO
psiaa. Bo3MOXHBI cleyronue TUTUYHBIE BAPUAHTHI KAUECTBEHHOIO MTOBEICHUS
AK® u ropusontHoit BIIOP.

Mepsriii cayyaii. AKO ¢ yBennueHneM Jiara ObICTPO CHagacT 10 YCIOBHO
HE3HAYUTENbHON BENMYMHBI, OJIM3K0H K HyIo, a ropu3oHTHas BIIDP nmeer
MOHOTOHHBIII POCT C PaBHOMEPHBIM ILIATO B MOCHEIHEH MOJOCE 3HAYECHUIL.
Torga psin nmpencTaBisiioT co0ol BHIOOPKY M3 CTAI[MOHAPHOTO PaCIIpeeIeHUs
1 MOJKET OBITh HCCIIEAOBAH CTAaHIAPTHBIMUA METOZAMH.

Bropoii cayuaii. AK® OvicTpo cnamaer 10 HE3HAYUTENFHON BEIMYUHEI,
HO IIPHU HEKOTOpPHIX 7 U & ropu3oHTHas BIIDP mumeer 3amMeTHO HEMOHOTOH-
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HOE TIOBe/IeHHEe BHYTPH TIPOMEsKYTKa mupuHbl 2/ & . Torjaa 3To cBUETENbCT-
BYET O TOM, YTO DS COACP)KUT HEIMHEHHBIE KOPPESIHUU. JTOT BapuaHT pea-
TU3yeTcs B psiiax, FeHEPUPYEMbIX ANHAMUYECKIMHU CHCTEMaMHU.

Tperuii ciyyail. AK® cnagaer menneHHo, a ropu3ontHas BIIOP moHo-
TOHHO Bo3pacTtaeT. Torma psj CyIIECTBEHHO HECTallMOHApHBIN, W TpedyeTcs
ero mpexoOpaboTKa ¢ HEeNIbI0 CHIDKEHHS BIUSIHNAS BPEMEHHOTO TPEH/IA.

YerBepThiii ciayyaii. AKD mmeer JToKadbHBIC MAaKCHMYMBI, & TOPH30HT-
Hasi BII®P wemonoronHa. Torma ciegyeT mpoBecTr mpen-oopaboTKy psma mo
ABTOPETrPECCUOHHON MOJEIH € J1aroM nopsiaka 7 .

6.5. AIropuTMBI HAXO0KAEHHUSA ONTHMAJILHOT0 00beMa BbIOOP-
KH

W3 mpenpiayiero paccMOTPEHUS CTaHOBUTCS TOHSTHO, YTO ONTHMAJIb-
HOCTh 00beMa BBIOOPKH CYILECTBYET HE cama 1o cede, a B 3aBUCHMOCTH OT
TOPH30HTA MPOTHO3UPOBAHUS M JkeimaeMor Onmszoctu Mexay BIIOP. Kpowme
TOT0, TIOCKOJIBKY JMCIEPCUS CIYKHUT OLEHKOW TOYHOCTH NMPOTrHO3a JIaXKe B He-
CTallMOHAPHOM cily4ae, TO CIeAyeT Takke HaWTH TOYKH JOKaIbHOTO MUHHUMY-
Ma BHIGOPOUHO# mucnepenn paga X() kak GpyHKIMH 06beMa BHIGOPKH.

B 3aBucuMoCTH OT METO/Ja MPOTHO3UPOBAHUS MOXKHO MPEUIOKUTH ABA OC-
HOBHBIX aJTOpPUTMa ONTHMH3alUU oO0beMa BHIOOpKHW. [lepBbIli anroput™ mc-
TIOJIB3YETCS ISl TOCTPOEHUsI HanboJiee TOYHOTO MPOTHO3a METOJIOM KHHETHYe-
CKUX ypaBHEHHMH. BTOpOi anropuT™ mpuMeHseTcs Ul YMEHbBLICHHs OIIHOKN
MPOTHO3UPOBAHUS B paMKaX HEKOTOPOM CTaHAApTHOM MOJAEIH BPEMEHHOIO
psga.

B nepBoMm ciiydae mocnenoBaTenbHOCTb ASUCTBUM AT HAXO0XKJICHHS ONTH-
MaJIbHOTO 00beMa BBIOOPKH Ul OTHCAHUS psila Ha TOPU3OHTE 7 COCTOUT B
CJIEAYIOILIEM.

Chauana 3amaeTcs xenaemasi Onm3octbh & Mexay nsymsi BIIOP, cnsuny-
TBIMH OJTHA OTHOCHTEJIFHO JIpyroi Ha 7 INAroB, M BEYHUCISETCS (YHKIIMOHAI

pasHOCTH V(T ,T5t ) MEKAy HUMH. 3aTe€M B KaXJblil MOMEHT BPEMEHH  CTPO-

WTCSl CTATUCTUKA TUCTIEpCUN O 2 (t,T) xax gpynximii 06bema BLIGOPKH.

Hanomuum, 4ro ecnu psn, aias Kortoporo mporHosupyercs BIIOP, cra-
IIUOHAPHBIA, TO MUHUMAJIBHBIH 00BEM BBIOOPKH, KOTOPBIM MOJDKEH HCIIONIB30-

BaTbCSL UL TAKOTO NPOrHo3a, paseH 1() =[27/&] pammbix. BooOuwe, vem

OoJbIie JAaHHBIX HUCIOJIB3YETCS IJIA MPOTHO3a CTAlMOHAPHOTO psja, TEM 3TOT
TMIPOrHO3 TOYHEE.
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T'opHu30HTHEIA psig 1 MUHIMYMBI BEIOOPOYHOHN NHUCHIEPCHH OTPEACIISIOTCS
0 UMEIOIIEMYCSl TIePHOAY HAOMIOACHUN. DTOT MEepHO] NOKEH OBITh TOCTa-
TOYHO OOJBIINM, YTOOB! YHCIIO MUHAMYMOB JHCIIEPCHH U KOJIMYECTBO JaHHBIX

TOPU30HTHOIT CTaTHCTHKHM ObUIO Obl He MeHee, yeM 1() /4.

Ecmm xe HecTamMOHAPHOCTH CYIIECTBEHHA, TO 00BEM BBIOOPKH 00BEMa
T}y MoxeT oKa3aThCsl CIMIIKOM GOJIBIINM, yYHTHIBAIOIINM H T€ JaHHBIE, KOTO-
pbIe B CHUTy YAAJICHHOCTH 1O BPEMEHH Je-(haKTo He BIUSIOT HA TEKYLIUH Mpo-
necc. Haiina 1 — & -kBaHTWIB pacnipesieNieHnss TOPU30HTHOTO P/, MBI OTpe-
nemuM 00beM BBIGOPKH T pip » AOCTATOUHBIN JUIs porHosuposanus BIIOP ¢
YKa3aHHONH TOYHOCTBIO. DTOT 00BEM MOXKET OBITh 3HAYMTEIBHO MEHBINE, YeM
T{y. 3ateM CTPOUTCS SMIHPHYECKOE PACIPEEICHHE MUHUMYMOB BEIGOPOYHBIX
nucniepcuii psana kak (GyHKOmi o6beMa BBIOOPKH, W Haxomutcs | —& -

KBaHTHJIb UX paclIp€aCICHUs, )IaIOHII/Iﬁ HEKOTOPLIﬁ 00BeM BLI60pKI/I TO' .

Ecin okasanocs, uto 15 = Tyin , TO ONTHMAaNbHBIN 00BEM JUIsl IPOTHO-

supoBanusi BII®OP nHa BoiOpanHHble 7 mIaroB C 3aJaHHOH TOYHOCTBIO €CTh

Topt = maX{TG, TO}.

Ecin ke Ty < Tipin > 10 VT € [Ty ; Tinin ] pacemarpusaercst Benuun-

Ha
52T, z;0)= (T, 1)+ V(T,30), (5.1)
rae V(T , Tt ) ecTb (yHKIMOHaN paccTosHus Mexay nByms: BIIDP. Cocras-

JISIETCsI CTAaTUCTHKA 00BeMOB BBIOOpKH 7| opt(rs {), JaroUMX MHHUMYM BEJH-

2 N
YUHBI O (T ,T5t ) B K)X/bIii MOMEHT BPEMEHH ! M IPU (PUKCUPOBAHHOM TOPH-

30HTE MPOTHO3a T .
CpenHee 3HaUCHHE

T5(2) = (Topu(7.1)) 52)

NPUHUMAETCS 32 ONITHMAIIBLHBINA 00beM BBIOOPKH I IOCTPOSHHMS TPOTHO3a.
Cwmeicn omeHkH (5.1) B TOM, 9TO OHA MUHHMH3UPYET BEPXHIOIO TPaHb CO-

BOKYITHOTO OTKJIOHEHHMSI 02 + 6‘2 annpoOKCHUMAallUd 3HAYE€HUH BPEMEHHOTO
psima oT GakTUIeCKUX JaHHBIX IO MPUIMHAM HEPElPe3eHTAaTHBHOCTH M HECTa-
muoHapHOCTU. Maes merona ommpaercs Ha OTKIOHEHHE OICHOK IHUCTIePCHIA
BEIOOPOYHBIX MOMEHTOB B HECTAIMOHAPHOM CIlydae OT WX TOBEICHHS B
COOTBETCTBUM C LEHTPAIBHON MpPEAEIbHONM TEOpeMON nisl JOCTaTOYHO
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BETCTBHH C IICEHTPAIBHON TpEAeTbHON TEOpeMOW LISl JOCTaTOYHO OOJBIIUX
BBIOOPOK. VIMEHHO, BO MHOTHX IIPUMEpax BPEMEHHBIX PSIIOB, BOSHUKAIONINX HA
MPaKTHUKe, BRIOOPOYHAS UCTIEpPCHs KaK (PYHKIWSI 00heMa BBIOOPKH CTaOWMIH-
3upyeTcs ¢ pocToM nocneneii cnadee, uem 1/ 7T . dakr crabummsanun o6bsc-
HSETCSl TPHHIUNUAIBLHON OTPaHNYCHHOCTHIO HAOIIONAeMBIX MAaHHBIX (LEH,
Crpoca Ha TOBap, Kypca BaIFOTHI U T.I1.).

OTMeTI/IM, 4YTO HEBCPHO ObUTIO  OBI OIpCaACIIATh TOpt IMpOCTO KakK

arg min J(T ) , TIOCKOJIBKY Il HECTAllMOHAPHOTO psAa BEIOOPOYHAS IUCTIEep-

CHS MOXKET OBITh 3aHIKEHHOH OIEHKON OIMIMOKH IIPOTHO3A.
[MoguepkHeM, YTO BBEJCHHOE MOHITHE ONTUMAJIBHOCTH OTHOCHUTCS HC-

2 2 .
KIIFOUMTEIbHO K MUHUMHU3ALUN BEJIUYUHBI O + £ B OLICHKE BEPXHEU I'PaHU
OIIHOKHU MIpoOrHo3a, a HE K caMoii OIInoOKe Iporaosa 5 . Econ JJIA aHallIn3a CTa-
TUCTUYECKHUX CBOMCTB pdaaa U MocCjaeaAyromero nporao3a 6epeTc>1 BI)I60pKa 00b-

emom T, opt » TO MOXHO TapaHTHPOBATH, YTO ommuOKa MPOrHO3a Ha TOPU30HT T
HE MpPEeB30HIET (B CpPEeIHEM IO CEpUM MPOTHO30B) HAUMEHBILIETO 3HAYCHUS

2 2
CYMMBI KBaJIpaToB O~ + & Kak QyHKIMU 00beMa BBIOOPKH 7, OJJHAKO TO HE
!
03HaYaeT, YTO MPH JOOOM JPYTOM 3HadeHud | cpejHeKBaApaTH4Has OIIMO-

Ka 5(T') OyZeT He MEHbIIIE, YeM 5(7_10]%

2 2
Hcnonp3oBanne (QyHKIMOHANA OIIMOKH B BHIE O + &  , a HE B BUIE,

CKaXXEM, CTaTHUCTUKU OIIMOOK IMPOTrHO30B 5(T) MNpeANOYTUTCIIBHECS TEM, YTO

dynKImoHan O (T ) MpeACTaBIsieT co00il BpEMEHHOM psill, 3aBUCAIINI OT MHO-

rux ()akTOpoB, B TOM YHUCIIC U OT IPUMEHEHUS TOW MM WHON IPOTHO3HOU MO-

JeJM, TOTZa KaK BEPXHASA TpaHb 62 + 82 3TOro (hyHKIHOHANA OTHOCHUTCS
HETIOCPENICTBEHHO K aHAIM3MPYEMOMY BPEMEHHOMY DALy, IpHYEM Ui Hee
MOXKHO TOJYYHTh AIPHOPHBIC OLEHKU CBepXy. B TO ke BpeMms Ha mpakTHKe
3a4acTyl0 MPUMEHSIOTCS KOHKPETHbIE MOJIEN — HalpHMep, aBTOPErPeCCHOH-
HBIE WM PErpecCHOHHBIE, KOTOPbIE JIM0O JAI0T B CPEAHEM IPHEMIIEMYIO TOY-
HOCTb, MO0 1O MHBIM NPHYHMHAM, YCTPaWBAIOIIMM IIONb30BaTeNsd. B Takom
Clly4ae TOYHOCTh 3TUX MOJieJiel MOKeT OBITh MOBBIIICHA IPIMOI ONTHMHU3ALH-
eif 00beMa BEIOOPKH, IPHUYEM B PE3yJIbTaTe MOKHO OyJET OIICHUTh M BEPXHIOIO
rpaHb OMKOKH MPOTHO3HOHM Moneny. OmumieM 3TOT BTOPOH aJrOpUTM U HOIy-
YHUM BBIpa)KEHHE IJIsI OLIMOKHU ITPOTHO3A.

PaccmarpuBas omMOKy HMpOTrHO3a IO HEKOTOPOH MOJENH KakK (hYHKLHIO
00BbeMa BBIOOPKH, B KaXK/AbIi IIPOTHO3HBIH MOMEHT BPEMEHH HAaXOJHUTCS 3Haye-
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Hue obbema 7, opt (7,t), Ha KOTOPOM OTHOCHTENbHAS OLIMOKA IPOTHO3a HC-

xonHoro psna X(f) Ha 7 WIaros BHepe] MUHHMAIbHA:
1 &G .
52(T,T,t) =— Z(x(T;t +n)/ x(t +n)—1)2 —min. (5.3)
n=1

3arem crpourcst BIIDP s1ux o6vemos 7, opt (7,t) wm maxomuTcs MX cpen-
Hee TIO BpeMeHH 3Hauene | (7) wm mucnepcus o ]2~ (7). Eciu oTHOmIEHHE
o7 /T (nm, Gonee TOUHO, COTNACOBAHHBIN IOBEPHTENbHBIH HHTEpBAN /TS
CPEHEr0 3HAYCHUS) €CTh BEIMMMHA NMOPSAAKA Opyin » ONPeaeneHHon u3 (5.3)
ans T(7), o emmunna I cunTaeTcs TAaKMM ONTHMATBHBIM 06beMoM. Eciu

orHomerne O /T Benwko, TO CleyeT BBIACHUTE, KAKOBA 1yBCTBHTENLHOCTD
OmMOKM TIPOTHO3a K BapHaluu o0bema BbIOOpKH. JlIs 9TOro Ha MPOMEKYTKE
As(t) = tjé‘(Topt (z, t))— or, 5(Topt (z, t))+ or ) BBIYMCIISIETCS BEJIMYH-

Ha

T, (z.t
Ay =B [ S(T,7,0)=8(T,p (7.0)) |, 5.4

20T5(T0pt (z, t)) As(t)
KOTOpas MpeACTaBIsIeT co00il TyBCTBUTEIHHOCTh OMIMOKH MPOTHO3a K 00BeMy

BBIOOPKH. ECIM cpeHss 10 BpeMeHH 4yBCTBHTENbHOCTh A (7) Maia, T.e. Ho-

psAnka 51’11111 , TO BEJIMIUHY T TMO-IPEKHEMY MOKHO CUHUTATH OINTHMAJIBHBIM
oosemom. Eciu ke YYBCTBUTCJIBHOCTH BECJIMKA, TO OIIIHOKA IporHo3a npu mc-

N0Jb30BaHMu 00beMa ] Kak ONTMMAJIbHOTO MPUBEAET K OIMOKe GOJbIIEH,
9YeM JaBajioch CTaTUCTUKOM (5.3). OueHuM 3Ty ommoKy.

IMycts 5 (7) ecTb cpenHee 3HaYEHME MUHUMALHON ONIMOKK MPOTHO3a HA
TOPU30HT T , T.€. CPe/IHEe 3HAUCHHE BETMUMHbI 5(T opt (Z',t)), a Dz(z-) _
JTUCTIepCHsS MUHHMAJbHOM OMMOKK IO HMeromeMycs Habopy HaOIIOIeHUH.
Torxma oueHka quCIEpPCHH O'g' (7) ommbKM NPOrHO3MPOBAHMS MPU HUCTIOIB30-

BaHWHU BO BCE€ MOMECHTBLI BpEMECHU CPCIAHETO OITUMAJIBHOT'O o0Bbema T BMECTO

JIOKAJIbBHO OIITUMAJIBHOI'O TOpt (T, t) MOET OBITh HaﬁneHa n3 CICAYyromux
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coobpaxkenmit. [Ipenmonoxxnm, aro oba cirydaitHbIX (pakTopa — CITydailHOCTB
caMoil MUHUMAJBHOM OMIMOKW NPOTHO3a W Bapualys ee NPH OTKIOHSHWH HC-
MOJB3yeMOTo 00beMa 1 OT ONTUMAIIBHOTO — MPOABIIAOTCS HE3ABUCHMO. [1pu
9TOM MUHHMMallbHas OIIMOKa MPOTHO3a Kak (DYHKLHS ONTUMAJIBHOTO 00Bema
BBIOOPKH M3MEHSIETCS B CHIIy CBOEH COOCTBEHHOH CITy4alHON NMPUPOJIBI, a TaK-
)K€ B CHJIy BO3MOXHOHM (PYHKIMOHAJIBHOM 3aBHCHMOCTH OT 3TOro oObeMma.

[ycts P(7) ecTb KOAPPHUIMEHT KOPPENSIMI MEKITY OMUOKOH O (T opt (z, t))

n o6bemom 1, (7,1) . Torna momyuaem

2
03 =((6()=8) |rup, 0 +(1-07) % (7,,0-T) )=
ZZ 2
=D’ 1+(1-p2)T—f . (5.5)

®opmymna (5.5) MO3BOISIET OIEHUTH OMIMOKY MPOTHO3a Psifia, €CIIU UCTIONb-

30BaTh BBIOOPKY 00bema 1 . ITpaBblil KOHEIl MHTEPBANA, COMEPIKAIIETO OKH-
JTaeMYI0 OIIMOKY MPOTHO3a, OIICHUBAETCS BEIMINHOM

2)/72072*
72

3=5+05=5+D~ 1+(1—p (5.6)

Crenyer cka3atb, 4TO IIPH CPABHEHUH JIBYX METOJIOB POTHO3UPOBAHHS —
KAHETUYECKOTO TI0 ONTHMAIbHOMY 00BhEeMy BBIOOPKH, ONpelesieMOMYy MUHH-
MyMOM COBOKYMHOW ommOku (5.1), U THHEHHOTO CTaTHCTUYECKOTO METO/a B
CKOJIb3SIIIEM 110 BPEMEHH OKHE MEHSIOMIMXCs Ko3(QdUIMEeHTOB MoAenu ¢ or-
TUMaJIbHBIM 00beMOM (5.3), GepyIIHMMCsl, €ECTECTBEHHO, C MPEIbIAYILIEro nara
MO BpEMEHH, — OIIMOKa MEePBOr0 METO/ia HEM3MEHHO OKa3bIBajlaCh MEHBIIIE,
4eM BTOPOTO.
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I'naa VII. UuaukaTopsl pa3iaagku

7.1. Cka4Kku 3Ha4eHHUI TOPU30HTHOIO Psia

B 91001 raBe OyIayT paccMOTpPEHBI HEKOTOpbIE WHAWKATOPHI W3MEHEHHs
BBIOOPOYHOHN (PyHKIMH pacnpesesnieHus: 0JJHOMEPHOro BpeMeHHoro psiaa. Cie-
JIyeT NMOJUEPKHYTh, YTO BEIOOPOYHOE pacipeieieHle, CTpOro TOBOpsI, HE HMeeT
OTHOUIEHHS K TUIIOTETHYECKOH TeHepallbHOM COBOKYITHOCTH, M3 KOTOPOH «Kak
Ob1» OepyTcst 3HAYESHUsI HECTAIIMOHAPHOTO psifa B TOT WIIM MHOHW MOMEHT Bpe-
menu. C Ipyroil CTOpOHBI, IMEHHO TakKas WHTEpIIpeTanus HaOJIroJaeMbIX CTa-
TUCTHUK W JIeJIaeTCs Ha MPaKTHKE, XOTsI OCMBICJICHHOHN 3Ta MpoLeaypa sSBIsIeTCs
TOJIBKO JIJIsI CTAlMOHAPHBIX TporieccoB. TeM He MeHee, ecid, HalpuMep, CUu-
TaTh, YTO B KaXIBI MOMEHT BpPEMEHH Ha OWpiKe TeHepalbHas COBOKYITHOCTb
MOPOXKJECHA OXUIAHUSIMUA UTPOKOB, TO CHTHAJI O TOM, YTO PaclpeesieHue dTHX
OXHIIaHWH (HEM3BECTHOE, 3aMETHM, B NPHHIIMIIE) U3MEHWIIOCH, caM 1o cede
SIBJISIETCS BaYKHBIM.

Curyanus, Korja paclpee/ieHue 3HaYMMO U3MEHUIIOCh, Ha3bIBaeTCs pas-
naaxoil. Ecau mponecc CHIbHO HecTallMOHApPHBIM, TO pa3iajka HaOlojaercs
Bce BpeMs. B Takom ciydae ommOKa MpUMEHEHHs TEKYILEeH CTaTUCTUKHU K TIPO-
THO3HMPOBAHUIO OyIyIEro pacupeneieHus BeluKa, U Ul €€ CHIDKeHHUs Tpely-
eTcs npe-o0padoTKa paja, COCTOAIas B yAAJICHUH CIUIIKOM SIBHOTO BPEMEH-
HOTO TPEeH[a WIU CEe30HHBIX Kosebanuil. Ecnu sxe neno He B TpeHze, a koneda-
HUSI HOCAT HEPETYJSAPHBIA XapakTep, TO MpeacKaszaTeibHas CriocOOHOCTh CTa-
THUCTHYECKOTO aHaJIu3a OKa3bIBAaeTCs BEChMa CIa0oM.

Jpyroii BapuaHT 3aJauu O pa3jiajike peaau3yercd TOrna, Korja cucreMa
MEPEXOJUT U3 OJHOTO OTHOCUTEIBHO YCTOHYHMBOTO (T.€. KBa3HUCTAI[IOHAPHOTO)
COCTOSIHHSA B APYroe, Toxe ycToiuuBoe. Toraa 3agada ucciegoBaTesis COCTOUT
B TOM, 4TOOBI B T€YEHHE IIEPEXOJHOrO IpoIiecca ONO3HATh U3MEHEHUE pacIpe-
JeneHus. ONMO3HATB e €ro MOCJIe YCTAHOBJICHUSI HOBOTO CTAallMOHAPHOTO pac-
Npe/ieNieHNs TPy/ia He COCTaBIISIET, HO BPeMs JUIsl IPHHSATHS PEIICHHH OKa3bIBa-
€TCsl TIPH ATOM YITyIICHHBIM.

B kauecTBe MHAMKATOpa pas3fialku BHICTYIIAET HEKUil (YHKIIMOHAT OT BBI-
0GOpOYHOro pacmpezeneHus BpeMEHHOro paaa. OOBIYHO UCXOIAT U3 TOTO, YTO
€cIIM 3HaueHHe 3TOro (yHKIMOHAIAa INPEBOCXOAUT HEKOTOPOE MOPOrOBOE, TO
CUTyalusi cunTaeTcs u3Menusieiics. [Ipu aTom ciemyer ObITH TOTOBBIM K TO-
MY, YTO KaXKAbIH MHANKATOP HEM30€KHO UMEET HEKOTOPYIO BEPOSTHOCTh JIOXK-
HOTO cpabaTbIBaHMsl, KOT/Ia CTATHCTHYECKHUH IIIyM NPUHUMAETCS 3a pa3iajiky, a
TaKoKe BEPOSTHOCTH JIOKHOTO IPOITycKa peaibHON pasnankd. YToObl mocTpo-
uTh 3()(EKTUBHBIA WHIUKATOp Pa3lialki B HECTAI[MOHAPHOM psijie, CIIEIyeT

233



UMETh B CBOEM DACIOPSDKEHHHM /Ba (DYHKIMOHANA, OAWH M3 KOTOPHIX Oymer
UMETh HeCTaI[lOHApHOE pacrpeiesicHne (COOCTBEHHO MHINKATOP Pa3lafKH), a
BTOPOIl JOJKEH MMETh CTAallMOHAPHOE pacIpefeieHie ik OJIM3K0e K TaKOBO-
My, Ha OCHOBE KOTOPOTO JOJDKHBI ONPENEISTHCS MapamMeTphl BBIOOPKH IS
(hopMHpOBaHHUS IEPBOTO MHAUKATOPA.

Hanpumep, HecTanmoHapHBIM HHANKATOPOM MOJKET OBITh 3HAYEHUE BBHIOO-
POYHON AMCTIEPCHH, KOTOPOE IOMajo B ONPENEICHHYI0 KPUTHIECKYIO IIOJIOCY.
CramoHapHBIM Ke (PYHKIIOHAIOM TOJDKEH OBITh 00BbeM BBIOOPKH IS BBHI-
YUCJIEHHS 3TON TUCIIEPCUU.

OpmanM 13 3(p(PEeKTUBHBIX HHIMKATOPOB Pa3IagKd SBISACTCS TOPU3OHTHBIN
psin, T.e. ero 3HAa4EHHs, KOTOPBIE XapaKTepU3yIOT HaOII0JaeMoe pacmpeserne-
HHE BBIOOPOYHOHN BEPOSTHOCTH 3HAYCHHN MCXOTHOTO psima. KoHKpeTHOE 3Ha-
YeHHE TOPU30HTHOTO psijia TIOKa3bIBACT, BHIOOPKOW KAaKOoro o0beMa Ompemess-
€TCSl BEPOSITHOCTHOE paclpeesIEHUE CIyYaiiHON BEJIMYUHBI C 3aJaHHON TOYHO-
CTBIO W M3MEHEHHE 3TOr0 pacmpenencHus. VIMeHHO, 3HaueHHEe TOPH30HTHON
CTaTHUCTUKH B MOMEHT BpPEMEHH [ TIOKa3bIBACT, CKOJIBKO 3HAYEHHH MCXOIHOTO
psina Hajo B3ATh K MOMEHTY ! — 7 + 1, 4T0OBI BHIGOpOUHOE pacrpeseeHue
M3MEHWIOCh 3a BpeMs 7 He Oonee yeM Ha (PUKCHpPOBaHHOE 3HAYCHHE & .
Bcnencrsue aToro 6osbinme 3Ha4€HUS TOPU3OHTHOTO Psiia CBUAETEIBCTBYIOT O
BBICOKOI XaOTHYHOCTH IIPOIECCa, & OTHOCHTEIBHO Majble — O BKIIOUCHHH
YIOPSAAO0YEHHOCTH.

Kak cnemyer n3 onpeneneHnst TOpU30HTHOTO Psifia, STOT HHAWKATOP UMEET
(ukcupoBaHHOE 3ama3abiBaHue 7 . VIHIUKaTUBHBIA CMBICIT 3TOW CTaTUCTUKH B
TOM, YTO OHA ITO3BOJISIET OLICHUTh YPOBEHb KOHCOJIHMIALNH YIACTHUKOB PHIHKA,
WJIN, UHBIMH CJIOBAaMH, OTIPEJICITUTh BOSHUKHOBEHNE NAbHUX KOPPEISINNA Me-
KTy 3HAaYEHUSMH BPEMEHHOTO PAIa.

[Tprmepsl TOPU30HTHBIX PSAOB, IPUBEACHHBIC B Taparpade 6.4 mpeasiy-
el TJIaBbl, UMEIOT XapaKTepHYI0 OCOOCHHOCTb, KOTOpas MPOSBIAETCS Kak
MUII000pa3HBIl  pe3KMil cmajx co 3HaueHWH, ONM3KMX K MaKCHMAJIbHOMY

hmax =[27/ €], n nocnenyroumii MoHOTORHSBIH poct. Takke HaGMIORAIOTCS

U MPOTUBOMOJIOKHBIE MPOLECCH — PE3KUHM POCT MOC/IE KBA3UMOHOTOHHOTO
cHIDKeHUsI. [IpsSMOAMHENHBIN POCT WM CHIKEHHE TOPU30HTHOIO psiia 03Haua-
€T, YTO Kaxk/10e MOCIeylolee 3HaueHUue He CoJepxKaIoch (WM Hao00poT, co-
JIep>KUTCs) B pouutol BeIOOpKe. Pe3kuii cman o3HawyaeT, 4To BHIOOPKU Ha 3a-
JTAHHOM TOPHW30HTE CIBHIa BHE3AITHO CTaJ MMETh MHOTO OOIIMX 3JIEMEHTOB,
YTO TPAKTYETCs KaK MPOSBICHUE CUCTEMHOCTH.

[lepnognyHOCTh yKa3aHHBIX NHIO00PA3HBIX HPOMEXYTKOB OIPEICISIET
BPEMEHHOE PACCTOSHUE MEXAY KOHCONMUIALKEN 3HaUeHU BpEeMEHHOTO psfa, a
POCT CBHIETENILCTBYET O HAPACTaHUH Xaoca B CHUCTEME, T.€., Halpumep, 00 oT-
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CYTCTBMM TpeHIa Ha BHIODAHHOM BPEMEHHOM MPOMEXYTKe. B 3ToM cMbIcie
MH(POPMAIMA O BPEMEHH, HY’KHOM JUIi BO3HUKHOBEHHS COTJIACOBAHHOTO MOBE-
JIeHUs] WM, HATIPOTUB, JUIS PENaKCalUH, COEPKUTCS B pacIpeeieHuH Tpo-
MEXYTKOB MEKIy JOKATbHBIMA MUHUMYMaMH M MaKCMMYMaMH TOPU30HTHOTO
psila M Ipe/ICTaBIseT HECOMHEHHBIH MPaKTHIECKUil HHTepec.

B 31Ol cBs3M BO3HUKAIOT 11BE 3aaauu. llepBas — ompenenuTrs xapakrep-
HbIE TIPOMEKYTKH MEXJIy Xa0COM M KOHCONMIAIUEH, T.e. MEXKTy MaKCHMAllb-
HBIMH M MHHHMAJIbHBIMM 3HAYEHHSAMH TOPU3OHTHOTO psina. Bropas 3amaua —
ONpeJIENUTh JIOKAIBHYI0 MEPUOJMYHOCTh B TPEH/E TOBEIEHUs CIyYailHOro
Tpoliecca, T.€. pachpe/iesieHIe TPOMEKYTKOB HAPACTAaHUs U yOBIBAHHSA Xaoca.

Yro6Bl MOCTPOMTh yKa3aHHbIE PAcTIpesesicHHs], HEOOX0MMMO, BO-TIEPBBIX,
HalTH Takue 7 W &, JUIS KOTOPBIX MOBEIEHHE TOPM3OHTHOTO psiia 00Janaer
HY’XHBIMU CBOWCTBAMH, T.€. HHQOPMATHBHO C TOUKM 3PEHHUs MCCIIEN0BATES, H,
BO-BTODBIX, TIPOBECTH YPOBEHb OTCEYKH 3HAYEHMIi, MPETEHIYIOMMX Ha «3Ba-
HUE» JIOKAIBHOTO 3KcTpeMyMa. TlocneiHee TpeboBaHHe TUITMYHO MPU aHATH3E
TNOBEJICHHUs JTI00O0M SMIMPUYECKON CTATHCTHKM CIIy4aifHOrO Mpolecca: OHa
BCeryia M3pe3ana, U MOUTH KaX/0€ e 3HAYeHHe — TOYKa JIOKATBLHOTO IKCTpe-
Myma. [109ToMy HEOOXOIMMO UCKITIOYUTE T€ JOKATbHBIE MUHUMYMBI U MaKCH-
MYMBI, KOTOPbIE OTBEYAIOT MPOCTO CTATHCTUYECKOMY LIIYMY.

TTOCKONBKY M3 CBOWCTB pacrpeie/ieHUs CTAIHOHAPHOTO TOPM30HTHOTO Psi-
Ja CleyeT BBLIENEHHOCTh MOCIeAHEH MOJI0Ck 3HAYEHHH MMPUHBI T , TO Ha
POJIb MaKCHMAIbHBIX 3HAYEHWIl MOMKET MPETEHI0BATH HE TOJLKO TOCIEIHEE,
pasnoe [27/&], Ho u Bce 3nauenus B nmpomexytke [27/&—7+1;27/¢&].

K MMHUManbHBIM JK€ 3HAUCHHUSIM OTHECEM BCE Te€, KOTOPBIE MEHBIIE & -
KBaHTWJIM paclpeie]IeHUs] TOPU30HTHOTO psina. Mrak, momoxum

H =minh_ =[27/&]-7,
H (1.1)
H, =maxh,_ : .[y/(h)dh =é.
0

rae W(h) ectb BEIGOPOUHAs TIOTHOCTH PACIPENENEHUs TOPU3OHTHOTO PALA.

*
Ecin oxasanocs, uro H| > H  (Takoe Bo3MOXHO, ecili, HanpuMep, Bce 3Ha-
YeHHs TOPU3OHTHOTO psifa paBHbl [27 /€] wmm, HAOG0POT, HET MaKCHMAIb-

HBIX 3Ha4YCHWIT), TO aHAJIN3 psija He 1acT MHTEPECHBIX pe3ylbTaToB. B mepBom
cilyyae psiJi CWJIBHO HEeCTallMOHApHBIN M TpeOyeT MCKIIOYeHUs] BpEMEHHOI 3a-
BUCHMOCTH, 2 BO BTOPOM — HAIpOTHB, CWJIBHO KOPPEIUPOBAHHBIH, UTO TaKXe

*
Tpebyer npenobpaGorku. Jlanee Gyaem nonarats, uro Hy < H .
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%
Iposenem npsimbie 1 = H| u h=H uepes obnacts 3HaueHuii ropu-

30HTHOTO PSJIa U OMPEIETMM TOUKU MepecedeH sl STHX MPSIMBIX ¢ IMHUEH, co-
eIMHAIONIEH ToCIeI0BaTeNbHbIe (paKTHUECKHE 3HAYEHHs TOPU3OHTHOTO psja,
T.€. HaiiJleM MHOECTBO TOUYEK MepecedeH s NPAMBIX U TOPU30HTHOM TPaeKTo-
pud. DTH TOuUKM pasjensT obnacts ompenenenus [l; 27/&] ropusontroit

TPAaeKTOPHUH Ha OTPE3KH, N0 KAKAOMY M3 KOTOPHIX MOKHO HAaHTH ro0ambHBINA
MHHUMYM, €CIM OH OTHOCHTCSI K HI)KHEH YacTH TPAaeKTOPHH, M TI00aTbHBIN
MaKCHMYM, €CII K BepXHeH JacTh. YacTH TPaeKTOpHH, HaXOIIIIHECS BBIIE U
HIDKE OIPEETICHHON MPSMOHN, OYEBHUIHO, TIEPEMEKAIOTCS, TAK KaK BO3MOXKHAS
TOYKa KacaHUS MPSIMOH M TPACKTOPHH aBTOMAaTHYECKH OTHOCHUTCS K TIPEIBIAY-
IEMY TIPOMEXKYTKY.

[Ipu >ToM Oymem MPUMEHSTH CIEAYIOUIMA alTOPUTM. YKa)XeM IepBBIA
MIPOMEXXYTOK TI0 MOMEHTY HOSIBJICHHS SKCTPEMyMa T'OPH30HTHOW TPaeKTOPHH,
T.C. TIEPBBI TMPOMEKYTOK, COACPXKAIMKA 3HAYCHHWE, KOTOpoe IJMO0 Oobiie

*
H | nmu6o menpme H|. Ilycts st OnpeaeseHHOCTH 3T0 OyAeT MaKCHMyM.

OH IPUHAANICKUT HEKOTOPOH YacTH TPAeKTOPUH, HAXOIAIIENHCS BbIIIE MPIMO
*
h=H . Eciu crnemyiomas 4acTh TPaeKTOPHH, HAXOASIIAACS HIKe TPSIMOM

£
h=H , me nepecekaer npsamyio MunnmymoB /1 = H |, 10 st1a cnemyromas

4qacCTb 06T>GHI/IH$I€TCH C r[pe,um,uymei/i, H K OTOH O6’LeﬂHHeHHOI7[ JacCTu IMpucoe-
JAUHACTCA U CJICAYIOIAasA 4acTbhb, HaXOAdAasACd 1O MOCTPOCHHUIO BBIIIC HpHMOﬁ

h=H *. B oTOM 00BEIMHEHNU TpeX YYacTKOB TPACKTOPUH HIIETCS MaKCH-
MyM. Eciii 0lMHaKOBBIX MakCHMaJIbHBIX 3HAYEHUH OKa3bIBAETCSI HECKOJIBKO, TO
3a eIUHCTBEHHBII MaKCUMyM MPUHUMAaeM TOT, y KOTOPOTO HauOOJBIINIT apry-
MEHT. AHAJOTHYHO TOCTYIIaeM C HaXOKAECHHEM JIOKAIFHOrO MHUHMMyMa. B
pe3ysbTare MoydyaeM COBOKYMHOCTh YEPEyIOIIMXCS MaKCUMyMOB WM MHHU-
MYMOB TPaeKTOPHH.

Jns w3ydeHus: TeKylledl NUHAMHMKHA HapacTaHWsl WM yMEHBLICHUS JIOJIH
Xaoca B CHCTeMe JI0CTaTOYHO OJHOH MPSAMOIL, IPOBEJEHHON Ha YPOBHE Cpe/iHe-
TO 3HAYEHUS] TOPU3OHTHOTO Psijia. AJTOPUTM IIPH 3TOM HECKOJIBKO MEHSETCS,
TIOCKOJIbKY TpeOyeTcsi NCKIIIOUNTh 3dekT craTticTiuueckoro myma. Jis atoro
UCKITIOYEHHs TOTpedyeM, YTOObI BEIMUMHA pa3Maxa MEXIy COCEIHUMH MaK-
CHMyMOM M MHHHMyMOM Oblia Obl Gombine 27 . Eciam pasmax okasancsi He
MPEBOCXOISIIIUM 3TOM MIOPOTOBOW BEJIMUMHBI, TO COOTBETCTBYIOLINN POMEKY-
TOK O0BEUHAETCS C PEIBIIYIINM.

PaccMoTpuM nprMeHeHUe ONMCaHHON METOANKU Ha IPUMEpe TOPU30HTHO-
ro psja, OTBEYAIOIIEro IPHPAIEHUSM BaIOTHOTO Kypca eBpo/moiiap (puc.
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6.4.3). g »TOTO pAma pazMax COCTaBWII BEMHUYWHY 127, TMHUS MaKCUMyMOB
npoxoaut Ha yposHe 390, a nuHMs MuHMMYMOB — Ha yposHe /| =308,
gemy otBevaeT 0,05-KBaHTHIIb TOPH3OHTHOTO pacnpenenenus. CpenHee 3Haue-
HHE TOPU30HTHOTO psifa OKasanoch pasHbM Ay = 349 . BeuicHuiocs, 4to st

paccMaTpHBaEMOro psja Mepexol OT Xaoca K KOHCONUIALUM, XapaKTepu3sye-
MBI PACCTOSIHUEM I10 BPEMEHH MEXIy MaKCUMyMOM H COCEAHHM MUHHMYMOM,
MeHbmuM, deMm 308, Tpebyer ot 7 mo 100 mgHel, MakcUMyM pacIpeneneHus
paccTosIHUN MPUXOIUTCS Ha MPOoMeXyToK 2025 nHeil. OGpaTHBIH ke mpoliece
paccornacoBanus uzaet oT 4 1o 40 gHel ¢ MakcUMyMoM B TipomexyTke 30-35
JTHeH. OTu HaOMIoNeHUs] OTHOCSATCS K JOJITOCPOYHON muHaMuke. Kpatkocpou-
HOE ITOBE/ICHUE ONMUCHIBACTCS JIOKAJIbHBIMH HKCTPEMyMaMHU TPAeKTOPHH OTHO-

CHUTCJIBHO cpezLHeﬁ JIMHUHU h = ho . D10 MNOBCACHUEC TAKKXC HECUMMCTPUYHO.

Yamre Bcero (¢ BepoaTHocThIO 0,38) KOHCOMUAAINS 3aHUMAET MPOMEKYTOK OT
3 o 5 mHeil, a xaoTuzamus ¢ BeposaTHOCThIO 0,44 mpoucxoauT 3a 1-2 mHsA, X014
BO3pacTaHHe FOPU30HTHOTO psifia B TeueHHe 3—5 [HeH Takke UMeeT J0CTaTod-
HO BBICOKYIO BEpOATHOCTH, paBHYI0 0,33. BeposTHOCTH mepexoja oT xaoca K
nopsiaKy He Oosee yem 3a 5 aneit cocraBmia 0,50, a B 00paTHYIO0 CTOPOHY 32
TOT K€ MepHOA OKa3ajach paBHOU 0,77, uro cymiecTBeHHO BbIme. [Ipu 3Tom
CpEeIHUI CKauOK FOPU30HTHOTO psiia B 000MX HAMPaBICHUAX OKa3aJiCsl PABHBIM
OJIHOH M TOM e BeanuuHe 69.

Pazob6panHbIif mpuMep MOKa3bIBaeT, KaK MCIIOIB30BaTh TOPU3OHTHEIHN Psill B
KayecTBe MHAMKaTopa pa3naigkd. Ho 4ToOBl MCHOIBR30BaTh e€ro Hamboisee 3¢-
(heKTHBHO, ClIELyeT pacCMOTPETb BCE BO3MOJKHbBIE BapHUaHTHI JJIsI TOPU30HTA
CIBHTA U 3aJaBaeMoil OIM30CTH pacmpeneneHuid. s KakIoro BapuaHTa Hazlo
OTIPEJEIUTh 0 (PAKTUYECKUM JaHHBIM OIIMOKHU IIEPBOTO U BTOPOTO POAOB Cpa-
OaTbIBaHMS MHIUKATOPAa U TOCTPOUTH (PYHKIMIO paclpelesieHUs] OMMOKH B
3aBUCHMOCTH OT 3TUX [apaMeTpOB. DTO paclpeieieHie KBa3UCTAMOHAPHO Ha
MIPOMEXXYTKE BPEMEHH, KOTOPOE BBIOMpAETCS B KauecTBE BEIMYUHBI COBHUra B
TOPU30HTHOM CTaTUCTHKE, TIOCKONBKY 3a IEJIOUHCIICHHBIN MPOMEXYTOK BpeMe-

HH T MOXHO moctasuth 2° —1 cratnernuecknx 9KCIIEPHUMEHTOB II0 TTOJIy4e-
HHIO JaHHBIX JUIA MOCTPOCHUS pacnpelesieHHs OIIHO0K, H ITIOTOMY BO3MOXHOE
M3MEHEHHE HCIIOIb3yeMOro paclpenelieHHs MOXHO CHEeNaTh B JOCTATOYHOU
CTETIEHH MaJIbIM, €CITH cOOpaTh CTATUCTHKY 3a epuox 1 >> T . Cnenosatens-
HO, BBIOpaB M3 MPAKTHYECKUX COOOpaKeHWH (YHKIMOHAT OT 3TOTO CTaIlHo-
HapHOTO pacrpenesieHus (Moaa, MeIuaHa, cpeiHee 3HaYeHHe U T.I1.), OIpene-
JsIeM ONTHMAJIbHBIC MApaMeTPhl CIBHTA M TOYHOCTHU JUIS TOPH3OHTHOW CTaTH-
CTHKH, C KOTOPBIMH U CJIeIyeT IPOBOANTD BBIILICONMCAHHBIN aHAIN3.
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7.2. CtaTtucTn4yecKkas 100pOTHOCTh BPEMEHHOI0 psiia

B maparpadax 5.4 u 5.5 ObuIM BBEAEHBI CTATHCTHUKH COTJIACOBAHHOTO
YPOBHSI CTAllMOHAPHOCTH U HWHJEKCAa HECTAIMOHAPHOCTH BPEMEHHOIO psija.
D¢ heKTHBHOCTh BBEACHHBIX IMOHATHH KaK HHIMKATOPOB HapacTaHHUs Xaoca
3aBUCHT OT 00bema Bribopku 1 . [lpu Manbix 0ObeMax MHIMKATOD CaM SBJIs-
€TCsl BeCbMa HECTallMOHAPHBIM, KakK 3TO BUAHO u3 puc. 5.4.11 u 5.5.2. Ilpu
Gompimx ke oObeMax psi (YHKIMOHANa CTAHOBUTCS W3JIMIIHE CTAIlMOHAp-
HbeIM. CienoBarensHO, TpeOyeTcsl ONTUMH3NPOBAaTh 00BeM BBIOOPKH, MO KOTO-
pPOMY HaZ0 BBIUMCIITH MHAEKC HecTarroHapHocTH. ChopMymupyeM Mmoaxos-
IIMHA KPpUTEPHUI ONTUMH3ALNH.

IIpy aHanu3e HecTalMOHAPHOTO MOBEAEHUS Dsa MPEBBILICHHE OIpese-
JIEHHOT'O MOPOrOBOTO 3HAYEHU L (T') nnsa paccrosnuii Mmesxay BIIDOP sps-
€Tcsl MOJIE3HBIM CHTHAJIOM. DTOT CHT'HAI IPOSIBIsiETCs] HAa (DOHE CTAI[MOHAPHOTO
nIymMa, 4TO XOpOoWo BUAHO Ha puc. 5.4.7. OueBuAHO, YeM BHILIE NPOBECHA

OTCeYKa O, TEM MEHBIIE BEPOATHOCTh NPHHATH LIyM 3a TOJIE3HBINH curHai. C

JpPYTOl CTOPOHEBI, €CIIM MPOBECTH YPOBEHb L, CIHIIKOM BBICOKO, TO OymyT
OIMKMOOYHO OTBEPIHYTHI MHOTHE ITOJIE3HbIE CUTHANBL. TakuMm oOpa3om, Hapsmy ¢

P (T') Hamo paccMOTpeTs elue JiBe XapaKTePHCTHKH BPEMEHHOTO psija (yHK-
LMOHAIOB: MAaKCUMalbHOE 3Ha4eHnE Pmax (1) 1o BeiGopke 06bema I u

yposerb P (T), koTopblii MOXeT ObITh OOBACHEH B paMKax CTALMOHAPHOM
Mozaenu. Iyia psana pacctosHud B HopMe L1 MakcuManbHOE pacCTOSHUE
Pmax (') pasHO 1ByM. AHaIOTMYHBIE CTATUCTHKA BBOAATCS M IS BEIGOPOK,
C/BUHYTBIX OJIHA OTHOCHUTEIIHHO JPYTOi Ha TOPU30HT T .

Baxnyo unpopmanuio 00 aHanu3upyeMol CHCTEME MOXHO H3BJIEeUYb U3
aHaJIM3a MHAWKATOpa, KOTOPBIM Ha3bIBaeTCA CTATUCTHYECKOW NOOPOTHOCTBIO
BPEMEHHOTO psifia. DTOT HHIMKATOP IPEICTABIAET COOOH CTaTHCTHUYECKUI
aHaJIOI' OTHOUIECHHS «CUTHAJ-IIYyM», T.€. OTHOLIEHHE J0JIM BBIOOPOK, PaccTos-
HHUE MeXAy KoTopbiMH npeBocxoaut CYC, k gone BEIOOPOK, PACCTOSHIE MEX-
Iy KOTOPBIMH HE IPEBOCXOIUT OTKIOHEHHH, OOBSICHIEMBIX B paMKaX CTaIHo-
HapHOI Teopuu. DTOT MHAMKATOP, 0603Ha4aembiit nanee kak ¢(7',7), sBiser-

cs1 pyHKIMeH ATMHBI BBIOOPKU M BEJIMUMHEI CABHTA U onpesersieTcs: popmynoi
% %
p T2ty  1=-Fr.\p
* - * :
Fr e'cir) Fr.ls'eir)

q(T,7) = @.1)
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3necy BeNMUYMHA FT,r (k) ompenmenena B (5.5.2) u npencrapiseT coboi

BEPOATHOCTH TOrO, YTO PACCTOSIHUE L MEXIy BHIOOpPKaMM IpU CABUIE HA T
*
HE TIPEBOCXOIHT 2k/T, L ectb CYC BBIOOPOK JIUHBI T npu cmeure na

T,a 8* €CTh YPOBEHb HEOMPEJIEIICHHOCTH NP CTAIlMOHAPHOM OIIEHKE BEPO-
STHOCTEH.

MaxkcumyM 1o I QyHKIMH JOOPOTHOCTH HpH (DMKCHPOBAHHOM HapaMeT-
pe caBura 7 MOT OBI JaTh ONTUMAIBHYIO JUTHHY BRIOOPKHU IS MPOTHO3HUPOBA-
HHUSl CBOHCTB CHCTEMBI Ha TOPU3OHTE 7 , eCIIM OBl HE OOHO «HO»: €CIH PSX
CIIIFHO HecTannoHapHbIH, To ero CYC oueHb OOBIION, HAXOASIIHIACS BOIH3H
MaKCUMAaITbHBIX 3HAYCHUH PAaCCTOSHUN MEXIYy BRIOOpKaMH, a TOTIA JOJS CO-

*
6LITHﬁ, Korjga p > p , OKaXXCTCA BECCbMa MaJ'IOﬁ, U MHAUKATOP 6y]1€T JaBaThb

60JBIIyI0 OMMOKY BTOPOTO POAA, T.€. PeiKO cpadaTbiBaTh. YTOOR YMEHBIIUTD
JIOJTII0 HecpaOaThIBAaHUM, BBEIEM KOPPEKTUPYIOMINN MHOKUTENb, PaBHBIN 1071e

Mepsl HocuTenst pacnipenenennst Fp (k) , mst kotopoii paccrostHust peBoc-
b

xomat CYC, Tak uTo MbI Oy/IeM Jlajiee MCII0JIb30BaTh CKOPPEKTHPOBAHHYIO CTa-
THUCTHUYECKYIO IOOPOTHOCTb, ONpeiensieMyto Gopmynoit

[ )

FT’T(Zg*r/T)

OT,7) = q(T, r)(l - p*T/(2z')): 2.2)

Cwmeicn uHAMKaTOpa (2.2) B TOM, YTO Ha NMPOMEXKYTKE L = p* JIOJDKHO
ObITH J10CTATOYHO MHOTO COObITHIA. Eciu nnnexc necratmonapuoctu J(71',7),
ompenensieMblii popmyioi (5.5.4), Oonbmoi, HO AONA UACHTHPHUIUPYEMBIX
coOBITHI Mana, To MHAUKaTop (2.2) He 00s3aTeNbHO OyleT NMETh MaKCHUMyM
Ha COOTBETCTBYIOIIMX 3HaueHusXx 1 wu 7 . I1o3TOMy MOKET OKa3aThCs, 4TO
ONTHUMAIBHBIM BapuaHToM OyJIeT HE TOT, KOTOPOMY OTBEYaeT HauOOJbIIMH
MHJIEKC HecTauoHapHoctu (5.5.4) wiu makcumanshoe 3nauenne ¢(7,7) B
(2.1), a TOT, TAE W pAA AOCTATOYHO HECTALMOHAPEH, W JOJS IPEBHILICHUS
YPOBHSI HECTAIIMIOHAPHOCTH 3aMETHO OTJIMYHA OT HyJsL. ONTHMaIBHOHN JTHHON
CKaHMPOBAHUA PAJa M JJIMHON CIBUTA SABJIAKOTCS Takue napbl 1,7 , IPH KOTO-

pbIX Q —> max. Camo xe 1o cebe YHCIEHHOE 3HAYCHHUE BEIUUHMHBI Q HE

urpaet ponu. OHO MOXKET OBITH KaK OOJIbIIIE, TAK U MEHBIIIE €IIMHHUIIBL.
VcxonHblii BpeMEHHOM psSa MOXKET o0NajaTh KBa3HUIEPHOAMYECKON pas-
JIaIKOH, TIPOSBIISIIONIEHCS HE TOBKO JIOKAJIIBHO M0 BPEMEHH, HO U B CpPEIHEM Ha
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ypoBHe CYC B HEMOHOTOHHOM €r0 TOBEICHWH. Takue MpUMEphl IS BCTHIK-
BEIOOpOK OBUIM TpuBeaeHs! Ha puc. 5.4.10 u 5.4.11. Ho 3aBucumocts CYC ot
JUIS TITapaMeTpa cIBUra 7 TakyKe 00JIalaeT JIOKAJIbHBIMU SKCTPEMYMaMH, XOTS
B LIEJIOM paccrosiHne Mexnay nByms BIIOP c yBennueHweM UIMHBI BBIOOPKH
pu GUKCUPOBAHHOM OKHE CABHIa YMEHBIIAETCS, a C YBEINYEHHEM OKHA CIIBH-
ra npu pUKCUPOBAHHOI JUTMHE BHIOOPKHU pacTerT.

Bonp1oii mpakTHyecknii MHTEPEC MPECTaBIsIeT BO3MOKHOCTh NACHTH(H-
IIMPOBaTh PasIaJKy Ha MEHBIINX, YeM «BCTHIK-BBIOOpKW», JumHax. Kak yxe
TOBOPHJIOCH, JKENIATEIbHO ITIOCTPOUTH WHIMKATOp, MMEIOMNH MHHHUMAJIBHOE
BpEMSI 3ara3/IbIBaHus 110 OTHOIICHUIO K MOMEHTY, KOTOPBIH IOCcT(hakTyM Oyaer
OTIO3HAH KaK HAdayo MEepexoHOTO Ipolecca pasiagkd. B To sxe Bpems omm-
OouHasl CHTHaNM3alMs O pasiaiKke B OTCYTCTBHE TaKOBOW HE JOJDKHA OBITh
CIMIIKOM YacToil. Hampumep, mepBblii MakCHMyM pacCTOSIHHA MEXKAY BCTBIK-
BBIOOPKaMHU MOT OBl CITy>KUTh HHIMKATOPOM Pa3IaKH, IPUUEM OH MPUXOIUTCS
Ha OTHOCHUTENILHO HEOOJIbIINE JUIMHBI BBIOOPKH TOpsiaka 1-5 Teic., HO 3TOT
MaKCHMYM OKa3bIBAE€TCSl CTATHCTHYECKH HE3HAUYMMBIM, ITOCKOJBKY HaXOIUTCS
HIDKE KPUBOM yPOBHS CTAlMOHAPHOTO LIyMa.

Ha puc. 7.2.1 npuBeneHs! TMHUN YPOBHSI HHAMKATOpa 100poTHOCTH (2.2) B
3aBUCHMOCTH OT JUIMH BBIOOPKH M CIBHUTa Jisi TUKOBOro psima CL, KOTOphIH
Obu1 paccMoTpeH B maparpadax 5.4-5.5. Benmuuna caBura B pacderax He Ipe-
BOCXO/IMNIa JUIMHY BBIOOpKH. OKa3allock, YTO ISl HETrO CYIIECTBYET 00JacTh
MapaMeTpOB «JIMHA BEIOOPKH — OKHO CJIBUTa», I7le MHIUKATOp JOOPOTHOCTH
MMEET JIOKATEHBII MaKCHMYM.

I'padukn Ha puc. 7.2.1 HauMHAIOTCS C JTOOPOTHOCTH, OTBEYAIOIIEH BCTHIK-
BBIOOpKE, T.€. CHUTYalll{, KOT/la mapaMeTp 7 W3 JIETeH/bl paBeH JUTHHE BHIOOD-
KM, OTJIOXKEHHO# 1o ocH abciuce. [lanee mapaMeTp caBura Al KaxIod KpuBOn
OCTaeTCs TEM XK€ CaMbIM, a JJIMHA BEIOOPKH Bo3pacrtaeT. Ha rpadukax xopomo
BUJIHA XapaKTepHasi 0COOEHHOCTh MHAMKaTOpa aoOpoTHocTH (2.2): s psija
CL oxazanoch, 4To BTOPOH JOKaIbHBI MaKCUMyM BCETa BBIIIE IIEPBOT0. DTO
03HAYaeT, YTO BCTHIK-BBIOOPKH HE SIBIISIOTCA HanOoJee ONTHMAaIbHBIM HHCTPY-
MEHTOM, a JIydIlle BCErO pa3lafKy HCKaThb Ha BBHIOOpKAX, MMEIOIIMX OOIIyIO
9acTh JUIMHON 1—2 ThIC. THKOB, uTO cocTaBisieT 5—10 % OT AIMHBI BEIOOPKU.
HawmmyummMm npencraBisieTcss BapuaHT, Korjaa BeIOOpkH mmuH 19,5-20,5 ToIC.
CABUHYTHI Ha 19 ThIC. THKOB (CIUIOIIHAS YepHas JuHUA). B 3TOM ciydae no-
KaJIbHBII MaKCUMyM HauOoJiee IIMPOK, YTO CBUIETENIBCTBYET O €r0 yCTOHYUBO-
CTH B Ipeaenax mpuMepHo 1,2 Teic. TuKoB. Ha BRIOOpKax Apyrux UIMH H(WIIN)
C Opyroi BeIWYMHOH CABUTa MAaKCUMYyM JOOPOTHOCTH JIMOO 3aMETHO MEHBIIIE,
1100 BECbMa OCTPBIH, YTO HE TOAUTCS B CHITy HEYCTOHYMBOCTH TAKOTO MHIMKA-
TOpa. AHAIIOTHYHO BBITIIST Tpaduku qodpotHocTr 1 aiist psaa GC.
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[AnvHa BbIGOpKYK

Puc. 7.2.1 — K onpeneneHuo ONTUMAIBHBIX JUIMH CKAHUPOBAHUS, S
CL

3aMeTuM, 9TO WHAUKATOP JOOPOTHOCTH MOKET U HE MPUBECTH K HAXOXKIC-
HUIO ONTHMAIGHOW JUTMHBI CKAaHUPOBAHUS BHIOOPKHU, €CIIM HECTAIMOHAPHOCTH
Psa MPOSIBIISIETCS HA CIAIITKOM OOJBIINX JITHHAX, IOCKOJIBKY B TAKUX CITyYasx
MOJKET He OBITh JIOKAIEHOTO MaKCUMyMa JOOPOTHOCTH, a OyAeT HaOIroIaThCs
€ro MOHOTOHHBIH POCT C YBEIHUYCHHEM JUIMHBI BBIOOPKU W JUTMHBI cIBUTA. B
TaKWX CIyYasx IS BEIOOpa ONTHMAIBHOTO OKHA PEKOMEH/IYETCS UCTIOb30BaTh
nokanbHbIe MAKCUMYMBI CY C «BCTHIK-BBIOOPOKY.

[MomyepkHeM, 9TO TIOCTPOCHHBIA HHIWKATOP HE YHUBEPCAJICH B TUIaHE 3(-
(DEeKTUBHOCTH CBOETO NPUMEHEHHS. B OONBIIMHCTBE CIlydacB BPEMEHHBIC Psi-
ITBI, BCTpEUAIOIIUECS Ha TPAKTHKE, UMEIOT Majble BEIOOPKH, KOTOPEIC HE TIO-
3BOJISIFOT MOCTPOUTDH PACTIPEETICHUE BEPOSITHOCTEH C TOYHOCTHIO, Pa3inyaro-
el HecTallMOHApHOE MOBeJcHNE Ha (hoHEe mryMa. ManocTh BEIOOPKH B HAIIEM
MMOHUMAaHUA — 3TO JUTHHBI MeHee 10 ThIC. MaHHBIX. JIWITh THKOBEIC OUPIKEBHIC
PSIBI IPEACTABISAIOT MHTEPEC B IUIaHE aHAIM3a pasiaaku B TepMuHax BIIDP.
MuHyTHBIC OTCYETHI WJIH, «XYy>K€» TOTO, YaCOBHIC HE OCOOCHHO HHTECPECHEI,
MOCKOJIBKY JJISI TIOCTPOCHUS BBIOOPKH OOJBIIOTO 00BheMa HAIO IMOTPY3UTHCS B
HeakTyalbHOe mponuroe. s Takux psamoB Oonee 3(h(HEeKTUBEH TOPU3OHTHBIN
aHaJlu3, paCCMOTPEHHBIH B riase VI

Ho naxxe mis BEIOOPOK HaIIEkKAIMUX JITHH MOXHO JTOBOJBHO 9acTo 00Ha-
PYXKUTh JIUIIb TPUBHATIBHEIA 3 (EKT: Ha MalbIX IJTHHAX pacIpeIeiICHuEe HEOT-
JUYUMO OT CTaI[HOHAPHOTO B CHJIY IpyOOCTH OIIEHKH SMITHPHYECKUX BEPOST-
HOCTeH, a Ha OONBIIMX JUTMHAX WHACKC HECTAIIMOHAPHOCTH U CTATUCTHYCCKAS
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IOOPOTHOCTh MOHOTOHHO BO3pacTaioT. DToT 3¢ddekr cBsas3an ¢ tem, uto CYC
MHOTHX HECTAIlMOHAPHBIX PSNOB IepecTaeT yOBIBaTh IMOCIE ONIPEIeTIeHHOIO
obrema maHHBIX, Torma kak CYC cramuoHapHBIX psAmoB (T.e. COTJIACOBaHHAS
3HAYMMOCTb) MOHOTOHHO yOBIBaeT, IOATOMY OTHOIICHHE «CHTHAJ-LIyM» B He-
CTaIllMOHAPHOM CIIy4ae MOXKET HEOTPAaHWYCHHO BO3PACTaTh C YBEIMYCHHEM
BBIOOpKH. VHTepec MmpeACTaBiIsieT UMEHHO JIOKAIBHBIH MaKCUMYyM HHAMKATOpa
JOOPOTHOCTH, KOTOPBI K TOMY K€ HMEET eIlle U yCTOHYHBOE MMOBE/ICHHUE, T.€.
JIOCTATOYHO TIOJIOTYIO hopmy.

7.3. OTHOCHTe/IbHASI SHTPOIHUSA U APYTHe PACCTOSTHUS MEKAY
BII®P

PaccmoTpuM MHIWKATHBHBIC CBOHCTBA PYTUX PACCTOSIHUN MEXIY BEIOO-
POYHBIMH pactipeneneHusIMA. Kpome paccTossHHN B TpaguIHMOHHO HCIIOIb3Yye-
MBIX (YHKIIMOHANBHBIX mpocTpaHcTBax (C, L1, L2), mis cpaBHEHUs ONHU30CTH
IUTOTHOCTEH paclpeeNCHNi TPUMEHSIOTCS ¥ IPyTHE HEOTPUIIaTebHbIE (DyHK-
HOHATBL. B oTiimame ot mepBbIX, 3G GEKTUBHOCT MPHUMEHEHUSI BTOPBIX 3aBH-
CHUT OT KOHKPETHO pEnIaeMoH 3aJadm.

B kauectBe nHaukaropa usmeHunBoctd BIIDP B 3agauax ycraHoBieHHA
CTAIMOHAPHOTO pacTpee]CHUs WM B 3a7adax Paclo3HaBaHMUs TEKYIETO pac-
npenenenust [ (X,7) Kak dleMEHTa HEKOTOPOTO KIACTEPA C U3BECTHBIM 3Ta-

JIOHHBIM pactpesienenreM g(X), yacTo MCTOb3yeTcs MHPOPMALMOHHOE pac-

CTOSIHUE MEXIY paclpelesIeHUsIMH, Ha3bIBAEMOE OTHOCUTEIBHON PHTpONHUEH
wm paccrositHueM Kynp6aka—JIsiibnepa:

pri(f8)= [ F)In(f(x)/ g(x))dx. (3.1)

B muckpetHOil opMe 3TO paccTOSHHE ONpPENeNseTcss Kak CyMMHPOBaHHUE
0 Pa30MEHHIO THCTOTPAMMBI, OOIIEMY AJIsi 000MX paclpeeTICHUN.
W3 mpumepos 1. 5.4 TI0 BEIYHCICHUIO psifa pacctosHuid B HopMmax C, L1 u

K — L cnenyer, uto paccrosiaue Py, ( f, g) HaMMeHbLIee U3 HUX. ITO CBS-

3aHO C TeM, YTO, OyJy4H HEOTPHUIATENILHBIM M HE COJCPXKAIUM B CBOEM OIpe-
JeeHn (PYHKIMH MOIYIs, UIs ONM3KNX & -CTallHOHAPHBIX paclpeleeHui

2
OHO MMECT MOPSIIOK HE £ ,a & .

Iycts, B yacTHOCTH, f W € — MJIOTHOCTH HOPMAJNBHBIX Pacrpe/ieeHuit

2 2
C OJMHAKOBBIMH CPEIHHUMH M C PA3IMYAIONIUMHUCI AUCICPCHSAMU O | IH .

Torma u3 (3.1) momygaem, uto pacctosiaue KynnOaka—JI»itOnepa onpenensercs
OTHOUIEHHEM JUCTIEPCHUI:
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a2

1
pri(fog)=Zlr=1-ny), y=—7. (3:2)
p

W3 (3.2) cnmemyer, 4TO €ciaM AWUCTIEPCHH ONHM3KH, T.e. J =1lt¢, 10
PKL 282/4+0(82).
Takoe ke Mo BHAY BBIpaXXEGHHME JUIs PAcCTOSHMA Oy MONydaercs He

TOJIBKO JUTS1 9KCIIOHSHIIMATIBHO CMIaJaloNUX PacIpee]IeHn, HO U IS pacIpe-
JeneHui creneHHoro Buaa. s pacnpenenenuii [lapeto ¢ miotHOCTIMH

f(x):L g(x):L p.g>1, x>1

L P+ ’ a4+l ’
TAKIKEC HOJ‘Iy‘laeM, qTo0
q
pxi(f.g)=y-1-Iny, = (3.3)

Tor,ua apu ONM3KKMX 3HAUCHHUSIX napamMeTpoB p u q PACCTOSIHUC MCKAY

3TUMHU pacHpesieIeHUIMU UMEET BTOPOH MOPSIIOK MAJIOCTH.

AHanorn4Helii BBIBOA MOXKHO CHeNaTh M JUIA IUIOTHOCTEH, NMpeacTaBiieH-
HBIX B BHJE rucTorpaMmmsl. IlycTs, Hampumep, UMEETCSI BCEro Ba COCTOSHUSA
CHCTEMBI, TaK YTO BEPOSATHOCTH TUX COCTOSIHUI paBHBl P n ¢ =1— p . Tlpm
OLICHKE 3THUX BEPOSATHOCTEH 0 ApYyroil BEIOOPKE MOIY4MIOCh & -CTAllMOHAPHOE
pacmpesneneHue, Tak YTO HOBBIE BEPOATHOCTH OKA3alUCh PaBHBIMU

p'=p(l—-¢)uqg' =1-p'. Torna

pKL(f,g):—pln(l—g)—qln 1+§g ) (3.4

Ecin BepOsTHOCTD ¢ He O4eHb Mana, Tak uto pE/ g <1, 1o paccrosaue

(3.4) paBo Pk (f,g)= 2£82 +0(82), aecn ¢ —> 0, 1o u3 (3.4) 10-
q

Jydaem, 9to PK7. (f,g)—) pé‘z /2.

[prauHO#t, O KOTOpO# paccrosane KympOaka—JIsiibnepa He 0coOeHHO
3(h(HeKTHBHO TIPH aHajW3e IBONIONHUK HecTannoHapHbIX BIIDP, sBisercs He-
M3BECTHOCTHh XapaKTEPHOTO YPOBHSA, KOTOPBI OTBEYAET CTAIlMOHAPHOMY pac-
MIPE/ICIIEHHIO: 3TOT YPOBEHb HE alpHOPHBIA, a CBOM U Ka)KAOTO pacrpezere-

HUA. HOSTOMy pacrpeaciacHue paCCTOHHI/Iﬁ pKL JJIA Ha6opa BLIGOpOK nus3
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HECTallMOHAPHOTO BPEMEHHOTO Psifia HE TI03BOJISIET MTPOBECTH YCTONUMBYIO JIH-
HUIO CTAIMOHAPHO OOBSICHAEMBIX OTKJIOHEHHUH.
K xBazmpaccrosamio (3.1) OIU3KO0 IO CMBICTY TaK Ha3bIBAEMOE PACCTOSHIHE
2 .
X~ , onpenenseMoe B AUCKPETHOH (opMe npu HeHyseBbIX 3HaueHusx I1DP

thopmyoit

( N . )2
plf.g)=3 =D (3)
F f)

Kak n paccrosnue Kyns6aka—JIsiibnepa, Beipaxkenue (3.5) He cUMMeTpH-
HO OTHOCHTEJFHO NEPECTaHOBKH BXOAAIIMX B Hero gyHkumii. Tem He MeHee,
OHO HCTIONIb3YETCs IPH OLIEHKE HEM3BECTHOTO 3HAUCHHMS IapaMeTpa pacrpese-
JICHUS], B MIPEATIONIOKEHNH CYIIECTBOBaHMS T€HEPAJIHHOTO pacIpeesieHHs, 3a-
BHUCSIIIIETO OT MCCJIEIYEMOTro napaMeTpa, Koria OleHKa mapaMeTpa IPOBOIUTCS

1O KPUTEPUIO 2 .

bnuzocts TUCTOIrpaMM MOXKHO OIICHHUTH TAaKKE IO paCCTOAHUIO XenauHre-
pa, KOTOpOC CUMMETPHUYIHO U OIIPEACIISACTCA (l)OpMyJ'IOﬁ

2
pu(f.2)= X WFD) Vs =2-23 7). 6o
J J

. 2
Jns € -cTanMOHapHBIX PacTIpeieNICHNI OHO HMEET IOPSA0K &~ .
CpaBHEM > (HEKTHBHOCTh PACCMOTPEHHBIX PACCTOSHUN Ha TpUMeEpe pe-
IIEHWS 3371241 00 ONpeneNeHUH NMPHHAUICKHOCTH TEKYIIETO pPaclpeaeleHUs
OJHOMY W3 3a/IaHHBIX KJIacTepoB, C()OPMHUPOBAHHBIX OJIM3KHMH B COOTBETCT-
BYIOIIINX HOPMaX PacrpeieCHUIMH.
dopmanmsyeM 3amady upeHTHGukanuu Texymeit BIIOP. Ona coctout B
cienyromemM. MiMeeTcs OMOMMOTEKa STATIOHOB, TpeACTaBICHHBIX B Buae [1DP

it A THIIOB MOBeJEHHs HECTALMOHAPHOTO BpeMeHHOro psixa. Ilycrs K, —

MMEIOILeeCs KONMIeCTBO pparMeHToB ¢ -ro tuma, 1 N; , — 00beM IaHHbIX B
b

i-om ¢parmente sroro Tuma, I=1,2,...,K,. OGo3naunm fi,a (j) —

BII®P cooTBETCTBYONIETO (PparMeHTa, TIe apryMeHT j OTBEYaeT HyMepaluH

MPOMEXyTKa THCTOrpaMmbl. KaxknoMy Tuily KBa3HCTallMOHAPHOCTH IIOCTABUM
B COOTBETCTBUE CpeHEB3BelIeHHY0 [IDP:

K K
_ . 1 a ] a
fa(]):N_Zfi,a(])Ni,as Na :ZNi,a~ 3.7
1 .

a j= i=1
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[Tycth nmeercs Tekymuii pparmMeHT «0» HEM3BECTHOTO THUIIA, KOTOPHIH Ha-
IO UACHTHU(QHUINPOBATh BHYTPH AaHHOW OmOmmoTrexu. Tumom ¢parmenta «0»

0 -
CUHUTACTCA TOT U3 THUIIOB «a», AJId KOTOPOTO HOpMa pa = fo —fa Ppa3Ho-

cru mexny BIIOP f()(j) ¢dparmenta «0» n sranonsoii [IOP f 4 (J) munn-

MaJlbHa:

, a® = arg min pg. (3.8)
a

pa =|fo-fa

[Ipouenypa oTOopa ;1eMEHTOB B KIIacTep 3/1ech He 00CYXIaeTcsl, CINTACT-
s, 4TO KIacTepsl yxke ecTb. [IpuMeHUTenbHO K JaHHOHU 3ajade dTa Ipoueaypa
— JKCIIEpTHAs, T.€. «HA TJa3» BBLAEISIOTCA UHTEPECHBIE C TOUKH 3PEHHsS HC-
cienoBarelisi (hparMeHTHl TPAEKTOPUH BPEMEHHOTO psijia MPHOIU3UTEIBHO PaB-
HBIX JuIH 1o 20-25 TeIC. THKOB M CTPOUTCS UX cpenHeB3BenleHHas [1DP.
MoxHO0 OBLTO OBl CTPOUTH KIIACTEPHI 10 MPUHIKIY HonapHoi omuzoctn BITOP
(parMeHTOB B BHIOpaHHON HOpME, HO TOTJa Pa3HBIM HOPMaM MOTYT OTBEYATh
COJICpPIKaTENbHO pa3HbIe KiacTepbl. J(PGEKTUBHOCTh HOPM C TOYKH 3pEHHUS
knactepusanuu BIIOP anamusupyerca ganee B rnase X wactu 111, m. 10.4.

IIpn skcneptHOM oTOOpE (parMEeHTOB BPEMEHHOTO psifa €CTECTBEHHO
BO3HMKAIOT TPU KJacTepa: ¢ OOMMM TpeHAOM BBepX (Up-KiacTep), ¢ TPEHIOM
BHU3 (down-xiactep) u OokoBuk (flat-kmacrep). PaccMoTpum Tpu Takmx 3Ta-
JIOHa, COPMHUPOBAHHBIE BEIOOPKAMH W3 PsAla NPUPOCTOB AUCTHHKTHBHBIX TH-
k0B [uist pprodepcoB CL. Onm nokazansl Ha puc. 7.3.1.

W3 puc. 7.3.1 BUAHBI XapaKTEpHbIE OTIMYUS MEXAY OSTAJIOHAMHU: Up-
KJIacTep MMEET ATAJIOH C MPEBBINICHUEM NPABOTo IjIeya (101 MOJIOKHUTEBHBIX
NIPUPOCTOB B OJUH «IIUIIC») HaJ JIEBBIM ([0S OTPUIATENBHBIX MPUPOCTOB B
OJIMH «HHIIC»), down-KJlacTep UMeeT MPEBBIIEHHE JIEBOTO IIedYa Haj MPaBbIM,
a flat nmeeT 3TaNOH ¢ IPUMEPHO PaBHBIMHU IUICUYAMH.
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0,4
0,35 —
0,3
2 0,25
5
g
E 02
o
o
& 0,15
0,1
0,05 -
0 - = T T
-0,06 -0,056 -0,04 -0,03 -0,02 -0,01 0,00 0,01 0,02 003 0,04 005 0,06
MpupocT TKoB

Oup
@down
m flat

Puc. 7.3.1 — Oranonnsie [1OP knactepos 11a npupoctoB THKOB CL

Bomenmmue B kiactepsl (pparMeHTbl UMEIOT CIEAYIOIINE CTATUCTUYECKHE

cBoiictBa ceoux BII®P, mpencrasnenssie B Tadm. 7.3.1.

Tab6mn. 7.3.1. Craructuueckue cBoiictBa up-down-flat-kacrepos

Paccrosinue L1 K-L XennuHrep V4 2
Mesxaty sTanonamm 0,20 0,021 0,015 0,046
up-down
Mesxaty sTanonamm 0,15 0,027 0,021 0,041
up-flat
Mexcny sTanonamu 0,16 0,033 0,020 0,049
down-flat
c _

peaHee p Mekiy 0,08 0,012 0,013 0,033
BII®P cBoero kiacrepa
Cpenmee o merxy 0,25 0,035 0,030 0,063
BII®P uyxux kaacTepoB
o,/ p -

p P RCBOMXIIa | 09 | 010 0,14 0.23

CTEepOB
Op!p mmsaymmcina- | o 0.14 0.15 0.26
CTEpOB
I/IHHCKC paszxeneHI/m
«CBOM-9YKOM» 1.2 1,0 0,9 0.8
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W3 Tabx. 3.7.1 BuaHO, 9TO HamboJee y3KO€ paclpeieieHHe MO OTHOIIe-
HUIO O / £ uMeroT paccrosinust B L1. 3arem uuer paccrosuue K-L, a pac-

2
CTOSAHUC XennI/IHrepa u Z HUMCHOT 3aMETHO XyAIINUC Ka4YC€CTBA.

WHpekcoM pas3fiesicHus KJIacTepoB OyJeM Ha3bIBaTh BEIHUYUHY, PABHYIO
OTHOUIEHHIO Pa3HOCTH CPEIHUX 3HAUEHUN PACCTOSIHUN COOTBETCTBEHHO MEXKIY
Yy)KUMHU ¥ CBOMMH DJIEMEHTaMU KJIacTePOB K CyMME COOTBETCTBYIOIIUX CPEJ-
HEKBaIPAaTUUHBIX OTKJIOHEHUI:

— ﬁout _:Bin

r .
Oout T Oin

3.9

Benuuuna (3.9) mokasbiBaeT, HACKOJBKO BEIHMKA BEPOSTHOCTH OIIMOKU
unenTuduKanuy: ecmu 7 < 1, To 06a pacmpeseneHus UMEIOT 3aMETHOE Iepe-
KPBITHE TPAPUKOB, H BEPOSITHOCTH OMIMOKHU MEPBOTO U BTOPOTO POJIOB BEJIHKA;
eciu ke 7 > 1, To mepekpbITHe rpaQUKOB MPOMCXOMUT TOIBKO B «XBOCTAX)
pacrpeneneHuii, ¥ BeposATHOCTh omuoOkn Mana. CaM 1o cebe WHAEKC pasfele-
HUS HE SBISCTCS TOYHON XapaKTEPUCTUKON BEPOSTHOCTH OMMOKH. OH TOKa3kI-
BacT JIMIIb, KAKOW BAapHUAHT PACUCTOB IMPEINOYTHTEIBHEES, HO HE IMO3BOJSICT
YUCIICHHO OIICHUTHh BEPOSTHOCTH OMIMOKK HICHTU(UKAIMH. DTO — paHKU-
PYIOIINNA HHACKC.

B nanHOM citydae B HopMe L1 nro0ObIe 1Ba 3JIEMEHTa U3 Pa3HBIX KJIACTEPOB
¢ BeposITHOCTHIO 0,95 HaxomsITCs HAa PACCTOSHUM OOJBIIEM, YeM DPACCTOSHUE
MEXIy KKIBIM M3 3THX 3JEMEHTOB W JIOOBIM 3JEMEHTOM «ero» KiacTepa.

AHanorn4sele BEpOATHOCTH Il Ipyrux HopM paBHbel: KL 0,85, XemmHrep

0,75, ¥ 2 0,70. Takum 0Opa3oM, BEPOSITHOCTH OLUIMOKH B pa3HBIX HOpMax pac-

MOJIOKHWIIUCh B COOTBETCTBUH C MHJEKCOM pasneneHus. Hawmmyumelt HopMoit
oKa3ayach HopMa B L1.

Takum oOpa3om, xapakrepHble paccTosiHust Mexay BIIOP B pa3Hbix HOp-
Max MOXHO HCIOJb30BaTh Ul IOCTPOEHHUS HMHAMKATOpOB TpeHpaa. Cremyer
TOJIBKO YYHTBIBaTh, YTO JUIMHA BHIOOPKM CKaHHPOBAHMS JOJDKHA OBITH TPH-
MEpHO B JIBa pa3a MEHbIle, YeM BHIOOpKa CpelHero (pparMeHra, y4acTBOBaB-
IIETO B MOCTPOECHHUHU 3TaJIOHA. DTO TpedyeTcs U3 TeX MPaKTUYECKUX cooOpake-
HUMH, 4TO WAEHTU(UKALNS N3MEHEHHUS paclpe/IelIeHus I0JDKHa OBbITh clieflaHa B
Ipolecce pa3iaiky, a He TOrJa, KOra OHa M0 CyTH 3aKOHYMIIACh.

7.4. OnTuMaJIbHBIA 1edaaTOp KOUHTErpALMHT

WHnmKkaTopsl HECTaIMOHAPHOTO TIOBEICHHUST BPEMEHHOTO Psiia MOTYT OBITh
MTOCTPOCHBI Ha OCHOBE (PYHKIIMOHAIA Pa3HOCTH HE TOIbKo Mexay BIIDP camo-
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TO ATOTO psifa WIX €To MePBHIX (BTOPHIX U T.II.) pa3HOCTEH, KaK B pa3menax 7.1—
7.3, Ho 1 Mexnay BIIOP pemreHuii HeKOTOPOH 3aaddl ONTHMU3ALNH, T.€. MO-
JKET aHAJIM3WPOBATHCS P, BTOPUYHBINA 10 OTHOIICHMIO K MCXOAHOMY. Pac-
CMOTPUM CIENYIOINUNA TPAKTUUECKUNA TPUMED.

Ha peiHKe 3HEpropecypcoB 4acTo BO3HMKACT 3a/ada OINPEAEICHUS BIIUS-
HUSI CPEIHEB3BEUICHHON 3a HEKOTOPBIH NEpHOi BpEeMEHH (HEAensd, Mecdll U
T.I1.) IIEHBI OJTHOTO BHJa TOIUTMBA HA IIEHY JIPYyroro, HarpuMmep, HehTH Ha TpH-
poxHsIi ra3. O6a psaa IeH HECTAMOHAPHBI, HO MOXKET OKa3aThCsl, YTO MEXKIY
HUMH yCTaHABJIMBACTCS JIMHEHHAS 3aBUCHMOCTD ¢ K03(h(huimeHTamMu, mocTosiH-
HBIMH Ha OTIPE/ICIICHHOM BPEMEHHOM NpOMEXyTKe. VIHBIMH CIIOBaMH, perpec-
CHsI OTHOTO HECTALMOHAPHOTO psiia Ha APYroil MOKET OKa3aThCsl KBA3HCTA-
uoHapHO. [TompoOHO perpeccrHoHHBIE MOJAETH PacCMAaTPUBAIOTCS B TPEThEH
gactu kHUTH B TAaBe VIII. 3xecs OymyT 00CyKaaThCsi HEKOTOPBIE CISACTBHS U3
MOJIETIN PErPECCUH OE30THOCUTENHEHO K KOPPEKTHOCTH CaMOM TaKOH MOJEIH.

JlBa BpeMEHHBIX psiia HA3bIBAIOT KOMHTETPUPOBAHHBIMH Ha OTIPEIEICHHOM
YPOBHE JTOCTOBEPHOCTH, €CIIH C 3TOH JOCTOBEPHOCTHIO MEXIY HUMH yCTaHOB-
JIEHA PETPECCHOHHAS CBS3b.

OTmMeTnM, 9TO BHIOOPKH IJISl IIOCTPOCHUS PETPECCHH MOTYT OBITH B3SATHI C
JIaroM OJIHa OTHOCHUTENIFHO APYToH. JIar MoXeT ObITh CpaBHUTEIBHBIM WHIMKA-
TOPOM HECTaMOHAPHOCTH MEXAY Pa3HBIMH KOMHTETPHUPOBAHHBIMH IapaMH
pazoB. TTycTh 11 OHOI Naphl PAIOB Ha BHIOOPKE 3alaHHOM AmuHEl 1 B MoO-
MEHT BPEMEHH [ HawIlydias KOWHTerpaumus (T.e. MMEIomas HanMEHBIIYIO

ommGKy annpokcumanuu) gocturaercs Ha nare [ (¢) . Io umerommmcs uero-
PHYECKMM JTAHHBIM CTPOMTCS TUIOTHOCTB PAcCIpeieNeHusl ONTHMATBHOTO JIara
pr (1), xoropas 3atem ucciegyeTcst Ha cTaLMOHAPHOCTH. Ecim 910 pacmpese-

JICHUE CTAllMOHAPHO C 3aJaHHONH TOYHOCTBIO, TO MOXKHO BBIOpPAaTh B KauecTBE
ONTHMAJIBHOTO Jlara cpefiHee 3HaueHue pacnpenenenus. [loctpous 3arem aHa-
JIOTUYHOE paclipeieJIeHUe T Mapbl APYTHUX PAIOB, U3 CPAaBHEHUS IBYX TaKUX
pacrpezeneHiii MOXKHO ClIeNiaTh BBIBOJ O OOJIBIICH MM MEHbIIEH HeCTaIHo-
HApHOCTH KOUHTETPALMOHHON CBSI3H.

Bo MHOTHX NpaKkTHUECKUX CIIydasX BUJ KOMHTETPAILIMOHHON CBSI3U UMEIOT
KOHTpPaKTHbIE (JOpMyIIbl HAa TIPUPOIHBIN a3, IIeHa Ha KOTOPBIH 4acTo MPUBS3bI-
BaeTCs K TeKyILIeH WM 3ama3/bIBaronieil ieHe HeTH i Hegrenpoxykros. C
TEYEHHEM BpeMeHH KO3()(UIIMEHTH B 3TUX (QOpMyJiaX MPUXOIUTCS MEHSTH,
T.€. IEPEeCMaTPUBATh YCIOBUS KOHTPAKTOB. I[pHUMHBI 3TOTO U3MEHEHHSI MOTYT
ObITh BechbMa pa3indHbl. HecTallmoHapHOCTh KOMHTETPAIIMOHHON CBS3U MOXET
OTpaxxaTh peaJbHOE HM3MEHEHUE CIpPOCa Y KOHEYHOTO MOTPEOUTENs,, MOXKET
OBITH OOYCIIOBIICHHOI pa3HbIM yPOBHEM OTpacieBOd MHQIAINY, HAa HEe MOTYT
BJIMATh 3KOHOMHMYECKHUE MHTEPECHI MOCTABIIMKA M ONTOBOTO HOKYNaTeNs, Mo-

248

JUTHYECKHE ¥ WHbIE acnieKThl. C TOYKH 3pEHHMs BHEITHET0 HaOJIIo1aTelsl HecTa-
IIMOHAPHOCTh NPHBOJIUT K CHI)KCHHIO YPOBHS JJOCTOBEPHOCTH IS KOMHTETpa-
U ABYX PsAmoB. Toraa BOSHUKAET BOIPOC O KOPPEKTHOM CPaBHEHHH LIEH U
MOCTPOCHUH HHIUKATOPA, OTPAKAFOLIEr0 M3MEHEHHs B MHOIALMOHHBIX IPO-
eccax.

[Ipn BEMHCIEHUH CKONB3AIIET0 KOG dUINEHTa KOPPEISILUH MEXIY IBY-
Ms PSIIaMHF [I€H 32 JOCTATOYHO OONBIION MPOMEKYTOK BpeMeHH ((hHU3UIecKoro,
HE «IIaroBOro») HeoOXOAMMO OTMETHTh, YTO CpaBHEHHE IIEH CETOAHS U IBa
WM TPU TOJIa Ha3aJ Kak IIeH OJMHAaKOBOI'0 KayecTBa M3-3a MHQIISUUK HE BIIOJ-
HE KOPPEKTHO. MOXXHO NpEIIookUTh, YTO MpeaoOpaboTKa CpaBHHBAEMBIX
PSLIOB IMyTeM BBeACHHMS edsiTopa MOBBICHT TOYHOCTH aHaim3a. OmumeM Me-
TOJ] BBEIICHUSI COOTBETCTBYIOILETO CKOJB3SIIEro (haKTopa.

ByneM TOBOpHTb, uYTO BpeMeHHOH psig X g (i;j) sBaserca ¢ -
npeobpazoBanueM psaga X(i) B Touke j, ecim 3a1aHa HEKOTOPas TMOCIEN0BA-
tensrocts ¢(k), k=0,1, 2,..., takas, uto ¢(0) =1 u 3navenus ucxonmo-
ro psaaa X(i) B mpeablIyIIe MOMEHTHI BpEMEHH MO OTHONIEHHIO K MOMEHTY

j ymuoxatorcs na ¢(j —1i):
Xy (05 )) =g -1), 1<), @)

k
B gactHocTH, ecin nonoxuts ¢(k) =¢q" , rne q € R, to Takoe npeo6-

pasoBaHue Oy/1eM Ha3bIBaTh ( -NPpe0bpasoBanueM psiaa Bemuunn X(7) :

PPN A L
X p=x(g’™", i<). (4.2)
[ycts Teneps umerorcs asa paga: X(i) u V(7). 3amamum HekoTOpBIi
MOMEHT BPEMEHH j M PACCMOTPHM 00BEM BBIOGOPKH 71, COCTOSIIMI U3 DIIEMEH-

TOB KaKII0TO M3 3THX PANOB B MoMeHTHl j, j —1,..., j —n+1. Ipoussons-

meit gpynxumeii Z; (q; ) pana x(i) Ha BHIGOpKE JMHBI 71 B TOuKe j Ha-
3BIBAETCS YACTHYHAS CyMMa ¢ -1€()OPMUPOBAHHOIO psija:
n—1 '
X/ oo .
Zy(g: )= D x(j—k)q" . 4.3)
k=0
Ckonb3siliee cpejiHee 1e()OPMUPOBAHHOTO Psia MO BHIOOPKE JUIMHBI 71
paBHO
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<Xq (i; j)>n = @ (4.4)

[ToCTPOMM OJHOBPEMEHHYIO CKONB3SILYI0 PETPECCHIO MEKIY MOMH(HUII-
poBaHHBIMHU panamMu X q (G j)mY, 4 (i; j) (monens perpeccuu ¢ narom cTpo-
WTCA aHaloruyHo). Jlus 5Toro BBeJEM NpPOM3BOAALLYI0 (YHKIMIO ¢ -

JeopMUPOBAHHOTO POU3BEACHHS
n—1

. . . 2k
Z2 (g )= D x(j—k)y(j—k)g~" . (4.5)
k=0

Torga anmpoKCHMAanys BEIHIUH Y, q (i; ]) Ha paccMaTpUBacMOl BEIOOpKE

naetcs hopMyIoit
ap e 1 ) A SN
1@‘””(1;])=;Z;”(q;1)+a- Xq(l;J)—;Zn (q:)) |
(4.6)

o@D =2,(4: )2, (43 ))

2

nZ(q: ) ~(Z;(q:.))
[IporHo3 Ha 1 mwar Bmepen CTPOUTCS Teeph IyTeM 3aMeHbl AehopMUpPO-
BaHHOTO 3HaYeHus X q (i;j) B mpaBoii wactm (4.6) Ha 3HaueHWe psna

x(j+1):
. 1y . Loy,
y(J+1)=;Zn (g;))+a- x(]"'l)_;Zn ) N CY))

WurepnperupyeM BemuuuHy ¢ B (4.7) kak marosblid nedustop. Hampu-

MEpP, €CJIM JaHHBIE UAYT C MIaroM B MECAIL, TO B MPEAIIOJIOKECHUH, YTO I/IHCI)JI}[—

uus coctaBmia p % B TOJ, HONydaeM ¢ = (1 +p/ 100)1/12. MoxHo cuu-

TaTh MHQISIHIO IEPEMEHHOM, U TOTAa Ha/lo OYyAET MCIOIb30BaTh o0Iee omnpe-
nenenue (4.1) MoaudUIUPOBAHHOTO Psija.
Benmnunny ¢, npu KoTOpoii mporxHo3 no ¢opmyie (4.7) uMeeT HaUMEHb-

IIyI0 OmMOKY Ha 33JlaHHOM TOPU30HTE, €CTECTBEHHO Ha3BaTh ONTHUMAJIbHBIM
nedustopom mMozenu. Kak u 1uist 1aroB, B KaIbIi MOMEHT BpEeMEHHU ! ompe-

JeNSIETCs ONTUMANBHBIHA sedustop () — CBOM /U KaXIoro Jlara U JUTHHBL

BBIOOPKH. TTo MMerommMMes JaHHbIM cTpoutces pactpenenenue D(g) u uccne-

IOyeTcsl Ha CTAallMOHApHOCTb. 3aMETHOE M3MEHEHHE paclpeneseHHs, T.e. pas-
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JaJKa CHCTEMBI B TEPMHUHAX ONTHMAIBHOTO Ae(IIsTOpa, CIyKUT YKa3aHHEM Ha
HEOOXOANMOCTh IEPECMOTPA KOMHTETPALIMOHHON CBSI3H.

7.5. ILlIOTHOCTB pacnpeaeeHus MoKa3aTeass Xepcra

B ananu3e HenMHEHHBIX XaOTHMUYECKUX AMHAMHYECKUX CHUCTEM B KauecTBe
OJTHOTO W3 MHIUKATOPOB MEPHI MEPCUCTEHTHOCTH YacTO HCIOJIb3YIOT MOKa3a-
Tenb Xepcera [26]. OH sBisieTcss aCUMITOTHYECKUM MHIUKATOPOM, TOCKOJIBKY
BBIJIENSIET TIABHYIO CTENEHHYI0 YacTh HOPMHPOBAHHOTO pa3Maxa H3ydaeMou
JTUHAMUYECKON CHCTEMbI B 3aBUCHMOCTH OT BpeMeHH. B cBs3u ¢ Tem, uro Me-
TOJbI aHAJIM3a Xa0TUYECKUX JUHAMUYECKUX CHCTEM aKTHBHO NMPHMEHSIOTCS Ha
MPaKTHKE Ul TOTO, 4YTOOBI amNMPOKCHMHPOBATH HAOJIOAAEMBIA CITydaiHBINA
NpolLiecc, HapuMep, OUPKEBOI psi IeH Ha KakoH-1100 (PMHAHCOBBIH UHCTPY-
MEHT, MOIXOASIIEH TMHAMUYECKON CUCTEMOM, I0Ka3aTellb XepcTa IpUMeHseT-
Csl M K TaKUM BpPEMEHHBIM psiaM. Jlake eciy MporHo3 coOCTBEHHO psja 10
JUHAMHUYECKOH MOJeTH OKa3bIBAaeTCd HEINOCTATOYHO TOYHBIM, CHCTEMHBIE
CBOMCTBa psifia, TaKue KaK TOPU3OHT MaMATH, OLEHUBAEMBIN IO MOKa3aTessiM
JlsmyHOBa, BeNMYMHA KBa3UIEPHO/ia, YPOBEHb HECTAIMOHAPHOCTH MOTYT OBITh
OIIEHEHBI BIOJIHE aJEKBaTHO, YTO MPEICTaBIISET BaXXHOCTh JUIsl IPAaKTHUKYIOIIe-
TO aHAJHUTHKA.

Yame Bcero MCHONIB3YIOTCA ABE TPAAMLMOHHBIX B3aHMMHO-JOIMOIHSIOMINX
TPAKTOBKM CMBICTA MoKasatens Xepcra /4 mpuMEHHTENBHO K BpEeMEHHBIM
psnam. Ilepsas coctout B ToM, uto eciu H >1/2, 1o pan memoncTpupyer
CBOWCTBO NPEMMYIIECTBEHHOT'O COXPAaHEHHUs TpeH A (IIEPCUCTEHTHOCT), a IPU
H < 1/2 nanportus, ero mnosejieHre aHTHIEPCHCTEHTHO. BTopas TpakTOBKa
3aKJII0YAeTCsl B TOM, YTO, YeM OOJIbIle TIOKa3aTeNnb XepceTa, TeM MEeHbIIas JTH-
Ha BBIOOPKHU TpeOyeTcst Ul TOrO, YTOOBI BBIYMCISATH TOT WIIM WHOH CKOJbB3S-
IIWH WHAWKATOP (CpeaHee 3HaUeHHE Psiia, JUCIEPCHIO U T.II.).

CymiecTByeT TakXKe CaMOCTOsITeNIbHAsi 00JacTh MaTeMaTHKH, pa3BUTas
«BOKpYI» IOKa3zartelnsi Xepcra. ITO MOAEIH CaMONOAOOHBIX CITyYaiHBIX HpO-
neccoB M ¢paxraigpHoro Omyxxaanus [20]. HecMoTpst Ha OTCyTCTBHE TaKHX
MIPOIIECCOB B PEANbHOCTH, IPAKTUYECKas [IEHHOCTh 3TOW HayKH B TOM, 4TO €cC-
T peasbHbI BPEMEHHOU PSJ] yAaeTcs ¢ JOCTaTOYHOW TOYHOCTBIO IPHOIM3UTH
CaMoTo100HBIM MPOILIECCOM, TO CTPOTO JOKa3aHHbIE YTBEPIKICHHUS O CBOICTBaX
MOCTIETHETO NEPEHOCATCS U Ha MEPBBIH.

Hackonbko ke TOYHO MOYKHO COIIOCTaBUTh BPEMEHHOMY sy (4alie BCero
HECTallMOHAPHOMY) IOCTOSIHHOE YHCIIO — IOKa3aTelb XepcTa? AHann3y Tako-
IO COIOCTaBJICHHS IOCBSIIEHO OOJBIIOE YUCIO IMyONMKanuii, CyTh KOTOPBIX
BechbMa IPOTUBOPEUHBa. B omHUX paboTax IeMOHCTpUpYETCs psill OKa3aTeien
XepcTa, BBIYMCICHHBIX IO ONpPEAeIeHHOMY 00beMYy BBIOODKH B pa3HbIE MO-
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MEHTBI BPEMEHH, U pa3Max 3TOr0 psAla OKas3bIBaeTcs BecbMa MIMPOK — oT 0,2
mo 0,9. B apyrux mokasaHo, Kak MOKa3aTeinbh XepcTa MEHSIeTCs B JaHHBIH MO-
MEHT BPEMEHHU B 3aBHCHMOCTH OT oOBeMa BHIOOpKH. B Tperpmx paborax oH
BOOOIIIE CUUTACTCS TIOCTOSHHBIM.

Crenyer ckas3aTh, YTO JIOKIBHBI 1O BpPEMEHH, T.€. BBIUHCICHHBIN B
CKOJIB3SIIIEM OKHE (PMKCHPOBAHHOW IJIMHBI MOKA3aTeNb XepcTa HE SBISETCS
HACTOJBKO HaJEeKHBIM HHANKATOPOM MOBEACHHS psizia, YTOOBI CTPOUTH HA HEM,
HarpuMep, TOPTOBYIO CTPATErHI0 Ha (PMHAHCOBOM pBIHKE. 3aMETHM, 4TO HU B
OIHOM W3 paboT, paTyOIIMX 3a MOKa3aTeldb XepcTa KaK WHANKATOp MEepCH-
CTEHTHOCTH, HE ITPHUBEICHBI OIICHKH YCIOBHBIX BEPOSITHOCTEH €T0 TIO3UTHBHOTO
cpabaThIBaHMs KakK NMPEJUKTOpa TPEHAA MM IEPeioMa, a OHU OKa3bIBAIOTCS
BEChbMa HE3HAUUTEIbHBIMH, TIPHYEM 3aBUCSIINMH OT AJIHHBI BBIOOPKH.

B dewm e nmpuuuHBI MpakKTHIecKoi Hed(D(EKTUBHOCTH ITOTO MHIUKATOpa?
[l oTBETa Ha 3TOT BOIPOC CIEAYET MPOBECTH aHAIN3 BPEMEHHBIX PSIIOB U3

nokasareseii Xepera /1 py (1) kak cTaTUCTHK, 3aBUCAIIMX OT UIMHBI BBIGOPKH

N , OTHeCceHHBIX K TEKyIeMy HOMepY cobbITHs 7 . KadecTBeHHBIE COOBpaNe-
HUSL 00 OTpaHMYEHHON NMPUMEHMMOCTH 3TOTO ITOKA3aTeNsl OCHOBAHBI HA TOM,
YTO MEPCUCTEHTHOCTh Psi/ia OIIEHMBACTCS MOCT(HAKTYM C OKHOM 3aIa3/IbIBaHHs
N B COOTBETCTBUHM ¢ JUIMHOM BBHIGOPKH, W MOTOMY OHA HE JIOJDKHA, BOOOIIE
TOBOPSI, BEITIOJHATHCS B ITOCIIEYIOIINE MOMEHTHI BpeMeHu. bosee Toro, ckopee
BCero, HabJroaeMasi B IPOIIJIOM TEHJICHIMS He OyIeT BBIIONHATHCS B OIH-
Kainrem OynymieM, nO0 B CHIIy acHMIITOTHYECKOTO XapakTepa IOoKa3aTes
XepcTa ero 3Hau€HHs KOPPEKTHBI JIMIIb MPH BeChbMa OOJBIIMX BHIOOpKaX, a
TOT/Ia TPEH/I C BHICOKOH BEPOSITHOCTBIO OCTajcs B mpouuioM. st 6onee crpo-
THX BBIBOJIOB CJIETyeT U3YUYHTh pAacHpesesIeHHs PsIoB U3 MoKazaTened XepcTa
C [EeJIBI0 BBUICHEHHS! TOTO, HACKOJIBKO 3TU PSIIBI SIBISIOTCS CTallOHAPHBIMH.
ViMeHHO, Ha/l0 POBECTH HCCIIEA0BaHNE HBOIONUH BIOOPOYHBIX paclpeaese-
HUHA TIOKa3aTess Xepcra Ul Pa3iIndHbIX OMp)KEBBIX PSIOB, B3STHIX IO LEHAM
3aKpBITHSl B MUHYTHOM JIMalla30He: BAIOTHBIX, CHIPEBBIX (PbIOYEPCOB, HHACK-
COB, aKIIMH, a TaK)Ke M JJIsI THKOBBIX PSIJIOB.

B pesynbrare 00HapyKHIIOCH, YTO, HAUWHAS C BEIOOPOK BeCbMa CKPOMHBIX
00bemMoB B 300 Touek, BEIOOPOUYHBIE pacIpelesieHns TToKa3aresieil Xepcra s
BCEX PAacCMOTPEHHBIX BPEMEHHBIX PSJ/IOB OKa3alNCh CTAI[MOHAPHBIMH C TOH
TOYHOCTBIO, C KOTOPOIl MOXKHO TOBOPHUTH 00 OILIEHKE 3MIHPHUYECKUX BEPOSTHO-
cTelf o BEIOOPKE KOHEYHOH JUIMHBI. DTH CTAI[IOHAPHBIE PACHIPE/IEICHHS C BbI-
COKOH TOYHOCTBIO ONpEAENMINCh KaK HOopMajibHbIe. CieayeT IOom4epKHYTb,
YTO CaMH IICHOBBIE DPSAABI OBUIM NPH 3TOM CYIIECTBEHHO HECTAIIMOHAPHBIMH.
Jlnist pa3HBIX MHCTPYMEHTOB IapaMeTpbl HOPMaILHOTO pacIipeieIeH sl ToKa3a-
Tesieil Xepcra oka3anch OJM3KHM B OJMHAKOBBIX TalM-(ppaiimax (MHHYTKH, 5-
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MHUHYTKH U T.IL.), IPHYEM OHU XapaKTEPU3YIOTCS MPAKTHYECKH He 3aBHCSIIECH
OT JJIMHBI BBIOOPKH aucriepcueld. Jlucnepcuss yMEHBIIAETCs ¢ yBEIMYCHUEM
TaiiM-(paiiMa, a cpeHee 3HAUCHUE PACTIPEICIICHUS CMEIIACTCS C YBEINICHUEM
JUTHHBI BEIOOpKH B 00macth 3HadeHnit 0,50-0,55. DTOT QakT MOXKET CITy>KUThH
OOBSICHEHHEM TOTO, TI0YeMy Ha CaMOM JieJle II0Ka3aTelb Xepcra He SBISIeTCs
HaJIe)KHBIM HHIMKATOPOM TEKYIIEro COCTOSHMS BPEMEHHOTO psina. [leno B ToM,
YTO ero pacupeleieHHe CTAllHOHApHO Ha OOJBIIMX BBIOOpKaX, U MOTOMY HE
MMEeT OTHOLICHHS K TEKYIIeH peaqbHOCTH, a Ha MaJbIX BEIOOPKAX IOCTOBEp-
HOCTB OLICHKH CaMOT0 TI0Ka3aTels XepceTa Maa.

UTak, paccMaTpuBaeTcsl OTHOMEPHBIN BpeMeHHOM psaa X(71) , Tie Homep n
HEKOTOPOTO 3JIEMEHTAPHOTO COOBITHA COBMNAJAET C BPEMEHEM HACTYIUICHUS
COOBITHS, €CJIM PSl SKBHIUCTAHTHBIH, JTMOO OTBEYAEeT CIy4allHOMY MOMEHTY
BpEMEHH, el MapKHPOBaHHBIN. B kauecTse psna X(71) 06bIuHO GepeTcs pan

TEPBBIX PA3HOCTEN M3yUaEMOro Mpolecca
x(n)=c(n+1)—c(n) (5.1)
HIH, KaK BapHAHT, psn norapupMUIECKIX TIPHPOCTOB
x(n) =1In(c(n+1)/c(n)).
Hokazarens Xepcra juist paga C(71) ompenensieTcs clieIyrOMUM 06pazom
[26]. BBosuTCs CKOMB3siee cpeHee pupoctoB X(71) Ha mare # 1o BHIGOP-

Ke JUIMHEL K
1 n
X(nk)y=— > x(i) (5.2)
k i=n—-k+1
U BBLIYUCISETCA HAKOIUIEHHOE OTKIOHEHME OT CPEJHEro Il BhIOOPKU [JIUHBI
k-

J

R(nk)=max| > (x()-X(nk))|-

i:n;kJrl (53)
—min z (x(i)—)?(n,k)) .
J=\ ikl

Beruncnsiercst Takke CKONB3SIIAs JUCIIEPCHs PACCMaTPUBAEMOIO BPEMEH-
HOTO psi/ia M0 BHIGOPKE [THHBI K :

o3 (nk) L f (x(i) ~%(n,5))* . (5:4)

i=n—k+1
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TIOCJIE YEeTO BBIYHUCIIACTCS JIOTapr(pM OTHOIICHHS pazMaxa K IIyMy:
R(n, k)
o, (n,k)

®uKCHPYeTCs HEKOTOpas MUHMMAlbHas JUIMHA BBIOOPKH K() M Makcu-

E(n,k)=1In (5.5)

MasbHas Ha N, KOTOpast OTBEYaeT BpeMEHHOMY TOpU30HTY aHamm3a. Omnu-
cannas mpouenypa (5.1-5.5) menaercs ans BHIGOPOK AMMH Kk Takux, 4TO
1< ky <k <N . Ioxkasarens Xepcra H p(n) no soibopke mmust N Ha

mare 7 omnpesensercs Kak kodpduumeHT perpeccuu Beauuunbl & (7,k) Ha

sorapu(M JUTMHBI BEIOOPKH:

In (N Yk, ~1)!)

E(nk) =&y (m) = H y (n)-| Ink — Nk ) e®
1 N (5.6)
§N(”)=m1§ s(n,k) ,

rne £(k) npencrasnser co6oit ocTaTok perpeccud. YTrosl HaklIoHa MPSMOMR
perpeccuu u paBeH Iokaszarento XepcTa psaa. Ha mpakTuke ciemyer BHIOpaTh
MUHMMAJbHYIO JUIMHY BBIOOPKH J0CTaTO4HO Gonbiioit 1 << kO << N, uro-

OBl eTepMHUHALUS TTOKa3aTeId XepcTa Kak IapaMeTpa perpeccuu Oblia BBICO-
koit. Ecim B dQopmyne (5.6) wucnonb3oBath ¢Gopmyny Crupiunra s
ACHMIITOTHYECKOH ammpoKcUMaiuu (akTopuana, TO Ul IoKazaTens XepceTa

MOJTy9aeM KOMITaKTHOE BBIP)KEHHE
N
1 _
Hy(n)=—Y (k) -Eym)1+Ink/N)). 57
N~
k=1
[Ipencrasnenne (5.6-5.7) Oyaem UCIONB30BaTh Ui YMCIEHHOTO HAaXOX-
JIEHWs PAJIOB TIOKaszaTenell Xepera B 3aBMCUMOCTH OT JUTMHBI BHIOOpKH N H
TeKylIero MomMenta BpeMenn 7. Ilpumep psza nokasarens Xepera H p(n)
s tukoBoro psga CL B TepMuHaxX HOMEpOB COOBITHI, BBIYHUCICHHBIN IO
dopmymnam (5.1-5.7) B okae N = 20 THIC. THIC. THKOB, ITOKa3aH Ha puc. 7.5.1. Ha

9TOM Tpaduke OTCYET HAUMHACTCS C MEPBOTO 3HAYEHUS Tocie BEIOOpkH B 20
TBIC. THKOB.
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Puc. 7.5.1 — JIunamuka nokasarens Xepera H pr(n) ams N =20 1sic.

TBIC. TUKOB

U3 puc. 7.5.1 BuaHO, 4TO B pa3Hble MOMEHTHI BPEMEHHU, TPaKTyeMbIe Kak
HOMepa COOBITHIL, MmoKa3aTeny XepcTa CYIIECTBEHHO OTIHYaroTcs. B oOmem-
TO, JUI HECTAI[HIOHAPHOTO TUKOBOT'O PsAZa B 9TOM HET HUYETro yIUBUTEIBHOTO.
WHTepecHo, 01HAKO, TO, YTO BPEMEHHOM psJ IToKa3areneil Xepcra oKa3blBacT-
sl CTallMOHAPHBIM B Y3KOM CMBICIIE, HauMHas ¢ BEIOOPOK aiuHbI 300 Touek, T.e.
JIBE BCTHIK-BBIOOPKH mNoOKazateiel Xepcra miuHod 300 oTM4YaroTCs OfHA OT
JIpyroif MeHee, 4YeM Ha yJBOEHHYIO TOYHOCTb OLIEHKHM 3MIMPHYECKHUX YacCTOT
COOTBETCTBYIOIIEro pacnpenencHus. C yBenudeHHeM OKHa N I BBIYUCICHUS

H pj(n) oot psin cranosutcst Bee Gosee cTauuoHapHbIM. Bonee Toro, eciu
paccMOTpeTh psij MoKa3areel Xepcera UTMHOM 6ojee | ThIc. TOYeK, TO ¢ BBICO-
KO TOYHOCTBIO (Ha ypoBHeE jgocroBepHocTH Oonee 0,99) ero pacmnpeneneHue
OKasbIBaeTcs HopMaibHbIM. Llentp storo pacnpenenenus H (N) npubnuzu-

TEJNBHO TMHEWHO CMeIaeTcs BIpaBo ¢ yBenndeHueMm okHa N ot 0,41 mst N =10
ThIC. TUKOB 10 0,53 mis N = 100 ThIC. TUKOB U Jajiee HE MEHSIET CBOEro 3Haye-
Hus. CTaHIapTHOE OTKJIOHEHHWE NPAKTHYECKU He 3aBHCUT OT N M COCTaBISeT
0,09. Takum 06pazom, 3TO pacTpeie]IeHre anpPOKCUMHUPYETCSI HOPMaIbHBIM:
7 2
(H-H(N))

1
H)y=—=e¢exp| —~—————|, oy =0,09. (5.8)
In(H) = e = i
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Takoi#l ke BBIBOJ OTHOCUTENBHO IOKa3aTelss XepcTa OKa3bIBAETCA BO3-
MOXHBIM CIENaTh W I APYruX OWpkeBbIX psnoB. Ero pacmpeneneHus cra-
LUOHApHBI U HOpMalIbHBL. [IpuMepsl pacnipeaeneHuil nokaszareneil Xepcra s
pa3HBIX HHCTPYMEHTOB IPUBEACHBI Ha prc. 7.5.2. IIpu 3TOM OKHO AJIsi THKOBO-
TO psina B3ATO paBHEIM N = 20 ThIC. THKOB, a AJSI MUHYTHBIX LI€H 3aKPBITHS —
paBHBIM N = 500 MEHYT, 9TOOBI CPABHHUTE PAIBI B OTHOM BPEMEHHOM JTHAIIa30-
He. [lomdyepkHeM, 9TO Ha 3THUX JUIMHAX pAacHpenesieHHe IoKaszaTensi Xepcra
HaMMEHEEe CTAIlMOHAPHO, C YBEIMYECHHEM JIMHBI OKHA CTAI[MOHAPHOCTH pac-
TIPE/ICIIEHNs BO3PacTacT.

W3 puc. 7.5.2 BUAHO, YTO pacmpedeNieHus Ui Pa3HBIX WHCTPYMEHTOB
OUYCHb TIOXOXH, a YHCJICHHBIE OICHKH IIOKa3bIBAIOT, YTO pACIpPEICICHUST
Ommm3ku 1 B cMbicie 6mm3octr ux [1OP. s Beidopok mannabx amuH CYC atux
uHCTpYMeHTOB pasuenii: 0,12 mis tuko WTI, 0,40 ams muHyTHBIX 1eH Brent,
0,16 o magexca DAX, u 0,44 mns xypca BamfoThl. TOYHOCTH e OIEHKH UX
SMIIMPUYECKMX YacTOT BO BCEX Ciydasx opanHakoBas, pasHas 0,05.
CraHgapTHBIE OTKJIOHEHHMS paclpeieeHni mapamerpa XepeTa Uil MAHYTHBIX
TaltM-(ppIMOB pa3HBIX MHCTPYMEHTOB NPHMEPHO OAWHAKOBHI u paBHHEI 0,08,
IpUYeM C YBEITHMYCHHEM IPOMEKYTKOB arerHpOBaHHS HCXOAHOTO psiia OHU
yYMEHbIIAtoTCsA. 11 THKOBOTO psfa CTaHIAPTHOE OTKIOHEHHE HamOOIbIIee,
pasHoe 0,09.

0,30

— — EUR/USD_1muH

0,25 -| /\\~ .
// . .

0,20 VA
a2 I' ( L\ — WTI_tuku
o '
2 B ' Brent_1mMuH
50'15 = = = =DAX_1muH
a
@
1]

0,10

0,05

0,00

04 0,5 0,6 0,7 0,8
MokazaTtenb Xepcra

0,1

Puc. 7.5.2 — Pacnpenenenus nokasarenst Xepcera Ul pa3HbIX
WHCTPYMEHTOB
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Takum oOpazom, 0OHapyKEHO, 4TO MOKa3aTellb XepcTa B ONPEICICHHOM
CMBICIIE HE SBISIETCS MHIWKATOPOM IIEPCHCTEHTHOCTH: €r0 pPacIpelesiCHHe
OTBEYACT CTALMOHAPHOMY rayccoBoMy Oenomy mymy. IloaToMy mpakTHuecknit
CMBICT HMMEET CpeIHee 3HAYeHHEe 10 JITOMY paclpeAeieHHIo, a OHO
okaspiBaercst Onm3kuM K 0,5. M1 XOTs B OT/AENbHBIE MOMEHTHI BPEMEHH MOTYT
HaOMI0aThCsl BEChMa pa3HbIC 3HAYEHHS IOKa3aTelsl XepcTa, OHH HE WMEIOT
TOTO CMBICIIA, KOTOPBIA €My TPaJULMOHHO NpUIUckiBaeTcs. bonee KOppeKTHOM
MIPEACTABISIETCSl Ta TOYKA 3PEHMS, YTO HMCXOMHBIN DA XapaKTepu3yeTcs He
MoKazaTeseM XepceTa, a paclpeiesIeHHEM 3TOTO MOKa3aTes.

OTOT k€ BBIBOJ OTHOCHUTCA KO BCEM BOOOIIE MHAWKATOPAaM BPEMEHHBIX
psinoB. IIpakTiueckas MPUMEHHMOCTh HHAWKATOPOB OINPEAEISIETCS B MEPBYIO
odepenp IUIOTHOCTBIO MX pAacTpeieNieHus], W JINIIb 3aTeM (aKTHYEeCKUMU HX
3HAQYEHWAMH B 3aBUCHMOCTH OT TOTO, CTAI[MOHAPHO 3TO pacIpeAeieHue, Win
Her. Ecnm pacnipenenenne MHAWKATOpa CTAMOHApHO, 3TOT WHAMKATOpP OTHO-
CHUTCSl HE K TEKyIIEH CHUTyalllH, a OTpa)kaeT OOIIMe CBOWCTBA psia, KOTOpPHIE
MOTYT OBITh HCIOIB30BaHbI AJsI 0TOOpa KBa3HCTAMOHAPHBIX MMAapaMeTPOB, Ta-
KHX, HallpuMep, Kak JJIMHA BEIOOPKH, KOTOPHIE yYacTBYIOT B MMOCTPOCHHH HH-
JIMKaTOpPOB MEPBOTO yPOBHS, T.€. MHAMKATOPOB pa3naaku. PacmpeneneHue xe
CcaMHX WHIUKATOPOB pA3afKH I HECTAI[OHAPHOTO pAla TaKKe OJDKHO
OBITH HECTAIIIOHAPHBIM. B IPOTHBHOM CiTydae OTHOCHTENIBHO TEKyIIEH CHTya-
IIUA OHU HUYETO CYIIECTBEHHOTO HE ITOKA3BIBAIOT.
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YACTb I1I. KHHETUYECKHE
YPABHEHUS Yl MOJIEJI BPEMEHHBIX
PSI/IOB

I'naBa VIII. PerpeccioHHbIe MOae/IH

8.1. CranmonapHas JTuHeliHAas perpeccust

Haubonee wacto mcrmonb3yeMoOH MOJAENBIO BPEMEHHOTO psiia SIBISETCS
perpeccuoHHasi, Kak IpaBuilo, JIMHEHHAas MOJIeNb, IOATOMY €€ CBOWCTBA Clleay-
eT pa3o0path MoAPOOHO.

IlycTh B pesy/bTaTe HaOMOAEHUH 3a CIyYalHBIMH BeIMuMHAMH & U 7]

ObLIM TIOJTyYeHBI PAAbl 3HAYE€HWH X1,...,X,; U V],...,¥;; COOTBETCTBEHHO.
IMycts takke (Y, y') — QyHKIHS paccTOsHHMS B MPOCTpaHCTBE Y , KOTOPO-
My HpPHHAANEKAT 3HAYCHUS CIydaiiHON BenwuuHbI 7] . IIpocTpaHCTBO 3Haue-
Huii crydaiinoii Bemuunnel & 0603HaunM yepes X .

®yHKIMel TeopeTHUeCKol perpeccuu ciydaiiHoil Benmumuel & Ha ciy-
yaiiHyl0 BeJMYMHY 7] HasbiBaeTcs Takas Qydkuus @ : X — Y, wis xoropoit

MaTEMAaTHIECKOE OKH/IAHUE PACCTOSHHS Mp(y, (p(x)) MHHEMAIBHO. [lepe-

MeHHas X Ha3bIBAETCA PETPECCOPOM UM OOBACHAIOWIEH NIEPEMEHHOM, a Tepe-
MEHHasi ) — OTKJIMKOM HJIM 00BACHAEMOH IIepeMEeHHOM.

Ecnimu X u Y — nuueiinbie mpocTpaHCTBa ¢ €BKIIMIOBOM HOPMOIA, TO Me-
TOJ HaXOXJeHHs (PYHKIMH PErpeccMM Has3bIBae€TCS METOJOM HaWMEHBIINX
kBajgpatoB (MHK). Ecnu npu 3ToM paccmarpuBaeTcsi JHHEHHAs 3aBUCUMOCTD

MeXy BenmuuuHamMu & W 7], TO Takas MOJEh Ha3bIBAeTCS JMHENHOM perpec-

CHOHHOH MoJienbio (JIPM).
UroObl 0TIMYATh 3HAYEHUS CIydalHOI BeJUYUHBL 7], IOIYYEHHBIE B pe-

3ynbTate ammnpokcumamuu (P(X) , oT GakTuueckux, GyaemM CHabKaTh UX THIIb-
Joii (), a IpOrHo3Hble 3HaYeHHs1 — LULANKOH () ).
IlycTh 3HaueHUss X M ) CIIydalHBIX BEJIMYMH & U 7] MPETIONOKHTENb-

HO CBSI3aHBI JIMHEWHBIM COOTHOIIEHUEM, U TyCTh [N — JJIMHA aHATM3UPYEMOM
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BbIOOpKH. Haiinem Takyto mpsmyro )N/n = a +bx,,, xoropasi 65 MHHUMAJIBHO

B Cp€AHCM KBaJApPaTHUYHOM OTKJIIOHAIACH OBl OT (baKTI/I'-IeCKI/IX 3HAYECHHH yl’l .

T.€. JOCTaBISUIa OBl MUHUMYM (YHKIIMOHAITY
N N
p(?,y)= Z(}n —Vn )2 = Z(a +bx, -y, )2 — min.

n=1 n=1
(1.1)

VYcmoBus Z-)KCTpeMaJILHOCTI/I 3amaqn (1.1) mMeroT BUI:
0
'O 22 a +bx, — ) =0,
(1.2)

2—’2:2;xn(a+bxn—yn)20

O6o3Hauas

1 & _\2
:_z K> y—_ZJ’ka o, :_Z('xk—x) >
nl =1 (13)

cov,, =—z xk )7).

n=1
npeoOpa3oBbIBaeM JHHEHHYIO cucteMy (1.2) u3 AByX ypaBHEHHIA
OTHOCHUTEJIBHO JIBYX HEU3BECTHBIX @ U b K BHIY

a+bx=y
a)?+b(0'f+)?2):covxy+ﬁ . (1.4)
OTcroa Hax0 UM
cov
b:—zxy, a=y-bx. (1.5)
O-x

[ToxaxxeMm, uto HaiineHHBIe pemeHus (1.5) Tar0T IMEHHO MUHUMYM (yHK-
muoHany (1.1). Ilpeamonoxxum, 9TO paccMaTpuBaeTcsi KaKas-HUOYAb IpyTras

npsivass ¢ mapamerpamu d =d+a, b'=b+ [. Torna 3uauenne (pyHk-
HOHaTa O OyIeT paBHO

pzzn:((a+bxn—yn)+(a+ﬂxn))2 =
=c’ +Zn:(a+ﬂxn)2 +2Zn:(a+bxn -y, )(a+ Bx,).
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HOCKOJIBKy TIOCJIEAHEE ClIara€MO€ B HAITMCAHHOM BBIIIC BBIPAKCHUHU PABHO

. 2
HYJIIO B CUJIy BBINOJIHEHHS YCIIOBHH 3kcTpemManbHocTH (1.2), To p 2 07, uto0
U TpeOOBaJIOCH AOKA3aTh.
Taxum 06pa3zom, HaiiieHHble napameTpbl JIPM no umeromumes N mapam

3HaYCHHH (xn R yn) JAf0T BBIOOPOYHYIO MPSMYIO PETPECCHH, KOTOpas 3aIlH-

CBbIBACTCs B BUJIC:

cov
~ — Xy —
Y=y =" (0, -%). (16)
O-x
r X X YV~ y
Ecmu BBecTn HOPMHUPOBAHHBIC BEITNIYNHBI X = u y = , TO
Oy oy

JUIs HAX ypaBHEHHE JIMHEHHO perpeccui (1.6) mpuHUMaeT BH

V' =Ry (N X', (17)

YIS

COV y),
Ry (N)=—F (1.8)
0.0,
ecTb KO3(pPULIMEHT KOPPENALUN MEXTy IBYMs PsilaMU TaHHBIX

0 paccMaTpUBaeMOi BBIOOPKE JUTMHBL N .
B pe3ysibTaTe MPUMCEHCHUA ITOU MOJACIIN cnyqaﬁHaﬂ BCIIMYMHA 77 npu-

OIIMKEHHO CBSI3BIBACTCS CO CIIyYalHON (WM, BO3MOXKHO, HECITyYalHOW) BEIH-
unHoi & . OCTaTok, T.e. PasHOCTb MEKLY (PaKTHUECKUM 3HAYCHHEM ); U all-
npoxenmauueii Y (X; ), mpeacrasnsier coGoi HEKOTOPBIH Cily4aifHbIN IpoLece
& =) — ) , 3Ha4€HUs] KOTOPOT'O ONPEJENAIOTCA U3 PABEHCTBA

o
Vi =V Ry —=(xi=¥)+e. (19)

X

2
KBagpar mucnepcum O~ octatka &£ ONpenenseT OmHOKy ammpoKCHMa-
IIH TaHHBIX:

02=@$>=o§ouﬁ—Rgog) (1.10)
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Koo duumentom nerepmunarmn R Ha3bIBa€TCs OTHOLICHUE CpPEIHE-
KBAJPAaTHYHOrO OTKIOHEeHHs (Jp aINpPOKCHMALMOHHBIX 3HAYCHUH OT CpejHe-

T'O 3HAYCHHUA K JUCTICPCHUU O-y (baKTI/ILIGCKI/IX BCJIMYUH:

Jlnst onpenenennst koddduimenra gerepmuHanuy Hano Boraucauts Jp .

Nop =3 (3 -7) = 2((

:NQ1§ +N02 +ZZ(J~}1 _)_7)()71' _.)N}z')'
HO B cuny (1.5)
i = 7Nyi = 7i)=beov g ~b?o =0,

1
TaK 4TO IIOJIy4aceM

oy =0r +o°. (1.12)

Conocrapyss (1.12) ¢ (1.10) u onpeneneanem R u3 (1.11), Haxomum, 4to
JUISL IMHEHHOM MapHOM perpecCHOHHON MOJETH

R*=RZ,. (113

Nmeem

i_)_’)"'(yi_j’i))z =

<

Iycts Teneps umeercst § + 1 cnyuaiineix Bemmunn &y ,..., &g, Habmo-

JICHUE 3a KOTOPBIMH JIaeT s+1 pamoB X r=1, 2, .., s+1;

ri®

i=1, 2, .... PaccMoTpum JuHeliHyr0 anmpokcumanuio S + 1 -ro psma uepes

OCTallbHbIE § PErpeccopoB, T.e. OyeM MCKaTh HAWIydIlee B CPEHEM KBajpa-
TUYHOM JIMHEITHOE PHOIIKEHNE BUIA

s
)Ncs+1,i —Xg+l = Zar(xr,i _)_Cr) (1.14)
r=1
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1o BeIOOpKe AnuHBl N . MickomMbIMU SBASIOTCS KOAPGUITUEHTBI
a, B (1.14). Ins sToro cieayeT NOCTyNUTh TaK ke, KaK U IpU
BeIBOZIC (hopmy (1.4) i mapHOH perpeccuu, HO TEXHUUECKU
MpOIIe HETTOCPECTBEHHO peluTh cucteMy (1.14) B cMbIciie
CPEIHET0 KBaApaTUIHOTO. J[JIs1 3TOr0 YMHOXKHM TPaBYIO U JIEBYIO
gacte (1.14) Ha x,. ; — X,., TIe MHICKC 7 MpoOeraeT 3HaYCHHUSI OT

1 10 s, 1 IPOCYMMHpPYEM IOJIy4EHHbIE paBEHCTBA IO I OT 1 A0
N . B pe3ynbprare nojy4aeM CUCTEMY

s
Zcrkak = Cr,s+1: (1.15)
k=1

rae C,x = cov(&,,&; )= C}, ecTh KoBapHaIls MEXK/TY COOTBETCT-

BYIOIIMMH PSiIAMH — B JAaHHOM CJIy4ae BBIOOpOYHas, 10 BEIOOP-
ke el N . Ecinu cutyanys HEBBIPOXKACHHAs, TO
s
a, = Z(C_l)rk Crs+1-  (1.16)
k=1
B gacTHOCTH, U TPOHHOHN perpeccHy BETUIHHBI Z Ha X U ) (OPMYIIHI all-
MPOKCHMANNHN UMEIOT BH]

Z=Z+a(x-X)+b(y-¥) .
2 2
_C0,-C,C. , G0, -GG, (L17)
b b *
A A
_ 2.2 M
A=oc,0,-C .

Haiinem st aToro nmpumepa kodddumuenT nerepMunanyy. PerpeccnionHo

00BsICHSIEMAs YacTh JAUCIICPCUM BCIIMYUHBI Z paBHA

C o’ +C*o?-2C.C.C
i) - S GR20GE

A
2 2
_ o RL+R-2RR.R.

z 2
1-R?

Torna koaddunmeHT geTepMUHaLUN paBeH

a

(1.18)

262

2 2
R = QR _ sz +Rzy _2§xyRyszx , (1.19)
o, 1-R2,

npu4yemM leg +o? = 0'22, rie o2 ecTb KBaJlpaT JUCIEPCUU OCTaT-

KOB pPerpeccuu, paBHbBIN
o007 (1-R, —R. -R. +2R R R,
1-R;,

YBenmuuenue ko3dduimeHTa JeTepMUHAIIMA TPAKTyeTCs OOBIYHO Kak
YTOYHEHHUE KOPPEIAIUOHHON CBS3M MEXAY BenuunHamu. Ho eciu 0ObscHsO-
IIUX TIEPEMEHHBIX MHOTO M HET 3(QeKTa MyIbTHKOUIHHEAPHOCTH (MaTpHIia
KOBapHaIlfii HEBBIPOXKJICHA), TO JCTCPMHUHAIMS TPU YBEIHMUCHUM YHCIA Per-
PECCOpPOB, Kak MpaBwWiio, pacTeT. TeM He MeHee, IPUMEHSS 3aTeM MOJIYYCHHYIO
ANMPOKCUMAITHOHHYIO0 MOJIETh KaK MPOTHO3HYI0, Ha MPAKTUKE YacTo HabJ o 1a-
eTCsl yXY/IICHHE TOYHOCTH IMPOTHO3a MPU YBEIUYCHHUH YHCIA PErPECCOpPOB.
DTO CBS3aHO C TEM, YTO CaMHU PErPECCOPbl HE 005M3aTENBHO SBISIOTCS CTATH-
CTHYCCKU HE3aBHCHUMBIMH, MPHUEM TOSBISICTCS 3HAUAMAST KOPPEIIIIUAS MEXKTY
HUMH M OCTATKOM PETPECCHOHHON ammpokcumanuu. Hanbosee Tounas perpec-
CHOHHAs MOJICJIb ITOIOMPACTCS IMITUPHYCCKH.

B obmem ciyyae cootHomenue (1.14) mis HEHTPUPOBAaHHBIX BEIMYHH
MOXET OBITH 3amicaHo B MaTpuYHOM BHAe (s yHoOcTBa 0003HAYMM

Vi = Xg+1,i —Xg41)

2
O

(1.20)

» X X Xy a &
V) Xo1 Xy Xy a, &) R -
=] Tl T+ e y=Xa+éE,
Yy Xyt Xno X )\ Yy Ey
(1.21)

T.e. MaTpuiia X cocTaBiieHa U3 HaOII0JaeMbIX 3HAUEHUN perpec-
COPOB C YCJIIOBHEM HX IIEHTPUPOBAHHOCTHU 10 BbIOOpKE. Torna

2 =5 - G xa)- (@ X7 5)+ (3, X7 xa) - min.
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Marpuna X TX ects YMHOXEHHas Ha N maTpula KoBapualuui

-2
o\e
C . U3 ycnoBus M =0 cnenyer pemenne (1.16):
a;
i=Cc'xTy. (1.22)

C mpakTUYEeCKON TOYKH 3pEHHs] CMBICII, HAIpUMep, apHOH Perpeccuu co-
CTOMT B TOM, YTO €CIH KOI((HUIMEHT NETepPMUHALUKN AOCTATOYHO OJHM30K K
€IMHHULE, TO IIyMOBBIMH OCTaTKamMu &; B (1.9) MoXkHO mpeHeOpeds, B TOrAa
3TO YpaBHEHHE Kak Obl BBHISBISET (DYHKIMOHAJIBHYIO CBSI3b MEXAY IBYMs Ps-
Jamy JaHHBIX. CYHTAETCsl, 4TO B pealbHOM DKCIIEPUMEHTE 3Ta CBSI3b HCKaXKa-
ercs urymoM. OIHaKO Ha CaMoOM JIeJie PerpecCHOHHast CBS3b HeE SIBIISIETCS HMC-
TUHHO ()YHKIMOHAJBHOW, T.€. €CJIM JeNaTh Pa3IMyHble NpeoOpa3oBaHusl, Ha-
TpUMep, BBIpakaTh B (hOpMyliaX perpeccuyl OJHHU IIEpEeMEHHBIE Yepe3 pyrue U
TIOJICTABIISITH TIOJyYSHHBIE BBIPRKEHHSI B MHTEPECYIOIINE HAc CBS3H, TO TOY-
HOCTh TOJYYEHHBIX BBIpOKEHUH OYyIeT XyXe, 4eM IPU HENOCPEeJCTBEHHOM
MIOCTPOEHHUHU PETPECCHU JUTS AIITPOKCUMAIIMHU STHX CBS3EH.

JlelicTBUTENBHO, TOCTPOUM, HAIpUMeEp, 00paTHY0 Moelsb K (1.6), B koTo-
poit X Oyner oObsicCHIEMOH NepeMEHHOM, a ) — perpeccopoM. Toraa nmeem

cov
% -x=——"(i-y). (123
Oy

B npeneOpesxeHHn OCTaTKaMU &; MOKHO OIyCTHTH TUIIbIY y alIpOKCH-

MallMOHHBIX 3Ha4eHUH X; B (1.23), mpenmonaras, 9To 3TO-TO M €CTh MCKOMAs

¢yHKIIMOHATBHAS (B JaHHOM Ciydae JIMHEeWHas ) CBsi3b. IIycTh CUTyalust HeBbI-
POXIEHHAsI, T.€. KOBapHaIMs MEXIy pacCMaTpUBaeMbIMU BEIMYNHAMHU OTIHY-

Ha oT Hyns. Torma u3 (1.23) MOXKHO ); BBIPa3UTh Y€Pe3 X; , 9TO JAET

J2

— y —
yi=y+——(x-%). (124)
COV
Ecmu Teneps ypaBHenue (1.24) TpakToBaTh Kak perpeccuto ¥ Ha X, T.€.

BEPHYTH TUJIbAY, IIOBECHUB €€ HA yl , TO KBaapaT JUCHIEPCHUU OCTATKa IJIid TaKoM

Moziend OyIeT paBeH 0')2/ (n)(l—R)%y (n))/ R)%y (n), uto He Menbuie, uem

BemunHa (1.10). DTO O3HAawaeT, YTO HENMB3sS TPAKTOBATh CTATHCTHUYECKYIO
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CBsI3b KaK MCTUHHO (yHKIHOHANBHYI0. O0e MPSIMBIX, OMpeneNsieMbIX ypaBHe-
Husmu (1.24) n (1.9) Ge3 &;, coBmaayT TONBKO B TOM Cllydae, €ciu

COV)zcy = O')%O')Z/ , T.€. ecIu R)%y =1.

Jpyroif BakKHBIA HpUMep HEIOITyCTUMOCTH (DYHKIIMOHAIBHON TPAKTOBKH
PETpEeCCHOHHBIX 3aBUCHMOCTEH OTHOCHTCS K 3a/1a4€ PEerpecCHOHHOTO aHAIN3a
JUIl MHOTHX TIepeMEHHBIX. [lycTh, Hampumep, NMEIOTCS IBE CIyYalHBIX BEIH-

YHHBI, IPUHUMAIOMINX 3HAYCHU yl n Zl' , 1 OJIHa 06’L${CHHIOI_[IaH NnepeMCcHHad

X; . Iloctpous napuele perpeccuu Buja (1.6), HoTyunM ypaBHEHHs HPAMBIX

C
Foy= 2 (rox), Toz=" (ox).  (129)
O')% o')%

Ecnu Teneps onycTHTh TWIIBAY Hall Z W MCKIIOYUTH X U3 cucteMsl (1.25),
TO MOJTyYUTCA IpsAMast

C
y-y :C—xy-(z—z),a.%)
XZ
KOTOpasi OTHIOJb HE SBJISIETCS MPSAMON PErPECCHH Y Ha zZ, TOTOMY
YTO, €CJIU €€ TPAKTOBATh B TAKOM CMBICJIE, TO 3aBUCHUMOCTH (1.26)
Oyzaer uMeTh 6oJiee BBICOKYIO OLIMOKY amnmpoKCUMAIMH, 4YeM CO0-
CTBEHHO perpeccust

C
y-y=—(z-2).(1.27)

O,

JeticTBuTensHO, ommoOKa anmnpokcuMarmu (1.26) paBHa

2 2
o2 = o2 4 S0 720 0o o)

Y 2
C.X'Z
TOT/1a KaK ommOKa perpecCHoHHOM anmpokcuManuu (1.27) paBHa
2
2 CJ/Z 2
o), ——-. Beruntas ee u3 o~ (1.28), momywaem HeoTpUIaTEIIb-
O-Z

2
(ny Oz — C yz sz

2 2
Cx:0;

HYI0 BEIINYUHY
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PaccmoTpenHbIe MTpUMeEpsl BaskKHBI TSI TOHUMAHUST BO3MOXKHBIX TPHIMH
IUTOXUX PEe3yJIbTAaTOB IPOrHO3MPOBAHMS 10 PETPECCHOHHBIM MoaemsaM. [Ipexne

BCCT0, 3TO KacacTCAa )IOHyCTHMOﬁ MaJIOCTH 1IyMa 8i B allmmpOKCUMAIIMOHHBIX

dopmynax. Ecnu mrym, T.e. OmmOKH perpeccuu, He KOPPEIUpPYIOT ¢ perpecco-
pamu, TO OlEHKa IIapaMeTpoB perpeccuu (BenuuuH d, B (1.14)) no BeIGOpKE
SIBIISICTCSI HECMEUICHHOW M COCTOSITENIFHOM: CpelHUe 3HA4YeHHs OLIEHOK KOBa-
PUALMOHHON MaTpULbl 110 CTAlMOHAPHOW I'€HEPAIbHON COBOKYIIHOCTH, HpEn-
MOJIOKHUTETHHO CYIIECTBYIOIIEH IS M3y4aeMbIX CIIy4aifHBIX BETHYHH, PaBHBI
TeHEPAIBHBIM KOBAPHAIMAM, a IIPH YBEIMIEHUH 00beMa BRIOOpku N — 00
BEIOOpOYHAsT KOBapHAIIMOHHAS MaTpHIla CXOAWUTCS K reHepambHoi. Ecmm xe
€CTh KOPPEIIHs MEXITy OIMUOKaMH M PETPECCOPaMH, TO OIICHKH MOTYT OBITh
HECOCTOATENBHBL. Takas CUTyalllsi BOSHHUKAET, €CIIM Ha M3YYaeMYI0 BEITUUNHY
W Ha perpeccopsl BIHUACT OAWH U TOT ke (aKTOp, KOTOPHIA, OAHAKO, CKPBIT OT
HaOIrOHaTENs.

Hampumep, IycTb HM3MEHEHUE CIy4alHOH BeIHYMHBI 7] O0OYCIOBJIEHO

JBYMs cllydaifHbIMH (akTOpaMu — BeIMdMHAMH § W &, Tak YTO CIEN0BANO
OBl PACCMOTPETh TPOMCTBEHHYIO PETPECCHIO ) — ) = Ot(Z -z )+ p (x - )_c).
Kpome Toro, ecru BenuuuBbl { U & He SABISIOTCH HE3aBUCUMBIMH, TO B Per-

peccuoHHOl Mozmenu Z —Z = ]/(x—)?) ko3 uupeHT ¥ OymerT 3HAYUMO
OTJIMYATBLCS OT HyJsl. [Ipeanonokum Teneps, 4to GakTop X HEMOCTYINEH JUIS
HAGJTIO/IEHNSA, U HCIIONB3YeTcs MOJENh J — ) = a(Z —E). B asrtom ciydae

OIMOKH yNPOIICHHOW MOJIENN OKa3bIBAIOTCS KOPPEINPOBAHHBIME C PETPECCO-
pammu:

<z—2,y—f—a(z—2)> =<;/Ax,ﬂAx> = yﬂa%.
Kak nmpaBuio, K BBIBOy O KOPPEIMPOBAHHOCTH OIIMOOK U Per-
peccopoB MPUBOIAT HAOIIOACHNUS 32 PErpecCOpPaMu, BBIIIOIHEH-
HBIE C OTPEICTICHHON HETOYHOCTBIO, T.€. K ATOMY dPEKTy Ipu-
BOJIAT OLIMOKU U3MEpPEHHs HaOII0JaeMbIX BEJINYHH, BbI3BAHHBIE
TpeThuM (aktopom. Camo 1o cebe BIUsIHUE TPeThero (hakropa
HEYCTPaHUMO, HO MO>KHO MOMBITATCS CHU3UTh KOPPEIALHIO 00b-
SCHSIOIIECH IepEMEHHOM U OIMOKHU MOJIENI BBEACHUEM HOBBIX
HNEPEMEHHBIX — 3TO TaK Ha3bIBa€MbIil METO/ MHCTPYMEHTAJIbHBIX
nepeMeHHbIX WK AByximarosbiii MHK.
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Urak, MyCTh paccmarpuBaeTcs MO/JICITh
y(n)=y+ a(z(n) -z )+ £(n), cesaspiBalomas 1Be CTAlMOHAPHBIX CIIy-
YaWHBIX BENUYMHBI. ECIIU BBISICHUIIOCH, YTO MEXAYy Z U & CYIIECTBYeT 3Ha-
YyrMasi KOppeIsiiys, Haflo 0100paTh HEKOTOPBIE IPYTHE PErpeccopsl, OT KOTO-
pBIX TpeOyeTcst, YTOOBI OHM XOPOIIO KOPPEIHpOBasd OBl C Z , HO JaBayu ObI
OJM3KYI0 K HYJIO KOppENsMIo ¢ & . BeibepeM HEKOTOpYIO NepeMEeHHy W
(ecnu, KOHEYHO, OHA HAWJETCS CPEeAM HAOIIOAAEMbIX BEIWYHH), 00JIaJarolyI0
CBOWCTBOM HYJIEBOH KOPPEISIIMUA C &, U MOCTPOUM PErpecCHI0 CTapbIX per-
PEccopoB Ha 3Ty TepeMeHHyw: Z (1) =Z + ﬂ(W(n) —W). 3arem 5Ty am-
TIPOKCHUMAIMOHHYIO BEJMUMHY Z TIPMHMMAEM 3a HHCTPYMEHTATbHYIO Tiepe-
MEHHYIO H CTPOMM perpeccuio ¥ Ha Z . Ilo IOCTpOeHUI0, OCTATKH PETPECcCHU
HE KOPPEIHUPYIOT C PETPECCOPaMH.

To4yHOCTH PErpeccCHOHHOTO MPHONMKEHHUS W 000CHOBAaHHE €ro NPUMEHU-
MOCTH JatoTcst Teopemoit ['aycca-Mapkosa.

V¥V Teopema 1.1. Ecnu mapHas perpeccMoHHas Mojenb yV, = d + bxn +é&,
TaKOBa, YTO &, €CTh HOPMAJbHO paclpesieNieHHas Cayd4aiiHas BelIHMUIMHA C Hy-

JIEBBIM CPEJHUM M MOCTOSHHOMN JucHepcHeil, To OLeHKH napameTpos d u b
no ¢popmynam MHK nmeroT HauMeHBIIYIO TUCTIEPCHIO B KJlacce BCEX JIMHEMH-
HBIX HECMEILICHHBIX OLIEHOK. A

TlycTth perpeccus crpomnack 1o Beibopke N mannbIx. U3 Teopemsl [ayc-
ca-MapkoBa U CTallMOHAPHOCTH PETPECCUH, BICKYIICH BBHITOJHEHUE IICHTPAIb-
HOW MPEIeTbHOM TeOPEMBI T BEIOOPOYHBIX CPEIHUX, CICIYET, YTO CTATHCTHU-

P3N
&, (N)

cB00OIBI. B pe3ynbraTe MOBEpUTEIBHBIN HHTEPBAI IS IPOTHO3HBIX 3HAYCHUIMA

a Z HUMECT pacClpeaciCHUC CTI)IO,HCHTa C N - 2 CTCIICHAMMU

Yk Ha YpOBHE 3HaUAMOCTH ( ONpexeNsteTcs craTucThkoidl CThiofieHTa
H_q(N-2):
Vi —t-q(N=2)0,(N) < pp <y —t1o(N=2)0,,(N).(1.29)

Ecmm ocratku perpeccun 0o0pa3yroT TayccoB Oemnblii IIyMm (HOPMAJBEHO
pacTipeieleHHBII MPOLecC ¢ He3aBUCHMBIMU TIPHPAIICHUSIMH), TO MOKHO TEO-
PETHYECKH ONpEEIUTh 3HAUMMOCTh Kod(duuuenta koppensuuu R . Ucxon-
HBIM TIOJIO’KEHHEM SIBIISICTCS TO, YTO NMPH OTCYTCTBHH KOPPEIALUN MEXKIY 00b-
SICHSIEMON Hu OOBSICHSTOIIEH [IEPEMEHHBIMU CTaTHUCTHUKA
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R(N)NN =2 /4/1- R? (N) umeer pacnipenenenue Cretonenta ¢ N —2

CTereHsAMHU cBOOOABI. CremoBaTenbHO, KOX(POUIMEHT KOPPEIAIUN 3HAYNM Ha
ypoBHE ( (T.e. TMIIOTE3a O PABEHCTBE HYJIO I'€HEpaIbHOTO KoddduimeHTa

KOPPEJISIMH OTBEPraeTcsi C BEPOSTHOCTBIO | — & ), eciu

[R(N)WN -2
1= R?(N)

MoskeT oka3aTbcs, UTO OCTaTKU psiAa mnocie npumeHenus JIPM aBToxop-
penrpoBaHbl. DTO CBUAETENLCTBYET O TOM, YTO PETPECCHOHHAs MOJEIh HEZ0C-
TATOYHO TOYHO aNNpOKCUMHUpPYeT ero. Hampumep, eciiu olieHKa aBTOKOppEs-

>t1_g(N=2). (1.30)

LMA Mek/ly 3HAYEHHSIMH (X] ,..., X )/ { CIy4aiHOH Bexuuuubl & , molydaemast
no BeiGopounoit AK® Ay (n) nokasama, uro HaGmonaercs cnaboe yMeHb-

HICHHE |A N (n)| ¢ pocTtoM 7, wii nosefeHrne AK® HEMOHOTOHHO Ha YpOBHE,

MPEBOCXOAIIEM COITIaCOBAaHHBIM ypOBEHb 3HAUMMOCTH, TO CIy4alHbIE BENU-
YHHBI B TAKOH BBIOOpPKE HEJIB3sI CUUTATh HE3aBUCHUMBIMI. MaKCHMyMBI MOJYJIS
AK® mnoxka3bplBaloT HaJIM4YUE JIarOB, T.€. MPOMEXYTKOB BPEMEHH, Ha KOTOPBIX
MPOSIBIISIETCS. CKPBITAsl 3aBUCHMOCTD CIIy4aliHbIX BeIM4UH. B psnpax ¢ cymect-
BEHHBIM BJIMSTHAEM IIUKJIMYECKON MM CE30HHOW KOMIIOHEHT JIaru Ha rpaduke
BbIOOpouHON AK® BBIpakeHBI 0OCOOEHHO CHJIBHO. B Takmx ciydasx ctpositcs
MOJIETIM, OCHOBaHHBIC Ha KOPPEJSIIIMOHHOM aHaln3e BBHIOOPOK, TaK Has3bIBae-
MBI€ aBTOperpeccHoHHble Moaenu (AP). B aTux Monensx Mcrosib3yercs jaro-
Basi aBTOKOPPEJISIIKS, T.€. CTPOUTCSI PErpeccrs BEIOOPKH OINPEeTICHHON JUTHHBI
Ha BBIOOPKY Tako e JUIMHBI U3 TOTO K€ Psia, HO CIBUHYTYIO OTHOCHTEIIFHO
nepBOii BEIOOPKH BIIEpE]] WIIM Has3a]l Ha OINpeAe]IeHHOe YHCIIO Iaros. Bemmun-
Ha Jlara Ha3bIBAaeTCs MOPAIKOM MOJENU. B yacTHOCTH, MOJens Mopsaka p an-

IPOKCUMUPYET OTKIOHEHHE 3HAYEHHs X, BPEMEHHOTrO PsJa OT BhIOOPOYHOIO
cpeatero My (N) B MoMeHT BpeMeHn ¢ = 1 4epe3 p Goliee PaHHUX 3Have-
)

HHﬁ, HCIIOJIB3YSl UMCIOLIYIOCA BBI60pKy nu3 N BeJIUYUH:

P
P =D Upyn_k+& Pp=%,—my(N). (1.31)
k=1
ECJ‘II/I TakKass MOJICJIb aICKBATHA npoueccy, TO OCTAaTOK & 6J'II/I3OK K 6en0My
I_[IyMy. HpeJ:[HOJ'IO)KI/IM, 4YTO 5Ta MOACJIb TOYHasA, U y6epeM HIJ'IHHKy Haa l'IpO—

THO3HBIM 3HaueHMeM ), . Torma, ymHoxas mnociemoaTenbHo (1.31) ma
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Yn-1s Yn-25 -+ Yp—p ¥ CyMMHUpYs NOJy4CHHbIE PABEHCTBA 10 /1 B TIpe-

Jieflax UMeIoNIeics BRIOOPKH, ITOJTy4aeM TaK Ha3bIBAEMYyI0 CHCTEMY YpaBHEHHH
fOna-Yoxkepa, u3 kotopoii Haxozstes kodspduumentst Uy monenu (1.31):

A, (D) =U, + A, (WU, +..+ 4y (p-1)U,,

Ay(2)=A4,(OU, +U, +..+ 4y (p-2)U ,, (132)

Ay(p)=Ay(p—DU, + 4y (p-2)U, +...+U,,.

Kak npaBuiio, ucnosns3ytotess AP mopsinka He BBIIIE MSTH B CHIIY TOTO, YTO
CTaTHCTHYECKAs HEOIPEeIICHHOCTh, coepkamiascs B cucreme (1.32) m3-3a
npucyTctBust B Heit AK®, npu Oobiiolt pa3MepHOCTH 3a/1adil HE TI03BOJISIET C

HYKHOI1 TOYHOCTBIO BBIYHCIINTH HCKOMBIE KOO duumenTs Mogenn Uy, .
AP niepBoro nopsiika UIMeeT BUJ
Pu =AY,y (133)
AHaJOrnYHO MOJIETh BTOPOTO MOpSIIKa onpeesnsiercs: popmynoi
P (e R T R )
1-A4%(1)
rae, kak u B (1.31), 3, = X, —my (N).

. (1.34)

OTMeTHM, YTO Ha MPAKTHKE BAXHYIO POJIb YaCTO UrpaeT He abCONoTHAs
omOKa WM aHAJIOTHYHAs ei OMIMOKa HOPMHPOBAHHBIX BEIMYHMH, & OTHOCH-
TebHAA CPeIHEKBAIPATHYHAS OIIMOKA aNMpPOKCUMALMK O , TIPH YCIOBHH, UTO
u3yvaeMasi BeIMYMHA IPHHAMAET HEeHyeBbIe 3HaueHus1. KBaapar 31oit ommoOku
omnpenensiercs Gopmynoit

~ \2
52 =lz % (1.35)
1

n
ne

=1
U BhIpaXkaeTcs yepe3 BbIOOPOUYHBIE MOMEHTBI OOPATHBIX BEIMYUH

1& 1
m_g (== — yi#0. (136
iz1yi

ITockonbky
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2
I (1 2
Moy (== =y, () | +(my, () =
i=1 i
2
= 11,5, (m)+(m, ,(n))

Y aHAJOTHYHO

X 1
—)=cov| x,— |+m (m)m_ (n)=

y

= Rx,l/y (n) /’lz,x (n)/’l—Z,y (n) + ml,x (n)m—l,y (n)'

To 1151 o0k (1.18) momydaeM BeIpaxeHue

5 =a’| cov| x*,— |+mym,, |+
(1.37)
1 2
+2ab| cov| x,— |+m m,  |+b"m,
rae

My

a=Ry, , b:mljy(l—a).
H2 x

Kak u mas abcomoTHON OmmMOKK anmpOKCHMAITUH, €CITH ny —>1, 10

o0—0.

8.2. /IuneitHas perpeccusi B CKOJIb3sIlIIeM OKHe

[Ipy BBIYKMCICHUH NPOTHO3HOTO 3HAYEHHUS MO MOJIENH alIPOKCHMAIUU B
CTalMOHAPHOM CITy4ae I10JIararoT, 4YT0 KO3((GHINEHTHI PETPECCHU MTOCTOSHHBL
Torma mpOrHO3HOW MOJENBIO SIBIISIETCSl IPOAOJDKEHHE aIllllpOKCHMAIIMOHHON
3aBHCHMOCTH 110 MHJIEKCY OOBSCHSIOLIECH MEepeMEHHOI 3a TpeIeIbl IPOMEKYT-
Ka amnpoxcuManuy. Hampumep, 171 mapHOi perpeccun Y Ha X IO BBEIOOpKE

o0bemMa /1 B MOMEHT BpeMeHH ! anmpokcumanusi V naercs dopmyioii (1.6),

KOTOpPYIO, OITyCKasi Ul KPaTKOCTH 3aBUCUMOCTb OT 00beMa BBIOOPKH, Nepernu-
IIEM B BUJIE
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5@ = (1) +w'(x(i) —X(t)),i=t—-n+1..,t.
)
(2.1)

B sroif popmyne cpeanue, AucHepcHs M KOBapHalWs BBIYUCISIOTCS IO
BEIOOpKE 00BeMa /1 , OTCUMTAHHOM Ha3al OT MOMeHTa Bpemernu [ . Torma KoH-

CEPBATHBHBIN MIPOTHO3 V., T.€. IPOTHO3 B NPEATOIOKEHUH MOCTOSHCTBA KO-

5 GHUIMEHTOB perpeccuu, B MOMEHT Bpemenn ¢ + 1 ctpoutcs o gpopmyie

) . Cy@ _
Pt +1) = 5O +——(xt + D) =X(1). (2.2)
0
x
KoHnenmusi KOHCEpBaTUBHOTO INPOTHO3a KOPPEKTHA U OJHOKPATHOTO
MIPOTHO3MPOBaHKA. Ecin ’ke MBI IPOTHO3UPYEM B CKOJB3SINEM OKHE, TO, OUe-
BU/IHO, TIPOTHO3, B MIPEATIOI0KEHHN CTAIMOHAPHOCTH PAIA, JOJDKEH MPEICTaB-
JATH cOOOH ANNMPOKCHMAIMIO JAaHHBIX B 3TOM CKOsb3fmieM okHe. CiemoBa-
TEeJIbHO, 00JIee MPaBMIIBHOM SIBISETCS MOAEND MPOTHO3a, B KOTOPOM IPOTHO3-
HOE 3HAYEHHE SBIISIETCS] ONTHMAIBHBIM C TOUKH 3peHHs OyIyIiel perpeccuu B
CABHHYTOM Ha ONIWH Imar okHe. Kak W B OOBIYHOI CTanMOHApHON MOIenH,
IperonaraeM, 4To CKoJb3dIas cBs3b Buga (2.1) Mexay ) M X ocraercs
CIIPABEAJIMBOM M B CIEAYIOIIMNA MOMEHT BpeMeHu. Torma mporHo3upyemoe
3HaYCHHE CaMO BXOIHT B MPaBYIO 4acTh (2.2), Tak KaK CpelHUe TOJHKHBI BBHI-
YHCIATHCS, COTIIACHO CKOJIB3SIIMM CPEHUM, B TOT K€ MOMEHT Bpemenu £ + 1.
B stoM ciyuae BMecTo (2.2) cinenyer nucaTh
Cyy(t+1)

Pt+1) = y(t+1)+2—-(x(t+1) —X(t+1)). (2.3)
oy (t+1)

B dopmyne (2.3) cpenHue BeIMYMHBI B MOMEHT BpeMmeHH f + 1 MoxkHO
BBIPA3UTh YEPE3 CPEIHHE B MOMEHT ! W vepe3 HoBble 3HaueHus X(f+1) u
Y(t+1), npuaem P(¢+1) tpakryercs kax Gymymee dakTHueckoe 3Haue-
Hue. Toraa ucrnonb3yeM peKyppeHTHbIe (OpMYJIBL:

P+ = g+ 2D ED g g
n
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C, (t+D)=C () +
+1{ﬁ@+n(x@+u—f@»—
n

—F(@O)-(x(t+ D) =x(t=n+1)+X(0)- y(t —n+1)} -
(PE+D)—y(—n+1))-(x(t+1)—x(t—n+1))

2 .
n

(2.5)
[oncrasnsist Beipaxenust (2.4-2.5) B (2.3), mony4aem JHMHEHHOE ypaBHEHHE
OTHOCHTEJTBHO MporHo3HOTO 3Hauenust ) (¢ + 1), paspermas kotopoe, HaxoauM

Pe+1) =
jXO—lyU—n+D+xU+D_fO+D(C (0+“+l’]
n n

0§O+D Xy n2
B 1_1_x(t+1)—)?(t+1)(x(t+l)—)7(t)+x(t+l)—x(t—n+l))’
n ol (t+1) n n’

a :)?(t)y(t—n+1)—)7(t)(x(t+1)—x(t—n+1)),
b:y(t—n+1)(x(t+l)—x(t—n+1)).

(2.6)

IIpu n — o0 dopmysl (2.6) nepexonst B popMyias! 00sr9H0M JIPM.

Jnsi MHOXECTBEHHOW PErpecCHH 3TOT IIOAXOJ TaKKe NPHMEHHUM, €CIH
TOJBKO KO3()(MHUIMEHTH PErPecCHH 3alicaHbl B BUAE SBHBIX BBIPAXKCHHH IS
CpeIHMX 3HAYCHHMH, T.C. €CJIM W3BECTHA KOBapHALMOHHAs MaTpHuna. B mporTus-
HOM clTydae HaJ0 YHCJICHHO pellaTh 3aJa4y O PerpecCHOHHON anlpoKCHMAaIHN
B BUJIC UTEPAMIOHHOTO IIpoIlecca, KOrJa MPOTHO3HOE 3HA4YCHHE, IOJyYeHHOES
Ha TNpeAbIOyIleM Miare, ITOJCTaBIsIeTCS B BBIOOPKY, MO KOTOPOH CTpOMIach
aNMpPOKCUMAIIHS, B KAU4eCTBE ITOCIEAHET0 3HAYCHHUs. DTOT IPOLECC CTPOUTCS
CIIeIyIomM 00pa3om.

[ycts umetotcss P + 1 BEIGOPOK JaHHBIX 00bEMa 7 KakK/as, U CTPOMTCS

MHOECTBEHHAs PErpeccust BLIGOPKH ' Ha BBIGOPKH X{,...,X . CooTBeTcT-
BYIOLIHIA PsiT JUTS j-Oif BHIOOPKH €CTh HAGOp JAHHBIX {x j M,...,x j (n)} 060-

3HAYMM CpPEIHME TI0 HTUM BBHIOOPKAM 4epe3 X i, KOBapHAlMU MEXIy HUMH
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Cij , KOBapHaIliio MeXJy BbIOOpKaMu ) U X j uepes K e [lepeiineM x ps-
JlaM OTKJIOHEHHH OT CPEIHUX I10 BHIOOPKE, YTO 0003HAUUM IITPUXOM:
¥k =x;(0)-%;, YE)=yk)-¥. @27)

TOF}Ia aHHpOKCI/IMaHI/IH OTKHOHeHI/Iﬁ HUMECT BU/
p
Tk = Y 4;x5 k), (2.8)
J=1

rae Kod(hGULNCHTEI perpecChi A ; SBISIOTCS PELICHHEM CHCTe-

MBI YPaBHEHHUU
p
D.Cid; =K. (29
j=1

Ecnmn Her addexra MynbTHKOUIMHEAPHOCTH, KOBapHalMOHHAs MaTpHIA
HEBBIPOJXK/IEHA, YTO ITO3BOJISICT HaWTH perreHne cucteMsl (2.9). Takum obpa-

30M, ko3dduiuents A j ABJISIOTCS HEKOTOPBIMU (hyHKIIMOHATIAMH OT 3JIe-

MEHTOB BBIOOPOK:

¢ 1

%=Zk %&.@m
i=1
ITocraBuM Temeps crnenyromtyto 3anady. [IycTs 3amaHsl 77 3JIEMEHTOB BBI-

6opok ¥ u X ;, j=1,.., p. Tpebyercs naiitn Takoe 3nauenue (1), uro-
OBl THIEPIUIOCKOCTh perpeccuu (2.8) mpornia Obl Yepe3 3Ty MOCIEIHIO TOY-
Ky. Jlaum JUIs WUTFOCTPALMK TOYHOE PENIEHre 9Toit 3anaun ipu p = 1.

Cpenree 3HaueHwe ) TIO BBIOOPKE, COfepIaIledl HCKOMOe 3HAYEHHE

)N/(l’l), OTIIMYACTCS OT CPEIHETO f 10 WCXOJHOW BBIOOPKE Ha BEIHUHHY
(F() = y(m)/n, re.
5=y 200 oy
AHaIOTU4YHO KOBapI/IZHI/IH HCKOMO¥ BEIOOPKH C BBIOOPKO¥ X paBHA
. (x(n=%)-Gm=ym) 5

Cy =Cyx + » .
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CreoBatenbHo, 3Hauenre (/) HAXOOUTCS U3 ypaBHEHHS TIPSIMOM per-

peccun
;(n)z):}"_axyxo/l)—z_xa
O-x
T.C.
j; (n)_ y(l’l) 1+ (X(l’l) _f)2
#(n)= ” 2 13
1, Gn-)

n o
rae y.(n) ectb anmpokcumarys y(n) 10 UCXOJHOW BBIOOPKE,

T.C.
~ _ x(n)—x
Ve(n)=y+Cy, — (2.14)
Ox
PaccmoTpuM Teneph ClieqyrOMMA WTEPALMOHHBIA MPOLIECC MO HAaXO0XK[e-
nuto V(1) . 3anamum Hynesoe npubnmkenue, nonaras Vo (n) = y.(n), rae

ic (n) onpenenena B coorBercTBuu ¢ (2.14). Ha creyromem mare 3aMeHUM
B HcxoaHoit BhiGopke V(7)) Ha Y((71) u moctpouM ammpokcuMmaumio s

9To# HOBOIT BEIGOPKH. COOTBETCTBYIOLIEE 3HaueHne y oGo3Haunm V| (7). Io-
BTOPSIEM IPOLECC ANNPOKCHMALMK C 3THM HOBBIM 3HaueHueM H T.1. Haiinem
YCJIOBHS, IIPU KOTOPBIX 3TOT MTEPALIMOHHBINA IPOLECC CXOAMUTCA U €ro Ipejie-
nom sinsetcst y(n) w3 (2.13). Ha k -om ware urepanuu umeeM JuHeiiHoe

PEKYPPEHTHOE COOTHOIIEHHE, KOI(D(DHUIIUEHTHI KOTOPOTO OMPEAENISIOTCS HEM3-
MEHSIEMBIMH DJIEMEHTaMH BbIOOPOK, T.€. TIOCTOSIHHBI:

y(n)y=a+ By, (n),

a=y.(n)- yin) 1+ (x(n;; *) , (2.15)

p-tl B0 |,
n o,
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Bripaxenue 1ist [ onpesesnieHo, eciu Aucnepcus oObACHSIONEH mepe-
MEHHOH OT/NMYHa OT Hyns. Torja omepaTop PeKypCHH CKMMAIOIIUH, eciu
B <1. B stom cayuae npenen nocnegosatensHoctn Yy (1) cymectsyer u

pasen y(n) =« /(1 - ,B), T.€. coBmaznaer ¢ (2.13).

8.3. KounrerpupoBaHHbie perpecCHOHHbIE MOeJIN

KonHTerpnpoBaHHBIMH HA3bIBAIOTCSI TaKWE BPEMEHHBIE DSAIBI, KOTOpPHIE,
MOXeT OBITh, CaMH TI0 ceOe SBIAIOTCS HECTAMOHAPHBIMU, HO CYIIECTBYET MX
JMHEHAsS KOMOMHAINSA, WM KOMOMHAIMA Pa3sHOCTEH ONPEeAeIeHHOTO TopsaKa
3JIEMEHTOB 3THX PSIIOB, SBJISIONIASCS CTAMOHAPHBIM BPEMEHHBIM psaoM. Jlms
(hopManmzanyy UCTIONB3YEMBIX B TAKHX CIy4asX MOJIENCH IaauM HEKOTOphIE
OTIpEICTICHUSL.

V Omnpenenenue 3.1. CnexTpanbHBIM TIPEICTaBICHHEM NEHCTBUTEIHFHOTO
CKaIsIpHOTO cyyaiinoro mpouecca ¢ AK® A(t) HasbiBaeTcst npescTabieHue

T
A= [eMdo() (1)
-
AJI1 AUCKPETHOT'O BPEMCHHU U
o0

A= | e Mdo(A) (3.2)
—0
ISt HenpepbIBHOTO BpeMeHu. DyHkiusa (J(A) Ha3bIBaeTCs CIEK-
TpabHOM (PYHKIIMEH, a TOPOXKICHHAS € Mepa — CIIEKTPATbHON
Mepoil. A
¥V Onpenenenne 3.2. Ilycts £(¢) cranmoHapHbii B IIHPOKOM CMBICIE TIPO-
necc, A(t) u Q(A) ero aBTOKOppENALMOHHAS M CHEKTpaibHas (yHKIMH.

[Ipeobpasosanne P mnporecca HA3BIBAETCS JTMHEHHBIM (GHIBTPOM, €CIIH MPO-
necc 77(¢) = D E(t) npencrasnsercs B Buze

n(t) = j h(t—s)E(s)ds . (3.3)
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Oyukuus /A(t) Ha3pIBACTCS UMITYIBLCHOM MEPEXOTHON PYHKIIHEH

dunbTpa, a ee Pypne-00pa3 Ha3bIBACTCS YACTOTHOM XapaKTepH-
CTHKOU MIIbTpa. A

V¥ Onpenenenue 3.3. ITpouecc &(f) HasbIBaeTCS MPOIECCOM € HE3ABUCHMBbI-
MU TIpHPAIIEHUAMH, €CTH JUIsl JIFO00TO 7 M JUIsl BCEX MOMEHTOB BPEMEHH
] <ty <...<t, cuoyuaitnsle Bemmumnel  &(f), S(tp)—-&(f), ...

&(t,)—<&(t,—1) uesaucumbl. Ilpomecc ¢ HE3aBHCHMBIMH NPUPALLCHHUSIMHU
HA3bIBAETCS Tak)Ke OeNbIM ITyMOM. A

V Teopema 3.1. (Pa3nmoxkenme Bompma). Beskmii crammoHapHBIH Iporecc
&(t) MoxeT GbITh MpPEJCTABJICH €MHCTBEHHBIM 00Pa3oM B BHJIC CyMMbI He-

KOPPEIHPOBAHHBIX Mexay coboit mpomeccos &(1) = E° () +E" (1), rne

s . . r
&7 (t) — cuarynspHbli (WM JeTepMHUHMPOBaHHBINA) Tporece, a & (f) —
PETyISApHBINA (TIOMHOCTBIO CITyJaiiHbI). A

CHHIYJISIpHAs COCTABJISIONIAs CTAlMOHAPHOTO CIy4YaifHOro mporecca u3-
BJIEKAETCS M3 HETO MO0 GECKOHEYHO yIaJeHHOMY TIPOILIOMY, & PeryJspHas co-
CTaBJISIONIAs MILETCS HA OCHOBE CIIEYIOMIETO YTBEPHK/ICHHUS.
¥V Teopema 3.2. Jlnst Toro uto6bl cranuoHapusiii mpouecc &(¢) 6but pery-

JISIPHBIM, HEOOXOIMMO U TIOCTATOYHO, YTOOBI OH MPEACTABIISII COOOU mpeodpa-
3oBaHue (GmibTpanuu (3.3) HEKOTOPOTo MpoIecca ¢ HE3aBUCUMBIMU TIPHpaIlle-
HUSMU. A

Teopema Bompaa B TepMuHAX (WIbTpanuy AUCKPETHOTO BHAA MOXET
ObITH copMyNIHpoOBaHa CIECAYIOIIMM 00pa3oM: BCSKHMH CTallMOHApHBIN Bpe-
MEHHOH psJl ¢ KOHEYHBIMH MaTeMAaTHYECKUM OXHJIAHHEM U TUCTIepCHel MOXKeT
OBITH IIPE/ICTABIICH B BUJIE

o0 o0

x(t)=pu+ Y helt=k), |yl<o,  (3.4)
k=0 k=0

I 4 €CTh CpeAHEe 3HaUEHUE Mpoliecca, a £(f) ecTh CTalMoHap-

HBII Tpoliecc 0e0ro myMa ¢ HyJIeBBIM CPETHUM U KOHEYHOM

JACTIEpCUEn ag .
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V Omnpenenenune 3.4. [Iporecc Ha3pIBaeTCS MPOIECCOM CKOJIB3SIIETO CpeIHE-
ro mopsinka g u obozHavyaercsi CC(g), ecii OH MPEICTABISIETCS B BUAC

q
x(t)=p+ Y hpelt—k). A (3.5)
k=0
[Iporecc CC(q) umeer creayromue CBONCTBA:

q-7
7<q = Z hkhk+r b
k=0

q
Mx=pu, Dx= 0§Zh,f, A (7) 36)
k=0 .

A (1) g = 0.

Kak BumHO U3 cBOHMCTB (3.6), Mozaenb (3.5) UMeeT CMBICT HCIIOJIL30BaTh B
TeX ciydasx, korga Beioopounas AK® npouecca 6am3ka K HyITI0, HaUWHAs C
OIIPEJIENICHHOT 0 3HAYEHUsI 7 = ( .

Paccmotpum mpencrasienue (3.5) Kak pe3ynbTaT HIPUMEHEHHUS OTepaTop-

HOT'O IMOJIMHOMA OT omeparopa L casura Ha | mar:

q
Ak A
y(O)=x(t)—pu= Y hLe(t), Le()y=e(-1). (3.7)
k=0
XapaxkTepuctTiaieckuM MHorowieHoM mnpouecca CC(q) Ha3bIBaeTcs IOJH-
HOM

q
Y, ()= Y i A47* (3.8)
k=0

V Onpenenenne 3.5. Ilpomecc CC(q) (3.7) Ha3pIBacTCS OOpaTHMEBIM, €CIH
CyIIECTBYeT TaKoi mporecc GrIBTPanuy ¢ Kodpdurnuentamu ¥/, , 9To

o0
rk
e()= D2 wil"y@0). A (39)
k=0
ITycts {ﬂk} CyThb pa3IN4YHbIE KOPHH XAPaKTEPUCTHUYECKOTO IMOJIMHOMA

Y q A1). Torma 3TOT MOJIMHOM IIPeACTaBUM B BUJIE

q
Y, (A) =hy H (ﬁ, - ﬁ*k) . Tlockonbky HOpMa omepaTopa CIOBMra paBHa
k=1
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eANHUIEe, HeOOXOAUMBIM YCIIOBHEM OOPAaTHUMOCTH, T.€. CXOIAUMOCTH TIO A pas-

noxenust B psg apodu 1/7Y, 4 (A), aBnsercs ycnosue |/1k| < 1. Ecu nopcra-

BUTH paszyiokenue (3.9) B ucxomuyro Mojeis (3.7), TO MOIYIUTCS MPeICcTaBiie-
HHE, B KOTOPOM 3HA4EHHE CIIyYallHOW BEIWYMHBI ) B MOMEHT BPEMEHH ! BBI-

pPaKEHO Yepe3 3HaueHMsl STOM K€ BEIIMYMHBI BO BCE MPEABLAYIIHE MOMEHTHI
BpeMeHU. Eciy Tenepb OrpaHUYUTHECS B HEM HECKOIBKUMHU MEPBBIMU p Cllarae-
MBIMH, TTOsTyuuTcsi AP mopsinka p, paccmoTtpenHas Boime B (1.31).

V Omnpeaenenne 3.6. Ilponecc Ha3bIBaeTCsl MPOLECCOM aBTOPETPECCUU TO-
psnka p AP(p), ecii oH TipeACTaBISIETCS. B BUIIE

4
yO)=et)+ Y Upylt—k). A (3.10)
k=1

[To ananormu ¢ nponeccom CC(q) (3.7), ans mponecca AP(p) Takxke MOX-
HO HanucaTth XapaKTepUCTHYECKOE YpaBHEHHE U paCCMOTPETh BOIIpoC 00 oOpa-
TUMOCTH 3TOTO IIporiecca. BuiHo, 94TO 3TH [Ba THIIa IPOLECCOB B HEKOTOPOM
CMBICIIE B3aUMHO 0OpaTHbIe: UMEHHO, 00paTHbIM K CC(q) sBIIsIeTCsS HEKOTOPBIN
AP(o0), a obopatHeiM kK AP(p) siBnsiercst Hexkotopsiii CC(00). B mocnennem
ciryyae OynIeT OCyNIECTBIICHA JEKOMIO3WIMs Boibra, mosTromy oOpaTHMBIN
npouecc AP(p) sBnsiercst crannonapHbsM. Obmiee pernenue ypasHenus (3.10)
MIPE/CTABISIETCSl B BHJIE CYMMBl YacTHOTO PELIEHHs] HEOJHOPOAHOTO ypaBHE-
HUS, KoTopoe maerca (opmymamu Omna-Yokepa (1.32), n obmero pemenuns
onHOponHOTrO ypaBHeHMs. [locnenHee orpaHW4eHO, €CIIM KOPHH XapaKTepH-
CTHYECKOro ypaBHeHus Juisi mporecca (3.10) mo Monymio MEHbIIE eIWHHIIBL,
T.. 3TO YCJIOBHE COBIIaJaeT ¢ ycjaoBueM obparnmoctn nporecca CC(g). Ecan
JKe XOTsI OB OIMH KOPEHb MUMEET JeHCTBUTEIBHYIO YacTh, 10 MOAYJIIO OOJbIIE
00 PaBHYIO eTMHHUIIE, AEKOMITO3HIMs Bosibia HEBO3MOXKHA, U TaKOW Iporiece
He OyZeT cTamoHapHBIM.

XapakTepHbIM TNPHMEPOM HECTAI[IOHAPHOTO aBTOPETPECCHOHHOTO IIPO-
mecca SIBJSIETCSl TaK HaszblBaeMoe CilydaifHoe Oiy)kKJaHue, IpeCTaBisoniee
coboii mporiecc AP(1), umeromuii eMUHUYHBIN KOpeHb. MOIETh CIy4YaifHOTO
Omyxnanus naercst popmyon

t
y(t)=y(t-D+¢e(t)=y0)+ Z&‘(t -k). (3.11)
k=1
Hockonbky (3.11) MoxkHO nepenucats B Bune £() = (]:O .y )y(t ), xa-

PAKTCPUCTUICCKOC YPAaBHCHUC HpaBOfI YaCTu OTOro IMpeACTaBJICHUSA €CTb
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1-4, KOTOpOE MMEET €NMHCTBEHHBIN eMMHIIHBIN KopeHb. s mogenu (3.11)
MaTeMaTHYECKOE OKHUIAHUE ITOCTOSIHHO My(t) =0, Ho AucHepcHs OKa3bIBa-

€TCs 3aBUCALLEH OT BPEMEHMU:

t t t
Dy(t)=D e(t-k)=Y De(t—k)= Y o7 =to}.
k=1 k=1 k=1
Takum 00pazoM, Ha MPAKTUKE MPH HCIOJIL30BAHUM MoJelneil Tuma AP(p)
HEo0XOOUMO HCCIENOoBaTh MPOOJIeMy eIMHHYHOro KopHs. Ecmm coorBercT-
BYIOIAsl CTATUCTHYECKAs TUIIOTE3a PeIaeTcsl MONOKHUTEIBHO, T.€. eMHIYHBIN
KOPEHb BeCbMa BEpOSITEH, TO PsJ HecTalMoHapHEIH. Tect Moaenu Buna (3.34)
y(t) = Ay(t —1)+ &(¢) na HecTauMOHAPHOCTH, T.€. HA BEPOSTHOCTH TOTO,

uto A =1, naseiBaerca Tectom Jluku-Dymnepa. IlockoibKy HpoBepsemast
CTaTHUCTUKA MOXXET OBITh HecTalMOHapHOW, kpurepuu Tuna CThIOJeHTa He-
IIPMMEHUMBI, T.K. OHH OKa3bIBAKOTCS HECOCTOATENbHbIMH. Jlist onenku A co-
cTtaBisiercst cratuctuka CTbIOJEHTa, HO KPUTHUECKHE 3HAUCHUS HE HMEIOT
pactpenenenus CTbIOZEHTA, a ONPEAEISIIOTCS 10 TabJIUIaM, TOJyYeHHBIM Ha
OCHOBE YHCIIEHHOTO MOJIEIUPOBaHMS CIy4aiiHbIX ONykKIaHuil MeToJoM MoH-
te-Kapo.

O0o01masi onHMCcaHHYIO CXeMy, BMeCTO ciydaiiHoro Omyxxpanus (3.11)
MOHO PaccMOTpeTh crammonapHbii mpouece z(1) = (1) — y(t —1) = (1),
Hnepeias K ero NepBbIM pasHOCTSIM. EcnM ¥ 3TOT HOBBIM MpOLIECC OKa3alCcs He-
CTalMOHAPHBIM, MOXHO IIEPEHTH KO BTOPHIM Pa3HOCTSIM W T.A. B pesynbrare
MOJy4YaroTCd MOJENIH OTHOCHUTENIBHO Pa3HOCTEM ONpEAENeHHOro MOopsAaKa, a
BO3BpAILlCHHE K UCXOIAHBIM CIy4aifHBIM BEJIMYMHAM IaeTcs TOTAa CyMMHpPOBa-
HHEM BBIUYMTABIINXCS MEPEMEHHBIX, TaK YTO TAKHE MOJEIH Ha3bIBAIOTCS WH-
TErpUPyEeMbIMH.

¥V Onpenenenne 3.7. Eciu B pesynbrate d -KpaTHOrO MPUMEHEHHS PA3HOCT-
Horo nupdepeHIupoBaHus (@) (1) = Adx(t) , tie omepatop A =1-— L
neiictyer mo npasuny Ax(t) = x(¢) — x(¢ —1) , nonyuuncs cranmonapHsiit
TIPOLIECC, TO MOJENb OTHOCHTEJHHO x(@) (t) naseBaeTcs MHTErpUpyeMoii
MOJIENBIO TIopsiKa d. A

Ilepexon K pa3sHOCTHBIM CITly4aWHBIM BEJMYMHAM SIBIIAETCS CTaHIAPTHBIM
METOJIOM HCKIFOUEHHS MOJTMHOMHUAIBHOTO 10 BpeMeHH TpeHaa. OH OCHOBaH Ha
TOM, YTO PA3HOCTHAs MPOM3BOHAS MOJMHOMA MOpsAKA ¢ SBISETCS TOIMHO-
moMm mopsaka d —1. Pasymeercs, B ciydae TPEHIOB APYrHX BHIOB TaKoif
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MOJIXO/ HE SIBIISETCS MPOAYKTUBHBIM. OmpeieNieHre TPeHaa IpeACTaBIsIeT Co-
Oolf 3amavy MOATOHKM MAHHBIX IO/ KPHUBYIO TOTO WIJIM MHOTO THIIA, a BBIOOD
KPUBOW OCTaBIIETCSA HA yCMOTpeHHe uccienoBatens. OT yaagHOCTH TOATOHKH
3aBHCHUT TOYHOCTh aHAIM3a OCTaTKa, OOYCJIOBJIECHHAs TJIAaBHBIM 00Pa3oM TeM,
MOJKHO JIH CUHATATH OCTAaTOK CTAllMOHAPHEIM.

V Omnpenenenue 3.8. KoMOMHHPOBaHHBIM CTAIlHOHAPHBIM IIPOILIECCOM aBTO-
perpeccun — ckonp3smero cpenaero AP(p) m CC(g) HaspIBaeTcs mporiecc
APCC(p, q) Buna

)4 . q .
Y6y =x)-u= Y wilye)+ Ymife),  3.12)
k=1 k=0

JIOITyCKaroImuil Takxe mpeacrasienus Buaa AP(00) u CC(00). Ecnu mporecc
nocine d -KpaTHOrO MPHMEHEHHs Pa3sHOCTHOTO JU((EepEHIMPOBAHHS TIPHBO-
mutesa K npoueccy tama APCC(p, ¢), OH Ha3pIBaeTCsl MPOILIECCOM aBTOpErpec-

CHH — WHTETPHUPOBAHHOTO CKOIB3AMIETO cpenHero, oobo3nagaemoro APUCC(p,
d,q). A

Ha mpaxTike BcTpewaroTcs psisl, caMu Mo cede HecTallmoHapHBIE, HO B
JIOJITOCPOYHOM aCIEKTe CBSA3aHHBIC OJWH C APYTHM. TaKOBBI, HALIPUMED, PSIBI
IIeH Ha CHIpYI0 HePTh W HE(TEHPOMYKTHI, a TAaKKe IEHBl HAa NPUPOMHBIA H
CKIDKCHHBIN ra3 B T.I. MOXKeT OKa3aThbCs, YTO Ja)kKe JIMHSHHBIC MOACIN THIIA
JIPM 1poXyKTHBHEI JJIsi OMMCAHKS B3aWMO3aBHCHMOCTH MEXIY TaKAUMH CIIy-
YaiHBIMH BEIMYMHAMH, T.€. B 3TOM CIydae HEKOTOpas X JMHEWHas KOMOWHa-
U TIPEJICTABIISAET CTAlMOHAPHEINA psin. O000ImMM onpeaenieHre, JaHHOE B Ha-
gaJe 3Toro mnaparpadga.

¥V Onpenenenne 3.9. Pagsr X (¢), X5 (?), ...,X,,(¢) HasbBaroTcs KouHTer-

PUpPOBaHHBIMU, €CJIIN CYHIECTBYET TaKas JIMHEHHAs KOM6I/IHaI_[I/I$I C IIOCTOSHHBI-

Mu kodhuureHTamMn ux pasHoctedl nopsiaka dgy, d), dy, ...,d,, xoTopas
TIpeICTaBIseT CTAIMOHAPHBIH nporecc 6enoro 1yma:
n
ZCkAdk xp(t)=¢€(). A
k=0

OcHOBHOI1 TIPOOJIEMOIT ITPU HCHOIB30BaHUH Mojieneid Tuna (3.12) sBisiercs
TO, YTO TOPSAKU (p, d, ¢) MOTYT MEHSThCS CO BpeMeHeM. Kpome Toro, 4ToOsI
aHanu3 ObL1 OoJiee TOYHBIM, JKENIATENbHO 3HATh, KAKOW OeJbIi IIyM clemyer
paccMarpuBaTh B KauecTBE OCTaTKa B KaXJOM KOHKPETHOM Cllyyae — HOp-
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MaJbHbI{, pABHOMEPHBIN, TyaCCOHOBCKUM U T.1. B cymiHocTH, rumnoTesa o pac-
npenenenuu mpouecca &£(1), Kak M O THIE BPEMEHHOTO TPEHNA, SBIAETCS

BHEIITHEH M0 OTHOIIEHHWIO K COOCTBEHHO CTaTHCTHYECKOMY aHAJIHM3y JaHHOTO
BPEMEHHOTO psija.

Hackonbko ajiekBaTHBI MOTYT OBITH OIMCAHHBIE PETPECCHOHHBIE MOJEIN
NIPY IPAaKTHYECKOM MPUMEHEHUH, 3aBUCHT OT JIOCTOBEPHOCTH KOA((HUIEHTOB
JIaroBOW KOPPEJSIMY WIIH aBTOKOppeNsiiy. J[jisi HecTalmoHapHBIX BPEMEHHBIX
PSAIOB caMo ONpeJielieHHe ITHX KOI(PPHUIMEHTOB HYXK/IAeTCsl B YTOUHEHUH, T10-
CKOJIbKY CXOJMMOCTH K T'€HEpPAJIbHBIM 3HAYEHHSIM C YBEJIMYCHUEM JJIMHBI BbI-
0opku MOXKeT He ObITh. Takoe yTOUHEeHHE TaeTCsl B ClieyoleM maparpade.

8.4. Ouenka koppensiuMu HeCTALIMOHAPHBIX BPEeMEHHBIX Ps-
0B

Bo MHoOrux 3agauax JOJITOCPOYHOIO MPOTHO3MPOBAHUS BENWYHMH, MOJIENb
M3MEHEHHs KOTOPBIX BO BPEMEHHM MpEATNoaraeT Halu4ue ClydailHbIX mpolec-
COB, TpeOyeTcs BBIJICINTH INIAaBHBIE BEKTOPHI KOPPEISILIMOHHON MaTpHIIbI, YTO-
OBl ONpeeNUTh TPYIITLl BETHYNH, HAXOIIIINECS MEXLy cO00i B cTaTHCTHYe-
CKOI1 3aBUCHUMOCTH. TaKOBBI MOJIEIH M IMPOTHO3BI MAaKPOIKOHOMHUYECKUX TOKa-
3arelneil, Mojienu (GpakTOpOB, BIMSIOMIMX Ha DKOJIOTHUECKOE COCTOSHHE, CTATH-
CTHUYECKHE MOJIENH B COL[UOIOTHUH U JP.

TpaguunoHHO NpaKTUYECKHE UCCIEAOBAaHMS C HCIIOIb30BaHUEM CTaTUCTH-
YEeCKHMX METOJI0B OIIMPAIOTCS HAa MOJIeNb peakuy (JTMHEHHON UIN HelTMHEeHHO)
CJIOKHOM CHCTEMBI ITPU M3MEHEHHWHU MapaMeTpoB, MPEACTaBIIEMbIX KaK BHeEI-
HUE WK yIpapistomuye Bo3aeiictus. [Ipu 3Tom 1ens aHanu3a AaHHBIX 32 OI-
peleNeHHBIH NCTOPUYECKHH TIEPHOJl COCTOUT B OIpEAETIeHHH KOA(P(PHUINEHTOB
B TAaKOW MOJIEIH, MPE.IIoaras, 4To OHA 00pa3yroT CTallMOHAPHBIN BPEMEHHON
psan. Yarmie Bcero aHaNM3UPYIOTCS JIMHEHHbIE (YHKIMH PEaKIMH, KOTrJa Mpel-
ToJIaraeTcs, 4To JABa HaOI0JaeMbIX HECTAIMOHAPHBIX PsJa JaHHBIX HAXOJSTCS
MEXIy cO0O0il B CTallMOHAPHON CTAaTUCTHYCCKOW B3aMMOCBS3U. B peanbHOCTH
CTalMOHAPHOCTh CBSI3M BBITIOJIHSETCS JIMIIb MPUOJIMKEHHO, IOCKOJBbKY B
CIIOKHBIX cUCTeMax Kod((UIMEHTHI B MapaMeTPUYECKHX MOJEISAX SIBIISIFOTCS
HEHM3BECTHBIMU (DYHKIMOHAJIAMU OT aHAIN3UPYEMBIX PsA0B JaHHBIX. [ToaTomMy
BCE MOJIETM KOMHTETpallMi HeCTAllMOHAPHBIX PAJOB COJAEPKAT KOPPEIUPOBaH-
HBIE OCTaTKH perpeccuil. B pesynbrare okas3bIBaeTCs, YTO OUEBUAHBIN KadyecT-
BEHHBIN pe3ysbTaT O TOM, YTO HEKOTOpHIE ABA Psiia HAXOIATCS B KOPpEIALU-
OHHOM 3aBHCHMOCTH — HalpUMep, YPOBEHb 3arpsi3HEHHOCTH aTMOC(ephl Orl-
pEleNICHHBIM THUIIOM BEIIeCTBa M 3a00JIEeBAEMOCTh HACENICHUS! TEM MM MHBIM
BUIOM 3a00JICBaHUs, HE UMEET YETKOTO YHCIEHHOTO MOATBep Xk IeHus1. FIMeHHo,
ecn 3aMKCUPOBATh Jlar KOPPEISILNA 1 MOMEHT BPEMEHHU HaOIOJeHus, 1 Ha-
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YaTh 3aT€M BapbUPOBATh JJIMHY BBIOOPKH, TO YaCTO OOHAPYKUBAETCS, YTO BBI-
OOpOYHBIN KOAPPHUIINEHT KOPPEISAIIH U3MEHICTCS TIPH 5TOM B BEChbMa IIIHPO-
KUX TIpefienax M Jake MOXKEeT MEHATh 3Hak. U oOpaTHO, ecii 3aMKCUpOBATh
IUTHHY BBIOOPKH, TO KOPPEJALHsS B Pa3HbIE MOMEHTHI BPEMEHH MOXET OBITH
CHJIBHO HecTanmoHapHOW. CieoBaTelbHO, aKTyallbHOU SBIAETCS 3agada Kop-
PEKTHOTO ONPEACIICHNS HHTEPECYIOIIEeH NCCIIeI0BaTeNs KOPPEISIIMOHHON CBS-
3M.

IMocTporM MeTOAMKY ONpeneeHHs] BETUIUHBI KOPPEISILIHA MEXIY IBYMS
HECTAIIMOHAPHBIMU BPEMEHHBIMH psifaMi. MaTeMaTudecku podiaeMa COCTOUT
B TOM, YTO BBIOOPOYHBIN KOIQOUIIMEHT KOPPENSAIUH MEXIy HBYMS psIaMH
JaHHBIX CTAOWIM3HPYeTCS K CBOEMY I'eHepaJbHOMY 3HAYCHHIO C YBEIHYCHHEM
00beMa BBIOOPKH TONBKO JUIS CTAMOHAPHBIX B ITUPOKOM CMBICIE IIPOLIECCOB,
cpenHee W IHCIIePCHs KOTOPBIX HE 3aBUCAT OT BpeMeHH. s HecTalMoHapHBIX
MPOLIECCOB HAOMIOAASTCS HEMTOCTOSHCTBO KOPPEISIIUK Kak (pyHKIMH BpEeMEHU
IUTSL BBIOOPKH ONpENesIeHHOro 00beMa, a TakXKe W HEeTOCTOSHCTBO €€ B OIMH H
TOT k€ MOMEHT BPEMEHH, HO I BEIOOPOK pasHEIX 00beMoB. Kak onpenenutsb
BEJIMYMHY KOPPEISIIUK H e JOCTOBEPHOCTD Ul HeCTallHOHApHBIX psmoB? He-
00XOAMMBIM YCIIOBHEM JUIsi KOPPEKTHOTO OIPENeNICHUs] HeCTAl[HOHAPHOH KOp-
PETALMA SBISETCS HaXOXKACHHWE ONTHMAJBbHON JIMHBI BBIOOPKH, HA KOTOPOH
ClleyeT BBIYMCIISATh BEIOOPOYHBIE MOMEHTHI pacmpereneHuii. iMenHo, Tpedy-
eTCsl HAliTH IJIMHY BBIOOPKH, Ha KOTOPOIi OIpe/ieNieHHOe 3HAYCHHE KOPPEIALHN
MEXIy IBYM PAIaMH IPOSBILIETCS C HAanOOJbLIEH JOCTOBEPHOCTBIO.

DopManbHO HECTAIIMOHAPHBIA BBIOOPOYHBIH KOA(POHUIMEHT KOPPESAIUN
MPEICTaBIseT CO00H OOBIYHBIN BHIOOPOYHBIH KOA(POUIIMEHT KOPPEIINH, 3a-
BUCSIIMIA OT JUIMHBI BBIOOPKH W TEKYIIEr0O MOMEHTa BPEMEHH, OT KOTOPOIO
Ha3aj B MPOLIIOE OTCUUTHIBACTCS 3Ta BBIOOpKa. OrpaHUYMMCS ajee paccMOT-
pPEHHEM JBYX CIIyYalHBIX BEJIMYHMH, PABHOMEPHO OTPAHWYCHHBIX MO BPEMEHH

na orpeske [0; 1]. ycrs x(¢) u y(f) — nBa uccnemyempix BpeMeHHBIX psi-
na na npomexxytke Bpemenn [1; 7], u R(k,t) ectb ux BhIGOpOUHBIH KO-

(unmeHT Koppensuy 1Mo BEIOOpKe 00beMa k B MOMEHT BPEMEHH f, T.e. Kod(-
(unmeHT KOppessiuy, BEIYUCICHHBIN 10 JaHHBIM, B3STHIM B MOMEHTHI BpeMe-
mit—k+1,t-k+2,...,t:
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t t t
kY xyvi—| Dxi| Dy
t ) t t ) t
ko Doxi=| 2x| ok 2yi-| 2w
i=t—k+1 i=t—k+1 i=t—k+1 i=t—k+1

(4.1)

JIist KaXK0T0 MHTEpBAa, IIUPUHA KOTOPOTO OMpeseNseT TOYHOCTh Ompe-
nenenus ko3 GUIMEHTa KOPPENALUU, MOKHO HANTH JUTMHY BBIGOPKH, Ha KO-
TOPO# 110715 KOppeNALHMiA, MONAA0MKX B ITOT IPOMEKYTOK, HauboJIbIas. JTa
JIOJIs MpEJICTaBIsAET cO0OH YpOBEHb JOCTOBEPHOCTH KOPPEJISIMOHHOMN CBS3M.
Tot uHTepBa, 1yisl KOTOPOTO 3Ta JI0Jis aGCOMOTHO HAMGOIbIIAs, PUHUMAETCS
3a MPOMEKYTOK, COACPKAIIUi K03 (OUITHSHT KOPPEISIINH.

OnpesenuM JiBa B3aUMOJIOTIONHSIOMMX BPEMEHHBIX psja: psn 7(f) mak-
CHUMaJIbHBIX anrebpanueckux 3Hauenmii xoppensuuu R(k,t), n pan n(t)

COOTBETCTBYIOIINX OOBEMOB BBHIOOPKH, Ha KOTOPBIX KOPPENSIHSA B TaHHBIN
MOMEHT BpPEMEHH { MaKCHMallbHa!

r(t) = m]?x R(k,t), n(t)=argmaxR(k,t). (4.2)
k

[pu Bbuucienun 7(1) 06beM BHIGOPKH JIOJKEH MPEBOCXOIUTH HEKOTO-
pBIii MUHIMAJIBHBIN 00BEM, HA KOTOPOM BOOOIIIE pPa3yMHO BBIYHCIATH KOppe-
JISIUIO0, TOATOMY 6y/IeM cuMTaTh, uto k > 3.

= 2
Onpenenum Taxxe CpeAHee 3HAYEHHE V' M JAUCHEPCHI0 O, MaKCHUMab-

HBIX 3HAYCHHI KOPPEJIAIUU MO BCEM MOMEHTaM BPEMEHH, U aHAIOTHYHO 71 H
2

0, - Hycts Takke ¥ ectb koddduupent koppemwiun pspos 7(¢) u n(t) na

npomexytke Bpemern [1; 7']. DToT K03()GHUIMENT TTOACUMTHIBAETCS MO KOJH-

yectBy gaHHelX 1 — N +1, rme N < T ecTh MakcumanbHblil 00beM cpenu
Beex n(t): N =maxn(t).
t

Bennuuna O, /7 XapakrepusyeT OTHOCHTENBHYIO IMMPHMHY pa3bpoca
CpPEeJHMX MO BPEMEHH 3HAYEHUN MAaKCHUMYyMOB KOPPESLUHA, U JUIs CTallMOHAp-
HBIX PSJIOB SIBJISETCS OCHOBHBIM IOKa3aTeneM TouHocTu ouenku R(n,t) =7 .

Eciu e o6bem BbIOOpKH 71(f) Takike MEHAETCS CO BPEMEHEM, TO (aKTHye-
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CKasl HCTOYHOCTb B OLI€HKC KOppeIsainunu I’(Z) JAOJKHA ONMPEACIAIThCA C YUCTOM

BapHanuu O, /1 . OHako npu BapualuK 06beMa BHIGOPKH MOKET OKa3aThCs,

uro koppensuws Ha otpeske A (n(t)) =[n(t) —o,,; n(t) + o, ] mensercs

He3HayuTenbHO. [103TOMY, 4TOOBI yuecTh Bapuanuio o0beMa BBEIOOPKH, HEO0O-
XOJIMMO OLICHUTH 4yBCTBUTEIBHOCTH KOPPEISLMH 110 00beMY BEIOOPKH.
Bgenem BenmuuHy

a0 =—"D | max RGk.)- min Rk
20,1r(t)\ ke, (n(1) keA s (n(1))

(4.3)
KOTOpasi MPEeCTaBIsAET COOOH pa3HOCTHBIN aHAJIOT JIoTapupMHUYe-
CKOT0 pa3zMaxa KOppeJsIHy 1o Jorapudmy o0beMa BHIOOPKH B
OKPECTHOCTH TOYKH MaKCHMYyMa, KOTOPBI BBIYHCISIETCS HA OT-
peske A, (n(t)) =[n(t)—o,; n(t)+ o, | mupunsl 20, . Cpegxee
10 BPEMEHH 3HAUCHHE A XapaKTepH3yeT CPEIHION KPYTH3HY
rpaduka Koppensnuu Kak (GyHKIUU 00bemMa BBIOOPKU B OKPECT-
HOCTH CBOETO MaKCHMAJFHOTO 3HaueHus. Ecim A Gim3Ko K Hy-
1o, T.€. Tpaduk R(n(t),t) mpeacTaBiseT ciado MEHSIONYIOCS
GbyHKIHIO 00beMa BBIOOPKH, MPUOTM3UTEIBHO MapalIeIbHYIO
ocH abcIrcce, To 3HaHHE UMEHHO TOT0o 00beMa 7(f) , Ha KOTOPOM
JOCTHTAETCSl MAKCUMYM KOPPEIALUH, He 0053aTEIbHO, TOCKOIBKY
ONM3KKE K HEMY 3HAYCHHS KOPPESIUHN JOCTUTAIOTCS U Ha JIPYTHUX
o6bemax. TeM caMbIM A MOXHO TPAaKTOBATh KAK UyBCTBHTEIIb-
HOCTh MaKCHMyMa KOppessinui K o0bemMy BbiOOopku. Torma B ka-
4eCTBE OPHEHTHPOBOYHOM OIIEHKH OTHOCHTEIFHON HETOYHOCTH

2 o _
O“ B yCTaHOBIJICHUU KOPPEJISALIMOHHON CBA3M HAa YPOBHE 7' MEX-
Jly IBYMsI psAIaMHA MOXHO HMCIIOJIb30BATh ITI0KA3aTEb

2 2
o) —\2( O
R 2 I Y R IO
r n
Benuunna 7/2 OIMPCACIIACT Ty HOJIIO JUCTIEPCUU MaKCHUMaJIbHOM Koppeiid-

UM, KOTOpasi MOXKET OBITh «O00BSICHEHa» Tucrepcueil oobemMa BEIOOPKH B Per-
PECCHOHHOM NPHOMIKEHHH, T.€. ¥ €CTb KOI(PQUINEHT KOPPEILUU MEXKIY

284

psmamu #(2) u n(t). OcTaTok NpenCTaBsSeT cOOCTBEHHBII BKJIA/ BApHAIMH

o0beMa BHIOOPKH B HETOUHOCTDH OIIEHKH KOPPESIIHY ¢ ydyeToM Koadduimenra
qyBCTBUTEIBHOCTH. Tor/a MMUPHHA JOBEPUTEIBHOTO UHTEPBaa, COASPKAIETO
OILIEHKY MaKCHMAJIbHOM KOppensimu Ha yposHe 3Hauumoctu O, pasna 207 .

. 2
Kpurepuii « O » (4.4) naer ypoBeHb 3HAYMMOCTH OLUEHKH KOPPEJIALIUOH-
HOU CBSI3M, XapakTepuzyemoil umcioMm 7. Ho 06beM BBHIGOPKH, HA KOTOPOM
ClIelyeT BBIUUCILITH OTY KOPpEJsInuio, He Gukcupyercst kputepreM (4.4), atot

00beM MOXKET OBITh JIFOOBIM B IPaHHLAX [ — 0,3 1 — O, ], 4TO y4uTHIBaCT-

Ci1 BBCIACHHUCM KOB(I)(I)I/IIII/IGHTa YYBCTBUTCIBHOCTH /1 . HOCKOJ’II)Ky ke He 00s-
3aTENIbHO HAUOOJIbIIAS Koppeianus € HauOOJIBIIEH ke JAOCTOBCPHOCTBIO NOC-
TUTACTCA Ha CPpEAHEM o0neme 7 , JaromeM MaKCUMYMbI KOppeﬂHHI/Iﬁ, TO CJIC-

JIyeT HAlTH COOTBETCTBYIOIINI ONTUMAILHBIN 00BeM 7 opt - st aToro nmocry-
UM CIIEIYIOUIMM 00pa3oM. BBememM JOCTOBEpHOCTh (' B OMpENeNeHHH 00be-
Ma BBIOOPKH, TIPH KOTOPOM KOPPEISIIHS MEXKAY psiiaMH He HIDKE OIpeesieH-
Horo yposHs. Onpenennm muoxectso M, () Tex ob6wvemoB BBIGOpKH 71,

KOPpEJIAIHS [0 KOTOPBIM B MOMEHT BPEMEHH ¢ JIEKHUT B ONpeIelIeHHOM 061ac-
@ A 3HaueHwii, T.€.

M, @) | Jin:R(n,t) e A}. (4.5)

n

V Omnpenenenne 4.1. KoppensuonHas cBA3b MEXKIY ABYMS psAaMu Ha TIPO-

mexyTke Bpemenn [1; 7] masbiBaetcs nocToBepHOM Mo 06beMy BHIGOPKH Ha
T

ypoBHE O ¢ abCOMOTHON OmMOKoH O , €clU MepeceyeHue ﬂM “(t) me
t=1

menee yeM [a(T —n(t) +1)] vocureneit n(¢) 3nauenuii koppensuuu >Tux

psAmoB Kak (GyHKIHH 0O0BeMa BBIOOPKH, COAEPIKAIIMXCS B ITOJI0OCE MUHUMAIh-

ot mmpunst O ([1;1— 07 nns makcumanshoit koppensiuu, [—1; —1+ O]

1St MUHAManbHOH, [—0 / 2; O / 2] nns nynesoit koppensiuu), He mycTo. A
WHTepec TPENCTABIAIOT TPH CIydas: JOCTOBEPHAs KOPPENALMS, JOCTO-
BEpHAsi aHTHKOPPEJISAIHS, a TAKKE JOCTOBEPHOE OTCYTCTBHE KOPPEAIMH (Hy-

neBasi koppernsus). PazdepeM monpoOHO ciaydail JOCTOBEpHOH KOpPpPEIALUH,
T.€. YCTOHYUBOTO IO BPEMEHH JOCTATOYHO BBICOKOTO MOJIOKUTEIBHOTO KO3(-
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(hurrieHTa BEIOOPOYHOM KOPPEIAINH, BRIYUCICHHOTO IT0 OAMHAKOBOMY 00BeMy
JaHHbIX. OcTalmbHBIE CIyYan pacCMaTpPHUBAIOTCS aHAIOTHYHO.

B kaxabiii Moment Bpemenu ¢ € [1; T'] crpoutcst BBIGOpOUHbIi K03pdu-
nuent koppensuu R(7,¢) xak dynkuus odbema BuIGOpku 7, 1 < . 3aja-
ercs mpoussosbHoe 3HaueHne ) < O <1 u paccmaTpuBaroTCs Te M TOMBKO Te

snauennss R(7,t), koropsie momam B nonocy [1;1—07. Hycre {ni (¢ )} —
COOTBETCTBYIOLIME 3HAYCHUS 00BEMOB BBIOOPOK. Muoxectso M, (¢) ompe-

nensierest Torna kak M, (1) = U n;(t). 3nauenue n;(f) =m kak s1eMeHT
i

MHOXCCTBaA Mn MOXKET NOABUTHCS B PA3JINYHBIE MOMEHTBI BpDEMCHU HE Ooiee

yem 1 —m +1 pas. Eciu oHO MOSBMIIOCH MMEHHO CTOJIBKO pas, To B 100%
ciaydaes (C JOCTOBEPHOCTBIO (X = 1) 0ObeM BHIOODKM 7 YIOBJIETBOPSET yc-
JIOBHIO IPUHAIEKHOCTH Koppesimu MEoxkectBy [1;1—0].

Banagnm nexkoropoe 0 < o <1. Ilycrs 3Hauenne n;(¢) = m mossunocs

k pas. Ecu k /(T —m+1) > «, 1o nepeceyenne cooTBeTCTBYOMIEN YacTh
T

ﬂM “(t) Gymem cumTaTh HEmyCTHIM C JIOCTOBEPHOCTBIO (. B3sB 3atem
t=1

00beMHEHNe BCEX TAKUX HEMYCTHIX MepecedeHHii, MoMyyuM MHOKECTBO (He

00513aTeNbHO CBSI3HOE) 00HEMOB BBIOOPKH, Ha KaXKJJOM U3 KOTOPBIX YJOBJIETBO-
psieTcs yCIOBHE HAaJWYUsS KOPPEISLMOHHON CBS3M Ha BHIOPAaHHOM ypOBHE 3Ha-

YHUMOCTH. I[EU'ICG JJIsL ONPEACIICHHOCTHU 6epeTC${ TOT 00BEM BLI60pKI/I nopt , JJIA

KOTOPOTO JI0CTOBEPHOCTH, T.e. oTHomenue K /(T —m +1) Boime, a npu pas-
HBIX 3HAYEHHSX TAKUX OTHOLIEHHH — HAHOONbIIHIi U3 0GHEMOB.
MunnmanbHOe 3HaueHne O(Q), MU KOTOPOM BBIIIEONMCAHHOE OOBEIH-
HEHHE TIepeceueHnii He MycTo, U Oy/IeT MPeICTABISTH a0COMIOTHYIO OIIUOKY B
onpeJieNleHuH KOppensuuy, a BenuuuHa 1 —O(¢) — HauMeHbIIyI0 U3 BO3-
MOYHBIX OIIEHOK MaKCHMyMa KoppeJisiiii. OTHOCUTENbHAs OUIMOKA B OTPE/IE-
JIeHMM MaKCUMyMa Koppelisiuu 6yieT Torya He 6onbiue, yem O /(1 —0).

Y CTOMYMBOCTh KOPPEISILIMOHHOM CBSI3M MO OTHOIICHUIO K 00beMy BBIOOD-
KH XapaKTepU3yeTCs TOCTOBEPHOCTBIO (¥ , KOTOPYIO JKENIATENBbHO CAENATh KaK
MOXHO Oosibie. OHaKO C yBeNWYEHHEM (f HadWHAeT BO3PacTaTh W MUHH-
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ManbHOe O (), Tak YTO ONTHMATBHBIM CIEIyeT CYUTATh TaKoe 3HaYeHHue o ,
MIPU KOTOPOM
U?=6%+(1-a)* - min. (4.6)

[Momgepkuem, uTo Kputepuit (4.6) He 0600maeT kpuTepuii (4.4), a yTouHs-
eT 00beM, 10 KOTOPOMY CIIEAYeT BBIYHMCIIATH BBHIOOPOYHYIO KOppesnuo. Be-
IM4YrHa KpuTepus U He SBISETCS YPOBHEM 3HAYUMOCTH KOPPEISLIMOHHON CBSI-
3M, T.€. €r0 YMCJIOBOE 3HAYCHHE HE MMEET CAMOCTOSTEIBHOIO CMBICTA, a BaX-

HOCTh MMEIOT JIMIIb apTyMEHTHI, TIPH KOTOPBIX 3TOT KPUTEPHUH MUHHMAJICH.
JloBeputenbHas BEPOSITHOCTh TOTO, YTO KOPPEJSIHS IIPU BBIOPAaHHOM O0BEMeE

Nopt TIPMHAUIEKHT IPOMEIKYTKY [1;1-06()], onpenensiercst BHIGOPOUHBIM

pactpenenennem [ (R, Ropt ), U 110 TIOCTPOEHHIO PaBHA (X .

OnwucaHHBIN MOAX0] MOXET OBITh 0000IIEeH I OmpeneneHus: Hauboiee
BEPOSITHON KOPPENSIIMK MEXIy JBYMs psiiaMu. 3afauM HEKOTOpoe MpOowu3-
BonbHOE yncno — 1 < 7 <1 u paccMoTpuM OTpe3oK, ero coAep Kaliuii, IHUPHU-
HOH O :

Ag(r)=[a;b]c[-1;1], b—a=5.(4.7)
JIns KaskI0ro 7 paccMaTpHBAOTCS T€ U TOJILKO Te 3Hauenus R(71,1), ko-

Topble nonanu B otpe3ok A 5 (7). Iycts {”i (t)} — COOTBETCTBYIOLINE 3HA-

uenus 00beMOB BhIGOpOK. Koppensiuto R Mex/ry 1ByMsl psiiaMy Ha MpOMe-

xyTtke Bpemenn [1; 7] maswiBaem m0cTOBEPHOIT 10 00BEMY BBHIGOPKH Ha YPOB-
T

ne [ B npomexytke A 5(7), ecnu nepeceuenue ﬂM nﬂ (t) ue menee uem
t=1

[B(T —n(t)+1)] nocureneit n(¢) 3HaueHuit KOppensuMH STHX PAIOB KakK

dyHKuME 06beMa BHIGOPKH, He MycTo. M3 Becex BO3MOXHBIX lap d,b , juis ko-

TOPBIX 3TO MEPECeUCHNE HE IyCTO, BBIONPAIOTCS T€, KOTOPBIE ONPEEISIOT OT-
pesok (4.7) Haumenbmieil 1uHbL Bapbupys 3aTeM Benumuuny [7, Haxomum

MuHUMYM Kputepus (4.6): U 2 (ry=0 2, (1 - ﬂ)z — min. B pesynbrare
naxomum JB(r), 0(f) u Nopt (1) . HauGonee noctosepoit Gynem cutarh

Ty KOPPEJSILHIO, JJIsl KOTOPOH YPOBEHB TOBEpHST HAUOOJBIITHNA:

Fopt =argmax f(r). (4.8)
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Urtak, mocTtpoeHa METOIMKA ONPENeNICHHS HEeCTalHOHAPHOH KOppesiy-
OHHOM CBSI3M MEXIy IBYMs pSOaMH, KoTopas (opManbHO 0e3 W3MEHEHHi
000011aeTcs Ha ciydail OOJNBIETro YHCIa CIYyIalHBIX BeMWYHH. {151 KpaTKoCTH
M3JIOXKEHHS ONTHMH3ALHs IPOBE/ICHA ISl (PUKCHPOBAHHOTO JIara MeXIy psia-
MH, MTOCKOJBKY METOJMKa He 3aBUCHT OT 3TOro mapamerpa. Ecim tpedyercs
OIIPE/ICNTUTh TAKKe W Hauboyiee NOCTOBEPHBIH JIar, TO, IapaMeTpu3ysl pe3yiib-
TaT (4.8), HAXOOMM MaKCHMaJIbHOE 3HAYCHHE W3 HAHOONBIINX YPOBHEH JOBe-
pHsi, KOTOPOMY M OTBEYaeT ATOT JIar.

12 A A,\/\

3
2 10
: AV
3 8 A \
«
5 64
b=
AN
NoAY '
2
0 T T T T T T T T T T T T T
Yol Yol wn © © © ~ ~ ~ [so] [so] @ D D
- v D by v (2] by v [} - Yo} D - v
o o o o o o o o o o o o o o
HaTa
‘—Eenbrvm —':DpaHuvm‘

Puc. 8.4.1 — JlunaMmuka cpeHeMeCsUHbIX KOHTpakTHBIX LieH Ha CIIT B
benbrun u ®panuun

IToxaxxeM nmpHMeHeHHe 3TOIl METOAMKHM Ha IMpUMeEpe LIEHOBOM TUHAMUKU
€BPOIIEHCKOTO pBIHKA CKMKEHHOro mpupoxHoro raza (CIITY). Mmenno, pac-
CMOTPHUM B KaueCcTBE MILIIOCTPATUBHOIO MpHUMeEpa 3aiady O KOPpEIUpOBaHHO-
ctu el Ha CIII' mst peiakoB @pannmu u bensrun. ['padukn cpenneB3Bemen-
HBIX MeCA4YHbIX LieH uMmnoptupyemoro CIII' Ha TepMHHaNax 3TUX CTpaH MpUBeE-
JieHsl Ha puc. 8.4.1. JIpyrue npumepsl aHanu3a HEeH Ha MUPOBBIX Fa30BbIX PBIH-
Kax conepskarcs B [27].

Koppensamus Mexay HeHaMu Ha 3THX JBYX PBIHKaX B 3aBHCUMOCTH OT
o0bema BBIOOpKM TOKazaHa Ha puc. 8.4.2 Uil MOMEHTa BPEMEHH Ha HIOHBb
2009 r..

MakcumanbHOe 3Ha4eHHE KOppesinuy ObIII0 JOCTUTHYTO Ha o0beme B 9
MecAleB U okasanock paBHeIM 0,97. C yBenmuueHneM o0beMa BBIOOPKH KOppe-
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JSIWS B [IEJIOM YOBIBAeT, HO, HaUMHAS ¢ 00beMa B 24 MecsIa, cTabmim3upyer-
cs B mojoce 0,3 +0,5.

Henocpencteerno mo rpaduky puc. 8.4.2 Henb3s cKa3aTh, KakoBa Koppe-
JSIOUST MEKTY STUMH PBIHKaMH, IOCKOJIBKY B OJJHH M TOT )K€ MOMEHT BPEMEHH,
HO Ha pa3HBIX 00BEMax, MOTYT OBITh CHENAHBI PA3INYHbIC BHIBOABL MHTEpec,
€CTECTBEHHO, MIPEICTABIIET CHTYaLHsl, KOTIa KOPPEJHs CTaTUCTUISCKU 3Ha-
guMa. B gactHOCTH, pHic. 8.4.2 O3BOJSIET MPEIIOKATE TAKYIO «pabodyro» TH-
MOTE3y: PHIHKH BBICOKO KOPPEIMPOBAHHEI 110 JaHHBIM Ha 00beMe 9 MecsLeB, a
Ha TPOMEXYTKe B 24 Mecsna KOppeJys MEXTy HUMH CHIDKAeTCsl IO MaJo-
3HAYMMOH BeNMMYMHBL. Eciy okakercst, 4To u B Apyrue MOMEHTHI BPEMEHH Ha-

OmomaeTcs MoXoXxas KapTHHA, TO Takas THUIOTE3a CTaHeT yKe pabodYnM HHCT-
PYMEHTOM aHalN3a.

1
0,9 /\
3 08
&
2 071 l\/'
g
£ 06 I
205
=
S 04 W
g
g 0,3
Q
2 0,24
0,14
0 T T T T T T T T T T T
54 50 46 42 38 34 30 26 22 18 14 10 6
[OnuHa BbIGOpPKU, MecsiLeB

Puc. 8.4.2 — Koppenauus nex Ha CIIT" g napel «@pannus-benbrus»
B 3aBUCHMOCTH OT 00beMa BeIOOpKH [y1st 1roist 2009 r.

Bo3bpMeMm Torma 00beM BBIOOPKH, Ha KOTOPOM KOPpENSNus Oblia MakCH-
MalbHa B JaHHBIA MOMEHT BpeMeHH (T.e. 7 = 9), u npoiigeM ¢ HUM MO APYTHM
MoMeHTaMm Bpemenu. CootseTcTByromuii rpaduk 3nauennit R(9,7) nokasan
Ha puc. 8.4.3. BumHo, 4TO BHIIBHHYTAas HaWBHAs TUIOTE3a OKas3alach rpy0o
HEBEPHOI: TIOBEJCHUE CHIIEHO HECTAI[MOHAPHO, KOPPENANus Ha (PUKCHpOBaH-
HOM 00BEMeE 3aBEIOMO HE MaKCHMalbHa BO BCE MOMEHTHI BPEMCHH, TIPHYEM B
ee M3MCHEHISIX HE MPOCMATPHUBACTCS JTAKe M CE30HHOM IMEPHOINIHOCTH.

CrnenmoBatenbHO, MAKCUMYM KOPPEJSAIUU U COOTBETCTBYIOIIHIA 00HEM BBI-
OOpKH HAJIO ONPENENATh B KaXbIii MOMCHT BPEMCHH. DMITUPHUYCCKHE pacmpe-
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Jenenus MakcuMyMoB koppensuumii f (77) u o6vemos BeiGopku F'(7), oTBe-

YaroIUX ATUM MaKCUMyMaM, TI0Ka3aHbl Ha puc. 8.4.4-8.4.5.

Koppensiuus 3a 9 mecsiueB

OaTa

Puc. 8.4.3 — Koppensauus nen CIII' Ha peiakax @pannuu u bensrun
Ha o0beMe B 9 TaHHBIX B Pa3INIHbIC MOMEHTHI BpEMEHU

0,35
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0,15

BeposiTHoCTL
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0,00 T T T T  _rr __r°rr 1T 1 "
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maxR

Puc. 8.4.4 — Pacnipenenenne MakCUMyMOB BBIOOPOYHOI KOPPEISALIUH
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Pacnipenenenne KOppensiuii MOKA3bIBAET, YTO MAKCUMAITbHASI KOPPEIISIIUS
MeXIy JaHHBIMHU psaMu He Bcerna Oombine, yem 0,9. Yarmme Bcero, ¢ BeposT-
HocThiO 0,34, oHa Haxonutcs B uHTepBaine 0,7-0,8. Kpome Toro, B OTHENbHEIE
MOMEHTHI BpeMeHH oHa Haxoautcs B mpenenax 0,5-0,6 u gaxe 0,1-0,2. Cpen-

Hee 3HaueHne Makcumyma cocraswito 7 = 0,73, npuuem o, = 0,12.
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0,0
0,06 -

BeposiTHoc
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8 L TTFATRUTARRR
0,00
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AnuHa ebbopku Ans max R

Puc. 8.4.5 — Pacnipenenenune JUIMH BEIOOPOK U1t MAKCUMYMOB
BBIOOPOYHOMN KOPPEISINT

Pacnipenenenne 00beMOB BBIOOPKH MMEET O4€Hb OOIbIION pazdopoc. O0b-
eMbl B 6 ¥ 7 JaHHBIX CaMble BEPOSTHBIC, HO 3Ta BEPOSTHOCTh, TEM HE MEHEe,
He3HaunTenbHAa. Ha mpoMexyTke OT MOJyTopa IO TPeX JIeT pacIpeaesicHHe
00beMoB paBHOMepHO. CpenHee 3HaYeHHE 00BEMa, OTBEYAIOIIETO MaKCHMAaIIb-
HOI Koppensiimu, paBHo 1 =17 , a cpenHeKBapaTHUHOE OTKJIOHEHHE PABHO
c,=9.

ITpoBenem OLEHKY JOCTOBEPHOCTH KOPPEILILHOHHOM CBS3H MeTOqoM «O-
Kputepusi». Pacuer mokasai, 4To KO3((GUIHUEHT KOPPEISALMH MEKAY PIaMu
r(t) u n(t) pasen y =—0,52, a cpenuuii Ko>PpPUIMERT TyBCTBUTETBLHOCTH

paBeH A= 0,69 . Torna o dopmysie (4.4) moaydaem, 4TO 3HAYUMOCTH OLIEH-
xu koppessimun uncnom 7 = 0,73 pasma O = 0,35. Tlonuepkuewm, uto 0,35

— 9TO COBOKYIIHAsl 3HAYUMOCTD, YYUTBIBAIOIIAs KaK pa36p0c COOCTBEHHO KOp-
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PEeINSIMH, TaK ¥ HECTAIMOHAPHOCTH 00beMa BBIOOPKH LTS PACYETA MAKCHMAITb-
HOl koppessimy. Ilockonbky aucrepenst koppessiuuy pasia 0, = 0,12, 1o
TIOJTYYEHHBIH PE3yNbTAT 03HAYAET, YTO BEPOSTHOCTH MPHHAIUIEKHOCTH KOppe-
NSAUMM  IpOMeKYTKy |77 — 0,7 +0,]=[0,61; 0,85] pasma Benmunne
1— 0O =0,65. 310 nokassBaer, 4TO, KaK M 0XKHAAIOCH, PHIHKH KOPPEIHPO-

BaHHBI BECbMa €11a00.

[Mpumennm teneps mMeton «U-kputepus» (4.6) Anst ompeneseHnst OJHO-
CTOPOHHETO JJOBEPUTEIHLHOTO MHTEpBaJla M yTOYHEHUs oO0beMa BBIOOPKH, Ha
KOTOPOM CIIEAYET BBIYHUCIATH KOppelsinuio. Tak, oka3aloch, 4TO €CIH MOTpe-
6oBath, uTOOHI Koppensuus Obuta He Huxke 0,8 (T.e. O = 0,2), To onTUMans-

HbIM GyneT 06beM BeIbOpkU # = O, HO IIpH KpailiHe HU3KOM YPOBHE JOBEpHUS
a =0,14 . 3navenmo O = 0,3 orseuaer o6vem 72 =10 u yposens nopepus

o =0,31. Haunyummm sBnsercss Bapuant, korga O = 0,4. Otmerum, uro

BenMuuHa 1 — O NpaKTUYEeCKH COBMAfAeT ¢ IpaHHIe HaliIeHHOTO BBIIIE J0-
BEPHTENBHOTO MHTEpBata misi 7 . [Ipu stom Ha yposre moepus & = 0,62

00BEM BBIOOPKH OINIPENEseTCs] BEMTUUHUHOM Nopt = 15, B otmume or cpemue-

ro 3HaueHus Makcumyma 1 =17 .

Wrak, B pe3ynbTraTe NMPUMEHEHUs] NaHHOM METOJMKH YAaloch KOPPEKTHO
OIIPEJEIIUTh YPOBEHb 3HAYMMOCTH U BEIMYMHY HECTALMOHAPHOM KOppensiu-
oHHOM cBs3u. ['pauku 11eH Ha puc. 8.4.1 MOKa3bIBAIOT, YTO B CPETHEM Ha pac-
CMaTpPHBAaEMOM IIPOMEXYTKE BPEMEHH KOpPENsLUs NOJDKHA OBITh HEBBICOKA,
YTO M MOATBEPIKAAETCS MaIbIM ypoBHeM nosepust 1 — O . Ipaduku e Ha puc.
8.4.2-8.4.3 neMOHCTPHPYIOT HETPUBHAIBHOCTH CAMOM IIOCTAaHOBKH 3a/auH,
KOTJa HU 00beM BBIOOPKH, HH caMa KOPPEJSIis He 00pa3yioT CTallMOHAPHBIX
psiIOB.

Beimie Mbl 00CyXIanu OJHOBPEMEHHYIO KOPPEINAIMIO, HO METOA MOXET
ObITH NIPUMEHEH M K aHAJIU3y JaroBOW KOppENALUM MEXOy psaaMu. Beumy
[IPaKTUYECKOW 3HAYMMOCTH JIAaTOBOM KOPPEJSLIMM IIPOAHAIU3UPYEM, KaKou
PBIHOK M3 [IByX PacCMaTpUBAEMBIX CIIEAYET 3a JIPYTUM, C KaKUM JIaroM, U Ka-
KOBa TOYHOCTb KOPPEIALUOHHON CBSI3H.

Bynem st ompezneneHHOCTH cuuTaTh, 4To B nape «®panuus-benbrus»
nepBasi CTpaHa MIET BCIEN 3a BTOPOH ¢ jaroM B / Mecsnes. OTpHLIaTeIbHbIN
Jar OyzeT 03Ha4aTh, 4TO, HA0O0OPOT, BTOpas CTpaHa HIET BCJIS] 3a IIePBOH.

[IpuMeHuM A aHanIH3a KOPPETSIMOHHOM CBs3U «O-kputepuit» (4.4).
ITpoBoas pacueTsl 0 TOM k€ CXEMe, YTO U BhIIIE, HO I CIIy4JaeB, KOra OAUH
00BeM BBIOOPKU CIBUHYT OTHOCHTEIBHO IPYroro Ha / MecsIeB, MoJydaeM 3a-
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BHCHMOCTb CpeIHEl 1Mo BpeMEHH MaKCHMAalbHOU 1Mo 00beMy BBIOOPKH KOppe-
JSIOUH OT JIara, a Takke 3HaYMMOcTh O OLEHKH BEJIWYMHBI KOPPEISLHHN, KOTO-
pBIe TIOKa3aHkI Ha rpadukax puc. 8.4.6.

—e—maxr

Kpwurepwin "O"

Puc. 8.4.6 — Cpennue 1o BpeMeHN MaKCUMyMbI BEIOOPOYHOH
KOPPEJSIIUY ¥ 3HAYNMOCTH X OLICHKU B 3aBUCHMOCTH OT Jiara Jyist
peiakoB CIIT' «®pannus-benasrusy»

[IpoBeneHHBIN aHANM3 TTO3BOJIAET CACNATh BBIBOJ O TOM, YTO 00a pBIHKA
«YTPABISAIOTCS» HAOOPOM OJHOBPEMECHHBIX (haKTOPOB (HampuMep, ieHa HeTH,
Kypc J0JIapa K €Bpo), MPUYEM PHIHKH cl1a00 3aBUCIT OAWH OT JPYroro. JTO
CJenyeT U3 TOro, YTO MaKCUMYM KOPPEJSILIMK JOCTUTaeTCs IPU HYJIEBOM Jiare,
W JOCTOBEPHOCTH 3TOW OIICHKH HAWOONbINas, T.K. KPUTCPHHA 3HAYNMOCTH
omuOKy MUHUMANBHBIH. C yBEIMYCHUEM JIara B 00€ CTOPOHBI KOPPEISIHOH-
Hasl CBsI3b 0cabeBaeT M BO3pPACTacT YPOBCHb 3HAYMMOCTH, T.€. CHIDKACTCS TOY-
HOCTb OLEHKU Koppessiuuu. Ho maxe makcumanbHast koppessiuus 0,73 He siB-
JISIETCS HACTOJIBKO OOJIBIIOHN, YTOOBI MOXHO OBLITO TOBOPUTH O CTATUCTHUYCCKHU
3HAYMMOM CBSI3M MEXIy PHIHKAMHU, TeM 0oJjee, 4TO 3HAYUMOCTh 3TOW CBS3H
paBHa 0,35, a e 0,05, Kak IPUHATO B TOCTOBEPHBIX OLIEHKAX.

CHIKEHUE KOPPENSLMU C YBEIMUEHUEM JIara IPOUCXOAUT HEMOHOTOHHO.
DTo mpucyle BOOOIIE BCEM CBHIPHEBBIM PBIHKAM: HMEETCS OIpecIiCHHAs
«peduiekcusD Ha CUTYaIlUW, KOTOPBIE PAa3BHBAIICH Ha JPYTUX PBIHKAX. JTa
pediiekcuss HecuMMeTpu4yHa. PrIHOK DpaHIMM pearupyeT Ha CHUTYaIHIO B
Benbruu uepes natb Mecs1eB, a ppIHOK benbruu Ha cutyanuio Bo OpaHuuu —
yepes /1Ba U YEThIpe MECsLa, a TAKXKE Yepe3 AECSITh MECALIEB.

Ecnu mpoBecTn aHanuM3 J1aroBOM KOppeNsLIMKM JJIi BCEX Map CTpaH-
ummoprepoB CIII', TO MOXKHO BBIAETUTH PHIHKU, KOTOPHIE TECHEE APYTUX CBSI-
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3aHBl MEXIy COOOH, M OMpEeNeNuTh TOYHOCTh TAKOW OLEHKH. DTOT aHAIN3
MOXHO TPOBECTH JUI TF000r0 Habopa BPEMEHHBIX PSIOB. TeM caMbIM MOCTPO-
€HHas1 METOJMKa MOKET OBITh IOJIOXKEHA B OCHOBY NMPAKTHYECKOTO TPHMEHE-
HUSI KOPPEIALMOHHOTO aHAIN3a B HECTAI[MOHAPHOM CIIyJae.

8.5. MeTox 4nC/ICHHOT 0 PACTIO3HABAHUSA HeJIMHEHOM TMHA-
MHYECKO# CHCTEMBI

[Ipeamonoxum, YTO MEXIY >IEMEHTaMH X M y ABYX BPEMEHHBIX DPSIOB
uMeeTcs npsiMas (PyHKIMOHANBHAs CBs3b, T.e. ) = @(X). Torma, moctpous

COBMECTHOE pacupesenenne seposithocteit £y (X, ,1) 1o BeIGOpKE AIMHBI

N B MOMCHT BPpEMCHHU t, MBI O6Hapy)KI/IM, YTO C TOYHOCTBHIO 1/ V N B HOpMC
CYMMUPYEMBIX (l)yHKHI/Iﬁ OHO HC MCHJCTCA, U €0 HOCUTCJIb HAXOJUTCSA B KBAa/I-

patax y; = @\X; ), B COOTBETCTBHH C pa3OueHneM TuCTOrpaMMBbl. TOYHOCTB,

C KOTOPOW MBI MOJKEM TOBOPHUTH O TaKO# (h)YHKIIMOHATHHOHN CBS3H, paBHA TOY-
HOCTH ITO3UILMOHUPOBAHMS CIIyJalHBIX BEIWYHMH B KIACCOBBIX HHTEPBAJAX, T.C.
1/ n . JleficTBuTENBHO, TOYHOCTH OLIEHKH (DYHKIIMOHANBHOH CBSA3H — 3TO Mepa
HOCHTENS COBMECTHOTO paclpelelieHus] B eMUHNYHOM KBazapare. [Ipu ¢ukcn-
POBaHHOW MENKOCTH Pa3OMeHHs 3Ta HOJs, T.€. TOYHOCTH OICHKH, HE MOJKET

ObITh NMyumie, yeM 1/7 (1 kBajgpatoB ¢ mwiomansio 1/ nz). YpoBeHs 10CTO-
BEPHOCTH IIOJIydEHHOH OLIEHKHM PaBEH MHTETpaly OT IUIOTHOCTH pacrpeiese-
HUS 110 BBHIOpaHHOM none HocuTens. [10CKOIbKY B TaHHOM Cilydae BHE OTMe-
YEHHBIX KBAJPaTOB HET TOYEK HOCHUTEJNSI COBMECTHOTO pAacCIpelesIeHHs, Ypo-
BEHb JIOCTOBEPHOCTH PaBEH EMHUIIE.

Ecnu GyHKIHMOHATBHOM CBS3M HET, TO TpPH (PUKCUPOBAHHOM HOMEpE J

MHTEpBaa 10 MEePBOMY apryMEHTY Mbl OOHApy>KHM OTIMYHbIE OT HyJIs 3Hade-
uust pynkuun ' (7,7,1) 1U1s HeCKONBKUX HOMEPOB [ MHTEPBAIIOB 10 BTO-

pomy aprymenty. [Ipu 3ToM ¢ yBenmuueHneM JUTMHBI BHIOOPKH HOCUTEIh COBME-
CTHOTO paclpe/eleHUsl 3aHMMaeT BCE OOJBIIYI0 OO 00JacTu pa3OueHus
THECTOTPaMMBL. JTO 03HAYaeT, YTO MyTEM MOTEPH TOYHOCTH MOKHO IMOIYYHThH
JIOCTOBEPHYIO OLIEHKY (DYHKITMOHATBHON CBSI3U JIa)kKe B OTCYTCTBHE TaKOBOH, HO
OyZIeT U 3TO yIOBIETBOPSTH HccienoBareni’? Hackonpko TOYHO HY>KHO ITO3H-
IIHOHUPOBATh MCKOMOE 3HaYCHHE, YTOOBI M BEPOSTHOCTH €TO MPUHAICKHOCTH
OTIpe/IeJICHHOMY MHTEpBaIy OblLla HE HMCYe3arolle Majiol, U caM HHTEpBaJ Cy-
IIECTBEHHO OTIIMYACA OBl OT BCETO MHOXECTBA 3HAYCHUHN CITy4allHOW BEIHYH-
He1? Kak u B r1aBe V, BMECTO anpHOpH 3a/1aBa€MOT0 YPOBHS 3HAUUMOCTH Clie-
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JIyeT BBECTHU COIVIACOBAHHBIM KPUTEPHUI COBMECTHOM OLIEHKH TOYHOCTH U YpPOB-
HS 3HAYNMOCTH.

Mycts O = J.dxdy ecth Mepa MHOxecTBa (2(X,)), NpuHaIeKamEero

Q
HOCHTENIO COBMECTHOTO PACHPENENICHHs, HA KOTOPOM MOXXHO OJHO3HAYHO I'o-
BOPHTB O CBSA3M MEXIy X U ). BenuuuHa O Gy/eT TOYHOCTBIO, C KOTOPOit

YCTaHOBJIEHA 3Ta CBSI3b, @ BEIMYNHA O/ = IF (x, y)dxdy Gyner nasars ypo-
Q

BEHb JOCTOBEPHOCTH HaWICHHOMN cBsizu. U O, " ( 3aBUCAT OT MHOYKECTBA

Q(x,y). Torma BBegeM (yHKIMOHAN, MHHHUMH3UPYIOIIMHA COBOKYIHYIO

OmHKOKY OLIEHKH KOPPENSIIOHHON CBsI3M (HE 00sI3aTeNIbHO JIMHEHHOIT), KoTopas

Haxojutcs Ha Tom MHokecTBe ()X, V), rie

U? =(1-a())? +5(©Q)* - min. (5.1)

3ameTnm, uTo yciosue (5.1) He TO3BOJAET B OOLIEM CITy4ae OJHO3HAYHO
onpenenuts MHOkectBo (X, ). Jlns yHUMOJATBHBIX pacnpeseNeHuit
F(x,y,t) 510 MHOXecTBO TIpM  (UKCHPOBAHHOM X  COJIEPIKUT
y =argmax F(x,y). Byaem nostomy [isl ONpeIENeHHOCTH CYUTATh, YTO
Q(x,y) comepxur monocy pa3OHEHHs THCTOTPAMMBI, COEPIKAILYIO JOKAb-
Hble (MPU (DUKCHPOBAHHBIX HOMEPAX X -sUeek) MAKCUMYMbl pacrpejiesieHus
Fy(j,i,t). CoberBerno 3HauenneM (j) Oyzner Ha3blBaThCsl HOMEp sUeiiKy,
COJIepIKallEeii yCIOBHOE CPE/IHEE 3HAYEHHE HOMEPA [ T0 MHOKECTBY SUEEK C
J -bIM HOMEPOM BEPTHKAJILHOM TI0JIOCHL, KOTOPOE € TOYHOCTBIO O OXBATHIBAET
argmax F'(j,7).

®ynkmmonan U 3asucut ot mmnsl BeiGopku N . B cranmonapaoM ciy-
yae ¢ ysenuuenueM N MPOMCXOUT UL yTouHenue MuoxkecTsa ((X, V) u,

COOTBETCTBEHHO, yMeHbIIeHHe 3HaueHns U . B HecTaMOHAPHOM CiTydae yBe-
JIMYEHNE JUTMHBI BHIOOPKU CBEPX ONTHUMAIBHOTO 3HAYEHHS MOYXKET TPHBECTH K
ysemuuennto ¢pynkimonana U . Tlycts U(N,t) ects pesyabrar ontuMmsa-
1ud (1) B JaHHBIA MOMEHT BPeMEHHU [ 10 BHIOOPKAaM MPOU3BOJIBHEIX 00BEMOB,
NpU  KOTOPOM HAXOJSTCS JIOKATbHO-ONTUMaIbHble 3HaueHus O(N,1) u
a(N,t). Torna

Nop (1) =argminU(N, ). (5.2)
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INoguepkHem, 4TO (DYHKIIMOHATIBHAS CBSI3b, OINpEAEIIeMas MHOKECTBOM
Q(x, y;t) , nonyueHHOM B pe3yibrate ontumusamuu (5.1), B pasHble MOMEH-
ThI BPEMEHH MOJXET OBITh COBEPIICHHO pa3nnyHOil. Tarke M OonTUMalbHbIE

amuabt N () oOpasyloT B COBOKYIHOCTH HEKOTOPOE pacrpeeleHHe C

mwiotHocteio V(N). B pesysbrate r106aibHO ONTHMANBHBIM 33 PacCMaTpH-

BaeMbIil MTPOMEXKYTOK BPEMEHHU OyleT HEKOTOpOe CpeaHee M3 ONTHMalbHBIX
JUIMH ¥ HEKOTopas cpemHssl (YHKIHMOHANbHAsl CBsI3b. TOYHOCTh ATOH CBS3M
Oyzmer ompenensiTbesl ee yCIOBHOM nucriepcued (IpH yCIOBHH, YTO MMEETCS
3aJjaHHasi HETOYHOCTh B ONPENENICHHN JIOKAIbHO-ONTUMAaIbHOW JUTMHBI BBIOOD-
K1) U YyBCTBUTEJILHOCTBIO (DYHKIIMOHAIBEHOMN CBSI3U K JUTMHE BHIOOPKH.

[To »3TOi1 MeTOnMKE MOXKHO OIPEAETHTh, HACKOJIBKO TOYHO KOHKPETHBIN
BpPEMEHHON psn Moaenupyercs ¢ nomoursio J[C onpeneneHHON pa3sMepHOCTH.
Jnst oTOM UenmM Hajgo TOCTPOUTH BHIOOPOYHYIO IUIOTHOCTH MHOTOMEPHOM
(yHKIMM pacripefesIeHus] 3TOro psijia, pa30MB MHOXKECTBO NMPHHUMAEMBIX UM
3HaYE€HNH Ha KOJIMYECTBO SYEEK B COOTBETCTBHHU C ONTUMAIBHBIM pa30MeHUEM
THECTOrpaMMBI (11. 5.3).

Hanpumep, 4To0OBl OmnpenenuTs BO3MOXKHOCTH IIPENCTABICHHS JTaHHOTO

BPEMEHHOIO psiia X,, mocpeactsom oaxomepoii JIC suma X, = g(X,_1),
HaZ0 cOPMHUPOBATH JBYMEPHBI MACCHB COBMECTHBIX TLIOTHOCTEH BEPOSTHO-

ctu fr (xn_l » Xy ) 110 BbIGOpKe o0bema 1 . Ecin 0Ka3anock, 9To ¢ MPUHSTOH
TOYHOCTBIO JUIsl KaXKI0TO MHTEpBaNa Pa3OMeHHs, COAEPKAEro X, , CYIIECT-

ByET TOJIbKO OAWH HHTEpBAJ, COIEPXKAIIMH X, , TO BPEMEHHOH psI MOXET

n >
ObITh cMonenupoBaH aBToHOMHOI JIC mepBoro mopsiaka. COOTBETCTBYIOUIMI
rpaduk ¢ynkmun g(X) ABISETCA HOCHTENEM XapaKTEPHCTHUECKOTO MHOMKeE-

CTBa HEHyJIEBBIX 3HAYEHUH IOCTPOCHHOM IUIOTHOCTH f 7 (x n—1-%Xn )

Ecnu ans unteppana Ax n—] TaKMX MHTEPBAJIOB Axn XOTs1 OBI 11T OHO-

ro 7 OKa3aloch HECKOJIBKO, TO IIPH BBHIOPAHHOM MEJIKOCTH pa3OMEHUs Takas
JC nubo He aBTOHOMHA, TMOO HMeeT OoJiee BEICOKYIO Pa3MEpPHOCTH (ecnu, Ko-
HedHo, 310 Boobure J[C). B TakoM ciryuae nanbHeimmne AeHCTBHS 3aBHCAT OT
TpeOOBaHMI K TOYHOCTH MOZeNH. Beerna MoXKHO Tak yXyAIIUTh TOYHOCTh, YTO
nmo00# psix OyzmeT onuchiBaThes onHoMepHoit JIC (Hanpumep, perpecCHoHHOM
MOZEJBI0), HO 3TO, pa3yMeeTcs, He caMoe HHTepecHoe pemieHue. bosee mpo-
IOYKTHBHBIM SIBJISIETCS BBIACHEHHE TOTO, YTO CHCTEMa OJHOMEpHA, HO HE aBTO-
HOMHA. DTOT BapHaHT pealu3yercs B TOM CIIydae, eclIi MHOXECTBO 3HaYeHHH
BPEMEHHOTO psila MOKHO Pa3OMTh Ha HellepeceKaloluecs: BBIOOPKH, MOKpPHI-
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BAIOIHE€ BCE 3TO MHOXKECTBO, 00OBEMbI KOTOPBIX JOCTATOYHBI IJISI TOTO, YTOOBI
CTPOUTH BEIOOPOUYHBIC MAPHBIE ITIOTHOCTH BEPOSITHOCTEH, TIPHYEM BHYTPH 3THX
BBIOOPOK MOXKHO TOCTPOHTH cBom oxHoMmepHble JIC. Ecnm 310 oka3zamochk He-
BO3MOJKHBIM (Hallle BCETo 0 MPUYHHE TOTO, 9TO TpedyeMoe pa30reHne OKa3bl-
BaeTcs pa3OueHueM Ha BbIOOpkH oobema 1 =1), To cnenyer nepeiitu k pac-
CMOTPEHUIO IJIOTHOCTEN BEPOSATHOCTEH CIEAYIOLIEH Pa3sMEPHOCTH, UMEHHO, K

Ir (xn_z,xn_l » Xy ) Kak u B mpensigymeM ciaydae, €Cld 0Ka3anoch, 4TO
IS KaXJIOH Maphl HHTEPBANOB Pa3OMEHMs, COAEpKAIMX X, 2 M Xj,_1, Cy-
IIECTBYET TOJILKO OXMH MHTEPBAIl, COAEPKALIMA X, , TO BPEMEHHOH PsAL MO-

KT OBITh CMOJIETMPOBaH aBTOHOMHOI JIC BTOPOro MOpsIKa, U T.1.

Iocrne Toro, Kak onpezeneHa pasmepHocTsb JIC, MOXKHO TEPEX0IUTh K 3a-
Jlaue omnpeiesieHnst KOHKPETHOH (QyHKIMOHAILHOI 3aBUCUMOCTH, T.€. Haubosee
NOAXOAALIEH HHTEPNIONLMU. UNCIIEHHOE pelleHUe ITOW 3a4a4uu JUIsl HEIUHEH-
HBIX CHCTEM BECHMa TPY/HO, MOCKOJBKY HETMHEHHOCTh TpH (PUKCHPOBAHHOM
TOYHOCTH BBIYMCIIEHMH MOKET CYLIECTBEHHO MCKAa3UTh COBMECTHOE Pacrpe/ie-
JeHne 06pa3oB M MPOOOPA30B: €CIH BEIMYMHBI X U X + & TIPHHAIIEKAT OJI-
HOMY TIPOMEXKYTKY pasOuenus, To 3Hauenus g(x) u g(Xx+ &) wmoryr npu-

HaJUIeXKaTh Pa3HbIM MPOMEXYTKaM Jaxke Ul JMHEHHBIX CHUCTEM, KaK, HallpH-
Mep, A reoMeTpudeckoil mporpeccud. Illupuaa mojockl, B KOTOpoi Oyner
3aKITFOYEH BO3MOXKHBIHA rpaduk Gynkmuu g(X), O4eHb 4acTo B HECKOJIBKO Pa3

MIPEBOCXOIUT TOYHOCTh, C KOTOPOH CilyuyaiiHble BETMYMHBI pa3MelaroTcs Mo
MPOMEXYTKaM 00JIaCTH ONpeJesieHns] IByMepHO# (1 MHOroMepHoit) BITOP.
B ciydae He COMINIKOM CHJIBHOM HEIMHEHHOCTH MOXKHO ITpeHeOpedb HEKOTO-
PBIM yXYALIEHUEM TOYHOCTH, €CJIM M3HAYaIbHO BEJIMYMHA JOIYCTUMOHN OLIHO-
KU ObLIa 3a/1aHa JJOCTaTOYHO MaJoil.

PaccMOTpHM NpHMEp JIOTHCTHYECKON CHCTeMBI X, 1 = 4X,, (1 —xn) c
TOYHOCTBIO B OIpEJETeHUH X, , paBHod 0,01. Ee mBymepHas BEIOOpOYHas

IWIOTHOCTE  f (xn »Xp +1) 1o Beibopke B I =10000 Touex npusenena Ha

puc. 8.5.1.

U3 puc. 8.5.1 BUAHO, YTO MHOXKECTBO apryMEHTOB, MPU KOTOPHIX ABYMEP-
Hast BII®P ornuyna oT Hyns, oOpazyeT KpUBYIO MapaboiMyecKoro THIa, HO
BBIUMCIICHHS MOKA3bIBAIOT, YTO IIMPUHA 3aKIIIOYAONIEil ee MOJIOCH paBHA He
0,01, a 0,04. D10 03HauaeT, YTo C yxXyAueHueM TouHocTu 10 0,04 BpeMeHHOM
psz, TOPOXKICHHBIIN TOH CHCTEMOM, MOYKET OBITh YHCIIEHHO OIO3HAH IT0 BUILY
neymepHoit BIIOP kax tpaexkropus ogHomepHoi JIC. YpaBHeHHe xapakTepu-
CTMYECKOTO MHOXKECTBA JIETKO CTPOUTCS O KOOpPAMHATE BEPIIMHBI M HMEET
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By mapabornsl. Takum ke 00pa3oM MOTyT OBITH omo3HaHbl u npyrue JC mo-
X0)KeT0 BHJa C HEBBICOKUM ITOPSIKOM HETMHEHHOCTH U MaJIOH Pa3sMEepHOCTHIO.

3,5x10°

3,0x10°

2,5x10”
2,0x10°

1,5x10°

1,0x10°

5,0x10°

0.0 100

100

Puc. 8.5.1 — JIsymepnas BIIOP noructuueckoil CUCTEMBI

Haxoxnenue HOCHTEIIS COBMECTHOM k-mepHOU BII®OP

fr (xn_ k1o Xp—1 ,xn) 03Ha4YaeT (PaKTHYECKH BO3MOMKHOCTH HCKIIOYE-

HHS HEJIMHEHHON KOPPEALMOHHON CBS3M BUIAa X, = g(xn_ k+1sXn—1 ),

YTO YPEe3BBIYAIHO BaXKHO Ha 3Tale INpea-oOpaboTkm BpeMeHHOro psaga. Ha
IPaKTHKE onpeseneHue (byHKIMOHATBHOMH 3aBUCHMOCTH
X, = g(xn_ k+la---axn—l) MOKET OBITh NMPHOIMKEHHO HAHJEHO YMCIIEHHO
CTIeyIOIIUM TIPOCTHIM crioco6oM. [TocKoIBKy peanbHO NpU YHCIEHHBIX pacye-

TaX HCIONB3YIOTCS HE HETPEPHIBHBIC (DYHKIIUH, a UX TUCKPETHBIC aHAIIOTH B k-
MepHOM (a3oBoM mpocTtpaHcTBe, To BIIOP ompenenena kak ructorpamMmma Ha

k-mepHbIx KyGax. Toraa [uis KaX/I0ro NpoMexyTka pasouenus AX, ocu X,

Haxoautcs ToT K —1-MepHblii Ky6, Ha KOTOpDOM 3HAauYeHHE COBMECTHOM k-
MepHoi BIIDP makcumanbHO. ['MIEpiiocKocTH, COEAUHSIONNE LEHTPB OTO-
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OpaHHBIX k-MEpHBIX KyOOB, M TIPEICTABISAIOT COOON JTHHEHHYIO HHTEPIIOIISAIIHIO
3aBUCUMOCTH X, = Z\X,_1 +1,...,xn_1). JoBeputensHas BEpOATHOCTH TO-
T0, YTO CBS3b MKy IOCIICIOBATEILHBIMH 3HAYCHHAMH PAa UMEET BHI HMEH-
HO X, = g(xn_k+1 R S | ), Jaetcs UHTETpajioM oT

I (xn— Jtls-Xpn—1 ,xn) 10 OTMEYEHHBIM A-MEpHBIM Ky0OaM, a oIuOka

WHTEPIOJLIIIAN paBHA JI0JIe CYMMapHOTO 00beMa OTMEUSHHBIX k-MEPHBIX KyOOB
B 00BEME HOCHTENS COBMECTHOTO pactpezeneHus. Ecim nosepurenbHas Bepo-
ATHOCTH CJIMIIKOM Maja, TO HaJO PACHIMPHTh k-MEpPHYIO «IOJOCY» OOBEMOB,
B3SB BCE COCEAHHE I10 TPaHAM KyObI K OTMEUEHHBIM paHee. DTO TOBBICHUT J0BE-
PHUTEJBHYIO BEPOSTHOCTH H, €CTECTBEHHO, YXYAIIHUT TOYHOCTh WHTEPIIOISINH.
Takas cuTyanus THITMYHA 11 HAXOXKAEHHS COTJIACOBAHHBIX JOBEPHTEIBHBIX
MHTEPBAJIOB, HO YK€ B MHOTOMEPHOM CITyJae.

3aMeTHM B 3aKJIOYEHHE ATOW TJIaBbl, UYTO K PETPECCHOHHBIM MOJENSIM —
JIMHENHBIM WM HEJIMHEHHBIM — MNPUBOAMUT TPAKTOBKA IMOSBIECHMS CIIy4allHOMN
BEJIMYMHBI KaK CJIEJICTBUE 3alyMJIEHHOCTH HEKOTOPOM HECIy4dailHON BEIWYH-
HBI. JTO — (HU3UIecKast TOUKa 3pEHHs Ha BOSHUKHOBEHHUE IIyMa, CBOSIIAsICS
B KOHIIC KOHIIOB K ITOTPEIIHOCTH WHCTpyMeHTa m3MepeHus. Ho cymectByer
TaKXXe U APYTOH LIyM, COCTOSIIIMN B HEYNOPSIIOUEHHOCTH NPOSBIEHUI MHOTO-
MEpPHOU TUHAMUYECKO# cucTeMbl. [Ipr 3ToM caMu 3HaUEHHS OBIBAIOT M3BECTHEI
abCOJIOTHO TOYHO, KaK, HAPUMEp, BHINABIINE TPAaHU KyOHKa WM [I€Ha Ha TOT
W WHOHM (JMHAHCOBBIA MHCTPYMEHT Ha Oupike. JMHAMITUECKas: HEOIpe IeIIeH-
HOCTb, TOSBIISIIOIIASICS BCIEACTBHE HEPETYISIPHOCTH IIOCIEIOBATEIBHO BOC-
MPUHAMAEMBIX 3HAUY€HHH, BO3MOXKHO, YTO M HE CIyYalHBIX MOPO3Hb BEJIMYHH,
MMEET HECKOJIBKO MHOM XapakTep, YeM IIyM, JOOaBIEHHBIH K CTallMOHAPHOMY
CpemHeMY 3HAYECHHIO.

Hanpumep, mycTs uMeeTcs 1Ba CTallMOHAPHBIX BPEMEHHBIX psia {xn} u
n) X uy :
Yn §» CPEOHME 3HAYCHUS KOTOPHIX PaBHBI X M ), TMCIICPCHHU PAaBHBI Oy H

2
0, a KOppernsuuu ¢ Tr00BIM JIaroM, Kak W aBTOKOPPENALUH, PABHBI HYIIIO.

Torna psn, cocTapiIeHHBIN W3 BEIMYUH Z, = X, + J,, , OyIeT UMETh CpenHee

Z =X+ )y u aucnepcuio 622 20')% +O')2,,

LU0 C TIOOBIM J1aroM. Eciu jke MBI pacCMOTpUM psiIl Z,, , COCTaBJICHHBIA U3

U TaKKe HyJIEBYIO aBTOKOPPEs-

IIOCJICI0BATCIIBHO TMIEPEMEKAIOINXCA  DJIEMEHTOB xn u y}’l 5 T.C.
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Zop_1 =Xy, Z2, = Yy TO B PE3yNbTaTe MONYYUM B OOIIEM CTydae aBToO-

KOPPEIUPOBAHHBIN psijl. JIETKO NPOBEPUTH, UTO B 3TOM CIIydae

—  —\2
i oitol (F7)
2 4

2

cov(z,,z,,)=—cov(z,,z,,)=—

B Gonee obmmem cirydae, ecnu

COV(xnayn)zroa cov(xn,yn_l):r_l > COV(xnaynH):rl )

TO AJIA TaKHUM KC 06p330M IIOCTPOCHHOTO psfa z, IMOJYy4YacTCH

— _\2
(x-¥) r+r
; 420 : 1
(_ —\2
X-¥) rn+r
R 0 2 -
Eciu teneps BMeCTO NBYX OCNBIX IIYMOB PacCMOTPETh JABYXKOMITOHCHT-
HBIA JTUHAMUYECKUN OCJBIN IIyM, KakJash KOMIIOHEHTa KOTOPOTO BEIeT ceos,
HATPUMEp, MO THITY JIOTUCTHYECKOW CHUCTEMBI, TO TPU OMPEACICHHOW yropsi-
JIOYEHHOCTH NEWUCTBUS KaXKIIOM KOMIIOHEHThI MOXHO, MO0 KpalHeill mepe, B
MPUHITUIE, Pa3fCIUTh 3TH KOMIIOHEHTHI W ITOHHM3HMTH TUCIIEPCHIO IIpoIiecca,
pa3oKHUB €ro HE B CyMMY, a B MOAXOJSAIIYI0 OUEPEIHOCTh ABYX WIH OoJiee
MPOLIECCOB. DTOT METOJ MOXKET OBITH MCIIOJIB30BaH B ciiydae, korna AK® psina
MOCJIC YAJICHHsI CE30HHBIX U WHBIX TPEHIOBBIX KOMIIOHCHT OCIMUTUPYET OKO-
JIO HyJIS ¢ HeOOJBIIOH aMIUMTy0M. Torma ocTaTOK MOXKET OBITh CMOJICIIUPO-
BaH KakK YIOPsAA0YCHHAs MOCICI0BATESIPHOCTh OPTOTOHAIBHBIX OCITBIX IITYMOB.

b

cov(z,,z,,)=—

cov(z,,z,,)=
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I'naBa IX. KuHeTn4yeckuii MeTo MPOrHO3MPOBAHUS

9.1. YpaBHeHuHe 3BOJTIOLMH BLIOOPOYHOM IVIOTHOCTH pacrpe-
AeJeHust

Hcenemyem Temeps BOPOC O TOM, KAKAMH YPaBHEHUSMH HMEET CMBICI
OITMCHIBATH DBOJIIOLHUIO SMITMPHYECKOTO pacmpeneneHus. V3 aHammza ropu-
30HTHOW CTaTUCTHKH HECTAIIMOHAPHBIX BPEMEHHBIX PAIOB CIEAYET, YTO UL
HHUX HMMEIOTCS JIBE Pa3lMYHBIX BPEMEHHBIX OOJAcTH, B KKIOW M3 KOTOPBIX
JIeWCTBYeT HEKoTopas cBos 3Bouorus. Ilepsas obmacte — 3TO 001acTh & -
craumoHapHoctu BIIDP, a Bropast — Bce MOMEHTBI BPEMEHH, TIPEBOCXOSIINE
7 . Byznem paccmarpuBaTh 3BOJIIOLHIO B IIEPBOIT BPEMEHHOW 00JIaCTH.

C onHoit cToponsl, nockonbky BIIOP crpoutcst mo koHe4HOW BBIOOpKE
JaHHBIX, TO yPaBHEHHE €€ SBOJIOLHHU II0 CBOEMY CYILECTBY JOJKHO OBITH IHC-
kpeTHbIM. C IpYyroil CTOpOHBI, KAYeCTBEHHBIE YePTHI MOAENIH 00JIee 3aMETHBI B
HEIIPEpBIBHOM OIMCAHMHM, OUCKpeTHas (opma KOTOporo OyIeT MpenCcTaBisATh
€000l YMCIIEHHYIO CXeMy PacueTOB B Ka)KIOM KOHKpPETHOM citydae. Ilostomy
U ynoOCTBa BOCHPHATHS daile OyIeT HCHOJIB30BaThCS 3alliCh ypaBHEHHS
spoorun BIIOP B nmuddepennmansroii Gpopme.

IIpeanonoxurensHo, Moaeins 3ontonuu BIIOP nomkHa OCHOBBIBATHCS HA
HEKOTOPOM aHaJore ypaBHEHUs JIMyBWIUIA, BBIpaXKaloIleM 3aKOH COXPaHEHHMS
BEPOATHOCTH €O BpeMeHeM. Tem cambIM BBIOOpOYHOH (YHKIMH pacnpenese-
HUs OyZeT JIOKAJIBHO IO BPEMEHH CONOCTABJIICHAa HEKOTOpas IMHaMUYecKas
cuctema. OHaKo, UMes B BUIy IPUMEHEHHE TEOPHHU K HECTAILMOHAPHBIM IIPO-
1eccam, cilefyeT yKa3aTh Ha CyLIECTBEHHOE OTJIMYHE TOTO ypaBHEHHS Hepas-
PBIBHOCTH, KOTOpO€ OyZeT CTPOUTHCS B (pa30BOM IPOCTPAHCTBE KOOPIUHAT
(3mauenuit  psama  x(f)), ckopocreif  (mpupamienmii  3TOro  psaa
v(t) =x =x(t+1)—x(¢)), u, BO3MOXKHO, yCKOPEHHUIA BBICIITUX MOPSAIKOB, OT
ypaBHeHUs! JINYBUIIIS KJIACCHYECKOH CTaTUCTHYECKON MEXaHUKH.

B cnydae OUHAMHYECKHMX CHCTEM, 3aJaHHBIX aHAJTMTHYECKH, BO MHOTHX
Clly4asiX yJaeTcsi B SBHOM BHJE OIPEICIHUTh IMHAMHYECCKU-UHBAPUAHTHYIO
Mepy. B ciydae ke 4nMcieHHOHM peann3aliyi HEKOTOPOH CHUCTEMBI (BO3MOXKHO,
YTO W HE NTUHAMUYECKOI) B BUJE BPEMEHHOTO psla ampuoOpHO BbIOMpaemas
Mepa He 00s3aHa ObITh MHBapHaHTHOI. HaroMHIM, YTO BEepOSTHOCTHAS Tpak-
TOBKa ypaBHeHHUs JIMYyBWIUIA KakK ypaBHEHUS, COXPAHSIOIIETO HOPMHPOBKY,
€CTb IPOCTO IepedopMyIMpOBaHHAs TeopeMa JIMyBMILI KiTacCHYecKOl Mexa-
HHUKH O COXpaHeHHH (a3oBoro odbemMa /It OIpeIeIEHHOTo Kilacca JHHAMHUYe-
CKHX CHCTEM (KOHCEPBAaTHBHBIX).
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Juis cratuctudeckoit BRIOOPKH (ha30BBIA 00BEM, OIpeAesIeMbIil pa3HOCT-
HBIMH ITPOM3BOAHBIMH, JAOCTYITHBIMH O 3TOW BBIOOPKE, MOXKET W HE COXpa-
HATBCSI TOUHO. UTOOB! yCTPaHUTH 3TO HEYJOOHOE 0OCTOSATEIHCTBO, MBI M BBO-
UM TpeOOBaHME PaBHOMEPHOW OTPaHWYCHHOCTH BPEMEHHOTO psAna. Tem He
MEHee, BBIOOpOYHAsi CKOPOCTh M3MEHECHNUS 3HAUCHUH psia JaXke M B 9TOM CITy-
yae MOXKET He 00agaTh TpeOyeMbIM CBOMCTBOM, TIOCKOJIBKY YHCIICHHOE OTIpe-
JIeTICHNe TUBEPTeHINH (Ha30BOM CKOPOCTH IPOBOIUTCS 10 KOHEYHOMY, a HE
OeckoHeuHOMY Habopy maHHBIX. B To ke Bpemst BIIOP moboit pasmeprOCTH
HOPMHUPOBaHa Ha €AWHUILY 110 TIOCTPOCHHUIO, IIO3TOMY OTIEPATOP, MEPEBOASIIIAN
BII®P u3 ogHOTO MOMEHTA BPEMEHH B JIPYTOil B TOM K€ caMoM (ha30BOM IIpo-
CTpPaHCTBE, AODKEH MMETh BHJ 3aKOHA COXpaHEHWS HOpMHPOBKU. Ho m3yuae-
MBI BpPEMEHHOH DA He 00s3aTeNbHO MOPOXKIEH AMHAMHYECKOW CHCTEMOH,
JUISL KOTOPOH | BBIBOAMTCS ypaBHeHne JInmysmmst. CrenoBarenbHO, HEOOXOIH-
MO COTJIacOBaTh «BBIOOPOUHYIO ()a30BYI0 CKOPOCTHY, MOABIISIOUIYIOCS B MaTe-
MaTH4YeCKOH CTaTHCTHKE, CO CKOPOCTHIO B CTATUCTUIECKONH MEXAHUKE, IS YET0
CJIEyeT MPOBECTH MOAPOOHBIH aHAIN3 TOTO, KaK BO3HHKAET ypaBHEHHE 3BO-
JIFOIIMH JUTS1 BBIOOPOYHOM TNIOTHOCTH (DYHKIIMHM pacIipeaeIeHusL.

Wtak, mpeamosokKuM, YTO HMEETCS JOCTaTOYHO OOJBIIOE KOJIHYECTBO

JaHHBIX {X(t)} , AHaJIN3 KOTOPBIX IMO3BOJIACT ONPEACINTD ONTUMAILHEII 00b-

em T BoiGopku juist moctpoerust BIIOP  f,.(X,f) u onucanus ee 3Bomoun,
CKaXkeM, Ha OfMH Iuar Breped. Paccmarpusas Habop Takux BIIOP f,.(x,?),

fT (x, r— 1) , ... B IIPEAIIECTBYOIINUC MOMCHTBI BpEMEHU, MOKHO OIIPEACINTD

COOTBETCTBYIOIINE SMITMPUICCKUE U3BMEHEHUA dTUX IUIOTHOCTEH 3a OJIUH IIIar:

W:f,(x,z—kﬂ)—f,(x,t—k), k=1,2,...
(1.1)

YactHas npou3sBoaHas 1o Bpemenu B (1.1) Hamucana st yaoOCTBa BOC-
npuatusi. @akTUYecku 3TO ecTh 0003HAUCHHE IS BBIPAXKCHUS, CTOSIIECTO B
npasoii gactu (1.1).

Jlomyctum, 4To 3HAHWK O TAaKUX M3MEHEHUSIX MEPBOTO MOpsaKa IO BpeMe-
HHU OKa3aloch JOCTaTOYHO JJIsI TOTO, YTOOBI CIOXKWIIOCH IpEeCTaBlieHHE 00
sposon BIIDP 3a onuH mar no BpeMEHU € TOUHOCTBIO & , AJIsl KOTOPOU U
OBUT HaiiieH oNTHMaJbHBIM 00BeM BbIOOpKM 7. OmpenenuMm Toraa MOAXOS-

LYK «CKOPOCTb» u3MeHeHus BIIDP u;, (x,t) Tax, uto6sl usmenenue (1.1)

MOYKHO OBIJIO 3aIIMCaTh B BUJC YPaBHCHUA
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o (at) 0 _
Py + . uy(x,1) fr(x,t)=0. (1.2)

Ckopocts U, (x,t), ynosnersopsontyto ypaeuenuio (1.2) cOBMECTHO ¢

(1.1), 6ymem Ha3BIBATh AIMIIUPHUYECKON INYBHILIEBOH ckopocThio (DJIC).

Hanee cuntaeM 00beM BBIOOPKH 7 (PUKCHPOBAHHBIM, PABHBIM ONTHMAJb-
HOMY 00beMY, ONPEACIICHHOMY Ha MPEABIAYIIIX dTalax aHaInu3a, i COOTBETCT-
BYIOIINH MHACKC ISl KPATKOCTH OITYyCKaeM.

DJIC MOXXHO OTIPEeNEeNUTh IS KaXKIOW AUCKPETHU3au 001acTH 3HAYCHUH
x() . Tlpu 5ToM y106HO CUMTaTh, YTO Ha TPaHUIAX 3Toi obnactu BIIDP pas-

Ha HyJ0. [l paBHOMEPHO orpaHHueHHOro psaa X(f) >ToMy ycioBHIo Beerna

MOXHO YJIOBJIETBOPUTb, BBE/SI HY’>KHOE KOJIMYECTBO JIOTIOJHUTEIBHBIX I'PaHu4-
HBIX ST9eeK pa3OMeHUs], B KOTOPBIX IUIOTHOCTh PACIpeeNICHNs] paBHA HYJIIO BO
BCE MOMEHTHI BPEMEHH.

B pesynprare DJIC B kax0#i siueiike pa3OneHns, T1e CymecTBYIOT 3Haue-
HUS BPEMEHHOTO psfa, omnpenernsercs u3 cootHomenuid (1.1) u (1.2) mo ¢op-

MyJiam
w0 f @GO = SEO+ @D - 5
f(i+11)

Eciu ke B i-0if sueiike miuoTHOCTH pacmipenenenus f (i,¢) okasanach

u(i+1,t)=

paBHOW HyO, TO (OpPMAIBLHO CKOPOCTh B TaKOW sueiike He ompexaeneHa. B
(UKTHUBHBIX TPAHUYHBIX SYEHKAX CKOPOCTh €CTECTBEHHO IMOJIOKUTH PaBHOMN
Hy;110. Bo BHyTpeHHHX siueiikax ¢ HyJI€BOH IUNIOTHOCTBIO CKOPOCTH TaK)Ke MOXK-
HO TIOJIOKUTH PaBHOHM HYJII0. JTO HE MPUBENET K MPOTUBOPEUUSIM, NOCKOIBKY
ypaBHeHue (1.2) comep HUT CKOpocTh B KOMOWHALIMK C NIPOM3BEJCHUEM Ha CO-
OTBETCTBYIONUIYIO IUIOTHOCTb.

U3 (1.3) cnenyer, uto ckopocts U(i,¢) usmenenus BII®P B i -oii sueiike

B MOMEHT [ MOXKET OBITh npeacTaBJiCHa B BUAC

u(i+1L,0) f(i+1,t) =

=S (flhat )= fha0)) = Fit 1)~ F(it)

Takum oOpazom, mpasast yacts (1.4) mpencrasiser coO0ol M3MEHEHHE IO
BPEMEHHU BBIOOPOYHOW (DYHKIIMU paCTpeeICHUS B siUCiKe, MPeIIeCTBYIOMICH
TOH, B KOTOPOH BEIYUCIISACTCS 3HAYCHUE SMITMPUIECKON CKOpOCTH. BuaHO, 4To
ckopocTh u3MeHeHus BIIOP B naHHbI MOMEHT BpEMEHH OIpENEsieTCs 3Haue-
HUSMH paclpeieICHUs B 3TOT U TOCIEAYIOUIHIA MOMEHTHL. DTO 03HAYAET, U4TO B

(1.4)
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TEeKyIIUH MOMEHT BPEMEHHU I DJIC wmssectHa IUTSL TIPEOBIAYIIETO MOMEHTA
t_l, YTO CIIEAYeT YYHUTHIBATH TPH COCTABICHUH SBOJIFOLMOHHOW MOJICIH.

NwmenHo, uToOs! onpenenuts BIIOP B MoMeHT BpeMeHH 1+1 , Hal0 TOCTpO-
uth DJIC B MOMEHT BpEMEHU £.

BrisicHuM, Kako#l CTaTUCTUYECKUN CMBICI MOKHO IPUIATh BBEACHHOM M-
nupudeckor ckopoctu uzMenenust BIIOP. [l sToro paccMoTpuM ypaBHEHHE
3BOJIFOLINH NIEPBOTO BHIOOPOYHOTO MOMEHTA, OIIPEACIIIEMOro Kak

m(t) = <x>t = J.xf(x,t)dx 15)

U3 (1.2) cnemyert, 4TO BOJIOIHS IEPBOTO MOMEHTA 3AIMCHIBACTCS B BHJIE

dn;it) _ Ixaf(a);,t) di = _J'x%u(x,t)f(x,t)dx.

Ilocne wHTETpHUpPOBaHUS MO YAcTAM C YYE€TOM TOTO, YTO B TPAaHHMUYHBIX
sYeKax INIOTHOCTD PacTIpee]IeHUs paBHA HYJIIO, OTyJaeM

% = [uCe,t) f(e0ydx=(u), =U@®),  (1.6)

rae U(t) ecTb cpeaHee 3HAUEHUE IMIIUPUUECKON CKOPOCTH

u(x,t) Mo pacmpeneseHnuI0, KOTOPOE 3a1aHO0 B MOMEHT BPEMECHH 1.

C nmpyro# CTOpOHBI, TO k€ caMOe W3MEHEHHE IepPBOro BHIOOPOYHOTO MO-
MEHTa, BBIYHCIIIEMOE HENOCPEICTBEHHO IO DJIEMEHTaM BBIOOPKH BPEMEHHOTO
psina, ecTb

dm(t)
dt

T T T
=12x(z—T+k+1)—le(z—T+k)=12x(t—T+k),
TS T3 =
(1.7)

T.e. U(?), KaK OKa3bIBaeT MOCIIEAHEE PABCHCTBO, €CTh CPEIHEE

=m(t+1)—m(t)=

3HaYeHHNE BHIOOPOYHOM CKOPOCTH, OMpeesieMO o MpHparlie-
HUSIM 3HAYEHUN UCXOJHOTO BPEMEHHOIO PAJIA.

Bripaxxenus (1.6) u (1.7) npencrasisioT cpeaHee 3HaYSHUE OJHOW M TOU
xe ckopoctu. Ho, B ommune ot (1.6), cpeanee B (1.7), Oyayun ckopocThio X,
JIOJDKHO BBIMHCIATHECS He vepes pacmpenenenue f(X,1) 3Hauenmii pspa, a

yepe3 COBMECTHOE paclpelielieHue psija M ero npupauieHuil. Beegem Torma
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nsymepryto BII®P F(X,X,t) coBMeCTHOro pacrpeniesieHus CIyYaiiHbIX Be-
JUYMH X ¥ X HCXOIHOTO psjia M Psjida €ro Npou3BOAHON. [IpousBomHas
X =x(t+1)—x(¢) tpakryercs Kak pasHOCTb MeXIy 3HAYECHHUSIMH DSa B
COCEJIHUE MOMEHTHI BPEMEHHU. JTa pa3HOCTb U €CTh aHAJIOI MUKPOCKOIINYECKON
CKOPOCTH cHCcTeMbl U3 T «JacTull» (3HaueHui psaaa). s moctpoeHus nsymep-
Hoit BII®P F'(x,X,f) B MOMEHT BpeMeHH ! HEOOXOJMMO MMETh 3HAYCHHE
CITy4ailHO! BeTMYMHBI B MOMEHT f + 1, 4T0OBI MOXKHO OBLIO TIOCTPOUTH MHUK-
POCKOINYECKYIO CKOPOCTh B MOMEHT BPeMEHH [ . 3aMEeTUM 371€Ch, YTO €CIIH PAX
HEIKBUUCTAHTHBIH, TO PA3HOCTHAS! CKOPOCTH ONPEAENIACTCS KaK

. x(n+1)—x(n)

X = . (1.8)

t(n+1)—t(n)

Onnomepnas BIIOP f (x,t ) onpeensercs 3arteM mno f (x, X,t ) popmy-

Flx,t)= j F(x,x,t)d . (1.9)

3aMeTuM, 4TO CpeHee 3HaUeHHe IMIUPUUYECKON CKOPOCTH U3 IpaBoif yac-
T (1.7) paBHO

U() =[x F (x,%t)dxds,
Y 3Ta K€ BEIMYMHA PaBHA BBIPAKCHUIO J. u(x,t) f(x,t)dx B (1.6).

CHGZ[OB&TGHBHO, CpeaHsds JIOKaJIbHast CKOPOCTh I/l(x, t) OIPCACIIACTCS KaK
u(x,0) £ (x, ) = [ KF (x, %, £)d (1.10)

AHanorust noctpoeHHo 3BoJounn BIIOP ¢ nuHamMuueckuMu cucTeMamu
B TOM, YTO €CJI PacCMOTpeTh HeaBTOHOMHYI0 J[C, 3a1aBaeMyIo ypaBHEHUEM

% —u(x,t), x(0)= J‘ X (x,0)dx, (1.11)
TO cpenHee 3HadeHue 310 JIC OyneT SBOIIOIIMOHUPOBATH KaK

CpE€AHEC 3HAYCHUC UCXOAHOI0 BpCMECHHOTI'O pAda.

9.2. Moaenu 3aMbIKaHUSI IMITUPHYECKOr0 YpaBHeHus Jlny-
BHJLJISI

VYpasuenue JlnyBwimis (1.2) moka eme He SIBISIETCS 3aMKHYTBIM: KpoMe
HEM3BECTHOH IUNIOTHOCTU BEPOSITHOCTH, OTHOCHUTENIEHO KOTOPOI OHO 3aIlucaHo,
B HeM (UIYpUpYET M HEeM3BeCTHas ckopocTh U(X,?) . EciM MCXOaUTh TONBKO
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13 TpeOOBaHUs coXpaHeHusi HopMupoBku BIIDP, To ckopocts U(X,f) MOXeT

OBITh, BOOOIIIC TOBOPS, JIFOOOH (DYHKITHEH, MOCKOIBKY Ha HOPMHUPOBKY pacmpe-
JIeJIeHHs] €€ KOHKPETHBIN BUJ HE BIUSET.

Hanpumep, mpu nporHo3upoBaHUM Ha 7 IIIaroB BIIEPE MOKHO MCXOIUTh
W3 TOCTIeIOBATENBHO YCIIOXKHSIOMMXCS MPOrHO3HBIX Moxener mus DJIC. B
MPOCTEUIIEM BapHaHTE CKOPOCTh BO BCE IMOCIEIYIOIIAE MOMEHTHI BPEMEHH
MOJKET OBITh IPUHATA PAaBHOW CKOPOCTH B TOCIETHHWIA MOMEHT BPEMEHH, T.C.

u(x,t+k)=u(x,t—1),k=0,1,..,7—1. Bonee cnoxuas Momens wuc-

MOJIBb3YET CpeJHEe 3HAUeHHE CKOPOCTH I10 MPOLUIOMY NMPOMEXKYTKY UIUTENb-
HOCTH T :

L?(x,t):ﬁ(x,t—l):lZr:u(x,t—t') . (2.1)
Tra

Kaxk BapuaHT, MOXHO MPEIIOKHUTH MOJEIh C aBTOKOPPEKIMEH, KOTraa npo-
THO3HAsI CKOPOCTh BKIJIFOYAeT camoe ce0s B ycpenneHue Buaa (1.1):

-1
G0t =T =~ S ulx.t—1')= “(x D, Zu(x (1),
T
t'=0
OTKYyJla CIE€QYET, YTO
-1
a(x,t) = Ll Dulx,t—1')y, v>1. (22)
T—15
t'=1

Iporxos ckopoctu U(X,?) Ha MPOMEXKYTKE BDEMEHH T MOKET OBITh MO-
CTPOEH ¢ TIpUMEHEHHEM JIHHEHHON PerpeccHy CKOPOCTH HA BPEMS, €CIH B Ka-
4ECTBE NMPOMEKYTKA YCPEIHEHHS 110 BDEMEHH B3sTh pomexyTok A (1)

u(x,t+k)=u(x,t)+6c(x, t)M, I<z; ke[l 7]
2 -1
c(x,t) = 1 ZT: (u(x,t —t")— L_t(x,t))(2t’ -7-— 1).
2t t'=1
(2.3)

BemeonrcanHsle MOZIENIN OCHOBAHBI Ha BPHUCTHYECKHUX COOOpPAKEHHSAX,
KOTOpBIE Ha TPAKTUKE B OJHHUX CIIydasX MOTYT OBITh NOJIE3HBIMH, & B JPYTHX

— ner. OIHAKO BaKHO, YTOOBI BBIYMCIIEHHAS TUIOTHOCTh | (x,t ) Oblia OBl
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HCOTpULIATCJIbHA, YTO HAKJIAAbIBACT Ha (I)yHKIII/IIO M()C, t) OIPCACIICHHBIC OT-

panuycHus. YToOBI O0JIee KOPPEKTHO MOJONTH K BOIPOCY 3aMbIKaHUS YpaBHe-
nust Jlnyswuis (1.2), Oynem ero pemiath coBMecTHO ¢ ypaBHenueM (1.10). Io-
JIy4CHHAsl CUCTEMa BCE €IIe HE SBJIACTCS 3aMKHYTON B CMBICIIC KHHETHYECKOTO
HOIX0/a, IIOCKONBEKy BosHukmas B (1.10) nsymepnas BIIOP F (x, )'C,t) oka
ele He omnpejeneHa Kak (GyHKIHs BpeMeHH. /s Hee Takxke cieqyeT 3amnucarhb
ypaBHeHre JIMyBWIIIA, B KOTOPOM X M X ()OPMAlIbHO CUMTAIOTCA HE3aBUCH-
MBIMHU TICPEMCHHBIMH.

[To anamoruu ¢ OTHOMEPHBIM CJIy4aeM, MPOHM3BOJIHYIO CKOPOCTH IO Bpe-
MEHH CIICyeT PACCMAaTPHUBATh B HEKOTOPOM YCPEIHECHHOM CMBICIE, IS Yero
HAJI0 PACIIUPUTH IMPOCTPAHCTBO (PAa30BBIX MEPEMEHHBIX. Torma ypaBHEHHE
JnyBwins s F (x,fc,t ) JIOJDKHO MMETh CIEAYIOLIUI BUJ, BHITEKAOIINN U3
TEX e MPECTABICHUN O COXPAHCHUU HOPMUPOBKH:

a—F+ﬁ(Fx)+i PV 0. (2.4)
ot Ox ox ot

CMBICTT 3TOTO YpaBHCHUA OINPCACIACTCA TEM, KaK TPaKTYCTCd BEJIMYMHA

<5fc/ 5t> Ecnu paccMaTpuBaeTcsl MHAMHYECKas CHCTEMA, Ui KOTOPOil M3-
BECTHA 3aBHCUMOCTH yckopeHus X = W(X,X,?) OoT KOOpAMHAT, CKOPOCTEH H
BPEMEHH, TO CJIEAYET CUMTATh, YTO <5fc/ ot > M €CTh 3TO yCKOpeHHe. B Takom

ciy4dae u3 (2.4) BeITEKaeT

oF & 0
L (Fx)+=(F (.
6t+8x( x)+ax( w)=0. (2.5)

Ecnu ske cuutath, uto OX/Of sBiseTcss CilydaiHON BENMYMHOM, TO B
ypaBHeHu# JIMYBHIUTA aHATIOT IMHAMIYECKOTO YCKOPEHHUS €CIIH U MOJKHO BBE-

CTH, TO B HEKOTOPOM YCPEIHEHHOM CMBICIE, T.€. B BUIIE <5)'C/ 5t> . Pasymeer-

Cs, 3TO HC «BbIBO» YPABHCHHSA 3BOJIOLHNH, a4 BCCTO JIUIIb 3BPUCTUYCCKUC CO-
06pa>1<eHI/m OTHOCHUTCJIBHO TOI'O, KaKMM MOTJIO OBl OBITH KMHETHYECKOE YpaB-
HCHUC BI)I60p0"IHOI\/‘I IIOTHOCTHU (I)yHKIII/II/I pacnpeaciacHnsd 1Jid HCCTAllMOHAPHO-
T'O BpEMCHHOTI'O psiaa.

TeMm caMbIM ISl OHpeeNeHHs] BETHIHHBI <§5c/ 5t> TpebyeTcs naibHei-

mee pacmmpeHre (Ha3oBOro MpOCTPaHCTBA. BBemeM cpemHee YCKOpeHHE Kak
(YHKINIO KOOPAWHATBI, CKOPOCTH M BPEMEHU:

wlx, 3,0 )F (x, %,2) = [ 5F3 (x, %, %, )i (2.6)

307



BuaHo, 94TO B 3TOM Ciy4ae BO3HHKACT 3allCIUICHHE MHOTOYACTUYHBIX Pac-
npeaeneHni. 3aMbIKaHUE [ETIOYKHA MOKHO ITPOBECTH, 3a[aB allpHOPH BBIpAXKe-

HHUE JUIsl MHTErpaia OT HEU3BECTHOU BeJIHYUHBI I)'C'F3 (x, X, )'C',t)d)'c' B IIpaBoii

gacTu ypaBHeHHs (2.6). XapaKTepHO, YTO TaKO€ 3aMBIKAHHUE COBEPIIEHHO He
MOBJIMSIET HA BUJ ypaBHEHUS st onHoMepHOoil BIIOP B cuiy auBepreHTHOTrO
XapakTepa cllaraeéMblX.

Ecnu e HeT OCHOBAHUIA CUMTAaTh MHTErpan J')'C'F3 (x, X, X, t )d)f M3BECT-

HOW BEJTMYMHON, TO LieNoYKa ypaBHeHU! JInyBuiis BeinucsiBaeTcs 11t BIIOP
clenymoomero nopsaka, u 1.4. Oanako, yeM Bbie nopagok BIIOP, tem tpya-
Hee HaliTH pa3yMHOE OCHOBAaHHE JUIS TOTO MJIM MHOTO CIoco0a oOpbIBa 1enod-
KM KHHETHYECKUX ypaBHeHHH. Clie0BaTeNbHO, JKENAaTENbHO MOCTPOUTH CHUC-
TEMy YpaBHEHHWH, 3aMKHYTYI0 OTHOCHUTEIbHO onHOMepHOil BIIDP. UtoOwI
3aMKHYTh ypaBHenue Jlnysumis (1.2), koTopoe HCIONb3yeTcsl sl TIPOTHO3H-
poanus BII®P f(X,?), cruemyeT He3aBUCHMO ONPEJNENUTh BETHUMHY
u(x,t) xak 3HaYeHHe cpeaHeil TOKATbHON CKOPOCTH.

Jnst nostydeHus: 3aMKHYTOW TEOpHUHU Oy/ieM UCXOAMTh U3 ONpENeIIeHUs JI0-
kanbHOW ckopoctu (1.10) m ypaBHenus sBomrounu (2.5). Juddepenmpys

(1.10) gacTHBIM 00pa3oM IO BPEMEHH, MOJIyYacM SBOJIOIMOHHOC YPaBHCHHE
JUIS CpeHen HOKaHLHoﬁ CKOpOCTH:

ou 20 _ 6(ef ) .
ox

7 Y% 2 f-u w0, Q27)

I'JIe BBEJICHBI HOBBIC BEJTUYHHBI e(x,t) u W(x,t) cormacHo ¢op-
MyJIaM

e(x.1) = <x2> W =(wx50). (28

3mecs YIIIOBBIMH CKOOKamu 0003Hau€HO yCpeTHEHHE MO BCeM (pa3oBBIM
NIepeMEHHBIM, KPOME X , TT0 PACIPEIEIICHHIO COOTBETCTBYIOIIEH pa3MEepHOCTH:

e(x,0) f(x,1) = j °F (x,%,1) dx,

2.9
W(x,t)f(x,t)= J.w(x, )'c,t)F(x, )'c,t)d)'c.

Takum 00pa3oM, BBIICHSETCS, YTO JUIS ONPENETICHUS HBOJIIOIMH TIEPBOTO
MoMmeHTa ByMepHOH BII®P mo ckopocTu Hal0 3HATh 3BOJIOLHUIO €€ BTOPOIO
MOMEHTA 10 TOW K€ NEPEMEHHOM U 3BOJIOLUIO CPEIHEr0 yCKOpeHus. s aThux
BEJINYMH aHAJIOTHIHBIMH BBIYUCIICHUSIMH TTOJTydaeM:
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%—ei—xf ue%=—§(<x3>f)+<m>f, (2.10)

oW G o/ ..
E—W . uWaf —§(<xx>f)+Af, 2.11)

rae A(x,t) ecTh cpeqHee YCKOPEHHE CIICTYIOIIETO MOPSIKA, OIl-
penensiemoe yepes f3 u Fy:

Ax,0) f (1) = [ alx, %, %,0)F3 (x, %, %, )i,
(2.12)

BuaHo, 4TO TOYHAs cucTeMa ypaBHEHHH B NMPUHIUIE HE MOXET OBITH I10-
Jy4eHa B 3aMKHYTOH (popMe, TOCKOJIbKY B Hell BO3HUKAIOT 3alleluieHHs1 Ooiee
BBICOKOTO Topsinka Buaa (2.12). Kpome Toro, mosiBUIMCH U MOMEHTHI OoJjee
BBICOKOTO TOPSIIKa — TPETHETO IO CKOPOCTH B ypaBHeHUH (2.10).

Bo3Hukmast cuTyanus HOJTHOCTBIO aHAJIOTHYHA KJIACCHUECKOMY BBIBOTY
YpaBHEHHI TUAPOJANHAMUKY U3 KHHETUYECKUX ypaBHEHHH [6], ueMy ObLia 1mo-
cesiena rnasa [. Crepyer kKakum-mmb0 o0pa3oM 3aMKHYTh MOMEHTHYIO CHC-
TeMy, T.€. ONIPEJEeINTh HE3aBUCUMO IIPaBble YaCTH IBOJIOIMOHHBIX YPaBHEHHUH
(2.7), (2.10) u (2.11). DTO MOXHO CAETATh Pa3TMYHBIMH CIIOCOOAMH, KOTOPBIE,
OJTHaKO, HE MOT'YT OBITh OCHOBaHBI Ha TOYHBIX MaTEMaTUYECKHX CIIE/ICTBHSX, a
JIOJDKHBI MCXOIMTh W3 OoJiee MM MEHee INPaBIOINOJOOHBIX NPAKTHYECKUX
npeanockiIok. Kaxaplii 13 crocoOoB 3ambIkaHusi OyIeT MPUBOJUTH K HOBOU
MOJIEIM 3BOJIOLMH, T.€. K HOBOMY METOIy IpPOrHO3UpoBaHMA. Paccmorpum
HEKOTOPBIE U3 TAKUX CIIOCOOOB.

Hanpumep, eciu paccmaTpuBaTh NPOMEXYTKHM BPEMEHH, Ha KOTOPBIX
BII®P xBazucranvoHapHa, TO €CTECTBEHHBIM YCIOBHUEM 3aMBIKAHUS SIBIISETCS
Hynesoe yckopenue: W(X,X,1) = 0. HanoMHuM, 4TO Ha TaKMX MPOMEKYTKAX

BpPEMEHH MOYKHO HCIIOIBb30BaTh Oojiee CHIIbHOE MPHONIMKEHHE HYJIEBOH CKOpO-
ctu u(x,t) =0, nockonbky jgake B 3TOM Cilyyae rapaHTHPOBAHA KBA3HCTa-
LIMOHAPHOCTH OJHOMEPHOTO pacmpenescHus. Y paBHeHHe JIMyBUILIA ¢ HEHyIIe-
BOW CKOPOCTBIO ABIISIETCSI CJICAYIOLUIUM MPHOIIKEHNEM, YTOYHSIOIINUM 3BOJIIO-
nuto BITOP. Takum ob6pa3om, mpuOIMKEeHHE HYJIEBOTO YCKOPEHHS BIIOJHE
COTJIACOBAHO C KBAa3MCTALMOHAPHOCTBIO paclpeieneHus. Toraa ypaBHEHHE
(2.11) MoskHO 0T6pOCHUTB, @ 151 e(X, 1) u3 (2.10) nonyunTs
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oe  owf) dlesf) /.3
f—-e =— , e3=(x").
ot ox ox
- o(uf")
€pEHOCs CcllaraeéMoe e—a B IIPaBYIO 4acTh, IpeodpazyeM 3TO ypaB-
X

HCHHEC K BUOAY

) L e,

OObennHss MOMYYeHHOE ypaBHEHHE C YpaBHEHUAMH dBoitorn (1.2) mams
BII®P u (2.7) ona 3J'IC TOJTy4aeM CIIEIYIOUIYI0 CUCTEMY ypaBHEHHUI:

ACA)] (x D, f(x Hu(x,0) = 0;

6
m u—f——( —e)f; (2.13)
(32 ey

B art0ii cucteme MoMeHT 83 TPETHEro Nopsiika Mo CKOPOCTHU IMOKaA CIIC HE

omnpezeneH. [yt 3Toro TpeOyeTcs BBIPa3UTh €r0 Yepe3 MOMEHTHl HU3LIMX IO-
PSIIKOB, T.€. IPOBECTH COOCTBEHHO 3aMblkaHue. Hipke MpUBOISTCS HEKOTOpPbIE
BapUaHThl TAKOTO 3aMBIKaHUS KaK MPUMEPBHI MPOTHO3HBIX MOJENeH «THAPOIH-
HAaMU4ECKOTO» THIIA, T.e. MOJEJeil, OCHOBAaHHBIX Ha aHAIN3€ 3BOJIOLUH MO-
MEHTOB BBIOOPOYHOTO paclpeieieHus] OOJbLIero MopsiKa, 4eM TO, KOTOpoe
HETOCPEICTBEHHO MTPOTHO3UPYETCSL.

Hepsviii 6apuarnm. Honoxum e3 = 0, r.e. OyaeM cunTarth 9Ty BeIHUUHY
npeHeOpexxumMo Manoi. Torma cucTema 3aMKHETCS, HO, PEIIMB €€, CIeoyeT

yOenuThCsa B TOM, YTO HalIGHHOE PEeIIeHIe COBMECTUMO C 3TUM YCIOBHEM Ma-
JI0CTH. 3aMBIKaIoIIee MOoClieIHee ypaBHeHHE B cucteme (2.13) mpu 3ToM nMeeT

BUJ]
de _ o)
fome s 214

OTOT TOAXOA  CHpaBeAaMB B TOM  Cilydae, €CIM  CKOPOCTH
X =x(t+1)—x(¢) manbl, uTo xapakTepHO [JIsl CIydas c1abo MEHSIONIErocs

pana x(¢).
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Bmopoii sapuanm. Bynem cuntats peHeOpEKUMO MAJIOH BETMYNHY KOBa-
puanuy, T.e. nonoxum ue —e3 = 0. Dra cuTyanus BO3HHMKAaeT, HAlpHUMep,

Torna, korjaa ckopocts U(X,?) Kak QyHKIMS OT X NPHOIHU3UTENBHO TOCTO-
SIHHa, 32 UCKIIIOYEHHEM, BO3MOXKHO, TOYEK BOJIM3M TPaHUIl IPOMEKYTKA U3Me-
HEHHMs BEMYMHBI X . B TakoM cllydae MOJKHO CUMTaTh, 4To OU / OX ¢ npuHs-
TOM TOYHOCTBIO SIBJSIETCS NMPEHEOPEKHMO Mol BETMYMHOM, TaK YTO 3aMBbl-
Karolllee ypaBHEHHE MMeEET BHJ NEPBOrO YPABHEHUS CHUCTEMBl — YPaBHEHUS
JnyBuins:

Oe N O(ue)
ot  Ox
Tpemuii 6apuanm. 3aMeTHM, 4TO, Kak ¥ ckopocTh U(X,?) , ee BTOpoii Mo-

0. (215

MEHT e(x, t) M3BECTEH 110 UCXOMHOU BHEIOOpKE HE B TEKYIIWiA, a B MPEIBIAY-
il MOMeHT BpeMeHH. [101X01 K 3aMBIKaHUIO B IyX€ HAUBHOTO MPOrHO3a CO-
CTOUT B TOM, YTOOBI OICHUTH BEITHYUHY e(x,t) 10 €€ 3HAYEHHUIO B MOMEHT

t —1, koTOpoe M3BECTHO MO MMEIOLIeHCs CTATUCTUKE K 3TOMY BpeMeHH. Ilo-
noxum Torma e(x,t) =e(x,t —1) = g(x,t), rne g(x,t) — B nannom ciy-
Yae M3BeCTHas (QYHKIHMS, ONpeensieMas HEOCPECTBEHHO TI0 3HAYEHUAM Bpe-
MEHHOTO0 psifa. Torna 3aMelKaroliee ypaBHEHHE IPUMET BU]T

de _ Ouf) o(gf)
J 4™ e @19

Wtak, kaxkapli M3 3TUX TpeX CHOco00B, OyaydM NPHUMEHEH K CHCTEMeE
(2.13), 1160 K TIEPBBIM JIBYM €€ YpaBHEHUSIM HJIH TOJIBKO K IIEPBOMY, IIPUBEIET
K 3aMKHYTOH MOJIENH 3BOJIIOLIMH oAHOoYacTuYHOU BIIDP.

Hanpumep, ecnmu nmpuMeHHTH BTOpOil MeTon (HyJIeBOil KoBapualiu) Ko
BTOpPOMY ypaBHeHHIO B (2.13), To OH B JaHHOM cilyyae OyAeT O03Ha4aTh, YTO
CpeIHUI KBaZpaT CKOPOCTH M KBaJpaT CpeAHel ckopocTu copnaaaroT. Creno-
BaTeNbHO, cpeHsis ckopocTh U(X,1) Kak (yHKIMS OT X paBHA MOCTOSHHOM.
Toraa mocTaTo4yHO KCIONB30BaTh TONBKO IepBoe ypaBHEeHHeE B (2.13), obmiee
pelenre KOToporo B 3ToM cirydae umeet Bun f (X,¢) = f(x —u,t —1). Io-
CKOJIbKY B TPaHMYHBIX NTPOMEXYTKaxX, 110 yCJIOBHIO, IUIOTHOCTh BCET/a HyJe-
Basi, TO PEIICHHE B BUJIE CABHUIA BIOJIb XapaKTEPHCTHK BO3MOXKHO, TOJIIBKO €CITH
ckopocth Hysesas. Torma f(X,1) He MeHseTcst BO BpeMeHH, T.€. B 3TOM TIpH-
OMIKEHHH MBI TIOMYYWJIM HaUBHBIA HPOTHO3 OTHOCHTENBHO CaMOW BBIOOpOY-
HOH IJIOTHOCTH pacpeiesIeHUs.
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Ecmu >xe mpUMEHNTH KO BTOpPOMY ypaBHEHHIO B (2.13) MeToq HamBHOTO
TIPOTHO3a, Kacarouuiicsi Bennaunbl €(X,?), To cUcTeMa 3aMBIKAeTCsl CIIELyHo-
KM 00pa3oM: IpaBasi yacTh STOr0 YPaBHEHUs CUMTAETCS] U3BECTHOM 110 JIaH-
HBIM B TpeIbIAYIIHii MOMEHT BpeMeHH, Tocie 4ero onpenensercs U(X,t) B

TeKyIMii MOMEHT, 4TO T03BONseT onpeneauts f (X,f) W3 mepBoro ypapHe-

HUSL.

OTMeTnM, 9TO C TOYKH 3peHUs (opMaIbHOH 0OOCHOBAHHOCTH 3TH 3aMBI-
KaHUS HUYEM He Jydllle 10 CPaBHEHHIO C BapuaHTaMH 3aMblkaaus (2.1) - (2.3)
Ha TIEpBOM ypaBHEHHH, HO HA MPAKTHUKE OBIBAET JIydIlle 3aMbIKaTh CHCTEMY Ha
MOMEHTe 0ojiee BBICOKOTO TOPAIKA, YEM MEPBBIH MM BTOPOH. DTO CBSI3aHO C
TEM, 4TO JUIS PSOB, KOTOPHIE PAaBHOMEPHO OTPAaHWYEHBI 10 BPEMEHH, HETOU-
HOCTH OT alNpPOKCHMAIMN BBICIINX MOMEHTOB JaeT yMEHBIIAIONINNACS BKIAZ B
YpaBHEHHE 3BOJIOLUMHU KBazucTaluoHapHblx BIIOP ¢ yBennueHuem mnopsiaka
MOMEHTA.

[TycTs, HanpuMep, BEIIIOIHEHO yCIOBHUE ||f(x, H—f(x,t+ 1)” <¢.To-

raa Juisi MOMEHTA 71 -ro IopsAgKa UMEEM OLICHKY

I ¢+ 1) = myy (0] = |[ X" £ eyt + Dl — [ " f(x,t)dx‘ <

L &
< Ixn|f(x,t +1)— f(x,t)|dx < EJ.xndx =—.
0 n
ITosTOoMy 3amblkaHME ypaBHEHHs S3BOJIOLMU IJII MOMEHTa, HaIpUMep,
TPEThErO TOPsiAKAa B JIyXe HAMBHOTO NPOTHO3a BHECET B 3TO ypaBHEHHE IIO-
rpemHocTh opsiaka & /3. C apyroii CTOPOHBI, €CilM pachpe/esieHHe He KBa-
3UCTALIMOHAPHO, TO YBEIMUYECHHUE MOPsIIKA MOMEHTA, HA KOTOPOM IIPOU3BOANTCA
3aMbIKaHHE, HE 00sI3aTeJIbHO TPHUBEIET K YTOUHEHHI0 Mozenu. Kpome toro, u
Ul KBa3UCTAllMOHAPHBIX PACIpeleNCHN yBEIHMUCHUE YKCIa YPaBHEHUH CO-
HPSDKEHO C POCTOM OLIMOOK B pe3ysbTaTe YMCIEHHOTO CYeTa, TAK YTO MHOTO-
MEpHbIE MOJIETH TAKKE UMEIOT OIPAHUUEHHOE IIPUMEHEHHE.
BeimenpuBeaeHHbIE IPUMEPBI MOJIENEH, B KOTOPBIX MOAPa3yMeBaeTCsl, 4TO
sposmonysi BII®OP naHHON pa3MepHOCTH ONPENeNsseTCsl HBOJIIOLUENH HECKOJIb-
KUX nepBblXx MOMeHTOB BII®P pacmimpeHHON pa3MEpHOCTH, MO>KHO Ha3BaThb
THAPOJMHAMUYECKUMHY 110 aHAJIOTHM C aHAJIOTMYHBIMH MOMEHTHBIMM ypaBHE-
HUSIMH KJIACCHYECKON CTaTUCTUYECKON MEXaHUKH.
Kak yxe roBopmiioch, MOAXOJ C HCIOJIB30BAHHEM KBa3MCTALMOHAPHBIX
pacrpeneneHlii UIMeeT MHOTO OOIIEro ¢ KOHLEMIUEH JIOKaTbHO-PaBHOBECHOTO
MpUOIMKEHNST B CTaTUCTHUYECKOW MexaHuke [6]. PaccMoTpuM OTMEUeHHYIO
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aHanoruio 6omee moapoOHOo. C ATOH IENbI0 3aIHIIeM TEepPBBIC IBa YPaBHEHHS
LIEMTOYKY KUHETUYECKUX ypaBHEHUM 1151 BITOP:

%+%xﬂm; 1) +§w(x, BOF (x,156) =0,
F=F,
M-pgu(x,t)f(x,t) =0.

Ot Ox
(2.17)

B uenouke ypasuenuit (2.17) dynxuus ©(X,?) onpenensercs uepes
F(x,x;t) coornomenuem u(x;t)f(x;t) = J)&F(x, )'C;t)d)'c, a yCKOpEeHHe
w(Xx,X;t) onpenensercss 4epe3 BBHIOOPOUHYIO TLIOTHOCTH GOJIEE BHICOKOTO
nopska w(x, X;£)F (x, ;1) = j iFy (x, X, % 0)d5

Ecin 3aMmblkaHue LENOYKH HpOBOAUTCS Ha GyHKumu [73, TO, COracHo
3TOMY NPEANOIOKEHHIO, 3aMbIKafomas (YHKIUS JODKHA yIOBIETBOPSTH
ypasuenuto JInysuis Ge3 saueruienus ¢ [y, T.e.

OFy(x,x,X;t) O . o .

MJr—xFﬁ—_foo. (2.18)
ot Ox ox

B takom npubmimkeHnn 3aMbIkaHue ypaBHeHHA (2.17) cocTOUT B BBIOOpE

Mojenu [uis sBomomun yekoperus W(X, X; 1) . Jlubdepentupys mo BpeMeHH

COOTHOIIIEHHE, onpeaenstomee yckopenue W(X, X;t), n ucrnonssys (2.17) u

(2.18), mosyuaem s W(X, X;1) cremyroliee ypaBHEHHE:
F@_w _ O(xF) N 8(W'F) W—I)'é 0(xF3) N 6(x1.73) g
ot ox ox Ox ox
ox ox

IMonaras Tenephb pe3yabTaT yCPEIHEHHUs BETMYUH X — M X — MpeHe0-
Ox X
PEeXKHMMO MajbIM, T.e. JEHCTBYS 0 aHAJOTHUH C HAceil MCKIIOYEHHs BEIUYHH
Takoro pona u3 ypasHeruii (2.10) - (2.11), momydaem oTcroa ypaBHEHHE

0 .0 0 0 (. 0
—W+xa—w+wa—2} an(xw—ﬂll)F-i-a(wz —72'02)F,
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r7ie BBEICHbI 0003HaueHus 7y (x,X,t) Ui CPEAHUX BEJIUYUH,
orpenensieMbIX GopMyIIoit
7y (5, %, OF (x, 5,0) = [ 555 Fy (x, 4, &5 1) (2.20)

Baenem nanee BenmuauHb! | [ ) TaK, 9To

T, (6, 0) £ (x,8) = [ 25 F, (v, %, ¥) il =
221
:.[ﬂ-kl(x’ x, HF(x, x, t)dx. ( )

Torna as sBosonuu oaHomepHoit BIIOP  f(x,7) nomywaem menouky

YpaBHEHUH
o __of).
ot ox
ou ou o
Zau= == — +11 ; 2.22
L S . (u e)f oS (2.22)
Oe Oe 0
—tu— | =—ue— + 21141 /... .
= Y f . (ue—e3)f 1./

Ota cuctema ytouHseT cuctemy (2.13), moydyeHHYIO0 B HPENNOI0KEHUN
oOpbIBa 1enouku Ha aBymepHoi BIIOP. Kak u cama 1ienouka ypaBHCHUN ISt
MHoromepHbix BII®P, momeHTHas cucrema (2.22) OeckoHeYHa. 3aMbIKaHHE
MOMEHTHOM CHUCTEMBI U OYJET SBIATHCS IPOTHO3HOM MOJEINBIO VISl SBOJIOINN
OJTHOMEPHOTO BBIOOPOYHOTO paclpe/ieeHHs.

[IpsMBIM clieCTBHEM 3aMKHYTOM CHCTEMBI IBOJIOIMOHHBIX YpaBHEHHH
oTHOcHUTEeNbHO ofHOMepHON BIIDP u momentoB nBymepHoit BIIDP spnsercs
TO, YTO B TAKOH MOJIENIN 3aBHCUMOCTh BBIOOPOYHOTO paclpe/ieieHHs OT BpeMe-
HHU BXOJAUT TOJIBKO Yepe3 HECKOJBKO MEPBBIX MOMEHTOB. TOraa 3TH MOMEHTSHI C
MPUHATON TOYHOCTBIO OIpPENENAIOT U CaMO paclpeiesieHHe, 4TO COCTaBIseT
COJIepKaHUE OJIHOTO M3 MOJIOKCHUN (PYHKIIMOHAIBHOW THoTe3bl boromobosa
[6] oTHOCHUTENBHO JOKaJIbHO-PABHOBECHBIX pPACIpEesIeHHH B KIaCCHYECKON
CTaTUCTHYECKON MEXaHUKeE.

Hanpumep, ecan o6opBath (2.22) Ha TpeTheM ypaBHEHHH, TO TAKOW 0OpHIB
Oyzmer o3Hayarth, YTO TMPHHATA Cleayromas (yHKIMOHAbHAS THIIOTE3a O Bpe-
MeHHON 3aBucuMocTH Bbicliux BIIDP: 3aBucumMocTh OT BpeMeHH B

F(x, )'C;l‘), F (x, X, X;t) W T.J1. BXOOUT ToJbko uepes [ (X,t), u(x,t) u

e(x, t). Tornma 3amaya MoaenpoBaHUs OyJIET COCTOSATH B TOM, YTOOBI BHIIBHU-
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HYTb HOIIOJIHUTEJIBHBIC ITPEATIOIOKEHNA, C IIOMOINBIO KOTOPBIX MOXHO 6y,II6T
BbIPa3sUTh €3 N HOI 5 Hll qyepes f , U, €, Y4TO TI03BOJIUT 3aMKHYTh CUCTEMY

(2.22). IIpogeMoHCTpHpYEM, KaK MOXKET BBITJISIICTh OAWH U3 BAPHAHTOB TAKOTO
oOprIBa.

Hy'CTI) B BBIpAXCHHUU  IJId 83 MOJXHO npeHereqL BEJIMYHHOMN

<(x —u(x, t))3> . Toraa cumtaem, 4To J.(x - u)3 Fdx =0, nocne uero no-

JTydaeMm

esf = [((% ) +u)’ Fdi = 3uef ~2u° f ,

OTKyJa clenyer ez = 3ue — 2u’.
Ipennonoxum jaaiee, 4To <W> = () ~ Ou/Ot, n, kpome TOrO, NpPH-

OmmkenHo Boimonasercs ycnosue dakropmsarmu 1111 = ull(y; . Torma cre-

JIAHHBIC TPU JOMYIICHHS 3aMBIKAIOT CUCTeMy (2.22), KoTopas B 3TOM Cliydyae
MepENHChIBAETCS B BUJIE:

af _ 8(uf) uf%zi(uz_e)f;

- T T 1

816( gyj a( 8)x a&x (2.23)
e—u”)_ ouf) 0 3
f o e P (3ue 2u )f .

AHaJOrMYHO MOXKHO CTPOMTH MOJEJH B IIPOCTPAHCTBAX OOJIBILEH pazmep-
HocTH. PaKkTHYecKW 3ajavell MporHo3a Mo ypaBHEeHHIO JIMyBWILIA sBisieTCS
orpejieNieHne JIOKIbHON ckopoctn u3MmeHenuss BIIDP meronom, nHambonee
MOJXO/SIIMM JUIsi KOHKPETHOTO BPEMEHHOro psijia. Pasymeercs, omucaHHbIE
METO/bl HE HCUEpIBIBAIOT BCE CIOCOOBI 3aMBIKAHUS CHUCTEMBI IPOTHO3HBIX
YpaBHEHHH, IOJly4aeMbIX B paMKax KHHETHYECKOTO IT0IX0/a. JTH METOJBI
HOCSIT 3BPUCTHYECKUH XapaKTep W He SIBJIAIOTCS] YHUBEPCATBHBIMH JIIS JIFOOBIX
BPEMEHHBIX PsJIOB. 3ajaua McclenoBaTels — IoAo0paTh Haubonee ajeKkBaT-
HYIO MOJIENb JJIsl ONMCaHHUs KOHKPETHOTO Ipoliecca. 3aMeTHM, YTO Takas ke
CUTYalusl CJIOXKWIIACh U B CaMOil cTaTucTuieckol Mexanuke. Hanpumep, Hemm-
HeiiHOe KWHETUYEeCKoe ypaBHeHHE bojbliMaHa MPUMEHSETCS] B OCHOBHOM ISt
OTMCaHUs Pa3pEeKECHHBIX TAa30B C KOPOTKOJCHUCTBYIOIIUM ITOTEHIIMAIOM B3au-
MoOAeHCTBHSA MeXIy MOJIEKYJIaMH, CaMOCOIJIaCOBaHHOE ypaBHeHHue BiacoBa —
JUISL CUCTEM CO CJIaObIMHU JAaJTbHOJEHCTBYIOIUMHU CHIIAMH (DJIEKTPOMAarHUTHEIE,
rpaBHTAlMOHHbIE), JIMHEWHOE ypaBHEHHE MepeHoca — JUIs M3IY4eHHs, [TPOX0-
JUIILETO CKBO3b Cpey ¢ MPUOIMKEHHO TOCTOSHHBIMU cBOiicTBamMH. KnHernue-
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CKHe ypaBHEHUsI CIy)KaT MHCTPYMEHTOM Ui KOPPEKTHOTO BBIBOJIA MOJEIIEH,
MO3BOJISSL CTPOro CHOPMYITHPOBATH BEPOATHOCTHBIE CBOWCTBA, MPUCYILIHE TOW
WA THOH (PU3MYECKON CHUCTEME.

9.3. YpaBHenue ®oxkepa-Ilianka 11 BbIOOPOYHBIX pacipe-
AeJIeHUI

Ob6patumcs BHOBB K ypaBHeHHIO JInmyBmiuis (1.2) 1 BRISICHHM, KakK BOIIO-
[IUOHUPYIOT B CHIY O3TOTO YpPaBHEHHS BBHICIIHE MOMEHTBHI OJHOYACTHYHOU
BII®P. U3 (1.6) cexyeT, 9T0O 3BONIONHAS TIEPBOTO MOMEHTA COBIIAIACT C IMITH-

PUYECKON CpelHEN CKOPOCTBhIO U3MEHEHUS 3HAUEHUH psifia, KaK 3TO U JIOJKHO
05ITh. [TocKOBEKY BRIOOPOYHBIE MOMEHTHI psifia onpeneisrores mo BITOP kax

m,(0)= [x" fGende, (D)
to, mudepennmpys (3.1) mo BpeMeHH U BBIpaxasi IPOU3BOIHYIO
of / ot aepes ypaBHenue Jlnyswuis (1.2), moaydaem ypaBHEHHE
1 PBOJIIOMU MoMeHTOB BITDP:

=rcov (x”l , u) +rm_U.

(3.2)

Ipu » =1 ypasuenue (3.2) nepexoaut B (1.6), KOTOpoe, Kak OBLIO TOKa-
3aHO, COBIAJaeT C YpaBHEHNUEM SBOJIIOINHN «UCTHHHOTO» CPEIHET0, BHIYMCIICH-
HOTO HEMOCPECTBEHHO 10 3JIEMEHTaM BPEMEHHOTo psna. OnHako mpu 7 > 2
ypaBHeHue (3.2) He SBISETCS HENPEPHIBHBIM aHATOTOM COOTBETCTBYIOIIEH
Pa3sHOCTHOM IPOM3BOJHOM BBIOOPOYHBIX MOMEHTOB. BBIOOpOUHBIE MOMEHTEI,
BBIYKCIIEHHBIE 110 3JIEeMEHTaM psila, OyZeM CHa0XaTb BEPXHHM WHIEKCOM €,
4T00BI OTNINYATh UX OT MoMeHTOB BITDP. Torna nmeem

e <
mr (t) :?th—TJrk’
k=1

mé =mf (t+1)—m (1) # rcov(x,x)+rm_ (U (1).

(3.3)

Hanpuwmep, nipu 7 = 2 3BOMIOLHS BTOPOTO BBIOOPOYHOTO MOMEHTA HETIO-
CPEIICTBEHHO I10 BJIEMEHTaM psijia gaeTcst hopMynoi
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. 1 ZT
i, (1) = ? (xfz—T+k+1 - xtz—T+k ) -
k=1

2 2
X X,

— Tl =T+l _ U(Z)(xtﬂ + xt—T+1 )
T
B T0 xe Bpems sBomroius Broporo MomeHTa BITOP cormacuo (1.2) nmeer
BUJ

iy =2cov(x,X)+2mU =2(xi) =

2 & ) 2 &
- ? Z Xerek Xk = F Z X Tk (xt—T+k+1 X1k )’
k=1 k=1

4TO0, OYCBUIHO, HC PABHO BbBIPAKCHUIO IJIA m; , HAIIMCAHHOMY

CTPOKOM BBIIIIE.
To4HO Tak ke ¥ JBOJIOIMS LEHTPAIBHBIX BHIOOPOYHBIX MOMEHTOB Dsijia,
onpenensembix mo BITOP kak

() = j (x=m@)Y f(x,0)dx, r=>2, (3.4)
OTIINYacTCA OT 3BOJIIOIIMHN MOMCHTOB, BBIYHMCJICHHBIX I10 3JICMCH-

Tam psja:
t

wO== Y (0 -m),

1 t k=t-T+1 (35)
LOE= IR ORAOLY A0}

Haiinem nsmenenne Bemmunt [L,. (1) w3 (3.4) B cuny ypasaenust JlnyBui-

151 (1.2). MmeeMm citeayronyto IeroyKy paBeHCTB:
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d d r 0
i:—r,u ]—m+_[(x—m) a—]:dx:

dt T dt
dm r ouf’
=—ryu_ ——|(x—m) ——dx=
aar ( ) Ox

-y, 6;—’;1+ ru, U+ rI (x—m) "' (u-U) fdx =

= 1*<(A>c)r_1 Au>.
(3.6)

B wactHOCTH, /U151 ypaBHEHHS 3BOIIIOIMY BBIOOPOYHO# MCTIEpCHH TIOTyYa-
em u3 (3.6)

Ly =2cov(x,u). (3.7)

C npyro#i CTOPOHBI, M3MEHEHHE TeX K¢ BelMW4YHH (3.60) MOXKET OBITh BBI-
YHCJIEHO B MOMEHT BPEMEHH ¢ HENOCPEIICTBEHHO MO MMEIOLIMMCS BBIOOpKaM.
[MpearnonoxuTenbHOE 3HAHUE HBOJIOLUUH AMITUPHUECKHX MOMEHTOB TIO3BOJISIET
MIPOBECTH KOPPEKLUIO MPOTHO3HOW MOJIEIH, OCHOBAaHHOW Ha ypaBHeHHH JIny-
B (1.2) Tak, yToOBI U BBICIIUE MOMEHTHI BII®P sBomonmonupoBaiu Obl B
COOTBETCTBUH C BBHIOOPOYHBIMH JaHHBIMH. CIIOCOO TaKOi KOPPEKIMH COCTOHT
B CIIETyIOLIEM.

O603HaunM uepe3 A(f) HeBA3Ky MeXITy SMIUPUYECKH BBIYHCIIEHHOM

L .e N
TPOU3BOJHON /11, HEMOCPEACTBCHHO IO SJIEMEHTAaM psla, M MPOM3BOIHOM
My, oreeyaromeii dopmyse (3.2) cormacHo ypaHenuto Jluysmuis (Oynem
CHa0XaTh ee BEpXHUM HuHIeKcoM L). IMEeHHO, MojI0XuM

At) = m5 — ik = m3 —2cov(x,u) —2mU =

2 2
X4l =X —T+1
= - = Z‘xt—T-i-k (xt—T+k+1 — X —T+k ) .
T T pa

(3.8)
Paccmorpum st BIIOP Bmecto ypaBuenus Jlmysmmns (1.2) cienyromiee
ypaBHEHHE:

P, A0 o )
81‘ ox 2 ol T
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VYpaeuenue (3.9) ormnmmgaercs ot ypaBHeHus Jlmyewmisa (1.2) moGaBkoid,
KOTOpasi UMeeT ABaXKIbl TUBEPreHTHYI0 (popMmy. B pesynbrare ypaBHEHHE 3BO-
JIFOLIMH TIEPBOTO MOMEHTA OCTAETCs TEM XKe CaMbIM, UTO | I ypaBHeHus Jluy-
BUJUIS, @ YpPaBHEHHUE HBOIIIOIIME BTOPOI'O MOMEHTA, KaK JIETKO IPOBEPHUTH ITyTEM
MHTETPUPOBAHUS MO YacTsIM, COBIATAeT C COOTBETCTBYIOILEH SMITMPUYECKON

L. e
TPOU3BOIHOM /715 B COOTBETCTBHH C (3.8):

%:Ingdx:
dt Ot

By R P Y (P

29 lix= (3.10)

=2cov(x,u)+2mU + A =m;

YpaBuenue sBorormn (3.9) ¢ muddy3noHHO# n006aBKoW OyneM Ha3bIBaTh
MOJIENIBIO ¢ TUBEPreHTHOM HeBszkol [25]. [To cTpykrype auddepeHnuaibHOro
orepaTopa 3TO ypaBHeHHe sBisieTcsi ypaBHeHHeM Pokkepa-Ilnanka, koropoe
NIpY HE3aBUCANIUX OT BPEMEHM BEJMYMHAX U M A ONMCHIBAET MEPEHOC H
muddys3uro BepoaTHOCTH Uit rayccoBckoro Oeioro myma. OTMeTHM, 4TO
ypaBHeHHe Doxkepa-IliaHka OTHOCUTENBHO IIOTHOCTH TEOPETHUECKOTO pac-
MpeneNeHus SBIIeTCs He NPUOIDKEHHBIM, a TOYHBIM, €CIIM IPOIECC MMEeT
HE3aBUCHMBbIE TPUPAIICHUS, KOTOpbIe pacrpeaeieHbl HopMaibHo. [ HecTa-
IIHOHAPHOTO TIPOIIECCa OHO MTPaeT POJib MOJAEIBHOTO U SABJISIETCS MOIU(HUKA-
el sMmnupudeckoro ypaBHeHus JlnyBmuiss. CMbIcn 3Toi MoanHUKanuu B
TOM, YTO K JAWHAMHYECKOW CHCTEME, MPHONMKEHHO MOJEIHPYIOUIeH 3BOJIIO-
U0 PacCMaTPUBAEMOM BBHIOOPKH, JOOABISIOTCS CiIy4aiiHble Omyxnanus. Tem
CaMbIM TaKoe ypaBHEHHE CTaHOBUTCS OoJiee aJeKBATHBIM JUIS OIHMCAHUS CIy-
YalHBIX MPOIIECCOB, MTPUPOJIA KOTOPHIX MOXKET ObITh OTJIIMYHOW OT YHUCTO JAWHA-
MHYECKOTO Xaoca.

B pesynpTare okaszanoch, 9T0 MOKHO YTOUHUTE MOAENH (1.2), He yBenudu-
Basl CYIIECTBEHHO 00BEM BBIYHCICHUH, T.€. OCTABasICh B MPOCTPAHCTBE TOI XKe
pa3MepHOCTH, YTOOBI HEKOTOpbIe, N0 KpaWHEeH Mepe, MepBbIe IEHTPAIbHBIC
MoMeHThl BITIOP peificTBUTENBHO SBOIIOLMOHMPOBAIN Obl B COOTBETCTBHH C
YTOYHEHHBIM ypaBHeHHEM. OHAKO MOPSA0K STHX YTOUHEHHUH orpanmyeH. [lo-
CKONbKY BBIOOPOUHBII MOMEHT MopsijKa k s BpeMeHHoro psina umeer k — 1
CTeTeHb CBOOOBI, TO AJIsl BEIOOPKH (PUKCUPOBAHHOTO 00beMa 1 OCMBICIEHHO
MOKHO CTaBHTh BOIPOC 00 MCCIEI0BaHMM TOJNBKO TepBbix I —1 MomenTOB
cootBercTByomeii BIIOP kak He3aBUCHMBIX BenWduH. bojiee TOro, 4roObI
MOJTyYarOIIHecs] OLEHKH OBUIM & -HECMEIICHHBIMHU, TpeOyeTCs BEITIOIHEHHE
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yenosust k/T < & . DTo 03HayaeT, YTO KOPPEKTHHIMU OIEHKAMH MOMEHTOB
HECTallMOHAPHOTO pacIpeAeiIeHss KOHEYHON BBIOOPKH SBISIOTCS] TOJBKO TIEp-
BbI€ HECKOJIBKO BBIOOPOYHBIX MOMEHTOB. VIMEHHO, €CITi TpH IPOTHO3MPOBAHUN
Ha 7 IIAroB IpHU 33JaHHOM ypoBHe & -cranuoHapHoctu BIIDP omnpenenen
ONTUMaNbHbIA 00beM BbIOOpkH 1 < 27/ &, To NpH TOCTPOEHNUN YTOYHEHHOI
Mozenu 3Bororuu BII®P M0oXHO HCIIONB30BaTh OLEHKH TOJBKO JUIS TaKUX
MOMEHTOB, TIOPSIOK KOTOPBIX HE MPEBOCXOMUT 27 .

PaccmoTrpuM Teneps Oosiee 0O1IHIT BOIIPOC O TOM, KAKUM YpaBHEHUEM CJie-
JIyeT OMHUCHIBAaTh HBOJIOII0 BIIDP, 9TOOB HECKOIBKO MEPBBIX €€ MOMEHTOB
U3MEHSUIHCH ObI B COOTBETCTBHH C BEIOOPOYHBIMH JaHHBIMH.

C nenpto 0000meHus ypaBHeHus (3.9) mpu MOCTPOSHUH MOJENH 3BOJIIO-
uuu BIIOP, koTOpoe AOMKHO NMPUBOAUTH K BEPHBIM SMIMPUYECKUM 3HAYECHHU-
SIM IPOU3BOJHOI 1O BpEMEHM IJIsi BBIOOPOYHBIX MOMEHTOB BIIJIOTH JO 3a/1aH-
HOT'O MOPSIZIKA 7, BBOJUM SMITUPUUECKH OIIPEAETIEMbIC BETNUNHBI

A6y = —mfF  (3.11)
" COCTABJIICM YpPAaBHCHHUC

UMM RN EAG * 0. 612
! k ' '

ot Ox k!

k=2
Jlerko mpoBepsieTcs, 9TO B Ciily 3T0ro ypasHenns m = U, my, = n'fl]i )

KonmuuecTBo y4HTBHIBAGMBIX 3MIHUPHYECKUX BBHIOOPOYHBIX MOMEHTOB B
(4.12) 3aBUCHT OT rOPU30HTA U KEJTaeMON TOUYHOCTH mporHo3a. Eciu oka3piBa-
eTcsl, YTO Npu ToM Onu3ocTh Mexny BIIDP nomkHa ObITh He Ooublie 3a1aH-
HOTO YHcia & , TO, KaK yKa3bIBAJIOCH BHIIIE, KOJTNYECTBO HE3aBUCHMbIX MOMEH-
TOB HE MOKET IIPeBOCXOAUTh £, KOTOpPOE, B CBOKO OYEpPEb, HE MPEBOCXOIUT

27 . Hanpumep, npu &€ ~ (1/T —2/T) xoppektHOil MOIENBIO IBOMOIHUK
BIIDP spnsercss ypasuenue Jlnysumis (1.2). Ecmu £~ (2/T—4/T), 1o

MOXHO  HWcCmoib3oBaTh  ypaBHeHne  Dokkepa-llmanka  (3.9), mpm
£~(4/T—6/T) MokHO BKIIOYNTH B PACCMOTPEHHE TPETHIO TIPOCTPAHCT-

BEHHYIO [TPOU3BOHYIO H T.II.

IloguepkHeM, 4TO, KaK U B CIy4ae C JUYBUJUIEBOWH CKOPOCThIO U, 3BOIIO-
uusi MmoMeHToB BIIDP omnpeznensercss B mpeaplAyMid O OTHOLIEHUIO K IPO-
THO3HOMY MOMEHT BpeMeHH. CiemoBaTeslbHO, MOIETbh IPOTHO3MPOBAHMS
JIOJDKHA BKITIOYATh B C€0sI HEKOTOPYIO HZICI0 O TOM, KaK HBONIOIHOHUPYIOT MO-
MeHTH BII®P. B sTOM cMmeIcie ypaBaeHue (3.12) sBIsieTCsI ypaBHEHHUEM aJIall-
TUBHOM MOJIENH SBOJIONMH, KOT/Ia HA CJIEAYIONIEM PAacueTHOM IIare MpOrHO3-
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Hasl AUCTIEPCUs] U JPYTHe€ MOMEHTHI MOACTPAMBAIOTCS K CBOMM (PaKTHUECKUM
BEJIMYMHAM, U3BECTHBIM C Mpeablaymero mara. Kak u B ciydae ¢ ypaBHEHHEM
JlmyBums, €T0 MOXKHO JIOTIOJIHUTH YPABHEHUSIMH 3BOJIIOIIMA MOMEHTOB B IIPO-
CTPAHCTBE CKOPOCTEN M YCKOPEHHUH.

Hecmotpst Ha Kaky1eecst HCIIpaBIICHUE CUTYAIMX C 3BOJIIOIMEH BHIOOPOY-
HBIX MOMEHTOB, TaKas MOZENb HE SBISIETCS BHYTPEHHE COTJIACOBAHHOM, IMO-
CKOJIbKY ypPaBHEHHS SBOJIOLMH MOMEHTOB BBIBOIWINCH M3 ypaBHeHHs JInmy-
BUJUISL, @ UCIIOJIb30BaThCs cTaio ypaBHeHue dokkepa-Ilnanka. IlosTomy npen-
CTaBIsIETCsI OoJiee eCTECTBEHHBIM CTApTOBATh C CaMoro ypaBHEeHHs (Dokke-
pa-Ilnanka, koTopoe OBUIO BBIBEAEHO B YacTH | Kak CIeICTBHE ypaBHEHHS
Yenmena-Konvoroposa. [Tycts, kak u panee, f(X,7) — onnomepuas BIIOP,

MOCTPOCHHAS M0 BBIOOPKE HEKOTOPOTO 00BbeMa, KOTOPHIH Jajee B STOM Mapa-
rpade CUUTAETCS TMOCTOSHHBIM M TOTOMY HE YKa3bIBae€TCS B apryMeHTaX
BII®P. O6o3naunm Takke F(x,v,t) nsymepuyro BII®P, a D(x,v,w,t)
TpexmepHyto BIIOP 3HayeHwuit psiga, ero nNepBeIX M, COOTBETCTBEHHO, BTOPBIX
pasHocreil. Torna B npuGmmxenun ®okkepa-Ilnanka ¢ynxuus F'(x,v,1)
YAOBIETBOPSET IBYMEPHOMY YpaBHEHHIO TU(Py3nOHHOTO THHa. Ecim MaTpu-
na 1 y3noHHBIX KO3QPUIIMESHTOB HE 3aBUCUT OT X,V , a 3aBUCHUT TOJIEKO OT

BpeMenu 1, To ypasHenue dokkepa-Ilnanka wis F(x,V,t) umeer Bun

oF 0 0
—+—OF)+—WF)-
o a5 )
At) O°F O’F  u(t) 0°F
————x(t - =0, (3.13
2 o’ Z()éxév 2 o ( )
1
W(x,v,t) = ————| wO(x,v, w,t)dw.
(x,v,1) F(x,v,t)'[ (x,v,w,t)dw

Ota Mozenp AonoiHAeT ypaBHeHHE JInyBmiuist 3pdexTom cirydaifHOTO He-
cTaroHapHoro Omyxnanus. Kak u panee, ucnoss3ys cBsA3b

flxnt)= jF(x, v.0)dv,

U yuuThIBas obpamienue B Hoiib BII®DP Bcex nmopsiakoB Ha rpaHu-
e 00J1aCTH UHTErpupoBaHusl, noay4yaeM u3 (3.13) onHomepHoe
ypaBHeHne Pokkepa-Ilnanka:
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Lg(uf)_@@z_fzo,

ot Ox 2 ox?
u(x,t)=

(3.14)

f( J.VF(X, v,t)dv .

B ornmuue ot (3.10), B ypaBHennu (3.13) kospdumuent A He sBIsETCH
HEBSI3KOH, a JIOJDKEH ONpENeNsIThCs 10 dJIEeMEHTaM psila B COOTBETCTBUH C
YpaBHEHUSIMU 3BOJIIOIIMA MOMEHTOB B CHIJIy 3TOTO CaMOro ypaBHEHUs. BaxHo
YUUTHIBATh, YTO, XOTSI OJHOMEpHOE ypaBHeHHE (3.14) He COIEpKUT B SBHOM
BU/I€ HEKOTOPHIX KO3((HUINEHTOB, KOTOPHIE BXOIAT B JIByMEpHOE ypaBHEHHE
(3.13), a1t K03(hPUIMEHTHI BIUSIOT HA SBOJIOIMI0 MOMEHTOB PaCIIpe/eNIeHUs
F(x,v,t) no ckopocrsm.

Ecnu MBI 00pBIBaeéM IEIOYKY COBMECTHBIX paclpefeicHuii Ha OnHapHON
BII®P F(x,v,t), To cpennee yckopenue W (x,V,t) crnenyer 3anaTh He3aBu-
cuMo oT TpexmepHoi BIIDP. 310 MOXkHO clienaTh B yxe HAUBHOTO ITPOTHO3a,
CUNTasl YCKOPEHUE U3BECTHBIM C IPEBIAYILIETO Iara 1o BpeMeHH (IIPOU3BO/I-
Hasl o BpPEMEHHU TPaKTyeTCs B Pa3HOCTHOM CMBICJIE):
W(x,v,t) =W (x,v,t —1). D10 %e 3aMeuaHue OTHOCHTCA M K KO uIHeH-
tam A, ¥, 4 . Eclu okakeTcs, 4To Takoe NpUOIIKeHHe CIUIIKOM rpy6o, TO 1
oOpeiBaTh Ha AByMepHOil BIIDP Henmp3s, a TpeOyercs MCIONB30BaTh aHAIO-
ruuHoe ypasenue mns D(X,V,W,f), u Torna MOMEHTBI YETHIPEXMEPHOTO
pacrpesieneHus CUuTaTh N3BECTHBIMH, H T.1I.

[oguepkHem, 4TO HalIeH IIEJBIO SIBISIETCS CBEJCHUE 3a/laud K OJHOMEp-
HOMY ypaBHeHHIO (3.14), a nBymepHOe ypaBHenue (3.13) Oyzaer ucoabp30BaTh-
csl JUIsl TOTO, 4TOOBI 3aMBIKaTh MOMEHTHYIO CHCTEMY. PaccMOTpuM ypaBHEeHHE
SBOJIIOLUH MIEPBOTO BEIOOPOYHOTO MOMEHTA, ONPE/IEISIEMOro KaK

m(t) = <x>t = jxf(x,t) dx,
HO 3BOJTIOIHS OYZIET CIeI0BaTh HE ypaBHEHUIO JIMyBUILIS, KaK B

[IEPBOHAYAJILHOM IIPOCTOM IIOCTAHOBKE, @ YpaBHEHHUIO DOKKe-
pa-Ilnanxka (3.14). U3 (3.14) nomyyaem

dm(t) _ J-xﬁf(x,t) .
dt

af(xt)

——J.x—u(x H) f(x,t)dx+ (t)J.
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[ocine MHTETPUPOBAHUS MO YACTAM C YYE€TOM TOrO, YTO B TPAHHUYHBIX
siYeiikax IUIOTHOCTh Paclpe/ieNiCHHs PaBHA HYJIIIO, TOJIYYaeM pe3yibTaT, aHalo-
ruaHbIH (3.2):

dm(t)
dt

= J' u(e,0) f(x0de={u) =U@D),  (3.15)

rae U(t), Kak U BbIIIE, ECTh CPEAHEE 3HAUEHUE IMITUPUUECKON
CKOpOCTH u(X,?) TIO OAHOMEPHOMY paclpe/leIeHUI0 B MOMEHT

BpeMeHHU ¢. PaccMOTpuM Teneph 3BOIOLUI0 CAMOW SMIUPUYECKOM
ckopoctu. C ogHOM CTOPOHBI, U3 (3. 14) clelyeT, 4To

9 /A
8t(f()c,t)u(x,t)) =u t+f

, (3.16)
:u(_M+iﬂj+f5_“

Oox 2 ox? or

C npyroii cropoHsl, ncnoib3ys (3.13), momy4yaem, 4To Ta e camasi paBast
gacTh (3.16) paBHa

o(uf) :J'VGF(x,v,t)d _
ot ot

aF a(WF) AOF O'F  ud’F
—'[ ~+x +-—|d
ov 2 ox oxov 2 oOv

Iocne mHTETpHpOBaHNUS 1O YaCTsAM MOCIETHEE BRIpaXKEHHE peoOpa3yeTcs
K BUZTY

ouf) _ _ﬁj’vzp(x,v, 1) dv+IW(x,v,t)F(X, v,t)dv+

ot ox
ﬂa(uf) o
2 ox’ Zax'
(3.17)

Benem 0603HaveHus it BXOAAIUX B (3.17) uHTErpasios:

e(x,t) f(x,t)= jsz(x, v,t)dv,

(3.18)
a(x,0) £ (x,t) = [ W (x,v,0)F (x, v, )dv.
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Ecimm MBI mMeeM pmeno ¢ AMHAMHYSCKOM CHCTEMOH, TO CTaTHCTHKO-
MeXaHMYECKHi cMbIcT MHTerpanoB B (3.18) cnenyrommii: e(X,?) ecTs yaBoeH-

Hast TUIOTHOCTh CpelHell KuHeTHueckoil sHeprum, a d(X,f) mpencTaBiseT

cpefiHee JIoKanbHOe ([0 KOOPAMHATE U BPEMEHH) YCKOPEHUE OT BHENIHErO IM0-
ns1. B pesynbrate u3 (3.16) u (3.17) momyyaeMm ypaBHCHHE SBOJIONUH JIOKAIh-
Hoii ckopoctn U(X,1):

ou (o) A0%f) olef) 202 (uf) L

— = -= - taf += .
T ™ o 222 & YT 2 Y

(3.19)

VYpasuenue (3.19) ornmuaercst OT BBIBOAMMBIX M3 ypaBHeHMs JImyBuiuis
ypaBHenwii (2.19) wiu (2.20). 13 (3.19) cnenyer, 4To H3MEHEHUE CO BPEMEHEM

cpenneil Makpockonuueckoii ckopoctu U () paBHO cpenHeMmy ycKOpeHMIO,

06yC.TIOBJIeHHOMy BHECIIHUMH IIPUINHAMH, YTO COTJIACYETCA C TPAAUIIMOHHBIMA
MEXaHNYCCKNMHU MPEACTABIICHUAMUA

dl;t(t) = 4(0)= [a(e,0) f(x,0)dx = [[W (e, v, 00 F (x,v, )y
(3.20)

3ameTHM Tenepk, 4To B ypaHenue (3.19) Bxoaut Bemmunna e(X,t), 3Bo-

JFOLUS KOTOPOW TaKKe JOJDKHA OBITh ompezenena. Mcmonb3ys TOT ke METO/,
410 ¥ 1ipu BeiBoAE (3.19), momydaem u3 (3.18) u (3.13)

o(ef) _ J-vz OF (x,v,t) J
ot ot

5 5 /1 . (3.21)
_AeS) 0N AL,
ox ox ox’
3[[6(:]) BBCJICHBI 1B€ HOBBIC BECIIMYHHBI:
e (x,t) f(x,t)= J-v3F(x, v,t)dv,
(3.22)

Lx,t)f(x,t)= j(va +v° 6—Wj F(x,v,t)dv.
ov

Taxkum 00pa3om, SBOIFONMS MOMEHTA BTOPOTO TMOPSAKA BBIPAXKACTCS, KPO-
M€ paHee BBEICHHBIX BEIMYHUH, Yepe3 rPaJMeHT MOMEHTA TPETHhETro MOpsIKa U

HOBBIH TMOTOKOBBI wieH. Eciu oGo3Haunts uepes €y (x,f) miotHocTs MO-

MenTa K -ro nopska asymepsoit BII®P no ckopocTsam
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e (x,0) £ (x,0) = j VR v,dv,  (3.23)

TO YPaBHEHHE BOJIOIMH STON BETUYMHBI UMEET CIICTYIOIIHA
BUI:

d(e, f) zjvk OF (x,v,t) dv—
Ot Ot

ov 2 ox? Z@x@v 3 o?

. (e f) e 8(ek—1f) /1 o (ekf)
ox ox 2 ox’

+k%—D§q4f+@f,
(3.24)

2 2 2
_I [ OF _OWF) AQF 8F+,u8F]d

rac

B (x,0) f(x,t)= I(kW + vaa—ijk_lF(x, v,t)dv. (3.25)
v

B0 MHOTHUX CITydasx MOYKHO HPUOIMKEHHO CUMTATh, YTO JIOKANBHBIE YCKO-
penuss W mansl, mu6o uTo JOKATbHOE YCKOPEHHE ABISETCS OAHOPOHOM (op-
Moii ckopocTu Topsinka S . Torna 6e3 yuera W spomonust Momenta Kk -ro
TIOps/IKa BHIPAXKAETCs uepe3 yke u3BecTHbIe Beanduubsl 1 MoMeHT (k + 1) -ro
nops/IKa:

d(e.f) __ (e, f) +iaz (e.f) —ky d(eif) n
ot ox 2 o’ ox (3.26)

+(k +)ae,_, f +k(k - 1)§ek_2 f.

Ecnn Ha kakoM-1160 mopsiake 000pBaTh MOMEHTHYIO CHCTEMY, T.€. 3aJaTh
ej+1(x,t) HesaBucnMoO, TO ypaBHeHHE JIA MOMEHTa K -ro mopsiaxa Oymet
MPECTaBIATH co00H ypaBHEeHHE MU HY3HH CO CHOCOM U HCTOYHHKOM.

BeIsiIcCHUM Temnepb CTATUCTUYECKUH CMBICI OCTaJBHBIX KO3(QUINEHTOB,
BXOJIINX B AByMepHoe ypaBHeHHe dDoxkepa-Ilmanka (3.13). Paccmorpum
CHauana, Kak 3BOJIOIMOHUPYET BTOPOHM LEHTPAIbHBIA BBIOOPOYHBII MOMEHT
OJTHOMEPHOTO pacIpeiesIeHHs
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o2 (t) = I(x —m(t) f(x,t)dx .

B cootBerctBuH ¢ (3.14) u (3.15) umeem

‘%z—j( m(t))’ (”f)d+j m(1))’ f _

=/1+2J.uxfdx—2mU.

HOCKOJ’II)Ky KOBapuanus KOOpAWHATBI U CKOPOCTH paBHA

R(t)=cov, ()=
= J-va(x, v,t)dxdv — I xF(x,v,t)dxdv- IvF(x, v, t)dxdv =

= [xu(e,0) £ (x, t)dx = m(B)U (£) = cov,., (0),
TO JBOJIOIUS BEIOOPOYHOM UCTIEpCHH B CHITY ypaBHeHUsT DOKKe-
pa-Ilnanka (3.14) umeer Bun
2
do
——=1+2R. (3.27)
dt
TeM caMbIM BBIABJICH CTATUCTHYECKUH cMbici lapameTpa A(f) B ypaBHe-

HuH (3.13). DTO ecTh pa3sHOCTh MEXIYy NPOM3BOJHOM TeKylueil BEIOOpOYHON
JIICTIEPCHH psiia M yJIBOCHHOM BHIOOPOYHON KOBapHalyell MCXOAHOTO psija |
psna ero nepsbix pasHocteil. Cam xe kod(@uuuent kopapuanun R(f) sBo-

JIFOIIMOHUPYET CIEAYIOINM 00pa3oM:

d—R——d(mU)+jxa(uf)dx=
ot

dt
o(ef) A0'uf) of
=-U’-mA+ ——Zlqaf +=—Z Ly L
" Jx ox o 2 o’ Zax
=-U’+cov, +E+.

(3.28)
31ech

E=E@t)= j e(x,0) f(x,0)dx . (3.29)

CrnenoBarenbho, kodpduuuent ¥(f) B ypasuenunu (3.13) npezncrasiser

€000l pa3sHOCTH MEXIy MPOW3BOJHOHN IO BPEMEHH KOBApPHAIIMN KOOPAWHATHI-
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CKOPOCTH W KOBapHalHeH KOOPIMHATHI-YCKOPEHHS, MHHYC Pa3HOCTb MEXIY

cpenneii sneprueii £(t) v sneprueii cpennero apwkenns U 2 (1).

[To ananoruu c (3.27), sBoronust BLIOOPOYHOH JANUCIIEPCUH CKOPOCTH HMe-
eT BUJ

d 0'5‘
dt

Takum oOpa3oM, ecnu 3aaaTh JieBble 4YacTH BblpakeHuil (3.26-3.28) un
(3.30) ucxoxns u3 nHGOPMAIHHN, U3BECTHOHM K TEKYIIEMY MOMEHTY BPEMEHH, TO
B paMKax NpHOJIVDKEHHsT AByMepHOro ypaBHeHus Dokkepa-Ilnanka (3.13) ero
K03()(PUIIMEHTHI TTOTHOCTHIO OIIPEETICHBI.

Kosddunuent acummerpun ¥ (WIM CKOC) OJHOMEPHOTO PacIpeAesICHUs

=p+2cov, ,. (3.30)

BBIYHCIAETCS IO opMyIIe

¥(1) = 31 - j (x—m@®)) f(x,0)dx. (3.31)

o)

Opomonust 3TOoro koddduumenra B cuiny ypaBHeHus Doxkepa-lIlimanka

(3.14) naercs popmyoit
a7 _ 5, At2R j x—m(t) P u(x,0) f (x,0)dx .(3.32)
dt 262 o3

AHaJOrMYHO MOYKHO PAacCMOTpPETh W APYTHE BBICIIME HEHTPaIbHBIE MO-
MEHTBI OZJHOMEPHOTO BHIOOPOYHOTO PaCIIpe/IeNIeHusI.

3aMeTHM Terepb, YTO M3 BhIBOJA ypaBHeHHsi Pokkepa-Ilnanka (3.13) u3
ypaBHenust YenmeHna-KoamoropoBa cieayer, mMaTpuna KO3(QQHUIHEHTOB IMpH
BTOPBIX TIPOW3BOIHBIX TTOJIOKHUTENHLHO onpeieneHa. CMBICT 3TUX K03 dHUIUeH-
TOB BBISICHEH BBIIIE: UMH ONPENENISETCS YBOIIONUS MOMEHTOB M KOBapHallWi
JIBYMepHOro pacnpenenenusi. C Apyroil CTOpoHbI, Uil BEIOOPOYHOTO pacmpe-
JIETIeHNs] TIOJIOJKUTENbHAsT ONpeieIeHHOCTh AU ()y3HOHHOW MaTpHIBI OTHIOA
HE OYEBHIIHA, IOCKOJIBbKY AJIEMEHTHI STOH MaTPHIBl ONPEEISIOTCS dMITUPHIe-
CKM 0 KOHKPETHOW BBIOOPKE BPEMEHHOTO psija, Al KOTOpOW HE W3BECTHHI
MOMEHTBI YCIIOBHOW BEpOSITHOCTH, TpeOyrompecss B ypaBHeHHH Yemnme-
Ha-Konmmoroposa. lHBIMU ciioBaMu, Ha TpakTUKE MaTpHlia MOAOUpAETCsl M-
MUPUYECKH TaK, YTOOBI COTTIACOBATH IBOJIIOINIO CPETHUX BEJMYHMH IO BHIOOPKE
C MX DBOJIIOLMEH B CHJIIy KMHETHYECKOro ypaBHeHus. Eciu sxe matpuna Oyzaer
OTpHIATENFHO OIpeNesieHa, HE OYeHb OCMBICICHHO pemiaTh B 3TOM CIydae
SBOJIIOLMOHHYIO 3a/auy Kak AU PYy3MOHHYIO0 C MHUMBIM CPETHEKBaIPATUIHBIM
OTKJIOHeHHeM. TakuM o0pa3oMm, Ui KOPPEKTHOCTH MOJAEIH HEeOOXOJUMO HC-
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A1) x(1)
20 (@)

KO, 4TO JIA HaIIuX meneil JoCTaTOYHO O0Ka3aTh HEOTPULIATEIIBHOCTE TOJIBKO

CIIENOBATh TJIABHBIE MUHOPH MaTpHubl 1) = . 3ameTuM, oJHa-

onHoro kod(durmenta A(f), mockonbky B SBHOM BHJE 3BOJIOIMOHHAS MO-

JIe)Ib MOMEHTOB BPEMEHHOTO psifia UMECT JeJI0 ¢ OJHOMEPHBIM YpaBHEHUEM
®doxkkepa-Ilnanka (3.14).

V¥ Teopema 3.1. Ecnu enmmuuna A(f) onpenenena no HEKOTOpoil BBIGOpKe
BPEMEHHOTO  psAla B COOTBETCTBMM ¢ ypaBHenmeM  (3.27)
2
do
A 27—2COVX v » To ypaBHenue (3.14) asnserca ypaBHeHneM Dokke-
t 9

pa-Ilmanka ¢ HeOTpHUIATENEHEIM KO3QPHUIHEHTOM U DY3HH.

Jloxa3arenbcTBo. I10CKONIBKY 11 BpEMEHHOTO psiia IPOU3BOAHAS

110 BPEMEHU MIOHMUMAETCSI B PA3HOCTHOM CMBICIIC, TO CKOPOCTh

paBHa v(¢) = x(¢ +1)—x(¢) , a mpou3BoOaHAS BEIOOPOUHOM TUCTIEp-
2

= o2 (t+1)— o’ (¢) . Ilyctp nmuHa

CHUU 10 BPEMEHH paBHA

BBIOOpKH paBHA 7 . Torma s BBIOOPOYHOTO CpeaHero X (t)

CrpaBesIuBa peKyppeHTHas popmyia

)_c(t+l):)?(t)+x(t+1)_x(t_n+1)

,(3.33)

a JUIsl BHIOOPOUYHOM KOBapUaIlMKi MEXy IBYMS pIIaMH UMEeM
cov, (t+1)=

:covxy(t)—%(y(t+1)—y(t—n+1))-(x(t+1)—x(t—n+1))+
n

L 1) (x D)= F0) - FO-(x+ D -t~ + 1)) +
n

+Xx()-y(t—n +1)}.
(3.34)

W3 (3.34) B uacTHOM cilydae X = ) IHOJIydaeM PEKypPpPEHTHYIO (GopMyiry

JJIsL BBI60pO‘IHOﬁ JUCTICPCUU:
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oZ(t+1)= aﬁ(t)—iz(x(tﬂ)—x(z—n+1))2 +
n

+l(x(t +1) = x(t—n+ D)) x(t+1) +x(t —n+1)—-2%(1)).
n
(3.35)

KOBapI/IaHI/IH K€ KOOpAHMHATBLI U CKOPOCTHU paBHA
t

V()= Y (3lh) -0 o) ~7(0))-

k=t—n+1

t
1L D x (k) (x(k +1) - x(k))—lx(t)(x(t +1)=x(t—n+1)).
k=t—-n+1 n
(3.36)

B pesynbrare nomsydaem, 4To
At)=c’(t+1)-o*(1)-2cov,,(t) =

= —iz(x(tﬂ)—x(t—n +1)) +
n

t

+l(x2(¢+1)—xz(t—n+1))—2 > x(k) (x(k+1) - x(k)) =
n

k=t—-n+1

1 ]
=— > (x(k)-x(k+1)) —— (x(t +1) = x(t —n+1))’ 0.
k=t—n+1 n
HOCHGZ{HHH OLICHKA B ILICIIOYKE npeo6pa3013aHHI?1 CHC}IyeT n3 TOro, 4TO

2 (x(k)—x(k+1))22( Y (x(k)—x(k+1))j -

k=t—n+1 k=t—n+1
= (x(t+1)=x(t—n+1)),

ul/n>1/n?. Teopema 3.1 nokazana. A
Amnanorndso mokassiBaercs, uto u koddduument £(t) > 0. IMockonbky

K€ JIOKAJIbHO IO BPEMCHHU CUMMETpHUYCCKas JII/I(l)(l)ySI/IOHHaH MaTpuna HE 3aBU-
CUT OT X,V, €€ MOXHO NPHUBECTH K AHArOHAJIbHOMY BHAY HEBBIPOXKICHHBIM

JIMHCHHBIM Hp€06pa30BaHI/I€M. I[J'IH Z[Hal“OHaIH:HOfI MaTpuibl 10 JOKA3aHHOMY
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BBIIIE CIEAYeT HEOTPUIATEIILHOCTh COOCTBEHHBIX 3HAUCHHH, IIO3TOMY Ha KaX-
JIOM IIIare 1o BPEMEHH MO/IENb, NCTIONB3YIONIasl AByMepHOe ypaBHeHHE Dokke-
pa-Ilmanka (3.13), koppekTHa.

Hrtak, BO3MOXXHBI pa3iIMyHble NOAXOAbl K MporHodupoBanuto BIIDP: He-
MOCPEACTBEHHO M0 ypaBHEHHIO JIMyBHIIIA; IO CHCTEMe, BKIIOYAIOIIEH ypaBHe-
Hue JINyBHIIIS ¥ ypaBHEHUSI SBOJIIOIIMH MOMEHTOB B IPOCTPAHCTBE CKOPOCTEH;
[0 crucTeMe, BKIoyvawel ypasieHrue Pokkepa-Ilnanka u ypaBHEHHS HBOJIO-
UM MOMEHTOB. B cirenyromem maparpage OyaeT paccMOTpeH oOIIHiA TOIXO0X K
KOHCTPYUPOBaHUIO MPOTHO3HBIX Mojaened g BIIOP u camoro BpeMEHHOro
psina.

9.4. KuneTn4ueckuii moAXo/A K BbIBOAY Mo/ieJieil BpeMEeHHbIX
psiaoB

Kak yxe TOBOpHIOCH paHee, MeTOJ] KHHETHYECKUX YPAaBHEHHH SBISETCS
OCHOBHBIM MHCTPYMEHTOM JUISl BBIBOJIA MOJEJeHl MaKpPOCKOIMYECKUX IPOLEC-
COB «HU3 TEPBBIX MPUHLHIIOBY, T.€. H3 MUKPOCKOIHYECKOTO OIUCAHHS AUHAMH-
K{ OTHENBHBIX YacTHI. DTOT METOA MOXET OBITh paclpOCTPaHEH U Ha MOJIEIH
BPEMEHHBIX PSIOB.

CraHzmapTHBIE MOJEIH CTAallMOHAPHBIX BPEMEHHBIX PSIOB INPEACTABIISIOT
COOTHOLICHHS MEXIYy HEKOTOPBIMH BBHIOOPOYHBIMH CTATHCTHKaMH, KOTOpBIE
MIepeHeCeHbl 3aTeM Ha CaMH 3Ha4yeHHs BpeMeHHoro pspa. Hampumep, perpec-
CHOHHBIC MOJENH MPEATIONAaraloT, YTO CBA3b MEXIY NMEPEeMEHHBIMH TaKas XKe,
KaK ¥ MEXIy HX CPSAHHMH BEJIMYMHAMH 10 BEIOOpKE, U T.II. B aTOM CBsI3M Me-
TOIAMYECKH ITOJIE3HO PAaCCMOTPETh CTATUCTHYECKHE MOJEIH PSNIOB KaK CIEICT-
BUSI BEPOSTHOCTHBIX THITOTE3 OTHOCHTEIBEHO MX BHIOOPOYHBIX PACIIPEICICHHI.

Obpatumcst cHOBa K ypaBHeHHIo JlmyBmmwig (1.2) mis ogHOYAaCTHIHON
BII®P. U3 Hero npsameIM CIIEACTBAEM MOTYyYaeTcsl ypaBHeHHE dBoitor (1.6)
CpeIHEro 3HaveHus mepBoro Beibopounoro momenta: #1 = U(t). Ecim npo-
THO30M 3HAU€HHMs psiia CUUTATh MPOTHO3 CPEIHEro 3HAUeHUS! COOTBETCTBYIO-
mero pacnpesenenus, To ypasuenne 71 =U(f), monumaemoe B KOHE4HO-

Pa3HOCTHOM CMbICTIe, IPH 3ajaHHoi anpuopu cpeaneit ckopoctn U (f) mpen-
CTaBIIAET MOJIENb BBIIETEHU 33 JaHHOTO BPEMEHHOTO TPEH/IA:
xt+)=x(@)+U(t).4.1)
B ipyroM ciyuae, eciu kopapuarus COV(X,X) J0CTaTouHO Maja, JOMmyc-

TUMO PacCMOTPETh MOJENb, B KOTOPOH PSAI M €ro NMpPUPAIICHHUS HE3aBHCHUMBI.
Torma MoxHO cumTaTh, uro nAByMepHas BII®P  dakropusyercs:

F(x,x,t) = f(x,t)p(x,t). B stom ciyuae DJIC He 3aBUCUT OT X U COBIA-
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naet co cpexneii ckopoctwio U: u(x,t) = U(t) . CnenosarensHo, TpeHI0BbII
MPOrHO3 (4.1) mosy4aeTcs, B YaCTHOCTH, TIPH MPUHATHH TUIIOTE3bI CTATHCTHYC-
CKOMl HE3aBHUCHMOCTH KOOpPAMHAT ©  CKopocTel. B cimywae, eciu
U(t)=Uy #0, u3 (4.1) cneayer nuHeliHas MO BPEMEHH DPerpecCHOHHas
MOJIETIb.

Ecnu  anpuopHble COOOpa)XCHUS OTHOCATCS K JIOKAIBHOW CKOPOCTH
u(x,t) , moyyaroTcss MOJEN JMHAMMYECKUX CHCTEM. DTH MOJIENH BO3HHMKA-
IOT U3 CTATHUCTUYECKOTO OMHCAHUS B TEX CIydasX, €CIU MPOTHO3UPYETCS HE
caMm psil, a CKOpOCTh ero m3MeHeHus. Torga Bmecto (4.1) ecTecTBEHHO Tpe-
JIOXKUTHh MOJICNTb BPEMCHHOTO Psifia, B KOTOPOW TPHPALICHUS OMPEICISIOTCS
cpenHel JTOKaIbHOM CKOPOCThIO:

x=u(x,t) = X,41—X, =u(x,;n). (4.2)

Hanpumep, cuutas, uto #(X,f) He 3aBUCHT OT BPEMEHH, TOIy4aeM O]I-
HOMEPHYIO TUHAMHUYECKYIO CUCTEMY, [TOPOKIAIOUIYIO CTAIIMOHAPHBIN BPeMEH-
HOM psin:

Xpp1 = Xy Tulx,) =gx,). (4.3)

B wacTHOM ciny4ae, koraa U(X) numeitna o x, mpuuem U =0, u3 (4.3)
MOJTy4YaeTCsl aBTOPETPECCHOHHAS MOJISITb TIEPBOTO MOPSIKA.

AHAJOTHYHO MOXXHO paccMoTpers BIIDP, 3aBucsinyro u oT OOJBIIEro
YHCiIa IPOM3BOIHEIX, T.€. GyHKIUIO Buma F (x, X, 56,...,1‘), HO HAJ0 MOMHHTH
00 orpaHMueHHOCTH 00beMa BBIOOPKH OmpejesneHHOW BenmuuuHoi 7. B cuiy
KOHEYHOCTH 00BheMa BBIOOPKH HEBO3MOXHO SMITHUPUICCKU OMPEICITUTh POU3-
BOJHYI0 Gollee BBICOKOro mopsaka, ueM I —1. Bonee Toro, 4ro6s! omepupo-
BaTh OJIMHAKOBHIMH MaCCHBAMH JAHHEIX 110 KaXKIOH W3 r MPOU3BOAHEIX, HEOO-
XOJIMMO UMETh UCXOAHBIN psll B KOJIMYECTBE 110 KpalHEN Mepe T + r snemen-
TOB. Ecli 3TO yCITOBHE BBHIIOIIHEHO, TO TEMH K€ COOOPAXKCHUSIMHU MOXHO II0-
JYYUTHh MHOTOMEPHBIEC aHAJIOTH BEIIETICPEUHCIICHHBIX TPOTHO3HBIX MOJIEIICH.

Hanpumep, ypaBHenue Jlnysuins uiss MEHOroMmepHoi BII®OP npu oOpeiBe
LENOYKH Ha IPOU3BOAHOM MO BPEMEHHU 7 -I'O MOpPsIIKAa UMEET BU
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OF (x,%,...,x"™:¢
r( )+ixFr +256Fr +ot
ot ox Ox

+%w(x, )'c,...,x(”l);t)F, =0,
x

w(x,fc,...,x(”l);t)E,(x,)'c,..., “’”'t)—
.[ "

r+]

.,x’;t)dx(").
(4.4)

3aMBIKaHHUE [ETIOYKH BOJIOIMOHHBIX ypaBHEHWH Ha (YHKIIMH pacrperie-
JICHUH 7 -0l pa3MEpPHOCTH COCTOUT B TOM, YTO CPEJHEE YCKOPEHHUE CIIEAYIOIIE-

x(r_l),x(r) ;t)z 0.B

ro mopsjaka mosaraercsi pasHbiM Hymo: WX, X,...,

. r—1
3TOM ClIydae ypaBHEHHE HBOJIOIMH w(x,x,...,x( );t) Oyzner conmepxkaThb

TOJIbBKO MOMCHTBI INIOTHOCTU PACIIPCACIICHUA FI"+1

%w(x,fc,...,x(’_l);t)E(x,fc,...,x("_”;t) =
_F@+W8F I ()aFHl(xx XS t)dx(n
ot t ot

Ucnone3ys (4.21) u 3ammceiBasg aHAJOTHYHOE €My YpPaBHEHHE DBOJFOIHH

JJIsL F r+1 © TOW JIMIIb paSHI/IHeI/I YTO B IMOCJICIAHEM CJIICAYCT IOJIOXUTH

W(x, X,... x(r—l) , x(r) ;l‘)z 0, nomyuaem

0 ) _ . —
—w(x, Xy X 1);t)Fr (x, Xy ey X ”;t) =

dx") =

ow  OF. o O (x,x,...,x’;t)
+w—L= J. x
Ot
[ Lir L5 TR,
ox ox ox" "
OTKYJIa ClletyeT
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a_w+a<)%x(”>+a<xx.(r)>+___+wa_fﬁ F=

ot Ox ox ox™

( <r>>)aa_1;+(ch'_<j¢x<">>)%+...+

( - (M)x(r)» @j(lr:jz) + axi—l) (W2 _<(x(r> )2>)F,,.
(4.5)

Uro kacaeTcss MOJeNIM BPEMEHHOTI'0 psijia, OCHOBaHHOM Ha ypaBHeHUU (4.4),
TO  COOTBETCTBYIOIIEH  MOJENbHOM  (QYHKIHMEH  31ech  SIBISIETCA

. r—1
w\Xx, X,..., x( );t . ImeHHo, 7 -MepHasi POTHO3HAasi MOJIENb UMEET BUJ,

X (@) = w(x, )'c,...,x(r_l);t). (4.6)
3ametum, 4T0 ypaBHeHHE (4.4) GOpMAaTIBbHO MOJTydacTCs B Pe3ysIbTaTe UH-
TErpUpPOBAaHUS LIENIOYKU ypaBHEHUH A1 MHoroMepHslx BII®OP no Bcem mpous-

(k)

TIOJIy4EeHHOE YPABHEHHE MPOUHTErPUPOBATh 10 MepBbM S < ¥ — 1 mepemen-
HBIM, TO TOJYYalOIIHECs B pe3ylbTaTe MOJEIH PSJOB OTHOCHUTEIBHO MPOU3-

BOJHOU x(r_l) OyIyT UMeTh MOPANOK 7 — S — 1. DTH Mozmenu cOCTaBIAIOT
KJIacc MHTETPUPOBAHHBIX MOJEIICH TTOpsiIKa S.

MOoXHO TaKXe HpPOMHTErpHpoBaTh (4.4) MO BBIOOPOYHBIM apTyMEHTaM,
UIYIIUM He 0053aTeNbHO MOAPS, IT0CIe Yero MOJTyYeHHOEe YpaBHEHHE MO3BO-
JHT CBA3aTh MEXIY cO0OH NepeMeHHbIe, pa3/eliCHHbIE 3aJaHHBIMHU JlaraMH,
YTO JaeT B MTOTE MOJIENH C paclpeleeHHBIM 3ama3asiBaHueM. Ecin 3atem
clienarh IPEANoI0KeHUS O CTATHCTHYECKO 3aBUCHMOCTH paclpeneineHni —
HaIrpuMep, CYUTATh, YTO MHOTOMEPHBIE paclpeieeH s IePEMEHHBIX C JIaraMy
(YHKIMOHAIBHO 3aBHCST TOJBKO OT OXHON OJHOMEPHOH INIOTHOCTH paclpene-
JICHWs, TO B pe3yJIbTaTe MOJIyIUTCs HEKOTOpas caMOCOoriiacoBaHHast MoJeib. B
KJIacC CaMOCOTJIAaCOBAHHBIX MOJEJed MONaJaloT, B YaCTHOCTH, aTalTHBHBIC
MOJIEINH, B KOTOPBIX IMPOTHO3 3HAYCHUH psiia UCIIOIB3yeT JaHHbIE O TOYHOCTH
MPOTHO3a B PEIBIIYIIHE MOMEHTHI BpEMEHH.

[NepeuncneHHple BO3MOXXHOCTH NPUMEHEHHS KHHETHYECKHX YpaBHCHHUH
TIOKa3bIBAIOT, YTO ITH YPAaBHEHHS MOTYT PaccMaTpUBaThCs KaK HHCTPYMEHT
IUISL CO3JaHMS CTATHCTUYECKUX MoJeiell BPEeMEHHBIX PSIOB C 3aJaHHBIMH
CBOMCTBaMH, a TaKke IS 0TOOpa Mojenel, Hanboiee OIM3KO ITOAXOISIINX
JUTSL OTTMCAHMS TeX MM WHBIX PEATbHBIX CHTYalUH.

BOJIHBIM X OT NopsdAKa v BKIIFOUUTEJIBHO U 10 O6eckoneunoctr. Eciau 3atem

333



HaauMm Tenepb cxemy NPAKTHUECKHUX AECUCTBUM, KOTOPBIE CIEAYET MIpen-
NPUHSTE U TOJyYeHUS] POTHO3HOW MOAENH BPEMEHHOTO psizia, UCXOAS U3
KkuHeTHdecKoro onmcanus ero BIIOP. O0mas niest mporHO3UpOBaHHUS COCTOHUT
B cienytomeM. CHavgama CTPOUTCS TOPU3OHTHAS CTAaTHCTHKA WM OIpEneNseTcs
ONTHUMANBHBIN 00beM BBIOOPKH It mporHo3upoBaHus BIIOP Ha 7 mraros
BIIEpEe]] C 33JaHHOM TOYHOCTBIO & . 3aTeM IO MMEIONIUMCS JAHHBIM BBIYHCIISA-
1oTcst amMnupuueckue cratuctuku: DJIC, BTOpoit U TpeTHii MOMEHTBI, GUrypH-
pYIOIIUE B yPaBHEHUSAX «TUAPOIMHAMUKNY, T.€. B yPABHEHUHU HBOJIOLUH CPE]-
HUX CTeleHel npuparieHuil 3JeMeHToB psiia. Eciou kakue-1m00 U3 3THX CTaTH-
CTHK OKa3aJIOCh BO3MOKHBIM (DYHKIIMOHAJIIBHO CMOAEIMPOBaTh ¢ TpeOyeMoi
TOYHOCTBIO &, TO BBIOMPAETCsl COOTBETCTBYIOIIMI CHOCOO 3aMBIKAHHS MO-
MEHTHBIX YpaBHEHUII, OCE YEro pelraeTcss CUCTEMa ITUX YPABHEHUM, BKIIIO-
yasi UICXOJHOE KMHeTH4YecKkoe ypaBHeHne — JlnmyBuius, @okkepa-Ilnanka nimm
Gomee obmiee, U3 OMMCaHHBIX BbIme. [IporHO30M BpeMEHHOTO psifa Ha cie-
JYIOLIEM IIare Mo BPEMEHU Ha3bIBAETCA CpeJHEE 3HaUEHUE OCTPOEHHOTO Mpo-
THO3HOTO paclpeesIeHusl.

IIpogeMoHCTpUpYEM 3Ty CXeMy pPELICHHS Ha IpUMEPE IMIHUPHUECKOrO
ypaBHeHust JInyBwiis. Ecnu Ham u3BeCTHa CKOPOCTh u(x,t ) B Tekymuii Mo-
MEHT BPEMEHH, TEM CaMbIM M3BECTHAa M (YHKIUS pacHpenesieHus B Oymymiui
MOMEHT BpPEMEHH COITIacHO (hopMyJie

i
u(i+1L0) f(i+1L0)==> (flk,t+1) = f(k,0)). (4.7)
k=1

IIpeanomnoxum, 4TO yOanoch 3aMKHYTh MOMEHTHYIO CHUCTEMY, TaK 4TO OHA
OKa3aJach PEeKyppeHTHO paspeminma. Toraa mocie YHCIEHHOTO HaXOXICHUS
u(i,t) pacnpenenenue f(i,¢+1) onpenensercs mo ckOpoCTHOI MOIENH:

SLt+D) =L -u(2,0)f(2,0); 48
f2,t+1) = f(2,t)—u@B,t) £ (3,t) +u(2,t) £ (2,1);.... 48)
Iporrosusv 3aauenneM X(7 + 1) Gyner cuuTaThes cpenHee 3HaUEHHE MO
pacnpenenenno f(x,t+1):

Rt+1) = J’ Xt +Dd =Y if it +1).  (4.9)

i
JuHamuveckasl cucTeMa, MOPOXKIAoIIas 3TOT BPEMEHHOW psill, MPHOIIH-
JKeHHO Haxoautcs u3 (4.7). Obo3Hadas mpaByio 4actb (4.7), HelIeHHYIO Ha

f(i+1,¢t),uepes g(i,t), nonyuaem
u(i,t)y=g(i—-1t). (4.10)
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B dpopmyie (4.10) ckopocts #(i,) TpakTyeTcs Kak M3MEHEHHE 3HAYECHHUS
camoro BpemeHHoro psna, T.e. U(i,t) =x(t+1)—x(t). Eciu okaxercs, uto

npaBast 4aCTb HpI/I6J'H/I)K€HHO MOJKET CUHNTATHCS HE3aBHCSIIECH IBHO OT BpEMCHU
t, TO IMoJydaromasacss JUuHaMU4eCKasa CUCTEMa 6y}1€T AaBTOHOMHaA, T.C. IIpUpa-

IleHHe 3Ha4YeHHs CITydaiiHol Bemuunnsl X(7) (Homepa sueliku 1) Gyner onpe-
JemAThCs TOJIBKO 3HaYeHHEM CaMoil 3TOM BeIM4YMHBL. B HecTaruoHapHOM ciy-
yae npasast yacTh (4.10) momumo X(f) 3aBUCHUT TakKe SIBHO OT BPEMEHH:

x(t+D)=x(t)+g(x(t),t). (4.11)

Jnst craioHapHOTO paciipeieeH sl IMyBHIUIEBA CKOPOCTh PaBHA HYJIIO, U
MPOTHO3 AaeT OJIHY U TY )K€ BEJIMYHHY, PAaBHYIO CpEIHEMY 3HAYEHHIO 110 STOMY
pacrpeeneHHIo.

AHanorn4Held TOAX0J OyneM NpUMEHATh W s ypaBHeHus Doxke-
pa-Ilnanka u corjnacoBaHHBIX C HUIM YPaBHEHHH 3BOJIIOIMYA MOMEHTOB. B 3aBU-
CUMOCTH OT mopsiika MoMeHTa aByMepHoi BIIDP, na xoTopoM 3ambikaercs
KHHETHYCCKOE ypaBHEHHE ais omHoMepHoit BIIDP, momydaercst Oonee wiu
MEHee CIIO)KHash JHUHAMHYECKas CHCTeMa, MOJACIHPYIoIas BPEMEHHOH psii.
OpiHaKoO, €CJIM y4eCTh, YTO €CTECTBEHHBIM ILIaroM MO BPEMEHH SIBIISIETCS 00pat-
Hasl 4yacToTa HaONIOJEHMs] JAaHHBIX BPEMEHHOTO psila, TO IS JIByMEPHOTO
ypaBHeHust Pokkepa-Ilnanka SBOIONNS MOMEHTOB MOPSIKa BBIIIE TIEPBOTO HE
naet HoBoW MH(opMmanuu. B pesynbpraTe 3aMbIKaHHE MOXET OBITH HMPOBEIECHO
Ha BTOPOM ypaBHEHHH CHCTEMBI, T.€. Ha YPAaBHEHHUH BOJIFOLNH JUISi CKOPOCTH.

Cuutaem, uto mapametp A(f) B ypasnennn ®doxkepa-Ilmamka (3.14),
OLIEHMBAEMBI TI0 BPDEMEHHOMY DIy, M3BECTEH C IPEIBIAYILIEro Iara 1mo Bpe-
menu: A(¢) = A(¢—1) . Torna, ecnu cuurats, uto ckopocTh U(X,1) B MOMEHT
! orkyma-tubo  W3BECTHA, HANPUMEP, 1O  HAWBHOMY  TNPOTHO3Y
u(x,t) =u(x,t—1), To Monenb 3aMbIKaeTCs Ha MEPBOM XK€ yPABHEHWH, T.€.
Ha ypaBHeHuH (3.14). Cama BIIOP HaxoauTcs B 3TOM ciIy4ae aBTOMATHYECKU
o ypaBHeHHIO (4.7). C TOUKH 3peHHs IPOTHO3UPOBAHUS BPEMEHHOTO psiia Kak
CpeIHero 3HaueHus Mo TEKYIEMY paclipelelIeHUI0, TaKkasi MOJeb IPeCTaBIIs-
€T HauBHBIH NPOTHO3 TI0 CKOPOCTH M3MEHEHHUs cpelnHero 3HadeHus. [Ipu sTom
JUIS TIPOTHO3a pAfa HaxoauTh Oyaymyio BIIDOP He HyXHO, Tak Kak IS 3THX
nesieil 10CTaTouHO 3HaHMs cKopocTH m3Menenus BII®OP u(x,t), a sta cko-
POCTh M3BECTHA C NPEIBIAYIIETO IIara 1o BPEMEHHW B paMKaxX HAaWBHOTO ITPO-
THO3a.

Ecnu TpebyeTcst cnporHO3UpOBaTh M caMy 3Ty CKOPOCTb, TO B OIIMCaHHYIO
cxeMy Hazmo Ao06aButh ypaBHeHue (3.19) mia sBomonnu u(x, l‘), B KOTOPOM
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napametpsl €(X,?), a(x,t) n y(t) cuuTaroTcs N3BECTHBIMHU C MPEBIIYIIETO

mara 1mo BpE€MEHH, T.C. TCIICPh YKC B OTHOLMICHHUHU 3THUX BEJINYUH UCIIOJIB3YCTCA
KOHIICIIUA HAWBHOT'O IPOrHO3a. TOF]I& CUCTEMa ypaBHeHHﬁ, KOTOpPbIE€ HAI0
COBMCECTHO pe€lIaTh, CJICAYIOIIan:
2
of A0%f

or _E_axz —a(uf);

2
ouf)y A0°(uf) 0
=>> ——e+yx)f +af .
81 2 ax 8x
MokeT ToKa3aTbCs, YTO MONYYMIaCh CaMOCOTIIACOBaHHAS CHCTeMa JIud-
(hy3UOHHBIX YpaBHEHUHA CO CHOCOM M HCTOYHHMKOM. OIHAKO HA CaMoOM Jeie

BTOpas CTpOKa pCHIaCTCs HE3aBUCUMO OT HGpBOﬁ. Z[eno B TOM, 4YTO Ha4YaJIbHBIC

(4.12)

ycnosust i miotHoctn f (X,¢) u ckopoctu u(X,t) 3anaioTcs B pasHble MO-
MeHTBI Bpemenn: ecim 3anana f()(X) = f(X,Zy), To ckopocTs 3amaercs B
npepLIy il guckpeTHslii Moment Bpemenn Ug(x) =u(x,fy —1). B npo-
TUBHOM CJTyuae, eciv 3a1ath u U(X, to) , TO B CHJTy TIepBOro ypaBHeHus (4.12)

cpasy Oyzer naiinena f(x,f +1), a Bropoe ypaBHeHne npeBpaTHTCS B TOXK-

JIECTBO.

Ha cnexyromem ypoBHE 1O MOPSAAKY YIUTHIBAEMBIX MOMEHTOB J00aBIISCT-
cs1 ypasuenue (3.21) ssomonuu aus e(x,t). Eciu 661 MbI He 060pBanu Ie-
MOYKY KMHETHYECKUX ypaBHeHHH Ha aBymepHoil BIIDP, a yunu Ol u ypaBHe-
HHE SBOMOIMHK I TpexMepHoit BIIOP D(x, Vv, w,?), To norpe6osanock Obl
elle ¥ ypaBHEHMe SBOJIOIMHU JIOKAIbHOM MIoTHOCTH yckopenus d(X,t). B

MOJ€eNH, 3aMblkaeMoil Ha BymepHOil BIIDP, yckopenue onpenensercs B pam-
KaX HaMBHOTO mporHosa. ITostomy a(X,?) cumtaercs u3BecTHOH (ByHKIMEl ¢

Mpea-TpeIblIyIIero mara o BpeMeHu. B pesyibrate nMeem
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of Ad*f o, .
o2 a2 )

o) _ 23 wf) o
o 2 o2 ox

) _A0%(ef)_ 8
o "2 ~(es+2)f + ff + 1.

AHAIOTHYHO MOXKHO IOJYYHUTh 3aMKHYTYIO CHCTEMY OTHOCHTENIBHO BBIOO-
POYHBIX MOMEHTOB JBYMEPHOTO pacnpesesieHus 0oJiee BEICOKOTro nopsinka. Ho
Ha MPaKTUKe MPU MPOTHO3MPOBAHUH BEIOOPOUHBIX paclpelesIeHHi ¢ IIaroM 1o
BpPEMEHH, PaBHBIM LIary TOSBJICHHS 3HAUCHHI BPEMEHHOro psna (Hampumep,
HEHBI 3aKPBHITHST KAKOTO-THO0 (PMHAHCOBOTO WHCTPYMEHTA C Iarom | MuHyTa),
JIOCTATOYHO HCIONB30BaTh cucTeMy (4.12). DTO CBs3aHO C TE€M, YTO MOMEHTHI

(e+y)f +af ; (4.13)

BBICIUNX HOPSAKOB € (X,1), k =2 u3BeCTHBI B TOT e MOMEHT BPEMEHH, YTO

u ckopocTh U(X,?). B pesynbrare TpeThe ypasHeHue B cucteme (4.13) obpa-

IIaeTCs B TOXKIECTBO.

3amuineM TUCKPETHYIO CXeMy Il pereHus 3aaaun (4.12) Ha mar Brepes.
Insinkoli 0003HAYNM HPOTHO3MPYEMBIE BEIHMUYHMHBL Vcronb3yeMm sSBHYIO pas-
HOCTHYIO CXEMY ISl 9BOJIOLMH 0 BPEMEHHM M CTaHIAPTHBIA 11a0JI0H JIeBOH
Pa3HOCTHOH MPOU3BOAHOM.

st BIIOP:

£:7Cet+1)=f0)+ (000 = f(x+LOa(x+1,0) +
2D -2 e L+ £ u);

2
(4.14)
s DJIC:
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u: f(x,nu(x,t)= f(x,t —Du(x,t =) +a(x,t=2) f(x,t —1)+
+(e(x,t—1)+;((t—1))f(x,t—1)—
—(e(x+ L=+ x(t-1) f(x+ 1=+

+@(f(x+2,r—1)u(x+2,x—1)+f(x,z-1)u(x,t—1))_

At - f(x+Lt—Du(x+1,¢-1).
(4.15)

IIpaBas yacte ypaBHeHus B (4.15) u3BecTHa, MO3TOMY MPOTHO3 CKOPOCTH
CTPOUTCSA aBTOMAaTHYECKH BO BCEX sA4EHKaX TMCTOTPAaMMBI, IPEICTaBISIOMICH
BII®P, B kotopeix f(x,¢) > 0. B tex sueiikax, rne f(x,¢) =0, ckopocts

t(x,t) Gymem momaraTh paBHOi HyJI0. DTO HEe MPUBEAET K apTed)akTaM Bbl-

YUCIICHHUH, TaK KakK B ypaBHeHNH dBotonnu BIIOP ckopocTs BXomuT B KOMOU-
HallMU C IPOMU3BEIEHUEM Ha IUIOTHOCTh paclpeleieHus B Tol ke sueiike. [1o-

cJie HaXO0XKICHUS f (x,t) OTpHIIaTENbHBIC 3HAYCHHS (€CITH OHU €CTh) OOHYIIS-
FOTCSI, ¥ IPOBOJIUTCS TICPSHOPMUPOBKA TIOCTPOCHHOTO PACIIPEICIICHIS.

Ota cxemMa MOKET ObITh MPOMOIKEHA ISl MPOTHO3MPOBAHUS HA MPOU3-
BOJIBHBIM TOPU30HT Brieped. [Ipu 3TOM KaxI0e HalileHHOe pElIeHHE Ha Clie-
JIYIOIIEM IIare MPUCOESTUHSIETCS K CKOJB3SIIEMY OKHY BBIOOPKH, MO KOTOPOW
crpouTtcs ypaBHenue Dokkepa-Ilnanka. HayanbHble YCIIOBUS CTaBSITCS HA MO-
MEHT Havaja IMPOrHO3UPOBAHHUS, TPAHUYHbIE YCIIOBHS — HYJIEBBIE.

AJNbTEepHATUBHBIM METOJOM TMPOTHO3MPOBAHUS IMITUPUUECKON CKOPOCTU
SIBIISIETCSI BEPOSITHOCTHOE TMPOOJIKEHHE TPACKTOPUU TUHAMHUYECKON CHCTEMBI.
Ecnu mo uMerommmcst TaHHbIM K TEKYIEMYy MOMEHTY BPEMEHH COOpaHa WH-
GopMaIms o pacmpesieNeHun mapameTpa A, COOTBETCTBYIOIIYIO IUIOTHOCTb
oGoznaunm uepe3 (), u nocrpoeno pacnpenenerne p (1) ckopoctn U B

X -oHi A4eiKe THCTOrPaMMBI, TO ypaBHEHHE CUCTEMHI (4.14) MOYKHO yCpEeTHUTH
TI0 3TUM pacrpezesieHusIM. B pe3ynpTaTe Ha mare, paBHOM F'OPU30HTY IIPOTHO-
3MPOBaHMS, MOJIy4aeM MOJEIb

fxt+1) = fen(+u(x)- f(x+1L,0u(x+1)+
+%(f(x+2,t)—2f(x+1,t)+f(x,t)); (4.16)

(x) = j po)du, 7 = j Ah(A)dA .
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BosmorxHa u apyras moaundpukamms moxenu (4.14) - (4.15), xorga anao-
THYHOE yCpPEeTHEHHE IPOBOIUTCS BO BTOPOM YPAaBHEHUH CHCTEMBI.

B pesynprare noxydeHo oxgHo ypaBHeHue Ha BIIOP, koaddummeHTs KO-
TOPOTO OTPENETICHBI U3 CTATHCTHYECKUX HAONIOACHUH 3a PAIOM B NPEIBIAY-
Imye MOMEHTHI BpeMeHu. [IpakTiaeckn 310 Oosiee yIOOHBIA TOAXOA C BBIUHC-
JUTELHON TOYKH 3PESHUSL.

9.5. DBosonys BHYTPH rOPU30HTA KBA3MCTAHOHAPHOCTH

Paccmorpum 3apmauy nporrozupoBanust BIIOP BHyTpu rpanun 7 -¢& -
CTallMOHAPHOCTH MPHU MAJIbIX 3HAYEHUAX & , T.€. B MPEINON0KEHUH, YTO IIOT-
HOCTH paclpe/ieJieHus] Oi3Ka K CTalMOHAapHOW B Y3KOM cMEelcie. bynem uc-
KaTh peleHde NeNouku ypaBHeHuit JluyBumis mas mmotHocteidt [ (X,7),
F(x,X,t) n 1.1 B BUAE DOPMANBLHOTO psia MO CTENEHAM Mapamerpa & .

«DopManbHOCTEY B JAaHHOM CIIy4dae 03HauaeT, YTO BOIPOCH CXOAUMOCTH TaKoO-
TO psiZia He 00CYKAAI0TCs, KaK He CTaBUTCS ¥ BONPOC O CYILECTBOBaHUH (DyHK-
LIH, aHATUTUYECKON 10 & B OKPECTHOCTH HYJISI, Pa3JIOKECHUE KOTOPOH IOpo-
JKIAeT yKa3aHHbIN pal. Mtak, mycTb

=P +gdVen+e? P +...

Fo,50)=F O 5 +aF O, x,0+ 2 FP (x,5,0) + ...
(5.1)

AHanoru4HbIe pa3ioXKeHus 3anuchiBaloTcss U s Beiciux BIIDP. 3xech
MBI PacCMOTPHM ITOJPOOHBIA BBIBOJ CIIa00 HECTAI[MOHAPHBIX YpaBHCHHHA B
cily4ae, KOTJa 3aMbIKaHHE IIETIOYKU MPOBOAUTCS HAa TPEXMEPHOW IUIOTHOCTH
pacmpeneneHus.

3ameTuM, 4TO, MO TpeanoiokeHuo onmuzoctu BIIDP k cranmoHapHBIM,

pacrpesieieHusi HyJIEBOTO M0 & TPUOImKeHus | (0), F (0), F3(0) He 3aBH-

CAT OT BPEMCHMU. D10 — KBa3uCTAllMOHAPHBIC paCOpeACIICHUA B paMKax KOH-
nenuuu «HanuBHOT'O MPOTHO3a». HOCKOJ’II)Ky K€ TOorga

npudem [ ©) pe paBHa TOXAECTBEHHO HYJIIO, TO B CTALIUOHAPHOM
ciydae DJIC paBHa Hymo: u(x,¢) = 0. Orcroga cienyer, 4yTo A
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CTallMOHAPHBIX PACHPEIEICHUN NEPBBIII MOMEHT 10 CKOPOCTH
nBymepHoil [IOP nomxen ObITH paBeH HYIIO:

1o (x) = | FOw0ai=0, rOw=o0.

JARAE))
(5.2)

Vurem TCICPb, YTO UMCIOLIAsACA B HaYaJIbHBIII MOMEHT BPEMCHU IBYMEP-

), . y y
Has IIJIOTHOCTHh F (x, x) ABJIACTCA HEC «KMCTUHHON) CTaHI/IOHapHOI/I IIJIOTHO-

CTBIO COBMECTHOTO paclpelesicHHs KOOPIMHAT M CKOpOCTel, a BBIOOPOYHOU
IUIOTHOCTEIO, T.€. He [IOP, a BII®P. [TosTomy mHTeTpan B (5.2), BEIMUCICHHBINA

1o sMnupuuecKoi GpyHkuun F (0) (x,X), He obs3aTensHO paBeH Hyso. OT-

JIMYKSL €r0 OT HyJIS JOJDKHBI ObITh MPEHEOPEKMMO MasbIMK (B paMKax Tpebo-
BaHWH, TPEIBIBISEMbIX K KOHKPETHOU 3ajaye), YTOOBI MOXHO OBLIO MpUMe-
HUTbH pa3noxkeHus (5.2).

IMoauepkHeM OOHAPYKEHHOE METOMOJOTHUCCKOE PA3UYHe MEXAY OIHO-

MepHO# [ ©) (x) u nBymepnoit F ©) (x,X) mnotHoctsmu. Ecim mmro6ast He-

0
OTpUIATENbHAS IMIUPUYECKas TIOTHOCT [ ( )(x) , YIOBJIETBOpSIOMAs yc-
nosuto Hopmuposku Ha [0; 1], Moxker GbITh MHTEpHPETHPOBaHA KaK pacripe-

JIeTICHNe HEKOTOPOW TeHEepallbHOM COBOKYITHOCTH, TO HE JIf00as COBMeCTHas
IUTOTHOCTD PACTIpe/e/ICHNs] 3HAaUEHHH BPEMEHHOTO psiia W WX MpUpaAIIeHUN
TOAMTCSI Ha TaKyl0 pOJb, a JIUIIb Takas, KOTOpas YIOBJIETBOPSET YCIOBHIO
5.2).

CrenoBarenbHO, CHCTEMA HBOMIOLMOHHBIX YPAaBHEHUH MOCIEI0BATENBHBIX
npubnmkernit mo & mns BIIOP nomkHa OBITH Takoil, 4TOORI YacTHAs MPOMU3-
BOJIHAs [0 BPEMEHU B ypaBHEHHH JIMyBMILIA cpa3y umena Obl MOPSIOK & . OTa
CHUTYaIlUsl aHAJTOTUYHA PA3I0KEHHUIO PAcTIPEeTIeHNH B KIIACCHYECKOH IETI0UKe
Boromo6oBa [6] mo mapaMeTpy HEOOHOPOAHOCTH B OKPECTHOCTH ITOJIOKEHHS
TepMoArHAMITYecKoro paBHOBecus (cM. Yacts I), ¢ To# pasHureii, 4rto B cra-
THUCTUYECKON MEXaHHKE HyJIeBOE NMPUONIKEHHE AJ IUIOTHOCTEH pacmpenerne-
HHUH 9acTUI] 0 KOOPAWHATAM M CKOPOCTSIM IPOCTPAHCTBEHHO OJHOPOAHO, a B
HallleM ClTy4ae HyJIeBOe MPHOIIKEHNE HE 3aBUCHUT OT BPEMEHH.

CHabnuM Torzia cpejHio ckopocTh U(X,7) B MpaBoil YaCTH ypaBHEHHS

JlnyBuiuis mapaMeTpoM & IS yOOOCTBA BEIIEIECHHS MOPSAKA IPHOIIKESHHS:

u(x,t) = auy (x,0) + €21y (x,6) + ... . (5.3)
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Ilo noctpoenmto, GyHKIMHU U], U7 ,... IPEACTABIAIOT COOOH yTOUHEHHS
K HyJIEBOMY NPHOJIMKEHHIO, IIPUYEM CPEIHAS CKOPOCTb MEPBOTrO MPUOIHAKE-
HUSl OIpelensieTcs N0 UCXoaHOUM aByMepHoi BIIDP, T.e. nmo smnupuyeckomy
pacrpeneseHHIo HyJIeBOTO IPUOIMKeHUS:

aup (x,0) = euy (x) = [ (x, %)ds (5.4)

JAAE))

ITockonbky xe

u(x,t) = f(lx) [ (x, %)t =

) [ (x, %)di ) [x(F© by +eF O (x, %,0)+...) dit
[Fide FOX) +efOx,t) + .00

TO IOINIPaBKa BTOPOIO MOPSAAKA [0 & K CPeAHEN JIOKAIBHOU CKO-
POCTH CBsi3aHa C OIpaBKaMH IepBoro nopsaka k BIIOP:

2,
) € (D)o . &7V (x,1)
& Mz(x,t)—m.[XF (x,x,t)dx—Wul(x).

b

(5.5)

[oncrasum paznoxernns (5.1) u (5.3) B ypaBuenne Jlnysmms (1.2). Ilpu-
paBHHUBAs WICHBI OJIMHAKOBOTO MOPSIIKA MO & , MOJTy4aeM CIIeTYIONIyI0 CHCTe-
My MOCJIEIOBATENbHO pa3peliaeMbIX YpaBHeHU 11 oqHoMepHoi BITDP:

af(o) B )
o~

L) 5o
2)

P2 (o)

[lepBoe ypaBHeHHE cHcTeMBI (5.6) ompeaenseT KBa3UCTAIIMOHAPHOE pac-
npeneseHue, o] KOTOPEIM B IAHHOM CIIydae CIIeIyeT IIOHUMATh BEIOOPOYHYIO

MIoTHOCTE [ (x,t 0), HIOCTPOCHHYIO 10 BEIOOPKE ONTHUMAJIBHOIO 00beMa JaH-

HbIX, U3BCCTHBIX K MOMCHTY BPECMCHU tO .

341



B cuny paBencts (5.4) u (5.5) mpaBas 4acTb BTOpOTo ypaBHEHHUS B (5.6)
TaKKe SIBIISIETCS N3BECTHOW (DYHKIMEH KOOPAMHATHI X , TOCTPOESHHOM MO KBa-
3UCTAIlIOHAPHOMY COBMECTHOMY DPACHpENEeNICHHI0 KOOPAMHAT M CKOpOCTEH B

MOMEHT BpeMeHH f(). Torma 510 ypaBHEHHE MOXKET OBITH IIPOMHTETPHPOBAHO

110 BpeMeHI/I, YyTO JacT
SO (x0 = —ta% (1O )+ ey,

rrae cj(x) ectb HEKOTOpasi MPOU3BOJIbHAS (PYHKIUS KOOPIUHATBI.
ITockonbKy B Ha4aJIbHBIM MOMEHT BPEMEHHM IIPH ¢ = f() pacrpene-
JICHHE 110 TOCTPOEHUIO OBLIO CTAIIMOHAPHBIM U OMPENEIIOCh

IUIOTHOCTBIO f (0) (x), TO HaUYaTBHOE YCIOBUE IOJKHO OBITH Ta-
Kum: f M (x,to ) = (0. DTO IPUBOJAUT K CIIETYIONIEMY BBIPAXKEHHUIO
wm f D (0
0
O =~(- fO)a_x(f(O)ul IR

Hanee, uToOBl HaWTH W3 TPETHETO ypPaBHEHHS CHUCTEMBI (5.6) MOIpaBKy

BTOpOro mopsiaka f 2) (x,t), cnenyer onpepenuts Uy (X,t), mus gero, co-

riacHo (5.5), TpedyeTcst HOCTPOUTD MEPBYIO MOMPABKY K IByMEPHOH KBa3HCTa-

uronapuoil BII®P. Dra nomnpaska F' M (x,Xx,t) crpoutcs Takum ke 0Opa-

1 o . M
30M, KaK M mompaska f ( )(x, t), ¢ Toif NMUIIL pa3HUIEH, YTO IS TOM Lenn

ucnonb3yercs ypaBHeHue JlumyBwmns mia asymepHoil BIIDP, xoropoe mpu
MOJCTAHOBKE B HErO pasloXeHUH IByMepHOU u TpexmepHoil BIIDP B Buze
(5.1) nmeer Bux:

(0) (1)
oF " _y, E =—3(F(°)x)—i(F(°)wl), (5.8)
ot ot ox ox

A€ BEIn4YnHa

wy (x, %) = | iSO (x5, 5)di (5.9)

FO(x 1)
ABIISIETCS U3BECTHOM (pyHKIMEN. B pe3ynpTaTe nonydaem
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FO (5,0 =~(t - 1) (88 (FO)s 2 (O, )J .

_x ox
(5.10)

Jlerko MpoBepUTH, 4TO TIpH MHTErpupoBaHuy (5.10) mo X mosydaeTcs mo-
npaBka K ogHomepHoi BII®P (5.7). Ompemennm Taxke COOTBETCTBYIOUIMN
MHTErpaj oT npudmmxenus (5.9) nepBoro nopsaka st yCKOpeHHUs:

w0 f Q)= #FO (x, %, ¥)diids (5.11)

U3 (5.10) - (5.11) u ypasuenus Jluysumns s F'(X,X,t) nomydaem BbI-

pakeHue It BTOPOTro NPUOIIKEHUS K CpeHEH JIOKaIbHON CKOPOCTH:

ua(5.0) =~ t)-| i) —jf(%%(eu)f“” )|

/()
(5.12)
[Moncrasnsasn HaiineHHyto mompaBky (5.12) B TpeTbe ypaBHEHHE CHCTEMBI
(5.6) u uHTETPHPYS €T0 IO BPEMEHH, MOJTy9aeM NTOTOBOE BBIPAKEHHE JUISL BTO-
poro npubImkeHus kK ogaoMepHoi BITDP:

[P0 =

(t_l‘o)2 o ( ~o ) o 0 (5.13)
= VT0) 9 oy @ gy, 9 g0,
2 Ox S 8xf “ 6xf ¢

Takum oOpaszom, ecim mepBasi TIOIpPaBKa MPENCTABIAECT COO0H IUBEpreH-
MO TTOTOKA IIOTHOCTH BEPOSATHOCTH, TO BTOpas MompaBKa mMeeT nuddysn-
OHHBIN BHUI. BbIBeneHHBIE (HOPMYIIBI CHpaBEeUIMBBEI B MPHUOIIKEHUN cilabon
HectanuoHapHoctd  BIIOP  BHyTpu ropus3oHTa MporHosa, T.e. IpHU

O<r- top < 7 . Kak n B ypaBHeHusxX nenoukn Boromo6oa, BII®P Bbicmmx

NPUOIVKEHUH MIPEACTABISAIOTCS B BHAE PA3NIOKEHUS 1O TPajdeHTaM CPEIHUX
BEJINYNH, WIPAIONINX 3IECh POJb COOTBETCTBYIOIINX «THIPOIMHAMHYECKHUX)
apamMeTpoB.

Tem e METOIOM MOXHO TOJYYHTh H CIEAYIONINE MpuommKkeHus. s mo-

0
ctpoenust k -ro npubmmwkenus Kk f (0) HEOOXO0MMO HCIIONB30BaTh YpaBHEHHUE

0
HI/IyBI/IJ'IJ'Iﬂ JIIsL Fk( ), a TaK¥KC BBIPAKCHHUEC JId 3BOJIIOLIMU YCKOPCHUS, OIIpC-

. 0
JACIIAEMOTro (I)yHKIII/Iel/I Fk(+)1 B pe3yabTaTe Ha k-oM 11are BEIMYUHEI
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f (k) (x,1) 6ymyT npeacTaBiATLCA B BHE YACTHYHOM CyMMBI TIopsijka k cTe-

MIEHHOTO Ps/ia TI0 BPEMEHHU, KOA(PQPUIIMEHTH KOTOPOTO OMPEACISIOTCS MO H3-
BecTHO! BIT®P B HauanbHEI MOMEHT BpeMeHHU TocpeacTBoM auddepenupo-
BaHUS 110 KOOPJMHATE BILIOTH JI0 k-TO TTOPSIKA.
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I'naBa X. MapKkupoBaHHbIE TOYECYHBIE C/IyYalHbIE
npouecchbl

10.1. HecTtanmoHapHbIii MyacCOHOBCKMI MOTOK COOBLITHIA

B 3710i1 raBe u3y4aroTcs IByMEpHBIC PSIBI COOBITHM, KOTIAa KaXKI0€ CO-
OBITHE XapaKTepU3yeTCs ABYMs Mapamerpamu (KOOpIUHATaMH) — 3HAYCHUCM
CITy4aiiHOW BEJIMYMHBI U MOMEHTOM BPEMEHH (TakXkKe CIydYaiHBIM), KOTJa 3TO
coObITHE TPOM30IILII0. Takue MPOLECCHl HA3bIBAKOTCS MapKHPOBAHHBIMHU, Map-
KHPOBKOH B JTAHHOM CJyd4ae SBJSICTCS MOMCHT BpeMeHH. [I0oTokoM COOBITHIA
HA3bIBAETCS MTOCIICIOBATEIBLHOCTD 3TUX COOBITHI BO BpeMeHHU. IHTEHCHBHOCTH
MOTOKA — 3TO CPEIHEe YHCJIO COOBITHI B €AMHUIYY BPEeMEHH (HAIpUMeEp, IS
OHMPIKEBOTO Psa ITO TUK/MHUH).

Beenem Benmuuuny pj (t JA+7T ) KaK BEPOSITHOCTb TOI'O, YTO 3a IIPOMEXKY-
tok Bpemenn A;(7) =[t;t+ 7] npousoiiner posHO k coGbrrnit. Toraa ns-

TEHCHBHOCTH MOTOKA ,u(t ,+ 2') Ha npomexxytke A, (7) onpenensercs dop-

MyJIOH

1 o0
,u(t,t+r)=—2kpk(t,t+r). (1.1)
T
k=1
Ecnu coObiTisi HE3aBUCHMBI, TO 1O TeopeMe XHHYMHA [28] BeposSTHOCTH

Pr (t,t + T) JUISl OPIMHAPHOTO MOTOKA, KOT/Ia B JJFOOOH MOMEHT BPEMEHH MO-

JKET TIPOU30HTH TOJIBKO OJHO COOBITHE, TAeTCsl HeCTallMOHAPHBIM pacIpesierne-
HueM Ilyaccona

Dk (t,t + T) = Wexp(— A(t, Z')), A(t, r) = m(t,t + Z').
(1.2) .

Bennuuna A(t ,T) Ha3bIBACTCS MapaMeTpoM IOTOoKa. B crannonapHOM
cinydae [l = CONSt u A(t , 2') = T — 9TO cpellHee YHUCIIO COOBITHH 3a BpeMs
7 . CnenoBarenbHO, MapaMeTp IOTOKAa PaBEeH CPeJHEMY YHMCIy COOBITHH Ha
npomexkytke A, (7). Torma B HECTAIMOHAPHOM Cllydae BEIHUUHY A(Z,‘l')

MOXKHO OIICHHTH HEIOCPEACTBEHHO II0 HaOMIONeHWsM. [l ompeneneHHOCTH
OyzneMm cuuTaTh EAMHUIYY U3MepeHHus MUHYTOH. [loguepkHeM, 4To MBI paccMaT-
pHUBaeM MOTOK COOBITUH, NPUHIMITNAIBHO HE SIBIIAIOLINICS HENPEPBIBHBIM BO
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BPEMEHH, MTO3TOMY Ha MPAaKTHKE 00A3aTENBHO NMPHUXOAWTCS BBOAWTH HEKOTO-
PYIO €OWHUIYy arperHpOBaHMS AHHBIX, OTIHYHYIO OT €IWHHIBI M3MEPEHHS
BpeMeHH. [IycTh, B 9acTHOCTH, €IMHHWIA U3MEPEHUS] — CEKyHJa, a €AWHHIA
arperupoBaHusl — MUHYyTa. [Ipu 3TOM MBI 9acTo OyzneM mucaTh IPONU3BOTHYIO
(DYHKIMA pacrpeneeHus o BpeMeHH, CUUTas 3Ty (YHKIHUIO, TAKUM 00pazoMm,
muddepeHIIpyeMoi, U, CIEI0BaTEeIbHO, HETPEPHIBHON. JTa naeamm3anus Oy-
JIET OTHOCHUTHCS TOJIBKO K MPEACTABICHNIO O TOM, YTO €IUHUIIA arpETHPOBAHHS
110 BPEMEHH BHIOpaHa IOCTATOYHO MaJIOH 110 CPaBHEHHIO C MacIITaboOM BpeMme-
HH HaONIONEHNUS 3a MPOLIECCOM, M HEe OyAeT MCIIONIB30BaThCs P JOKA3aTeIb-
CTBAX TeX WJIM MHBIX YTBEPKACHHUH O CBOMCTBAaX (PyHKINH PACHIPEIEIICHHUS.
Hameit 3agaueit siBisieTcsl IOCTPOEHUE MPOTHO3a SMITMPUUECKOIO pacipe-
JIeTIeHNs] Ha TOPU30HT 7 W HAaXOXJICHHWE OLEHKH TOYHOCTH TaKOTO IPOTHO3a.
ITpu sTom BII®P omHOMEpHOTO psizia MOce10BaTEIHOCTH COOCTBEHHO 3HAYE-
HUHA CITydaifHOW BENMYMHBI NPHHIMITHATIBHO CTPOHUTCS IO KOJIWYECTBEHHOMY
MIPOMEXXYTKY JAaHHBIX, a HE 10 BpeMeHHoMY. OJTHaKo CiiefyeT 3aMeTuTh, YTO B
000 MOMEHT BpeMeHH [ BCs TPENbICTOPHS psiia HaM W3BECTHA, ITO3TOMY
JUIA TF000TO TIPOMEXYTKa BPEMEHH B MPOIUIOM MOXKHO mocTpouTsh BIIDP mo
TOMy 00BEMY JIaHHBIX, KOTOPBIM COAEpKaJCs B 3TOM IPOMEXKYTKE BPEMEHHU.
CrnenoBaTenbHO, OMOPHBIM MIIM CTApTOBBIM paclpeiielIeHHEM, M3BECTHBIM B
Ha4aJIbHbII MOMEHT BpPEMEHHU f, BCErJa MOXHO CYMTaTh TUKOByr0 BIIDP

Fy (x,n), rne n ects HoMep Gimkaifiero ciesa cOObITHS K MOMEHTY . [t
y100CTBa, €CIIM 3TO HE NPHUBEAET K MCKAKEHHUIO CMbICIA YTBEPXKICHUA, OyneM

MHOTJ]a BMECTO HATYpaJbHOIO apryMeHTa n IHCcaTbh BpeMs f, HOoApa3yMeBas
YKa3aHHYIO yNOpPSIIOUYCHHOCTh HOMEpa COOBITUS M MOMEHTa BpeMeHH. TukoBas

BII®P Gyzner B 9T0ii I1aBe 0603Ha4aThes Kak [ (x,n), a BII®P, noctpoen-

Has [0 TOMY KOJIMYECTBY COOBITHH, KOTOPOE MPOU30ILIO 32 IPOMEKYTOK Bpe-
menu [f —T'; t], ecnu 5T0 KOMMYECTBO COOBITHI OTIMYHO OT HyJIsl, 0003HAUMM

Jf7(x,t). Cobbrrnem, HanpuMmep, SBIAETCS OTAENBHAS TOProBas CAEIKA Ha
(hOHIOBOM pBIHKE.

Hcnosib3yst TOPM3OHTHBIN aHaIu3, IS JIF0O0r0 HaTypaabHOTO K MOKHO,
o KpaiiHeil Mepe, (hopMalbHO, ONPENCIUTh TaKOW ONTHMAIbHBI 00BEM BbI-
oopku N(k), uto nna Beex i=1,2,....k Oyner BbINONHEHO YyCIOBHE

< &. «llmsmkoit» cBepxy, Kak W paHee,

HFN(k) (x, 7’1) — FN(k) (X, n+ l)
o0o3HaueHa mporHo3Has BIIDP, BMecTOo KOTOPOH C TOYHOCTHIO & MOXKHO

B3aTh caMy Fy(g)(X,n), sBrsomyiocs Ha 5TOM KOMMMecTse WAros & -

craronapHoit. Terneph ciefyeT ydecTh, 4TO YHMCJIO THKOB K B MPOMEKYyTKe
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BPEMEHU 7 SBIIAETCS CIlydailHON BEIMYHMHOM, BEPOSITHOCTh KOTOPOH ompeje-
nsiercst popmyioit (1.2). Tornma mporHO3HOH IIIOTHOCTBIO (DYHKIIMH paclipesie-
nenust f(X,t+7T), peanusyromeiics yepes BpeMs 7 , ECTECTBEHHO CUUTATH

MPOTHO3HYI0 TUKOBYIO0 DIIDP, yepenHeHHYIO 10 BO3MOKHOMY YHCITY COOBITHI
32 3TOT MPOMEKYTOK BPEMEHH:

e e}
frat+1)=Y pr(t.t+7)Fyg (x,n() . (1.3)
k=0
Jlnst mpoctothl B (1.3) MoxkHO cuutats, uto N (k) =[2k/ €], xors B 06-
mem ciydae N(K) ecTh onTumanbHOe 3HadeHMe, TOTyYaeMOe M3 aHaIM3a

TOPU30HTHOM CTaTUCTUKH.

OueBuaHo, pacnpeneneHue (1.3) HOPMUPOBAHO HA E€IUHUILY, MOCKOJBKY
NIPY MHTErPUPOBaHHUU MpaBoi yact (1.3) mo x M mocne nepecTaHoBKU orepa-
IUA CYMMHPOBAHUSI M HMHTETPUPOBAHUSI OCTAeTCS CyMMa BEpOSITHOCTEH

Pk (t ,t+ T), paBHas equHHULE. [lepecTaBIATh XkKe CyMMy M UHTETPal MOXKHO B
CHJIy PaBHOMEPHOI CXOJIMMOCTH MHTErpajia Mo napamerpy K , IOCKOJIBKY 3TOT

napameTp BBIIETAET 00beM BBHIOOPKH Juist ocTpoenust BIIOP F N(k) (x,n)

HE3aBHCUMO OT X.
Crnemyromee yTBEpXKIEHHE IOKAa3bIBaeT, YTO Tak mocTtpoeHHas BIIDP

A

f(x,t+7) sBnsercs & -cTanMoHApHO NpH JTHOOOM (HAKTHIECKH COCTOSIB-

HIeMCs YKCiIe COOBITUM 3a TOT MMPOMCIKYTOK BPEMCHMU.

¥ Teopema 1.1. Tlyets Fiy(y) (x,n) — BII®P, noctpoeHHas 1Mo BLIGOPKE

oovema N(k)=[2k/&] B moment Bpemenn ¢. Torna, kakoBo Obl HH GBUIO

pacrnpe/eleHue BEpOATHOCTER P (t,t +7 ) NP YCIIOBHU PaBHOMEPHOW orpa-
HUYCHHOCTH MapaMerpa IOTOKa 10 O0SHM MepeMEHHBIM, CYILECTBYET TaKoe

s = 5(&), uro BIIOP f (x,t + 1), onpenensiemas o hopmyie

S
flot+7) = pplt.t+7)Fyg(x.n(), (1.4)
k=0
oTiinyaercs oT gpakruuecku cocrosiuierics BIIDOP, moctpoennoit
1o BeIOOpKE N(m),Tae m ecTh Yucio GaKTUIECKUX COOBITHIA Ha

npoMmexyTke A,(7), He Oonee ueM Ha 2¢.
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Hoka3zarenbcTBO. PaccMOTpuM ClieAyIONIy 10 HENOYKY OLIEHOK:

FN(m)(x7n)_zpk (t,l‘+ T)FN(k)(x:n(t)) =
k=0

i 1,1 +7)(Fy (6,1) = Fygpy (xan(0) )| <

k=0

Ms

(604 2) | Fuguy () = gy (e0)) =
k=0

:ipk tt+7) HFN(m)(x n) = Fy (%, ”(f))H+
k=0

+ i )2 (t,t+T)HFN(m)(x,n)—FN(k)(x,n(t))H.

k=m+1
Otimune HOPMBI BO BTOpOfI CYMME€ B ITIOCJICIHEM BBIPAXKCHHUN 3TOH I1eIoY-
KM paBEHCTB HE IPEBOCXOJUT & B CHIIy ONPEACIICHHUS & -CTalMOHApHOCTH, a
HOpMa B HepBOﬁ CYyMME€ JIOITyCKAaeT OUYCBUIHYIO OLICHKY

2(m—k k
EN(m) (61) = Fi iy (xon(f))H < % < (1 —;)g

B pesynbrare nonyuyaem

FN(m)(x, n)— Zpk (t,t + T)FN(k)(x, n())| <
k=0

S&‘ipk (t,t+r)(1—£)+g i p(tt+7)<

k=0 m k=m+1

<gZpk i+t +gz po(tt+7 zgipk(t,t+r):
k=0

k=m+1
OTuUM [T0Ka3aHa & -CTalmoHapHOCTh nporHo3Hoit BII®P (1.3). Samerum
TEMnepb, 9YTO Ha MPAKTUKE MPUXOAUTCS UMETh JIENI0 ¢ KOHEYHBIM 00hEMOM JIaH-
HBIX, I03TOMY HEOOXOIMMO UMETh MPEJICTAaBICHUE O JOITyCTUMON HETOYHOCTH,
€CJI BMECTO OECKOHEYHOTO Psijia MCIIONIF30BaTh KOHEUHY0 cymmy (1.4). Torma
PaccMOTPUM BEITHYUHY OCTaTKa

ipk (tat + T)FN(k) (x,n(2))| .

k=s+1
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Hockonsky BIIOP Fy (x,n) HopMupOBaHa Ha eIMHUILY, TO PH PABHO-

MEpPHOH OrpaHMYEHHOCTH MapaMeTpa TOToKa 10 BpeMeHH BeiuuuHol A mo-
Jy9aeM Il OCTaTOYHOTO WISHA pAaa oueHKy

< Snlareet 3 A
k=s+1 k=s+1
IMocnmemusiss cymMMa TIpencTaBiseT co0oil BhIpaXkeHWe Ui OCTATOYHOTO

WICHA Pa3NIOXKEHUs SKCIIOHEHTHI B psif Taiiiopa B OKPECTHOCTH HYJISI, TIO3TOMY
BEJINYMHA OCTATKa MOXKET OBITh OLICHEHA 10 OCTaTOYHOMY 4ieHy B Gopme Ko-

ﬂs+1
1 B BUAC ——— € , 4TO JJa€T B UTOI'e OIICHKY
(s+1)!
1
AS-F
r< . (15)
(s+1)!

Ha npakTuke nmpyu KOHEYHOM FOPHU30HTE TIPOTHO3MPOBAHMS CPEIHEE YUCIIO
coObITHii A Ha 3TOM MpPOMEXYTKE BPEMEHH KOHEYHO, TI03TOMY MPENOJIOKe-
HHE O PaBHOMEPHOW OTpaHMYEHHOCTH IapameTpa MOTOKa ompasnaHHo. [lo-
CKONbKY Tipesien Bhlpaxkenus (1.5) mpu ¢uxcupoanHoM A u mpu § —> 00

paBeH HyII0, BCEI/ja MOXKHO HaliTH Takoil KoHeuHbli Homep S(&), uto 7y < €

wist Beex § > S(€) . B pesynsrare no npasuiy «asyx &» (Fy(x,n) ormm-

4aeTcsi OT TOJIHON CyMMBbI He OoJiee YeM Ha & , a MOJHAsl OTIHUYACTCs OT Yac-
TUYHOH He OoJiee YeM Ha & ) TIoIyIaeM

S
Enmy (x,1m) = Zpk(t’t+T)FN(k)(xan(t)) <2e.
k=0

Teopema 1.1 nokazana. A
3amMeTHM 371ech, 4TO eciu BMecTo Mojenu (1.3) ncnonap30BaTh B KadecTBe
nporrosHoit BIIDP Fy (i) (x,n+ k) pesynbrar pemenus Mo KMHETHYECKOH

MO/IEJIH, ONTUCAaHHOM B maparpade 1.5, To omudka nmporuosa BpeMeHHoi DI1DP
HE YXYAIIUTCS.

Takum oOpazom, eciim mapaMeTp MOTOKa COOBITHH A(t ,Z') U3BECTEH, TO
BCET/Ia MOYKHO MOCTPOUTH & -cTanuoHapHyto BII®OP He Tonbko mo mporiect-
BHHU JIIO0OTO YHCIIa TUKOB, HO M 4epe3 JIF00oi MpoMexXyToK BpeMeHH. B pe-
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3yJabTare 3agada nporuozuposanus BIIOP ceenack Kk HaXOKIEHUIO HECTALIMO-
HapHOTO TapamMeTpa MOTOKa M MOJCTAaHOBKE €r0 B AMITMPHYECKOE YpaBHEHHE
JlmyBuis, KOTOpoe cieayeT mpeodpa3oBaTh B TEPMHUHAX BPEMEHHOTO IIpOMe-
KYTKA.

10.2. YpaBHenue JInyBu/jisi B TepPMHHAX BpEMEHH U HOMepa
co0bITUSA

[IpennonoxuM, 4To mapameTp MOTOKa A(t ,T) u3 (1.2) usBecren. Toraga

MO3KHO TIEPEHTH K MOCTPOEHHIO MporHo3a BIIMP F N(k) (x,n+k).

ITo nokazanHo# BhIle TeopeMme 1.1, B KadecTBe MPOTHO3HOM MIOTHOCTH HA
k 1maroB BHepenq ¢ & -TOYHOCTBIO MOXHO B35Th HcxonHyoo BIIOP

F N(k) (x,n) . Hocne sToro, ecnu TpeOyeTcs MOCTPOMTH TIPOTHO3 HE B THKO-

BEIX TEPMHHAX, & BO BPEMEHH, MOXHO BOCHOJIB30BaThCs hopmymoit (1.3). s
MOBBIIIEHUs] TOYHOCTH IPOTHO3a CIIEAYET MOCTpouTh 3Bomonuio BIIDP na
3aJ]aHHOM TOPH30HTE.

B TukoBBIX TepMuHax ypaBHeHue sBomonun BIIOP umeer Bunx (9.1.2), rae
yKa3aHue Ha 00BbeM BBIOOPKH ISl KPATKOCTH OMYIIEHO:

M_Fiu(x,n)F(x,n) =0,
on Ox (2-1)

u(x,n) = j XF® (x,%,n) dx,
T SMIUpHUYEcKast CKOPOCTh u(X,7) B THKOBBIX TEPMHHAX BbIpa-

aercs uepes coBMecTHyI0 BIIOP F® (x, %, n) 3HaueHnii pana n

€ro MpupalleHuil B TEpMUHAX HOMEPA COOBITHSL.

UroObl OCTPOUTH aHanoruuHoe ypaBHenue it BIIOP B TepmuHax Bpe-
MEHH, HaJl0 BCIIOMHHUTh, YTO Ha CaMOM JieJie Halll CIIy4JaiHbIi mpoliecc He He-
NPEPHIBHBIN, MMO3TOMY ypaBHEHHE Oy/AeT 3alvcaHo He sl MPOM3BOJIEHOTO
MpUpAIEHUs N0 BPEeMEHH, a JUIsl €AUHUIBI arperupoBaHus, T.€. B HallleM CIIy-
Yae ISl I1ara 1o BpeMeHu B 1| MUHyTY. B 3TOM cMbIcie oHO OyneT moxoxe Ha
ypaBHeHue (2.1), KoTopoe Ha caMOM JieJie 3allMCaHo JyIA 1mara B 1 THK.

ITockonbKy NMpOM3BOJHAS MO BPEMEHM BBIPa)KaeTCsl yepe3 IMPOU3BOJHYIO
10 TUKaM COIJIacHO (opmyiie

OF (x,n) _ OF (x,n) dn
ot on dt

, @22
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¥ 3Ty TIOCJICTHIOI0 HAJI0 IIOHUMATh B arpeTUPOBAHHOM CMEBICIIC,
T.€. dn/dt =n(t+1)—n(t), To

dn =A(,1). (2.3)

dt

CpasnuBas (2.2) c (2.1) 3ameuaeM, 4To ypaBHeHHEe JIMyBHIUIA MOXKHO Tie-
pemucarth B BHAE JBONIOLHMU MO arperupoOBaHHOMY MOMEHTY BPEMEHH (COOT-
BercTBYyMOMLYI0 BIIDP 06031Hauaem, kak u B m.10.1, uepes f(x,7)):

Ayl o
e A(t,1) ™ u(x,t) f(x,t) ™ v(x,t) f(x,1),

v(x,t) = A(t,Du(x,t).
(2.4)
Mporrosnas monens mis BIIOP f(x,f) cuemyer u3 (2.4) 3ameHoit

u(x,t) u A(t,1) na ux npornosnbie 3HaYeHUs:

f(x,t+1) = f(x,t)—%f\(t, Da(x,t) f(x,1). (2.5)

CormacHo Teopeme 1.1, 06beM BEIOOPKH, IO KOTOPOMY BBIUHCISAETCS CKO-
pocts 1(x,t), oTBevaer & -cranmonaproit BIIOP F N(s) (x,n), npornosu-
pyemoit Ha S IaroB BIepeln, rie S €CTh BEPXHHUH Mpeaen CyMMHPOBaHHS B
(1.4).

Takum 00pa3om, NOCTPOEHO IBOITIOLMOHHOE ypaBHeHHe it BIIDP Heak-

BUIUCTAaHTHOTO HECTALIMOHAPHOTO BPEMEHHOTO pPsAla B TEPMUHAX BPEMEHH.
Jliist mporHo3a caMoro psifa MO>KHO, HallpUMeD, TTOJIOKHUTh

R(t(n+ k) = [ FygoyGeon+ k)dx . (2.6)

[Ipobnema 3ampIkanus ypaBHEHHS (2.5) COCTOMT B HE3aBHCHMOM OILICHU-

BaHUM HMIIMPHUECKON CKOPOCTH u(x,1) U TMapaMeTpa MOTOKa A1) 1o
mpouuisiM AaHHBIM. Hanpumep, oniernnBas DJIC no mpeasiayiieMy TUKY, HOIy-
JaeM BbIpa)kK€HHE B KOHEUHBIX Pa3HOCTAX, KOTJa MPOMEXYTOK M3MEHEHHUs Be-
nmvurHbl X pa3sOUT Ha KOHEYHOE YMCIIO PAaBHBIX MPOMEKYTKOB. O003HaUas UX

HOMCEpa l , IMECM
i
u(i+Ln-1)F@+1L,n=1)= Y (F(k,n)—F(k,n-1)).
k=1
(2.7)
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ITockonbky BII®P Ha ganHoM mare 7 W3BECTHA, KaK U Ha MPEAbIAYLIEM,
TO ypaBHeHue (2.7) pekyppeHTHO paspeummo otHocutensHo U(i,n —1) . Mpo-

THO30M CKOPOCTH TOTJIa MOXHO CUHTaTh, HAIIpUMEp, «HAUBHOE) TIPEIICTaBIIE-
HUE
u(i,n)=u(i,n—-1). (2.8)

Bermre B raBe IX ObUTH pacCMOTPEHBI M IPYTHE MOJCTH HAXOXKIACHUS M-
nupuYeckor ckopoctu. Hameit nenpio B JaHHOM cliydae sIBJsieTcs He paspa-
0O0TKa NMPOTHO3HOW MOJENH Ul CKOPOCTH, @ YTOYHEHHE COOCTBEHHO ypaBHe-
Hus JInyBWDIs U popManuzanus BHIA SMIIMPHUECKOW CKOPOCTH B TEPMHUHAX
BpEMEHH.

Bonee cnoxxHoll sBnseTcs 3amadya MPOrHO3UPOBAHMA MapaMeTpa IOTOKa,
4YeMy HOCBSIIIEH Cleyouui maparpad.

10.3. IIporuo3Hbie MogeJM HHTEHCUBHOCTH MOTOKA COOBITHIA

B ycnoBusix ecTecTBEHHOM CYyTOYHON MEPUOAUYHOCTH, XapaAKTEPHOH it
MHOTHUX PSOB, CBSI3aHHBIX C TOPTOBBIMH OIIEpalMsMHE, OIIEHKA MapaMmeTpa Io-
TOKa IOJydYaeTcs YyCpPEAHEHHWEM CyTOUYHBIX mnpodumieii aktmBHOCTH. BBemem
cienyromnie 0003HaYCHHS.

Iycts 1,,(j) ectb uncno coGbithii B m-10 MUHYTY j-bIX CyTok. Toraa

YHCIIO0 COOBITHH 32 3TH CYTKH €CTh
1440

NG = 2 nm () B
m=1
a CyTOYHBII HOPMHUPOBAHHBIN MPOGUITH HHTEHCUBHOCTHU OTIpE/ie-
nsieTcs 1o popmyIie

Mm ()
S (32
N () 2

[Moce aToro cpeanee yucao coObITHIT (T.€. COOCTBEHHO HapaMeTp MOTOKA)

ym(]) =

Ha npomeskyTke A, (7) MOxeT GbITh BBEACHO CIIEAYIOMMM 00Pa3oM.

Ilepsvuii 6apuanm — TOCTPOCHUE CPEIHEB3BELIEHHOIO NMPOQUIL CyTOU-
HOM aKTHBHOCTH 3a mepruox 7 cyTok. J[JIst 5TOro BBOJMM CpPEIHEB3BEIICHHYIO
MHTEHCHBHOCTb W(11) B m-10 MUHYTY M CPE/IHEE YHMCIIO THKOB 3a CyTKH W:

| 7 1440 A
W(m)=;znm(j), W= ZW(m)=;ZN(j)-(3-3)
j=1 m=1 j=1
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3aremM ompenensieM CpEeIHEB3BEIICHHBI HOPMUPOBAHHBIN NMPOQHIL aK-
TUBHOCTH:

(W), ~_ w(m)
h% (m)——W . (3.4)

[ycte, Takum 00pa3oM, cpeiHee YUCIO COOBITHI 3a CYTKH ONPENeNICHO
paHo W . Torna cpeiHee YMCIIO TUKOB 33 MPOMEKYTOK 7 MHHYT C MOMEHTA
BpeMeHH ¢ (MHMH) €CTh

AW (t,7)= iw(t+m) :Wiy(w)(t+m). (3.5)

m=1 m=1

IMockonpky npoduias y(w) (m) B (3.5) HOpMHUpOBaH Ha 1, TO €ro MOKHO

paccMaTpuBaTh KaK INIOTHOCTh paclpe/ieleHUs] HHTEHCUBHOCTH 110 MUHYTaM B
cytkax. CooTBeTcTBYIOIAs (QyHKIMS pacnpe/ieneHus ecTh

m
yM =3 y"w, 36
k=1
TaK 4To
A (1, z)=w- (Y(W) t+7)-y™ (z)). 3.7)
Tem caMBIM oTIpesieieH mapaMeTp moToka coobrTuii B (1.2).

Bmopoii sapuanm — mocTpoeHue cpenHero MpoQuis aKTHBHOCTH 3a IIe-
puon 7 CyTOK W TOCTPOCHHE MOJENH ISl OLEHKH OXHIAEMOTO KOIMIECTBA

*
tukoB W 3a cyTku. BBe/ieM BEJMUMHY CPEHETO YMCIIA COOBITHI B M-10 MU-
HYTY CyTOK:

T m
* 1 i * *
y (M)=?Zym(1) nY (my=>Yy (k), (3.8)
j :1 k :1
MOCJIE YEro MoJy4yaeM OIEHKY mapameTpa MOTOKa B BUJIE
A, r)=w"" (Y*(t +7)— Y*(t)). (3.9)
[IpencraBnenne cyToyHoro napamerpa noroka B Buze (3.9) ormyaercs ot

(3.7) Tem, 4TO B HEM CpeIHEE YUCIIO COOBITHI B CyTKaxX HE CBS3aHO C MHTCH-
CHBHOCTBbIO W(M) B m-10 MUHYTY, a SIBJISETCS HE3aBMCHMOIi OIEHKOM Ymcia

THUKOB 3a CyTKU. TakuM oOpa3oM, moxxox (3.7) omHOmapaMeTpuIecKuid, B HeM
OLIEHMUBAETCS. TOIBKO OJHA BEIWYHMHA — HWHTEHCHUBHOCTH IIOTOKA THK/MHMH.
IMoxxoxn (3.9) aByxmapameTpudeckuii, B HEM HE3aBHCHMO OIICHHBAIOTCS HOP-
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MHPOBaHHEIA MPO(HIH CYTOYHON aKTHBHOCTH W YHCJIO THKOB 3a CYTKH. BTo-
pO¥f BapHaHT MPECTABIAETCSA MPAKTHUECKH O0JIee MOJIE3HBIM C TOW TOYKH 3pe-
HUS, 4TO OH IO3BOJIIET BBIIEIUTH ABE COCTABILIIONINX HECTAMOHAPHOCTHU IIPH
OIIGHKE CpEeIHEro 4uciia COOBITHH 3a HEKOTOpOe KOMMYecTBO cyTok 7. Bo-
MEePBBIX, CaM MPO(HIb CYyTOYHOW aKTHBHOCTH MOXKET MEHATHCS OT OJHUX Cy-
TOK K apyruMm. Kpome Toro, uncio coOBITHH 3a CYyTKH HE SIBISETCS MOCTOSH-
HBIM, 1 CIIEIyeT ONPENeNIUTh JIN00 MOJAENb U3MEHEHNS 3TOW BEIMYUHBI, JTHO0
OTIPENENUTH TAKOE KOJIMYECTBO CYTOK | , YCPEIHEHHE MO KOTOPBIM YHMCIIa CO-
ObITHI JaeT MUHUMAJIbHYIO OIIMOKY MPU UCIIOIB30BaHUU €TI0 B KaueCTBE IPO-
THO3a B CIEAYIOIINE CYTKH.

Tpemuii 6apuanm — HaX0XIECHUE HE CPEIHETO NMPOPUIS B TEUCHUE CYTOK,
a CpellHEHl MHTEHCHBHOCTH Ha Ka)KIOM XapaKTEPHOM IPOMEKYTKE CyTOUYHOU
AaKTUBHOCTH, YTO MOXKET 1aTh HEKOTOPOE YTOUYHEHHE ITPOTHO3a 3TON aKTHBHO-
CTH.

Ontummsanys 00beMa yCpeIHEeHHs IS TIOMyYeHUS CPEIHEro IapaMerpa
MOTOKA B JJIOOOM M3 3TUX TPeX BapHUaHTOB MPOBOAMTCS IyT€M MHUHHMU3ALHUU
OTKJIOHEHUSI cpeHero npoduist oT GaKTHIECKOro MpOoQuIIs CISAYIOMIEro IHA
(1M, BO3MOXKHO, C HEKOTOPBIM J1aroM Brepen). PakTuueckuil mapamerp mnoro-
Ka B j-€ CYTKH €CTb

Aj(T)=NG) D vism () -(3.10)

m=1
BBenem 7 -criaxeHHbIH TpoQuIIb CyTOUHON aKTUBHOCTH
T
smooth 1 .
v ee) == 2 em (). GD
m=1
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HOpM upoBaHHasA UHTEHCUBHOCTb

Puc. 10.3.1 — Cpennnii nponite MUHYTHOI HHTEHCHBHOCTH

Torma

Aj(tr)= NG -7y (1r).  (3.12)

[pumep cpennero npoduis (3.2) CyTOYHOW aKTHBHOCTH, arperHpoOBaHHON
3a | MuHyTYy, mokasaH Ha puc. 10.3.1. B Tepmunax ypapaenus JluyBumis (2.5)
rpaduk Ha puc. 10.3.1 npencrasnser co6oii Bemunny A(Z,1) .

Iycts moctpoen cpeanuit mpoduns y(m; T, j) aktuBHOCTH B m-10 Mu-
HYTy TIpH YCpeAHEHUH 1o I cyTKaMm, OTCUMTaHHBIM Ha3aJ OT j-bIX cyTok. Ha-
npumep, Y(m;T, j) onpenensercs no dpopmysne (3.2) wiu o popmye (3.8).
Torpa u it 3Toro npo¢uiis BBEJAEM CrIIaXKEHHBIN 0 7 MHHYTaM npoduib

N .
ySMOOth(t’T’T’]):; zy(t+m,T,]), (313)
m=1

MMOCJIC YCro paCCMOTPHUM pPACCTOSIHUC

1440
PET )= 3 [ "M e m T, ) v ). (314)
t=1

ITycTh uMeIOTCs MaHHble 32 S CyTOK. Toraa BBIYMCISETCS CPENHEE OT-
KJIOHEHUE
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B = .
p(r,T)—ﬁ;Tp(r,T,J) (3.15)

Y HAXOJIUTCS ONTUMAJIBHBIN 00BEM 11 cOOpa CTaTUCTKH TI0 CY-
TOYHOU aKTUBHOCTHU
Tope(r) =argmin p(z;7) . (3.16)
T

UTo0bI 3aMKHYTH JIIO0OOW M3 3THX METOJO0B, HEOOXOAUMO MOCTPOHUTH MO-
JIeNTb U3MEHEHUs] CyTOYHON aKTUBHOCTH KaK TaKOBOM, T.e. OILEHUTH CpeIHEe
YHCIIO0 COOBITHI B cyTKax. JJIst 3TOro Hajlo MOCTPOUTH MOJEIb IBOOLUM pac-
Mpe/ieNeHNs SKBUANCTAHTHOTO BPEMEHHOI'O psifia, KAaKOBBIM SIBJISETCS YHCIIO
COOBITHII B CyTKax, Ha OOUH WIar (T.e. HA CYTKH FJIM Ha JIPYroil KOHKPETHBIH
TOPHU30HT) BIIEpes.

ITpumep umcna coObITHI 3a CyTKH JUI TpeX (PbIOYEPCHBIX KOHTPAKTOB Ha
HedTsr WTI, criemyromux oanH 3a APYTHM HENPEPHIBHO MO OCH BPEMEHH, ITOKa-
3aHo Ha puc. 10.3.2.

140000
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Puc. 10.3.2 — KonnuecTBo coOBITHI 32 CyTKH
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06beM BbIGOpKU

Puc. 10.3.3 — PaccrosiHue MeXay CpeIHEB3BEUICHHBIM U TEKYIIUM
npouISIMU aKTHBHOCTH

Eciu MopmenupoBaHUe OCYIIECTBIIAETCS C IOMOIIBIO CPEAHEB3BEIICHHOTO
npoduiIs CyTOYHOH aKTHBHOCTH, TO KOJMYECTBO CYTOK JJISl 3TOTO YCPEIHEHUS
HaXOJHTCSl M3 YCJOBUSI MUHHMAIILHOTO CPEIHEr0 PacCTOSHHS MEXAY IBYMS
npoQHIIMU aKTUBHOCTH — CPEAHUM M (PaKTHUECKHM CYTOYHBIM, CIIEIYIOLINM
3a TPOMEXYTKOM YycpeaHeHus. ['paduk 3aBHCHMOCTH 3TOTO PACCTOSIHUSI OT
MIPOMEKYTKA yCpelHEHUsI B CyTKax npuBeneH Ha puc. 10.3.3. 13 Hero BuaHO,
YTO ONTHUMAIBHOE KOJIMYECTBO CYTOK JUIS HaXOXIIEHHS CPETHErO CYTOYHOTO
napaMmeTpa IoToKa B TEpMHHAX arpernpoBaHHON MHTEHCUBHOCTH COOBITHIA MPH
aHaJM3€e JaHHBIX 33 TPU KOHTPAKTa, JUHAMHKA HHTEHCUBHOCTH KOTOPBIX MOKa-
3aHa BBIIIE, OKa3aJ0Ch PaBHBIM 13 cyTkaMm.

OnHako, YTO KacaeTcss MUHUMAJIBHOTO PAacXOKAECHHUS THKOBBIX MpOQuieH
AKTHBHOCTH (CpeHEeT0 U (h)aKTUUECKOT0 He HOPMHUPOBAHHBIX, a B HATYPaJIbHBIX
BEJIMYMHAX YHCEN COOBITHI), TO HAWJIYYIIMM BapHaHTOM OKa3bIBAETCS MPO-
(b, cpenHEeB3BELICHHBIN 0 00BEMY BCETO 2 CYTOK. DTO CpaBHEHHE IOKa3a-
HO Ha puc. 10.3.4. CooTBercTByIOIIME TPadUKH MOTYIEHBl YCPETHEHHEM OT-
JIENTbHBIX OTKJIOHEHHH 3a CYTKH IO MPOMEXYTKY BPEMEHH 3a TPHU paccMaTpH-
BaeMbIX KOHTPAKTa.
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06beM BbIGOpPKU

Puc. 10.3.4 — PaccrosiHue MeXAy CPEAHUMH U TEKYIIUM MPOQHISIMA
AKTHBHOCTH

Ho cymecrBenHo Oojiee TOYHBIH MPOrHO3 MHTEHCUBHOCTH COOBITHH TOITY-
YaeTcs NMpu pa3OMeHnH CYTOK Ha mepHuo bl aktuBHOCTH. M3 puc. 10.3.1 BuaHO,
YTO B T€UEHHE CYTOK SIBHO BBIIENAIOTCA TPU XapaKTEPHBIX MEPHOJA: NMEPUO.
«CHay, T.e. OUYeHb Maylol akTMBHOCTH aiurcs ¢ 0 mo mpumepHo 150 mepBbIx
MuHYT U ¢ 1000 o 1444 (koHel CyTOK); «OKUBIIeHHE» B repuos ot 150 mo 500
MUHYT ¥ aHanoru4gHoe «3aceinanue» ¢ 900 no 1000; nmepros akTHBHOCTH JUIUT-
cs oT 500 1o 900 MUHYT OT Hayasa CyTOK.

BBIsSICHIIIOCH, YTO YHCIIO COOBITHI B MEPUOA «CHa» HE BIHMSET Ha YUCIIO
COOBITHH B IPYroe BpeMsi CYTOK, TOTIa Kak MIEPHOJIbI OKHMBJICHHUS U aKTUBHOCTH
CBSI3aHBI MEXy COOOH C MOJIOKUTEIHHOW KOPPEISILUOHHOM CBSA3BIO Ha YPOBHE
0,7. B wacTHOCTH, cpeHee YHCIIO COOBITHI B MUHYTY B IEPUOJ OKHBIECHUS

pasao Ay =23, a cpeaHeKkBaipaTHYHOE OTKIOHEHHE JTOI BeIMYMHBI PABHO
0y =13 . B nepuos akTHBHOCTH 3TH NOKAa3aTeNH PaBHbI COOTBETCTBEHHO

/T3 =170, o3 =55. JlocToBepHOCTh PErpEeCCHOHHON CBSI3H MEXIY Cpel-

HEll MHHYTHOW WHTCHCHUBHOCTBIO COOBITHI B MEPHOJ aKTUBHOCTH M B IEPHOJ
OXXKUBJICHUS cocTaBmiia BenudynHy (0,8 cOTiacHO SMIUPUYECKOi Gopmyrie per-
peccun

Iy =73 +3(4 - 15 ).(3.17)
Manee, cornacHo o01Iel KOHIENIUH WASHTH(OUKAINY TeKylero GparMeH-
Ta pacmpeleNieHus, CleayeT co3qaTh OMOIMOTEKY ATaJOHOB, T.€. ITAJIOHHBIX

358

pacrpeneseHuii, THIMYHBIX IS TOTO WJIM WHOTO MOBEICHUS HCXOIHOTO Bpe-
MEHHOT'0 THKOBOTO psifia. MeToIiKa KIIacTepH3aliy STaJOHOB HOPMYIUpyeTCs
B CIIEyIOIIEeM maparpade.

10.4. Kitactepu3anusi naTTEPHOB MAPKHUPOBAHHBIX BPeMeH-
HBIX PSII0B

ITo mmerommMCsT NCTOPUYECKUM JAaHHBIM SKCIIEPTHO BBIAEIAIOTCS (hpar-
MEHTBI BPEMEHHOTO pANa, WHTEpPECHbIe ISl mccienoBatens. Ha ocHoBe 3Toi
Hape3KH COCTABISIETCS HA0Op STANOHOB, KaK OMICAHO B M. 7.3 mo dopmyiam
(7.3.7-7.3.8).

[IporecTnpyem meTon pazOneHHs Ha KiacTepsl Ha MPUMEPE TUKOBBIX psi-
OB (pprOUepCHBIX KOHTpakToB Ha HepTh WTI. AHanm3 m3MeHeHHs pacrpene-
JICHUI BPEMEHHOTO PSAAA C CyTOYHOH MEPHOANIHOCTBIO B TPEX CYTOUHBIX (a-
3aX — CHA, OXKHBIICHHSI M akTUBHOCTH (cM. puc. 10.3.1) — mokazanm, 91O B
KaXJI0H n3 3THX (ha3 MOBEICHUE PsAAA B CTATHCTHUECKOM CMBICIE Pa3IUYHO.
OmnmieM xapakTepHBIE YePTHI KOKIO0H U3 ATHX ¢a3.

B ¢asze cna mpeobnanatoT GpparMeHTH ¢ BRICOKAM YPOBHEM HeCTaIlHOHap-
HOCTH, 9aCTO COBHAJAOIIHE IO UINTEIBHOCTH CO BCEM ATUM YYAaCTKOM. OTH
(hparMeHTHI 00pa3yIoT TPU KJacTepa MpH KPUTEPHATFHOM yPOBHE Pa3IeNeHUS

Mexny Humu, pasHoM P, = 0,14. Ormerum, uro 510 3HAYeHMEe IPUMEPHO

COBIIaZaeT C COIJIACOBAaHHBIM YPOBHEM HECTAIlMOHAPHOCTH THKOBOTO psAa
MPUPOCTOB IeH (CM. 11. 5.4). DTallOHHbIE pacTpeneeHus KI1acTepoB B pa3e CHa
MoKa3aHbl Ha auarpamme puc. 10.4.1.
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Puc. 10.4.1 — Dranonnsie [IOP knactepos B (ase cHa

Hecmotpst Ha To, 4To nuarpammel Ha puc. 10.4.1 moxoxu 1o ¢popme, Kak u
BOOOIE paclpeieNieHus] IPUPOCTOB 3HAUYCHUI paccMaTpUBAEMbIX PALOB IO
BbIOOpKE I000T0 0OBeMa M B OO0 MOMEHT BPEMEHH, OHU IO3BOJISIOT pas-
JUYUATH TOHKYIO CTPYKTYPY» Pa3HOTO THIA IOBEIEeHHs UcXoxHoro psaa. Kia-
CTEp «Up» OTBEYAaeT CHTYyallUH BO3PACTAalOLIEro TpeHaa, kiactep «downy —
HaIpoTHB, yObIBarolero, a kiacrep «flaty — «OOKOBOMY» ABMKEHHIO LIEHBI,
KOrja JeBas 4acTb COOTBETCTBYIOLIETO 3TalOHAa HAET OJIHM3KO K JTAJIOHY
«down», a mpaBast — K 3TAJIOHY «up». PacCTosHUA MexXIy 3TaJOHHBIMH pac-
HpeleNIeHUsIMH ClIe Iy OIIHe:

P12 20,20, P13 =0,15, £23 =0,16.

ITpu 5TOM CpenmHee pacCTOsIHIE MeXIy 3JIeMEHTaMH OJHOTO KiacTepa paB-
Ho mpuMepHO 0,08, a MakCHUManbHOE PACCTOSHHE HE MPEBOCXOINT, KaK YKa3bl-

BaoCch, KpurepuanbHoro yposus p. = 0,14. B paccmorpenHoM npumepe

Jo0BIe 1Ba AIIEMEHTA U3 Pa3HBIX KJIacTepoB C BeposTHOCThIO 0,95 HaxomsaTcs
Ha PacCTOSHUY OOJIBIIEM, YEM PACCTOSHHIE MEXIY KaXIbIM U3 STHX DJIEMEHTOB
U JTIOOBIM 3JIEMEHTOM «ETo» KiacTepa.

@asa oocusnenuss Ha puc. 10.3.1 okazanach crienuduyeckoi: B Hel HET
pasnerneHus Ha KJIacTepsl, paclpeieseHie 3ToH a3kl B LIEJIOM OYeHb OIN3KO K
pacmpeneneHuIo «00KOBOTO» 3TajoHa B (a3e cHa. PaccTosiHue Mexmy STHMH
nIByMs pactipeneneHusiMu Beero 0,05.
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B axmuenoil ¢paze knacrepuzanms okaszanack MHOTOypoBHeBOH. Kpurepmit
pasgenenus (parMeHToB psiaa mo Onmmzocty nx BIIDOP Ha «cBOM» M «ayKmey
66T BEIOpaH, HCXOS U3 PACHPENEICHHS TOTIAPHBIX PACCTOSHUN MEXKIY BCEMU
HalJeHHBIMH (pparMeHTaMH, OTBEYAIOIINMH TPEM THIIOBBIM CUTyarusiM. Kak u
Bce pacrpeaencHus pacctosHuil mexay BIIDP, oHO yHUMOZanbHO C «TshKe-
JIBIM XBOCTOM». ONTUMAabHBIA KPUTHUIECKNI YPOBEHb pa3/ielIeHNs] PACCTOSHUH

okasascst paubiM O, = 0,08 . TIpu 5TOM B Ka’K10M THIIOBOM KIIaCTepe «upy,

«down» n «flaty TOSBHINCE CBOM MOJ-KIaCTEPHI.

B xmactepe up-TpeHIa MCXORHOTO psifia BRIIEISIFOTCS TPW IMOJ-KIacTepa,
OTBEYAIOIIME PAa3HOMY YPOBHIO aKTHBHOCTH: OTHOCHTEIBHO CIIaboil, cpeaHen n
BBICOKOW. B mepBrIit moa-kmactep upl momamu gparMeHTHI, OTBEYAIONINE WH-
TEHCHBHOCTH TOTOKa B nuama3oHe 10-20 Tuk/MuH, BTOpO# (up2) cOmEp>KUT
(hparMeHTHI ¢ THTEHCUBHOCTHIO B quamazoHe 100-200 tuk/muH, a Tpetnit (up3)
oTBeuaeT BhICOKOW MHTeHCHBHOCTH Topsinka 1000-1500 Tuk/MuH. DTH 3TaJOHBI
npuBeneHsl Ha puc. 10.4.2.
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Puc. 10.4.2 — Dtanonnsie [IOP B up-knacrepe

Cpennue paccrostausi Mexxay BIIOP ¢parmMeHTOB BHYTpH OJHOTO KilacTe-
pa coctaBuiu npumepHo 0,04. Tlpu 5ToM paccTOSIHUS MEXIYy CaMUMHU ATallo-
HaMH OKa3aJlCh PaBHBIMU

up _ up _ up _
piy =014, p% =024, p3% =0,]10.
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Cam up-KimacTep XapaKTEepH3yeTCsl TeM, UTO CPEH IBYX Hanboliee BeposiT-
HBIX THKOBBIX IPHPOCTOB IOJIOKHUTEIBHBIA IPUPOCT OOsIee BEPOSITEH, YeM OT-
punatensHbI. B down-kmactepe, Ha000pOT, 1€Bast BETBb TMCTOTPAaMM 3TaJIOH-
HBIX pacHpeieNeHnii C OTpUIATEIbHBIMI IIPHPOCTAMH BBIIIE, YeM IpaBas (puc.
10.4.3).

0,45

’

0,40

mdownl

down2

BepoaTHOCTL
=] -
hJ
S

* = down3

0,05 | |
0,00 P -_I_il.l_I I I:l.l..;l.-______-._-__

-0,12 -0,10 -0,08 -0,06 -0,04 -0,02 0,01 0,03 0,05 0,07 0,09 0,11
THKOEbIH NpUPOCT

Puc. 10.4.3 — Dramonnsie [IOP B down-kinacrepe

Cpennue paccrosuus mexay BIIOP ¢parmenros BHyTpH omnoro down-
kiactepa coctaBuin okoso 0,04. IIpu 3ToM paccTosiHHS MEXIy CaMHUMH 3Ta-
JIOHaMH OKa3aJlHuCh PaBHBIMU

p{dzown — 0’ 17, p{léawn — 0’3 1, pjgwn — 0’ 27 )

B npunHnune, BO3MOXHBI U pBaHble IPUPOCTHI BBEPX WM BHU3, KOTJa, Ha-
pUMep, UMeeTcs OOJIBIIOE KOJMYECTBO MAJIBIX OTPHLATEIBHBIX IIPUPOCTOB U
MaJloe KOJIMYECTBO PE3KHX IMOJOKUTEIBHBIX CKAauKOB, HO Takue (a3bl CpaBHH-
TENBbHO PEIKU U OTBEUYAIOT HECTaHJapTHON CUTYyalllH.

Flat-xnmacrep B akTUBHOH (ha3e XapaKkTepU3yeTcsl BHICOKOH XaOTHYHOCTBIO,
B CBSI3U C 4eM (pparMeHTHI, BBLICISIEMbIE B 3TOM KJAacTepe, OObEANHSIIOTCS C
MeHbIIIeH JOCTOBEPHOCTHIO. B 11e10M, moa-KiacTepsl HE BBIACNSAIOTCS, a BECh
OOKOBOH TpeH]| COBMaAacT 1o (opMe ¢ aHATOTHMYHBIM paclpelielieHHeM B (ase
OKHBIIEHHUS. Paznmuuarorcst 3TH rpaduKi BCEro JIMIIL OOJNBINEH MIIM MEHbIICH
HUHTEHCUBHOCTBIO.
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[NogyepkHEM, YTO YMCIIO STAIOHOB B KaXKIOM THIIOBOM KJIacTepe ompere-
JsleTCs He KaKUMH-TO BHYTPEHHE NPHCYIIUMH H3y4aeMOMY DALy OCOOCHHO-
CTSAMH, a JIUIIb TeMH (pparMeHTaMH, KOTOPbIE OKa3aJIUCh B TAHHOM BPEMEHHOM
NPOMEXyTKe. B Ipyrom mpoMexyTke YHCIIO MOI-KIACTePOB MOXKET OKa3aThCs
U JPYTUM, B COOTBETCTBHUH C TEM, KaKasi MHTCHCHBHOCTb COOBITHH OymeT Ha
9TOM IPOMEXKyTKe. B mpunImme, ecnu Ob1 meprox HabmoAeHUi OB OBI JOC-
TATOYHO OOJBIINM, MOXKHO OBUIO OBl TIOCTPOUTH THIIOBYIO ITOBEPXHOCTH KaX-
moro m3 Tpex kimactepos (up, down, flat), Bropoii KoopauHATOW HAa KOTOPOit
CITy)Kuia Obl HHTEHCHBHOCTH COOBITHIH. UeM BBIIIE HHTEHCHBHOCTB, TEM 0O0JIb-
IIe BEPOSTHOCTh HamboJjee BEpOsTHBIX 3HAYEHHH NPHPOCTOB. B cpenHem Ha-
OnromaeTcsl CIemyrolIas CKEMJIMHIoBas 3aBUCHMOCTh MEXIY MaKCHMalbHOU
YaCTOTOH ¢ IMOJOXKUTENIBHBIX WM OTPULIATENbHBIX IPHPOCTOB B 3aBUCUMOCTH

ot napamerpa otoka 4 = A(z,1):
4 _14002-1g 2 (4.1
q0 Ao

MertoauKa aHanM3a JOCTOBEPHOCTH IMOCTPOSHHOH KJIACTEPU3AIMU COCTOHUT
B ciemyromem. [l Kaxaoro Kiactepa a CTpouTcs (QyHKIUS paclpeneneHus

+ o
ga (p) OTKJIOHCHHH pia,d «Ero» (bpaFMeHTOB, a TaKKe pacrpeaciCHNUC

g, (p) orknonenuii py, b (parMeHToB, OTHECEHHBIX B APyrue KiIacTepsl,
ot cpenneii [IOP f, ¢ MJaHHOrO Kiacrepa. MUHUMalbHOE 3HAYeHHE O, NPH
+ ~1 +
xotopoM g, (p) =1, obosnaunm p, , a MakcumanbHOe 3Ha4UeHHE L, IPH
koropom g, (p) =0, o6o3naunm p, . CMBICI BBEJCHHBIX BEIHYHH B TOM,
+
uT0 Bee [IDP pparMeHToB TuNa @ HAXOAATCA HA PACCTOSAHMY He Ooee O, OT

cpennei IIOP, u anamoruuno Bce IIOP npyrux THUMOB HaxoAsTCA OT HEe Ha

— + —
pacCTOsIHUN HE MCHEC pa . Bennunna l—ga pa €CTh BCPOATHOCTH OLIN-

00YHO TPHU3HATH 33 TUM «a» JAPYroi (parMeHT (omMOKa BTOPOro poja), a Be-

-+
JIHYUHa ga pa €CTb BEPOATHOCTH OIIHO0YHO OTBEPIrHYTH THUII «a», IMOCYH-

TaB €ro 3a Apyroi (ormmobKa mepBoro pojaa).

[Ipu TectupoBaHMM HACHTH(UKAIMK KIACTEPHOH MPUHAUICKHOCTH OBLI
paccMoTpeH KOHKpeTHbIM koHTpakT CLH, cnenyromuit 3a konTpakrtamu CLF u
CLG, xoTopble OBUTH MCIOIB30BAHBI ISl TIOCTPOCHUS STaMOHHBIX [TDP. J[ns
HEero ¢ TMOMOIIBI0 (YHKIHOHATA-MHIMKATOpa pasiagkd ObUIM HaWIeHsl 86
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(parmenToB. KiactepHoil nprHAIICKHOCTH YIOBICTBOPWIHN 74 M3 HAX, a OC-
TaJIbHBIE HEe OBUTH MIEHTU(HUINPOBAHBI KaK 3JIEMEHTHI KaKOTo-JIn00 KiacTepa.
W3 stx 74 ¢parmeHToB mpaBMIBHO (T.€. B CBOI KilacTep) OBUIO OTHECEHO 65
(hparMeHTOoB, TaK 4TO OMNOKA WACHTU(PHUKAIINK cocTaBma npuMepHo 0,12. Oto
MOKa3bIBAET JOCTATOYHO BHICOKYIO TOYHOCTH HPEITI0KEHHOTO METOAA HACHTH-
(ukaruu Tekymero (parMeHTa BpeMEHHOTo psima. OTMETHM TakXke, 9TO 3Ta
UACHTH(HUKALINS OCYIIECTBISUIACH TOJIBKO 10 OJM30CTH paclpeneneHnii B Hop-
Me L1. Ecnu K ycioBuro 01m30CTH T00aBUTH BTOPOH MapaMeTp — a WMEHHO,
OTHOCHUTENBEHOE PAcIoiOKEHHE MAaKCHMYMOB paclpeleleHHi (IpaBblii Haxo-
JUTCS BBIMIE JICBOTO WIIM HA00OPOT), TO OMMOKAa MASHTH(HUKAINN (parMeHTa
coctaBurt Bcero 0,02.

10.5. 3aBucuMOCTH BHIOOPOYHBIX CTATHCTHK OT BPEMEHHU

Mycts by (n) €CTh CpeHee 3HAUCHNE BEININHBI b(xn ), BBIYHMCIICHHOE
110 BeIGOPKe muHbl N |, OTCUMTaHHOM Ha3a]1 OT COOBITHS C HOMEPOM A :

_ 1 n
bN(”):ﬁ > ob(xg).  (5.1)
k=n—-N+1
IToctaBuM BOMPOC O TOM, KaK MEPECUYUTATh BHIOOPOUHOE CpPEIHEE B Tep-

MHHAX BPEMEHH, yUYHUTHIBAs, YTO BPEMEHHOH DSl {xn} UMEET MapKHPOBKY

t(n) . Mapamerp notoka A(t ,Z') CYMTAETCA M3BECTHBIM Ul BCEX MOMEHTOB
BpeMeHH ! U BEIMYUH arperuposaHus 7 . s ompeneneHHocTH OyneM cuu-

TaTh, YTO BHYTPU MHUHUMAJIBHOTO MIPOMEXKYTKA arperHpOBaHUsl HHTEHCUBHOCTD
IIOTOKA SABJIIETCS IOCTOSIHHOM BEJIMYNHOM, paBHOU

1
ult,t+7)= mA(t,[z‘] +1). (5.2)

DTO NOTOHEHHUE MO3BOJSCT ONPEACTATh BPEMCHHBIC CPETHIE Ha JTFOOBIX
MPOMEKYTKaX BPEMEHH, HE MECHBIIINX, KOHCYHO, YeM SIMHUIIA H3MEPCHHUS Bpe-
MEHH.

[lo-npexHeMy CUHTaeM, YTO BEPOSTHOCTb HACTYIUIEHHMS K COOBITHII 3a
BpeMsi 7 JIaeTCsl HeCTallMOHAPHBIM pactipenenenueM [lyaccona (1.2):

el +7)= %exp(_ ALD) . (53)
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Bpemennoii cpeaneit Oy (¢) na npomexyTke miunbl 1, OTCYMTAHHOM Ha-
3a OT MomeHTa Bpemenu ?(71), GyleM Ha3bIBATH BBIGOPOYHYIO CPEIHIOND,

B3BELICHHYIO 10 HECTAIIMOHAPHOMY pacipeneneHuo (5.3):
~ 1 X _
br(t)=—————— pt=T.0 (n(®).  (5:4)
1= po(t—T,1) =
=1
TTOCKOJILKY BEPOATHOCTH TOTO, YTO Ha IPOMEXKYTKE BPEMEHH JUIMHBI 1
cocTosnoch poHo k > 1 coGwituii, pasra p \e=T,t ) , TO 9TOU K€ BEPOST-
HOCTH paBHa BEPOATHOCTH TOTO, YTO BPEMEHHOE CpeIHEE BEIMYMHBI b(xn)
paBHO Ek (l‘ (n)) CrenoBarensHO, cpeHee 0 BPEMEHH 3HAYeHHE BEJNYNHBI

b(xn ) , OTIPEJIEIIIEMOE TI0 BEIOOPKE HEHYJICBOH JUTHHEI, BBIYHCISACTCS 10 (Hop-
myae (5.4).

B yacTtHOCTH, eciii 0003HAYHTH a(xn ) = X, , To B cooTBeTcTBHH C (5.1),
(5.4), cpennee BBIOOpPOYHOE 3HAYCHHE MApKUPOBAHHOTO PsJia HAa MIPOMEXKYTKE

Bpemenn [f —T';t] Bopaxaercst uepes cpemmee snauenne dp (n(f)), no-

CTPOEHHOE TI0 BEIOOPKE MIUHEL N B MOMEHT £, IO (popMyIie

S b (=T, (n(0))

a,(t)= = =
r(®) 1-p,(t—T,1)
i . (5.5)
Zpk(f—Taf); Z X;
_ A=l J=n(t)—k+1
1-p,(t=T,1)

Ecnu xe (yHKIHMS b(xn) 3asucwut eme u ot 1(t), Hanpumep, yepes mno-

CPEICTBO CpemHUX BeMWYWH BHAa (5.5), TO BpeMEHHOE cpeqHee IS TaKuX
(yHKIMH OIpeneNsieTcss HeoqHO3HaYHo. Hampumep, paccCMOTpUM B KadecTBe

QyHKIH b(xn) BBIOOpOUHYIO ucnepcuto. C OMHOW CTOPOHBI, B COOTBETCT-

BuM ¢ (5.4), BpeMeHHas BBIOOPOYHAS TUCTIEPCHS 52 (t T ) B MOMEHT BPEMEHU

{ TI0 IPOMEKYTKY JUIMTENBHOCTH 1 , cofiepKalieMy HE MEHee JBYX COOBITHIA,

OTPEJIENSETCS YePE3 COOBITHIHYIO TUCTIEPCHIO o2 (n(2),k) dopmynoii
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Zpk ~T,t)o > (n(t),k)
&2(1,7)=4=2 . (5.6)
l_pO(t_Tat)_pl(t_Tat)

C npyroii CTOPOHBI, JUCIIEPCHIO [0 BPEMEHHOMY ITPOMEXYTKY MOXKHO OII-
penenuTh 0 BpeMEeHHOH I0THOCTH pacipeneneHus (1.3), uto gaet

> e (t=T.0)B, (n(®)
6 (1,T)=—+=2

l_po(t_T’t)_pl(t_Tat)

. 2 (5.7)
D i (1=T.1) @, (n(t))

l_po(t_Tat)_pl(t_Tat)

rue a(xn ) =X, b(xn ) = x,% . B cnmyuae skBUANCTaHTHOTO Bpe-
MEHHOTO psifia 00a BeIpaskeHuss — (5.6) u (5.7) — coBmagaroT ¢
OOBIYHBIM BBIpaKEHHUEM I BbIOOpOUYHOU Aucnepcun. Kakoe u3
ATHX ABYX BBIPAXKCHMI OoJiee aIeKBaTHO /JIsl OTIMCAHUs CBOICTB
psizia, pemaeTcst ONBITHBIM ITyTEM U3 CpaBHEHHS ¢ (PaKTHIECKOM
Jqucriepcrel psaa Ha BBIOpaHHOM BpeMEHHOM oTpeske. [Ipaktu-
YECKH BYKHOH SIBIISIETCS OIICHKA

82(1,7)=52(t.T), (5.8
KOTOpasi MO3BOJISIET OIEHUTh CHU3Y BPEMEHHYIO BEIOOPOUHYIO
JMCTIEPCHIO HECTAIIMOHAPHOTO MapKUPOBAHHOTO CIIyYaifHOTO
npoIriecca Yepe3 BEI0OPOUHOE CpeHee 3HAUCHHUE IaroBbIX BBIOO-

POYHBIX TUCTIEPCUH.
PaccmoTpum Teneps 3amady o mepecdere aBTOKOPPEISIHOHHON (YHKINN
Kak (pyHKIMH IMHBI BBIOOPKH W JUTMHEI Jlara K (JyHKIUH OT BPEMEHHOTO IIPO-

MexyTKa 1 capura no Bpemenu. Ilycts Ap (n,/) ects BbiGopounas AK®
HCCIIETyEMOTO psijia ¢ 1aroM [ coObITuii B MOMeHT Bpemenu #(71) 1o BhIGOpKeE

bl N
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Ay (n,l)=
= n—l

> X
k=n=N+1 K

I ! 2 ! ! 2
w-n 5 (x )2—[ b x] w-n 5 (x )2—[ b ]
f=n=N1" K g=nZna K fmnon 1 ) T Sy e
(5.9)

OTo# QyHKIMHU HATO COMOCTaBHTH BpeMeHHYI0 AKD AT (¢,7), nocrpo-

n=l
(N-I) > xpx.5— > X
k=n—N+l kke j=n=-N+1 7 +

€HHYI0O B MOMEHT BpPEMEHM [ M0 BPEMEHHOMY IPOMEXYTKy 1 ¢ Jarom Io
BpemeHu 7 . O603HAYNM c(xn »Xf ) = X, X} . B tepmunax (5.1) Belpaxkenue

(5.9) nepenmceiBaeTcs B BUIE

AN (n,1) = cy_(n=Ln)—ay_j(n=Day_;(n) . (5.10)
\/];N—l (n-D~(ay_ (n-1))? \/EN—I (m—(a@y_; ()

s monmydenuns: BpemenHoit AK® cpaBHMBaroTCs B BHIOOPKH: OJHA 3a-
KIIoYeHa B npomexyTke Bpemenn [f—T;¢], a apyras — B mpomexkyTke
[t —T +7;t+7]. Ipu 5ToM B 060UX IIPOMEXKYTKAX JOJKHO OBITh OJMHAKO-
BO€ YHCIO COOBITMH, Kak W B NPOMEXYTKaX JUINTEIBHOCTH T :
[t=T;t—T+7] u [t;t+7]. Kak u 1151 1ucnepcun, MOKHO PaCCMOTPETH
nBa criocoba onpenenenus: BpemenHold AK®. C oHO# cTOpOHBI, BEpOSITHOCTD
TOro, uto BpemenHass AKD ZT (t,7) pasHa cobbrruiinoii AK® Ay (n,[),
ecTh

pl(l‘,t-f-T)pl(l‘—T,t—T—f—T)pN_l(l‘—T-l-Z',t) .

B pesynbrare momydaeM, 4TO €U B YKA3aHHBIX IPOMEXKYTKAX HAXOMUTCS
HOIApHO PaBHOE, HO IPOU3BOJIBHOE YUCIO COOBITUH, TO ZT (t,7) cnenyer
onpenenuTs GopMyIIoin
A.(t,7)=

o k-1

> > pt,t+0)p,(t =Tt =T +7)p,(t =T +7,0) 4, (n(1),])

_ k=2 1

k-1
pl(tat+T)pl(t_Tat_T+T)pk(t_T+Tat)
=

11)

—

—~ LN
P‘&MS
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C nmpyroit ctopoHsl, BpeMeHHYI0 AK® MOXHO OmpemenuTs u Kak (QyHK-
MO OT CPETHEB3BEIICHHBIX BPEMEHHBIX CPEAHUX B COOTBETCTBHH € (POPMYITON
(5.9) o anamoruu ¢ omnpeneneHHeM BEIOOPOIHON BpeMeHHOU auctiepeu (5.7).
Torma umeem

~5 C; —T (t_rat)_aT—r (t_r)aT—r(t)
Ar(t,7) = T . (5.12)
! Jod (t-0)~(ar_, (t-0) Job_r )-(Fr_. ()

Kaxoii 13 BapraHTOB 00Jiee KOPPEKTEH, BBIICHASTCS Ha MPAKTUKE TIPH MO~
CTPOCHUH CKOJB3AIINX WHIUKATOPOB HECTAMOHAPHOCTH Kak (YHKIUA He
JUTHHBI BEIOOPKH, a JUIMTENIFHOCTH BPEMEHHOTO MpoMekyTKa. O0e BO3MOXKHO-
CTH CJIEAYeT yYUTHIBATE NIPU N3YYECHHH PA3TaIKH KakK QYHKIUH BPEMEHH.
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I'naBa XI. IlpukiaagHbie 321244 HECTALUOHAPHOM
CTATUCTUKH

11.1. Ci1a00 MeHsIIOIHECS BPEeMEHHbIE PAIbI

CymiecTByeT OOJBIIOE KOJIUYECTBO BPEMEHHBIX PSIOB, OTHOCHUTEIBHOE
W3MEHEHHE COCEJHHMX BEIMYHMH B KOTOPBIX Majo, HO KOTOpbIE, TEM HE MEHee,
HE SIBIISIOTCS CTallMOHAPHBIMM HU B Y3KOM, HM B IIUPOKOM cMbiciax. Cpenun
KJIACCMYECKUX PErPECCHOHHBIX MOJIENIeH HAaWIy4YIIdM IPOTHO30M B CMBICIIE
CPEIHEKBaIPaTHYHOM OUIMOKK AJIsl TAKMX PSIIOB OKA3bIBAETCsl HAMBHBIN, B KO-
TOPOM IPEINoaraeTcs, 4ro cleaylolee 3Ha4eHue psijia PaBHO NPEAbIIyIIEeMY.
XapakTepHbIMU PAJaMU B 3TOM CMBICIIE SIBJISIIOTCSI BAIIOTHBIE PSIIIBI, T.€. PSIBL,
0o0pazoBaHHbIE OOMEHHBIM KypCcOM BaiioT. [IpHHIMIUANBHO BaKHOM 3amaveit
SIBJISIETCS CO3/[aHUE TIPOTHO3HOM MOJENH psilia, KOTOpasi UMEET OIMUOKY, MEHb-
IIyIO OIIMOKK HAMBHOTO NIPOTHO3a.

Paccmotpum npumeHeHne ruapoauHamMuieckor Moaenu (9.4.16) mis mpo-
THO3MPOBAHMsI BPEMEHHOTO psifa, 00pa30BaHHOTO MHHYTHBIMH JaHHBIMH 3a-
kpeitust p(t) BamotHoro kypca EUR/USD (s KpaTKOCTH Ha PUCYHKaX HH-

JKe TIpUBEAEH (parMeHT aHain3a AaHHBIX 3a mepBblil kBapTan 2011 r.). O6o-
3HaYUM

M =max(p(t+1)— p(t)), m=min(p(t+1)— p(z))
t t
(1.1)

¥ BBEJIEM HOPMHUPOBAHHBIE IPUPOCTHI KYPCa 3aKPBITUS
x(t):p(t+1)_p(t)_m (12)
M —m

Bpewmennoii paa X(¢) npeacrasnen Ha puc. 11.1.1.

ABTokoppemsanus ¢ marom ot 1 go 1440 (cyTkm) mmns 3Toro psjga He Impe-
BOCXOIUT 110 MOAyI o BenmuuHy 0,04, Tak 9TO BEIHMYMHEI IPUPOCTOB HCXOIHO-
ro psna p(f) MOXHO C 3TOH TOYHOCTHIO CUMTATH CTATUCTHYECKU HE3aBHCH-
MBIMH. MUHHUMANBHBIA MIPUPOCT Kypca B MCXOTHBIX €IMHHLAX B 3TOM (par-
MeHTe cocTaBwi Bennuuny - 0,01, a Mmakcumanbubiid 0,004, MakCUMyM BEpOST-
HOCTH Tmpurresncs Ha npoMexyTok oT 0,0005 go 0,001. CpenaexBazpaTudHoe
OTHOCHUTENBHOE OTKJIOHEHHE MUHYTHBIX npupocToB Kypca EUR/USD cocraBu-

-6
1o 3,57-10 ', a cpenHexpagpaTUYHOE OTKIOHEHHE HOPMUPOBAHHBIX BEJIH-
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unn X(¢) no pasuo npumepro 0,018. 3ameTum, YTO Takas e TOYHOCT
£=0,018 rapantupyercs nmpu mporsosupoBanuu u3Menenus BIIDP psma
x(t) no eiGopke mmnbl 7 =800 wa 7 =7 maros (T.e. MUHYT) BIEper,

cornacHo onenke 7 < ne/?2.

1.0
g
a 0.9
g
= 0.8
3
a 0.7
g
g 06
= 05
£
Z04 .
m
8 03
a
$0.2
0
o
o 0.1
T
0.0
- - - - - - - - - -
(=] (=] (=] (=] (=] (=] (=] (=] (=]
2 8 8 8 8 8 2 8 2§
- - ~ ~ Lag] Lag] <t =t
Bpemsa, MuH

Puc. 11.1.1 — ®parmenr psga X(f) HOPMUPOBAHHBIX IPUPOCTOB
BaJIOTHOTO Kypca

Ha puc. 11.1.2 nmokazansr ase BII®P, moctpoeHHbIE 3a 1Ba COCEIHUX Me-
csa.

U3 puc. 11.1.2 MoxeT moKa3aThCs, YTO pacIpeaesieHie IPUPOCTOB 3a JI0-
BOJILHO OOJIBIIION MPOMEKYTOK BpEMEHHM IIpaKkTHUeCKH He MeHsieTcs. Ha camom
JieNie U3MEHEHUs! XOTh ¥ MaJlbl, HO 3HAYNTEJbHBI [0 CPABHEHHUIO CO CTAI[OHAP-
HOW cuTyareid. CTallioHapHBIA ypOBEHb 3HAYMMOCTH JUIS STHX pacipererne-

%
muii pasen & = 0,0075. Dro o3maugaer, uro ecnam ObI pacHpeneneHue TpH-

POCTOB OBLIO CTalUOHAPHBIM, XaPAKTCPHOC PACCTOSIHUC MCKAY ABYMS I'MCTO-

*
rpammamu 6s110 661 paao 26 = 0,015, T.e. BeposTHOCTH TOTO, UTO pac-

CTOsTHHE Mex Iy HUMHU Ooublie, yem 0,015, Obina 661 paBHa 0,015. B Hamem e
MIpUMepe PacCTOSTHUE MEXAY ABYyMs BCTHIK-BBIOOpKamu paBHO 0,134, T.e. mou-
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TH Ha TOPSIOK OoJbIe. DTO MOKAa3BIBAET, CKOJIb TOHKHHA APQPEeKT TpedyeTcs
CMOJIETTPOBATH NP aHAIN3e JaHHOTO HECTAIMOHAPHOTO Psfa.

0,90
0,80
0,70 -
o 0,60 4
=
153
g 0,50 - —BMNoP1
® BroP2
g 0,40 -
[
@ 0,30 -
0,20 - /
0,10 J ¥
0,00 ; : . . . : ; T T
o (a2} N~ o [+ N~ o (a2} N~ o (3]
o @0 © o ™ © o (a2} © o [se}
o © o N~ N~ N~ [ee] [ee) [ee] (2] [}
=} =} S [=} =) [=} S [=} =} =} S
KnaccoBbii UHTepBan

Puc. 11.1.2 — BII®P aByx BCTHIK-BBIOOPOK psifa x(l ) IUTMHOH B
MECSILI

Hoctponm mioTHOCTh pacnpenenchus g, () paccrosHuii Mexiy
BCTHIK-BBIOOPKAMMU JUTMHEI 7 B HOpMe L1 TIpu paBHOMEPHOM pPa3OUEHHH THC-
TOrpaMMbl Ha ONTUManbHOe 4ucio K(7) NpoMexyTKOB M HaiijieM 1070

L(n) paccrosuuii, MeHbIINX, YeM TOYHOCThH ONPEJAENEHHS CAMUX THX Pac-

CTOSTHUIA:
2a(n)

[2n(p)dp = p(m).(13)
0

Benmuuna ﬂ (n) mpencrasnser co6oi BEPOATHOCTH TOTO, YTO paCIpe]ie-
JIeHHe CTAIMOHAPHO € COTMIacoBaHHOM TounocThio (7). Ecin okasanock, uto
L <, to 5bdeKT HeCTAMOHAPHOCTH OTOOPAXKAETC KOPPEKTHO U MOKHO
MPUMEHSTH SBOJIIOLMOHHYI0 Mozenb BIIOP. Ecnu xe ,B > (', TO B CTaTUCTH-

YecKM 3HA4MMOM Jone ciyyaeB Hawilydmuid nporHo3 BII®OP — HauBHBIN, U
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b B gonte | — [ ciryuaes KMHeTHYECKMiA IPOTHO3 1ACT XOPOIIMH PE3yIib-
TaT.

Ha puc. 11.1.3 mokazanbsl pacrpeneneHusi pacCTOSHUNA MEXIy BCTHIK-
BBIOOpKaMHU B 3aBUCHMOCTH OT YHCJa KJIACCOBBIX MHTEPBAJIOB. B 1enom mpu
YBEJIMYCHUH YUCIIa HHTEPBAJIOB PACCTOSHUE MEXK Ty BEIOOPKAMHU BO3pACTacT.
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Puc. 11.1.3 — Pacnpenenenne paccTOsSHUI MEX/y BCTHIK-BBIOOpKaMH B
3aBHCUMOCTH OT YHCIIa k KJIACCOBBIX HHTEPBAJIOB

AHanu3 COINIACOBAaHHOIO YPOBHSI 3HAUMMOCTH MOKa3all, YTO MpHU JUIMHAX
BeIOOpOK mopsinka 1000-2000 Todyek HammydmmM mporHozoMm BIIDP Gyner
HaWBHBIH, MOCKOIBKY MOUYTH Bce paccTossHus Mexay BIIDOP yknansiBaroTcs B
TOYHOCTbH, OOYCIIOBIICHHYIO YHCTO CTaTUCTUYECKMM pa3z0opocoM JaHHBIX. s
BbI00pOK ke Menpmux JmuH 72 = 500 + 600 Touek HecTanmoHnapHOCTH J0C-
TOBEpHO TposiBisieTcs mpumepHo B 70-80% ciydaeB, Korjaa u ciaeayeT mpume-
HATh KUHETUYECKYIO MOJIEb TPOrHO3UPOBAHHS.

IIpusenem pesynberaThl nporHo3uposanus BIIOP u BpeMeHHoro psja no
mozenu (9.4.16). 3ameTnmM, uro nporuo3upoBars BIIOP na 1 mar B Tepmunax
94acTOThI MOSBJICHUS 3HAUEHUI BPEMEHHOI'O psiia HE OYEHb OCMBICIEHHO, T.K.
n3MeHeHne BIIOP 3a 3TOT mpoMexyToK He NpeB30MIeT Majoll BEJIWYMHBI
2/n . Takas TOYHOCTH HE MOKET OBITh JOCTUTHYTA B MOJENM 3BOIIOLMH MO-
MeHTOB BII®P, nmosromy Ha Manblil TOPU30HT MPOTHO3MPOBAHUS HaMIydllee
NpUOIMKEHHEe — KBa3WCTallMOHApHOE, T.e. HauBHbIH nporuo3 BITOP. [Tpume-
HEHHE MOJENH IPEACTaBIsIeT UHTEPEC MPU MPOTHO3UPOBAHMM Ha OoJiee AJH-
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TEJIBHBIM TOPHU30HT, HAlpUMEp, PaBHBIA IJIMHE OKHA BBIOOPKH JUIS CIydas
n=600.

To4HOCTH NIPOTHO3MPOBAHUS HAa 7 INAroB BIEpe] BKIIOYAeT B ceOst He-
CKOJIBKO acCIleKTOB. Bo-IEpBBIX, ClefyeT ONpelesuTh TOUHOCTh MPOTHO3UPO-
Banusi BII®P B onpeneneHHoi HOpMe, B JaHHOM citydae B Hopme L1. Ota Be-
JIMYMHA onpeenseTcs no dpopmye

1 N
E=—Y |f(xt+1)= f(x.0)
N
t=1
rae N ecTb YHCIIO0 KCIEPUMEHTOB IO MPOTrHO3UpoBaHUi0 BIIDP.
Bo-BTOpBIX, €Cli HEeNbI0 MOACTHPOBAHUS OBUIO TIOJTY4YEeHHE POTHO3a 3HA-
YEHMs pAlla 4epe3 ONPEICIICHHBIM MPOMEKXYTOK BPEMEHHU, TO MHTEPEC IPEX-
CTaBJIKIET KaK OTHOCHUTCIIbHAsA CPEAHCKBaApaTHIHass TOYHOCTH OTKJIIOHCHUS
npornosa X(¢;7) or dakra x(¢)
N
— 1 A . 2
5(r)=_ | =D (k) -x(), (1.5
N
t=1
TaK U TOYHOCTb 7 -IIarOBOM TPacKTOPUU

N 1
1 " b
v > > (& -x0), (1.6)
T

t=1 k=1
a TaKKC CKOPOCTh HApaCTaHUs OIIINOKU C YBCIIMYCHUCM T'OPU30H-
Ta IIPOTHO3UPOBAHUA

N
1 . 2
dky= |[=> (Fe:b)-x@) ., k=12..r. (17
N
t=1
Hawmryummas Tounocts nporHozupoBanust BIIOP mo dopmye (1.4) oxaza-

nace paBHoi 0,03. Ilpu sTOM cieyeT MOAYEPKHYTh, YTO XapaKTEpHOE pac-
crosiane Mexxay BITOP Berwik-BeI60pok B 600 Touek paBHO 0,24. 31O 03HAUa-
€T, YTO HAaWBHBIA MPOTHO3 paclpeieNieHNs] B KBa3UCTAIIMOHAPHOM NPHOJIIKe-
HUM Ha NOPSAAOK XYy’K€, YEM IPOTHO3BI 10 KMHETHUECKUM MOJENSM, TaK 4TO
OHU TPEACTABISIIOT cOOOH HE MPOCTO MaTeMaTHUECKHUE YIIPAKHEHHS 110 CTaTH-
CTHUYECKOW MEXaHUKE, HO BIOJHE aJeKBaTHBI IJIsI OMHCAHUS HECTAlHOHAPHOU
SBOJIIOLUH paclpeieleHnl BpeMeHHbIX psnoB. Cienyer Takxke cKas3aTb, 4To
CTaHJapTHBIE IPOTHO3bI IPUPOCTOB Kypca M0 CTAl[HOHAPHBIM PErPECCUOHHBIM
U aBTOPETPECCHOHHBIM MOJIENSM JIFO0OTO TMOpsAKa Ha ONTUMAIBHBIX 00beMax

, (1.4)
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BBEIOOPKH JAIOT OMIMOKY, IPUOTU3UTEIHFHO COBIIAAAONIYIO (0 BTOPOTO 3HAKA)
¢ OmMOKO¥ HAMBHOTO TPOTHO3a, T.€. OHH HE SABISIOTCS d(H(HEKTUBHBIMU.

11.2. Paapl ¢ BBICOKMM YPOBHEM HECTALMOHAPHOCTH

B aTom pazgene pazpaboraHHass METOUKA IIPHUMEHSIETCS UIsl TPOTHO3UPO-
BaHMS PSIJIOB C BBICOKMM YPOBHEM HECTAIlHOHAPHOCTH. THITOBBIM IpEICTaBH-
TEJIEM TaKOTO psijia SBJSIETCS PsiI LIeH Ha PBIHKAaX LEHHBIX OyMmar. OTH PBIHKH
OTJIMYAIOTCST OT BAJIIOTHBIX, CHIPHEBBIX WJIM JHEPreTHYECKHUX Oosiee BBHICOKOU
BOJIATWJILHOCTBIO, M, OJTHOBPEMEHHO, 0oJiee TECHON KOPPENSILMOHHOW CBSI3bIO
MepBOTO MOPSIKA. DTO MPUBOJUT K TOMY, YTO O€3 IPEN-MOArOTOBKH psijia TOY-
HOCTh HHM3KOPa3MEpHBIX TUAPOAMHAMUYECKUX MOJENeil MpPOTrHO3UPOBaHMS,
onucaHHbIX B T1aBe VII, HeBenMka: nx ommOKa TOTr/ia OKa3bIBaeTCsl HA YPOBHE
HaMBHOTO TPOTHO3A.

Paccmotpum, Hanpumep, psn S-MHUHYTHBIX LieH 3akpbiTus akuus General
Electric (GE) u moctponm mporHo3 BII®P na 24 miara (t.e. Ha 2 yaca) Brepen
C MOMOIIBI0 ypaBHeHUs JlnyBwis ¢ TounocTeio 0,05. OnTuManbHBIH 00BeM
BBIOOPKH ISl TTPOTHO3MPOBAaHUsS Ha 24 1mara BIEpel ¢ TOYHOCTBIO HE XYyXKe
0,05 HaxoauTCs M3 aHAJIN3a TOPU3OHTHOM CTATUCTHKH, KaK 3TO OMHUCAHO B IJa-
Be VI, u paBeH B 1aHHOM ciydae 880 (menbine, uem 27/ & = 960).

B pesynbrare okazanock, uto BIIOP mis nen GE 6pua cipornosupoBana
¢ ommbOko# 0,04. Eciau mporHo3HbIM 3HaYeHUeM cuuTath cpenHee o BITOP,
TO OKa3aJoCh, YTO TPOTHO3 psijia, OCHOBAHHBII Ha KWHETHYECKOM IIPOTHO3E
BII®P, B cpemHeM HMEET OTHOCUTEIBHYIO CPEIHEKBAIPATHYHYIO OIIUOKY
0,22, yTO MPUMEPHO PaBHO CPEAHEKBAIPATHUHOMY OTKJIIOHEHHIO CaMoOro psja.
Oto BecbMa Oosblias omuOKa, HO €€ MPOUCXOXKICHUE BIIOJIHE €CTECTBEHHO,
TIOCKOJIbKY psii HE OBUT NPEn-NOJrOoTOBJIECH, a BBIOOPOYHOE paclpelesieHue
UMEET TUCIIEPCHIO, PaBHYIO BEIOOPOYHOW TUCTIEPCUH PALA.

Ecnu ke He MCnonb30BaTh KUHETHYECKHUT MTPOTHO3, & PACCMOTPETh HEKO-
TOPBII CTaHIAPTHBIA METOJ POTHO3a psiAa, HanpuMmep, MoJienb AP HeBbICOKO-
O TMopsika (BTOPOTo MM TPETHET0), IPUMEHEHHYIO K MEPBBIM Pa3HOCTSIM HC-
XOJIHOTO pPsifia, TO VISl KaXKJIOH Takoi MOAENN MOXKHO SMIMPUYECKH YCTaHO-
BUTHh HauOoJiee ONTUMalbHBIH 00beM BbIOOpkH. [Ipumenum, Hampumep, AP
MOJIeNIb BTOPOTO MOpsAKa sl TOTo ke MporHo3a IieH Ha akuun GE. Mcnonesy-
em ckonp3sinryto AK®, onpenensiemyro o BeIOOpke o0beMa N, KoTopasi Hauu-
naercst B MoMeHT J + | n umeer nar n:
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Ay(j,n)=
J+N—-n Jj+N-n  j+N-n
=) k=%+1 e ken” k=zj;+1 K l=§+l Men
J+N—-n 2 (j+N-n 2 J+N-n 2 (j+N-n 2
(N=n) k=%+1 (xk) _[ =%+1 ka (N-=n) k=zj;+1 (xk+n) _[ k=zj;+1 xk+n]

@.1)

Jlnst mozenu Broporo mopsiaka notpebyrores Bemuunust Ap(7,1) m
Apn (J,2) . Toraa nportos Ha 1 mar Brepex onpezesnsiercs Gpopmyoit
J;Hl (N) =

2
AN(i—N,l)(l—AN(i—N,Z))yi(N)+(AN(i—N, 2)-(4y-N.D) )yH(N)

b

1—(AN(i—N,1))2

BN =x—m(-N.N)=x—- 3 1,
Nl:i—NJrl
2.2)

OGo3Hauast JUIsl KPAaTKOCTH MpaByio 4acTh (2.2) uepes @ (1), monyuaem

IIPOTrHO3HOE 3HAYCHUE UCXOOHOIO psAaa:
. _Nm(i—N,N)-x;_n4+1 +Noy (@)
Xi+1(N) = :
N -1
[IporHo3 Ha Gosbliee YKCIIO MIATOB CTPOHUTCA IO TAKO# ke (popMmyIie, B KO-
TOpOﬁ MIPOrHO3HOC 3HAYCHUC, Hafz’meHHoe Ha MpeAbIAyHIEM Miare, paccMaTrpu-
BacTCA Kak (l)aKTI/I"IeCKoe.
CpeHHeKBaﬂpaTI/IqHOG OTKJIOHCHUEC MPOrHo3a OT (I)aKTa o cepuu u3 T 1o-
CJICAOBATCIBbHBIX JAaHHBIX ONPEACITIACTCA (I)OpMyHOI\;I

T

2.3)

1 . 2
o(N) = - DE ) -x)", (2.4)
i=1
a OTHOCUTCIIBHOC OTKJIOHCHHUEC —
T

S(N) = %Z(}?i(N)/xl- 12 . (25)

i=1
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Ha puc. 11.2.1 mpuBeneHsl pe3ynbTaTl pacieTOB HOPMHUPOBAHHBIX 3HAUE-
HUHM PSAJIOB LIEH [0 KUHETHYECKON MOJENU ypaBHEHUs JInyBWILIs, IO aBTOpEr-
PECCHOHHOM MOJENIN BTOPOTO MOPSAKA, Ui KOTOPO ObUIa MpOBEZCHA MpsMast
onTUMHU3AIMsI 00beMa BBEIOOPKU VIS MOTyYeHHSI MHHUMAIBHOW OMIMOKH TPO-
THO3a, ¥ (pakTHIEeCKHEe 3HAYCHUS ITOTO Psija.

OmmnOKka Iporao3a 1Mo aBTOPErPECCHOHHON MOJENN BTOPOTO MOpSAAKa CO-
crasmia Bcero 0,06. DTo MOKa3bIBALT, UTO PsAIBI O€3 MPEI-TIOATOTOBKH IIPOTHO-
3UPYIOTCS KHHETHYECKHIM METOJIOM C OIIMOKOW, OMpeAesieMoil aucmepcueit
psina, a Goyee TOYHBIN MPOTHO3 MOXKET OBITh JOCTUTHYT MOIXOJSIIINAM CTaH-
JApTHBIM METOJOM, Ui KOTOPOTO, OAHAKO, CIEIyeT ONPENENHTh ONTHMAallb-
HBIA 00BEM BBIOOPKH.

1,0

0,81
g 0,6 -
X

0,4 -

—— GE fact
Kinetic forecast
0,2 - Optimal autocorr. forecast
0’0 T T T T T T T T T T T
0 20 40 60 80 100

Puc. 11.2.1 — CpaBHeHue pOrHo30B LieH Ha akiuy kommnanuu GE

MeToi MUHMMH3AIUA OUIMOKU MPOTHO3a Psiia Kak QYHKIMH 00beMa Bbi-
GOPKHU JUT TIPOTHO3UPOBAHHS HA 3aJIaHHBII TOPU3OHT COCTOMT B MOCTPOEHUH
CKOJIB3SIIMX CPEHAX C MPOM3BOJILHBIM OKHOM BBIGOPKH B TIPOM3BOJBHBIN Ke
MOMEHT  BpeMeHH.  PaccMOTpUM  psil W3 TEpBBIX  PasHOCTEH
x(t)=c(t+1)—c(t) ucxomubix meH. Jlns 3TOro Maccupa COCTaBIAETCS
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MacCHB CKOJB3SIINX CPEITHUX M IUCIIEPCHH B MOMEHT BPEMEHH ! MO 00beMy
BBIOODKH J:
¢ t
L1 N 2)2
a(taj):_. Z Xis D(taj):_. Z (Xi—a(t,])) :
i=t—j+1 i=t—j+1
(2.6)
3aTeM MPOBOUTCS aBTOPETPECCHOHHAS IOATOTOBKA psina X(¢) 1o mozenn

3aJJaHHOr0 MOpPSJKAa Ha MHOXKECTBE JAHHBIX, BBIAEIIAEMBIX Hapoil {t, ] } Bri-
yucnsercs Habop AKD A(Z, j) ¢ coOTBETCTBYIOIMMM JaraMu Mo BBIGOPKE
00beMa j B MOMEHT ¢ M COCTABIIAETCS MAacCHB alIIPOKCUMALUN Vj (t , ] ) B CO-
OTBETCTBHUH C YpaBHEHHeM, Harpumep, (2.2). OctaTku psmga mocie 3Toi odpa-

6oTkn 0Go3Hauaem uepes zy (¢, f) :

&N =p) =y (. )); 2z =0.  (2.7)

OTH OCTaTKH, B CBOIO OYEPENb, MOXKHO AlMpPOKCHMUPOBATH PETPECCUOH-
HOM 3aBUCHMOCTBIO Ha BpeMs. [[ByMepHBIH MacCHB KO((HUIIEHTOB perpeccun
ompezensiercs: GopMyIon

4
. 1 N = Y .
b(t,j)=—5—— D (2t )2t HNi- 00 )
Jo (. )) i1
(2.8)
rae

_, . 1 { . L~ G
Z(6,0)== Y z), 06 )=~ i
J i=t—j+1 J i=t—j+1
t

)=~ Y (i-6.)),

i=t—j+1
a caMa alrpokcumManusa uMeCT BU/
wy (t, 7)) = 2(t, )+ b(t, )k = 2(t, ), k=t—j+1,..t.

(2.9)
Anmpokcumanus (2.9), npojomkeHHas B Oyayiiee 3a Mpeneibl BEIOOPKH,
SIBIISICTCSI PETPECCHOHHBIM MPOTHO30M. EcnM 7 — TrOpH3OHT mpoOrHO3a, TO

MIPOTHO3HBIE 3HaYCHHS Ben4rH (2.9) onpenemnstorcs Gpopmymoi
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v (1, j) = 2(t, /) + b(t, )t + k=2t /), k=1,2,..7.
(2.10)

ITo perpeccuonnomy nporHo3y (2.10) BocCTaHABIMBACTCS MPOTHO3HBIN
MacCUB UCXOJHBIX BEIUYUH. [IJIs 5TOTO CTPOATCS MAaCCUBBI

u, (¢, ) = at, j)+ A, ) (u, (& ) —alt, ), @.11)
uo(taj) =yz(t’j)
E,t, DN=v,@t, ) +u,(t,)), n=12,..7. (2.12)

CoOCTBEHHO MPOTHO3HBIE 3HaueHUs Cj(f;j) HCXOmHOrO psina LeH 1o

BBIOOpKE 00beMa j, B3ATOH B MOMEHT f#, Ha /7-OM IIIare MporHO3a CTPOSITCS 10
ANTOPUTMY

cn(G) =GN+ (), o )=c0).  (2.13)

Z[J'ISI aHaIu3a OIINOKH IMMPOTHO3a CTPOATCS MACCHUBBI OTHOCUTCJIILHBIX JIO-
KaJIbHBIX OTKIIOHCHHUI MMPOTHO3HBIX 3HAYCHHH OT (l)aKTI/I‘IGCKI/IX,

fh 2
wBD 4 24
c(t+n)

a TaKKC CPCaAHUX OTKJIOHCHHI Ha BCEM TOPHU30HTEC MPOrHO3a

d(t, jin) =

o, j;r)=

1 < )
;nzz“ld(zd,n) . (2.15)

[lepBas u3 ommbok — BenmuuHa (2.14) — MO3BOJMUT ONPENEIUTH TOT TO-
PH30HT IPOTHO3a, Ha KOTOPOM JIOKAIEHOE OTKIIOHEHHE HE MPEBOCXOINT 3a1aH-
HOW BETTMYWHBI, a BTOpast — (2.15) — ToT 00BeM BBIOOPKH, CBOI IS KaXKIOTO
TOPU30HTA, IPH KOTOPOM CPEAHSIsI OIIMOKA IPOrHO3a MUHUMAJIbHA.

[Ipoanamu3upyem cHavana BenuuuHy (2.14). {11 Hee B KaXKABI MOMEHT
BPEMEHH { [Is1 BHIGOPKM 00beMa j HaxoAuTcsl HauMeHbinnii Homep 1(Z, J,€)

miara MporHo3a, MpH KoTopoM BermwuuHa /d(f, j;1) Brepsble NpeB3oiineT

3a1aHHOe 3Hauenue & . Jlns Bpemennoro psua Benmuun A(f, j,E) Haxomstcs

ux cpennee 3Hauenue 71( j,€) n mucnepcus o~ (j,&) 1o nmeromemycs mMac-

CUBY HAaHHBIX, JOCTYIHBIX IJI1 TECTUPOBAHUA MOICIIN. Ilocne sToro HaXOgUTCA
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*
senmuunHa K (€), jMaromas MUHMMyM OTHOCHTENBHOMY CpEIHEKBAIpaTHY-

HOMY OTKJIOHCHUIO 11O O6’beMy BI>I60pKI/II

K*(g) = argminw. (2.16)

i nl,e

3TOT 00BEM CUNTAETCS ONTUMAJILHBIM JUIS IPOTHO3MPOBAHUS C OIIHOKOH,
JIOKaJIbHO HE NMPEBOCXOASILIEN £ , HA TOPU3OHT ﬁ(K* ,E .

Hanee ananmsupyercs omuoka (2.15). [yia kaxmaoit mapsl 3HAYCHUH {t R T}
HaXOMUTCS TakoW 00beM BHIOOPKM J , KOTOPBIA HaeT MUHHMYM OIIMOKE
o(t, j37):

J(t,r)=argmino(t, j;7).  (2.17)
J

[To umeromemycsi 00beMy JaHHBIX OINPENEISIFOTCS CPEJHUE 10 BPEMEHH

BesuuHel J (7) u (7} (7) nns o6bemoB (2.17), a Takke U cpe/iHEE 3HAYEHUE

COOTBETCTBYIOIINX MHHUMYMOB 5 (7) oumbku O (t ,J(t ,T);T).

Tocite 3TOro BBHIMHUCISETCS YyBCTBUTENBHOCTE A (7) MHHMMyMa ONIMOKH
K 06BeMy JAHHBIX. Jlns 3TOrO Ha oTpeske
A;@)=[J(t,t)—0 (1), J(t,7)+ 0 j(r)] uncnenno ompenensiercs Jo-

rapupMUIecKast IPOU3BOAHAS OMTHOKH IO 00BEMY BEIOOPKH

JO L | max 80, jir)— min 8, js7) | (2.18)

A, 7)== _
=50 20,0 A Ay (1)

Y HAaXOJUTCS €€ CpeJHee 10 BpeMeHU 3HaueHue A (7).

Ha ocuose HaﬁﬂeHHOﬁ YYBCTBUTCJIBHOCTH OIIPCACIIACTCA OIJ_II/IGKa, KOTO-
PYHO MOXHO OOMYCTHUTH IIPU IMPOTHO3UPOBAHUU pAdd, UCIIOJIb3Ys 00BEM BEI-

6opku J (7). Jlis 5TOro BBIYMCISAEM AUCIEPCHI0 MUHUMAJIBHOM OIIMOKH

0'§ ()= <(5(t,J(t,r);r)— g(z'))2> (2.19)

1 ko3 purueHT Koppensuun o(7) MEXITy OMUOKON
5(t,J (t,z');z') 1 06beMoM BbIOOpKH J(7,7):
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(6(t, T (1. 0):7) -8 (@O NI (t.0) - T (7))

o(7) =< > (2.20)
o(1)os(7)

Torma qucrniepcus OMMOKK MPOTHO3a OIIEHMBAETCS 110 hopMmyIte

2
P30 =@ 141-p2@)20 L2 | o
J7(7)
a caMa OIIMOKa IMPOrHo3a ONCHUBACTCSA BEIIMUYMHOM
A(r)=0(r)+Ds(1).(2.22)

MuHuMyM 1o 7 BbIpakeHus (2.22) mact Hanbolsiee ONTUMAJIBHBIA TOpH-
30HT IPOTHO3MPOBAHHMS TI0 BEIOPaHHOI MOJIETH.

HUrak, B 3TOM naparpadge ObU1 pacCMOTPEH MPUMEP ONTHMHU3ALUU POTHO-
3a BPEMEHHOTO psja M0 KOHKPETHOW aBTOpErpecCHOHHOW Moaenu. Takas on-
TUMM3AIMS [T0JIE3HA B TOM CJIydae, eCJIi MPOTHO3 10 KUHETUYECKOH MOJIENN He
JIaJl JKeJIAeMOM TOYHOCTH M3-32 BBICOKOW 3aBHCUMOCTH MEXIy WICHaMH psila.
Koneuno, ontumuzanust o0beMa BEIOOPKH JJIsl IPUMEHEHNSI KOHKPETHOH Tpo-
THO3HOI Mojenu 3QQeKTUBHA JIMIIb B TOM Clly4yae, €CJIM B MTOTE MOJTy4aeTcs
omuOKa, MEHbIIAsT BEIOOPOYHON JTUCIIEPCHH Psia Ha TOM )K€ 00beMe JTaHHBIX.
B mporuBHOM ciiydae HEOOXOOMMO CAENaTh MPEA-IOATOTOBKY psja MO OMNH-
CaHHOU BBIILIE METOJIUKE, & OCTATKU IPOTHO3UPOBATH 110 KHHETHUECKOH MoJIe-
. Takoil KOMOMHUpPOBaHHBIM MPOTHO3 OyJeT AaBaTh B 3TOM cilydae Ooiee
BBICOKYIO TOYHOCTb, YeM KaXKABIH U3 3THX METOJOB B OT/AEIHLHOCTH.

B memnoM OTHOCHTENBHO NMPOTHO30B HECTAMOHAPHBIX PSJOB MOXHO Clie-
JaTh CIeIyIoure BHIBOAbI. Bo-TIepBhIX, €CITH Ha pacCMaTpUBaeMOM IPOMEXYT-
ke BpeMeHHU JokanpHas DJIC m3MeHsieTcss He3HAYMTEIbHO, TO KMHETHUYECKHI
nporao3 BII®P umeer BBICOKYIO TOYHOCTB, KakK AJS BaJIOTHOTO Kypca. Bo-
BTOpHIX, ecnu DJIC cunpHO HecTanMoHapHa, kak uid akuuit GE, To kuHeTHue-
CKHUI MPOTHO3 JaCT OMIMOKY, IO MOPSAKY BEIMYMHBI COBMAJIAIONIYIO C OIINO-
KOI HauBHOTO TPOTHO3a, U TOTJa AaHHBIH METOJ LISl COOTBETCTBYIOLIETO Bpe-
MEHHOTO psiia He 3dekTuBeH. B 3TOM ciyvae MOru Obl OBITH MMOJIC3HBI TH/I-
POAMHAMUYECKHE MOJIEIH, HO, KaK y>K€ TOBOPWIIOCH, OHH UMEIOT 3HaYeHHUE MPH
ananuze BIIDP Gonbinoii pa3mepHOCTH, T.€. TPEOYIOT OOJBUIMX 0OBEMOB BhI-
6opku. [{ns Maneix 00beMOB BEIOOpKH OoJjice 3¢ (heKTUBHA alaliTHBHAS perpec-
CHOHHAasi MOJIETIb.

11.3. Paabl ¢ ce30HHOI MepHOIMYHOCTHIO

Bo MHOrMX IMPUKITaIHBIX 3a7a4aX BOHUKAIOT PSIbI C TaK Ha3bIBAEMOW ec-
TECTBEHHOH WJIM Ha3HAYEHHOHN MEPHOINYHOCTHIO. DTO, HAIIPHMEp, BPEMEHHBIE
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PSAABI CPETHECYTOTHON TEMITEPaTyphl B OTIPEEIeHHON reorpaduaeckoi ToUKe
3emiH, MOYacoBOM rpaduk apTepHaIbHOTO JaBJICHUS YeJOBEKa, MOTpeOIeHNe
BOJIBI MJTH 3JIEKTPOIHEPTUH B XKHUJIOM JIOME B 3aBHCUMOCTH OT BPEMEHH CYTOK U
T.11. [IporHO3MpOBaHNE TaKWX PSIOB, C OMHOW CTOPOHBI, KaKETCS IPOCTHIM,
MOCKOJIBKY AJISI POTHO33 MOYKHO HCIIOJIB30BATH I€TEPMUHUCTHIECKYIO MOJIEITh
cpenHero rpaduka n3ydyaeMol BEIWUYHMHBI 3a MEPHOM, a OTKJIOHEHHS OT HETO
cunTath OenbiM nryMoM. C Ipyroi CTOPOHBI, TOPU3OHTHBIA aHAIN3 Psfa 3THUX
OTKJIOHEHHH TOKa3bIBaeT, YTO OHM OOpa30BaHBI HEKOTOPOH AMHAMHIYECKON
CHCTEMOH{, TIO3TOMY CYIIECTBYET IPOTHO3HAsI MOJENb, UMEoIIas Ooyiee BBICO-
KyIO TOYHOCTB, Y€M HaUBHBIH IIPOTHO3.

PaccmoTpuM BpemeHHOW psin, 0Opa30BaHHBIA IMOYACOBHIMH IIEHAMH Ha
PBIHKE 3JIEKTPOIHEPTHM IO €Bpomneickold 1eHoBoM 30He Poccun. Ha puc.
11.3.1. mpuBeneH I MpUMepa THIIMYHBIA 1TOY9acOBOM TpaduK ICHHI 32 OTHY
HEJIEITI0 C IOHEETbHNKA 110 BOCKPECEHbE.

OTMeTHM, 9TO OTHOCHUTEIBHOE CPETHEKBAIPATHIHOE OTKIOHEHHE YaCOBBIX
JAHHBIX 32 CYTKH MEHBIIE, YeM 3a HEJET0, a TO, B CBOIO OYepe]b, MEHBIIIE,
4yeM 3a MecAll. XapaKTepHbIe BEIMYNHBI COOTBETCTBEHHO paBHBI 17%, 19% n
21%. CnenoBatensHO, €ciii B KadecTBe 0a30BOro mpodmiisi B3STh CyTOYHBIH
rpaduk (24 9acoBBIX 3HAUCHWS), YCPEOHCHHBIM MO OHAM 32 HENCTIO WM 3a
MecAl, TO OIHNOKa anmpOKCHMAaluyd JaHHBIX C €r0 MOMOIIbI0 Ha MECSIHOM
uHTEepBane OynmeT OoJblle, YeM MPH HCIONB30BAHUN cpenHeHenensHoro (168
YaCOBBIX 3HAYCHHN) PO(HIIS.
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Puc. 11.3.1 — Ilpumep mogacoBoro rpaduka meHbI SIEKTPOIHEPTHH
3a Henenro, pyo./MBT*4

U3 puc. 11.3.1 BuaHO, 9TO HEOENBHBIA Tpa)MK UMEET CYTOUHYIO ITEPHO-
OUYHOCTH C TPEMS JOCTATOYHO XOPOIIO BBHIPAKCHHBIMU WHTEpPBAJaMH IS pa-
6odgero s (o1 0 1o 9 wacos, ot 10 mo 17 gacoB u ot 18 mo 23 yacoB) u ABYyMS
Ut BEIXOHOTO (0T 5 10 16 wacoB u ot 17 10 4 yacoB ciegyromux cyTok). On-
HAaKO HalpalyBarolieecs pa3OHMeHHe BPEMEHHOIO psfa Ha MOAMHOMKECTBA,
pasleseHHbIe XPOHOJOTHYECKH (HAapHMep, TOJNBKO BBIXOJHBIC HIIH TOJIBKO
paboune IHU), 3aTPYMHSAET WX M3yUeHHE KaK CTAaTHCTHYECKoro Habopa rmociie-
JOBATENBHBIX CIYYAiHBIX COOBITH, YTO YBEIMYNBACT OLIMOKY MPOTHO3A.

CpenHeMecsIHbIH ke PO (4 MOTHBIX HEAETH WiIH 672 3HaYeHUs) He-
yIOOHO HCIONB30BATh M3-32 TOTO, YTO AWHAMHKA MPOJAaX YacTO UMEET OCO-
OEHHOCTh CKaYKOOOPa3HOTO U3MEHEHHS OT MecsIa K MECAILy, HO3TOMY rOI0Bast
IHCTIePCHsl CpeIHEMECSIUHbIX Npoduiiell ente OoJblIe, YeM MecsdHas AUcIep-
CHs HENeNbHBIX, TaK YTO OTHOCHTEIBHOE CpPEJHEKBAIPAaTHYHOE OTKIOHECHHE
YaCOBBIX JIaHHBIX 32 TOJI COCTAaBISIET MpHOIm3uTenpHO 30%.
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IIpoBenem tenepp npen-oOpabOTKy psaa, COCTOSIIYIO B HCKIIOUEHHH U3
HEro TJIABHOM MEPUOINYECKON COCTABIISIOLIEH, YCPEIHEHHOM MO YETBIPEM HE-
JensM. BeraTeM 3ateM M3 KajkAoro W3 YeThIpeX HeAeNbHBIX IpadrkoB HaiiieH-
HBIA cpenamii mpodwib. B pe3ympTare moimydaeM psii OCTaTKOB, KOTOPHIA HMe-
eT MpHOIM3UTENHHO B /IBA Pa3a MEHBIINN pa3Max IO CPABHEHUIO C MCXOJHBIM.
®parMeHT 3TOro psa nmpencTasieH Ha puc. 11.3.2.

120
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-404

-80

T
144 168

T
24 48 72 96 120
hours

Puc. 11.3.2 — OcTtaTok IEHOBOTO psijia OCIIe BEIYUTAHUS CPEIHETO
ripodust

OTHOCHUTEIbHAs CPEeIHEKBAAPATHIHAS OIIHOKA alPOKCHMANH MECSTIHBIX
JTAHHBIX COOTBETCTBYIOIIMM CpEIHEHEAENbHBIM NPOQIIEM COCTaBMIA B pac-
cmarpuBaeMoM npumepe 11%. Takum oOpa3om, OZHO JHIIb BBIACICHHE HaW-
JYYIIEero CpemHero Mpo(uiIs B yCIOBUSAX HA3HAYEHHOM NMEPUOIMIHOCTH IIO-
3BOJISIET IPOTHO3UPOBATE PsZl C OTHOCUTENBHOM ommOKoi opsinka 0,1.

INockonbKy MHTEpEC MPEACTABISET IPOTHO3MPOBAHNE HE HA OJUH-ABA Ya-
ca, a Ha CyTKHU BIIepell, TO CYTOYHBIA IrpadliKk €CTECTBEHHO pacCMaTpHUBaTh Kak
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24-MepHyI0 efMHMIly, 0003Ha4YaeMyio P, I1e n HyMepyeT CyTouHble rpadu-
ku. CeMb TakWX YIOPSIOYEHHBIX CIOWHUI] OOpa3yloT HEIENbHBINH OJ0K
W, (/) :(p7n—6+j=p7n—5+j ; -'-ap7n+j)' Wugexe j  Hymepyer
CKOJIB3SIINIA HAaYaJlbHBIA NIeHh HeleNbHOro Onoka. [lamee paccMmarpuBaroTCs

JTAaHHBIC B KOJIMYECTBE HE MEHEE OJTHOTO HeAeabHOTo O1oka. [lycth Takux Oo-
xoB L . Torga ans kaxmoro [ or 1 go L MoskeT GBITH MOCTPOEH CpeIHEHE-

nensuslii npopuns W (k, j) , nonyaaemsiit yepensennem | mocnenosarens-

HO MIyIIUX OJIOKOB:
/-1
L1 .
Wik ) =1 S Wi (). (D)
i=0
3arem Haiigenusiii npoduns W; (K, j) BblunTaercs u3 BCex paccMort-

pennbix [ HenenbHBIX GOKOB, TOCIE YEro MOJTyYeHHBIE JTaHHBIE PA3BOPAUU-
BaloTCS B TOCTIE/I0BATENLHOCTh psana 0CTaTKOB
r(t—168/+1), r(t—168/+2), ..., r(t), xoropas nacuutsiaet 168/ 3Ha-

geHni. [lepBast pa3HOCTH (T.€. CKOPOCTB) OMpeeNieHa o 3T BEIOOpKE B MO-
menthl Bpemenn {—1, t—2, ..., t—168]+ 2, T.e. nannble mpupauenuii
o6pasyror Habop u3 168/ — 2 3mauenuit. C 06aBIEHNEM CIIEIYIOMIETO BEKTO-
Pa CYTOUHBIX JaHHBIX 3Ta ONepalts MTOBTOPSAETC.

TTosyueHHbIH P IEPBBIX pasHOcTel oTobpaxkaercs Ha otpesok [0; 1], na

KOTOPBII ¢ HEKOTOPBIM 3aracoM HOPMHUpYeTcs pa3mMax BbiOOopku. Hopmupoka
¢ 3amacoM TpeOyeTcs A TOro, YTOOBI pacIpeiereHns MOCIeIyOINX BRIOO-
POK CpaBHHMBAJIHCH B OJTMHAKOBBIX MacmITabax. DTOT psia, 0003HAYAEMBIH Jaee
x(t) , u sBNsIEeTCS OOBEKTOM JANBHEIIIETO aHANN3a.

Jnst paccMaTpuBaeMoOro psijia OCTaTKOB OIIMOKAa CyTOYHOH ammpoKcHMa-
IIUU 110 JTMHEWHOH perpeccuy Ha BpeMs B CPEJHEM II0 UMEIOIEMYCsl 00beMy
JaHHBIX cocTaBuiaa 5,7%. OnHaKo AJIsl MPOTHO3a Takas MOJEIb HE OYEHb XO-
pollia, MOCKOJIBKY ITapaMeTp Perpeccuy He MOCTOSHEH Ul PasHBIX CyTOK. B
pesynbTaTe PerpecCHOHHBIH IMPOTHO3 MPUBOAUT K omubke B 11,5%, xoTopas
NpUOJIM3UTENEHO paBHA CPEOHEKBAJPATUYHOMY OTKIOHEHHIO OT CpeIHEeHe-
JeTbHOTO TpaduKa, a IMOCIeAHEee HaXOAMTCA BOBCE 0Oe3 BCSKOIO IIPOTHO3a.
CrnenoBaTenbHO, HEOOXOIUMO MTPOTHO3UPOBAThH CaM MapaMeTp perpeccuu. JTo
MOXKHO CZeJIaTh, HapHMep, CIECAYIOIHMM o0pa3oM, (GOpPMHPYS aJalTHBHYIO
PErpecCHOHHYIO MOZEINb.
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O6o3HaunM @,, 3HaueHHE MapaMeTpa PErpecCHd ¢ IPHU ANIPOKCUMALHU

JaHHBIX 33 IeHb 71, a X,, CPEAHECYTOYHOE 3Ha4YeHHE psina. IMeHHO pa3dpoc B

3HAUEHMAX 3TUX NMApaMETPOB SBIACTCS NMPUINHON YBEIMUYECHUS OLIMOKH IpO-
THO3a Ha CJIEAYIOIINE CYTKH IO CPaBHEHHIO C aIlllPOKCHMAalWed CyTOYHBIX
JTAHHBIX.

ABTOKOppeJ'IHHI/IH MCXKIY BCIIMYMHAMU an 3aMETHO OTJIMYHA OT HYJIA IJId

eqmununoro nara A, (1) = —0,35, a qus naros, Gonblunx eauHULEBL, OKasa-

Jack MPeHeOPeXUMO Majoi, TTO3TOMY AJISI MapaMeTpa PErpecCcur MOXKHO TpH-
MEHUTHh aBTOPETPECCHOHHYIO MOJENb mHepBoro mopsaka. OIEHKa cpeaHero
3HaUeHMs OJIM3Ka K HYJIIO, TaK YTO MOJENb aBTOPErPECCHH INEPBOTO TOPSIKA

JJIs1 OCHKH an HMECT BU/J

dyer = A,Da,.  (32)
AHaJ'IOl"I/I‘IHO CJICAYCT MOANPAaBUTh U CPEAHEC CYTOUYHOC 3HAUCHHUC )_Cn , KO-

TOpOE TAaKXKE BEChMa 3HAYMTENBHO PAa3NMYacTCs Uil pasHbIX cyTok. Koadou-
LHEHT AaBTOPErPeCCHM INEPBOrO MOPsSAKA JUIS BEIMYMH X,  PaBeH

Ax (1) = 0,33 , 4@ OCTAJIbHBIC JlIard BHOCSAT HpeHere)KI/IMO MAaJIbIC MOIIPpaBKH.

CpenHeMecaqHOE CYyTOYHOE 3HAYCHHE PAaBHO HYJIO, TIOCKOJIBKY MBI M3ydaeM
LIeHTPHPOBAHHBIN Psix ocTaTkoB. Toraa MoJesb I IPOTHO3a X,, UMEET BHI

Xp+l = Ay (1))_6}1 : (3.3)
O0wenunsisa mogenu (3.2) u (3.3) ¢ perpecCHOHHBIM IPOTHO30M OCTATKOB

X,,, TOJTy4aeM YTOYHEHHBIi NMPOTHO3 MCXOMHBIX BenmunH p(f) Ha CyTKH

BIlepesl, KOTOpBIi umeeT ommoky 8,9%. Takum oOpa3oM, npuMeHeHne KOMOH-
HUPOBAHHBIX MOJENEH MO3BOJSET yMyUIINTh KaueCTBO MPOTHO3a MO CpaBHeE-
HUIO C HAUBHBIM NIPOTHO30M.

JanbHeiimee cHMKeHHE OMMOKY IPOTHO3a B paMKax BHIOpPAaHHOW MOJENn
CBSI3aHO C ONTHMH3anuei 00beMa BEIOOPKH, T.€. B ONPEAEICHHH ONTUMAaIbHON
JUIMHBI YCPEIHEHUS! TIPH TOJYYEHHH CPEAHEHEIEIHHOT0 YacOBOTO ITPOQHIIS.
Jna pemieHust 5TON 3aa4uM CIEAyeT U3yYUTh TOPU3OHTHYIO CTaTUCTHKY pac-
CMaTpHUBaEMOro psijia, a TaKKe PacCMOTPETh 3aBHCUMOCTH BBHIOOPOYHOMN JHC-
nepcur OT 00beMa BEIOOPKH.

®parMeHT rOpU30HTHOTO Psjia [Jis psina octaTkoB X(Z) TokasaH Ha puc.

11.3.3 st cnsura 7 = 24 u pUKCUPOBAHHOTO paccTosiHUs Mexay BIIOP & =
0,05. TTo ocu abcuuce OTIOKEHO TEKyIIee BPeMsl, a [0 OCH OpAMHAT — 00beM
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BEIOOPKH, TOCTATOYHBIA B JAHHBI MOMEHT ISl IPOTHO3MPOBAHUS Ha 24 mmara
BIIEpE/l C YKa3aHHOI TOYHOCTHI0. HarmOMHMM, 4TO 3HAYEHHS STOTO Psa MaKo-

pupytotcs Benuuunoit 27/ & = 960 .
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Puc. 11.3.3 — [opu3oHTHBI# psa 1is psja octatkoB X(f) mpu cusure
Ha 24 mara s ypoBHs ctarmorapHocTa 0,05

B mpuBenenHOM nprMepe HaOIr0gaeTCs 3HAYUTETBHBIN pa3opoc 3HaYCHHH
TOPU30HTHOTO psima. JJocTmkeHue ToOuHOH BepxHeil rpanu B 960 Todek cBue-
TEJICTBYET O MAaKCHMAaJIbHOW HEOINPEIETICHHOCTH B IOBEJACHUHM CHCTEMBI, a
CKa4KOOOpa3HbIN craJl — O MPOSIBICHUH BHYTPEHHEH MEPHOIMYHOCTH, T.€. 00
YCHIIEHHH AETEPMHUHHUCTCKUX (hakTopoB. IImaro o3Hawaer coxpaHeHue cop-
MHUPOBABIINXCS] TEHACHINH, CKaYKOOOPa3HbIH POCT — JIOKAITbHOE MCUE3HOBE-
HHE KBa3HIEPHOANIECKON CTPYKTYPHI, @ SMU304bI C KyCOYHO-THHEHHBIM TPEH-
JIOM O3HAYalOT IOCTENEHHOE HapacTaHWE Xaoca, KOrja KakJAoe HOBOE 3Haue-
HHE MCXOIHOTO psi/ia HE COBMAJAET C MOCICIHUM B BBIOOPKE, yBEIWIHBAs, Ta-
KUM 00pa3oM, MUHAMAJIbHEI 00heM Ha 1.

CpenHee 3HaUeHHE JAHHOTO TOPU3OHTHOTO psna cocraBisieT 802 Toukw, a
IMIAPHHA IIOJIOCKI», B KOTOPOH HAXOAATCS 3HAYEHHS TOPU30HTHOTO psina, T..
MHHHAMAJIBHO JOCTATOYHBIE 00BEMBI BEIOOPOK, cocTaBisieT 35 % oT MakcuMyMa
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B 960 Touek. Uem mmpe 3Ta mmonoca, TeM OoJiee 3HAUUMO BIMSIHHUE JCTSPMHUHU-
CTCKHUX (PaKTOPOB, KOTOPHIX HE YAAIOCh HCKIIOUXATE Ha dTare mpea-o0padoTku
psana. Kaatmns mopsaka 0,95 mis pactipenenenus ra puc. 11.3.3 paBen 942.
D10 TOT 00BEM BBIOOPKH, KOTOPEIM B cpelHeM HamOoJiee ONTHMAJCH IS Tpo-
THO3HUpOBaHUA Ha 1 cyTku Briepen ¢ ommoOkoii B onpenenenun BIIOP wa ypos-
He 0,05. IIporro3z BII®P mo ypaBHenuto JIMyBWIUII TpeICTaBICH Ha PHC.
11.3.4. Ero ommbka Ha cyTkH Briepern coctasmia 0,042, a coOCTBEHHO psizia IcH
— 0,065, gTo mouTH B 2 pa3a Iydiie HAMBHOTO MPOTHO3A.
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Puc. 11.3.4 — daktuueckas u nporro3Has BIIOP nns psaa ocraTkos
x(t) nns o6bema BBIGOPKH 942 M TOPU30HTA MPOTHO3a 24 miara

Eme Gomee TOYHBIN NMPOTHO3 AaeT METOJ WACHTH(HUKAINN JUHAMUYIECKON
CHCTEMBI MO0 ONTHUMAaJIbHOMY ISl IIPOTHO3UPOBAHUS O0BEMY NaHHBIX, T.€. IO
942 3nauenmsM. OKazanoch, YTO PSAJ OCTaTKOB MOXET OBITH CMOJEIMpPOBAH
tpexmepHoi [IC ¢ kBaApaTUYHON HETMHEWHOCTBIO B MPABOM 4acTH, T.€. B UEM-
TO PsIIl OCTATKOB ITOJJOOEH JIOTHCTHUECKOI MOJIeNu 1 ee 0000meHnsaM. Ommodka
MPOTHO3a Ha CyTKH Brepen cocraBmia 0,043, 9To MeHbIIE, YeM OmmuOKa per-
PECCHOHHOM aNMpOKCUMAIUH Psiia OCTATKOB Ha BPEMs.

OtMeTnM, 4TO MOZEbIO Bujia cucteMsl JlopeHia Hanboiee TOYHO Hpo-
THO3HMPYETCSI TaKXKe U pAJ CPEIHECYTOUYHBIX TEMIIEPATyp, HO B TOM Cllydae
MOJIETIb aJIeKBaTHA 1 N0 (PU3MUECKUM cooOpaskeHnsiM. VIHTepecHo, 9To 3Ta u-
3U4ecKasi MoJeNIb MOXET ObITh OOHapyXKeHa YHCTO CTAaTHCTUYECKUMH METOJa-
mu upeHTrukanuu JIC 1Mo HOCHTENI0 COBMECTHOTO pacrpeneneHus. Takum
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00pa3oM, codeTaHrne TOPU3OHTHOTO aHAIIN3a C HEIMHEHHOM aBTOperpeccueil B
JTAHHOM CITyJae MPHUBEJIO K HanboJiee TOYHOMY ITPOTHO3Y.

11.4. AHaIM3 yCTOMYMBOCTH pacnpeae/ieHusi 3HaYeHU I UH/IU-
KaTopa

MogenupoBanne aHcaMONIsd TPAaeKTOPHH HECTAIIMOHAPHOTO BPEMEHHOTO
psiia ¢ TOMOIINBI0 KHHETHUECKUX YPaBHEHU MTO3BOJISIET O-HOBOMY MOJONTH K
npobieme aHanm3a 3(h(HEKTHBHOCTH CpabaThIBaHUS TOTO WIIM HHOTO MHIMKATO-
pa. B kadecTBe aHAMM3MPYEMBIX BEJMYMH MOTYT BBICTYNATh: MHAWKATOP pas-
JaKW, THAAKATOP 3()(QEKTHBHOCTH TOPTOBOH CTpaTeruu (KpuBask KyMyJISTHB-
HOW JTOXOIHOCTH), HHINKATOP ONTHMAaJIHHOTO 00BeMa BBIOOPKH TIPH aHAIH3E
KOoppensiuuil, U T.. MeToauKa 4MCIEHHOr0 MOJAETUPOBAHUS TPACKTOPUM psiia
OTIMCHIBACTCS B CIEAyFOIIeH raBse B . 12.1.

AHanu3 WHAWKATOpa Ha YCTOWYMBOCTH OTHOCHTEIHHO HECTAI[MOHAPHOTO
BPEMEHHOTO psiJia IMEET /1Ba acrekTa. Bo-nepBhIX, clIeayeT BEISICHUTD, KAKOBO
€ro BBIOOPOYHOE pacIpe/eieHHe 10 BBIOOPKaM TOCTATOYHO OONBIIHX 0Obe-
MoB. Eciit 3T0 pacnpezneneHue cTalimoOHapHO B paMKax MPUOIMXEHHOTO Mpea-
craBienust o ero II®OP yepes rucrorpammy BII®P, TO mocTpoeHHbI MHIMKA-
TOp OTpeneNsieT mapaMeTpsl BBIOOPKN IS HAXOXKICHNS CKONB3AIINX WHIMKA-
TOPOB TEKYIIEro COCTOSIHUS psina. Ecim e pacnpeneneHne n3y4aeMoro nHIu-
KaTopa HECTAI[MOHAPHO, TO OH ABJISIETCSI CKONB3SAIINM WHANKAaTOPOM, U B 3TOM
Cilygae BO3HHKAET BTOpas 3a/ada: ONPENENIUTh, P KAKUX YCIOBHAX Ha HC-
XOITHBIN BpEeMEHHOH psin ero cpabaTeiBaHMEe HambOousee Oe3ommOouHo. [lepBas
3amada ObuTa IOapoOHO pa3oOpaHa paHee B I1.7.5 Ha MpUMepe MmoKa3aTels Xep-
cTa. 31ech OyAeT paccMOTpeHa BTOpas 33/1adya — aHalINn3 CTAaTUCTUKH CKOJb-
3AIIET0 HHANKATOPA.

[ycts g(f) ecTb 3HaUYEHME aHANTM3UPYEMOTO MHIMKATOPA B MOMEHT Bpe-

menu ¢, a p(t) ecTh 3HAUEHHME BPEMEHHOTO PSi/a, KOTOPBIH SBISETCS «HHCT-
PYMEHTOM), Ha KOTOPOM paboTaeT JaHHbIA MHIUKATOP. Psn mepBhIX pazHOCTEH
uHCTpyMeHTa 0603HaunM X(7) . Ilycts Takke 1 €cTh ITMTENBHOCTH MEPUOA

BPEMEHH, B TEUEHHE KOTOPOTO AHAIM3UPYETCsS MHAMKATop. OGBIMHO 3TOT Ie-
PHOJI CBS3aH C BHEIUHUMH YCIIOBUSMH IO OTHONIEHHIO K CAMOMH CTATHCTHYE-
CcKoif 3a/1a4e. DTHMH YCIIOBHSIMH OTIPEIENSETCs (DyHKIIMOHUPOBAHHE CHCTEMBI,
MOPOXKAAOIEeH NaHHBIA BpeMEeHHOH psin. s mpocToTel OymeM cuuTath 06a
psna ¢(¢) u X(t) SKBUIMCTAHTHBIMH C €MHAYHBIM IIATOM.

O6osnaunm  f(x,7) ects BII®P psaga TNpHPOCTOB MHCTpYMEHTA, a
2(q,t) ects BII®P psna 3nauenuii unaukaropa. O6e BIIDP noctpoeHs! 1o
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BBIOOPKAM OJIMHAKOBOrO 00beMa 1 , MpuuYeM IIPeACTaBISAIONINE HX TUCTO-
rpaMMBI TaK)Ke€ UMEIOT OJMHAKOBOE PaBHOMEpPHOE pa3OreHne, KOTOpoe sBIseT-
Csl ONITUMAJIBHBIM I OJHOW M3 3TUX JIBYX CIyYailHBIX BETMYUH — HUMEHHO,
JUTS TOH, TSI KOTOPO# YUCIIO pa30neHwi MEHbIIIE.

CHauaya cieayeT mpoBECTH IPOBEPKY TOTO, HACKOIBKO CHIBHO BIHSET Ha
HECTAI[MOHAPHOE TIOBEIEHHE paclpelesieHUs] HHIUKAaTOpa HECTallMOHAPHOCTh
psiAa MpUPOCTOB MHCTpyMeHTa. [y aToro 3amuiieM ypaBHeHHE JIMyBHILIS 1S
000HX pacrpeneneHuit:

o o), G, 00e) _
ot

9

ox ot oq
Ckopoctu u(x,t) u v(g,t) onpenensiorcs no popmyie (9.1.3) us cpas-
HEHUS JIBYX BCTHIK-BHIOOPOK THHBI 1 .
3aTeM BBIMHCIIAETCS KOpEnsuws COFTy \,(f) C HyJeBBIM JIArOM MKy

CKOPOCTSIMH KaK MEXIy AByMsl HaOOpaMH M3 yIOPSAOYSHHOTO Habopa Jucel B
COOTBETCTBHUH C pa3OneHHEM TUCTOrpaMM. AOCOTIOTHAS BETHINHA KOPPEISIIHN
MEXIy CKOPOCTSIMH IOKaXXET, HACKOJIBKO CHJIBHO W3MEHEHHE PaclpeieieHUs
MHIHMKATOpa CBSI3aHO C M3MEHEHUEM paclpelieNIeH s IPUPOCTOB HHCTPYMEHTA.
CreHepupyeM 3aTeM J0CTaTOYHOE KOJMYECTBO (He MeHee [ ) MOJENbHBIX
Tpaektopuii paga p(f), KOTOpble MCXOMST M3 3a1aHHOTO COCTOSHHS psiia

p(t—T) w nonyuensr uz peurenusi ypapHeHus JIMYBHIUIA JUIS SBOJIOIHMH
BII®P npupoctos X(¢) . Ha kaxkn0ii u3 5TUX TpaeKTOPHUii MPOTECTUPYEM JIeii-
CTBHME MHIMKATOPA M BBIYUCINM aHAJOTMYHBIE MOJAEIbHBIC 3HAUCHUS BEIMUIH-
HBI COI’?‘M’V(I ). Ecnu pa36poc koppensimii HeGobIIOH, TO HaEHHOE 3Ha-

YeHHE XapaKTepu3yeT MOCTOSHHOE BIMSHUEC WHCTPYMEHTa Ha WHIMKATop. B
9TOM CiIydae WHIMKATOP CIIENYeT CYMTATh YCTOWYMBBIM OTHOCHTEIHHO HHCT-
pymenra. Eciu sxe pa3dpoc GONBIIOH, 3TO CBHAETEIBCTBYET O HEYHa4HOM BBI-
Oope nHANKaTOpa, OO OH JOJDKEH cpabaThIBaTh HA N3MEHEHHE PaCIpeIeTICHUS
MHCTPYMEHTa, KOTOPOe Ha MOJIEIBHBIX TPACKTOPHAX aHCAMOJIsl KBa3HCTALHO-
HapHO.

Crenyromieil 3amadeii sBIsIeTCS YCTAHOBJICHHE NPENETIOB MPHMEHUMOCTH
MHIHMKATOpa K YPOBHIO BOJATHIIFHOCTH MHCTpyMeHTa. [y 3TOoro smmmpude-
ckasi ckopocTs m3MeHeHus BIIDP mpupocToB MHCTpyMEHTa MOIUPHIHAPYETCS
«BOJICBEIM ITyTEM», W3MEHSSICh B ONPEIEICHHBIX yJYacTKaX THCTOIPaMMBI B
z(x,t) pas, T.e. BMecto ckopoctu U(X,/) paccMaTpUBAaEeTCs CKOPOCTD

u(x,t)z(x,t). ®ynxuus mogudukamuu z(X,1) BHIOMpaeTCS B COOTBETCTBHH

C LeNsIMH aHanu3a. B pe3ynbraTe reHepUpyeTcs MHOXKECTBO TpPAaeKTOPHH
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p(t), KOTOpBIE MO CPABHEHHIO C MCXOHOM TPACKTOPUEN UMEIOT H3MEHEHHBIE
HOKa3aTeNy BOJATHIBHOCTU. JlId KiaccU(UKanuM THIIOB HECTAllMOHAPHOIO
nosezierus paga P(I) Tone3sHO paccMaTpHBaTh [Ba THIA BONATHIBHOCTH:
HepBBIl THI OTBEYACT MHKPOCTPYKTYpE psia, a BTOPOH THII XapaKTepu3yer
roGanbHOE MOBENEHNE TPAEKTOPHH HA IPOMEKYTKe Bpemenn 1 . B kauectse
XapaKTePHCTUKH BOJIATHILHOCTH IIEPBOTO THIA OEpeTcs OTHOCHTENBHEIN Ccpel-
HeKkBajipaTHaHblil npupoct O Bemmumnbl O(f) = x(¢)/ p(f), a B kauectse
BOJIATWJILHOCTU BTOPOTO THIA — YMCIIO Mepecedenuii Tpaektopueii p(f) xo-
pHIOpa CBOEH CpeIHeli IMHUK Ha TIPOMEKYTKE BpEMEHH | , IIMPUHA KOPHUIO-

pa ipuHMMaeTcs paBHOK O . [lepecedeHneM cuMTAeTCS MONHbIH BBIXOJ Tpaek-
TOPHH 32 POTHUBOIIOJIOKHYIO TPAHUILY KOPHAOPA.

MosxeT oKa3aThCs TaK, YTO IS ONPEIEIEHHBIX COYeTaHN MUKPO- U MaK-
POBOJIATMIIFHOCTEH psiia HHCTPYMEHTA €ro BIMSHHUE Ha paclpeleiieHue WHIH-
KaTopa KJIacTepH3yeTcsl 10 BEJIMYMHAM KOPPEJSIIUi CKOpOCTed H3MEHEHHUs
pacrtipeneneHnid. Torma UMeeT CMBICI paccCMOTPETh M3MeHeHHe 3(PQeKTHBHO-
cTH cpalaThIBaHUs WHIUKATOpa IIPU CIABHUIE PACHpEIeNIeHHs] IIPHPOCTOB MHCT-
pPYMeHTa U3 OJJHOTO KjacTepa B Apyroi. s aToro BEIOMparoTCs JBa pacmpe-
JIeTIeHns] M3 PasHBIX KJIacTepoB W BBIUMCIsieTcs coorBercTBylomas JJIC B
TIPEMONOKEHUH, 9TO TIEPEXO]] MEKTY KIACTEPAMH MPOMCXOMINT 3a BpeMst | .
3arem BBomuTCsS GYHKIOMA 3S(GQPEKTUBHOCTH CpabaThIBaHUS HMHAWKATOPA
e(q,x), nonnmaemas B mpocTeiIeM clydae Kak J0Js MPABHIBHBIX CPabaThl-
BaHui. Bo3amoxxHa Momudukaiyst 3Toit GyHKIUH B BUJIE TPEMUIA 3a TPaBUIIb-
Hoe cpabatbiBanue W TpadoB 3a JIOKHOE cpabaThIBaHUE. 3aT€M CTPOUTCS
BII®P ¢(e,t) snauennii GpyHkuun >GGEKTHBHOCTH Uil MEPEXOTO0B MEXKLY
pasHbIMH KiacTepamu. Eciu pacnpenencnue (e,f) KBasMCTAlMOHAPHO C
TOYHOCTBIO, OTBEYAIONIeH pa30NeHNIO THCTOIPAMMBI, TO HHIUKATOp CUATACTCS
YCTOWYMBEIM 110 3()()eKTMBHOCTH OTHOCHTENBHO Bapualud HHCTpyMeHTa. B
MIPOTUBHOM CJIydae HHANKATOP HEYCTOWYMB MO BapHaluy HHCTPYMEHTA, U cie-
JyeT BBISCHUTH TIPMYMHY M3MeHeHus pactpenenenus @(e,t). Kak u Bbie,
JUISL 3TOTO BBIYMCISAETCS KOPPEISALUS MEXAY CKOpOCThio HM3MeHeHus BIIDP
[P TIEpEXOo/ie U3 KilacTepa B KJIACTEP U MEXIy CKOPOCTBIO H3MEHEHHUS paclpe-
nenenus @(e,t) . Bricokas KOppeJsIHs CBUIETENbCTBYET O BIUSHUM HHCTPY-
MeHTa Ha 3()(EeKTHBHOCTh MHIHMKATOPA, & HU3Kas — O €ro BHYTpeHHEH Xao-
TUYHOCTH, YTO SIBJISIETCS] HETaTUBHON XapaKTePUCTHKON MHINKATOPA.

Mepoli ycTOHYMBOCTH MHAMKATOpPA MO OTHOLICHUIO K BapHallMd WHCTPY-
MEHTa SIBJISIETCSI OTHOIICHHE
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S,=elo,, (4.1)
KOTOPOE BBIYMCIISETCS M0 aHCAMOJII0 MOJIEIbHBIX TPACKTOPUH,
UMHUTHPYIOLIUX MEPEX0l paclpeesieHusl IPUpOCcTa MHCTPYMEHTa
U3 OJJHOTO Kjactepa B Apyroi. Uem Oonbliue BenuunHa S, (B ai-

reOpanvyeckoM CMBbICIIE, a HE IO MOAYJII0), TeM OoJiee yCTONYMBO
paboTaeT HHIUKATOP.

11.5. MeToa ¢pyHKumii pacnpenejieHusi B MATeMAaTHYECKOI
JIMHTBUCTHKE

CymecTByeT 60JIBII0E KOTHYECTBO CTATUCTHYECKHX 33a[ad B OOJIACTH aHa-
JM3a TEKCTOB, KOTOpBIE (OPMYIHPYIOTCS B TepMUHAX (PYyHKIMH pacrpenere-
HHS TEKCTa TI0 CHMBOJIaM WJIH PyHIIaM CUMBOJIOB. B aToM pasnene OyxyT pac-
CMOTPEHBI METOJIBI, IPUMEHSIEMBIC IS aHalli3a JINTEPATYPHBIX TEKCTOB [29],
T.e. TEKCTOB, HAIIMCAHHBIX NPOPECCHOHAIBHBIMHU IHCATEISIMH. DTH METOMBI
UCIIONB3YIOT TPH THIIA paclpeleNieHHid B 3aBUCUMOCTH OT MOCTABJICHHOH 3a1a-
yn. Pacripenenenne TekcTa mo OyKBaM NMpUMEHsETCS Ul HACHTU(DUKAINK aB-
TOpa HEHM3BECTHOIO TEKCTa B OHMONHMOTEKE HM3BECTHBIX ABTOPCKHUX OSTAJOHOB.
Pacripeienenne OyKB MO 4acTOTE BCTPEYAEMOCTH HJIM PAHTOBOE pacripeselie-
HHE XapakTepusyeT an(aBUT MO W30OBITKY MM HEZOCTATKY HCIIOIB3yEeMBIX
CHUMBOJIOB. PacripesienieHre paccTOSHUNA MEXIy ONUHAKOBBIMH OYKBaMH IpH-
MEHSETCsl I PAacllO3HaBaHHsl OTHOPOIHBIX ()parMEeHTOB TeKcTa. PaccMoTpum
TIOCIIEJOBATENHHO 3TH TPH 33/1a4H.

3agava uaeHTU(GUKAIUHE aBTOpa HEM3BECTHOTO TEKCTA COCTOUT B CIIEIYIO-
mem. Vmeercst OubmmoTeka, comepikamiasi TEKCTBI, NMPEICTABICHHBIC B BHIE

[IOP (omHOOYKBEHHBIX MIIM MHOTOOYKBEHHBIX, T.€. N-TpaMM) Ui A wsBect-

HbIX aBTopos. Ilycts K @ — MMEIOIIeecs KOJMYECTBO TeKCTOB (I -I0 aBTOpa,
u Ni,a — KOIM4ecTBO OYKB B i -0M Tekcre sroro asropa, [ =1,2,..,K,.

I[JII/IHa KaXao0oro m3 TEKCTOB AOCTATOYHA I MPOBEACHHA CTATHCTHYCCKOTO
aHaJIM3a B COOTBETCTBUHU C OLICHKAMHU Ha TOYHOCTH OMIHUPUIECCKOTO pacrupee-

nenust (eM. 1. 5.2). O6osuaumm f; ,(j) n-IIDP cooTseTcTByIOmEro TEKCT,

re apryment j mensiercs ot 1 no a(n) = 32", rae 32 — uucno Gyks pyc-

CKOTo anaBHUTa P YCIOBHU OTOXKAECTBICHHUS «e» U «&», YTO 4acTo BCTpeya-
eTcs B 2NEeKTpOHHON (opme TekcTos. [Ipobensl, 3HaKKM NPENUHAHUS U POYHe
CHMBOJIBI HE YUHUTHIBAIOTCA. JIJIsl KXKJ0r0 aBTOpa OINPEAEINM €ro CpeIHEB3BE-
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mennyto [IOP no tomy xe npaBuity, uro U tanoHHele [IOP B 3amaue o kna-
cTepu3anyn (parMeHTOB BpEMEHHBIX psnoB (1. 10.4):

1 Kd Ka

Fo(D=7-2 fiaDNias Na=2 Nig- (51

N, - ;
i=l1 i=1

BpeneM «OubmuoTeuHyIo HopMy» Q; Kak paccrosiHue Mexay 11DP Tex-

croi uk B HOpME CyMMHUPYEMBIX (OyHKIIHH:
a(n)
pic =1 = fil= DD = fe - 5.2
j=1
Jnst Kaxaoro aBTopa @ MOCTPOMM IUIOTHOCTH (DYHKIIMH pacHpeieeHHs

+ o —
g, (p) orknonenuii Pi,,a «€rO» TEKCTOB, & TakiKe pacnpejienenne gy (p)

OTKIIOHCHNUH P, «IyKHX» IPOH3BENCHNH OT ero cpeancii IIDP F, . O6o-
b
G, (p)
sHaanM G (0) cooTBETCTBYOIME HHTErPabHBIC QYHKIHH PACIIPEICIICHHUS.
G, (p)=1 0
MunnmainsHoe 3Hauenne O, npu koropom G, (p) =1, obosnaunm p, , a

MakcumanbHoe 3Hauenue L, mpu kotopom G, (p) =0, oboznauum p,, .

CMbICT BBEICHHBIX BETUYMH B TOM, 4TO Bce [IDP TekcToB aBTOpa a HaxomsaTCA

+ .
Ha PacCTOSHUM He Oomee O, OT ero cpepuei IIOP (5.1), n aHanoru4Ho Bee
[I®P npyrux aBTOpOB HaXOAATCA OT HEE HAa PACCTOSHUU HE MEHEE p; . Benu-
+ p—
apa 1 -G, (pa ) €CTh BEPOSTHOCTh OIIMOOYHO NPHU3HATh 3a IPOU3BEACHHE

o - .+
aBTOpA «a» 4ykKOM Tekct (omubka Broporo poaa), a Benuunsa G, (pa ) €CThb

BEPOSITHOCTH OIIMOOYHO OTBEPIHYTH MPOM3BEICHUE aBTOPA «a», IIOCUUTAB €r0
3a gyxoe (ommbka mepsoro pojaa). Hazoem pacctosiHieM pas/ieneHus aBTOPOB

TaKkoe 3HaueHue L, ATl KOTOPOTo OMmIMOKa MACHTH(HKAIMH aBTOpa TEKCTa

p= argmin(l -GY(p)+ G_(p)): argmax(G+(p) - G_(p)).
(5.3)

OTa BeIMUrMHA MOXKET CITy>)KUTh BEPXHUM YPOBHEM JIJIsl KIacTepH-
3allMM TEKCTOB.
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Ha puc. 11.5.1 npuBeeHBI MIOTHOCTH gi( ) pacrpeenenuii paccTos-

Huit i 3-I11OP mo noctaToYHO OO0 COBOKYITHOCTH aBTOpPOB (30 aBTOPOB,
300 TekcToB).

0,30

—(:Boﬁ

- = Y\OW

— e
OWMNMOoOWNOWNMOoOWNOUOWMOWMEWMOoOW
b S SR AL S B W A il Mt B R R L B L L L
0O0O00C000000000000O0O0

paccToAHME OT TEKCTa A0 3TaNOHaA

Puc. 11.5.1 — Pacnpenenenue paccrosiauit mexay 3-I1OP Texcra u
aBTOPCKOT'O 3TaJIOHA

BunHo, uTO paccTosHE OT TEKCTa A0 3TATOHA «CBOET0» aBTOpa UMEET 3a-
MeTHO 0OoJiee y3Koe pacnpefeneHne, YeM OT TEeKCTa IO «4yXKOTo» 3TaloHa. JTo
00CTOSITENILCTBO TTO3BOJISIET BECbMa TOYHO MAEHTU(HIMPOBATH aBTOpa B OMO-
nroTeke TaoHoB. [TycTh MMeercst TekeT «0» HEeM3BECTHOTO aBTOpa, KOTOPBIH
Ha/l0 MACHTH(UIMPOBATh BHYTPU NaHHON OMONMMOTEKH. ABTOpOM Tekcra «0»

0
CUYMTAETCA TOT M3 ABTOPOB «a», IJIs KOTOPOTo HOpMa P, = ” 1 o—Fy ” pas3Ho-

cru mexay IIOP f(5(j) texcra «0» u cpenneii aBropekoit IIOP F, (j) mu-

HHUMaJIbHA:
0 0 0

P :||f0 -F,|, a =argminp,.(5.4)

a

Hexkoroprle xapakTtepuctuku pacnpeeneHuit puc.11.5.1 npuBeneHsl B
Tabn. 11.5.1.
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Tabm. 11.5.1. XapakTeprCTHKH pacpeelieHn il pacCTOSTHUN MEXIy
TEKCTOM U 3TaJIOHOM

ITokazaTens 1-I1OP 2-11OP 3-[1OP

Cpennee 3Hauenue [ s (cBoit 0.04 0.13 027
TEKCT) ' ' '
Cpennee 3uauenne [; (ayxoi 0.08 0.23 0.50
TEKCT) ' ' '
CranzmapTHOE OTKIOHEHHE O g 0.02 0.04 0.08
(cBoii TekcT) ' ' ’
CranzapTHOE OTKIOHEHHE O 0.03 0.07 0.12
(4y»o0H TeKcT) ' ' '
Paccrosinue paznenenust ﬁ 0,05 0,19 0,35
p+ 0,11 0,30 0,55
0 - 0,03 0,10 0,25
BeposTtHocTs ommboku I pona:

_ 0,47 0,65 0,72
G (p+)
BepositHocTs ommoku 11 poxa:

0,72 0,57 0,50

1-G"(p-)
OO01ast Twiomaab Mo/ pacipe/e- 0.38 0.35 022
JIEHUSIMU ’ ’ ’
Murepaar 0,90 nopipoxit 0,03-0,06 | 0,08-0,16 | 0,20-0,40
(CBOM TeKCT) ’ ’ ’ ’ ’ ’

W3 tabm. 11.5.1 MOXHO BBIBECTH CTAaTHCTHYECKHE apTyMEHTHI B ITIOJB3Y
s dextuBHOCTH MeTona 3-IIDP mo cpaBHEHHIO C pacIpeieleHUsIMH IPYToi
pa3sMepHOCTH. Bo-TmepBhIX, ommOKa BTOPOTO poja, SBIAIONIAACS B 3aj1ade
UACHTUDUKAINA KITF0ueBor, MuHUManbHa it 3-I1OP. Bo-Bropeix, mis pac-
MIPECIEHNH PAcCTOSHUH OT TEKCTOB J0 «CBOMX-UY)KHX» STAJIOHOB IUIOMIA[b
MepeKpHITHs TpaduKoB Takke MUHUMaNbHA st 3-IIDP. B-tpetpnx, ecnu BoI-
YHCIHUTh Pa3HOCTh CPETHHUX PACCTOSIHUI OT TEKCTA IO «Iy>KOTO» U JI0 «CBOETO»

aBropoB [; —[; W cpaBHMTH ee ¢ CyMMOH COOTBETCTBYIOLIMX AHMCIEPCHIt
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ly—1
Oy4 + 0, 10 mia 1,2,-IIOP otHOMIEHNE d's pasHo 0,9, a gus 3-11OP
o4 + 0y
0HO paBHO 1,1, T.e. pa3nuyaromiasi CIIOCOOHOCTh ABTOPCKUX STAJIOHOB 37€Ch

Zd _ZS

O4 t0g

HauOobIIas. THTepecHO OTMETUTh, uTo U s 4-I1DP oTHOIICHHE

taxxke paBHO 0,9. [ToatoMmy yBenuuuBath pazMepHocTs [IDP nia nosbimeHus
TOYHOCTH aHaJIM3a UMEET CMBICI JIMIIb IO OIpe/IeNIeHHbIX mpeaeioB. Obe mo-
CJIeJIOBATEIbHOCTH XapaKTEPHBIX PACCTOSHUM MEXy TEKCTaMH — «CBOUMM» U
«Uy>KUMI» — BO3pAcTaroT ¢ yBenunueHueM pazMmepHocTy I1DP, Ho oHu Takxke u
OTpaHUYEHBI CBEPXY OJHUM M TE€M K€ YHCIIOM, HOO ITU PacCTOSHHS 3aBEIOMO
He TPEeBOCXOIAT ABOWKU. CieoBaTenbHO, TOYHOCTh, C KOTOPOH MOTYT OBITh
pa3nM4YeHbl TEKCThl Pa3HBIX aBTOPOB, NPU yBeIHMUeHHH pazMepHoctu I[IDP
HayHEeT YMEHBIIATBCS, YTO MOTPeOyeT Il aHAIn3a O4YeHb OOJBIINX 00HEMOB
TEKCTOB. JTO Habmonaercs yxe Ha 4-I1OP.

OnucaHHBI METOJ OKa3aJcs BEChbMa TOYHBIM B OIPEJECNIEHHH aBTOpa He-
M3BECTHOTO TEKCTA: OIIMOKa uaeHTH(HKaUu Ha MHOXXecTBe «30 aBTopos, 300
TekcToBy 1o onm3octu [1DP B HopMme L1 cocraBuna: st 1-IIOP 15%, nms 2-
[I®P 5%, nnst 3-IIOP 0%, nns 4-IIOP 7%. MeTton cpaBHEHUS € YTATIOHOM 3-
[1OP sBnsiercss Hanboiee TOYHBIM M3 BCEX CYIIECTBYIOIIMX CTaTUCTUYECKHX
CHoco00B HAEHTH(UKAIINY aBTOPA.

PaccmoTtpumM Terepb paHroBoe pacnpeseneHne OyKB B PyCCKOM M HEKOTO-
PBIX €BPONEHCKHUX sI3bIKax. B oTiuume oT aaBUTHOTO yIOPSIOYEHHUS] PAHTO-
BOE paclpeesieHe YCTOWYMBO HE3aBHCHMO OT aBTOpA, MPOM3BEACHUS WU
’kaHpa. [Ipu 3ToM B pa3HBIX TEKCTax Ha OJHOM MU TOM K€ MOPSAAKOBOM MECTe
MOTYT OKa3aTbCsl pa3Hble OyKBBI, OJIHAKO (hopMa paclpenesieHHus OT 3TOro He
MmenseTcs. OTCro/1a MOXKHO C/IeNaTh BBIBOJI, YTO PAHTOBOE paclpeseneHre OyKB
XapaKTepu3yeT SA3bIK KaK TaKOBOH.

B cpennem no 6osbioii Tpynne TEKCTOB Ha IIEPBOM MECTE 0 YaCTOTE UC-
MOJIb30BaHUSI B PYCCKOHM XYJOKECTBEHHOW JIMTEpaType CTOMT OyKBa «O», Ha
npearnocieaHeM — OykBa «d», a Ha mocieqHeM — TBepabIid 3HaK. OcTaJIbHbIC
MecTa HE UMEIOT YETKOH MPUBSI3KH K OyKBaM, XOTSI MOXHO BBIJICIHUTH IPYIIIBI
MPUMEPHO MOCTOSHHOTO COCTaBa: MepBbie 7 OYyKB, cocTapiisttomiye 0,52 HOpMu-
poBku 1P, nocneanue 6 OykB, qaronue CyMMapHBId BKJIAJ B HOPMHUPOBKY Ha
He3HauuTenbHOM ypoBHE 0,01, u cepenuny (19 OykB). OgHaKO cileayeT Mmoj-
YepKHYTh, YTO HENb3d MPOBECTU YCIOBHYIO YepTy, HaBCerJa OTIENSIOLIYIO
omHu OYKBBI OT JApyrux. Y Io0oil OyKBbl B IEHTPaJILHON 4YacTh andaBuTa
«TIEPCOHATFHOE» MECTO IO YacTOTe BCTPEYaeMOCTH (UIYKTyHpyeT Ha 2-6 mo-
SHUIAN.
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Ha puc. 11.5.2 mpuBeneHa smMmmpudeckasi KpuBasi paHTOBOTO pacmpeaeie-
U 110 1000 TEeKCTOB pa3HBIX aBTOPOB M AMIIPOKCUMHUPYIOIIAS €€ MOICIbHAS
(hyHKIIMOHATIbHAS KPUBAsL.

0,12
0,10
0,08
0,06
0,04
0,02

O'OO rrrrrrrrrrrrrrrrrrrrr o1 11111 71T
1 4 7 10 13 16 19 22 25 28 31

BeposaTHOCTb

PaHr 6yKebl

——bubnuoteka ——Mopaenb

Puc. 11.5.2 — MogenpHOE B SMIIUPHYECKOE pacupeaeaeHns OyKB Mo
Y4acTOTE BCTPEYAEMOCTH

Okazanock, 4YTO PaHroBOE paclpeesieHHe 9acTOT OYKB B TEKCTE C BBICO-
KOM TOYHOCTBIO alMPOKCUMUPYETCS JorapupMUIecKoi hyHKIHEH:

=1 —Lm™ | s

n n+o "
Pacnpenenenue (5.5) HopMupoBaHO Ha exuHHUI. B HeM Kk ects panr Oyk-
BBI 110 YOBIBaHUIO, #1 — KOJIMYECTBO OyKB B andasure (B JaHHOM ciydae 32),
f (k) — gacrora BcTpeuaemMocTH GyKBEI, a ITapaMeTp O BHIOMPAETCS U3 Tpe-

OoBaHHUSs Hannquei/i ACTCPMUHAIUN 3MHHpH‘I€CKOﬁ 3aBUCHUMOCTH.
YuclieHHBIN aHAIN3 MoKa3aj, 4YTO TCKCThI B IPO3€ HA COBPEMCHHOM pPYC-
CKOM A3bIKC MMCIOT HAWIYYIIYI0 allpOKCHUMAIUIO B KJIACCE pacnpeaeneHI/Iﬁ

(5.5) mpu 3HaueHWM Tapamerpa O = 0, = 0. Jlerepmunaums ¢opmyIisl

(5.5) cocraBuna 0,99, cpenHexkBaagpaTHdHast OMIMOKA APOKCUMALINH SMIIHPH-
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geckoro pactpenenenus pasHa 0,003, a paccTosHIE MEXITy SMIUPUICCKON 1
MOJIETBHOM KpuBBHIME B HOpMe L1 pasHo 0,09.

VHTepecHO OTMETHTh, YTO €CIIM IEPEeBECTH PYCCKOS3BIYHBIC TEKCTHI B
TPaHCIIHNT, T.C. 3alHCaTh MX JATHHUIICH C HCIONb30BaHWeM 23 OyKB, TO Hau-
JydIIast almpoKCUMAIINS YaCTOTHOTO YIOPSIOYCHUS IS TAKUX TEKCTOB AeTCS

dopmyuoit (5.5) npu 3HaueHNH mApameTpa Oy.,pelis = 9 - Oumbka 510i an-

npokcuMarmu B Hopme L) cocrasuia 0,07 mpu nerepmunanmu 0,99. Otcroza
BEITEKAeT MHTEpIpeTanns mapamerpa O B popmyre (5.5) Kak ONEHKH H30bI-
TOYHOCTH WJIM HEJOCTAaTOYHOCTH ayiaBuTa. MOXKHO NPEISIOKHUTH, YTO 3BYKO-
Basi CTPYKTYpa sI3bIKa HanooJiee afieKBaTHO OTpakeHa B asipaBHUTE, YHCIO CHM-
BOJIOB B KOTOPOM €CTh /1 + O, IO3TOMY O Jjajee NMPUHUMAETCS PaBHBIM Iie-
JIOMY 4HCILy.

AmnHanornyHasi KapTHHa HaOJIONAETCsl M JUISl TEKCTOB, HAIIMCAHHBIX Ha €B-
pomelcKkuX s3bIKax, T.€. TOT/a, KOrJa CJIoBa COCTaBIsIoTCs U3 OykB. [Tockomb-
Ky B HEKOTOPBIX aj(aBuTax (YemICKHU, MONbCKUH, PppaHIly3CcKuil, HEMELKUH 1
JIp.) MCIOJIB3YIOTCS TUAKPUTUUECKHE 3HAKU U JUrpadbl, TO CIEAYET Olpelie-
JIUTBCSI, CUUTATH JIM MX 32 CaMOCTOSTEIbHBIE CHUMBOJBI MJIH OOBEIMHUTH CO
CXOJHBIMH TIO 3BYy4YaHUIO OykBamH. B psiie ciydaeB npu TakoM oObeIHMHEHUH
yZIaBaJloCh JOOWTHCA JIydIlled MOJAENBHOW anmnpoKcuManuu. Pesynbrarhl aHa-
JM3a Ui TEKCTOB Ha PacIpPOCTPAHEHHBIX €BPOINEHCKUX SI3bIKax NPHBEICHBI B
Tabn. 11.5.2.

OTMeTHM, 4TO ¢ TOUKH 3PEHUs] HHTEPIPETALMN NTapaMeTpa O pas3jinyus B
A3bIKaxX MHIOCBPOIICHCKON CEMbU MPOSBISIOTCS TOJBKO B MCIIOIB30BAHUU OT-
nacoBkd. COTJacHBIX OYKB B KHPHJUTMIECKOM U JIATHHCKOM andaBHUTax OAHWHA-
KoBO€ KoiudecTBO — 110 20. Ecim nepeHopMHUpOBaTh 4aCcTOTHI HCIOIb30BAHUS
OYKB TOJIEKO Ha COTJIACHBIE, TO OKa3BIBAETCS, YTO € JOCTOBepHOCTHIO 0,96 pac-
npezaeneHus OyKB B TEKCTax Ha BCEX SI3BIKAX aNIPOKCUMHUPYIOTCS (hopMyIon
(5.5) ¢ mapamerpamu 1 =20, 0=0.

Tabm. 11.5.2. XapakTepHCTHKH PaHTOBBIX paclipeeeHUui OyKB B
TEKCTax

Yucio 6yks B | Ilapamerp | Jlerepmu- Onmbra
S3bIK B HOpME
andasure 0 B(5.5) HaLM I1
CrapociiaBsHCKH, 43 % 0.97 0.11
XI Bex
Pycckuit, XIX Bex 37 0 0,98 0,10
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Pycckwmit, XXI Bek 32 (6e3 €) 0 0,99 0,09
Pycckuit/Tpancmur 23 +9 0,99 0,07
Bonrapckuit 30 -4 0,98 0,09
32
ITonbckmit C IUAKPUTHY. +3 0,98 0,09
3HaKaMU
42
Yemckuit C THAKPUTHY. -6 0,98 0,10
3HAKaMH
30=26 oc-
. HOBHBIX1+4
Yemrckuit 0 0,99 0,08
JUAKPUTHY.
3HAKOB
IIBenckmit 29 -4 0,98 0,09
30
Hemenxmit C IMAaKpUTHUY. -7 0,97 0,09
3HAKaAMU
Aurnuickuit 26 0 0,96 0,10
HranssaHCKHi 26 -4 0,97 0,08
Ucmanckmii 27 -4 0,99 0,07
42
®paHIy3cKuit C IUAKPUTHY. -9 0,96 0,11
3HAKaAMU
TekcTrl Oe3 riac-
HEIX Ha IF000M 20 0 0,96 0,08
SI3BIKE

BepHeMcs k TekcTaM Ha pyCCKOM SI3bIKE M PACCMOTPHUM €I1le OJUH acleKT
npuMeHeHHs1 OYKBEHHBIX paclipeAeieHuid, a HIMEHHO — pacIpelelieHns] pac-

CTOSIHMIi MEXIy OQMHAKOBbIMH OykBamu. Bynem o6osmauats I[IOP-B B; (/)

BEPOSITHOCTh TOTO, YTO PACCTOSIHHE MEXIY IBYMS MOCIIEI0BATEILHBIMUA OYK-
BaMH «i» PaBHO 4ucly [ , KOTOpOE OmpeieNsieTcst Kak PasHOCTh MEKIy TOpsii-
KOBBIMH HOMepaMmu OyKB B TEKCTe, cunTast oT Havana. OKa3aiaoch, 4TO pacrpe-
JIeNieHnsT U1l BceX OYKB, KpOME TPEX MAJIOHCIIONIB3YEMBIX («I», «3», «bY)
UMEIOT TOXO0XHH BHJ, T.€. SABJSIOTCA XapaKTEPUCTHKOW fA3bIKa, HA KOTOPOM
HanucaHsl npousBeneHus. Ha puc. 11.5.3-11.5.5 nmpuBeneHs! THIMUYHBIE pac-
Npe/ieNieHNs PACCTOSTHUI MEXTy OJMHAKOBBHIMU OyKBaMHU Ha 00beMax TEKCTOB
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nopsiaka 500 Teic. 3HAKOB. 3aMETHM, YTO €CITH MTOCTPOUTH (Ha30BYIO OHATPaMMy
B KOOp/IMHATAX «4acToTa f OyKBBI — MakcumMyMm L paccTostHus MexIy OyK-

BaMM», TO OKaXXETCs, YTO C JJOCTATOYHO XOpoliei goctoBepHocThio 0,92 ykna-
JIBIBAIOTCSL B OMIIAPHYECKYIO 3aBUCHUMOCTD (KO3 (PHUIIMECHTHI JaHBI B OKPYTJICH-
HOM BHUJIE)

2
InL=0,2 — . (5.6
sieao2). 50

0,14
0,12 +—4
0,10 -
0,08 -
0,06 -
0,04 -
0,02 1
L O e o o R e A EREEREEE

024 6 8101214161820222426283032343638404244464850

BeposATHOCTBL

PacctosiHne A-A

Puc. 11.5.3 — Pacnpenenenue npoMexxyTKOB MEXTY OYKBaMHU «a

0,050
0,040 -
0,030 -
0,020 -
0,010 -

0,000 L— T T
0 10 20 30 40 50 60

BeposaTHoCTb

70 80 90 100 110 120

PaccTtosinue B-B

Puc. 11.5.4 — Pacnipenenenue mpoMeXyTKOB MEXKIY OYKBaMHU «B)
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Puc. 11.5.5 — Pacnpenenenue mpoMexyTKOB MKy OyKBaAMHU «b»

TockonbKy cpeHee paccTosHue [; Mexmy OyKBaMH «i» TOYHO PaBHO 00-

paTHoii yactore cootercTByromlei 1-TIDP, T.e. l_l =1/ f(i), To ouenka Ho-
cutensd I1OP-b nmeet Bug
InZ; =0.2exp(2;). (5.7)
Touku rnodansHOro Makcumyma smrupudeckux I1OP-b okazanmncs npu-

MEpHO ¢ Takod ke mocroBepHocThio (0,91) nexanpMu Ha amImpoOKCHMHUPYIO-
el KpuBOM

i max = 2610 () ~38. (5.8)

B pesynbrate [IOP-b ¢ ommbkoii nmopsaka 0,1 MomenupyroTcst ogHOIapa-
METPHYECKUM TaMMa-paclipeieJIeHHeM, IapaMeTp KOTOPOro — 4acTora BCTpe-
YaeMOCTHU JTaHHOW OYKBBI:

A1) g
swy=L i (s
F(Vl' + 1)
Tac nmapaMeTpbl Vi 158 2*1' OTBCYAIOT COOTBECTCTBCHHO 3a MAKCUMYM

[1®P-b u 3a ckopocTh ee yObIBaHuUs Npu OonbImIKX /. DTH napa-
METPBI CYUUTAEM 3aBUCAIIMMHU TOJIBKO OT 4acToThl f (7). U3 ycmo-

Bus [; =1/ f(i) cnemyer, uTo mapaMeTpsl V; U A; CBSI3aHbI COOT-

HOINICHUEM
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li: Vl'-l—l 1

IB; (Ddl === = — .

O — 8
~
e
p—

OTKYJa IIoJIiyqyacMm

A
v, = —1.(5.10)
AU
EnuHCTBEHHBIN MakCUMyM pacnpeaeneHus (5.9) HaxoauTcs B TOUKe
V; 1 1
Limax =—=———-—.  (5.11
hmax == T (5.11)

OmnpenenuB 11 BceX OYKB «i» TOYKH MakCHMyMa li,max 13 anmpoKCH-

Marmu (5.8), MmoxkHO u3 (5.11) onmpenenuts mapamerp ﬂ,l- , a3areM u3 (5.10) u

napamerp V;. Hampumep, ams Oykser «o» (f =0,11) nonysaercs
A =0,140, a ans 6yxset «1» ( f =0,06) 4 =0,076. Hapamerp pacnpene-

JeHust VA Bcex OyKB OKasajicsi OAMHAKOBBIM, PABHBIM IPHUMEPHO
v =0,27 . Omnbka annpokcumanuy smmnupudeckux IIOP-B pacnpenenenus-

mu Buza (5.9) B Hopme L cocrasuia 0,11.

WHTEpecHO OTMETHTH, YTO PSIBl PACCTOSIHUHA MEXITy OyKBAaMH HMEIOT
BECbMa MaJTyI0 KOPPEJSALHIO U aBTOKOPPEISLHIO, HE MPEBOCXOSIIYIO 110 MO-
qymo 0,1, a game Bcero umeronryro BenuunHy 0,02. OTo 03Ha4aeT, 4TO TEKCT
KaK IIOCIIEIOBATEIFHOCTh CHMBOJIOB TPHONIKCHHO TPEICTABISIET CO00H n-
MEpHBIH OCINBIN TIyM, T/Ie # — YUcio OYKB B andaute. Eciu mocTpouTs ropu-
30HTHYIO CTaTHCTHKY (cM. raBy VI) mms Kakmod MOCIeIOBAaTEIbHOCTH pPac-
CTOSTHUI MeX Ty OYKBaMH, TO OKaXETCsI, YTO JJIs1 BCEX OYKB TOPU3OHTHBIC PSIIIBI
UMEIOT MPHUOIH3UTENEHO OJWHAKOBBIC PACIIPEICICHUS, XapaKTepHBIEC I pac-
MpeaeyeH TOPU3OHTHBIX PSNIOB, MOPOXKIEHHBIX XAOTHUYECKUMHU JTMHAMUYE-
ckuMu cuctemaMu (. 6.3). COOTBETCTBYIOIIMI TMpHMEp IMPHUBEICH HAa PUC.
11.5.6.

CrnenoBareiabHO, MOXKHO MPEIIOJIO0XKUTh, YTO CYHIECTBYET aJIrOpUTMUYE-
CKOC MEXaHHYECKOE MPABIJIO MO COCTABICHUIO CHMBOJIOB B MH(POPMAITHOHHYTO
IETNOYKY, T.e. B TeKCT u3 cioB. Onpenenuts 31y JC ObUIO OBI BechMa TH000-
MBITHO, HO B BBIYMCIIMTENBHOM IUIAHE CKA3bIBAIOTCS OTPaHUYEHMs 1O pa3Mep-
HOCTH, MIPETSITCTBYIOLINE MPOBECTH aHAIHU3 C BHICOKOM TOUHOCTBIO.

N3 npaktuueckoro npumenenus [IOP-b otMeTM BO3MOKHOCTD MPOBEPKHU
TEKCTa Ha OJHOPOJHOCTh C MOMOIIBbIO TOPU3OHTHOTO Psiia MOCIEI0BATENbHO-
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CTH PACCTOSIHUHA MEXIY ONMHAKOBBIMH (M JOCTATOYHO YacTO YIOTPeOIsIeMbl-
MH) OykBamu. Kakre nMeHHO 3TO OYKBEI, 3HAUCHHSI HE UMEET, TaK Kak IOBeIe-
HHE TOPU30OHTHOM CTaTHCTHUKH JJIsl HUX OJIMHAKOBO.

0,06
0,05
0,04
0,03
S oo A
250 270 290 310 330 350 370 390

FOpWU3OHTHLIA pAA | ——a-a ----6-6

POATHOCTbL

Puc. 11.5.6 — Pacnpenenenue ropusontHoro psana 1 [IOP-b,

7=10,&=0,05

OTHOCHUTEIBHO Mallble 3HAYCHUS TOPU30HTHOTO Psa CBHUACTEIBCTBYIOT O
TOM, YTO B 3TOM MecCTe cpaboTajay BHYTPECHHUE B3aUMOCBS3H MEXKIy JJICMEH-
TaMU UCXOJHOTO BPEMEHHOTO psijia, a OOJbINE 3HAUCHUS, HATPOTHB, MOKAa3kI-
BaIOT, YTO ITOCIIEAOBATEIFHOCTh CIYYaHBIX BEIWYWH He3aBucuUMa. HecMmoTps
Ha TO, 4TO HOpMHUpoBaHHEIC [IDP-b s pa3HBIX aBTOPOB MPAKTHYECKH COBIIA-
JTAIOT, T.€. BCE aBTOPHI MUIIYT C OJWHAKOBBEIM T'aMMa-paclpeleicHueM, OTpa-
JKAIOIIAM TOJIEKO OOIIES3BIKOBBIC CBOMCTBA, B MECTaX CKJICWKH TEKCTOB pas-
HBIX aBTOPOB HAOIIIOJACTCS pa3iiajka B BUIIC PE3KUX BCIUICCKOB TOPU30HTHOTO
psna.

Brutn paccMOTpEHBI CKIIEEHHBIE B OJTUH TEKCT (hparMeHTHI ABAIIATH IPO-
W3BEJICHUN pA3HBIX MUCATENCH TaK, YTOOBI PSIl PACCTOSHUN MEXTy OyKBamu
JUTS KaXKIOTO W3 aBTOPOB cozaepkan Obl He meHee 1000 mamnbeix. [lapamerp
CTaIMOHAPHOCTU & TOPHU3OHTHBIX pacmhpenenenuit mensuics ot 0,01 mo 0,1, a
mar casura 7 MeHsuics oT | mo 20. Hammy4mme WHAWKAaTHBHBIC CBOWCTBA OBI-
1 ob6Hapyxensl a1g mapsl 7 =10, £ =0,05.

Oxkazajnock, YTO MecTa CKJICHKH TEKCTOB pa3HBIX aBTOPOB MOTYT OBIThH OIO-
3HaHBI C TOYHOCTBIO T 7 chenyromum obpa3om. Camu 1o cebe BCIUIECKH T0-

PU30HTHOTO psiia MOTYT OBITH BeChMa OOJBIIION aMIUTUTYABI ¥ ISl OTHOTO ITH-
caTensi, HO TIOBEICHNE TOPH3OHTHOTO PsAa B OKPECTHOCTH TAaKOTO THKA WMEET
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OTIpeieNIeHHyI0 criel(uKy. VIMEHHO, MaKCHMyMBI TOPH30HTHOTO psAa HIYT
cepueit mo 2-5 3HaYEeHUH MOAPAL C TMOCIEAYIOMNM KBa3WINHEHHBIM yOBIBaHHU-
em. B oOmacty ke mepexona OT OJHOTO TEKCTa K APYroMy HaOIIONAJICS TPOBal
Oompmol aMmmuTyAb! (Topsaka 80-90) 1 MTHOBEHHBIH CKad4OK BBEPX TaKOH ke
OoxpmIol aMImUTyabl. HampuMmep, THNMAYHAS TOCIENOBATEIEHOCTh 3HAYCHUH
TOPU30HTHOTO PsiZia B 3TOM IepexomHoi obmacTi uMmeeT Bux ..., 387, 295, 382,
... ¥ T.IL. JJ11 OTHOTO aBTOpa aMIUIMTYAA TAKUX CKAYKOB «BHHM3-BBEPX» HE TIpe-
BocxomAT 60 ¢ SMIIpHUIecKoil BeposTHOCTEIO0 0,95. DTO 03HAYaeT, UTO JIUII C
BeposATHOCTHIO 0,05 ABOHHON CKa4OK TOPH3OHTHOTO PsiZia C aMILTUTYAOH BBIIIE
60 MOXET MPON30WUTH B TEKCTE OJHOTO MHUCATEIIS, @ CKaYOK C aMIUTUTYI0H BbI-
me 80 — c BepostHOCThIO MeHee 0,01. B pesyipraTe B TeKCTax, HAMMCAHHBIX
ABTOPCKUM TaHIEMOM, MOKHO yKa3aTh MECTa, TJi¢ aBTOPbI MEHSUIUChH, C TOYHO-
CTBIO JI0 TTOJICTPAHUIIBL.

KocBenHnast mpoBepka JTOCTOBEPHOCTH 3TOTO METOJA MOXKET OBITH OCYIIe-
CTBJICHA B TEX CIIy4asx, €CIM COaBTOPHI NMEIOT COOCTBEHHBIE NMPOMU3BEACHHUS.
Torga ¢ NMOMOIIBIO ONMHCAHHOTO WHIMKATOpa pasliafiki B BHIC «IBOWHOTO
CKadKa» MOXHO pa3pe3aTh TeKCT Ha ()parMeHTHI, HANMCAHHBIE, IT0 MPEII0IIO-
JKEHHUIO, Pa3HBIMH aBTOPAMH, a 3aTeM, CTPYNIUPOBAB 3TH (ParMeHTHl, C IIOMO-
IIBI0 aBTOPCKHUX 3TAJOHOB OMPEACIHTh WX NMPUHAIICKHOCTb. Tak, MpUMeps
npousBeneHnii OparbeB Crpyramkux, Uneda u Ilerposa, [lepymona u Jlykps-
HEHKO W psAfa IPYTHX aBTOpOB Mmoka3amu (cMm. [29]) HEmpOTHBOPEYHBOCTH
UACHTU(PHUKAIIMA pa3iagkd ¢ BepoaTHocThI0 ommoOku 0,05, T.e. MeTon maer B
cpexHeM onHy omuOKy Ha 20 pparMeHTOB.

403



I'nmasa XII. BerunciaurtejabHbIe aCMEKTHI
HECTALMOHAPHON CTATUCTUKH

12.1. I'eHepanus HeCTAIHOHAPHOI0 BPEMEHHOTI'0 Psiia

Bo MHOrmX 3amayax MpUKIaJHOTO CTATHCTHYECKOTO aHajH3a CYIIECTBYET
HEOOXOAMMOCTh TECTUPOBAHUSI T€X WM WHBIX WHIUKATOPOB JIOKAIBHOTO IOBE-
JIEHUS] BpDEMEHHOT'O PsiJia C LEJIBI0 OLIEHKH BEPOSITHOCTH WX IPaBHIBHOTO Cpa-
OarpiBanms. Kak mpaBmiio, MHAMKATOPHI NPENCTABIAIOT CO00H (DYyHKIMOHAIIBI
OT ()parMeHTOB TPAaeKTOPHHU ciydaifHoro mpouecca. [Ipumepsl HHIUKATOPOB:
OTHOUIEHHE YUCIIa MOJOXKUTEIBHBIX MPUPOCTOB 3HAYEHUI BPEMEHHOTO psiaa K
YHCITy OTPULATENBHBIX 33 ONpeIeNIeHHBIN MepUo]] BPEMEHH; YIIIOBOM KO du-
LIUEHT NPSMOI perpeccuu Ui BHIOOPKU 3aaHHOM JJIMHBL; PACCTOSHHE MEXIY
BBIOOPOYHBIMH TUIOTHOCTSIMU (DYHKLIWH pacIpeAesIeHus psia B TOW WM WHON
HOpMe, JJUCIIepCHsT HAKOTIJICHHOTO pa3Maxa 3a OIpe/IeSICHHBIN MEpUO U T.11.

UroObl OLEHNUTH HMIIMPUYECKYIO YCIOBHYIO BEPOSITHOCTH TOTO, YTO OMpe-
JIeTICHHBI MHTEPBAJl 3HAYEHUH WHIUKATOpa OTBEYAET OXKHJIAEMOMY HCCIIE/I0-
BaTeJeM MOBEICHHIO psiJia B HACTOSIIEM WM OyIylieM, Hy)KHO UMETh MHOTO
peanu3aiyii M3y4aeMoro mporiecca, Tor/ia Kak B HaJTMYMH UMEETCS JIMIIb OJTHA
(akTryeckn HabmroneHHas TpaekTopusi. Ha nmpakTtuke Oepercs ¢pparmeHt tpa-
€KTOPHH, KOTOPBIH MPEICTaBIISETCSl TOCTATOYHO OOJBIIMM, H Ha HEM coOHpa-
eTcs TpedyeMasi CTaTHCTHKA 10 MHAMKATOPY: YUCIO OMIMOOYHBIX cpabaTbhiBa-
HUH, YUCIIO OMIMOOYHBIX HecpaOaThIBAaHWI M YMCIIO NPaBWIBHBIX cpalaTbiBa-
Huid. OHaKo, ecIM BPEMEHHOM psiJl HeCTallMOHAPHBIH, TO, HAIIpUMEpP, ONTUMH-
3anusl JUIMHBI BEIOOPKH JUIs TIOJTyYeHNs] MUHIMaIbHON OIIMOKK MHIUKATOpa Mo
HEKOTOpOMY ()parMeHTy MNpOLUIONW TPaeKTOpPUH HEe MMEEeT 0Co0O0ro CMbICHa,
MOCKOJIbKY ONTHMYM HCKAJICS JUIsi KOHKPETHOTO (pparMeHTa TPaeKTOPHHU CITy-
yaitHoro mpotecca. [Ipu apyroit mocnenoBaTeIbHOCTH TEX YK€ CaMbIX 3HAUEHUN
BPEMEHHOTO psijia BO3MOKEH WHOM pe3ysbTaT ONTUMH3aLUUH. Bo3HuKaeT 3aja-
Ya TECTHPOBAaHMS WHIMKATOPA HA YCTOWYHMBOCTh OTHOCHUTEIBHO Pa3IMYHBIX
peanu3aIyii CIIy4aifHOro mpoliecca, HMEIONIEro OJin3kue (C TOUKH 3PCHHS HC-
clleioBarelisi — KBa3MCTalMOHApHbBIE) BHIOOPOYHBIE pactpeneienus. Jns aro-
ro TpeOyeTcsi CreHeprpOoBaTh IMy4YOK BO3MOXKHBIX TPACKTOPHI BPEMEHHOTO Psi-
Jla, UICXOASALIMN U3 33JaHHOTO TEKYIIErO COCTOSHUS, M MPOBEPUTH Ha HEM YC-
TOWYHMBOCTB CPadaThIBAaHHS MHAMKATOPA.

Ecnu mponecc cranpioHapHsIid, TO HA0Op €ro TPAeKTOPUI MOXKET OBITH I10-
JIy4€H, UCXOJIsI U3 CIEeIYIOIINX COOOpaKEHHH.
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PaccMOTpUM paBHOMEPHO pacripejieNleHHyI0 Ha KoHeuHoM oTpeske [ D]

ciyyaitnyro Bennuuny & . Ona umeet [1DP

— , X€ [a: b]:
Ju(x)=1b-a (1.1)
0, x ¢[a, b].
Pacnipenenenwne (1.1) OpiBaeT ymoOHO 3a1aTh B BHIIE, KOTAA SIBHO BEBIICIICH

LEHTp /I MPOMEXyTKa AJIHHBl () = |b - a| :

fols mo)y=30 " 2" 27 (12)
0, xelu-w/2, u+w/2].

CpeILHee 3HAYCHUC DTOIo pacnpez[eneHI/m paBHO ﬂ , a ,uncnepcnﬂ paBHa
2
o~ /12.

CTaHapTH30BaHHBIM PABHOMEDHBIM PACIpPEIEICHHEM SBIAETCS Pacipe-
nenenne Ha ortpeske [0;1], TI®P koroporo B Tepmmuax (1.2) ectb

Ju (x;1/2,1) . Pacnpenenenue (1.2) nepesomurcs B f7(1;1/2,1) no-
X—H

.
PaBHOMEpHOE pacrTpe/ieNieHe HCIOb3yeTcss I TOTO, YTOOBI Ompese-

CpEIICTBOM JIMHEHHOro npeodpasoBanus ) = — +

JIUTh, SBJSICTCS JIM BBIOOpKA {xl,xz,...,xn} BEIOOPKOH M3 pacmlpeesieHus C

HEKOTOpO#i mpesmnonaraemoii Gynkuueit pacipenenenus F(x). B ocHose pas-
JIMYHBIX CTATHUCTUYECKUX KPUTEPHEB COIIACHS C TUIOTE30M O BHJE paclpeje-
nenuss F'(x) nexur cnemyromee yrepxnaenue. Ilycte & ecTh ciyuaiinas

BenMunHa ¢ HenpepbiBHOH ®P F'(x) . Torna cinyuaiinas Benuunna 77 = F'(&)

umeer [IOP 77 (y; 1/2,1). elicteutensho, nockomnsky
I, y>1

P(F(x)<y)=1y, 0<y<I
0, y<0
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TO IINIOTHOCTH 3TOI\/JI (1)YHKIII/II/I pacnpez[eneHHﬂ SIBJIACTCA
Su(;1/2,1).

Ha ocHoBe aToro YTBEPKACHUSA CTPOATCA aJITOPUTMbI T€HEPALIUU BPEMCH-

HOTO psiia {xk} ¢ 3ananHoil dynkumeil pacnpenenenus F'(x). s storo
TeHepHpyeTCs TIPOM3BOIbHAS TIOCTE0BATENHHOCTh THCEN {y k } paBHOMEpHO

pacnpenenennsix Ha [0;1], mocne gero no dpopmyne

-1
vk =Fx), xe=F" () (1.3)
HaXOJATCSI JIEMEHTHI psiia {x k } OO0parienne GyHKIUU pacipe-

nenenus B (1.3) BO3MOXKHO B CHITy €€ CTPOroid MOHOTOHHOCTH.

Ha npaxtuke ycrnosue HempepbiBHOCTH PP dopManbHO HapyIiaercs, Imo-
TOMY 4YTO Ha6J'IIOﬂ€HHLIe 3HAUCHUSA MOJYYCHBI C KOHEYHOH TOYHOCTBIO n3Mepe-
HUSI, HO 3TO HE ABJIACTCA NPUHIUIHNAIbHBIM OT'PAaHUYCHUCM. Hpouecc CUHTacCT-
Cs HCHOPEPBIBHBIM C TOM TOYHOCTBIO, C KOTOpOﬁ MIPOBOAATCA U3MCPCHUS. Ilo-
9TOMY, HECMOTPS HaA TO, YTO r'MCTOIpaMMa, Aaromias OHCHKY INIOTHOCTU BEPO-
SATHOCTH, (DOPMAJBHO OTBEYAeT HEKOTOPOH AMCKPETHOH CIlydaliHOM BenndnHe,
(yHKIUST pacnpenesieHuss MOXKET OBITh C/eNaHa HENpepbIBHOM, eciii BHYTPH
STYEHKHU KJIACCOBOTO HUHTEpBaJIa TUCTOIpAMMBI MOCTYJIMPOBATL HEKOTOPOC —
HarpuMep, paBHOMEPHOE — paclpe/ielieHue.

Yro KacaeTcs reHepalldd paBHOMEPHO pachpezenenHoro psaaa Ha [0; 1],
TO OOHUM M3 HamOoJee yImoTpedIsieMbIX CrIoco00B SBIsieTCA anroput™ Jleme-
pa. OH cOCTOHT B TOM, YTO CTPOUTCHA ITOCIEAOBATEIIBHOCTH HCGBI[OCJIy‘IaﬁHLIX
YHUCEI B COOTBETCTBUH C (hopMyIon

Xpyl = (axn +b)m0dm, m>xy,m>a,m>b.

Z[J'II/IHa nepuona TaKoH MOoCJIeA0BATCIIbHOCTU paBHA mM B TOM U TOJIBKO B

TOM CJIy4ae€, €CJIN BbIIIOJTHCHBI YCIOBUA:

1) b, m B3aMMHO NPOCTBHI;

2) eciii HEKOTOPOE YHCIIO ¢ €CTh JEIUTENb M , TO YUCio a — 1

JOJI’KHO OBITH KPaTHO C

3) ecnmu m xpatHO 4, TO YHCIO a —1 TOMHKHO OBITH KPaTHO 4.
Yucna X, /m pasaomepuo pacnpenenenst Ha [0;1]. Tlcesnocmyuaii-

HOCTh ITHX YHCENl 00YyCJIOBJICHA HEH30EKHBIM 3alMKIMBAHHEM PEKYPPEHTHOM
MOCJIEJIOBATEIbHOCTH TPU YUCIEHHOW peaau3aliid MOJETH Ha KOMITBIOTEpe ¢
OTPaHUYEHHOM IIIMHON MAIIMHHOTO CJIOBA.
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ITocTponm Ha OCHOBE 3THX YTBEpPXKICHMI YHCICHHYIO MOZEIbh HECTAIHO-
HApHOTO BPEMEHHOTO AN B COOTBETCTBHU C OIIPEACICHHBIMH TPEOOBaHUIMH,
HaknaapiBaeMbIMHM Ha ero BIIOP. CnokHOCTh aHaau3a U, ClIeI0BaTelIbHO, MO-
JIETMPOBAHNS HECTAIIMOHAPHOTO BPEMEHHOTO PsAa C 33JaHHBIMU CTATHCTHYE-
CKUMH CBOMCTBAMH €TO PACIPENENICHHs COCTOMT B TOM, YTO Ha IPAaKTHKE B
Ka)XbIil MOMEHT BPEMEHHN HaOIIOaeTCsl TOJIBKO OHO 3HAYCHHE M3 MpeArona-
raeMoi reHepanbHON COBOKYIMHOCTU TEKYILUETO paclpeieieHHs] BEPOSITHOCTEM.
ITosToMy ¢ yBenmueHHeM neproaa HaOIIOCHNS BEIOOPOYHOE pacipeeeHue,
MOCTPOEHHOE TI0 YBEIMUYUBAIONIEMYCSl KONWYECTBY IAHHBIX, HE CXOAWUTCA K
TeHEPaIbHONH COBOKYIIHOCTH, W3 KOTOPOW 3THM IaHHBIE ToirydeHsl. CienoBa-
TEJIbHO, aHAIN3y JOCTYIHBI TOJIBKO BBIOOPOYHBIE pacHpesieNeHus, W 3aaada
aHaJM3a COCTOMT HE B yCTAaHOBJICHWH BHJA T'€HEPAIBHON COBOKYIHOCTH, YTO
HEBO3MOXXHO, @ B HAXOXJACHUU SMIIMPUYECKUX NpaBui u3MeHeHus BIIOP na
OTIpEZIETICHHOM MPOMEXKYTKE BPEMEHH. DTH TPaBHiIa U MPEACTABISAIOT COO0H Te
CBOHCTBA, KOTOPBIE MOTYT OBITH NPHITUCAHBI BEIOOPOYHOMY PACTIpENENICHUIO U
MPOTECTUPOBAHBI HA PA3IMYHBIX PEANM3alMAX CIy4aifHOTo Iporecca ¢ Omm3-
KAMH PaCpeeICHUSIMH.

W3 mpakTHyecknx cooOpakeHWi yIOOHO CUMTATh, YTO HAIlla CITydaifHas
BEJINYNHA PAaBHOMEPHO OTPAHMYCHA IO BPEMEHH, TaK YTO BCE €€ 3HAYCHUS
npunagtexkar otpesky [0;1]. Iycts x(¢) ects 3nauenue cayyaitHoil Benmuum-
HBI B JUCKPETHBIII MOMEHT BpPEMEHHU {, I'/le 1Iar 10 BPEeMEHU CUMTAeTCs elu-

HuaHbM, a f7 (X,¢) ects BII®P BoiGopkn mmmuel I ¢ OKOHYaHMEM B MO-
MEHT BpeMeHH !, T.e. BHIOOPKH (hparmMeHTa psia {x(l‘ -T+1),..., x(t)}. Ilo
BII®P f7 (x,) MOXHO OCTPOUTH HEMPEPBIBHYIO (YHKLMIO PACTIPEAEICHHS

FT (X, t), cyuTas pacrupeacicHue BepOHTHOCTeﬁ B OTACJIBHOM KJIaCCOBOM

WHTEpBaJIC PaBHOMEPHBIM, PaBHBIM YacTOTE IOMAIaHWs B ITOT MHTEpBAll Ha-
OIrroJTaeMBIX 3HAUYCHUH, AeJICHHOW Ha JUTMHY WHTepBaia. Tormga

Fran=[frnndy. (14
0

YUT0OBI UMUTHPOBAThH MPOIIECC, OJU3KUN K PEaNbHBIM HAOIOJICHHUSM, Ha-
MpUMeEp, 3a JUHAMHKOW IIeH Ha OWpke Ha KaKOH-THOO0 (DMHAHCOBBIN HHCTpY-
MeHT (I[eHa aKIIUHU, HHICKC Habopa IEHHBIX OyMar, Kypc BIIOTHI U T.IL.), TIPE/I-
Jaraercs cienyrolas cxema aeictBuil. Ha mepBom sTamne no MMeromumMes uc-
TOPMYECKHUM JAHHBIM CTPOSTCS BHIGOPOUHbIE pacrpeeneHus npupoctos X (1)

IIEH Ha 3TOT MHCTPYMEHT 3a TOT MPOMEKYTOK BPEMEHM 1 , KOTOpBIHA Tpes-
cTaBysieT MHTepec. Hampumep, cTpositca pachnpeneneHusl NpUpOCTOB LEH 3a-
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KPBITUS B ONPEACTICHHOM BPEMEHHOM WHTEpBAIE ISl KaKOTO-HUOYIb MHCTPY-
MEHTa 32 IBa COCEIHUX MECSIa M0 CKOJB3AIICH BEIOOpKE IITHHOM B Mecs. Tem

caMbIM B KaXIIbIii MOMEHT BpeMeHu [ ompenenena BIIDP f T (x, t) , JIomyc-
THM, 5-MUHYTHBIX IPHPOCTOB LieH, U COOTBETCTBYIomast el Fp (x,¢) cornac-
Ho (1.4). 3necs mmna 1 BBIpakKeHa B €IMHUIEAX S5-MHHYTHBIX MHTEPBAJIOB.
3aTeM reHepHpYyETCsi CTAMOHAPHBIH paBHOMepHO pacnpenesennbiii va [0;1]
psin yucel {yk} amuHoit 1. Tlycts () €CTb HAaYaILHBIH MOMEHT BPEMCHH, B

KOTOPBIN M3BeCTHa (PYHKIHUS pacrpesesiCHNs] 3a MEepBhId Mecsl HaOJIOAEeHHs.
Torpa B mocieayromue MOMEHTBI BPEMEHU OJHA U3 BO3MOXKHBIX TPAaCKTOPHH

ciydaifHoro mpouecca, s koroporo BII®OP mensercst ot fr (X,fp) 10
Jr(x,tg +T), crpourcs mo popmysne 06paIeHNs] COOTBETCTBYHOLIEH JI0-

KaTbHOH IO BpeMeHH (YHKIMH PacIpeeIcHus, JBUKYIIEHCS B CKONB3AIIEM
OKHe [UTIHEL 1 :

Vi = Fr(xg.to +k). (1.5)
[Nonguepkuem, uto, cormacHo (1.5), B KaXIplii MOMEHT BpeMeHH [ M3 pac-
npenenennst Fp(X,1) remepupyercs TONBKO OHO 3HadeHHe pspa. Cama ke
Fr(x,t) BbICTYnaer B 9TOT MOMEHT BpeMEHH KaK TeHepalbHAs COBOKYII-

HOCTh. TeM caMBIM IMUTHPYETCS TPOoIlecc HaOIIOACHNUS 3a AMHAMHUKONW HecTa-
IIHOHAPHOTO BPEMEHHOTO PsIa.

3agaBas pa3IM4YHbIE PAaBHOMEPHO PACIIPEAEIEHHBIE PsIIbl {yk }, MO>KHO
TIOJTy4HTh TTy4OK TPAEKTOPHUIA, ACCOIMUPOBAHHBIX ¢ 1ByMsi BIIDP: f- T (x,t) m
Jr(x,t+T), cornaco Ha6n01aeMOM SBONIOLMK 3THX pacipeaeneHuit. Ka-

JKAasg W3 JTUX TPACKTOPUH MOPOXKAAET Ha OTpE3Ke [to;to +7T] BI®P

fT ({y};x,tg+T), ommunyro, BooGuIe TOBOPs, OT HAOIIOACHHOM

fr(x,t0 +T). Tlo COBOKYNHOCTH CreHEPUPOBAHHBIX TPAEKTOPHIl MOXKHO

OLIEHUTh, HACKOJIIBKO 3HAaUYMMO OTKJIOHEHHWE (DAKTHUECKHX pacHpeneieHud B
HOPME HENPEPHIBHBIX (VyHKIIHH:

p(F,F')=|F - F'|=sup|F (x,t)— F'(x,t")|. (1.6)
X

Ha puc. 12.1.1 npuBeneH my4ok TpaeKTOPHi, CTeHEPUPOBAHHBIX OMHCAH-
HBIM METOJIIOM I psiia IIPUPOCTOB IIEH 3aKPBITHSA S5-MHUHYTHBIX MHTEPBAJIOB
i HedrsHbIX (prouepcoB WTI mo BbiOOpke UMHOM B 1 Mecsl, KOHTPAKThI
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2010 roma. XXupHoli nuHUEH BBIIeNeHa (HAKTHIECKH COCTOSBINASCS TPACKTO-
pust. Jlnst yio6¢TBa BHIMUCIIEHMI LeHbI ObUTH HOpMHUpPOBanbl Ha otpesok [0;1],

TaK 4TO TMPHPOCTHI STHX HOPMHPOBaHHBIX I€H Jexkar B otpeske [—1;2]. B
HayaJdbHBIA MOMEHT BPEMEHH f(), OTMEYEHHBIH Ha puc. 12.1.1 neBoi BepTH-
KaJIbHOM ITyHKTUPHOM JMHUEH, U3 TOUKHU x(to) BBIIIyCKAaeTCs IIyYOK TPAeKTO-
puii B COOTBETCTBUHM C PACIIPENENCHUEM, KOTOPOE H3BECTHO K MOMEHTY () IO

BbIGOpKe [UtHHEI |, Kak ommcaHo Beime. 3ateM B MomeHT () +1 Gepercs

CIIeyIoIIee paclpeeieHue 1Mo BRIOOPKE TAKOH K€ JUIMHBI, HO CABHHYTON Ha
OJIMH LIar BIEpe.l, U TaK Jajiee.

15

1.0

05

-1.0

T T T T T T T T
10000 20000 30000 40000 50000 60000 70000

=]

Puc. 12.1.1 — ITy4ok TpaeKTopuii HECTAIIMOHAPHOTO TIPOIECcca

OTOT mpUMep MOKa3bIBAET, KaK MOJECIUPYIOTCSI TPACKTOPHH HECTAIIMOHAP-
HOTO CIy49alfHOTO TIpoIlecca, peamu3aniu KoToporo odpasyior BIIDP, 6mms-
KyI0 K 33/1aHHOM. JIJIs1 HEro okasanoch, 9TO COTJIACOBAHHOE PACCTOSIHUE MEXIY
CreHEPMPOBAHHBIMU PACTIPENENEHUAME 0 BBHIOOPKAM iMHBI | Ha mpoMe-

%
xytke [f,ty +1], pasao p = 0,07, roraa kak cornacoBanHoe paccTos-

HUE MekIy (DaKTMUECKMMHU pacHpee/eHHsAMHU, pa3JeleHHbIMH BPEMEHHbBIM
*
IIPOMEKYTKOM UIMHBI | , paBHO L fact = 0,50 . Bauskoii x Bennuune O

OKa3aJioCb U COTJIACOBAHHOC PACCTOSIHUC MEKAY CICHCPUPOBAHHBIMU BI:.I60p—
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kamu u axtudeckn HaOmozpenHoii BIIOP fr(x,fg +7): ouo pasHo

*
Yo fact = 0,06 . 3amerum, uTo ecrmu ObI P OBbLT CTALOHAPHBIM, TO COTIIACO-

BAaHHOE PACCTOSHHE MEXIY BCTBHIK-BBIOOPKAMH B COOTBETCTBHH C KPHTEPHEM
cormacoBanus (5.1.9), npumenenHsM K QyHKIMH Kommoroposa, Obmio OBI
pasHo 0,02, a He 0,50, kak B qanHOM TpuMepe. [103ToMy MOXHO CUHTATh, 9TO
9KCHEPUMEHT T'€Hepanuy HECTAI[OHAPHOTO PsiJa B 3aJaHHOM KJIacce pacipe-
JIETICHNIT TPOBEZICH KOPPEKTHO: CTeHEPHUPOBAHHBIC TPACKTOPHH HMEIOT YpO-
BEHb CTallMOHAPHOCTH, 3HAYUMO MEHBIIUH, YEM DPACCTOSIHUE MEXIy BCTBIK-
BBIOOPKAaMH, M B TO K€ BpeMs OOJIBINHUI, YeM IUIS CTAIMOHAPHOTO IIpOIIEcca.
OTO CIHyXWUT yKa3aHHEM Ha TO, YTO OTKIOHEHHUS MEXIy (haKTHIECKUMH pac-
TIpe/IETIEHUSIMH, Pa3/IeJEHHBIMI BPEMEHHBIM TIPOMEXKYTKOM 1, CKOpEE BCETO,
BbI3BaHBl UMEHHO HECTAIlMOHAPHOCTHIO, 3 HE CTATUCTHYECKUMH (IyKTyarus-
MH.

Takum 00pa3oM, MOXHO IOCTPOUTH YHMCJICHHBIH aJrOPUTM MOJEIHpPOBa-
HUsI HECTAI[IOHAPHOTO BPEMEHHOI'O psifia C OIpEAEIECHHBIMH HelapaMeTpude-
ckuMu cBoiictBamu ero BII®P. Dtu cBoiicTBa BBIpakatoTCs B TOM, YTO OIpe-
JIENICHO HEKOTOPOE 3MITMPUUECKOE KHHETHYECKoe ypaBHeHHe — JInmyBuims,
®doxkkepa-IInanka UM MHOE MOJEIBHOE YpaBHEHHUE, IO KOTOPOMY INPEZIOJIO-
KUTENBHO 3BoronnoHupyer BIIOP paccmarpuBaemoro pspa. Ilycrts, B gact-
HOCTH, 9BOJIIOLIUS OIpeesieTcs: ypaBHeHueM JIlnyBuis

1+8(uf)20
ot Ox ‘

Bribupaem paBHOMepHOE pa3OneHHe THCTOTPaMMBI Ha KJIACCOBBIE MHTEP-
BaJIbl U CYMTAEM LLIAT 110 BPEMEHU eAMHUYHBIM. Torna, onyckas nanee y BIIOP

yKazaHue Ha JUIMHy BBIGOpKU M 06o3Hauas uepes f (i,1) 3nauenne BIIDP B
[ -OM KJIaCCOBOM MHTEpBale, ojtyyaeM it DJIC BeIpakeHHe
u(@,t) fE0+ f0E0 - fU1+1)

u(i+1,t)= TGeLD

O0603Ha4uUM
F(i,t)=Y f(k,1).
k=l

Torma

u(l,t)=0; u@+Lt)=

F(i,t) - F(i,t +1)

fi+1,1) (1.7
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EnnHWYHBIM IIaroM €CTECTBEHHO CUYHMTATh IIAr 10 BPEMEHH, C KOTOPHIM
HaOII0IAKOTCS 3HAYCHUS BPEMEHHOTO psijia. 3aQMKCUPOBAB JIMHY BHIOOPKH 1
B TEPMHUHAaX 3TUX E€JUHUYHBIX LIaroB, MOKHO NOCTPOUTh M3MeHeHue BIIDOP
NPU CMELICHUH 110 BPEMEHH Ha JUIMHY OKHa BbIOOpKH. M3 dopmyssl (1.7) cue-
nyet, uro ckopocts U (i +1,1) usmenenus BII®P npu cmemennn na 1 a-

T'OB paBHa yMHO)KeHHOﬁ Ha T Cpe,HHCB?;BeHICHHOﬁ CKOpPOCTHU CMCUICHUSA Ha 1
mar:

F(i,t)=F(i,t+T)
fa+L0

= 11 )Zu(z+1t+k)f(z+lt+k)
1

®opmymna (1.8) moka3siBaeT, Kak MOKHO MOCTPOHUTH TPASKTOPHIO BPEMEH-
HOTO psifia ¢ 3aJaHHBIM npoduieM ckopoctr m3MmeHeHus: BIIOP B kiacce & -
CTallMOHAPHBIX PACIpe/esIeHHH, T.e. TaKuX, A KOTOPBIX MPH CIBUTE Ha IIU-
PHHY OKHa BHIOOPKH BBINOJTHSETCS yCIOBHE

n
Y |fGe+T)-fG | <e, (1.9)
i=l1
TI€ 7 €CTh YHCIIO KIACCOBBIX MHTEPBAJIOB THCTOTPAMMBIL, & &
MPEJICTaBIsET MAKCUMYM Cpeld HaOII0JEHHBIX MMOMapHBIX pac-
CTOSIHHM MEXIy pacipeacsICHUsIMU MO HEMEPECEKAIOIIUMCS BbI-
6opkam anunbl 7. Hanpumep, utoOsl ycioBue (1.9) 6bu10 3aBe-
JIOMO BBITIOJTHEHO, MOXKHO ITOJIOKUTH CKOPOCTh N3MeHeHus1 BIIDP
Ha 1are JUIMHbI | paBHOM
u(i+1,t+k):M, k=0,1,.,T—-1. (1.10)
(I+&)T
Ecmu tpebyercst cMoAenpoBaTh U3MEHEHHE BEPOSATHOCTH CpabaThIBaHUSA
WHAWKATOpa B ONPEAETICHHON 001aCTH 3HAYCHUH CITyJaifHOI BETHYUHBI, TO IS
3TOTO MO>KHO MPOBECTH «MOAYJIAINIO» cKopocTH B (1.10) ¢ momormpo mpous-

UGi+1,t)=

(1.8)

BONbHOH momxomsmedi  Gyukuun  A(7,7), T.e. paccMaTpuBaTh BMECTO
u(i,t+k) semmumny Vv(i,t+k)=u(i,t+k)A(i,t+k). Bemuuuna
A(i,t) nomkHa GbITH Takoi, 4TOOB Ha CIEAYIOLIEM LIare M0 BPEMEHH pac-

4YeTHasl BEPOSTHOCTD, noiyuaemas u3 (1.7) mo ¢popmyine

Ft+) = GO0 +vG ) - FG+LOvGE+1,0), v=Au. (1.11)
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ObL1a OBl HEOTPUIIATEIILHOM.

Tem caMpIM Ha BceM HUHTCpPBAJIC BpEMCHU ﬂJ'II/IHOﬁ T MOXHO CMOJCIINPO-
BaTb MPOMEKYTOYHBIC paCpeACICHUSA, ABJIAIOIHNCCA PECIICHUAMU MOJACIIBHOTO
YpaBHCHUSA .HI/IyBI/IJ'IJ'IH. Bonee TOTr0, €CJIM €CTb MOJACJIb U3MCHCHUA ODMIIUPpUYC-
CKOH CKOpPOCTH, TO MOXXHO INOCTPOUTH U ITYYOK MPOTrHO3HBIX TpaeKTOpI/Iﬁ 6y—
JIYIIEro CIIy4ailHOro HECTallMOHAPHOTO Ipoliecca.

Baﬂar{y TeHEepaAlU TPACKTOPHUU BPEMCHHOI'O psiid MOKHO PCHIMTL U APY-
T'uM CHOC06OM, OCHOBAaHHBIM Ha aCCOLIMMPOBAHUU C YPABHCHHCM .HI/IyBI/IJ'IJ'ISI
COOTBCTCTByIOHIeﬁ Z[HHaMH‘IeCKOﬁ cucrteMbl. Kak CJICAYCT U3 pE3yJIbTAaTOB I'JIa-
Bol IX, smmmpuueckas CKOpoCTh, (GUTrypupyomias B ypaBHeHHH JIMyBwILIs,
MOJKET OBITh €CTECTBEHHBIM 06pa30M HCIIOJIb30BaHa JJid HAXOXKACHUA CPECIHC-
'O 3HAa4YCHUA HpI/IpaHICHI/Iﬁ psdaaa, 10 KOTOpOMY U OBLIO IMOCTPOCHO pacmpeacic-
HHUC:

1

& dx)

%)= Dx); === [ur (o) fr(xode. (112)

T. dt
i=t—-T+1 0

W3 (1.12) Bugno, uto U (X,?) MOXHO TPaKTOBaTh KaK HEKOTOPYIO MHK-

POCKOITMUECKYI0 CKOPOCTh JIBIDKEHHSI «IIEHTpa TSXKECTH» BPEMEHHOIO psila.
PaccMOTpUM HEaBTOHOMHYIO JIMHAMHUUYECKYIO CUCTEMY, MOPOXKIECHHYIO MIIH-

pudeckoii ckopoctso Up (X, 1) :
% =z(t+1)—z(t)=up(z(0),¢).  (1.13)

[lepemennast z(¢) BBemeHa AJIS TOTO, YTOOBI OTIMYATh JUHAMHYECKH CTe-

HEpUPOBaHHBIE 3HA4YCHHUS OT (aKTHUECKH HaOMIOAeHHBIX x(f). DyHKIHA

uyp (x,t) moxer 6bITh B3sTa, HapUMep, u3 ypasHenns (1.10) wim u3 ero mo-

TUGHUKAIMA B AyXe TOro, Kak 3To cxemano B (1.11). [Ipu pasnuaHBIX HadaIh-
HBIX YCJIOBHSAX muHammdeckas cuctema (1.13) maer Habop TpaexTopwmii, cpen-
Hee 3HAaYeHHE psa MO0 KOTOPHIM SBOJIOLHUOHHPYET MO 3aJaHHOMY 3aKOHY
(1.12). CnenoBarennsHo, BeiGOpouHOE pactpenenenue psana z(f) Gymer npu-
HAJUIeKATh K KJIACCy paclpe/ielieHHid CPeJHUX BBIOOPOUYHBIX 3HAYCHHH HCXO/-
Horo paga X(z).

JluHaMuKa CpeHero 3HAYCHHUS Psjia U BEPOSATHOCTh HAHTH 3TO 3HAYCHHE B
OTIPEJIETICHHOM TPOMEXYTKE MPEICTABISIOT OOJBIIYI0 TPAKTUYECKYI0 BaXK-
HOCTh TIPU aHAJM3€ IECHOBBIX PsMOB. OIHAKO KIACCHYECKHUE METOMbI WHTEp-
BaJIbHBIX OIICHOK JIJISI CPEJHEr0 WM JMCIEPCHU OCHOBAHBI HA CTAIIMOHAPHBIX
KPUTEPHSIX M HE MO3BOJIAIOT JIeaTh OICHKU Ha TaOyJHMPOBAaHHOM YpPOBHE 3Ha-
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YHMOCTH, €CJTH PSIT HE CTAllMOHApHBIN. B TakoM citydae MOXXHO CreHepHpOBaTh
Ha0Op TPAEKTOPHI CPETHEr0 3HAYCHUS, WCTIONB3YS NHHAMHUYECKYIO CHCTEMY
(1.13). Pa3zymeercs, TpaeKTOPHIO CPETHETO 3HAYCHUS MOXHO IIONYYUTh H
CKOJIB3SIIIMM YCPEIHEHNUEM 10 TPACKTOPHH CIIyYaifHOTO MpoIiecca, CreHephpo-
BaHHOW B COOTBETCTBHH C TpezacTaBieHusMH 00 sBomoruu BIIOP. Ho ecnm
CTaBUTCA 3371a4a TOJIBKO 00 OTHICKAHNH KOPHIOpAa N3MEHEHHSI CPEIHET0 3Hade-
HUSI, TO HET HEOOXOAWMOCTH TE€HEPHPOBATh CEMEHCTBO CIydYalHBIX TPAEKTO-
puii. JlocTaTOYHO 3HATH TOJBKO 3MIHPHUYECKYIO CKOPOCTH, YIOBIETBOPSIONLYIO
ypaBHEHHIO JInyBUILIA.

YcpenHuB MOTydeHHBIE TPACKTOPUH ABI)KEHHS CPEJHET0 3HAUCHHS W/WIIN

(yHKUMOHANB! HA HUX 1O HavanbHOMY pactpenenennio f7 (X, 7)), MOXKHO
Oosiee KOPPEKTHO ONPEICIUTh KOPHIOP M3MEHEHHS CKONB3SMIMX CPEIHHX U
aHAJIOTHYHBIX XapakTepucTuk. Ilycts, Hampumep, @(z,Xx,ty+7T) ects
BII®P psina, crerepupoBanHoro mo cucreme (1.13) mist HagyambHOTO 3HAYCHUS
X npu ¢ =t . Torna cpennss BIIDOP onpenensercs Gopmymnoit
1
o(zt0+7)= [ oz, %, 10 +T) fr (.0 )dx . (1.14)
0
Ecnu otnenbHble Tpacktopun Z(f) OMM3KH B CMBICIE YPOBHS KBa3HCTa-

IMUOHAPHOCTHU, TO WX OTIMYHE OT CPEIHEH TpacKTOPHH TaKkKe He Oyaer mpe-
BOCXOIUTH & . PazOeranue TpacKTOpHH, T.c. H3MCHEHUE IIMPUHBI KOPUIOPA, B

KOTOPOM CIIETy€eT UCKATh CPEHEE 3HAYEHHE UCXOMHOTO psina X(1), onpenens-
eTcs mokasareneM JlamyHoBa muHammdeckoi cuctemsl (1.13). Hanmomanm (cm.
riaBy III), 9To ecnu U3BeCTHA IMHAMUYECKU-UHBApHAHTHAS Mepa (jy,, (z),10
noka3sarenb JIAmyHoBa s JUHAMUYECKON CUCTEMBI, 3a/1aBaeMOM PEKYPPEHTHO
dopmymoii z(n+1) = g(z(n)), onpenensercs kax

1

A= j Piny (2) Inldg / de|dz . (1.15)
0
Torga ¢ TOYHOCTBIO & B KauecTBE MHBAPUAHTHOM Mepbl MOXHO B3ATb

Piny (2) = (5(2, to+T ) Eciu u3meHenust ckopocteil U (X,1) npu mepe-
X0/le MEXIY KJIaCCOBBIMH HMHTEpBajlaMU Majbl [0 CPaBHEHMIO C €IUHULEH,
HaxoauM u3 (1.13) u (1.15), gto
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)wa&. (1.16)
Z

1
A= I(ﬁ (z,t9+T
0
Ha puc. 12.1.2 Ha pone dakTuuecku coctossiuerocs paga X(f) npusene-

HbI TPACKTOpPHUU €TI0 CPCIAHUX BI)I60pO‘{HI)IX 3Ha‘leHHI7[, MOJIYUCHHBIC OITMCAaH-
HBIM 31€Ch JUHAMHYCCKHM MCTOAOM. IToxa3aTens .HHHyHOBa JJIA HUX UMECT

semmunny A = 0,002 .

U3 (1.16) cremyeT, 94TO MpH KOHEYHON TOYHOCTH B M3MEPEHHUU CPEIHETO
3HAYCHUs ONHM3KHE TPaeKTOPHU dYepe3 KOHEYHOEe BpeMs pas3oifayTcs Ha pac-
CTOSIHHE ITIOpsIIKa pazMepa HOCUTEIs pacrpeneneHus. [ paccMaTprBaeMoro
mpuMepa XapakTepHBIM MPOMEXKyTKoM BpeMmeHH sBisiercs 2000 mraroB. Tem
camMbpIM nuHammyeckas cuctema (1.13), HecMOTpst Ha IETEpMUHHPOBAHHOCTH,
MMeeT KOHEYHBIH TOPU30HT NPOTHO3UPOBAHHUSL.

06
1

04
L

0

04

Puc. 12.1.2 — ITy40oK TpaeKTOpHiA CpeHET0 BEIOOPOYHOTO 3HAUCHHMS
HECTAalMOHAPHOI0 BPEMEHHOTO psja

WTtak, onmucaH MeTO TeHEpaluH TPACKTOPHI HECTAI[MOHAPHBIX BPEMCH-
HBIX DSIOB, UMHUTHPYIOIINX BPEMEHHON Ppsill, BO3HUKAIOUIMI HA MPAKTHKE B
nporecce HaOMIOICHUS CIyYailHOW BEJIMYMHBI, paclpeleiieHHe KOTOpOW He
SIBJISICTCS CTAIMOHAPHBIM. MOIETMPOBAHKE Psifia OCHOBAHO HA PEIICHUH IMITH-
PHYECKOTO KHHETHYECKOTO YPABHEHHMS, YTO MO3BOJISIET 3a/1aBaTh CKOJB3SIIECE
cpemHee, TUCTIEPCHUIO, pa3MaX U aHAJIOTHYHBIC BETHYMHBI H3MEHSIOIIUMHUCS BO
BPEMEHH B COOTBETCTBHH C TPEOOBAHUSIMH CTATHCTHYECKOTO SKCIICPHMEHTA,
IpUYeM BBIOOPOUYHBIC pacIpeesieHHs OCTAITCA B Kiacce pachpenefeHHi,
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XapakTEepHBIX U JaHHOTO psifa. [loguepkHeM, YTO Kinacc pacipeaeieHii Bbl-
JIENSIeTCs] HeMapaMeTPHUECKUMH METOIaMH.

Merto/1 MO3BOISIET TECTUPOBATH HHANKATOPHI-IIPEIUKTOPEl U3MECHEHHS Ka-
KOT0-JIN0O CBOMCTBA BPEMEHHOTO psifia B IIMPOKOM JHANa30He N3MEHEHHS €T0
CpemHUX BBIOOPOYHBIX XapaKTepHUCTHK. Ha mpakThke Ui Takoro TecTHpoBa-
HUSI HCHIOJTB3YIOTCSl HICTOPHUYECKNE TaHHBIE 33 JOCTATOYHO OOJBIION IPOMEKY-
TOK BPEMEHH, HO HaJ0 MOMHHUTH, YTO TIPH 3TOM OEpeTcsi eIMHCTBEHHAs peasTi-
3alMs CIy4alHOro mnpouecca. M0OXKHO MPEANONOKUTh, YTO TAKOH MPOMEXYTOK
JIEUCTBUTEIIFHO COACPKUT BCE HY)KHBIE ISl TECTA CUTYalllH, H OJHON IPOTOH-
KM TI0 JUIMHHOM ucTopun Oyzaer nocratodHo. [To sTomy moBoxmy ciemyer 3ame-
TUTbh, YTO TECT Ha MPOUUIBIX AAHHBIX IOYTH HHUKOTIA HE MOATBEPXKIACTCS B
OynymieM ¢ TpeOyeMoi TOYHOCTHIO. DTO CBS3aHO B MIEPBYIO OYepeb C TEM, UTO
B OyaymieMm peasm3yeTcs MPOU3BOJIbHAS TPACKTOPHS U3 aHCAMOIST BO3MOKHBIX
MyTeH, a B MPOMLIOM €CTh TOJIBKO OAHA. DTOW OZHOM TPACKTOPHH TOCTATOYHO,
€CITH TOJIBKO Tpomecc sproandeckuil. Ilockonpky 3T0 mocneanee TpeboBaHNE
HE BBITIONHSIETCS (BO BCAKOM ciydae Ha (DMHAHCOBBIX PHIHKAX), TO TECTHPOBA-
HUS B TIPOIIIJIOM BCETa HEJOCTATOYHO.

Pazymeercsi, onmcaHHbI B paboTe METOX HE MOAEIHPYET caM (HHAHCO-
BBl MHCTPYMEHT, MOCKOJIBbKY, BO3MOXHO, B JI€HCTBUTEIBHON TPAEKTOPUHU CO-
Jiep>KaTcs CKPBIThIE CTATUCTUYECKHE 3aBUCHMOCTH, TOTIa KaK MBI MOZAEIHPYEM
MPOLIECC C HE3aBHCHUMBIMHU NpupaineHusIMiu. OCHOBaHWEM Ui TaKOW MOJIENH
CITy’KHT TO OOCTOSITETBCTBO, YTO OOJIBITMHCTBO LIEHOBBIX PAIOB TAKOBBI, YTO MX
aBTOKOppEISIHs ONMM3Ka K HyJF0. JTO, KOHEYHO, HE JIOKa3bIBAE€T CTATHCTHIC-
CKyI0 HE3aBUCHMOCTH IPHUPAIICHNI, HO MOXET CIIy>KUTh YAOOHBIM MPUOIHKE-
HueM. K npenmymiecTBaM MeTo1a ciaeayeT OTHECTH TO, YTO OH MO3BOJISIET TIPO-
BECTH CTpPECC-TECT Ha paboTOCIIOCOOHOCTh MHAMKATOpa B IMpenenax, KOHTPO-
JMPYEMBIX HccienoBaresieM. Mcropudecknii xe psa JaHHBIX HE PEI0CTaBIIsET
Takux BO3MOKHOCTei. Kpome Toro, misi kBamu(UIIMpOBaHHOTO TECTHPOBAHMS
PsSiI TPOLUIBIX JaHHBIX TPeOyeT MpPEeABAapUTEIBHOTO BBISBICHUS HHTEPECHBIX
CHUTYaIlNH, KIaCTepU3alUH UX, OIPEIENICHNs] OMIHOOK MPH KJIAaCTEepU3anH, 9TO
BECbMa TPYIOEMKO M HE JAeT MOJHOTO IPEICTABICHHS 00 MMEIOIIMXCS JIO-
KaJbHBIX MATTepHAX psnma. Takum oOpa3oM, YHUCIEHHBIH KO, TCHEPUPYIOLIHA
1o (parMeHTy TPaeKTOPHUH HECTAMOHAPHOTO pAla aHCaMOJIb €ro HecTalmo-
HapHBIX )K€ PeATN3aIiH, MPEICTABIACT MPAKTHYECKYIO BaXKHOCTb.

12.2. YncaeHHoe MoaeIMpoOBaHue (PPAKTAIBHOTO 01y KIAHUSA

Hapsimy ¢ MopmenupoBaHHEM «OOBIYHBIX» HECTAI[MOHAPHBIX CIy4aiHBIX
HPOLECCOB OOJBLIYIO BaXKHOCTD MPEJICTaBIISIIOT METOABI TEeHEPAIK [IPOLIECCOB
nepeHoca BO (hpakTabHBIX CTPYKTYpax CJIOKHOM KOH(HTIypamuu. DTH Hpo-
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LIECCHI CBA3aHBI C YPAaBHEHUSIMU B IIPOM3BOJHBIX JPOOHOTO MOPSAKA M CTOXac-
THYECKHMH ITponeccaMu JIeBH, KOTOPBIE MCIIONB3YIOTCS B MPWIIOKCHUSAX JUIA
OTIMCAHUs TaK Ha3bIBAEMOW «CTPAHHOW KMHETHKM», KOTJIa CKOPOCTh pacIlIbIBa-
HUS TUQPY3HOHHOTO TaKeTa UIeT OBICTpee WIIH, HA00OPOT, MEJICHHEE, YeM B
CiTydae KJIACCHYECKOTO CITydaifHoro OmykmaHus. B cBs3m ¢ 3TUM 3amada Imo-
CTPOCHUS CIyJaifHOTO Oy)KIaHWS HAa MHOXKECTBAX C (PpakTambHON CTPYKTYpO
BEChMa aKTyalbHA. B OONBIIMHCTBE CIydaeB I 9TOH LENH MpeiaraeTcsi pac-
CMOTpPEHHE CITyJaWHBIX OMyXTaHUH Ha rpadax, MOPOKTAEMBIX COOTBETCT-
BYIOIMM (ppaKTaIbHBIM MHOKECTBOM.

B atom pa3zene ommceiBaeTcst 6osee MPOCTOH, HO BMECTE C TEM BEChbMa
3(h(HeKTUBHBIN METOM, OIHMPAIOIINIACS Ha MCIIONB30BAHNE CITYIAaHHBIX ITOCIIENO0-
BaTEIBHOCTEH CHMBOJIOB HaJ HEKOTOpHIM andaBuToM. PaccMorpeHue Oyzmer

MPOBEICHO JyIss 0000IIeHHOr0 MHOXecTBa KaHTopa C 4 - PasButelii mogxon

MOXKET OBITh PAaCcIIMPEH U Ha APYTHe (paKTAIbHBIC MHOKECTBA.
[pocteiimmm criocoboM omnpeneneHus 0600meHHoro MEOXKecTBa KanTopa

Cﬂ SABJIACTCA ClIEAyrolas reoMeTpudeCKass HUTCpallMOHHAasA Ipoucaypa: U3

samknytoro orpeska [0 ;1] wuckmrouaercs oTKpwITBIN MHTepBan AmuHBI A

COCTAaBJISIOIIHMA CPCAHIOI0 YaCTh UCXOJHOI'0 OTPE3KA; 3aTEM aHaJIOTMYHas OIie-
panus TPpUMCHACTCA K KaXKIAOMY U3 OCTAaBIIUXCA 3aMKHYTBIX OTPE3KOB. Takum

n—1 .
00pa30M, JJIMHA KaXKI0ro u3 2 yaaJsieMbIX Ha 1-0f UTepaliil HHTEPBAaJIOB
n—1
paBHa ﬂ , TIe ﬂ = (1 - /1) /2, Tax 4TO Ha n-OM IIare YAAISFOTCS UHTEP-

BaJIbl COBOKYITHOM JJTUHBI / 1 » DaBHOM

n—1 1-4
L, =A2p)" ", p = (2.1)
CymMapHas JJIMHA 3THX MHTEPBAJIOB, KaK JITKO BHICTh, PaBHA CIHHHIIE,
nosromy Mepa Jle6era muoxkectsa C ) pasna Hymo. Pasmeprocts Xaycnopda
TAKOTO MHOMECTBA ONpENIENSETCs BhIpakeHueM — lOg B 2, nockomexky C)

SBIISIETCSI OOBETMHEHUEM JIBYX MOJO00HBIX €My MHOECTB C MacIITaOHBIM KO-
>ppurmentom [ 1 MOKET NPUHUMATH JTH0ObIE 3HaUeHUs Mexy O u 1. Touku

0000meHHoro MHOXecTBa KaHTOpa MOTYT OBITh IIpEICTaBIICHBI B BHIIE

x=(1-p8)Y b B5, b efo.1}. 2
k=1
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OL[HI/IM 13 HanboJiee U3BECTHRIX MMPpUMEPOB MHOKECTB BUAA C/’L SABIIACTCA

TepHapHoe MHOxkecTBO Kanrtopa ¢ mapamerpamu A = f# =1/3, kotopoe mo-

JKeT OBITh OTHMCAHO B SIBHOM BUJE KaK
371

7 13k+1 3k+2]
Cjz=[0:1VJ o |

m=1 k=0 3 3

Touku TepHapHOTO MHOXecTBa KaHTopa, kak cnexyert u3 (2.3), mpu 3amm-
CH B TPOMYHOU CHCTEME CUHCICHUS He comepkaT mudpsr 1. [Ipu aTom cnemyer

YYUTHIBATH, YTO JI0O00E TPOMYHO-PAMOHAIBFHOE YHCIIO (3HAMEHATENh KOTOPOTO
SBISIETCSI CTETICHBIO 3) MMEET HECKOJIBKO IMPEACTAaBIICHUI: HAIpHMep, YUCIIO

(2.3)

1/3 moxer Gbits mpexcrasneno kak 0,1(0)3 u 0,0(2)3. Muoxecrso Cmu-
ta-Bonpreppa-KanTopa, HazpiBaeMoe Taxke & -MHOxecTBoM KaHTopa, umero-
wwee CTPyKTypy, BechMa 6uskyto Kk C 5, MOXKET GBITh TOIY4EHO ¢ MOMOLLIBIO
AQHAJIOTUYHOW MTEepaIMOHHOM MpoLEeAyphl C TOW JHIIbL pa3HUIIEH, 4TO Ha n-OH

HUTCpAlU U3 KAXKIO0I0 3aMKHYTOI'O MHOXKCECTBA UCKIIIOYACTCA OTKPbITasd Cpela-

—2n
Hsis 9acTh JUIMHBI 2 . Mepa Jlebera mosryqaromerocsi MHO>KECTBa B 3TOM
Cilydyae TIOJIOKHTENNbHA U paBHa 1/2, a pasmepHOCcTh Xaycaopda pasna 1.
IIpu noctpoennn MHoxkecTBa KaHTOpa MOXKHO TakKe OTKa3aThCsl OT Tpe-

0OBaHMs CUMMETPHM, MCKIOuMB, Hampumep, u3 otpeska [0 ;1] wuurepsan
]1/ 41/ 2[, MOCJIE Yero aHaJOTHYHOE TIPABMIIO MPUMEHSETCS K KakIOMy U3

OCTaBIINXCS 3aMKHYTBIX MHO)KECTB.

[IpencraBnenne (2.2) ycTaHaBIMBAaeT COOTBETCTBHE MEXKIY TOYKAMHU
00o00menHoro MHokecTBa KaHTopa M OWHApHBIMH MOCJIEIOBATENHHOCTSIMH,
YTO IIO3BOJIIET MCIIOJIB30BATh MOCJIEIHHE VIS IOCTPOSHUS CIy4aifHOro Oyxk-

JaHWsl Ha TaAKOM MHOXXCCTBC. ByILCM paccMaTpuBaTh CHy‘laI\/'IHI)II\/'I mponecc Ct

Ha KaHTOPOBOM MHOKECTBE C JUCKPETHBIM BpemeHeM ! € N, mpencrapise-
MBI B BHE

o0
k) Hk
¢ =01-8)> Mk, @a
k=0
rac é:t(k) —_— ,Z[I/ICerTHBIC cnyqaﬁHLIe BCJIMYUHBI C pacnpeﬂeneHI/I—
eMm bepHynnu (mpuHUMaromye Juib a8a 3HadeHuss — 0 u 1).
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OnuH U3 MPOCTEHIINX BApHAHTOB CIIyYaHHOTO ONYXIaHWS MOXHO ITOJNy-

(k)
t

HYIO LCIb MapKOBa, " 1npu JIF000M (l)I/IKCI/IpOBaHHOM t CJ'Iy‘IaﬁHI;Ie BCJIMYNHBI

(), glhka)

YUTh, CUHUTASI, UYTO pu TF000M (QUKCHPOBAHHOM k 00pa3yroT OJHOPOI-

He3zaBUCUMBI. He orpanmumBas oOmiHOCTH, Oy/leM CUUTATH,

YTO pPaccMaTpUBAEMbIM CIy4alHBIM @polecc BBIXOAUT U3 Touku 0, T.e.

k
Yk P é‘ () — 0J=1. Bynem Takxe cuuTaTh, YTO BEPOSATHOCTH MEPEXOIOB

He 3aBHUCAT OT k. BeposTHOCTH cocTOsHMIT 0003HAYHM CIIEAYIOMIAM 00pa3oM:
P( (k) =O)=ut, (g( ) —1) we, ug+w, =1, (2.5)

Z[J'If[ BepOS[THOCTCﬁ I/lt u Wt Mnojay4dacM CUCTEMY JIMHEHHBIX PAa3HOCTHBIX

YpaBHEHUH
u u
t+1 :HT t . I= Poo  Pol (2.6)
Wi+l Wi Pio  Pn

Ecin pog = p11 =1, 1o pewennem, ouesuano, oyner u; =1, w, =0 u
¢; =0. B npoTHBHOM Cllyuae pelIeHHe CHCTEMBI HIMEeT BHJ

ut — pOI + pll (TrH—l)t,
Po1t+Pio Po1tP1o

W, = Por  Pn (TrH—l)’.
Po1rt+Pio Po1tPro

Taknm o6pasom, ecmn TrII =1, to npouecc C; sBmsercss crporo cra-

(2.7)

IMOHAPHBIM.

CTaTUCTHYECKHE XapaKTCPUCTUKHU cnyqapmon IOCICA0BATCIIbHOCTH é: ( )

MOTyT 6I)ITB JICTKO HaI/II[eHBI.
k k

MED =w,, DEX =upw,. (@28)

(k)

k
CoBMecTHOE pacrpesieeHue cft( ) pu GUKCUPOBAHHBIX [ U S

TaKWX, 4TO |t - S| =1, umeer Bun
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((k) 0, &) = ) U, Poo> (g(k) 0, ég(k)_l):uzpm;

( (k)—l é(k) )=pr10a P(f(k)—l §(k>_1)zwtp”_
(2.9)
U3 (5.9) cnenyer, uro
k) £ (k
MEO D) =, pry.2.10)
MaremaTrueckoe OKMAAHUE U AUCIEPCHUs MpoIecca C; AAIOTCS CIEMYIo-

MU BBIPAKCHUSIMUA:

Ec, =(1- )Y E&M g =

k=0 @2.11)

D¢, =(1-5) ZDégt(k)ﬂZk—utWti ’
k=0 ’B

BripaxxeHne 115t aBTOKOBapHAITMOHHON (D)YHKIIUH TIPOLIECCa UMEET BUJ

1-p
P11Wmin{t,s} ~WiWss |t _S| =L

1+p

1-
K(t,5)= utwtﬁ, lr—s|=0; (2.12)
0, |t—s|>1.

Jnst TOro 4ToOBI MONYYUTh TPAEKTOPHHU CIydaHHOro mporecca C;, B CyM-
Me (2.2) HeoOXOIMMO y/epXKaTh JIMIIbL KOHEYHOE YHCIIO /1 claraeMelx. Pasy-
MEEeTCsl, IOCTPOSHHAs TAKUM 00pa3oM TPaeKTOpHs OyIeT JUIIb NPHONIMKEHHEM
K MCTUHHOH TPaeKTOPHHU C; ; TEM HE MEHEE, TOYHOCTBIO alIPOKCHMALMK MOXK-

HO YIPaBIIATh, 33/1aBasi JOCTATOYHO OOJIBIIUM 71 .
EctecTBeHHBIM 00001IEHIEM ONMCAHHON KOHCTPYKIMU SBJISIETCS CITydaii-

(k)
t

POSATHOCTH MEPEXOJOB 3aBUCAT OT BpeMeHd f. Jisd mpocToThl OyaeM Io-
MPEeKHEMY CUHMTATh, YTO MEPEXOTHBIE BEPOSITHOCTH HE 3aBUCAT OT k. Ho maxe u
B OTOM Cliy4yae IOJIyYHTh BBIPAKEHHS BEPOSTHOCTEH COCTOSHHN TPH MPOU3-
BOJILHOM ¢, TO100HBIe (5.7), B 00I1IeM clTydae BeChbMa 3aTPYIHHUTEIILHO.

HOe ONy>XmaHue, T 00pa3yroT HEOTHOPOIHYIO IIeTTb MapKoBa, T.€. Be-
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Cpev BCEBO3MOKHBIX BHJIOB (DYHKIMOHALHON 3aBHCHMOCTH TEPEXO0Ji-
HBIX BEPOATHOCTEH OT BPEMEHH HHTEpPEC MPEJICTABIAIOT TMEePHOINUECKHE
O(t,s;L) u «rpurrepusie» 7(Z,5;L) 3aBUCHMOCTH, KOTOpBIE MOTYT ObITh

OIMMCaHbl, HAIPUMEP, CICAYIOIIUMU ceMelcTBaMu (byHKHPIﬁI

1 2
O(t,s;L)=—|sin| —(t—=5) |+1|;
(t,5;L) 5 L( )

(2.13)
t—s

L2

B mepBoMm ciywae TpaekTopus mpoliecca o0JanaeT BBHIPRKECHHOW IepHO-
JUYHOCTBIO, KOTa 00JIacTH «IIPUTSDKeHUs» TpaekTtopuu K 0 wimm 1 mepemerka-
I0TCSI C 00JIaCTSIMM pEe3KUX OCLMILIALMH. Bo BTopoM ciydae rmocie cepuu city-
YalHBIX KOJICOaHWH TPAeKTOPHUS B MTOTE «YyCTAaHABIMBACTCS» HAa HEKOTOPOM
MOCTOSIHHOM YpPOBHE.

B paccMoTpeHHyI0 BBIIIE KOHCTPYKIMIO CIy4alHOrO IpOLEecca MOXKHO

1
r(t,s;L)=—| erf
(t,5;L) 5

. k
TaKKE€ BKIIOYUTH 3aBUCHMOCTb MCXKAY ClIyYaMHBIMH BEJIMYMHaAMH fl‘( ) npu

(k)
t

pasnuuHbIX k. Hampumep, 3HaueHNE BETUYHUHbI MOXeET OBITH CBS3aHO HE

(k)

TOJIBKO € €€ MNpCAbIAYIIUM 3HAYCHUEM f 1° HO W C MpCAbIAYIIUMU 3HAYC-

t_
HUAMA ét(fli D

k
Ipu puKCHPOBaHHOM ¢ TOCIEAOBATEIBHOCTh §t( ) obpasyer nens Map-

KoBa (B o0mieM ciydae HEOTHOPOITHYIO), MMEIONIYI0 C YIETOM BCEX BO3MOXK-
HBIX KOHTEKCTOB k-OTO CHMBOJIa B OMHApHOH ITOCIENOBAaTEIBHOCTH BOCEMb
cocrossHuH. YTOOBI MpaBmiIa mepexoa MPUMEHITCh OWHAKOBO KO BCEM CHUM-
BOJIaM OMHApHOW IMOCIEI0BAaTEIBHOCTH, MOYKHO CYMTATh, YTO MOCIIEIOBATEIb-

HOCTH t(l) MPEeIIIECTBYET ITOCIEA0BaTEIbHOCT gt(fl) .

Kak yxe oTMeuanoch BbIIIE, CYIIECTBYET CIOPBEKTHBHOE OTOOpakeHHE
MHOXKECTBa OECKOHEUHBIX OMHApPHBIX MOCIENI0BATENLHOCTEH Ha 0000LICHHOE
MHOXecTBO KaHTopa; Impu 3TOM 3JI€MEHTHI 3THX HOCIEeJOBAaTeNbHOCTEH SBIISL-
10TCsl KodddunreHTaMu B npeactaBieHuu (5.4). OmgHako BO3MOXKHA JApyras
MHTepIpeTanys OWHAPHOH IOCIeNOBATEIbHOCTH, KOTOpas TAaKXkKe IO3BOJIET
onucaTh MHOKecTBO Kantopa. PaccmoTpuM oToOpaxenus

Fo)=fr, F(x)=F®x)+1-f=1-p1-x). (2.14)
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OueBNIHO, OHM SIBIISIOTCS COKUMAIOUIMMHU B METPHYECKOM IOJHOM MpO-
crpanctBe R . MuoxectBo KaHTopa SBISETCS €IMHCTBEHHBIM PELICHHEM
ypaBHEHUS

C, =Fy(Cy)UFR(Cy) (2.15)

WIH, B YKBUBAJICHTHOU (DOPMYITHPOBKE
o0
Cp={Vu> In=Foll,-)UR(L,—1), Io=[0;1].
n=0

(2.16)

CJ'IG,Z[OB&TGHBHO, €CJIM 3a7jaHa HEKOTOopast 61/1HapHa>1 IOoCJICaA0BaTCIIbHOCTD

by

n
1 uBemmuuna X € Cj, To pesynbTar 71 -KpPaTHOrO NPHMEHEHHUs 0TOOpa-

sxenus (2.14) Taxxe npunagnexur C A
Hn(X)E C/qv, Hn =an Oan—l 0...0Fbl .

Taxum 06pasom, ciydaiiHoe Gmyxaanue Ha C) MOXHO ommcarb B Tep-

MHHAaX CIIy4allHbIX OMHAPHBIX IOCIIEI0BATEIBHOCTEH, ONPEAEIIIONX TOPSII0K
npuMeHeHus oToOpaxenuit (2.14) x mpoussonbHoii Touke X € C ) (nanpumep,

k Touke X =0). [octpoenne ob6obmenHOT0 MHOXKECTBa KaHTOpa ¢ MOMOIIEI0
CHCTEMBl CKHMAIOIINX OTOOPaKCHUH SBILIETCS IPHMEPOM HCIIOIb30BaHHS
metozna IFS (iterated function system), KOTOpBIi, ¢ HEKOTOPHIMU BapHALUSMH,
NPUMEHSETCS TS CO3AaHMS Pa3IMYHBIX (DPAKTAIBHBIX CTPYKTYP.

PaccMoTpeHHBIE cTaliOHApHBIE M HECTAllMOHApHbIE MOIETH OyKIaHWH
0 «Pa3peKSHHBIM» MHOXKECTBAM IIOJIE3HBI TEM, YTO OHH MPEACTABIIOT COO0H
HabOp STAJIOHOB, CBOMCTBA KOTOPBIX M3BECTHBI, U Ha KOTOPBIX CIEAYET TECTH-
pOBaTh pa3IHYHBIE METOIBI HACHTU(PHKAIIMN SMITUPHUYCCKUX CITyYalHBIX IPO-
IECCOB, OTHOCHTEIBHO KOTOPBIX MOKET OBITh BBIIBHHYTA THIIOTE3a O pean3a-
un ppaxTansHON U Gy3un.

12.3. Bo3HMKHOBEHHE HCKYCCTBEHHOM KOPpPeIsiiu

IIpu yucieHHOM MOAETUPOBAHWU BPEMEHHOTO psija Kak MOCe0BaTelb-
HOCTH HE3aBHUCHMBIX CIIYYalHBIX COOBITHI Ba)KHO COOJIFOCTH HEKOPPEITUPOBaH-
HOCTh BBIOOPOK, €CIIM YKa3aHHas HE3aBUCHMOCThH Jie)Kala B OCHOBE CO3[aHUs
Mmojenu. B Gonee obuiem citydae, eciau TpeOOBAIOCH CMOJIETUPOBATH P C
OTPENICIICHHOW aBTOKOPPEIIAIMOHHON CBA3BIO, TO TaKas CBA3b JOJDKHA OBITH
co0JTo/ieHa B TIpoliecce pealn3aliy YUCISHHOTO ajlrOPUTMAa.
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[IpoGmema BO3HHUKAET W3-3a TOTO, YTO (PAKTHUECKH TIPH YHCICHHOM MOJIe-
JUPOBAHUN HUCIIONB3YIOTCS IyCTh M OYCHH OOJNBIINE, HO OTPaHNYCHHBIC [IENbIe
guclia, a He OCCKOHEUHBIC NECATHYHBIC IPOOW, TPEACTABIAIONINC ICHCTBU-
TenpHBIE Ywcia. [109ToMy MOXXET BO3HHKHYTH CHUTYallWsa, KOTIJa HEKOTOpoe
mpeoOpa3oBaHUe HE3aBUCUMBIX CIyYaHBIX BEIWYHH OCTABISCT WX HE3aBHCH-
MBIMH B O0JaCTH JEHCTBHTEIBHBIX YHCE, HO CO3/aeT 3aBUCHMOCTH B LIEJBIX

qyuciaax. HaanMep, myCcThb é: u 77 — Iapa HE3aBUCUMbIX CJ'Iy‘lafIHLIX BCJIN-

upn. Torma mpeobpasosanme &' =&+, ' =& —1n ocranser HoOByiO

napy BEIMYUH HE3aBUCHMOM, HO Ha MHOXECTBE LENBIX YHCENI CyMMa U pas-
HOCTbH ABYX 4Hcel Jnb0 00e 4eTHbI, 100 00e HEeUeTHHI, TO3TOMY HOBBIE CITy-
YaiiHble BEJTMYMHBI OKA3bIBAIOTCS 3aBUCHMBIMH, XOTS KOPPEISIHS MEKITYy HUMH
ocTaeTcs paBHOH Hymto. OnucaHHas CUTyalUsi OTHOCUTCA K CTallUOHAPHOMY
ciryyaro. Eciti ke psiibl HeCTaIliOHApHBI, TO KOPPESIMUOHHbIH 3¢ dekT moxer
HUMETh UCKYCCTBEHHOE NPOUCXO0KJCHHE B TOM CMBICIIE, YTO 3aBUCHMOCTb MEX-
Iy psJaMy HOCHUT HE MPHUYMHHO-CIICJICTBEHHBIN XapakTep, a 00ycJoBIeHa He-
W3BECTHBIM TPETHUM (aKTOPOM, BIMSIOIINM Ha 00a psiza.

[Mockonbky K03 hUIMEHT KOppESIInY (MW aBTOKOPPEIISIIMN) HE SBIISCT-
csl JIMHEHHBIM (PYHKIMOHAJIOM OT paclpelelieHns] CIy4aifHOH BEIMYHMHBI, TO
CXOJMMOCTh BBIOOPOYHOTO KO3(HIHEHTa KOPPENSIMN K I'eHEpAITLHOMY NpH
YBEIMUYEHUH 00beMa BBIOOPKH OTIIMYAETCS OT CXOAWMOCTH BBIOOPOYHBIX MO-
MEHTOB.

Ecnu psimel ctanmoHapHBI, TO OTHOCHTENBEHO KO3((HUIMEHTa KOPPEIsIN
4alle BCEr0 PacCMAaTPUBAIOTCS ABE OCHOBHBIX 3aJadd: NMPOBEpKAa TMIIOTE3HI O
PaBEHCTBE HyJIIO FEHEPAIbHOTO K03((HIMEHTa KOPPeliuu L , a TaKXKe OIl-

pelneneHne JOBEPUTEILHOTO HHTEPBala, HAKPHIBAOIIEro KO3 QHUIMEHT Koppe-
JSIOMY Ha 33JaHHOM YPOBHE 3HAYMMOCTH.
st mepBoii 3a1a4M UCTIONB3YETCSl CTATUCTUKA

_rvyn-—=12

t=—, (3.1
V1- 2
uMerotas pacnpesaeneare CThI0IEHTa ¢ 7 — 2 CTETEHSIMU CBOOO-
IIbI, TA€ 7 €CTh BEIOOPOUYHBIN KOAD(DHUITMEHT KOppEAInU, a n —
JuTHA BBIOOPKH. Torna reHepanbHbIi KOXQPUIUEHT KOPPEIAIUT
OTJIMYCH OT HYJISI HA YPOBHE 3HAYUMOCTH ¢ , €CJIH

|t| > t]_q (n—2). 3aMeTHM, YTO BBIBOJ| O HEPABEHCTBE HYJIIO I'e-

HEPAITBHOTO KO3 GHUIMEHTa KOPPEIIALINH JIeTaeTCs Ha BeChMa Ma-
JIBIX YPOBHSIX 3HAYMMOCTH YK€ JJIsi BLIOOPOK CPaBHUTEIHHO Ma-
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JIBIX JIJIUH, TOCKOJIBKY IS TAKOT'O BBIBOJA 10CTATOYHO, YTOObI
BbIOOPOYHBIN KO3((HUIIMEHT KOPPEISALMHU JIUILIb HE3HAYUTEIBHO
ObUT OBl OTJIMYEH OT HYJISL:

P2 > ! ) ! . (3.2)
I+ 1——”111(1—(1—204)2)
Hog(n=2) a

Jis pemreHUs: BTOPOH 3a1a4M HCIIONB3YETCSl TOT (PakT, UTO CIydaifHas Be-
JIMYMHA

1. 1+7
z=—In
2

(3.3)

-r
pacnpezeseHa aCUMITOTHYECKH HOPMAIIBHO CO CPEIHUM 4, U
Jucriepcuen 022 , PaBHBIMHU
I, 1+p Yol 2 1
=—In + , 0, =———. (34
A= 2oy T s O

TOF}Ia I[OBepI/ITeJ'H)HI:Jﬁ HWHTEPpBAJI JJI1 BEJIMYUHBI ﬂz Ha YpOBHC 3HAYMMO-

CTH O €CThb

z— ke Sp,<z+ Yoo (3.5)

Vn-3 Vn-3
rac ul_a €CThb COOTBCTCTBYI-OH_[I/Iﬁ KBAaHTHJIb HOPMAJIBHOT'O pac-

MIpEICICHUS.

Vcnonp30BaTh CTaHAAPTHBIE METOBI OLIEHKH 3HAYMMOCTH Kod(dunnenTa
KOppeALUKY B HECTALMOHAPHOM Cciydae HelenecoodpasHo. Kak yxe roeopu-
JIOCh B II. 8.4, 3TO CBSI3aHO C TEM, UYTO BBIOOPOYHBIH KOI(D(DUIUEHT KOPPEIISIIU
CHJIHO U HEMOHOTOHHO 3aBHUCHUT KaK OT BPEMEHH, TaK U OT 00beMa BBIOOPKH.
Jlnist TecTHpOBaHMS MOJIENBHBIX BPEMEHHBIX PS/I0B HA aJIeKBATHOCTD YCIOBUSIM
3aJaull cleqyeT BOCIOJIb30BAaThCA MHAEKCOM HECTallMOHAPHOCTH (CM. M. 5.5).
Ecnu Ha wHTepecyromux HccienoBaTens o0beMax BBIOOPKH TOT MHIAEKC 3a-
METHO OOJbIlIE €IUHHUIBI, TO YCIOBHE HECTALMOHAPHOCTH IOMHHHUPYET Hal
BO3MOXHOH CT€HEPUPOBAaHHOW Koppemsuuei. Ecin ke MHIOEKC MEHbIIE eau-
HULBL, TO CT€HEPUPOBAHHBI BPEMEHHOM psJ MMEET 4epThl CTAllMOHAPHOIO
psiza ¢ 3aBUCHMBIMH NPUPALICHUSIMU, M TaKOW aJrOPUTM YHCICHHOW reHepa-
IIUH HE MOXKET CUUTATHCS] KOPPEKTHBIM.
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12.4. Bo3HMKHOBEeHHE OTPHIATEIbHBIX BEPOATHOCTEH

IIpu yncnennom pemeHnu ypasHeHus Jlnysuia ans BIIOP moxer mos-
BUTHCS TAKOH BBIYMCIMTENBHBIA apTe(akT, KaKk OTPULIATEIbHBIE BEPOSITHOCTH B
OTJEJIBHBIX KJIACCOBBIX MHTepBanax. Ilpum stom HopMmupoBka HoOBOH BIIOP,
MOJIyYEHHOM B pe3ysIbTaTe TaKOI'o PEIICHUs], MO-NMPEeXKHEMY OCTAeTCsl PaBHOI
€IMHUIle, YTO Cpa3y CleAyeT U3 HYJIEBBIX I'DAaHUUYHBIX YCIOBHUH I MOTOKa
BEPOATHOCTH. J[eHiCTBUTENBHO, B COOTBETCTBUH C Pa3HOCTHON CXeMOH

fOrt+1) = f(x0+ f(x0i(xn) = f(x+ L0dx+1o)
HOPMHUpPOBKa IPOrHo3Horo 3HaueHus BIIDP na cinenyromem Bpe-
MEHHOM CJIO€ PaBHa

Z(t+1):Zn:f(x,t+l):

n—1

=i f(x,t)+zn: FO0a0x,0) =) f(x+1L0d(x+1,0) = (4.1)
= Z(z) + f(l,t)ﬁ(l,z) — f(n,t)u(n,t)=1

n
B CHJTy TOTO, 4TO Z(t) = Z f(x,t) =1, a 3HaUECHUE TIPOU3BEICHUS
x=1
fii Ha rpaHuIe 00JIACTH PaBHO HYIIIO.

PaccMoTpum HHTErpanibHyI0 (QyHKIUIO pactpeaeneHus

X
F(x,t)= Y f(k,1).
k=1
Ee mpupameHue B IUCKPETHOW cXeMe pelleHus ypaBHeHUs JlnmyBuiuisa
paBHO

AF |, =F(x+Lt+1)—F(x,t+1)=
= F(x+1Lt)=F(x,0)+ f(x+LDa(x+1,1)— (4.2)
— f(x+2,0)0(x+2,t) = AF |, — A(fid).

Takum ob6pazom, ecnmu ®P B MoMeHT BpemeHH ! Oblila MOHOTOHHA, T.€.

AF |t >0, To B clIeaylOluii MOMEHT BPEMEHH 3TO HEPABEHCTBO MOKET M

INEPECTATH BBITIOJIHATHCA.
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Crnemyer 3aMeTHTh, UTO pelIcHHE ypaBHeHHA JInyBwiuit B muddepeHm-
AIBHOW (hOpMe HEOTPHLATENHHO, MOCKOIBKY MOXKET OBITh 3allCAaHO B BHIE

neiictBust onepatopa motoka S (f,7y) = exp(— (t—ty )L), rne L ectb mud-
(hepeHIHaIBHBIH onepaTop Mo (Ha30BEIM EPEMEHHBIM B ypaBHeHUH JIyBHILIA,
Ha [1OP, 3amannyro B MoMeHT Bpemenu f(). Ilostomy, eciu [1OP 6buta HeoT-

pHunaTenabHa B HAYaJ IbHBIH MOMEHT BPEMEHH, TO OHa OyJIeT TAKOBOW U B TIOCIIE-
JIYIOIINE MOMEHTHI.

HemoHOTOHHOCTh MHTETpaIbHON (YHKIWH pacrpeesieHus] TIPH YHCIICH-
HBIX PacdeTax MOXXET BOSHUKHYTb IO TPEM IIPHUMHAM.

Bo-nepBrIX, qucKpeTHas cxeMa Kakoro Obl TO HH ObIIIO KOHEYHOTO MOPSI-
Ka TOYHOCTH HE PaBHOMEPHO BO Bceil 00sacTH n3MeHeHHs (a3oBBIX ITEpEMEH-
HBIX ¥ BPEMEHH allpOKCHMHUPYET MOJOKUTEIbHYIO DKCIIOHEHTY OIepaTopa
noroka. [ToauHOM >Ke ¢ YepenylomuMucs 10 3HaKy KOI(pQHUIUEHTAMH MOJXKET,
BOOOIIIE TOBOPSI, TPUHUMATh U OTPHIATEIbHbIC 3HAYCHUSL.

Bo-BTOpBIX, MOXKET 0Ka3aThCs, UTO AJIsl JAHHOTO KOHKpeTHOro psina BIIDP
YyBCTBHUTENIbHA K YHCIIEHHOW CXeMe pacdera. DTO O3HAuYaeT, YTo, HalpuMep,
N3MEHEHHE MENKOCTH pa3OMeHUs] MHTepBala 3HAYEHWH BPEMEHHOTO psla B
JIONYCTHMBIX TIpeniesiaX, ONpeesieMbIX TOYHOCThIO ocTpoerust BIIOP, ¢ oxn-
HOM CTOPOHBI, © TOYHOCTBIO M3MEpeHHs 3HadeHuil psna X(f), ¢ apyroii, npu-
BeJIeT K CcUe3HOBEHMIO 3 dekra. OmHAKO HATOMHUAM, YTO MEJIKOCTh IIIara pas-
OueHHs OrpaHUIMBAETCSI CHU3Y TOYHOCTBIO M3MEPEHHS CIyYaiHbIX BEIWYWH U
TOYHOCTBIO, IpeabsaBisieMoit kK BIIOP, mostomy yMeHbIIeHHE mIara pa3oneHus
MOXHO ITPOBOANTH TOIBKO JI0 ONPEAETICHHBIX IIPEJIEIIOB.

B-TpeThux, MmupHyeckas ckopocTb U(X,1) KOPPEKTHO cOriacyercs ¢
BII®P Tonpko mocTdakTym, a B COOTBETCTBUU C (4.2) M000Oe ee MPOTHO3HOE
3Ha4Y€HHE MOXKET ITPUBECTH K KAYECTBEHHO HEBEPHBIM PE3yJIbTaTaM.

TTocKoNbKY peleHne HIeTes ¢ TodHocThio nopsiaka (&), To BaxkHO, Ha-

CKOJIbKO BEJIMKH 3TH OTpHIATENIbHBIE BeposaTHOCTH. Eciii cymma abcotoTHRIX
BEJIMYMH OTPUIATENIBHBIX BEPOSATHOCTEH OKazanach BeJIMUMHOM mopsiaka 0(&)

(Ha MpaKTHKE 3TO MPOSIBISETCS B TOM, YTO YKa3aHHAs CyMMa HE TPEBOCXOINT

82 ), TO MOJETIb MOXKHO CUHMTAaTh aJCKBATHOMN, a COOTBETCTBYIOIIHE BEPOSTHO-
CTH, HAIIpUMED, 3aHYJIUTb.

BrrancnuB 3aTeM WHTETpal OT TaKOW CKOPPEKTUPOBAHHOM (YyHKIHH, CIie-
JIyeT TPOBECTH €€ MEPEHOPMHUPOBKY, Pa3AeiuB, HAIIPUMeEpP, KaKA0€ 3HAUCHHE
BII®P nHa nmosydeHHOE 3HauY€HUE MHTErpana. Pazymeercs, KOPPEKLHIO MOXKHO
MIPOBOANTH W APYTMMH CIIOCOOaMM, YMEHBIINB HE BCE 3HAYCHUS paclpernere-
HUS, a TOJNBKO T€, B KOTOPBIX OBIT MOTy4eH HaHOONBIINH POCT, MM TE, KOTO-
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pBI€ COCTABJISIOT & -KBAaHTHJIb B OKPECTHOCTH OTPHULIATEIHLHOW BEPOSITHOCTH U
T.IL.

Ecnu ke oTpuniarenbHbie BEPOSITHOCTH OKA3aJIMCh BEIUKUH — TOPsAKa &
WK GOJBINE, TO UCIIONb3yeMast MOJETh HE ABISETCA YAOBICTBOPUTEIHHOM, U
Tpebyercs nubo yBenmueHue pazmeproctd BIIDP, nubo Boobmie ucmonb3oBa-
HHUE IPYTroro, He KHHETHYECKOTO MOIX01a.

[IpennonoxuM, 4TO OTPHLATENFHBIE pacUdeTHBIE BEPOSTHOCTH OKa3ajHCh
JIOCTaTOYHO MAaJbIMH, TaK YTO HX yJNaJeHHE MOXKHO CUHTATh JeHCTBHEM,
umeromuM Tiopsiiok 0(€) . BosHuKaeT Bompoc: OMIMOKY KakoW BeTHUMHBI
MOXHO OXHJAaTh A porHo3Hoit BIIDP, ecnu Monens nporHo3upoBaHus Hc-

MOJIB3YET IMNUpUUYEcKoe ypaBHeHue JInyBuis?
PaccmMoTpuM mporHO3 Ha OAMH IIAr MO BPEMEHH M OLIEHUM BEIHUUHY

OIIMOKH J‘

oy

fOt+1)— f(x,t+1)

ypasuenuto (9.1.2), a f(x,f+1) ects dakruueckoe pacnpenesnenue B cie-

A

dx, rne f(x,t+1) onpenensercs no

IyIOImMi MOMEHT BpeMeHH. Ilockonbky o00BeM BBIOODKM TakoB, HTO

[l£ 0= f@e+D]dr<e. o

”f(x,t+1)—f(x,t+l)‘dx -
= J‘f(x,t+1)—f(x,t)+§ﬁ(x,t)f(x,t) dx <
X

sj|f(x,z+1)—f(x,x+1)|dx+j%ﬁ‘dmﬂj a(aﬁf) .
X X

CrnenoBarenbHO, JT000W APYroil MPOTrHO3, KPOME HAaWBHOTO, 3aBEIOMO
MMeeT BepXHIOIO0 TpaHb OLEHKU CBOEH OIIMOKH Ooiblie, yeM Tpedyemasl Tod-
HOCTh & . B OTHENBHBIX ciIydasx MOXKET OKa3aThCs, YTO

j )| e - o(e). (4.4)
ox

3TO U ecTh YCJIOBHE NMPUMEHUMOCTH KHHETHUECKOH MOJENIN MPOTHO3UPO-
BaHMA. 3aMETHM, YTO, TOCKOJIBKY 3TO IOIMpaBKa K BEpXHEHl I'paHU OLIEHKU
OLIMOKH IPOTHO3a, TO BIIOJIHE BO3MOXKHO, YTO OTHAEIbHbIE NPOTHO3BI MM HX
cepust OylyT UMETh OLIMOKY, 3aMETHO MEHBIIIYIO, YeM 3Ta IpaHb. VIMeHHO Ui
TaKHX CIIy4aeB KHHETHYECKas MOJENb sBIsAeTca 3()(HEeKTUBHON.
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12.5. YnciieHHbIE cXeMbl pellicHHs] YPABHEHUS MIepeHoca

UucneHHOE pelieHne ypaBHeHHs epeHoca oTHocutenbHo BITOP tpebyer
aKKypaTHOCTH B BBIOOpE pa3HOCTHOW CXEMBI, TaK Kak pelleHue 3amaun Komm
Juis OJTHOMEPHOTO ypaBHEHHUS JInyBunmns

of /ot+0(uf)/ox =0, f|t:0 = fo(X) maxe mpu nocTosHHOI CKOPO-
CTH U 3aMeTHO OTIM4YaeTcst oT TouHoro pemenns f(x,¢) = fo(x —ut).

[lycTs 7 ecTh WIar Mo BPEeMEHHOI ceTke, a /I — MO MPOCTPaHCTBEHHOH,
npuyeM 06e CeTKHM s yano6cTBa paBHOMepHBL. Yncno 7 = U7/ h naspiBaetcs
gucnom KypaHTa, ero BeInaiHa onpeeNsieT yCTORInBOCTb cxeMsl [30].

[IprBeneM HECKOJNBKO THIIOBBIX DPA3HOCTHBIX HIAO0JIOHOB IS PEIICHHS
YpaBHEHHsI IIEpPeHOCa C TOCTOSHHON CKOpPOCTBIO. TpamunnoHHO 0003HaYMM
CETOYHBIE BENYNHBI, MHICKCHPYSI CBEPXY CJOH 10 BPEMEHH, & CHIU3Y — HOMEpP
MIPOCTPAHCTBEHHOTO y37a. [Tomoxum

_ ). p_ pJ+L _ ) . po_ il
f_f‘i > f_f‘l > fil_f‘l'ila fil_.fjil : (51)
duU3NUecKl €CTECTBEHHAs sIBHAs CXeMa C TIpaBO-pa3HOCTHBIM 1a0JIOHOM
alrpoOKCUMaluu MPOU3BOAHBIX

f=rA+r=1fsy (5.2)
UMEET HCpBLIfI MOPpAIOK alllpOKCUMAIIUHA 110 o0enm NEPEMCHHBIM

U SBJIsIeTCsl 0€3yCIOBHO HEYCTOWYMBOM. SIBHASI JKe cXeMa C JIeBOi
Pa3HOCTBIO

f=ra=n+rf_; (53)
yctoiumnBa npu » < 1. CmemanHas cxema
S =+ (=20)r)+r(ef-) - (=) f11), @€[0:1]
(5.4)
pH BceX « # 1, B TOM uncie u npu o = 1/2 (umeHTpaabHas pas-
HOCTb) HEYCTOMUNBA.
Taxk Ha3bIBaeMast cxeMa Jlakca
J;:f+1+f—1 S Tl (5.5)
2 2
ycroituuBa npu r < 1. Cxema Jlakca-Bennpodda

f=f—§@#+ﬂ—ﬂﬁu—ﬂ+dﬂ0 (5.6)
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JIACeT arMpPOKCUMAIIHIO BTOPOTO MOPSIKA TOYHOCTH IO OOCHM I1e-
PEMEHHBIM U ycToWuuBa npu » < 1.
3 HESIBHBIX CXEM YacTO UCIIOJIB3YETCS CXEMa C JIEBOU pa3HOCTHIO
f=reda). 6
1+
cxema Kpank-Huxoncona

F=r=ta-fasfu-7a) 69

a Takxke cxema babeHko

Fa=r =) 69
1+r
O0e mocIeTHIX CXEMbl YCTOHUMBBI U MMEIOT BTOPOI MOPSAIOK alpOKCH-
MAIT{H [0 BPEMEHHU M IPOCTPAHCTRY.
Bornee netanbHO pa3HOCTHBIC CXEMBI MPUMEHUTEIBHO K PEIICHUIO YpaBHE-
HUS TiepeHoca onucansl B [30].
JloBOJIEHO pacmpocTpaHeHO MHCHHE, 4TO ypaBHCHHE

Of /0t +0(uf)/ 0x = 0 sBnsercs «TOYHBIMY, @ €0 YMCIEHHOE PELIEHUE TIO

Pa3HOCTHOM CXeMe — «IPHOJIVKEHHBIMY», IPUYEM MMEHHO IOCIEAHEMY IpH-
cymu Ie(EeKThl: OMMOKH OKPYIJIEHHs, HEYyCTOHYMBOCTH NPH CTPEMIICHHH K
HYJIO IIara 1o Kakoi-mnbo NepeMEeHHOH, CXOOMMOCTh He K TOYHOMY pelle-
HUI0. B neiicTBUTENFHOCTH 00a MoAX0a SBISTIOTCS MpHOKkeHHBIMEI. Judde-
peHIanbpHas (opMa ypaBHEHHS BBIpa)KacT MOBEJCHHE PAa3HOCTHOTO ypaBHE-
HUS B TJIAaBHOW YacTH aCHMITOTHKH IPH CTPEMIICHHH K HYIIO IIara AUCKPETH-
3aIid, TOT/a KaK Ha MIPAKTHKE 3TOT IIar 4acTo OBIBACT OTPaHHUYCH €CTECTBEH-
HbIMM npuurHaMu. Hanpumep, B 3agaue nporao3upoBanust BIIOP BpemenHoro
psiia mar 1mo BpeMEHHU PaBeH MHTEPBAYy MEXIy HaONIOJCHUSIMH 3HAYCHUN psi-
Jla, €ro He IMEET CMBICIIA IeNaTh MEHbIIE H TeM Ooiee CTpeMHTh K Hyo. [Ipo-
CTPAHCTBEHHBII IIAT OIpENeNseTCs] ONTUMATBHBIM Pa30MEeHHEM THCTOTPaMMBI,
M €TO TaKKe HEeNb3s yCTPEMIISTh K HYJII0, HOO 3TO IPUBEIET K POCTY OIIHOKH B
OTIPENETICHNH SMITMPUIECKUX BEPOSTHOCTEH.

B pesynprare momydaercsi, 9TO UCCIEI0BATENb COBEPIIACT ABOMHYIO U Ja-
JKe TpOiHyI0 ommOKy. Bo-niepBhIX, Tipu BeIBOAE ypaBHEHUs m3MeHeHUs [1DP
OOBIYHO CTApTYIOT C HEKOTOPOW CXEMBI B KOHEUHBIX PA3HOCTSIX, HCXOM U3 HH-
3WYECKUX COOOpakKeHHWH B BHIE 3aKOHOB COXpaHEHHs. BemnmdmnHa 3THX pasHo-
cTelt He 00cy’KaaeTcs, a MPOCTO CYUTAETCS TOCTATOYHO MaJIoi, 9TOOBI B COOT-
BETCTBYIOIICH siUeiike M3MEHEHHE aNMPOKCHUMHUPYEMOH (HYHKIMH MOKHO OBLIO
OBl cuuTaTh NpeHeOpeknMo MaibiM. CaMO 3TO TPEONOIOKEHHE SBISCTCS

428

CJIMIIKOM CMEJBIM, 0O MMEHHO OHO IPUBOAMT B UTOTE K HAPACTAHHUIO OIIHOKH
OKpyTJICHHsI. BO-BTOpBIX, OT ypaBHEHHS B KOHEYHBIX PA3HOCTAX IEPEXOMAT K
€ro acHMMIITOTHYECKOl ¢opMme B Buae TU(PPepeHINaTHHOTO YPaBHEHHUS, UTO
NPUHONIAATEHO MEHSET CBOWCTBA peIIeHMs. B-TpeThux, 94To0BI YHCIEHHO pe-
IIATh 3TO — Ha CAMOM JIeNIe, HETPaBHIbHOE C TOUKH 3PEHHS 337a4H B €€ HC-
XOAHOW TMOCTaHOBKE — An(QEepeHINATbHOE YpaBHEHNE, BHOBbL NEPEXOIAT K
JIUCKpPETH3alNi, HO y)ke He (DM3MUECKOH, a yIoOHOW B IUTaHE KOPPEKTHOCTH
BBIYHCITATENBHBIX MPOLEYD.

Juist BIIOP Bcex 3THX OmmMOOK HE BO3HUKACT, TaK KaK IIard 110 BpEMEHH U
MIPOCTPAHCTBY OINpPEAEIEHBI OTHO3HAYHO CaMOW U3y4aeMOM CUCTEMOM.
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3akiouenue

B manHON MOHOTpaduy M3II0’KE€H HOBBIM TOAXO]] K aHAJIH3y HECTallHOHAp-
HBIX BPEMEHHBIX PSIIOB, WCTIOJB3YIONIMH KWHETHYECKHE YPaBHEHUS AJISI TPO-
THO3a BBIOOPOYHOM MIOTHOCTH (YHKIMM DPACIpENEeNICHHS BPEMEHHOTO psja.
TeM caMbIM NOKa3aHO, YTO METOABI CTaTHCTHYECKON MEXaHHWKH C TOMOILBIO
HOBOTO TIOHATHIHOTO armapara MOTYT OBITh NEpPEHECEHBl M Ha HEMeXaHWde-
CKHE CHCTEMBI. B 9acTHOCTH, OKa3aJ0Ch BO3MOXKHBIM MPOCIEINTH aHATIOTHIO
MEXAY LEMOYKOM KHUHETUYECKUX YpPaBHEHHN CTATHUCTUYECKOM MEXAHMKH U
CJIEAYIONINX W3 HEE YPaBHEHMI T'MAPOJMHAMHKH CIUIOIIHON Cpensl B MPUOIH-
JKEHUH JIOKaJIbHO-PABHOBECHBIX PACIPEIEICHHI MOJIEKYJI ¢ IIETIOYKOM ypaBHe-
HUI SBOJIOINH BHIOOPOYHBIX IUIOTHOCTEH (PYHKIWIA pacmpereNeHus BpEeMEH-
HOTO psiia ¥ ero BBIOOPOYHBIX MOMEHTOB B KBAa3HCTalMOHAPHOM MPHOIHKE-
HUH.

enouka KHHETHYECKNX YPaBHEHHA, CBA3BIBAIOIINX MEXIY cO00i 3BOIIFO-
IO BBIOOPOYHBIX PACHpENENCHNH Pa3HBIX Pa3MEpHOCTEH, SBISIETCS MHCTPY-
MEHTOM JUI CTaTHCTHYECKH OOOCHOBAaHHOTO BBIBOJA PA3NMYHBIX MOAEIEH
BPEMEHHBIX psAnoB. KpoMme M3BEeCTHBIX Mozenel (perpecCHoHHBIX, aBTOpErpec-
CHOHHBIX, aIaNITHBHBIX, C PAaCTIPEECICHHBIMY JIaraMu ¥ T.I1.) B paMKax KHHETH-
YEeCKOT0 MOJIX0/1a yIaeTCsl TOCTPOUTH HOBBIMA KilacC MOJENeH THAPOINHAMMIYC-
ckoro Ttumna, korga BIIOP 3aBucuT 0T BpeMEeHU 4epe3 HECKOJIBKO MEPBBIX CBO-
X MOMEHTOB.

Jns onpeneneHust yYpoBHS HECTAI[MOHAPHOCTH BBHIOOPKM OblTa BBEIEHA M
HCCIIEOBaHA CIICNMaIbHASA CTATUCTHKA, Ha3BaHHAs TOPH30HTHBIM piaoM. Teo-
PETHYECKH BBIBEJCHHBIC CBOWCTBA IUIOTHOCTH PACHPENENICHHUS TOPHU30HTHOTO
psiza MO3BOJIMIIM MOCTPONUTh METOIUKY OIIEHKH YpPOBHS CTalMOHApHOCTU BBI-
6OpKH, TTPOBEPUTH KAYECTBO HPEAMNOATOTOBKU pPsAfa Ul MCKIIOYEHHS BBIpa-
JKEHHOTO BPEMEHHOTO TPEHJAa, OOHAPY)XWTh HAIWYME NAJTbHUX HEIMHEHHBIX
KOppemsiuuil.

BaxHoe 3HaueHNE HA MPAKTHKE NMEIOT MHIUKATOPB HECTALMOHAPHOCTH, B
OCHOBE KOTOPBIX JISKUT CTATUCTHKA COTJIACOBAHHOTO YPOBHS 3HAUUMOCTH. DTH
WHIKATOPH! TMO3BOJISTIOT KOPPEKTHO MOJOMTH K PEIICHWIO HECTallMOHAPHON
3a71a4M O pasjajKe.

ABTOp HazeeTcsl, 9YTO W3JIOKCHHAs! B KHUTE TEOPHS U NMPAKTUYECKHUE TPH-
Mepsl OyAyT MOJE3HBI KaK CHeNUaIicTaM B OOJACTH MaTeMaTH4ecKOW CTaTH-
CTHKH, TaK U CTYJICHTaM M aclUpaHTaM, 3aHHMAOLIMCS W3y4eHHUEM 3TOH 00-
JIACTH 3HAHMM.
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