C.JI. Bacunesko

HNEPUOAUYHOCTD TEOCO®CKOM PEJIYKIIUA .
JJIs1 IMHEUHBIX BO3BPATHBIX IMOCJIEJOBATEJIBHOCTEHN

B psne pa6or [1, c. 47-48; 2; 3], Hago nojaraTb HE3aBUCUMO JPYT OT JpyTa, B pa3HOE BpeMs,
rpymnna aBTOpPOB MPHILIA K OMUCAHUIO OJHOTO JOBOJBHO HEOOBIYHOTO CBOWCTBa yucesn duboHauuw,
CBA3aHHOTO C UX NEPUOJAMYHOCTBIO B 24 mara, KoTopas TpOSBISETCS B  aJ€KBaTHOM
HYMEpPOJIOIMYECKOM PsJIe, TOCTPOSHHOM I10 3TUM uuciiaM coriacHo cxeme [udaropa.

Hanomuum, uyto uuncina ®duboHauyn oOpa3yloTCsi B pe3ysbTaTe JBYX3BEHHOM aJJUTHBHO-
PEKyppPEHTHON MpoLEaypbl M SBISIOTCA POJOHAYAIBHUKOM IIOCTPOEHUS LEJIOro Kiacca (Teopun)
JVHEWHBIX  BO3BPATHBIX  OJHOPOJHBIX YPaBHEHHH M COOTBETCTBYIOUIMX MM  YHCIIOBBIX
MIOCJIE0BATEIbHOCTEN.

B 5T10if cBsizu Oe3ycloBHBII MHTEpEC MPEACTABISAET MCCIE0BaHUE YIOMSHYTOrO CBOICTBa Ha
IPYTUX TUNAX Pa3HOCTHBIX YPaBHEHHSX B 3aBHCHMOCTH OT UX IMOpPSIKA, 3HAUYCHUH KOA(PPHUIIHEHTOB,
MIPUHSTHS TE€X WU UHBIX HAYAJIBHBIX YCIOBUH U JIp.

Hy, u KOHEYHO, 3a «HAJIETOM CAKPAJIBHOCTH M 330TEPUM» TaKOH NEPUOJUYHOCTH B
UppalMoOHAIBHBIX YHCIIAX, @ UMEHHO 3TO XapakTepusyeT psan PuOoHa4yuu MpH ero NMpuOIMKEHUH K
CBOEMY aTTpakTopy (MppauuoHaibHOMY uuciy @), HECOMHEHHOW Ba)KHbIM SIBJISIETCS OOBSICHEHHE
cMBbIcTa U (PU3NUEeCKON IPUPOJIBI TAaHHOW HyMeposiorndeckoit nepuoauanocta (HIT).

He ¢ernmmsupys yreepxknenue [Iudaropa, 9To «MHp MOCTPOCH Ha CHJIE YHCE», PaBHO KaK H
930TEPUYECKUE TIPEACTABICHUS, IMOMBITAEMCS IMOCMOTPETh HA 3TO € TOYKH 3PEHUS 3HAMEHHUTOIO
adopuzma Koszemel [IpyTkoBa: «3pu B KOPEHbBY.

Cy1ecTByIOT MOJIIPHBIE OTHOLIEHUS K HYMEPOJIOTHH, HO TO, YTO B JAHHOM CJIy4ae OHa IIpHUBeIIa
psa mccienoBareneld K BBIABICHHIO (DUKCUPOBAHHON NEPUOIUYHOCTH, MYCTh IO KOHIA HESICHOM
IPUPOJIbI, CTAHOBUTCS YETKO MPOBEPSIEMBIM U YCTAHOBJICHHBIM MaTEeMaTHUYECKUM (aKTOM.

OTO NaeT NOJHOE OCHOBaHME 0€3 W3JIUIIHMX HAacIOCHUM MHMTpau3Ma M Maruu 3arjisiHyTb B
ryOuHY 3TOro BONpOca € HaJIeXKIOW pacUIMpUTh FOPU3OHTHI HAIIMX 3HAHWNA W ONMDKE MOJOWTH K
MMOHMMAHUIO BHYTPEHHUX MEXaHU3MOB Bo3HUKHOBeHus: HII.

Hanpumep, Hac He yAMBISIOT NEPUOJUYHOCTH, KOTOpPble HAOMIONAIOTCS NPU PA3JIOKEHUH
MHOTHX YUCEJ B IIEMTHBIE IPOOH.

CerogHs Takke HHMKTO HE M3yMIIIETCS MOSBICHUIO IEPUOJUYHOCTH B IPEIACTABICHUU
paMoHaIBHBIX Jpo0Oei B BHIIE MX IECATHYHOTO aHAJIora, HaIpuMmep,

1/7=0,142857 142857 142857 142857 ...

OTO HE WCKIIOYCHHWE W3 TPaBWI, a MPOSBICHUE OIPENEICHHBIX 3aKOHOMEPHOCTEH, BITIOJHE
OOBSICHUMBIX MaTEMATHYCCKH.

Touno Tak W B ONHMCAHHOM BEIIIE CIydac HE CJICAYCT HMCKYCCTBCHHO 3aBbIIIATL CTCIICHDb
YHHUKJIBHOCTH Ynces PuboHauYM WM CBSI3aHHOTO C HUMH 30JI0TOTO CEUCHHSI, KOTOPBIE YK€ JTaBHO
3aHSUTH CBOE JJOCTOWHOE MECTO B KOITMIIKE YEJIOBEYECKHIX 3HAHHM.

[TosTOMy OCTaBUM CcakpajlbHOE Ha4yallo HYMEPOJIOTUH C €€ XapaKTePHBIMH OCOOCHHOCTSIMH
TPAKTOBKH CaMBbIX PA3HBIX YUCECJI, U COCPCAOTOYMM I'JIaBHOC BHHUMAHUC HA MMOMCKAaX WU MHTCPIIPCTALINN
MOXOXKUX TMPOSBICHUNA B HMHBIX IOCICIOBATEIBHOCTSIX, OJIar0 Ha CEroJHS WX Teopus TIyOOKO
paspaboTaHna.

MaremaTuyeckas popmaiusanus.

Jlis m3noxeHus mMaTepuana 1 0O00CHOBAaHHOCTH MPHHATHIX MPOLEAYp aHaJIM3a U UCCIIECIOBAHUS
HYMCPOJIOTHICCKUX CBOMCTB YHCJIOBBIX pAaoB CJICAYET BbBIIIOJHHUTL MHUHHUMAJIBHO HGO6XOI[I/IMI>II>1
00bEeM IpeBapUTENIbHBIX MAaTEMAaTUYECKUX BBIKIIA/IOK.



Kaxk u3BecTHO, necaTUYHAs cUCTeMa cuHcieHus (C ocHoBaHUEM 10) OTHOCHTCS K MO3UIMOHHBIM
CHCTEMaM CUHCIICHHS ., B KOTOPBIX OJMH W TOT € YHUCIOBOM 3HaK (IM(pa) B 3alHUCU YUCIA UMEET
pa3IMYHbIe 3HAYEHHS B 3aBUCHUMOCTH OT TOTO MecTa (pa3psja), TAe OH PACIIOIOKEH.

[IpousBonbHOE Lenoe uucio B =b,b, ;..bby B 10-puduHOil cucTeMe CUMCIEHUS MPEACTABUM B

BUJIE KOHEYHOMN TMHEHHON KoMOrHanuu creneneit uncna 10 (107 — paspsn wim nmo3umms)

B=b,10" +b, 10" + _+b10+by = > "

o b;10/ (1)

" BBIYUCIIUM CYMMY

C= ijo b, )

KOTOpast 1aeT HaM HoBoe 4ucao C B Buje CyMMbl tu¢p b; uucia B.

[TocnenoBareabHO-AITOPUTMUYECKOE  BBITIOJIHEHUE
Mum(z) = |while xz= 10 onepanuii (1)—(2) cHauana ¢ yuciom B, motom C ¢ ero
aHAJIOTUYHBIM TpeacTaBieHueM B ¢opme (1) u 1.1, B
KOHEYHOM CYETE, MPUBOJUT HAC K HEKOTOPOW HTOTrOBOMU
while z = 1 uudpe, paBHO WK MeHbieit 9 (puc. 1).

Takoe moouepenHOE TPEOOpa3OBaHUE HCXOIHOTO
quciia B ¢ ero eIuHCTBEHHOM W OJHO3HAYHOU
1| CBOZMMOCTBIO K 3aKIIOYUTEIHLHOW JECATUYHOH Iudpe

(kpoMe Hyms) oO0O3HAUMM Kak omepaHa  ((PYHKIIHIO)
Xé— s N(B)= B',rne 0< B' <9 — narypansHoe "ucro (mudpa).

ge— 1)

s s+ modix, 107

x e trunc! =z 10

OmnucanHas (hopMaaM30BaHHAs MPOIEAYpa OTPaKACT
U3BECTHBIE €O BpeMeH [ludaropa CHMBOIUYCCKHE

Puc. 1. Tporpamma B MathCad, aercTBue ¢ 1udpaMu U SBISETCS PACIPOCTPAHCHHBIM B

peanisyiolas TeoCoPCkyro peIyKIMIO HYMEPOJIOTUH TIPUEMOM meocockotl pedykyuu [4].

Teocodckast peaykuus (CIOKEHHE) MOAPa3yMeBaeT MPEOOpa30BaHHE MCXOJHOTO YHCIA ITyTEM
CIIOYKCHHUS BCEX ero nudp A0 MocaeTHero, MUHMMAIbHO BO3MOXKHOTO 3HAYCHHUS, TOKA HE MOJYUYUTCS
onHa utoroas nudpa [2].

OTMETHM HEKOTOpBbIC BaXKHbIE OCOOCHHOCTH IICJIOYUCICHHON apupMeTHUecKoH (yHKIUU
0< N(B) <9, 3aBUCSIIEH OHOTO apTyMEHTa!

H

— (QyHKUUSA SABISACTCA 6HOAHE MYALMUNAUKAMUSHOU, TO €CTh JUIs TPOU3BOJIBHBIX JBYX
HATYypaJIbHBIX YHCEN O U 3, He 0053aTeIBHO B3aMMHO MPOCTHIX, BHITIOIHSACTCS yCIOBHE

N(o-B)=N {N(a)- N(B)}; 3)
— (YHKIIMS YIOBIETBOPSAET CBOMUCTBY a00UmMugHOCmuU
N(ot+B)=N {N(a)+N(B)}. 4)

CootHorenus (3)—(4) nononHstoTCs emie AByMs popmyiaamu (YCIOBHO 1/2-aJAUTUBHOCTH U
1/2-My BTUTUTMKATUBHOCTH )

N(o+B) =N {N(a)+B}, 5)

! OTmpaBHBIM MOMEHTOM JaHHOH cTaThu cTanu yucia OudoHav4H, MOITOMY YMECTHO HAIIOMHUTH TOT (DAKT, 4YTO UMEHHO
UTAIBIHCKMM MareMaTukoM @OuOoHauyu ObUIa MPEUIOKEHA MO3UIMOHHO-ICIIOYUCICHHAS CHMMETPHYHAS TPOWYHAS
cucreMma cuncienus (CC), kotopast obnazaeT HanOObIIEH TIOTHOCTEIO 3aIHCH Yrcen (KoJoB, nHpopManuun) u3 Bcex CC
C IIETIOYHCICHHBIMA OCHOBAHUSAMH, a TIOTOM yXKe NBOWYHas, 4-pudyHas ¥ T.0. Ho MakcumanpHyto (JIorapu()MHUYECKyIO)
IUIOTHOCTH uMeeT Bee-Taku CC ¢ HelleIOUMCIICHHBIM OCHOBaHUEM, paBHBIM uncity Ditnepa e [http:/ru.wikipedia.org].



N(a-B) =N {N(a)-B}. (6)

Orneparysi TBOWHOTO TPUMEHEHHS OIEpaHaa N() B MpaBoi 4yactu cooTHomeHuu (3)—(6) He

SABIISICTCS  KaKOW-IIMOO HOBOM HMHTEpIIpEeTalMeil TMPHUBBIYHBIX — aJTUTHBHO-MYJIbTUIUTHKATHBHBIX
cBoiicTB. OHa JIOrMUYECKH BBITEKAeT U3 peaykuuu tumna (1)—(2), koraa npu cIokeHU! WK YMHOXXEHUU
qriced B BHJE JCCATHUHBIX (PP MOTYT 0Opa30BBIBATHCS OOJIee CIOXKHBIE YHCIA, TPEOYIOUME X
MTOBTOPHOTO "CBEPTHIBAaHUSA" 10 OAHON IIUQPBHI.

Ceoticmea _nocnednei yugpsbl 8 NO3UUUOHHOU _cucmeme cyucienus. B necsaTuuHom
NPECTaBICHUN vHucen Ludpa 9 sBIsgeTcs MOCIHEAHEH, MOATOMY OHa HMMEET psii XapaKTEePHBIX
ocobenHoctei. [Ipu ciokeHUM 4YHMcen B TMO3UIMOHHBIX CHCTEMaxX CYHCICHHS JJIS yCTPaHEHUS
MOCTIeICTBUM MEPernoSTHEHNUs MII/IIIEr0 pa3psiia BEIIOIHACTCS IEPEHOC €AUHUIIBI B CTApIIUM pa3psl.

Tak, Ipu CIOXKEHUU C JPYyroil mUQpoil m NPOUCXOAWT mepeHoc | B crapmmid paspsn, a B
MJTIaJIIIEM, €CTECTBEHHO, ocTaeTcd m— 1. Ecnu ux npocyMMHpOBaTh, TO OISATH MOIy4aeTCsl 71, TO €CTh
€IMHUYKA CHaYala BEIYUTACTCS M3 71, & 3aTE€M CKJIAIBIBACTCS C PE3yJIbTaTOM BBIYUTAHUS.

Oco060 mogyepkHeM, U4To 3TO 001ee CBOMCTBO He caMoi udpsl 9, a moboi apyroit mudps! nin
3HaKa c¢— 1, TJe ¢ — OCHOBaHUE CUCTEMBI CUUCIICHHS.

[TonoGHBIE CBOMCTBA MPOSBISIIOTCS U MPU MEPEMHOKEHUH YHCE.

Hcxons u3 3Toro, 11 HHUQPH 9 B IECATUIHON CUCTEME CUHCIICHUS CTIPaBe BBl (JOPMYIIBI:

N(©+a)=N(a), N(©9.9+a)=N(a),
N(©-a)=9, N©9.9-a)=9,
N(9.9)=9, N(o")=9.

rne 3anuch 9..9 o3Hauaer i000€ YMCII0, cocTaBIeHHOE U3 TGP 9.
B obmem ciydae mist mocienned mudpsl (3Haka) E=c—1 B MO3UIIMOHHON CHCTEME CUWCIICHHUS
C OCHOBaHHEM ¢ BEpHBI COOTHOMICHHS (&..§ eCTh UnCi0, COCTaBICHHOE U3 UGB &)

N(&+a)=N(a), N(&.&+a)=N(a),
N(E-a)=¢, N(E.& a)=¢,
N(E.&)=¢, N(e")=¢.

JlanHbie cBOMCTBA mocaeaHel udpel & B MO3UIIMOHHONW CHCTEME CUMCIICHUS SIBIISIOTCS OJTHUMH
N3 KJIIOUYCBBIX B HOpO)K,Z[CHI/II/I HepI/IOI[I/I‘-IeCKI/IX CBOI>'ICTB B HyMepOHOFI/I‘-IeCKI/IX p;max.
Jl1st caMoro OCHOBaHMsI ¢ W LEJBIX YHCEIN k, m BBIMIOTHSAIOTCS TaKKE PAaBEHCTBA

N(ck)zl, N(ck—m):c—m, m<ec.

IlepeBon uncna x n3 10-pyuYHOM CHUCTEMBI CUMCICHHMS B aJCKBATHOE YHUCIO X, B CHUCTEME
CUHCJICHHUS C OCHOBAHHEM ¢ MOYXHO BBITIOJHHTH IO CICAYIOMEeH hopMmylie
[ lgex ] .
X, = Zc(modxc_k)-lo ,
k=0
e [ v] — nenas acth oT v;
c(mod m) cpaBHMMOCTB YHCEN 1O MOAYIIO [5, ¢. 41]: a = ¢(modm)— uKcna a W c Upu AeneHuu HA M

JA0T OJMH U TOT YK€ OCTaTOK, YTO PaBHOCHUJIBHO JCITUMOCTH PAa3HOCTH d—C HA M W BO3MOXXHOCTH
npejcTaBicHust ¢ B popMe a = ¢ +mk , tne k — mernoe.



COOTBETCTBEHHO HE3HAYUTEIHHO, HO BCE JK€ HM3MEHSCTCS aJTOPUTM PEIYKIMH, KOTOPBIN
1enecooOpa3Ho MPUBECTH  (UISI  BOCHPOW3BENIEHUS MAIIMHHBIX OKCIIEPHUMEHTOB), BCIEACTBHE
HEOYEeBUIHOU cMEeHBI OcHOBaHUH ¢ u 10 (puc. 2).

n _q )
Teopema 1. Eciu anreOpandeckoe ypaBHeHHE X — Z L ;X" =0 nmeer MaKcUMATbHBIH 1O
J:

MOJYJIO JE€HUCTBUTENBHBIN IIOJOKUTEIbHBII KOpEHb, TO JMHEWHAas pPEKyppeHTHas (BO3BpaTHasl)

ntt—j UOpSIKAa 7, Ha4MHAsS C HCXOAHOW TOUKM (=0,

n
MOCJIeI0BATENbHOCTh X, = Z | 4jx

J:
€IMHCTBEHHBIM 00pa3oM GopMHpyeT HyMeposornaeckui psan ¢ =0, 1, 2, ...

n

N(x,.)=N Zajx,m,j =N ZN(ajan,j +9..9)|. 7)
=

J=1

[Ipubapnenue B (7) umcma 9...9
HEOOXOAMMO  HUCKIIOUHUTETBHO B  TeX
=10 CIy4asiX, KOT/Ia 3a CYeT OTPHIATeIbHBIX
3HAYEHUH HEKOTOpHIX Kodddumnmentor HIT

MNmixz,c) = |whie x= ¢

while == 1 " "
cObuBaercs" B 00IACTh OTPULATEIBHBIX
g = s+ mod(x, 10} 3HAYCHHM.
n VcnoBue  MakCUMalIbHOCTH MO
x < trunc! =z 10 7/ MOYJTIO KOpHS anreOpandecKoro

YpPaBHCHUA BBITCKACT u3 TCOPCMBI

m < trune (log( |5| ,C)) Bepuymmu  [6,7], cormacHO  KOTOPO#

1 OTHOILIEHHWE JBYX COCEAHMX  YJICHOB

o el (e k| ,C I mk BO3BpAaTHOMU IOCJICIOBATEIBHOCTH

— OpakTH4ecKu  Juisi  Jroboro  Habopa

k=0 HayaJlbHBIX JAHHBIX (xo, XYy ees xn_l) B

S Ipejene CTPEMUTCS K 3HAYEHUIO 3TOr0

Puc. 2. Ilporpamma B MathCad, peanu3syromast MOJIOKUTENBHO KOPHS (QHAJNOTUYHO, Kak

TEOCOMCKYIO PEAYKIHUIO B CHCTEME CUHCIICHHUS C gucna @uboHayun — K 30JI0TOMY
ocHoBanueM ¢ <10 CCYCHHIO).

Teopema 1 noCTaTOYHO HECIOKHO

JTIOKa3bIBACTCSl HA OCHOBE NMPHHITUIA CYNEPHO3UIINN JIMHEHHBIX CUCTEM C y4eTOM CBOHCTB (3)—(4) u

OpUBOAUT K OYCHb BaXHBIM CBOP'ICTBaM-CJIe,HCTBI/IHM npu HUCCICAOBAHUN HYMCPOJIOTUYCCKUX
aJITUTHBHBIX TIOCJIEI0BATEIILHOCTEH:

a,[[I[PITHBHBIfI XapakTep MOCICAOBATCIIBHOCTH YHCCII HC HApyMaCTCsad MHaXC B HX

HYMEPOJIOTHYECKOM C)KaTHH, KOT/Ia KaXKIbld TOCIEOYIOUIMA WIeH MO-TPEeKHEMY paBeH CyMMe

MPEABIYIIHNX C UX BECOBBIMH KOI(PUIIMEHTAMH a o= 1,n;

V' camu uncra psina X,4; C POCTOM JAUCKPETHOI'O NapaMeTpa ! MOTYT JOCTUIaTh MOPsIKa 1019

U 3HAYUTCIBHO 6OJ'II)HI€, MMOCTPOCHUC IKC HII CBOOUTCA K oOIl€paudaM C 4YUCIaMHU, CYHICCTBCHHO
MeHb1Iero nopsiaka (00erano < 100), onpenensieMoro BeIMUYUHAMU 4 ;, YTO CYIIECTBEHHO O0OJeryaet

(hopMHUpOBaHKE YHCEN U U3YUEHHE UX 0COOEHHOCTEM.

B sTOM CcMBICTIE HYMEPOJIOTHYECKHE PSAIbl MOKHO PAacCMaTpPHUBATh KakK (PUKCHPOBAHHBIE KOJbI-
COKaTHUsl YMCeNl PEeKypPEHTHBIX MOCIEI0BATENbHOCTEN, IPOU3BOJIA C HUMHU OIpE/ieIeHHbIE ONepalyi,
0COOEHHO Ha OOJBIIMX YJAICHUAX OT HadaJbHON TOYKHU, HE 3HAs WM HE BBIYUCIAS MPU ATOM CaMu
HCXOJIHBIE YHCIA C MX COTHAMM U MMJUIMOHAMU 3HAYaIIUX HUQp.

Becb Bonpoc, uTo e KOHKPETHO "CKphIBaeTcs" 3a ’TUMH KoJaMu?



UtoObl TOMOWTH BIUIOTHYIO M Pa3HOCTOpOHHE K mpobOiieme oObscHenuss HII B uwmcmax
®uboHauuu, BIOJHE JIOTUYHO HCCIEAOBATh HAa HAJIM4YWE TMOAOOHBIX TMEPHOAUYHOCTEH W IpyTHE,
Han0oJIee YaCTO BCTPEUAIOIIHUECs (TUIIOBBIE) PSIBI.

Pacmupenue Takux npeacTaBlIeHU peciaeayeT TpHU 3a1a4u:

—  HCKJIIOYUTh WIM HA00OpOT J0Ka3aThb OCOOYI0 HMCKIIOYUTENBHOCTh uncesl PuOOHAUY4YM B
obpazoanuu umu HIT;

— MOJIyYUTh JOTMOJHUTENbHBIN MaTepua Jisl MOCJIEyIOIIEero aHaIHn3a;

— JaTh OOIIMEe HANpaBiICHHUS MOCIEAYIOMUM HCCIEAOBAHUSAM, €CIIM TAaKOBBIE OKAXKYTCS
MEPCTIIEKTUBHBIMU JJI HAYKH.

Omnpenenenue HyMepoJIOrH4ecKHX NMEePUOI0B.
Cormacho Teopeme 1 wu cBoiictBam (3)+(4), ana  anreOpandeckoro ypaBHEHHUS

n .
x" —Z, a ;"7 =0 W COOTBETCTBYIOMEro BO3BPATHOTO psina (Pa3sHOCTHOTO —ypaBHEHHS)
J:

n
Xpyy = Z a;X,_j; MOXKHO chopmuposath anexsarHyto HII mo dpopmyne

=
X,H:N(Z” N(ann_j+t)). (8)

J=1
JIns1 HaXOXAeHUS BO3MOKHON IEPUOJUYHOCTH B HOBOM psifie X TOCTATOYHO IOJIOKUTH €AVHULIE

BCe HadalbHble 3HaueHUs X; = X; =1, i=0,n—1 ¥ OCyIIECTBUTh B HEM IOMCK TaKOW CIleAyIOIIEH

MOCJIeIOBATEILHOCTH 71 AJIEMEHTOB, CYMMa KOTOPBIX paBHa 7 (puc. 3).
OOHapykeHHBIE TaKHUM CHOCOOOM 7 TOIPSI
Per(X,n,t) = for Tren.t UAYLIME EIUHMIBI CTaHyT MpooOpa3oM HOBOM TOUKH
s ) oTcueTa (Hayana) cleAyIolero nepruoaa.
JlononHuTENbHAs MNPOBEPKAa HA COBMAJCHUE BCEX
for jeTr . Tr+n-1 Yrcell B COCEJHUX IMEpPUOJaX Yallle BCEro He Tpelyercs
IO CJICYIOLIUM 0OCTOSATEIHCTBAM:

— COIUIAaCHO TeopeMe | U aJANTHUBHBIM CBOMCTBaM
return Tr f s =n (4)—(5) Bce mnocneayrolMe 4YHciaa IOCIE HaWJEeHHOU
Ty "enMHUYHON Trpynnsl" W 710 CJ}eL[onmero nepuo/ia
MOJTHOCTBHIO BOCITPOU3BEAYT NEPBBIA NEPUO;

— HYMEpOJIOTMUECKUH pPSAJ HE COICPXKUT HYJIEH,
OTIpe IeNeHNs TIepHO/A TeocODCKOM peTyKIHH MOATOMY CyMMma 7 CEII/IHI/IH, paBHas n, SBIAETCS

Tr B 3a7aHHOM HyMepoIOrHIeckoM psne X ~ MUHHMAIBHO BO3MOXKHOH CPEM BCEX CYMM, KOTOpEIE
JUTMHOI t , COOTBECTBYIOIEM JIHHEHHOMY COCTaBJICHBI W3 n  JIOOBIX  IIOCJIEIOBATCIbHBIX
BO3BpPaTHOMY YPaBHEHHUIO N-rO NOpIaKa 9JICMCHTOB 3TOI'0 pdaa.
B psapge cnydaes, Korja npyu eIMHUYHBIX HAYAJIbHBIX
yCIIOBUSIX 00Opa3yeTcs TpuBUalbHAs mocienoBaTenbHocTh HIT (Hampumep, cocrosimas Tonbko u3 1),
JUIsl OOHApY KEHUS peaJIbHONU Te0CcO(CKON peayKIMH cleayeT U3MEHUTh "3aTpaBouHbIe yucia'.

[Ipu >TOM HE3HAYUTENbHO NpPeoOpazyeTcss W KPUTEpUN TOUCKA PEAYKIHU, HAMpHUMeEp, IO
COBITAJICHUIO TOW WJIA MHOW IPYMIIBI OCJIEI0BATENBHBIX YHCEN B COCEHUX NEPUOAAX.

DTOT peXUM TOJE3HO MPUMEHATH HapaBHE C Mporpammoit (puc. 1), KoTopas XOTS U SKOHOMHUYHA
110 BPEMEHU, HO B YACTHBIX CIIy4asiX MOKET BBISIBIISATh HE CaM MEPUO/I, @ €r0 IMOJOBUHY.

s%s+§{j

Puc. 3. [Ipocras nporpamma B MathCad mis

Aneopumm HaxoxcoeHuss Hymeporo2uyecKux nepuooos
8 YUCT08bIX A0OUMUBHO-PEKYPPEHMHBIX NOCIe008AMENbHOCIAX.

1. BriOop anredOpanyeckoro ypaBHEHHs MOpsiiKa 7 M MPOBEPKa YCJIOBUS YTO, MAaKCHUMaJIbHBIN
M0 MOAYJIIO €T0 KOPEHb SIBIISACTCS JCHCTBUTEILHBIM MTOJIOKHUTEIEHBIM.



2. llpucBoeHHE €NMHUYHBIX HAYAJIBHBIX yCIOBUI (X 0> X5 X ) =1.
n

N(annH_j)).

4. TlocnenoBaTenbHBI MOWCK BO3MOXKHOW 7-€IMHUYHON KOMOWHAIIMHU, TOJIOKEHHE KOTOPOM
JlaeT UICKOMOE 3HaYeHue 77 mepuojia TeocoCKOM peryKIuu

n
Tr = Arg (ZFI Xy :nj.

tel, o

3. ®opmupoBaHHE HYMEPOJIOTHIECKOro nupposoro psiaa X, = N(Z .
J:

5. JlomonHUTEbHAS TIPOBEPKA C APYTUMH HAYalbHBIMK yeaoBuamMu (X, X, ..., X,_) #1

Tr=Arg (Xt+k :Xt+k+Tr)a
t>n

rne k=1, K; K >10 — qmuHa npoBepsieMbIX BEKTOPOB HA X HICHTUYHOCTb

OnucaHHBI  aNrOpuTM TPOBEPEH Ha OOJBIIOM KOJMYECTBE PAa3HOOOpPA3HBIX PSAOB,
MOPOKAAEMBIX TUHEHHBIMU PA3HOCTHBIMH ypaBHEHHUSMH, U paboTaeT 0e3 cOoeB.

BOABIIMHCTBO BBISBIEHHBIX MEPUOAOB YHUCIOBBIX MOCIEA0BATEIBHOCTEN JOCTATOYHO JIJIMHHBIE,
MO3TOMY OTPaHMYUMCS JIEMOHCTpAIMel NX MePUOJUYHOCTH TOJIBKO st yucen Tpubonayuu (tabdm. 1).

Tabauya 1
Teocockas pexykuus nocjienoBareabHocTeil Tpudonauun
€ Pa3HBIMH HAYAJIbHBIMH YCJIOBUAMH (3KeJITHIH IBET) U OAMHAKOBBIM nepuoaom 7'=39

N
w

O 0NN Lt A W IN —|O
W W= 0 W QN ==
A DN O = W= W =N
~N = WO NN W W
hn NP OB, NO R~ OA
~N O 9N LB = oo
— Rk W WL O 3 o0 XX
BN 2 NN EENC RN (S R SNy JEN|
W L N D D W B — W
0 = U 0 N — — = QN ©
AN IO~ b9 WAO PR
o~ O NN OO W WL K
A W W Q0 kDD VO WUVIN
O LN — AN 3 W oo k~lw
W W A —= W= 00 B~ D
NNV O LA WA WRNO
—_— = kW O NN WO
\S RN ) IR N EENCREN Be NN S
— O — 00NN — K~ O|w
A QOO O = 9 Wnm o
~N B~ =0 0O 0k~ 9|0
W N AN N WD WP
[N N (S RV I O R N N S e Y N
A= = 0 b Q= WAlw
DN 3 O N 00 W W N | Hd
~N W W = W 3 0 O Nul
O N B~ ONOO = W WK QO
W W A b Wk O
—_— 00 W N J W J W Q|0
A A QW O 0NN WO
o N~ O — OO x| O
A O b Voo OO A~ QO
N = W oo o k= DNDNN
— 3 0 K~ O O NI~ W
LW OO0 ON 0 0 W — O Wb
NS IEEN Bie ol \S e RN N B N Y R4
[ N N S N L S e el
D = O N D D W oo — (N
— W W A N = N O 0|00
O 0 3O i B W IN —|©
W W= 9WaQND= =0 N
B DO = W= W

YacTb pe3ypTaToB M0 YCTAHOBJIEHUIO IIEpUOJUUHOCTEH odopmiieHa B TabI. 2.
[IpumeuaTtenbHO, UTO CyMMa 3JIEMEHTOB HyMEPOJIOTHYECKUX PSAJIOB

Sy = N(Zj:{”k X j], )

NIPEJCTaBICHHBIX B Ta0J. 2, B Mpejeiax Mepuoja MouTH BO BCEX ClydyasxX paBHa 9, 3a HCKIIIOYEHHEM
ypaBHeHus Tpubonauuu, rne: n=4 — Sy=6 u n=7 - Sy =3.

B Tabm. 3 mpencraBieHBl pe3yibTAaThl pacdyera MEpHOAOB Ui OOOOIIEHHOTO YpPaBHCHHS
rapMoHHueckoi mpomnopruu [8] (cM. 6 cTpoky Tabmd.2), KOTOPOE 3amuilieM B HECKOIbKO WHOM
SKBUBAJICHTHOM TipencraBienun (m=1,2,3 ...)

X2 = x2S x e,




rae m=1 coOTBETCTBYET OOBIYHOMY YPABHEHHUIO 30JI0TOTO CEUECHUS x2=x+1.

Tabauya 2
Hymepoaoruveckmne nepuoIuaHoOCTH
B HEKOTOPBIX JJHHEIHBIX OJHOPOJIHBIX PA3HOCTHBIX YPABHEHHUSX
AnrebGpanyeckoe [lopsinok ypaBHEHHS 7
YpPaBHEHUE 213 4 5 6 7 8 9 10 11 12

363 | 168 | 3120 | 156 |29523| 240 |265719| 984
33-11| 247 |124:130| 394 |39-757| 24-10 | 69-3851 | 24-41

72 | 240 | 78 | 2184 | 6552|9438 | 720 | 4920 | 26232
24-3 12410\ 392 | 249 (24-273|39-242| 24-30 | 24-205 (24:1093

xn_znl—i =1 78 | 312 121841092 | 240 | 273 > | 11553 | 9840
]:

1 xn—xn_l—le 24139| 24

2 xn—xn_z—x:] 18|24

2439 —
39:2 124-13| 249 | 39-28 | 24-10 | 397 3-:3851 | 24-410

240 | 78 |2184|2184 9438 | 240 | 4920 | 26232 | 19680
24-10| 392 |24-91| 2491 |39-242| 24-10 |24-205|24-1093 | 24-820

363 (2184|2904 | 9438 | 2184 | 4920 |127920| 19680

43 Yoyl o1 (24]24

5 x"—x=1 241391 240
33-11|24-91|24-121|39-242| 249 |24-205|24-5330| 24-820
64 2" _Z" 27 = 1|p4|04 72 | 120 24 168 | 144 2 120 264 72
J=1 24-3 | 245 247 | 246 245 | 24-11 243
7° ¥ _x" =1 48|72 96 | 120 | 144 | 168 | 192 | 216 | 240 264 288

Ipumeuanue:

1o ANTUTUBHBIN psfn "n-0oHayun" (n=2 — ®Gubonauun, n=3 — TpubOoHayuu u T.11.);
Z_ (dbopMupyeTCs HyMepOJOTHUECKHH Psill, COCTOSALINN U3 OIHUX €AWHULL,

3 _ MO’KHO HaiiTH B psane pabot A. CtaxoBa, Kak p-CeueHHs;

4 _ 0606weHHOe ypaBHeHHe "3010T0ro" ceuenus, C. Bacunenko [8];

5 o n 2
— HOACTAHOBKOU Y = X YpaBHCHHC, XOTA U IPHUBOAUTCA K KBAAPATHOMY YPABHCHHIO )y — ) = 1,

MOPOKIAET CAMOCTOATENBHBIE MOCIIEA0BATEILHOCTH € TIEPUOJAMH, paBHbIME 17 = 24n .

Tabnuya 3
IleproaAuYHOCTH HYMEPOJIOTHYECKUX MOCJIe10BATEILHOCTEN,
MOCTPOEHHBIX /1JI51 00001IEHHOT0 YPaBHEHHSI TAPMOHUYECKOH MPONOPIUMN

n 21416 |8 |1012]14|16| 18|20 |22 | 24 |26 |28 |30|32|34|36]| 38|40
m 112|314 |5]6|7 |8 |9 ]10]11]12 |13 ]14|15]|16|17|18| 19|20
Tr |24 |24 |24 |72 [120] 24 [168]144]72% 120|264 |216%|312]168|120]288]408]72"|456|360
Tr24| 1 | 1 | 1 |3 | 5| 1 |76 |3 |5 |11|9 [13|7|5]|12|17] 3 |19]15

Ilpumeuanue:
1

— IIpY OJTUHAKOBBIX (PAaBHBIX APYT APYTY) # HAYAIHHBIX YCIOBHUSIX MIEPUOJ HE BBISBISAETCS,
2

—IIpU 1 SVHUYHBIX HAYAJIBHBIX YCIOBUSIX aIrOPUTM BBIXOJWT Ha 1/3 mepuoja.

BriosiHe ecTeCTBEHHO, YTO C YBEIMUYCHUEM CTCIICHW YPaBHEHUS 71 =2m TEPUOJ HECKOJIBKO
YBEITUYUBAETCS, TOCKOJIBKY HEOOXOIUMO HEKOTOPOE BpeMs Ha ero "packpyTky" (IIposiBIICHUE).
Bo BCex Cilyuasx 3HAYEHUE MEPHO/Ia KPATHO 24 M yIOBIETBOPAET HEpaBeHCTBY 17/24 <m.



O0bsicHeHHe puU3HIECKOro cMbicia nepuoanyHocreii HIIL.
1. [{ns Hauana paccMoTpuM oObIyHbIE yucia Oubonauym.

. F
XOpOH_IO U3BECTHO HMX CBOWCTBO lim Ll: D , KOrma 1mo MeEpe€ YyBEIMYCHHA TUCKPETHOI'O t,
t—0 t

OTHOIICHHUE COCCAHUX YHUCECII BCC TOYHEC HpI/I6J'II/I)KaeTCSI K UppalluOHAJIbHOMY 3HAUCHUIO BCJINYHNHBI @.

OI_IGHI/IM TOYHOCTb TaKoOI'O HpI/I6J'II/I)KCHI/I$I o MOAYJrO

F
’—”—<D|:10_s WM C y4eTOM
r

aHAJTMTHIECKON popMysl bune

(Dt+l _ (_ 1)t+1 cD—t—l
| o' (1o

10° - =1.

YMHOKUB JaHHOC paB€HCTBO HA 3HAMCHATECJIb, I10JITy4YacM

10°|(- l)tq)—t—l (- 1)th—z+1 @ —(-1) 0.

Y4auTbeIBasd, 4To ‘(— 1)" =1, a npu GONBIINX 3HAUCHUAX I @' >>d 7', mocne YMHOXEHHUS Ha o'

3anumeM 10° (CI)_1 + CD)z @2 wm yepes gorapudmel 2¢1gd ~ s + lg(CI)_1 + CD).
Bribupas nmpuemnemyto crenenb s> 10 ammpokcumanuu uucia @ yepe3 yucna dubonauum

JIOCTOYHO OOJIBIIION TIO CPABHEHHIO C lg((I)_1 + CD)z 0,35, HaxoAUM MapaMeTp ¢ =~ 5 12@ .
Sk
[Tycts s kpaTtHO necsitu s =10k, Torma umeem ¢ = le® ~ 24k .

DTO0 W ecTb mepuonbl Teocopckor penykumu 77 =24 s uyucen DubOoHAYUH, KOTOPHIC
COOTBCTCTBYIOT KOJIMYCCTBY MOCJICAOBATCIIbHBIX MIAI'OB PECKYPCUH, TOCIIC KOTOPBIX MOPAAOK TOUHOCTHU

O—IO-k

npubnmxenus K uncay @ cocrasnser okoino 1 , e k —yuucno nepuonos 77 .

BBens o603HaueHne <z> , Kak Oimkaiiiero meaoro K z, 3aluilleM OKOHYATeNIbHYI0 (GOpMYITy A

neproja reocodckoii penykuuu urcen Gudonauun

Tr = <i> _24.
lgd

TouHOCTE HpI/I6J'II/I)KeHI/I$I 30JI0TOI'0 CCUYCHUA YUcCJIaMUu q)I/I60Ha‘~I‘~II/I B TOYKax, KpaTHLIX II€pruoaam
T€OCO(CKON PeNYyKIIMK MOYKHO OLICHHUTH 110 hopmyiie (Tadm. 4), k=1, 2, 3, ...

A, = Foafen —d)| _10-10%
Fosx
Tabauya 4
Onenka annpokcumanuun ®© yuciaamu OudoOHAYYH N0 MepHOAAM Teoco(CcKoil peryKIuu
k=s/10 1 2 3 4 5 6 7 8 9 10

Ay 12,11107°(1,9:10 (1,810 %|1,7-10*°|1,6:10°°[ 1,4-10%°|1,3-107°|1,3-10*°|1,2:10 | 1,1-10'*°

WTak, MBI TPUXOUM K BaXKHOMY pe3yJIbTary:
Ymeepowcoenue 1. Hymeponorunueckuit nepuoa Tr =5/1gd = 24 nna uucen ®uboHauuu

COOTBETCTBYET KOJHMYECTBY IIOCJIENOBATECIbHBIX IIaroB BO3BPAaTHOW pPEKypCHHU, IOCIHE

KOTOPBIX TOUHOCTh NPUOIMKEHUs K yuciay @ yBenuduBaeTcs Ha MOPSIIOK ~ 10710,



Jpyrumu cioBamMu, Tepuo]] TeOCOPCKONW peayKUUH Uil KBAAPATHOTO ypaBHEHHS xP=x+1c
MOJIOKUTETBHBIM KOpHEM A =@ COOTBETCTBYET IMOCIEIOBATEIHPHOMY TPUOIIKEHUIO JTHHEHHON
BO3BpPAaTHOW peKypcuu (pelleHHs OJAHOPOAHOIO Pa3HOCTHOIO YPAaBHEHHMS) X,,, = X, +X; K CBOEMY

-10
aTrTpakTopy @ ¢ touHocthio 107 :

Xy -10-
Trk+1_q)‘ NIO IOk,

XTrk
kil 0,999,999 ¢...,  —T% _ ~100..00d...
Xpop - —or X1 0k

TJIe TIOYTH BO BceX cirydasx Hudpel ¢ #9, d #0; k=1,2,3,....

2. Uccnenyem ananoru4HbM oOpa3om yucia Tpubonayuu [9].

2

XapaKkTepuCTUUECKOe anredpanyeckoe ypaBHEHUE x> —x?—x—1=0 nmeer JEHUCTBUTEIIbHBIN

KOpEeHb A = %(c + i+ 1) ~ 1839, rme c= 19 +3+/33 , ¥ TIpH 3aJaHHBIX HAYaJbHBIX YCJIOBHSX,

c
Hanpumep (xo,xl,xz ) = (l, 1 1) , IOPOXKIAET U3BECTHYIO MOCIEAOBATENBHOCTD X3,; = Xoy; + X1, +X;
TaKy1o, 4TO

X . X, 1+Xx,+X
t+1=111’1’1 t—1 t t+1

lim =A\.

t—oo Xy t—>o0 X1

Beie nokaszaHo, uto mepuoa Teoco(Ckoil peaykuumu ans uucen TpuOoHauM COCTaBiseT
Tr=39.

ITockonpKy TOHATHE LEJIOYMUCICHHOIO IOJyIEpUoja B 3TOM  ClIy4ae CTaHOBHTCA
JBYCMBICIICHHBIM, a TOYKHM €ro HCYMCICHHsS I TpeX 3aJaHHBIX YCIOBUM TaKKe HapylIaroT
CUMMETPHUIO NIEPUOJANYHOCTH, /7Sl aHaIM3a BbiOepeM yeTHoe uucio Tr = 38.

MeTtonoM MamMHHOIO 3KcrnepuMeHTa Ha OBM ycTaHOBIIEHO, YTO TOYHOCTH MPHUOIMKEHUS
KOpHs A uncnamu TpuOoHauuM B TOUKAX, KPaTHBIX MepUOJaM T€OCOPCKOW peayKIMH, OLEHUBAETCS
o gopmyne (tadin. 5), k=1,2,3, ...

Ay = Tight _ | 10715
T3g
Tabauya 5
Ouenka cxogumocTu yucesa TpuboHayum no nepuoaam Te0copCcKoii peayKuumn
k=s/15 1 2 3 4 5 6 7 8 9 10
Ar  14,010°(2,2:107°°0,8:10%(2,2-10%°(1,3-107°|0,3-10°|1,2-10 | 0,8-10'*°[0,1-10'%|0,6- 10 "°

Jpyrue MHOTO3BEHHBIE MOCIEAOBATEIIBHOCTH (CM. Tabi. 2), moxoxue Ha yucia OuOOHAUYYU U
Tpubonauu, TakuM COCOOOM MPOBEPUTH HE yNAETCS B BUAY OTCYTCTBHUS aHAIUTUYECKUX PEIICHHIA,
MOSTOMY pEILICHHWE YHMCICHHOW 3ajadyd JUIsl TOpsSIKa ypaBHEHHH 7 >4 oOCTaBUM B KadyecTBE
HEMPOCTOTO YIPAKHEHUS 3aUHTEPECOBAHHBIM HCCIIEIOBATEISM.

B uactHOCTHM, yXe mns mopsaka n=4 ¢ nepuomoM Teocockod peaykuun Ir =78 wu

BO3MOJKHOII CTeneHplo ncuncimenus 1070 wis monHoit npoBepku k =1,10 nepuomoB MoOryt

noHanooutbes 78-10-10=7800 3Havamux uudp KOpHS ypaBHeHUS 4- CTENeHH, YTO BechbMa
npobnemarnyno. Hke OyaeT npeioskeH HeCKOJIBKO HHOM MOIXOI.



Ymeepowcoenue 2. Hymeponornueckuit nepuon 7r =39 (38) nns uyucen Tpubonauum

COOTBETCTBYET KOJMYECTBY IIOCJIENOBATECIbHBIX IIAar0OB BO3BPAaTHOW pPEKypCHHU, IOCIHE

KOTOPBIX TOUHOCTh NPUOJIMKEHUS K aTTPAKTOPY YBEIUUHUBACTCS HA MOPSIIOK ~ 10715,

Wrak, mepuox 7r u TOYHOCTh cxoauMmocTH A, i uucen PuboHayun u TpuboHauyu

COOTBETCTBEHHO COCTaBIISIOT: 24 — 10_10, 38 — 10715,
24.3
ITockonbKy - =36 <38, TO MOCIen0BaTENbHOCTh TpUOOHAUYN HE3HAYUTEIHLHO MEAJICHHEe

CXOJIUTCS K CBOEMY aTTPAaKTOpy, yeM urcia GuboHauyyn — K 30J0TOMY CEYEHHIO.

MHOrouncieHHble HMCCIEAOBAHUSA II0Ka3ajld, YTO INEPUOJAUYHOCTb OCTAETCS IPEKHEH IpH
U3MEHEHUH HayallbHbIX YCIOBUH.

B HexoTOphIX ciyyas IpOMCXOAMT "MonajaHue’ He B LeJble NEPUOBI, a MOJYNEPUOIbI, UYTO HE
ABIISIETCS NPUHIUITHATBHBIM

B 1o e Bpems BBCACHHC HCCIMHMYHBIX KOIPOUUMCHTOB a;>2 B ypaBHCHHE

xt = a3x3 + a2x2 + a;X + a, NPUBOIUT K U3MEHEHHIO IEPUOIOB.

W3noxxeHHoe 1Mo3BoIsIeT chOpMyITHPOBATh CIEAYIOIEE YTBEPKICHHUE.

Ymeepowcoenue 3. BO3HHUKHOBEHHE TEOCO(PCKOW pEAYKUUH SBIAETCS OOUIIUM
CBOHCTBOM JIMHEHHBIX Pa3HOCTHBIX (BO3BPATHBIX) YpPaBHEHUH M COOTBETCTBYIOUIIUX HM
JUHENHBIX alreO0pandecKuX ypaBHEHHUH ¢ MAKCHUMaJbHBIM MOJOXHUTEIbHBIM KOpPHEM, a B
UX pPEKYpPCHBHOM IMpEACTaBICHUHM cJIabo 3aBUCUT OT HA4YaJIbHBIX YCJIOBUH B BHIE
HaTypaJbHBIX YUCEI.

OmnpenesieHue cX0AMMOCTH PelYKIMHU 1JIsI YPABHEHUIH,

He MMEINIUX AHATUTHYECKUX KOPHel

Jns  anreOpanyecKuX ypaBHEHHMH, HE pa3peliuMbIX B paJMKalaX, MOXHO MpPEIOKUThH
CIEIYIOMNNA CIOCO0 OMpeneseHus] COOTBETCTBUS MEXAY MNepuoaoM Teocodckoil penykuuu 1r u
TOYHOCTBIO CXOJAUMOCTH A BO3BPaTHOU IOCIEAOBATEIBHOCTH K MAKCUMaIbHOMY KOPHIO YPAaBHEHUS.

JlocTaTOyHO MOACUUTATH C BHICOKON TOYHOCTHIO (MPEACTaBICHUE YUCEN C MUIaBaIOUIEH 3amsToi)
3HAYEHMS psAZla B TPEX TOUYKAX, OTCTOSAIIMX APYT OT Apyra Ha KpaTHOE 4ucio nepuoaa 1r .

Toraa mo COBMaJCHUIO COBOKYITHOCTU HU(DP MOXKHO CYIUTh O TOM, HACKOJIBKO YBEITUYHBACTCS
TOYHOCTb A IIPH NPOXOKICHUH ITOCIECA0BATEILHOCTH 7 IIaroB B paCCMaTPUBAEMOM IIEPHOJIE.

Croco6 HariasgHO JAEMOHCTPHPYETCS TPUMEPOM Uil ypaBHEHHUs "4-00oHauuu" C MepuoaoM

0—30

Tr =78 (tabma. 6), KOTOpPBI cOOTBETCTBYET A, =1 , TO €CTh CXOJIUMOCTb NPAKTHUECKHU TaKas xke,

Kak u 'y uncen TpuboHauun.
Tabauya 6
OmnpenesieHne CKOPOCTH CXOAMMOCTH PS/Ia 32 HyMEPOJIOTrHYeCKHl Mepuos
Ha npuMepe 4-X 3J1eMeHTHOM aAuTUBHOI pekypcuu (''4-0oHavyun'')

X38+0 /%3740 1,9275619754831069583600232376044835658394760342
X384+76 / X37476 1,9275619754829253042619058617366221686985535455
X3842.76 /%374276 | 1,9275619754829253042619058617366221686985542551

— i
—
30 onmHakoBBIX LUpP

I[OBOJ'IBHO HUHTCPCCHO BBINIAAUT JUHAMHKaA IMOBBIIICHUA TOYHOCTHU HpI/I6J'II/I}KeHI/Iﬂ Ha IMpUMEpEe

YpaBHEHUs xt-xd=1c nepuosioM peaykuuu 7r = 240 = 24-10 (tabn. 7).



CHauana ycpeaHeHHasi paBHOMEPHOCTh CXOXACHUS (10 YeTBEepKaM) Kak Obl "cOuBaeTcs" Ha 5 u
3, HO TOTOM IIOJIPaBHUBAETCS U B KOHILIE IEPHUO/IA JAeT TPU "yCTONUMBBIE" YETBEPKH.

Tabnuya 7

[TpubnrxeHre 3HaueHUs] MaKCUMAJIBHOTO 110 MOJIYJIIO KOPHSI YPaBHEHHUS

S G g g G —y
A E D oS00 AW — |

1,38037 x*—x3 =1

1,3802775678

1,3802775690964

1,3802775690976139

1,380277569097614115656

1,3802775690976141156733007
1,3802775690976141156733001691837
1,380277569097614115673301691822743
1,3802775690976141156733016918227318795
1,38027756909761411567330169182273187781679
1,380277569097614115673301691822731877816626710
1.38027756909761411567330169182273187781662670155859
1.38027756909761411567330169182273187781662670155876310
1.38027756909761411567330169182273187781662670155876302539
1.38027756909761411567330169182273187781662670155876302541

5. 3 3 5 4 5 3 4 4 4 5 3 3

— \40/ —

Tabauya 8
To4yHOCTHh NPUOIUKEHUS
yuces ®uoonayuu k 3C

Zy

t

Zy

t

2 0:23606797749979
4 10,03005664791649
6 (L06430523171858
8 |0,00062645797602
10 | 0,00009136361347
12 (L000£1332901893
14 | 0,00009194466163
16 | 0,00000928372197
18 | 0,00000004139447
20 | 0,00000008603937
22 0,00000000988113
24 (100000000112856
26 | 0,00000000001876
28 | 0,0000000000274

30 0,00000000000‘QAO

96

98

100
102
104
106
108
110
112
114
116
118
120
122
124

1,0-107%
1,510
2,2-10%
3,2:10™"
4,7-10%
6,8:10°"
1,0-10%
1,510
2,1-10"
3,1-.10*
4,510
6,6:10™°
9,610
1,410
2,010

®ynkuys f(z,) = [zt .10/ lew 12 —|m0d100
TI03BOJISET BBIIEUTE MEPBBIE JIBE 3HAYANINE IUPPHI

F
z; = 7 O —1.
t-1
B Tabn.8 »tM 1uMdpel BbIAENEHBI  KUPHBIM
mpUPTOM.

Harnsagno BumHo (puc.4), 4TO MUHUMAIbHBIC
3HAQYCHUsl JaHHOW (YHKUIMU TPHUXOIATCS HA TOYKH,
KpaTHbBIE TIONYTIEPUOTYy TeOCO(CKON PeTyKIUH.

Ilo mcreuenuro TPEX NCPUOAOB MPOUCXOAUT CABUT
Ha OJUH mIar BCJIICACTBUC MOSBJICHUA Y Q)YHKL[I/II/I Zy B
npeaenax MOoJAyNeEPUoAa €ue OJHOr0 7-ro 3HAaYEHHUs
Zppo =9,6-1071

Ilocie »Toro B Y3JIOBBIX TOYKaX, KpaTHBIX
HOJIYNIEPUOY, BEIMYMHBI (DYHKIMHU z, CTAHOBSTCS YK€
MaKCHUMAJIbHBIMMU.

Tak wnm HMHa4Y€, HO B 3THUX OCHOBHBIX TOYKax Z;

MNPUHHUMACT SKCTPCMAJIbHBIC 3HAUCHU .

CrnenoBarenbHO, B TMO3UIMOHHOW 10-pUYHON cHCTEME CUMCICHHS Ha JAaHHBIX YYacTKaX
MIPOUCXOJIAT XapaKTepHbIE U3MEHEHHS C MEPEHOCOM | B cTapiue pas3psbl YHCEN, YTO, B KOHCUHOM
cyete (uepe3 Ty ke uudpy 9), 1 MopokIaeT HyMEPOJOTUUECKYIO IEPUOAUIHOCTb.
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T
il
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0 12 24 36 48 60 72 8 9 108 120 132 144 156 168 180 ¢

Puc. 4. I'paduk nsmenenns Gpynkunn f(z, ), xapakrepusyromeii npubmkenue ducen Gubonaqun

K 30JIOTOMY CCUCHHIO (1'[0 MEPBBIM JIBYM 3Ha4YalllUM I_II/I(I)paM (l)aKTI/I‘{CCKOFO OTKJ'IOHGHI/ISI)

PexyppeHTHBbIE MOC/1€10BATeIbHOCTH B IPYTUX MO3MIMOHHBIX CHCTEMAX CYMCICHHS.

UtoOwl eme pa3 yoemutbesi, uro HII — 3T0 XapakTepHOE CBOWCTBO IMO3UIIMOHHON CHUCTEMBI
CUMCIICHUS, TIPOBEJEM AaHAJIOTMYHBIC WCCIEAOBaHUs, Hampumep, s uucen OuboHauyu u
TpuboHayuu B Ipyrux CUCTEMAaX CUHUCICHHUS.

Pe3ynbTaThl pacueToB mpeacTaBieHsl B Ta0. 9 u tabdm. 10.

N3menenne mepuoma Teocodckoil peaykiuu 77, Ha TEPBBIA B3IV HOCHT CHOPATUYSCKUN
(HeperyJsipHBIi) XapakTep, XOTsl ONpeieTICHHbIE 3aKOHOMEPHOCTH BCE JK€ CYIIECTBYIOT.

[Ipexne Bcero, Bce mepuoasl MeHblie 24. To ecTh 3a cuer Oojiee OBICTPOrO TEPETOTHEHUS
(cMmeHbl) pas3psagoB, B mporecce (OPMUPOBAHUS YHCENT CHCTEMa OBICTpEEe BBIXOIUT HA CBOIO
MEPUOANYHOCTbD.

CyMMa 371€MEHTOB Sy HYMEHOPOJOTHYECKUX PSAOB, orpezensemas cooTHomeHueM (9), paBHa
nocienHe nudpe oCHOBaHUSI CUCTEMBI TOJIBKO JJIT OCHOBaHUN ¢ =2, 3,4, 10, B OCTaIbHBIX CIydasx
OHa HOCUT CPaBHUTEIBHO MPOU3BOJIBHBIN XapakTep.

Tabauya 9
HymepoJsornueckue psiabl yucesa @udéoHaq4n
B Pa3HBIX MO3UIHOHHBIX CHCTEMAX CYUCIEHHUS ¢ OCHOBAHUEM C

cli|2|3[4]s5|6[7]8]9[10[11]12][13]14]15][16]|17]18]19]|20]21]22]|23]24]25] T | Sy
211111 111111111 1 1 1 1 1 1 1 1 11 1]1]1
3|1 1 2|1 1 21121121121 121T12T1121|3]2
411 1 2 3 2 2 1 3|l 1 23 221311232213 1|8]|3
511 1 2 3 1 4|1 1 2 3 1 4 112314112314 1)6]|3
611 1 2 3 5 3 3 1 4 5 4 4 3 2 5 2 2 411 5|1 1 2 3 50201
711 1 2 3 5 2 1 3 415 6 5 5 431 45 3 2 51 6|1 241 3
81 1 2 3 5 1 6 7 6 6 5 4 2 6 1 7|1 1 23 51 6 7 6|16 2
9|1 1 2 3 5 8 5 5 2 7 1 8|1 1 2 3 5 8 5 5 2 71 8 1|12 4
0/]1 1 2 3 5 8 4 3 7 1 8 9 8 8 7 6 4 1 5 6 2 8 1 9|1 241 9

B pa6ote [10] yTBepkaaercs, 4TO «4UCIO 9 sBiIAETCS "HyMEpPOJIOTHYECKON CYIIHOCTBIO" psima
®duboHau4H, TO €CTh OHO BBIpaKaeT HEKOTOPHIE "cakpalbHbIe" CBOMCTBA psaa OuboHATINY.

C 3TUM MOXHO COIJacUThCS, HO TOJNbKO B 10-pMYHONl CHUCTEME CUHMCIIEHHUS, 4YEMY €CTh
JIOCTaTOYHO yOeaUTEeIbHOE 000CHOBAaHUE, CBSI3aHHOE C TOYHOCTHIO 1071°.

B npyrux nO3MIIMOHHBIX CUCTEMAX CUMCIEHHUS TAKHE MEPEXOAbl MOTYT NPOMCXOIUTh B MHBIE

MOMEHTBl BPEMEHH M OOYCIOBICHO CBOMMHM 3aKOHOMEPHOCTSIMH, Hampumep, N 4(104 -1 10): 3,

N(10°=1,9)=3, Ng(10°=1,0)=1, Ng(107=1,))=Ng(10°-1,p)=2 u mm., rae mmwmmii

HHICKC 0003HaYaeT OCHOBAHUE CUCTEMbI CUMCIICHHS.



Tabauya 10
Hymeposornueckue psaabl yuces TpudoHaudu
B NMO3MLIMOHHBIX CUCTEMAX CYNCJIEHUS C OCHOBAHHEM C

c 1 2 3 4 5
12345678901234567890123456789012345678901234567890[Tr
3t 1221122112211221122112211221122112211221122112211[4
4l 113232133/1121113232133112111323213311211132321331]13
5/1 1243144/112431441124314411243144112431441124314411]8
6|1 1135421253531433514554431321141113542125353143351[31
7I1113535133115/1113535133115111353513311511135351331(13
7I1214165654361454143232163412141656543614541432321 6|26
8]l 11352331745244344456155472612252226346627134116[11[48
ofl1135117/111351171113511711135117111351171113511711[8
9|l1124758415287188/112475841528718811247584152871881 1|16
10[1 113598436445444329573677277738921361181113598436439

B uncnax TpubGoHauuu Mbl yKe BUAUM, YTO TPU ¢ =8 PEKYPPEHTHBIN Psiji BHIXOAUT 3 MPEICIIbI
nepuoga 7r=39, XapakTepHOTO JJIs1 AECATUYHON CUCTEMbI CUUCIICHHUS.

To, uro 10-cucrema He SBISETCS B ATOM CMBICIE TPEASIbHON ANisi T€0cO(CKOro mepuoia,
HarJSITHO IEMOHCTPUPYETCS ¥ Ha TIPUMEPE BO3BPATHBIX psiioB "n-0oHauun" (Tadd. 2, Tabdm. 11).

Tabauya 11
Hymepoaornuyeckue psaabl yuces ""'n-0onaqun'
B NNO3MLIMOHHBIX CHCTEMAaX CYMCJICHUS C OCHOBAHHEM C
PexyppenTHas OCHOBaHUE CHUCTEMBI CUMCIIEHUS C
OCJIEA0BATEIILHOCTD 4 5 6 7 8 9 10
duboHauun 8 6 20 24 16 12 24
Tpubonayuu 13 8 31 26 48 16 39
4-0oHau4n 26 10 312 130 342 20 78
5-60Hayuu 104 12 781 312 2801 24 312
6-00Hau4H 728 14 208 728 342 28 2184
7-60Hay4H 364 16 9372 728 137257 32 1092
8-0oHauun 80 18 195312 720 13680 36 240
9-6oHauun 91 20 488281 910 — 40 273

[Mocnenyromue pacyeTsl TEPSIOT OCOOBIA CMBICH, IMOCKOJBKY CTAaHOBUTCS OYEBUIHBIM, YTO
Teoco(CcKast peayKIUs IBISICTCS GAaKTHUESCKUM "3aJI0)KHUKOM" CHUCTEMBI CUMCIICHUS.

ITouck KaKI/IX-JII/I6O YETKUX BaKOHOMepHOCTCﬁ B YHCJIICHHBIX 3HAYCHHUAX TaKUX HNCPUOAOB —
TaK)K€ BECbMa COMHUTENICH U BPSIJ JIM UMEET PAaKTUYECKOe 3HAUCHHUE.

3amMeTuM, 4TO B OT/AEJbHBIX CIy4asiX €AMHUYHbIC HAYAJIbHbIE YCIOBUS IPUBOAUT K TPUBUAIBHBIM
paaaMm, MOSTOMY I HAXOXKACHHUA MEPHUOJa MPUXOIUTCA BUAOU3MCHATHL HAYAJIbHBIC YCIIOBU.

HccaenoBanue penykuuii 1151 KBaApaTHOr0 YPABHEHHUSI.

BronHe ecTecTBEHHO NPOBEPUTH OMHMCAHHBIE MOAXOAbl Ha APYrHMX MOCJIEI0BATEIbHOCTSX,
MIPEKIIE BCETO TAKUX, XapaKTEPUCTUICCKHE KOPHU KOTOPBIX MOTYT OBITh BBIUMCIICHBI aHATUTHYECKH C
JIF000¥ 3aJaHHOI TOYHOCTBIO.

PaccmoTpuM KBagpaTHOE ypaBHEHUE x% —mx - q =0 C NOJIOXXUTEIBHBIM KOPHEM

LmEm® +4q

2



PexyppenTHyto mocienoBatenbHOCTh PUOOHAYUM X,,, = mXy,, +¢X, B ITOM CIy4ae MOXHO
MPEACTaBUTh aHAJTUTHYECKH B BHJIe 00001eHHOM popMynbl bune, momyuennoit B padore [11]:

7\'1‘ —(—q)t}\,_t
Xy =—F7—7—.
\m? +4q

[Ipumensst omucaHHbIM BbINIE M1MOAXOA K yuciaam @dubonHayuw, TMOITyYuM ypaBHEHHE,

Ll g
X

ypaBHEHUA A, ¢ (KO3 UIIMEHT m TPHUCYTCTBYET B HEIBHOM BHUJE Yepe3 KOPEHb A)

CBSI3BIBAIOIEE TOYHOCTh MPHUOIMKEHHS] MO0 MYAYJIO =10"" ¢ mapamerpamu KBaJpaTHOTO

10%(gn + )+ (— 1 =(§j . (10)

CymmMma q?fl A > 0 v 2,24 , a cTeneHb s OOBIYHO MPUHUMAETCS HE MEHee 3, T0ITOMY

v t
BemunHoi (—1)" MoxHO npeHeOpeds. Torna Beipaxkernue (10) jierko paspenraeTcst OTHOCUTENBHO f

_s+lglgr +2)

11
2lgh—1ggq (i

CootHomienne  (11)  mo3BomsieT  ONpeAeNUTb  HOPSAKOBBIA ~ HOMEp  UYHMCIIOBOM

MOCJIEI0BATEIBHOCTH X,, KOTOPBIA HaeT NpUOIMKEHHE K KOPHIO A KBaJpaTHOIO YpPaBHEHUS C

TOYHOCTBIO TIopsiaka 107" .
N naobopoT, 3a1aBast cTeneHb TOYHOCTH S, U3 (11)

Tabnuya 12
N JIETKO  ONPENENISIETCS MECTOIOIOKEHUE [ DJIEMEHTa
Iepuoanl TeocoPcKoii pexyKIuu 1s
KBaJIPaTHOT0 yPaBHEHHs 0011ero BUaa piAa x; .

YcranoBneHo (tabm. 12), uTro Bce MEPUOIBI

x? —mx— q=0
MEHbIIIE JIMOO paBHBI 24. DTO BIIOJIHE ECTECTBEHHO,

7 =N(g) m' =N(m) IIOCKOJILKY CXOAMMOCTh PA3HOCTHBIX yPAaBHEHUH IIpH
1 ‘ 2 ‘ 3 | 4 | 5 ‘ 6 ‘ 7 ‘ 8 ‘ 9| m>1,¢g>1 ropa3go ObicTpee, 4eM y OOBIYHBIX UYHCEIN
1 2424 6 8 8 6 2424 2| OuOoHAaY4M, YTO HATJIAAHO BUIHO M3 IPEACTABICHHS A
2 18 9 12 6 3 1218 9 12| p pype ux peKypCMBHOTrO pajvKana M IEIHOH ApOGH
g 302 1.3 6 1 1 6 1| (yyorokparsoro mosropenns kopas A — "depes camoro
4 24 24 6 24 24 6 24 24 6 ce6s"):
5 18 3 1218 9 12 6 9 12
6 36 1 1 2 1 3 6 1
7 12424 6 2424 6 2424 6 A=+g+mh = \/q+m-\/q+m-\/q+m-\/q+--- :
8 6 9 1218 9 1218 3 4
9 1 6 13 6 1 3 2 1 rem+d ~ m+ q
HpuMe'{aHue: IIBETOM BBIJCJICHBI cjiydau, ?\’ m+ q
Koraga JJIs1 BBIABJICHUA HETPUBUAJIBHOT'O q
IIeprojIa HaYaIbHbIC YCIOBUS X, X] > 1 m m+...

Jnist AByX3HAYHBIX 3HaYCHUH KO3(D(PUIIMEHTOB m M ¢ TIEpHUOIbl HAUMHAIOT IIOBTOPSTHCA, TO €CTh

Tr(m,q) = Tr(N(m),N(q)).



3akil0ueHue.

[lepuonnunocTs HyMeposioruueckux nocinenoBarensHocteil (HIT) — B psane ciyyaeB xopouuii u
HE3aBHCHUMBIH OT APYTUX METOA0B HHAMKATOP (Mepa) CXOJUMOCTH PEKYPPEHTHBIX YHCIIOBBIX PSAIOB.

Kak mpaBuiio, 4em sydine u ObICTpee CXOIUMOCTh TOCTIEI0BATENBHOCTEN K CBOEMY aTTPaKTOpYy,
TeMm MmeHblie nepuoa HIT.

KoHkpeTHble 3HaU€HUSI MEPUOIOB 3aBUCIT OT MOPSIKA PAa3HOCTHOTO YPAaBHEHMsI, BXOISIIUX B
Hero Ko3(pQUIMEHTOB W NPUHATON CHUCTEMBI CUMUCICHMS, HO MPAKTHUYECKH HE 3aBUCIT WIH ClIabo
3aBUCAT OT HAYAJIbHBIX YCIIOBHH ('3aTpaBOYHBIX yncen").

[Ipu mmpokoM pa3zHOOOpa3uu 3HAYCHHUHA TMEPUOOB KaKUEe-TMOO WX DK30TEPUYECKHE CBOWCTBA
HOCSIT HEperyJspHbIi, 4YacTO CIOHTaHHBIA, XapakTep, 4YTO HE TMO3BOJIAET YTBEPXKIATh 00 UX
CHUCTEMHOM TIPOSIBIICHUH.

Hymepomornueckuit  mepuox 7Tr=5/lgd ~24 nmna uncen DOuboHay4m COOTBETCTBYET

KOJHMYECTBY IMOCJEJOBATEIbHBIX IIArOB BO3BPATHOM pEKypCHUH, TIOCJIE KOTOPBIX TOYHOCTb

npuOIKeHns K uncity @ yBenuuuBaeTcs Ha MOPSI0K ~ 10719,
Hywmeponoruueckuii nepuon 77 =39 (38) mnsa uucen TpuOoHa4uum COOTBETCTBYET KOJIUYECTBY

MOCJIEZIOBATEIbHBIX II1arOB BO3BPATHOM pPEKYPCHH, IOCJIE KOTOPHIX TOYHOCTh HPUONMKEHUS K

aTTPAKTOPy YBEJINYMBACTCS HA MOPSATOK ~ 1071,

MOXHO, KOHEYHO, TOJ BBIMIEH3IOKEHHOE TOABECTH M Oo0Jiee CTPOTyI0 MaTeMaTHYEeCKYIO
TeopHio. Bo3MokHO, OsABATCS 00001IAIOIINE U TPAKTUUYECKH TT0JIE3HbIE PE3YIIbTATHI.

Ho rnaBHoe yxke moHsATHO. Teocodckas peaykmus — 3TO 0OIee CBOWCTBO OOJBIIMHCTBA
JMHEHHBIX Pa3HOCTHBIX YPaBHEHH, KOTOpasi OTPa)KaeT XxapaKTepHble MOMEHTHI U3MeHeHus ("' (a3zoBble
nepexo/ipl") pa3psaIHOCTH YHUCEIN B MPOLIECCe UX JBUKEHHS K CBOEMY aTTPAaKTOPY — MaKCUMAaJIbHOMY
[0 MOJYJIIO TOJIOKUTEILHOMY KOPHIO XapaKTepUCTUYECKOIo anreOpanyeckoro ypaBHEHHs, — B
3aBUCHMOCTH OT OCHOBAHUS MPUHATOMN MO3ULIMOHHON CUCTEMbI CUUCIICHHUS.
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