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MPEAUCIIOBUE PEOAKTOPA TMEPEBOJA U MEPEBOAYMKA

JII0GONBITHEI OTHICKHBAeT PEAKOCTH TOJb-
KO 3aTeM, 4YToOb MM YIHBASATBCS; J060-
3HaTeJNbHBIA Ke — 3aTeM, YTOGH Y3HATh HX
H TepecTaTh YJIHBJAThLCS.

P. Texapr

Hacrosimasi kHura npefctaBiasieT co60H 3aMmeuaTesbHOe cobpa-
HHMe HeOXHIAHHBIX, IPOTHBOPEUAIIUX «3APAaBOMY CMBICJIY» BHIBOJOB
W yTBepXKAeHHH, KOTOPHIX HeMaJso B TEODHH BEPOSITHOCTEH, MaTeMa-
THYECKOH CTATHCTHKE, TEOPHH CJIYYaHHBIX NPOLECCOB, H aHAJIHU3 KO-
TOPHIX BeleT K Gosee ryG0KOMY MOHHMAHHIO 3THX NpeAMeToB. AB-
TOp NOKa3hBaeT, KaK pa3pelleHHe pas3JHYHHIX NapafoKCOB, CBS-
3aHHBIX CO CJY4YaHHOCTbIO, CNOCOGCTBOBAJO BO3HHKHOBEHHIO H
Pa3BUTHIO TEODHH BEpOSITHOCTEH M ee NpHJIOXKeHHH. B kHure pac-
CMaTpUBAIOTCS KaK NapajoKChl, CTaBLIME yXKe KJIaCCHUECKHMH, TaK
M HeOXHIaHHble pe3yJbTaThl MOCJeNHHX JIeT, pa36pOCcaHHbIE 10 KYp-
HaJbHEIM cTaThsiM. JleranbHo pasGupaercss okono 50 mapamoOKCOB.
Jas1 Kaxkaoro NMPHUBOAMTCS HCTODHS ero BO3HHMKHOBEHHS M paccKa-
3BIBAETCS O TMepBLIX, He BCerJa YAAuyHBIX MONBITKAX €ro paspelile-
HUS, 3aTeM (OpMyJNHpyeTCs caM NapafoKC H AaeTcss ero oGbsicHe-
HHE C TOYKH 3pEHHS COBDEMEHHHIX IIpeACTaBJEHHH, paccMaTpH-
BAIOTCSl pa3jHuHble 06OOIIEHHS NMapajoKCa, BaxKHeHIHe MOHSTHS H
dakThH M3 TEOpHH BEPOSITHOCTeH W ee NMpPHUMEHEHHH, HA YCTaHOBJe-
HHe KOTODHIX MOBJIMSIJIO pa3pellleHHe AaHHOro mapajgokca. Kpome
JleTalbHO pa3oOpaHHEIX B KHHIre NPUBOASATCS Takxke Gosee 50 mapa-
JOKCOB, MOAPOOHHI aHaJH3 KOTOPHIX MpeaJjaraercs MpPOBECTH YH-
TaTeasIM.

IFnaBa I «Knaccuyeckne mapaoKCH TEODHH BepOSITHOCTeH» CO-
JlepKHUT pa3bop TaKHX MIMDOKO M3BECTHHIX 3ajlay, KaK Mapajokc e
Mepe, 3amava o cnpaBelJHBOM pasjelle CTaBKH, napaiokc Beptpa-
Ha, nerepbyprckas urpa M T. n. JIis uuTaTeneldl, KOTOpHE TOJBKO
HAYMHAIOT H3YyueHHe TEODHH BEPOSATHOCTeH, 3Ta TIJlaBa HHTepecHa
TEM, YTO B HeH B YBJEKaTeJbHOH JOCTYNHOH (GopMe H3jaraioTcs
(bynnaMeHTaNbHble TOHSTHS TEOPHH BEDPOSITHOCTEH: KJaccHuecKas
M TeoMeTpHYecKass BEPOATHOCTH, YCJNOBHEIE BepOSTHOCTH, (BYHKIHS
pacnpejesenns;, MJIOTHOCTb, MOMEHTHBIE XapaKTepHCTHKH, Myacco-
HOBCKOE€ H HOpMaJIbHOe paclpefeseHHs, 3aKOH GOJbIIHX YHCeNa H
LeHTpanbHasl mpefenbHast TeopeMa. OCHOBHASI 4acTb IJIaBH MPOCTa
IJ1S TOHHMAHHA ¥ MOXeT GHITh HCIOJb30BaHA B paGoTe MIKOJLHHIX
MaTeMaTHYeCKUX KPYXKKOB. Il TeX, KTO yXKe 3HAKOM C TeopHeH
BeposiTHOCTCHl, GYNCT WHTEpeCHa HCTODHSI BO3HHKHOBEHIS W pelie-



HHMSl KJacCHYeCKHX MapafokcoB. JIIOGONBITHH TaKXke 3aJayH, MOA-
pOGHbIA aHaJu3 KOTOPHIX OCTaBJIeH YHTATe]sM, HANpHMEp apajfokc
Bopensi o cayuafiHolf TOUKe Ha MOBEPXHOCTH Llapa, 3ajaya O CTpa-
XOBaHHH MMYIIECTBA H Ap. 3aKaHYMBaeTcs IJaBa ABYMsl cohHU3MaMH
JIvionca Kapposia, CB3aHHBIMH C NOHSTHEM BePOSITHOCTH.

B rnase II «ITapajoxkchl B MaTeMaTHYeCKOH CTaTHCTHKe» pac-
CMaTpUBAIOTCS BOMNPOCH, KacaloulHecss OLGHOK IO MeTOAaM HaH-
MeHbIINX KBaApaToB H MaKCHMaJbHOrO NPaBAONOAOGHS, PErpeccHH,
JOCTATOYHBIX CTATHCTHK, HOBEPHTEJNbHBIX HHTEPBAJIOB, NIPOBEPKH TH-
nores ¥ T. A. VIHBIMH cl0BaMu, OHa COAEPXKHT OoraThlii MaTepuads,
KOTOpHI MOXHO HCIIOJb30BaTh B Kypcax JIeKUHMH IO MaTeMaTHye-
CKOH CTATHCTHKE, HJJIIOCTPHPYSI TPaHHIBl NDHMEHHMOCTH CTAaTHCTH-
YeCKHX MeTOJOB M ofpalnas BHHMaHHE Ha TO, YTO CTaTHCTHYECKHE
BHIBOJbl CNIPABEMJIMBEl JIHIIL NPH BHINOJHEHHH ONpefeJeHHBX Bepo-
ATHOCTHBIX yc/oBH#i. HekoToprle yTBepXKAEHHS MPOCTH, HalpuMep:
He BCe CayyafiHble BEJHYHHB C HYJEeBbIM KO3(h(HIHEHTOM KOoppeis-
nuu HesaBHcHMbL. OpHako GoJbllasi 4yacTb TapafOKCOB MeHee oOdye-
BHIHA, HampuMep NapaJoKC O CYIIECTBOBAHHH OlIEHOK GoJee 30¢-
(eKTHBHEIX, YeM OLIEHKH MaKCHMaJbHOTrO IpaBAONOAo6HS.

Taaes 111 u IV nocesimeHn mapagokcaM, oGHapyXKeHHBIM CpPaB-
HHTEJbHO HeJaBHO, HalpHMep NapafoKcaM C/ayuaHHBIX NPOLECCOB,
MOZEJHpPYIOUHX OPOYHOBCKOE ABHIKeHHe, H3OHpaTeJbHble KaMIaHHH,
IesaTeNbHOCTh GOHAOBOA GupxHu H T. 0. B ruase IV mupe, uem B
ApYTHX IJaBax, NpelCcTaBJeHbl CBS3H TEOPHH BEpOSTHOCTeH C ApY-
I'HMH HayKaMH. 31eCh H TeOpHs uHceN, H KBaHTOBas (hHU3HKa, U MoJe-
JIUPOBaHHE [MCEBAOCIyYalHHX uuces Ha DBM, u HecTaHAapTHBIH
aHanus, ¥ Kkpunrorpapus. O6CyKAAOTCA H YHCTO BEPOSITHOCTHHIE He-
OXHJIaHHbIEe (haKTHl, TaKHe, KaK CyIleCTBOBaHHe HeGe3rpaHHuHO He-
JIMMBIX KOMIIOHEHT Y Ge3rpaHUYHO AeNHMBIX pachpepeseHuH.

B nocnenseft riaBe Ha HECKOJbKHX IpHMepax HJJIIOCTPHPYETCS
MBIC/Ib aBTOpa O TOM, YTO MaTeMaTHKa, KaK M GOJIbIIHHCTBO pasie-
JIOB HayKH,— 3TO HCTOPHSI NapagOKCOB.

Kunra HanucaHa XHBO M YBJIeKaTeJbHOo. Ee MaTepHasa MOXKHO
HCIOJIb30BAaTh B BY30BCKHX Kypcax JEKUHUH N0 BEPOATHOCTH H CTa-
THCTHKE M IPH CaMOCTOSITEJIbHOM H3YYeHHH 3THX MHCUHMIUIHH [Js
GoJiee ray60KOrO M aKTHBHOTO OBJIaJieHHs! IPeAMETOM.

Ilpu paGore Haa mepeBOAOM C aBTOPOM NOAAEDPIKHBAJCS MOCTO-
SIHHBIfI KOHTAKT, 4YTO CHOCOGCTBOBAJIO OLICTPOMY pelleHHI0 BO3HH-
KaBIUIHX BONpOCOB. Pycckuit nepeBOA HECKOJbKO OTJHYaeTcs OT
aHTJIHACKOrO OpHWrHHAJa, B HErO BHECEHH H3MEHEHHs] H yYTOYHEHHS,
NpefJoKeHHble aBTOPOM AJISI PYCCKOrO M3MaHHs.

MockBa, ¢despans 1989 r. B. Ca3sonos
B. Yavanos



MPEAMUCIIOBUE K PYCCKOMY M3JAHUIO

51 oueHb pan mepeBOAy MOeH KHHI'H Ha PYCCKHH S3BIK, 3TO 6OJIb-
mIasi 4ecTb IJIs MEHs, TaK KaK Ha MOH HCC/IeNOBaHHs IO TEODHH Be-
pOSITHOCTEH OKa3asH BJHsHHe pDaGOTH MHOTHX COBETCKHX MarTeMa-
THKOB. OTMeuy, yto coBMmecTtHasi ¢ M. Pyxeit MoHorpadus no asgre-
Gpauueckoit Teopuu BepositHocTell (Wiley, 1988) Gri1a BIOXHOBJIe-
Ha B OCHOBHOM TpyAamu A. 5. XununHa, [O. B. JlunHuka ¥
H. B. Ocrposckoro. I HuKoraa He BHAesn XHHYHHA B OCTPOBCKOTO,
HO Bcrpevadsics ¢ 0. B. JIunnukom, a takxe ¢ A. H. KosamoropoBuM
n Bb. B. I'nesenko. Bce OHH CTHMYJIHpOBaJM MOM AasbHeHllIHe HC-
ca1eloBaHusl U obellalu coAedcTBHe B NyO6JMKAUHM KHHTH IO Iapa-
J0KcaM Teopuu BeposaTHocTell. K coxaJsenuto, Hu JIuHHHKY, HH KoJ-
MOTOpOBY He NpPHULIOCH IPOYHTATH 3Ty KHHry, HO B 1987 r. B Mo-
CKBe s CMOr NOJApHThb 3K3eMILISD KHHTH Ha aHIJIMACKOM s3bIKe
npodeccopy I'HeleHKOo, KOTOpHIi OHJI €O MHOH OUYeHb JI06e3eH.
31ech st elle pa3 Xouy moGJarofapHTb e€ro 3a rOCTENpPHHMCTBO.

Hapetocy, uTo MOsi KHHra HOHPaBHUTCSl COBETCKHM YHTATEJsIM, H
OHH NPOYTYT €€ C HHTEPECOM.

Bynanewr, maii 1988 r. T'abop Cekeli



NPEANCIOBUE PEAAKTOPA CEPUM

Ilpucrtynaii K pelIeHHIO CBOHX NpoGJeM
npaBuJbHO M HauyuHali c¢ orBeroB. Torxa,
BO3MOXKHO, OJHaXAB Thl Haljelwb ryaB-
HBEIH BOMNpOC.
«OTwenbHUK 8 JCYPABAUHBLX nepb-
ax» 8 Knuee P. san I'yauka «¥Y6uii-
cT8a 8 KUTAUCKOM aabupunTes

Jleno He B TOM, YTO OHH He BHAAT pelle-
HuA. [leslo B TOM, YTO OHH He BHAAT NpO-
6JeMbl.
I'. K. Yecrepron. «Ocrpue 6yras-
Ku» u3 cbopruka <«Crandanbroe
npoucwecreue ¢ oryom Lpayrom»

Bce Bospacraiomlas cnenualusallds M pacTyllee MHOroo6pasue
HanpaB/eHHl B MaTeMaTHKe NPHBEJNH K NOSIBJIEHHIO MHOXECTBAa MO-
Horpaguit 1 y4yeGHHKOB IO Ppas3jIHYHHIM CHELHaJbHEIM BOMpOCAM,
YHCJIO KOTOPHX MOCTOSIHHO yBeJuuuBaercs. OJHaKO «JepeBo» MaTe-
MaTHYeCKMX 3HaHHH M CBSI3aHHBIX C MaTeMaTHKOH HayK pacTeT He
ToJbKO Gjarofapsi NOsIBJeHHIO HOBHIX BerTBeH. JlocTaToyHO yacTo
clyyaeTcsi TaK, YTO HanpaBJleHHsl, CYHTABIUHECs COBEpIIEHHO pas-
JINYHBIMH, OKa3BIBalOTCS BAPYT CBsI3aHHBIMH.

MaTeMaTHyeCKHe 3HAHHMS M YPOBEHb HX NPHMEHEHHS B pasiuy-
HRIX HayKax 3a NocJIefHHe TOAbl B 3HAUHTEJbHOH CTeNeHH H3MeHs-
JIHCb: TEOPHS MepH (HETPHBHAJbHO) HCIOJb3yeTcs B 3IKOHOMHYe-
CKOH reorpauu M TeOpeTHYECKOH 3KOHOMHKe; aJjre6paHyeckasi reo-
MeTpHsl B3aHMOAEHCTBYeT ¢ (PU3HKOMH; JeMMa MHHKOBCKOrO, TeOpHs
KOJHPOBaHHs H CTPYKTypa BOABI BCTPEYAIOTCS B TEODHH YIAKOBKH H
MOKPHITHS; TEOPHs 'OMOTONHH OKashiBaeTcsl MOJIe3HOH B MaTeMaTH-
YecKOM NpOrpaMMHPOBAaHHHM, IPH H3yYEHHH KBAaHTOBHIX NOJeH M Je-
(eKTOB KpPHCTaJJOB; aJjre6pn JIM cBA3aHbl ¢ QuIbTpanHel; NpH
NPOrHO3MPOBAaHHH M B 3JIEKTPOTEXHHKe NPHMMEHHMBbI IPOCTPaHCTBA
[tefina. M B AOomoJHEeHHe K 3TOMY BO3HHKJH TaKHe HOBble MHCLHMII-
JIUHH, KaK <«3KCIlepHMEeHTaJbHasi MaTeMaTHKa», <BBIYHCJHTE/bHAs
THAPOJHHAMHKA», «BIIOJIHE HHTerpUpyeMhble CHCTEMHI», <«XaocC, CH-
HepreTHKa H AaJbHUH MOPAJOK», KOTOPhie NIOYTH HEBO3MOXKHO MOMO-
FHaTbh NOJ yXe CYUIeCTBYIOIIHEe CXeMbl KJacCHQHKauMH. DTH AUC-
LUMIVIHHB OMMpAlOTCs Ha pasJjiMuHble pasfie/nl MaTemMaTHkH. Haima
nporpamma «MateMaTHKa H ee IPHMEHEHHs» NOCBsILEHA HOBHM Ha-
[paBJeHHSIM U TaKUM (HOBHIM) B3aHMOCBSI3SIM, KaK:

— ULeHTpaJbHOE IOHATHE, Hrpalolllee BAXKHYIO POJb B HECKOJb-
KHX DasJIHYHHX 06/1acTsX MaTeMaTHKH H/HJM APYrHX HayKax;

— HOBHle NPUMEHEHHs pe3yJbTaTOB M HAeHd M3 OLHOH o6JacTH
HayuHBIX HcCJeJoBaHMH B ApYrof obJactu;

— BJHsIHHE, KOTOPOE OKa3hBAalOT pe3yJbTaThl, Npo6JeMb H MO-
HATHS OAHOH 06JIaCTH HCC/IEMOBAHUHA Ha pa3BHTHe APYroil 06JacTH.



B pamkax mnporpaMMbl «MaremaTHka H ee IpHMEHEHHS» Je-
JlaeTcsl TONMBITKA H3JAHHS KHHUT, THIATENbHO OTOODAHHHIX B COOTBET-
CTBHHM ¢ H3JOXEHHBIMH BHIle NpuHOUNamH. C NOMOLIBIO TaKHX
KHHUT, KOTOpDHE CKODee 3aHHTEepEeCcOBHIBAIOT YHTaTeNelf, ueM JaOT
noJHyo HHboOpManuio o mHpeliMere, U SBAFIOTCH 60Jee HHTPHIYIO-
UIMMH, YeM SHIHKJIONeAHUeCKHMH, MBI HajeeMcsl crmoco6CTBOBATH
JyylleMy B3aHMOIMOHHMAHHIO CIEHHAJHUCTOB B pa3HHX 06/acTax
HayKH.

ITockombKy 06BbEM HayuHBIX HccaefoBaHHufl, mpoBoauMHX B Co-
BerckoM Corose, Bocrouno#i EBpone u SInoHnu, oueHb Besuk, GbUIO
pemeHo o6paTuth 0co60oe BHUMaHHe Ha pabOTH, BHIOJHEHHBIE B
3THX pernoHax. Takum o6paszoM, G6BJIO pelleHO HauaTh H3JAHHE
TpPeX PerHoHa/bHHIX CepHii B paMKax IJaBHOH mporpamMmbl «Mare-
MaTHKa H ee MPHUMEHEHHS».

IMporpecc B MaTeMaTuke, KaK M B JAPYTrHX HayKax, BO MHOrOM
ompefensercs TaKHMH BONPOCAMH H/HJH De3yJbTaTaMH, KOTOpDHE
3aCTaBJSIIOT, TaK CKa3aTb, BCTPSXHYTh HAIlM NpeXHHe NpeacTaBJie-
HHSl ¥ YBHJETb, YTO HOBHIE PelIeHHS H eCTEeCTBEHHEB], H NpEeKpPacHH.
[Tapamokchl, T. e. MPOTHBOpeuallue HHTYHIHH, HO BepHBIE De3yJb-
TaThl, BO3MOXHO, SIBJASIOTCS JyyllUM IPHMEepOM IIpo6GJeM TakKoro
Buna. Teopuss BeposiTHOCTell — HAayka O cCAyuafHBIX COGBITHSIX —
Bcerja 6nla ocoGeHHO 6orata mapaJOKCaMH, MHOTO HX H ceffuac.

U3yuenne u nonuManne Kakoifi-n1u6o o6aacTu HayKH C MOMOIIBIO
NapafoKCoB €CTh, BHAMMO, OAMH M3 JIYUIIHX CnOcOGOB pa3BHTb B
cebe HacToAmlylo MHTYHuHi0. [Insi Teopuu BeposiTHOCTef mogoGHas
KHHra 6bl1a 6Bl HAEaJbHOH.

Huuem He o6bacuumas 3hdeKTHBHOCTH
MaTeMaTHKU B HAYKax...
Syeen Buenep

UYro x, ecaM BaM M3BECTHA Jyyuiasi poJb,
3afiMuTeCH €l0.
Bproc Beiipucgparep

To, uTo cefiyac MOKa3aHO, KOTAA-TO Cylle-
CTBOBAJIO JIHIIL B BOOGpajKeHHH.

Yunroam Bareix

Jo Tex mop, moxa aare6pa H reoMeTpHs
JIBUTAJHCh PA3JHYHBIMH TYTSMH, HX pas-
BHTHe OBLIO MENJIEHHBIM, a TpHMEeHEeHHe
OTPaHHUYEHHBIM.

Ho gorna sTH HaykH O6BEeIHHHJIHCD,
Ol TOYEPTIHYJIH APYr Yy Apyra CBexXHe
CHJBI U B pe3yabTaTe GBICTPO ABHHYJHCH
BTepel K COBEPUIEHCTRBY.

XKoszedp JTyu Jazpanoe

Baccam, mapT 1986 1, Muxenro Xazesunrxens



BBEJEHME

CaMoe npekpacHoe M TIyGoKoe NepexuBa-
HHe, BHIMafaioKlee Ha JOJIO 4YeJOBeKa, —
5TO OllylieHHe TauHCTBeHHocTH. OHO Je-
JKHT B OCHOBE DPEJHTMH M Bcex HauGouee
rayGOKKHX TeH/IEHUHHA B MCKYCCTBE H HayKe.
ToT, KTO He HCOHITaJ 3TOr0 OMYINEeHHS,
KaXeTcsl MHe, eCJH He MepTBeLOM, TO, BO
BCAKOM CJyuae, CJembM.

Anvbepr 3Sdnwredn. Moe xpedo,
1934 1)

3aMeuaTeNbHO, YTO HayKe, HauuHaBlIefics
C paccCMOTpPEHHs a3apTHHIX HID, CYXJEHO
GBLIJIO CTaTh BaXXKHEHIIHM OGLEKTOM ueJoBe-
YECKOTO 3HaHHS...

Ilvep Cumon Jlanaac. AHaautuuz-
ckan Teopus seposarHocret, 1812

Kak u mwobasi gpyras o6nacTb HaykH, MaTeMaTHKa OTpa)Kaer
NpOTHBOpPEUHs] OKpyXaiollero Hac Mupa. ITosToMy wucropus mate-
MaTHKH, eCTECTBEHHO, NOJHAa HHTEPECHHIX NapaloKCOB, U HEKOTOpbIe
U3 HHX CJOYXUJHM OTIPaBHOH TOYKOH GoJbMIMX H3MeHeHHHA. OcobeHHO
Gorata napafokcaMu MaTeMaTHKa ciydaiiHoro. 1o muenuio Kapua
[MupcoHa, B MaTeMaTHKe HeT APYTOTO TaKOro pasfesa, B KOTOPOM
CTOJIb e JIErKO HOMYCTHTb OLIMGKY, KaK B TEOPHH BepOSTHOCTEH.
Ilenb naHHOM KHHUIM — NOKa3aTb, KAKUM 06pasoM 3Ta CTPEMHTENbHO
nporpeccHpyloolasi u IIHPOKO NpHMeHsieMasi o6JlacTb 3HaHHH pas-
BHBAJaCh U3 MapaJoKCOB. B KHure clesaHa MOMEBITKA OCTAHOBHTBCS
Ha TeX BOJIHYIOIMX MOMEHTAaX, KOTOpHE NMpeAIIeCTBOBAJIM HJH Cpasy
ClefOBaJiM 3a pelleHHeM psja 3HaMeHHTBIX NapajoKCOB, DeNKO
yMOMHHaeMbIX B MOHorpadusix. B KHUre pacCMaTpHUBAaIOTCS He TOJb-
KO HHTEpEeCHble, HO He OYEHb 3HAYHTE/bHBIE «XKEMUYXHHBI» TEOpUH
BepOoSITHOCTefl, JieXalllue B CTOPOHe OT TIVIaBHBIX HanpaBJeHHH ee
pPa3BUTHUS, HaNpOTUB, LEHTPAJbHOE MECTO B KHHMre 3aHMMAIOT IIpoO-
THBOpEUHs, pa3pellleHHe KOTOPHIX B HauboJbllell cTerneHu crnoco6ceT-
BOBaJIO NpeofoNeHUI0 (yHIaMEHTaJbHOIO KpHU3HCa B MaTeMaTHKe
ciyuafiHoro. B KHure H3J0XKeHB Takxke NMpobJeMbl, KOTOpHE NepBO-
HavaJbHO He paccMaTpHBaJ/JUChb KakK NMapaloKcH. B xHure o napa-
IOKCax, OUEBHJHO, HOJI)KHA OTPaxKaThbCs HUCTOPHUSI Pa3BUTHUS TEOPHH
BepOsITHOCTeH, W NMO3TOMY B Hauaje pa3bupaioTcs cTapeilline mna-
paloOKCH 3TOH HayKH.

BaxHo pasanuaTh mapajokce u codusmbl. IlepBbie — 310 crpa-
BEAJIUBBIE, XOTS1 M HEOXHJAHHBIE YTBepXKIEHHS, B TO BpeMsl Kak
BTOpble— JIOJKHBIE pe3yJIbTaThl, NMOJY4YeHHBIE C NOMOIILIO paccyxie-
Huft, GpopMaJbHO KaxKyUIUXCs NpaBUIbHBIMH. M1 napafokch, u co-

") dinwreiin A, Co6panme HayuyHuix TpPyRoB. B 4-x Ttomax. Moe &kpeno.
T. 4. — M.: Hayka, 1967.



¢hu3MBl OUeHb HHTEpPECHbl M IOYyUHTEJbHBl, HO 3Ta KHHra IJaBHBIM
06pa3oM MoOCBslleHa MNapajoKcaM (3a HCKJ/IOUYEHHeM, Hampumep,
«napagokco» B 1V/1)'). Tlpu ¢dopMyJHpOBKe NapamoKCOB 51 CTpe-
MHJCS K TOMY, YTOOB KaKAbIH Napafokc ObLI siceH caM Mo ceGe.
Xorts, OUEBHAHO, YHTATEJIO, He HUrpamouieMy B OpUIXK HJIH HE3HAKO-
MOMY C HOpMaJbHBIMHU pacnpefeseHUsIMH, OyJeT TpyAHee B TeX CJIy-
uasix, KOrja 3TH ClelHasJbHble NMOHATHS JeXaT B OCHOBe Iapafok-
coB. OHaKO, YHTasi KHHI'Y IOCJIEIOBATeJbHO C CaMOro HauaJja, 4u-
Tatelb Haljer onpefeleHHs BaxHeHuX noHaTui. ([IpaBusa urph
B GDHIX B KHHre He H3JararoTcs, ONHAKO Bce HEOGXOJHUMOe JJIsl
NOHMMAaHHS COOTBETCTBYIOILEro Nnapajokca B HeH MOXKHO HaHTH.)

KHura coctouT u3 ueThlpex OCHOBHHIX IMaB. OGCyKIeHHE KaXkK-
J0ro napajfokca HPOXOAHT IO CX€Me, COCTOsIIEeHd M3 NATH vacrefl:
HcTOpHs, QOpMYJIHPOBKA, 00'bsICHEHHE NapafoKca, 3aMeYaHHus H, Ha-
KOHell, CIIHCOK JHTepaTyphl. B KOHHe KaxKIOH IJIaBBl CONEpKHUTCS
ellle HeCKOJbKO NapafokcoB. OHH pa3bGHpaloTCs KpaTKO, HO He IO-
TOMY, UYTO OHM MeHee BaXKHbl M HHTEPECHB, a IOTOMY, UYTO JeXarT
HECKOJIbKO B CTOPOHE OT I[VIaBHOTO HaNpaBJeHHS] KHUTH.

[lepBBIf, KTO BLOXHOBHJ MEHSl Ha CO3JaHHe KHHUTH O MapaloKcax
TEODHH BepPOATHOCTEH, Obln MOH MNOKOHHHIH yuuTesnb INpodeccop
Anboppen Penbu. Aty unero nopnepxan A. H. Koamoropos Bo Bpe-
Msa Halued Bctpeud B Bynanemte B 1972 r. B 1976 r. B TeueHue ce-
MecTpa f paGoTaj B YHHBepcuTeTe AMcTeplaMa, rie Hpodeccop
A. BankeMa NpUB/IE€K MOe BHHMaHHe K HECKOJbKHM HHTEPECHHIM
napafokcaM. BIOXHOBJAIOWHUME OBIIH U OGCYXKAEHUS MOMX JeKIHH
B yHuBepcutere J[:koHca XonkuHca, B KomymGuiickom u Henbckom
yHHBepcHTeTax, B MaccauyyceTCcKOM TeXHOJOTHUECKOM MHCTHTYTE.
MHe 1OCYaCTIHBHJIOCH TaKXKE€ BCTPEYaThbcsi U O6CYKAAThb BEpOSITHO-
cTHele npob6aemsl ¢ Jxkopaxem Ilofia B CtaHdOpICKOM YHHBepCH-
tere 1 B bynanemre. §I npusnartesneH emy 3a ero coBethl. OcoGyio
GsarofapHoCcTh HeO6XOAHMO BHIPA3HThb HEKOTOPHIM MOHMM KOJIJIEraM
u3 bynanemrckoro yHuBepcutera uM. Jlopanga Idtseina U Marema-
THYECKOr0 MHCTHTYTa BeHrepckofi akajzemMun Hayk. HIXx uMeHa ua-
CTO BCTPEYAIOTCSl B KHHTE.

Hakonen, ciaeayer OTMeTHTb, YTO aHIVIMACKOE H3LaHHE KHHUTH

SABJACTCA nepepa60TaHHb1M U JONOJIHEHHBIM BapHaHTOM BEHIep-
CKOro H3JaHusl.

) To ects napagokcos B n. 1 ra. IV,



FNABA |
KNACCHYECKME TNAPAJOKCbl TEOPMM BEPOSATHOCTEM

Kaaccuka — 3T0 TO, 4TO BCE XOTeJH OBl
NpPOYHTATh, HO HHKTO YHTAThb He XOYET.

Mapk Teen

OnbiTOM KaXAbliH Ha3HIBAE€T CBOH OLIHGKH.
Ockap Yaiiasd

..ACTHHHOH JIOTHKOH JJIi 3TOro MHpa s§B-
JIIeTCSl MCYHCJIEHHE BepOSITHOCTEH, 3aHH-
Malollleecsi HaXOXJEHHEM BeJUYUH BEPOAT-
HOCTeH, KOTOpble YUYHTHIBAET HJIH HOJKeH
VUHTHIBATh JIOGOH 3APaBOMELICIAILHA Ue-
JIOBEK.

M. Kaepx Maxkceean

PasMmblillliieHHst 0 caydaiiHOM (HampuMmep, 30JI0Thle NMpaBHJa Hr-
POKOB B asapTHhle MIpH) OBJIH yXe B ADEBHEHIIHe BpeMeHa, HO
MaTeMaTHYeCKHe BBIYHCJEHHsI BePOSITHOCTEH H BEPOSITHOCTHHE Ma-
pPaloKCH MOSIBASIIOTCS B MHCbMEHHBIX HCTOYHHMKAaxX HauWHasi JHIIb C
XV Beka. XoTs CerojHsi TeOpHsi BEPOSITHOCTEH HMeeT CTOJbKO XKe
o0IIero ¢ asapTHBEIMH HrpaMH, KaK H TeOMeTpHsl — C H3MEpEeHHSIMH
nJomaAed Npy 3eMJassHLX paboTax, TeM He MeHee NepBhle Mmapanok-
CHl BO3HHUKJIM U3 MONYJAPHBIX a3apTHBIX HIP.

1. NapaAoKc urpbl B KOCTH. «A3apTHbiE UrpbI»
B MHUpeEe (PU3UUECKUX HACTUL,

a) Hcropus napadokca

Hrpa B kKoctH Oblia caMofi MNOMyJsipHOH a3apTHOH Hrpoit Ao
KOHIA CpeIHHX BekoB. CaMo CJIOBO «a3apT» TaKXe OTHOCHTCH K
urpe B KOCTH, TaK KakK OHO IIPOHCXOAMT OT apabckoro chaosa ‘“‘al-
zar“, MepeBOAMMOro KakK «HMrpasnbHasi KocTb». KapTounble HrpHl cTa-
au nonyssipsl B Eppone Jsnub B XIV Beke, B TO BpeMsi KaK Hrpa
B KOCTH IOJIb30BaJjach ycrmexoM eme B JIlpeBHeM Erunte Bo Bpeme-
ua 1-fi aumactuu u nos3aHee B I'penun, a takxke B FUMCKOA uMne-
pun. (CorsacHo rpeueckoil Jerenjie, Mrpy B KOCTH Npemoxua Ila-
aamedeil JJIsl pa3BiledyeHHsl 'PEYECKHX COJIJAT, CKYYalOUWIHX B OXKH-
nanuu 6utBH npu Tpoe. [Tascanuii, nucatenn, XuBliui Bo II Beke,
yIOMHHAeT HaNmHCaHHYI0 B V BeKe A0 Halled 3pH KapTHHy [loaue-
HOTG, HAa KOTOpO¥ H306paxennl [lasameneli u PepcuT, Urpamule B
koctH.) CaMoli paHHeHl KHHIOM NO TEOPHH BEPOSITHOCTEH siBJIseTCs
«Knura o6 urpe B koctu» (“De Ludo Aleae™) Aaxceporamo Kapdano
(1501—1576 rr.), KoTOpasi B OCHOBHOM IMOCBSILIEHA HrpPe B KOCTH.
Ara HeGoJbllasi KHHXKKa Obljla ony6GJHKOBaHA JIHIb B 1663 r., cmy-



crsi moutd 100 ser kak Obuia HanucaHa. Buaummo, nostomy [aau-
setl cTal 3aHUMaThCsl TOH XKe caMoif 3afauell O KOCTsIX, XOTsl OHa
Obla yxe pelleHa B paboTe Kapnano. anunedl TakXKe HamucaJ
TpakTaT Ha 3Ty TeMy T'Ae-To Mexay 1613 u 1624 rr. TlepBonauasns-
HO OH HasbiBajcs «O6 OTKPBITHSX, COBCPUICHHBIX IPH HIPE B KOCTH»
(“Sopra le Scoperte dei Dadi“), Ho B cobpanuu counHenuit I'asu-
Jies, H3faHHoM B 1718 r., HasBaHHe H3MEHH/IH Ha CJelyollee:
«O BmIXOoAe OukoB npu Hrpe B kKocTh» (“Consideratione sopra il
Giuoco dei Dadi").

6) Ilapadokc

[IpaBunbHast urpajbHasi KOCTb NpPH GPOCAHHHM C paBHBIMH ILAH-
caMu najaer Ha JioGylo u3 rpaneit 1, 2, 3, 4, 5 uam 61). B cayuae
Gpocanust IBYyX KOCTell CyMMa BEIMABIUHX YHCeJ 3aKJ/JIOueHa Mekuiy
2 u 12. Kaxk 9, Tak u 10 u3 uncen 1, 2, ..., 6 MOXKHO MOJNYYHTH
IByMs1 pasHbHIMu cnocobamu: 9=3+6=4+4+5 u 10=4+6=
=5+ 5. B 3anaue ¢ tpems koctsiMu H 9, W 10 moayyaoTCs WecTbIO
cnoco6amu. [louemy Toraa 9 mosiBasiercst waie, korga 6pocaioT ABe
Kocry, a 10, korga 6pocaiT Tpu?

8) Ob6®Bacnenue napadoxca

3anaua HACTONBKO IPOCTA, YTO KAXKETCsl CTPAHHBIM, YTO B CBOE
BpeMsi ee CYMTaJM crpalino TpyaHo#. M1 Kapdawo, w Tarunred or-
Meyasi HeOGXOAMMOCTb yueTa MOpfAAKa BHNajaHus uucen. (B mpo-
THBHOM CJyyae He BCe HCXOAB OBUIM OGbl PaBHOBO3MOXKHBIMH.)
B ciyuae aByx xocreit 9 u 10 Moryr mosmyuatbcsi caepyoumM obpa-
3oM: 9=3+6=64+3=44+5=5+4u10=44+6=6-F4=
=5+ 5. DTo o3Hauaer, 4To B 3ajaue C ABYMS KOCTAMH 9 MOXKHO
«BBHIOPOCHTb» YETHIPbMs crmoco6amu, a 10 — auwb Tpems. Ciegopa-
TeNbHO, WIAHCH MOJYuYuTh 9 npeanouturenvHell. (Ilockosbky nBe
KOCcTH JaioT 6 X 6 = 36 pasyMuHbBIX PaBHOBO3MOXKHBIX Map uucel,
IIaHCHl MOJYYHTh 9 paBHH 4/36, a mis 10 — auwe 3/36.) B cayuae
TPeX KOCTed CHTyanus MeHseTCsl Ha MPOTHBOMOJIOXKHYI: 9 MOXHO
«BbI6pocHTb» 25 crmoco6amu, a 10— yxke 26 cmoco6amu. Tak uTo
10 6os1ee BeposiTHO, yem 9.

2) 3amewanus

(i) HecmoTpst Ha mpocrory 3ajaud 0 KOCTSIX, HEKOTOPHIM BeJH-
KHM MaTeMaTHKaM He yIaBaJoCh ee PellUTb, TAK KaK OHH 3a0LIBaJH
0 HeOGXOAUMOCTH yuyeTa MOPsAKA BHNAjeHHH Kocteil. (ITy omHGKY

') Ha o6bHOit Hrpa/ibHOH KOCTH CyMMa OYKOB Ha MPOTHBOMOJOMHHEX TIpa-

HX paBHa 7, T.e. NmaJeHHe KOCTH Ha rpaHb | o6o3HauaeT BbmajgeHne 6 u T. 4. —
ITpum. nepes.



yacTo JOMyCKaloT jAaxe B Hallm AHH.) Owwubanauchk u JleiGHun,
ORMH M3 cosjaTenell AHQ@epeHIHaJbHOTO U HHTErpajbHOTO HCYHC-
geHust, u Jlanambep, OJHH M3 BeIHYaHLIMX aBTOPOB 3HAMEHHTOH
®pannysckoit sHHuKIoneAnd. Opnaxan Ilanmambepy 3amanu cie-
JYIOIIHHA BOMPOC: ¢ KAaKOH BEPOSITHOCTbIO MOHeTa, GpOILEHHAs ABaX-
Ibl, O KpafiHell Mepe OAMH pa3 Bnnager rep6om? OTBET yuYeHOTo
O6bl1 2/3, TaK KaK OH CYHTaJ, YTO €CTb JIHIIb TPH BO3MOXKHBIX HC-
xofa (rep6-rep6, rep6-pelllka, peliKa-pelika) U CpefH HHUX TOJBKO
OJWH HeOJaronpHATHHIH, T. €. KOIJa BHIAJAIOT JBe pellku. lamam-
Gep npene6GperaJs TeM, YTO TPH BO3MOXKHBIX HCXOJa HE PaBHOBEPO-
ATHH. [IpaBHIBHBIM OTBeTOM sBJsieTcs 3/4, MOTOMY 4YTO H3 paBHO-
BO3MOXHHX HCXOA0B rep6-rep6, rep06-peiika, peika-rep6 ¥ pemka-
pelllka TOJbKO TOCJAeHHHH sBJAsiercss HebOaaronpusTHeIM. Touka
3penus Jamambepa Obl1a naxe ony6G/JHKOBaHA B DHUUKJIONEAHH B
1754 r. B cratbe «['ep6 u pemerka» (“Croix on pile”).

(ii) 3amauya o KOCTSIX HEKOTOPHIM 0Gpa3oM CBsi3aHa € Hampas-
aenusaMu ¢usukd XIX u XX BekoB. [Ipeamosoxum, 4To BMECTO
HrpajJbHOH KOCTH MBl HMeeM AeJo ¢ (PHU3HYeCKHMH YacTHiaMu. Kax-
Jlasi TpaHb KOCTH COOTBETCTBYeT Temnepb (Pas3oBod siueilike, B KOTOPOH
YacTHIA OKAa3bIBaeTcsl CAyyalHEIM 00pa3oM W KOTOpas XapaKTepH-
3yeT COCTOSIHHE YacTHLH. B 3ToM ciayuyae urpa B KOCTH 3KBHBAaJI€HT-
Ha Mmoleaun Maxceeara — boabymana AJsi (DU3HUYECKHX 4YACTHIL
B sToli MozenH, HCIOB3YeMOl OGBIYHO JJIsi MOJIEKYJ Tasa, Kaxkaas
YacTHLA C pPaBHBIMH IIaHCAMM IONafaeT B JIOGYIO suelKy, Tak 4TO
IpPH ONHMCAaHMH MHOXECTBA PABHOBO3MOXHHIX HCXOJOB CJI€AyeT yuH-
TEIBATb MOPAMOK TaK e, KaK H B 3ajauye o KocTsx. CyljecTByer
Apyrasi MOAeJ]b, B KOTODOH YaCTHLB HEPA3JHYHMH, U NMOTOMY IPH
NOJcueTe PaBHOBO3MOMKHBIX MCXOJAOB MOPSIAOK He HaJA0 IPHHHMATh
BO BHHMaHHe. dTa MoJesb HasBaHa uWMeHaMu Bose u Jiinwiredna.
Hcnosnbayss 3Ty TepMHHOJIOTHIO, MOXKHO CKa3aTh, uTO CyThb HalLIEro
napajgokca B TOM, YTO Hrpa B KOCTH ONHCHIBAaeTcs MOAeablo Mak-
cBessia — Bosnbumana, a He Bose — Ditnmreiina. ClelyeT OTMETHTb,
UYTO HH OJIHA M3 3THX MOJeJsell He KOPPEKTHAa JJS CBSI3aHHHIX 3JIEKT-
POHOB, TakK KakK B 3TOM CJyyae B KaxXJo# siuefiKe MOXKET OKa3aTbCs
He Gosiee OfHOM yacTHUBL. HCNOJb3yst TepMUHOJOTHIO UIPBl B KOCTH,
MOXHO CKa3aTb, YTO €CJIH Ha OJAHOH KOCTH BhNasa 6, TO HH Ha Ka-
KO# 1pyro#t koctH 6 yKe BhIIacTb He MOXKeT. DT0 Moleab DPepmy —
Hupaxa. BosHukaer BONpPOC, IPHMEHeHHe KAKOH MOJENH KOPDPEKTHO
B KOHKpeTHOH cuTyanuu. (Kpome ykasaHHbiX Tpex Mogesef, cylle-
CTBYeT MHOXeCTBO ApPYrux.) Boo6iie rosopsi, Mbl He MOXKEM BHI-
6paTh KaKyw-1160 MOAeJb, HCXOAs JIHIIb U3 JOTHUECKHX COOBpazke-
HUA. B GOJIbIIMHCTBE C/yyaes pelIuTb 3TOT BONPOC NO3BOJSIOT ONBIT
Ju60 Habmogenus. OQHAKO B cjyyae ¢ HTPaJbHOH KOCTBIO OYEBHI-
HO, YTO KOppeKTHa Mojesnb MakcBessa — BonbuMaHa, a B JaHHBIR
MOMEHT 3TO BCe, YTO HAM HY¥KHO. '
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JlaHO MOXKHO HaHTH B KHHTe
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ceton, 1953.

2. MNMapapokc ae Mepe

a) Hcropus napadokca

CyiecTByeT crapas HCTODHs, BIEpBHE paccKa3aHHasl, BHAMNMO,
JleliGHuIeM, O TOM, KakK M3BeCTHBHIH (paHunysckuit urpok XVII Beka
weBaabe ge Mepe mo gmopore B cBoe uMeHue B Ilyaty Berperua
baesa Ilackaas, opHOro M3 3HaMeHUTeHIIHXx yueHbix XVII Beka.
Ie Mepe nocraBusi nepen Ilackanem zaBe 3ajmaud, o6e CBsI3aHHBIE
c azapTHbIMH urpaMu. [lepBo#t 3ajnauefi GBI paccMaTpHUBaeMBId ma-
panokc (BTopasi— pasbupaercs B cjedyiollieM mnaparpade). OGe
3ajaun ITackanb obeyxnan B 1654 r. B coeit mepenucke ¢ ITeepon
Ode Pepma, APDYrUM BHICOKOOJApPEHHHIM YUeHBIM, XHBIIHM B Tyayse.
O6a yueHHIX NPHIIIM K OLMHAKOBOMY DPe3yJbTaTy, 4TO BechbMa 06-
panoBaso Ilackans. B cBoeM mnucbMe OH oTMedas: «$1 BHKY, uTO
HCcTHHA ofMHaKoBa U B Tynyse, n B [lapuxe». Jdwreiin Ope, npo-
teccop Mlenbckoro yHHBepCHTETa, yTBEpKAAJ, UTO MAPaLOKChI, TPH-
nuceiBaeMble e Mepe, Ha caMOM fesle GBIJIH LIHPOKO H3BECTHHI 3HA-
YHTEJBHO paHblle, AeJ0 JHUIIb B TOM, uTo [lackasb o HHX He 3HAJ.
HeBepHo TakkKe, uTo LIeBajbe GHII CTPACTHBIM HrpOKOM. ITapamok-
CHl €r0 HHTEpecoBaJ/i CKOpee TeOpeTHUECKH, YeM MPAaKTHUECKH, i Mo-
3TOMY ero He YAOBJIETBOPMJO, uTO Ilackasb «BCEro JHIIb» peLInJ

1) Monesno Tak:xke mnpountat «OuyepK HCTOPHH Teopli BCpOSTHOCTEH»

B kuure B. B. Tuenenxo «Kypc rteopun BepostHocTefi», M.: Hayka, 1988. —
Mpun. nepes.



3ajauy, NOATBEpPJAHB NpPaBHJbHBEII OTBEeT, KOTOpPHH ne Mepe yxe
snaJj. [lleBajibe He CMOT MOHSITb, KAKMM O6pa3oM paspellaercs Ma-
pajoKc.

6) Ilapadokc

[pu uerhipex OGpOCaHMAX ORHOH HMrpaJibHOH KOCTH BEPOSITHOCTD
TOrO, UTO MO KpaiiHeli Mepe OAMH pa3 Bmmafer 1, Gospuie 1/2. B T0
e BpeMsi npu 24 GpocaHMAX JABYX KOCT€H BEPOSITHOCTb BhIlaJE€HHs
IByx | oxHoBpeMeHHO (HO KpafiHeft Mepe OAHaXXAbl) MeHblme 1/2.
310 KaxeTcs yAUBUTENBHBIM, TaK KaK LIAHCH MOJYYUTb OAHY | B
mecTb pa3 GoJibllle, ueM IIAHCHl BHIMaJeHus ABYX 1, a 24 Kak pas
B 6 pa3 Gosblie 4.

8) Ob6®macnenue napadokca

Ecsiu nmpaBHJIBHYI0 HTpaJibHYI0 KOCTb OpocaroT k pas, TO UHCJIO
BO3MOXHBIX (M PaBHOBEPOSITHBIX) HMCXOAOB paBHO 6F. B 5% ciyuasx
U3 3THX 6% KOCTb He JIsiKeT Ha INeCTepKy, H, CleLOBaTeNbHO, BepO-
SITHOCTb BhIaJieHHs MO Kpafinell Mepe ofuH pa3 | npu k 6pocaHusX
paBHa

(6" — 5%/6" =1 — (5/6)",

uto Gosbme 1/2, ecam k=4. C Jpyrofi CTOpPOHH, BeJHUHHA
1 — (35/36)*%, koTopasi moJsiyuaeTcsi aHaJOTMYHO, BCe elle MeHbIle
1/2 pns k=24 n mnpesocxoaut 1/2, naumnas c £ =25. Tak uyToO
«KPDHTHUECKOe 3HaueHHe» AJs OJHOH KOCTH paBHO 4, a 1Js NapH
KocTelt paBHO 25. DTO 6€3yCNOBHO MPaBUJIbHOE pEIleHHe Ha camMoM
Jlele He yJOBJIETBOPHJIO Aie Mepe, Tak Kak caM OTBET OH yXe 3Ha,
HO M3 pellleHHs] TaK U He MOHSJ, NOUeMy OTBET He coryiacyercst C
«IPaBHJIOM IPOMOPIHOHANBHOCTH KPHUTHUECKHX 3HAUEHHH», YTBEpK-
JaIOIKM, YTO eCJIH BePOSITHOCTh YMEHbINAeTcsl B LIECTb pas, TO KPH-
THYECKOe 3HauyeHHe Bo3pacraeT B uiecth pa3 (4:6=24:36). A6pa-
xan 0e Myasp (1667—1754 rr.) B cBoeit KHure «JIOKTpHHA LIAHCOB»
(“Doctrine of Chances"), ony6aukosaunoit B 1718 r., nokasaJ, u4To
«IPaBUJIO NPONMOPUHOHAJIbHOCTH KPUTHUECKMX 3HaueHHf» HemasieKo
OT HCTHHBI, TaK KakK, €CJH P — BEPOSTHOCTb HEKOTOPOro COGHITHS
(mampuMep, BepOSTHOCTb «BHIGPOCHTb» eAMHHLY ecTb p = 1/6), To
KpPUTHYECKOE 3HaueHHe k& MOXHO HafTH, pellast ypaBHEHHe

(1—py*=1/2

(3TO ypaBHeHHe HMeeT pellleHHe, eCl p 3aKJIIOUEHO CTPOr0 MexAy
0 u 1). Kpurhueckoe 3naueHue & e€CTb HAaMMeHblIee IeJO€ YHCJIO,

npeBocxoAsiiiee x. PellleHHe MpHBeJeHHOro BhILE YPaBHEHHs HaeTCs
dopmyoi

x=—In2/ln(l —p)=In2/(p+p*2+...), (*)



rie In o3sHauaer HaTypasbHHH Jorapudm (IO OCHOBaHHIO e =
=271..). U3 Buma pellleHHst $CHO, YTO eCJH p? NpeHeGpeKRHUMO
MaJjio, To p yObIBaeT IIOYTH NMpPOMOPIHMOHAJIbHO BO3PACTAHHIO KDHTH-
yecKOro 3HaueHHsi, Kak e Mepe u npeanosarad. e Myasp HcnoJb-
30Basl mpubanxkenHyio dopmyny x = In2/p = 0.69/p nas uccaeno-
BAaHHA BONpPOCOB, CBsi3aHHBIX ¢ JIOHJIOHCKOM JoTepeed. B stom cay-
yae 3HaueHHe p Oblio 1/32, a ans p =1/32 TouHOe 3HaAuUeHHe x =
=22.135..., B TO BpeMsi KaK MpHBeJeHHas BHIle (opMmyJa JpaeT
npubsuxenne 22.08, yto AoCTaTOYHO G6JM3KO K HCTHHHOMY 3Haue-
uuto. [Tapajnoke ne Mepe BO3HHKaeT MOTOMY, 4TO AJs p = 1/6 Be-
JuuHHa p?/2 (u Apyrue cjaraeMble sHaMeHartesass B Qopmynae (x))
He HACTOJNBKO MaJsia, YToOBl €0 MOXHO ObliO mpeHebpeub. Takum
06pa3oM, «IpaBHJIO INpPOMNOPIHOHAJLHOCTH KDHTHYECKHX 3HauyeHHI»
SIBJISIETCST MPABHJIOM aCHMITOTHYECKH BepHHIM, OLIHOKa OT €ro IpH-
MEHEeHHSI pacTeT C POCTOM p. DTO U eCTb HaCTosllee pelieHHe JaH-
HOro napajokca.

2) 3ameuanusn

(i) TunuyHO HeBepHOe pellleHHe 3ajauyH Je Mepe BOCXOIHMT K
Kapnano. O paccyxkpaan clIeIyOImHM 06pa3oM: BepOSTHOCTb IMO-
JIyYyeHHsl Maph elHHHI paBHa 1/36, cienoBaTenbHO, IJIS TOTO, YTO-
Obl ¢ BEPOATHOCTHIO 1/2 MOJNyuynTh Mapy eAMHHIl MO KpaiiHell Mepe
OJMH pa3, HyXKHO GpPOCHTb KOCcTb poBHO 18 pas. Paccyxkpnas Takum
o6pa3oM, MBIl IpHJAEM K TOMYy, UTO €CJH KOCThb OpocaioT Gosee
36 pas, TO BepOATHOCTb BHIMAJEHHs Mape efHHUN Goabute 1, uTo,
KOHEYHO, HEBO3MOKHO.

(ii) CymecTBYIOT HEKOTOpHIe «CJOyuYaHHBE BEJHUMHBI», KOTOpHIE
MOMUHHSAIOTCS <NPaBHJY MPONOPLUHOHAJIBLHOCTH®. (MB paccMOTpHM
9TH c/yyafiHble BeMUHHE B napajnokce 8.) HekoTopble U3 3THX CJIy-
yafiHBIX BEJMYHH HIPalOT BAaXKHYIO pPoJib B siilepHOil DH3MKE, B KOTO-
poil KpHTHYeCKOe 3HauYeHHe HA3BIBAETCS MEPHOAOM IMOJypacnaia.
[Tepron mosypacmafa o6paTHO MPOMOpPUHOHAJNEH MOCTOSHHOM pac-
najfa, KOTOpasi COOTBETCTBYET p.

(iii) Yncso Gpocanuii NpaBUIbHON UTPaJbHON KOCTH IO MEPBOTO
BHIMAJeHHs1 eIHHHIBl €CTh BeJMUYKMHA, 3aBHCALIAs OT CJAyYasi, HHEIMH
CJIOBaMHU caytarnan gesuuna. OGO3HAUNM 3Ty CJAYYaMHYIO BEJHUH-
Hy yepe3 uv. BO3MOXHBIMH 3HaUYeHHAMH v aBasTcA 1, 2, 3, 4, ....
BeposaTHOCTh TOro, uto v =k (rme k— NPOM3BOJIBHOE MOJOMKHTEb-
HOe 1eJoe Yucao), paBHa (5/6)%~1/6. Tak uto cpednee wnu mare-
Maruseckoe oxudanie BeJUUHHH U (ONpefeNsieMOe KaK B3BEIIEHHOE

CpellHee ee 3HaYeHMH ¢ BecaMM, PaBHBIMH COOTBETCTBYIOIIMM Be-
POSITHOCTSIM) paBHO

1-1/642-5/6-1/6 4 3(5/6)%/6 + 4 (5/6)*/6 + ... =6,



B Gosee obureM cayuae, ecli p — BepOSTHOCTb NMOSIBJEHHST HEKOTO-
poro coGHITHSI A ¥ MHl NMOBTODsieM He3aBHCHMble MCIIHITAHHS N0 TeX
nop, noka A He mpou30HJeT, MaTeMaTHuecKoe OKHAAHHe YHcjIa He-
06X0AMMBIX HclbITaHu# paBHO 1/p. TakuM o6pasoM, 5TH MaTeMaTH-
yeckHe OXHIAHHS NONUUHAIOTCS <IPaBHJY IPONOPLUOHATBHOCTHY:
JJIs1 TIOJIyYeHHs NaphH eIMHHIL B cpelHeM morpebyeTcs B lllecTb pa3
6oJibiIe 6pocaHuil, yeM AJs MOJyYeHHS OJHOH eAHHHLLL.

(iv) Mo cux mop MH HCNOJb30BAaJH WHTYUTHBHOE NpeJCTaBJeHHE
0 BEpOSITHOCTHON He3aBHcHMOCTH. K 3TOMy MHI BepHeMcsi MO3JHee.

(v) O6mbsicHeHne nmapafokca e Mepe He CTasIo IIHPOKO H3BECT-
HeM. B 1693 r., coycTsi nouTu copoxk JieT mocJje TOro, Kak npobJaeMa
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Puc. 1. I'paHu oAHOM HrpasbHOM KOCTH, pa3MeueHHORM OOGLIYHHIM croco6oM, H

TpaHH JBYX KOCTeli, pasMeueHHbIX HecTaHzapTHo. Ilpm Gpocanum ABYX cuMMer-

PHYHBIX KoCTeH, pa3MeuyeHHHIX HECTaHZAapPTHHM oGpa3oM (6, W 8), BEepOATHOCTH

TOro, 4TO B cyMMe mnoayuures 2, 3, ..., 12, coBmajamT ¢ COOTBETCTBYIOLIAMH
BEPOATHOCTAMH NPH GpPOCAaHHM JABYX OOLIYHBIX HrpajbHBIX KOCTEH,

6ui1a pemtena [lackanem, Camorosa Ilenuc (npesupent Koposes-
ckoro obmecrBa ¢ 1684 r.) mpensoxxkua HbOTOHY MOYTH TOYHO Ta-
Kylo e 3anauy. HbloTOH TakKe Halllel NMpaBHJIbHBIA OTBET, KOTO-
pHi B CBOIO Ouepelb He ymoBJerBopuJ [lemuca.

(vi) Ope#inens (“Dreydel” uau “draydl”) — s10 npeBHsis urpa,
noxoxas Ha urpy B kKoctH. (OHa TakKe HalNOMHHAaeT aHIVIHHACKYIO
HIPYy <«IOJIOXKH-H-BO3bMH».) B spefiflens HrpaloT eBpeH BO BpeMsi
npasanuka Xanyka. CpaBHUTe/bHO HefaBHO PefiHepMaH 0GHAPYKHJI
(CM. CCHIIKY HHIKE), UTO 3Ta WUrpa HeCNpaBe/JHBa, €CJH UYMCJO HI-
palomux 60Jblle ABYX, XOTs, KaK 3TO HH MapafoOKCaJbHO, HUKTO
3TOrO He 3aMeTHJ B TeueHHe GoJee 2000 ser!

Ipefinens — 3T0 YeTHIPEXCTOPOHHHH BOJYOK, CTOPOHH KOTOPOTO
o6osnayalorca 6ykBamu N, G, H u S (cooTseTcTByIOINMH GyKBaM
HBDHTA: HYH, TMMeJ, Xefi U LIMH). B urpe yyacTByeT Nmpou3BOJIBHOE
YHCJI0 HIPOKOB, KaXXABIH H3 KOTODHIX JejaeT CTaBKY, PaBHYIO HEKO-
TOpOH [leHeXHOf eAMHHIle, uTOOGb Hauath urpy. Urpoku mo ouepe-
I¥ 3alyckaloT BOJYOK J0 TeX MOp, NOKa 110 B3aHMHOMY COIJIACHIO
He NpeKpamanT urpy. BuIIaTel (MrpoKy, KOTOpHIfI 3amyckas BOJ-
YOK) COOTBETCTBYIOT KaXAOMY H3 YeThiPEX BO3MOXHBIX HCXOJOB:
N —urpok Huuero He moJydaer, H — nojydaer NONOBHHY oG6uieH



craBkd, G —3abupaer Bclo O6LIyI0 CTABKY, S — jJeJaeT elle OIHY
cTaBKy. B ToM cayuae, korja npu 3anycke BoJuka moayuaercs G
1 HMrpoK 3abupaeT BCi0 OOLIYI0 CTaBKY, BCe HIPOKH BHOBb JeJIAlOT
CTaBKH [/ TMPOJOJIXKEHHs] UIpbl. Ecin 0603HAUHTh YHCJIO HIPOKOB
yepes m, TO MaTeMaTHYeCKOe OXKHJAaHHe BBHIUTPBILA HpPH 7-M 3a-
nycke BoJiuka paBHo E,=m/4 4 (5/8)"1(m —2) /8. Takum o6pa-
30M, ecan m > 2, T0 E,-— cTporo yGbiBalollasi Noc/aeA0BaTeJbHOCTb.
CulenoBatesibHO, mepBbIf HIPOK (KOTOPHIA 3amycKaeT BOJNYOK TNpH
n=1, m+1, 2m+1, ...) Bcsikuii pa3 nWMeerT OOJbIIKI OXKHLae-
MBIH BBIHTPLII, YeM BTOpPOH WIPOK...

d) Jlureparypa

Ore O. “Pascal and the invention of probability theory”, The American
Math. Monthly, 67, 409—419, (1960). B sToit cTaThe clienaH 0630p Pe3yJbTaToB
HEJaBHHX HCCJENOBaHHI, CBSI3aHHEIX C posibio Je Mepe u IMackans.

Rényi A. Letters on Probabilily, Akadémiai Kiadé, Budapest, 1972. [Hmeert-
cs nmepeBoj B Kuure Penpu A. Tpumorus o marematuke. — M.: Mup. 1980.] dra
KHHra 3HAaKOMHT YMTaTelss ¢ DAaHHHM IEPHONOM DPa3BHTHS TEODHH BepOSITHOCTEH
8 (opMe yeTHIpeX BBLAYMaHHbIX NHCeM (sIKOGH Hamucanubix Ilackanem Depma).

SI::hnell E. D. “Samuel Pepys, Isaac Newton and the Probability”, The
American Statistician, 14, 27—30, (1960). 910 cTaTbsi 0 mepenucke Mexay Hoo-
ToHOM H Ilenucom. :

3a HckmoueHHeM mepBoro nucbMa Ilackans (KOTopoe HCYesJo), NMepenHCKa
mexny ITackanem n ®epma ony6iukoBana B kuure Smith D. E. A Source Book
in Mathematics, McGraw-Hill, New York, 1929, 546—565 (ecTb HOBOe H3[aHHe
1959 r.).

Feinerman R. “An ancient unfair game”, The American Math. Monthly, 83,
623—625 (1976).

3. Mapapokc pasgena crasku
a) Hcropus napadokca

dtoTr napajokc Gl BIepBhe ONyG/JHKOBaH B Beneuun B 1494 r.
B 0030pe cpelHeBeKOBOH MaTeMmaTHkH. Asrop Ppa Jyxa Mawoau
(1445—1509 rr.) nasBas cBow KHury «CymMMa sHaHHil MO apH(Me-
THKe, T€OMETPHH, OTHOLIEHHAM M NpPONOpHHOHaJdbHOCTH» (“Summa
de arithmetica, geometria, proportioni et proportionalita”). B sroii
KHHI'e BNEPBBIE HCHOJb30BAJOCh CJOBO <«MHJJIHOH» H OOBICHS-
Jacb JBoHHasi OyxraJarepus. MIHTepecHO oTMeTHTb, uTo B MuJiaHe
®pa Jlyka 6.1n3ko moapyxuics c Jleowapdo da Buwuu, u 6Jaaro-
Japst s3Tod npyx6e Jleomapno uuoctpuposas pabory Ppa Jlyka
«O 6oxectBeHHBIX nponopuusix» (“De Divina Proportione”), ony-
6nnkoBaHHyo B Benemun B 1509 r. Henasro ditwreiin Ope o6Ha-
PYXHJ HTAJbSHCKYIO DYKONHCh, AaTHpoBaHHYyl0 1380 r., B KoTOpoO#
TaKXKe YNOMHHaercs mapaJoKC pasflejla cTaBKH. MHoroe yxasmsiBaer
Ha apa6CKoe NMPOHMCXOXKJEHHe 3aJaud HJH N0 KpaliHell Mepe Ha TO,
uyto B MTanuio 3agaua nonasa BMecte ¢ apaGeckuM yuenneM. Kak 6wl



HU cTapa Oblia npoGJema, QPakTOM OCTAaercs, YTo AJis ee NpPaBHJb-
HOro peuleHusi notpe6oBaJjock OYyeHb MHOro BpeMeHu. Cam I[Tayouau
Jla¥e He BHJeJ CBA3H 3TOH 3aJaud Cc TeOpHeH BepOSITHOCTEH; OH
paccMaTpHBaJ ee Kak 3ajady O mpomopuusix. HeBepHoe peleHue
nan Hukxoao Taprasva (1499—1557 rr.), xoTst oH GBI AOCTaTOY-
HO TeHHaJsleH, 4TOObB B MaTeMaTHYeCKOH [ysJH 3a OAHY HOYb OT-
KpHTb (OpMyJy KOpHeH KyOHuecKoro ypaBHeHHs. [locsie HeckoJb-
KHX HeynauHbix monbToK Ilackanp u Pepma B KOHIlE KOHLOB B
1654 r. HesaBHCHMO ApYr OT Jpyra HalllJ{ NpaBHJAbHHIH OTBET 3a-
AayH. ITO OTKPHITHE GBIIO HACTOJNbKO BaXKHBIM, YTO MHOTHE CUHTAIOT
3TOT TOJ BpeMeHeM DOXJeHHs TeOPHH BepOSTHOCTeH, a BCe mpejlle-
CTBYIOIIlHEe Pe3yJbTaThl OTHOCST K €€ NPeNbICTOPHUH.

6) Ilapadokc

IlBa urpoxka HrpaioT B 6e306MAHYI0 UTpy (T. €. Y OGOMX LIAHCHI
NOGENNTh ONAHHAKOBH), H OHH JIOTOBOPHJIHCb, YTG TOT, KTO IEPBHIM
BEIMrpaeT 6 maprTi, moJyuyut Becb NpH3. [IpelamnosoxuMm, 4To Ha ca-
MOM JleJle Wrpa OCTaHOBHJAchb A0 TOrO, KaK OJHH H3 HHX BHRIHIpal
NpHu3 (HampuMep, NepBBIl HIPOK BHIMIrpasj 5 mapTuil, a Bropofl — 3).

aK CIpaBe[JIMBO CJeLyeT pasleNuTb Npu3? XOTst B AeHCTBHTEJb-
HOCTH 3Ta npobjema He sBJseTCs HapafokcoM, Ge3ycClellHbE
HONBITKM HEKOTODHIX BeJHYaHIINX YYeHBIX pEIIUTb ee, a TaKKe He-
BepHble IIPOTHBOPEYHBHE OTBETH CO3AaJH JereHly O ImapajoKce.
CorsiacHo 0AHOMY OTBeTy, NPH3 CJEOBAJO pasfeluThb MPOIMOPLHO-
HaJIbHO BBIMTPaHHHIM NapTHsiM, T. €. 5:3 1. TapTanibs npemIoXuI
AesuTh B oTHolleHHH 2: 1. (HanGosee BeposiTHO, UTO OH paccyxpas
clefylomuM 06pasoM: Tak Kak NepBHIH HIPOK BbIMrpas Ha JBe map-
THH OOJblle, YTO COCTABJSIET TPETHIO 4aCThb OT HEOGXOAMMEIX AJIs

- noGenawl 6 mapTHit, TO NMepPBBIH UrPOK JOJNKEH MOJNY4YHUTb OAHY TpeTb

OT NpH3a, a OCTaBIUYIOCS YacTh CJAeAyeT pasfeiutTbh momosaam.) Ha
CaMOM JeJie CNpaBeAJIUBLIM fIBJsIeTCSl pa3jes] B OTHOIIEHHH 7 : 1, uto
CHJIbHO OTJIMYaeTcst OT NpedBAYIIHX pe3yJbTaToB.

8) Ob6wacHenue napadoxca

U Ilackaab, 1 PepMa paccmaTpuBaju 3Ty npobJemy Kak 3aja-
uy O BeposTHOCTSIX. Tak 4To cnpaBeMJIHBBIM OyAeT pasfes, MPOMOp-
LUHOHAJIbHEIH IIaHcaM IIepBOrO HrpOKa BHIMTpaTh Tpu3. [lokaxkeM,
YTO B cJydYae, KOrjla IepBOMY HIDPOKY OCTaJOChb BHIUIPATb TOJBKO
ONHYy NapTHIO, a BTOPOMY HIPOKYy AJs noGenbl TpeGyeTcst BHHUrpaTh
TpH, CIpaBeAJIHBoe OTHOuleHHe paBHO 7:1. Cienys unee ®Depma,
NPOJOJIKAM HIPYy TpeMst (OHKTHBHBIMH NapTHSIMH, Aa)Ke ecJH HeKo-
TOpble U3 HHUX OKaXyTcs JIMIIHHMH (T. €. KOrAa OJUH H3 HIPOKOB

') Kak yreepxpaaer B. B. T'mefenko, stor otBer npeatoxen [lauonn. —
Ipun. nepes.



yKe BHIUrpas npus). Takoe mponoskenue jenaer Bce 2-2-2=28
BO3MOKHEIX HCXOJOB paBHOBEPOSTHHIMH. IIOCKOJIBKY TOJIBKO NpH
OJIHOM HCXOJe BTOPOH HIpOK MNOJyyaeTr NMpPH3 (T. €. KOrja OH BBIHT-
pEIBaeT BCe TPH MAPTHH), a B OCTAJBHBIX Cayuyasx NoGexjaaer mep-
BHIl UTPOK, CIIpaBeAJHBLIM §IBJsIeTCS OTHOUjeHue 7: 1.

2) 3ameuanus

(i) Obuee pemeHue A5 caydasl, KOrja [E€pPBOMY HIPOKy IJis
NoJlydeHHs Npu3a TpebyeTcs BHIUIpaTh ellle 1 MapTHH, a BTOPOMY —
m napTui, Tak¥e 6b10 HalifieHo [lackasnem u Pepma. Iais nepsoro
MIPOKa IIAHCHl MOJYYHTb NPH3 PaBHBI

n+m—1

gn-m+l Z (n"l";l—l)‘

j=n

(3mech ynca0 QUKTHBHBIX MapTHHl paBHO 7+ m — [ U Bce BO3MOXK-
Hble 2"tm—! ycxo0B paBHOBepoOsATHH.) B 1654 r. Bech [lapux roso-
pUJ O BO3HHKHOBEHHH HOBOH HayKH — TeOpHH BeposiTHocred. Cmy-
CTS HeCKOJIbKO MecsueB B [lapux u3 [ossianauu npuexas MoJomol
renudt Xpucruan I'todieenc, yTo6b 06cyauTh ¢ [lackanem uin @epma
BEDPOSITHOCTHBIE NPOOGJEME], KOTOPBIMH OH TOXe HHTepecoBajcs. Of-
HAaKO CJYYHJIOCh TaK, YTO OH He BCTPETHJICS HH C OLHUM H3 HHX.
(ITackasip 6bl1 MOTVIONIEH peJHrHeil W He MPHHHMAJ rocrel, a Pep-
Ma xua Baaau ot Ilapuxa.) Tem He MeHee 0 HaubGosee HHTepec-
HBIX pesyjbTaTax liofireHc y3Hana. Bckope o BepHyJcs B ostan-
IMI0 ¥ HayaJs IHMCaTb KHHTY IIO TEODHH BepOsITHOCTEH. Ta 3aMeua-
TesbHast paboTa, KOTOpas, B YaCTHOCTH, COAEPIKHUT pelleHHe 3ajaiu

O pasjiesie CTaBKH AJs TPEX HIPOKOB, Obljia ONybOJHKOBaHa B 1657 T.
noj nassandeM «O pacuere B asapTHhIX urpax» (“De Ratiociniis in
Aleae Ludo”) B Buae uacrtu (msroii kuuru) tpyaa Cxoyrena «Ma-
TeMaTHyeckue 3TIOAL» (“Exercitationes Mathematicarum™). B pa-
6ore Twofirenca 16 cTpaHuu; OHa HayWHAETCs C MPELHMCJOBHA H CO-
JepKHUT pellleHHs 14 3ajay, cBSI3aHHBIX C a3aPTHBIMH HIPaMH.

(ii) Ilpexpacuywo uueto depma 0 NpPOAOJIKeHMH HUrphl B 1977 T.
(!) ucnonbsoBasm AHmepcoH (cM. cchuiky Huxke). OH J0Kasan cie-
AYIOILYIO NIOPA3UTEJbHYIO TeOPeMY: HTPOK, KOTOPHIH [OAaeT MepBHIM,
MMeeT OJAHHAKOBLIe IIAHCHl BHIUTPATb B N MapTHUSIX paHblle CBOEro
COIlepHHKA HE3aBHCHMO OT TOTO, NOJAIOT JIH HIPOKH IOOUYEPENHO HJIH
MO/laeT TOT, KTO BEIMTPLIBAET MpPEABIAYILYIO NapTHIO ).

') 3Ty TeopeMy KOMGHHATODHHIMH MeTOAaMH paHblile f0Ka3ai Kuurcrom (cm.
Kingston J. G. Comparison of Scoring systems in two-sided competitions,
J. Comb. Theory (A), 20, 357—362, (1976)). Aujepcony npHHAaAJIEHHT MPOCTOE
Z10Ka3aTe/bCTBO TEOpPeMLl ¢ HcmoJsb3oBanHeM Haen ®epma. — [Ipum. nepes.



d) Jlureparypa

Anderson C. L. "Note on the advantage of the first serve”, J. Combinato-
rical Theory (A) 23, 363, (1977). .

Jordan K. Chapters on the Classical Calculus of Probabilities, Akadémiai
Kiad6, Budapest, 1972.

4. MapapoKc He3aBUCUMOCTH

a) Hcropus napadokca

CHauaJjia ompejieluM NOHATHE HE3aBHCHMOCTH AJsl ABYX CJyyafi-
HEX coOnTHH A m B. O603HaunM ux BeposiTHOcTH uepe3 P(A) u
P(B), u myctb P(AB) — BeposATHOCTb TOrO, YTO HAcTymsrt u A, u B.
(CumBosl P LIMPOKO MCHOJb3YeTCsl AJisi 0GO3HAYEHHMsI BEPOSTHOCTH
COGHITHS, NOCKOJbKY He TOJNBKO B aHMVIMHCKOM, HO U BO MHOTHX ApY-
FMX SI3BIKaX HayaJbHOH OYKBOH CJOBa «BEePOSATHOCTb» sABJAseTcS P —
probabilitas B JnaTuHCKOM, probabilité Bo ¢panuysckom, probabi-
lidad B ncnanckom, probabilita B utanbsiHcKOM si3bike  T. A.) [IycTb
A — npousBoJIbHOEe CcOGHTHE M B — coGbiTHe, MMelolllee MOJIOKH-
TeJIbHYI0 BepPOSATHOCTb. BepOSITHOCTL COGHITHS A IpU YCJOBHH, YTO
COOHITHe B MpOHM30IIN0, HHEMH CJIOBaMH, YCJOBHYIO BEPOSITHOCTb
A orHocuTenbHO B, GyaeM o6osnauatbh P(A|B) u onpepeistb OTHO-
IIeHHEeM

P(A|B) =P (AB)/P(B).

IlBa co6uTH A ¥ B HasHBalOTCH HE3aBHCHMBIMH, €CJIM CIpaBel-
JINBO PaBEHCTBO

P(A|B)="P(4),

T. €. eCJIM yCJOBHas BepOSTHOCTb paBHa GesycaoBHoH. Ecau 3anu-
caTh npeiblayllee COOTHOLIEHHE B BHIE

P(AB)=P(A)-P(B), (¥)

TO MBl NOJydYaeM NpPOCTOe paBeHCTBO, CHMMeTpPHUHOe Mo A u B, B
KOTODOM Jaxe He HaJo mpejnoJaraTb, 4TO BepositHocTh P(B) mo-
JoxurenbHa. ClenoBaTesNbHO, NpPEANOYTHTeNbHee HayaTb CO CJe-
Lyiolllero onpejesenus: ABa coGHTHS A U B He3aBHCHMBI, €CJIH BhHI-
MOJIHEHO PABEHCTBO ().

Maremarnueckoe onpejieseHrHe He3aBHCUMOCTH, KaK IPaBHJo, CO-
rjacyercsi ¢ HallMM OOLIYHBIM MpeACTaBJIeHHEM O HEe3aBHCHMOCTH.
Hanpumep, ecain Mbl G6pocaeM JBe KOCTH, TO COGBITHS «ILIecTepKa Ha
[epBOH KOCTH» M «ILIecTepkKa Ha BTOPOH KOCTH», OYeBHIHO, He3aBH-
CHMMbl KakK B OGIIENPHHSITOM CMBICJe, TaK U MaTeMaTHYeCKOM. ITO
corjlacoBaHHe, OJHakKo, Hab.awonaercs He Bcerja. C. H. BepHuureiin
o6paTH] BHHUMaHHe Ha CJIEAYIOLHE MapaioKC.



6) Ilapadokc

[Ipennosoxum, 4to GpocalT [Be NpaBHJAbHble MOHeTH. IlycTb
cobbiTue A — «Ha nepBOl MOHeTe BHIMaJ rep6», cobbitTue B — «Ha
BTOpOH MOHeTe BbiNaJs rep6» u cobbiTHe C — «Ha OJHOH (M TOJIBKO
Ha oJHO#i) MoHere BhinaJs rep6». Torma cobuitusi A, B u C nonapno
He3aBHCHMBI, HO JIIOGHE Ba U3 HUX OJHO3HAUHO ONpEJeNsiOT TPEThe.

8) Ob6wmacnenue napadoxca

Bo-nepBbix, A ¥ B, OYeBHAHO, HE3ABHCHUMBI, MOCKOJbKY DEe3yJb-
TaThl I€PBOro GpPOCaHMs He 3aBHCAT OT pe3yJ/bTaToB BToporo. C Apy-
ro#i croponbl, co6utHs A 1 C (a Takxke B u C) Ha nepBHi B3IJISIA
KaXyTcs 3aBHCHMBIMM, HO Tak kak P(AC)= P(A)-P(C)=1/4
u anajsoruuno P(BC) = P(B)-P(C), ouu Ha camMoM [ejie He3aBH-
cumbl. CrpaBeflyIMBO TakXe, YTO JIOOHE OBa COGBITHSI ONpENEsIOT
TpeTbe, MOCKOJbKY Kaxjoe cobuitHe (A, B u C) npOUCXOAUT TOTAa
M TOJIbKO TOTZA, KOrfla MPOHCXOJUT POBHO OJHO M3 ABYX APYTHX CO-
ObiTui. DTOT napagokcasbHEIfI GEeHOMEH MOKa3bIBaeT, uTo IolapHas
HE3aBUCHMOCTb COGHITHH He O3HauaeT WX He3aBUCHMOCTb B COBOKYII-
HOCcTH. Ec/IM MBL XOTHM BBIpa3UTh NOCJENHEE, TO NOJKHBI IpeAIoJa-
ratb 6OJblile, UeM MNONapHyl0 He3aBHCHMOCTb. COOHITHSI M3 HEKOTO-
pofl COBOKYIHOCTH HAa3bIBAlOTCS B3aMMHO HE3aBHCUMBIMH, €CJH
N1 JI06Oro KOHeyHoro HaGopa COOHITHH M3 3TOfl COBOKYIIHOCTH
Ay, As, ..., A, BHIOJHsIETCS CBOHCTBO MYJIbTHIIMKATHBHOCTH

P(AA, ... A)=P(A)-P(4)- ... -P(4), (++)

T. € €CJIH BEPOSITHOCTL COBMECTHOTO COOBITHSI paBHa IPOU3BEACHMIO
VHIMBHAYaNbHHX (MapruHaJbHLIX) BepOsiTHOCTe.

e) 3ameuanusn

(i) Ecou cobmitust Ay, Ay, ..., A, He HE3aBHCHMBI, TO MOXKHO
YTBEPKAATh JIHIIb, YTO

—(1—1/n)"<P(AAs ... A) —
—P(A)P(As)-...-P(A,) < (n— 1)p—n/(n-D),

(ii) Hecko/IbKO MPOCTHIX NapaZLOKCOB MOMKHO Pa3pellluTh TOJBKO
C TIOMOIIBIO [TOHATHA He3aBHCHMOCTH. PaccMOTpUM ciefyiomyio 3a-
nauy. lOnoma co6upaercs cChIpaTh TPH TEHHHCHBHIX MaTya CO CBOH-
MH DOJUTENSIMH, H OH NOJKeH NnoGefuTb ABa pasa nojapsn. Ilops-
NOK Maryefi MOKeT OBIThL CJIeAYIOIHM: «OTell— MaTh — OTeL» HJIH
«MaTb — OTell — MaTh». IOHOIIE HYXHO peluTb, KakKoH MOPSAOK
IJI1 HEro MNpellouTHTe/bHEC, YUUTHIBAas, UYTO OTEll Mrpaer Jydlle
marepH. C mepBoro B3TiIsia KakKeTCsl, UTO BTOPOH TMOPALOK Npej-
MIOYTHTEJIbHEE JUJIST IOHOWIM, TaK KakK B 3TOM CJydae OH JBaXIbl
Hrpaet co cpoe#t Mateppio. OJHAKO NPH 3TOM IOHOLIA NOJIKEH MO-
OeUMTb B eIMHCTBEHHOM MarTde, KOTOPH OH HIpaeT NPOTHB OTLA,



B NPOTHBHOM CJyuyae y Hero He 6yjeT ABYX moGej moapsa. Moxer
6HiTh, Jyulle BHGpaTh mNepBHt BapuaHT? Ec/aH IOHONIIA BHIHIpHI-
Baer y OTLa C BEPOATHOCTBIO P H C BEPOSITHOCTHIO § — Y MaTepH, TO
p << g, Tak Kak OTell urpaer Jyuule mMaTepd. BuO6paB nepBulii Ba-
PHAHT, I0HOLIA JOJIXXeH BHIMIpaTb JHGO MepBHHA H BTOPOH MaTyH —
H BEPOSITHOCTb 3TOr0 pg, JH60 BTOPOH M TPETHH MAaTYH — H BEPOSAT-
HOCTb TaKOro ucxoja gp. Takum o6pa3oM, BepOATHOCTb TOTO, YTO
MPOU30HAET OJHO M3 3THX JBYX COOHITHH, paBHa pqg - gp— pqp
(pgp HeoOXoAMMO BBHIYECTb, TaK KaK B MPOTHBHOM CJyuyae JBaxJbl
YUHTHIBaeTCsl BEPOSITHOCTb BHIMIpHILIA [OHOIIK B TpexX MaTuax).
AHaJIOrHYHO €C/IM IOHOIIA BHIGHpAeT BTOPON BO3MOXKHBI BapHaHT,
TO BepOATHOCTb TOrO, YTO OH mnoleAMT ABa pasa MOApsHA, paBHa
gp + pg—qpq. Tlockombky p << g, moaywaeMm pq--qp—pgp >
> qp + pg —qpg, OTKyZa cJenyeTr, YTO JJsi IOHOWIIH Jyylle BHI-
6paTb BapHaHT «OTel — MaTb — OTel»!

(iii) MoxHO Tak¥Ke ONpeleJHTb HE3aBHCHMOCTb CJHYYaNHHBIX Be-
anyrH. Tlycrb Xi, X, ...— MPOHM3BOJIBHBIE CJyuaHHBIE BEJHYHHBI,
NpHHHMAIOmMe JefCTBHTeNbHble 3HAUEHHS. ODTH BEJIHYHHBl Ha3H-
BalOTCSl B3QUMHO He3a8UCUMbIMU (HJH, KPAaTKO, HE3aBHCHMEIMH),
€CJIH IJs TNPOW3BOJNBHBHIX NeHCTBHTENbHbIX 3HAYEHHH X1, X, ...
co6uITHs

Ay =X <x), An=X:<%), ...

B3aUMHO He3aBHCHMHL. ®Pynknusa F(x)=P(X <<x) HasbBaercs
pynxyueil pacnpedesenus caydaiinod BeawyHHB X, ¥ YHKUHS
Flx,y, ..., w)=P(X<x, Y<vy, ..., W<<w) HaswBaeTcs o8-
MecTHotl ¢ynxyuell pacnpedesenus cnyyaiinbnix senwunH X, Y, ...,
W. Tenepr MB MOXeM ONpeIENHTb COBMECTHYIO HE3aBHCHMOCTb
IJIsi TPOH3BOJBHOTO (KOHEUHOrO HJIHM GEeCKOHEYHOr0) MHOXKeCTBa
CIy4aAHBIX BEJIHYHH CJIEAYIOUMM 06pa3oM: MHOXKECTBO CJHYYaHHBIX
BeJIHYMH Ha3blBAETCs] HE3aBHCHMBIM, €CJH JIJIs NPOH3BOJBHOTO KO-
HEYHOro MOJMHOXeCTBa S 3TOr0 MHOXKeCTBa COBMeCTHas (YHKIHS
pacmpejiefieHHs1 CayyaHHBIX BeJHYHH H3 S DaBHsIeTCs IpOH3Beje-
HHI0O HX HMHIMBHAYaJbHBIX (Maprusajbeblx) OQYHKIHE pacmpene-
aenusa. Ecan oyuruns pacupenenenus F(x) H coBMecTHast QYHK-
nus pacnpenenentus F(x, y, ...) MOTyT GHTb 3amHCaHbl B BHAE
X
F(x)= Sf()'c)d,\'c

- 00

"
x U w
F(x, 9, ..., 0)= S S Sf(fc, g, ..., @) dedj ... dd,
o GyHkuuu f(¥) u f(%, 7, ..., @) Ha3BLIBAIOTCS NAOTHOCTAMU 8e€-

POATHOCTU. Ecan nmjaoTHOCTH BEPOSATHOCTH CYHIECTBYIOT, TO HE3aBH-



CHMOCTb O3HauaeT, YTO COBMECTHas NJIOTHOCTb paBHa MpPOH3BEJEHHIO
HHJAMBHYaJbHBIX IJIOTHOCTEH.

(iii) Ecan nioTHOCTb BeposiTHOCTH f(x) CJAYYalHHOH BEeJHUHHBL
X cymecTByeT, TO MaTeMaTHUYeCKOe OXHJaHHe X paBHO

o

E(X)= S xf (x) dx.

Maremaruuyeckoe oXHAaHHe caydafiHo#l BeauuuHn (X — E(X))2
HaswiBaerca Oucnepcueti BeauuuHbel X. IToJsoXuTesbHOe 3HaueHHe
KBAaJpaTHOTO KOPHS M3 AHCNEPCHH Ha3blBaeTCs CTAHJAPTHHIM OT-
KJOHeHHeM M sBJsieTcss Mepoll pasbpoca ciayyaiiHOH BeJquuMHBl X
BOKDYT ee cpelHero 3HadenHs. (CyuleCTBYIOT H JpYyrde MepHl pas-
6poca, Ho Haubojiee BaXHOH O0e3yCJOBHO SBJSETCS CTaHZAPTHOE
OTKJIOHeHHe. BrepBble TepMHHBI «CTAHAAPTHOE OTKJOHEHHE» H
«aucnepcusi» ucnoabzoBaauch K. ITupconom (1895 r.) u P. Qu-
mepom (1920 r.) coorBerctBenHo.) Ecau f(x)— mioTtHocTh cay-
4afiHOH BeJHYHHH X, TO ee JHUCNEpCHUs

)= | (x— EQ)yF () ax.
Ecan X u Y nesaBucumn, 10 E(XY)=E(X)-E(Y) u D*(X+4 Y)=
=D?(X)+ D?(Y) (mpu ycnoBuu, uto y X u Y jucnepcuu cyuie-
cryor). PasenctBo E(X + Y)=E(X)+ E(Y) umeer mecto Ges
NpeANoJIOXeHHss 0 He3aBHCHMocTH X U Y.
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5. Mapapokck! 6puaxka u notepeu

a) Hcropus napadoxca

HcTopusi asapTHHIX HMIp HayHHaeTCs C APeBHEHUIMX BpeMeH.
OHH MOJIy4HJIM HACTOJIBKO IMHPOKOe pacHpocTpaHeHHe, YTO HEKOTO-
pHe TOoCyAapcTBa M DEeJMIHH CYHTAJIM CBOMM JOJIOM a3apTHbIe
UrpH 3anpetutb. @pudpux 11, umneparop CpsiieHHOH PHMCKOH HM-
nepuH, B 1232 r. 3ampetun Hrpy B kocTH. (B To Bpems 3To Gmuia,
BHAMMO, eNMHCTBEHHasl IomyJaspHas asaptHas urpa.) Jdyu IX,



Koposib @pauuuu, B 1265 r. M3jan 3aKOH, MO KOTOPOMY HIPOBHE
KOCTH HeJb3sl GBUIO JaXKe H3roTaBJMBaTh. ‘B espefickom Taamyne
HIPOKOB CHUHTaJIH BOPaMH, IpecjefoBasia HrPOKOB H XPHCTHaHCKas
LlepPKOBb.

Cpeny coBpeMeHHHX a3apTHHIX Hrp HanGoJjiee pacnpocTpaHEeHH,
HECOMHEHHO, KapTouHhie Hrpbl. CJIOBO «KapTa» NPOHCXOAHT OT rpe-
yeckoro cjaoBa yaptni— Oymara, OAHAKO KapTOYHHE HIpHl OBLIH
H3BECTHHl ellle JO0 NOosiBieHHs Oymaru. Xors HeH3BeCTHO, rjie BO3-
HUKJIH KapTOuHhe HUrpu, B EBpony oHH, BHAHMO, NoONaju uepe3
BeHenuio Bo BpeMst KpecToBHX noxofoB B XIII Beke, a B Beneuuro —
yepes Kuraii—Ilepcuio—Cupuio—Ilanectuny. ®akrtel cocTodaT B
caenyioiem. CorsacHo KuTadckoH sHuukJjoneiud XVII Beka urpw,
NOoX0XHe Ha KapTouHHle, ObliH H3BecTHh B Kurae yxe B 1120 r.
po Hamedi ape. OcraTku apabekoii Kaptel XIII Beka MOXHO yBH-
netb Bo Asopue My3ee Tonkanu B Cram6yne. ®JopeHTHACKHH yKa3
1376 r. 3ampemajs KapTouHyl0 Hrpy «Haubu». CoOrJacHoO PYKONHCH
1377 r., xpansauefica B BpuranckoM Mysee, NIpHOJIH3HTEIBLHO B 3TO
BpeMsi KapTOuHBle HrpH cTaju nonyiaspHu B LIBefimapun. B Ha-
nHoHaJbHOH GuGanoteke B Ilapuxke Haxomarca 17 kapr Tapo, us-
rotoBJjieHHHX B 1392 r. ana Kapaa VI. Horann I'yrenGepr ormeua-
TaJ KapTh Tapo B TOM e rojy, 4To M CBOIO 3HaMEHHTYI0 Bu6-
auio . CoBpeMeHHasi KoJoJa BO3HHKJa u3 kapT Tapo I'yrenbepra.
B kosnope Tapo 6mso 78 kapT; 22 ruaBHBIE KapThl, H3BECTHHE MOJ
HasBaHueM “atouts” (T. e. «riaBHee Bcex»; mo3fHee 3TH “atouts”
Ha3BaJu KO3bIpsMH). CmycTss HECKOJBKO JAecATHJeTHH (paHIy3Hl
ybpaau 22 kapth “atouts” u 4 puimapeit (“Knights”). Ocrabinecs
52 KapTH U 00pasyloT coBpeMeHHyI0 Kojoxy. C TOro BpeMeHH
YHCJIO NMONYJSPHHIX KAPTOYHBIX MIP JOCTHIVIO HECKOJBKHX COTEH,
HO BO3pOCJIO TaKXe H HHCJO LIyJaepoB. DTOT (aKT OTpaxaer 3Ha-
MeHHTas KapriHa Kapasadmo «KapTouHble LIyJepH», HalHCaHHAs
B 1593 r. UToGH OrpaHHYMThL BJHSHHE IuyJepos, B 1765 r. xeiite-
HaHT ¢paHuy3ckoii noauuuu I'abpuesrs Oe Caprur BBeN PYJETKY.
OHa crasa caMofi yBJleKaTeJIbHOH H caMoOf cTapoil WrpoH B KasHHO
H cymecrByeT jo cux nop. C XVII Beka urpn THna Jortepe, opra-
HH3yeMHe TroCyAapcTBOM, CTaHOBATCA Bce O6oJee NOMyJsSPHLIMH.
IlepBass my6amunas JoTepes ¢ AeHeXHBIMH npusami, Lotto de
Firenze, cocrosnach Bo Puopenuuu B 1530 r. Jpyro#i BapHaHT
Joreped mosBuics B 1620 r., korga B CoBer JKeHeBm norpe6oBa-
Jocb BHIGPAaTh MATh HOBHIX WIEHOB JJIs 3aNOJHEHHS BaKaHTHBIX
MecT. DTH ujeHH BHIGHpasuch cpeau 90 rpaxjaH, 3anucku ¢ da-
MHJIMSIMH KOTODHIX OHIJIM NMOJIOXKEHH B YPHY H 3aTeM BBHITACKHBa-
Joch nATh 3anucok. )Kurtensam )KeHeBH paspelrajiocb CTaBHTb Ha

1) 42-ctpounas «Bubaus» neuatanacs npumepHo B 1450—1455 rr.— lTpum.
nepes.



NSATh CYACTJIHUBYMKOB. JlaXke CerofiHss KapTOUHBlE HIPHl, PYJETKa,
JIOTeper M ApYyrHe asapTHble HUrpBl OUeHb momyJsipubl. MHorma He-
KOTOpBIE CTpPAaTerhy, INPHBOASALINE K BBIUTPHINY, OOBSIBISIOTCS
«aBCOMIOTHO HaMEKHBIMH», HO B JeHCTBHUTEJIbHOCTH TaKXe YTBEPK-
JEHHS] OKA3BIBAIOTCS] HAyYHO HEOOOCHOBAaHHBIMH. C JIpPyrofi cTOpPOHHI,
TOUHBle HAYUHBIE TEOPHH H3BECTHBI JHUIIb KpaiiHe He6OJbLIOMY YHCTY
MaTEMAaTHKOB. DTH TEOPHH OGBIUHO MOATBEPXKAAIOT NMPaBHJIA, HCIOJb-
3yeMble Ha npakTHke. OHAKO MaTeMaTHYeCKHe TEOPEMEl MOTYT MpO-
THBOPEUHUTH 3[IPaABOMY CMBICTY H CTAHOBHTbCS HCTOUHHKOM Mapafok-
cOB. 3eCb MBI PACCMOTPHM JIHIIb ABA H3 HHX.

8) Ilapadoxcet

(i) TTapamokc 6pumxa

[IpennoJiokUM, YTO B KOAJHLHH [ABYX HIPDOKOB Ha pykax 26
KapT, cpexy KoTophix 6 koselpell. Torna naubosiee BepOsiTHOE pac-
npefeneHye Ko3blpell ciaenyomee: 4 —Ha OXHOH pyKe H 2 —Ha
npyrofi. BeposiTHOCTL TaKOro pacnpeleseHdss B TOYHOCTH paBHA
78/161, uto HeMHOro MeHbllle 1/2, a BepOATHOCTb pacnpejeseHust
3—3 Heckoabko Goabile 1/3, ee TouHoe 3HaueHHe paBHO 286/805.
Tenepb NpeAnosoXuM, UTO ABAXKABl XOAMJIH C KO3blpedr M 06a Hr-
poKa B KOAQJHIHMH ABaXKIBl TOJOXHJIH KO3HPHHE KapThl. B 3ToM
cayvyae y KOAJTHIHH OCTAJOCh JHINb 2 KO3BIps, NpHueM JH60 06e
KapThl Ha ORHOH pyKe, JHGO y KaXAOro HrpoKka MO OJHOMY KO-
3pip10. Ecim Mexay ABYMsI HTPDOKaMH DPaclpefessioTcss 2 KO3bIps
u 20 ApYrux KapT, TO HUIAHCHl TOTO, YTO Y OJHOIO U3 HTPOKOB OKa-
XyTcs 00a KO3bpsi, paBHH 10/21, BepoATHOCTb BTOPOTO BapHaHTa
paBra 11/21. Urak, sTopoil BapuaHT GoJiee BeposiTeH, T. e. Hosee
8epoaTHOe paclpejesnenne 1—I1 moJyuaeTcs U3 MeHee BepOATHO20
pacnpenenenuss 3—3. Her s 3nech mpoTHBOpeuHusi?

(ii) TTapanmoke sotepen

BoJIbIIMHCTBO YUaCTHHKOB JioTepel OGBIYHO He CTaBST Ha «CJHIL-
KOM CHMMeTpHUHbIe» KOMOHHALMH, XOTs BCce KOMOHHALMH paBHO-
BO3MOXKHH. [Ipuunna aToro oueHp npocra. Mrpoku 1o OmHTY
3HAIOT, UTO, KaK NPABHJO, BBHIUTPHIBAIOT HECHMMETPHUHBIE KOMOH-
HaluH., B JAeHCTBHTEIbHOCTH BHIMOJHEE CTABHTb Ha HauboJee CHM-
MeTpPHUHble KOMOHHAIMH HMEHHO TOTOMY, YTO GOJBUIMHCTBO HIpO-
KOB HX u3beraer.

8) Obwacnenue napadokcos
(i) Ianco monyunts pacnpeienenune Koswlpeii 3—3 paBHH

(5)(0)/ (i) -3



Anasornuno ans pacnpegesenuii. 2—4 u 4—2 umeeMm
()()/Ga)+ ()5 (5) =
YACID/ACEY R CYANI/ACEY Ans g

NO3TOMY BTOpOe pacrnpepelieHHe 6ojiee BepOsiTHO. IJIsi ABYX KO3bI-
pe#i m 20 Apyrux KapT pacnpefeseHue Koabipefl 1 — 1 HMeer LIaHCHI
(1) Go)/ (i) =+
1/\10)/\11) 2t

BeposiTHOCTb NMPOTHBONOJIOXKHOIO COGHITHS, OYeBHAHO, paBHa 10/21,
4TO M yTBepxkjajoch Bhe. Ho Torma rae ke omm6ka? IIpexne
BCero NokaxeM, rie ee ObITb He MoXeT. EcTecTBeHHO cuuTaTh, UTO
mocsie 3axoja ¢ KO3bIpeHl ABaxAH (M mocje TOro, Kak o6a Hrpoka
MOJIOXKHJIH N0 2 KO3HPs) B CHJIY INOJYYEHHOH B pesyJbTaTe 3TOrO
HHGOPMAaNUH BePOSITHOCTH H3MEeHHJIHCh. JleACTBHUTENbHO, YCJIOBHbIE
BEPOSITHOCTH (IPH YCJOBHH, 4TO 06a HIpOKa HMEIOT [0 MeHbIlel
Mepe MO 2 KO3bIPSI) OTJIHYAIOTCSI OT Ge3yCJOBHHIX BEPOSITHOCTEH, HO
NOJy4aloTcsl M3 HUX NyTeM YMHOXEHHs Ha OJHO U TO Xe UYHCJIO.
CilemoBaTeNbHO, HX OTHOLIEHHE He H3MEHHTCS, TaK YTO TAKHM
nyTeM napafokc He paspewntb. (286/805 4 78/105 = 676/805, u
NO3TOMY YCJHOBHHE BepositHocTH B 805/676 pas GoJibllle COOTBET-
cTBylomux 6e3ycnoBHBIX.) McTHHHAas mpuuuHa OWHOGKH B CJEAYIO-
meM. Ecaun ucxonHoe pacnpesnenende koswipeit 6bu10 3—3, TO Kax-
OB UTPOK MOT COPOCHTb CBOH KO3HIPH 3:2 =06 pasJHUHBIMH CIIO-
co6amu, yto Bcero gaerT 6-6 =236 BO3MOXKHHX BapuaHTOB. Eciau
pacnpejenenue 6u10 4—2 wian 2—4, To OHH MOIVIH COPOCHTb CBOH
KO3HIDH Juib 4:3-2-1 =24 cnoco6amu. Tenepp MBI BHINM, YTO
OYeHb BaXXHO 3HAaTb, KAKUM OBLIO HCXOJHOE pachpefieJieHHe KO3H-
pefi nepex 3axo40oM C KO3HpeHl. YUHTHIBasi HayaJbHYI0 CHTYyalHIO,
[OJYYHM OTHOIIEHHe, cocTaBJsoulee Juip 24/36 = 2/3 oTHouIeHus,
BHUHCJeHHOro BHIe. efictBurenbno, 286/805:78/161 =11/15 co-
craBaser 2/3 ot orHowenus 11/21:10/21 =11/10. Tenepr mnapa-
JIOKC NOJIHOCTBIO paspellleH.

(ii) CoBceM HeyIHBHTEJNbHO, UYTO CHMMETPHUHEIE- HJIH DEryJsp-
Hble KOMOWHAIMH BHIMTPHIBalOT Kpafine penko. Ecau crasar Ha 5
gyucen u3 90, To obulee YHCIO BO3MOKHBIX KOMOMHAUMH NMPHGIU3U-
TeJIbHO cocTaBisieT 44 MHJJIHOHA (M B TOYHOCTH paBHO 43 929 268),
CPeAH KOTODHIX DEeryJsipHBIX MNSITEPOK BCEro JIHIIb HECKOJBbKO ThI-
css4. B cayuae BHIMrpHIIA peryJisipHOH MsATEpKH, HA KOTOPYIO OYeHb
pPelKO CTaBSIT APyTHe HMIPOKH (XOTs INAHCHl BHIMTPBHIIA OCTAIOTCSH
TEeMH Xe CaMBIMH), BeJUYHHA MpH3a JeHCTBHTENBHO BO3pacTaer.

Ecan urpok 6yzer yuacTBOBaTh B JOTepee MHOTOKPATHO, TO CIYCTS
HEKOTOPOE BPEMsl OH B 3TOM yGeIHTCs.



2) Sameuanus

(i) Tlatepku umces, Ha KOTOpble CTaBAT pPeIKO, OGHAPYKHTH
NpPOCTO, TAK KaK B raseTax Bcerja CooGHIAeTCsl, CKOJBKO yUaCTHH-
KOB JoTepeu yrajganu 2, 3, 4 uiu 5 uHCeNl H CKOJBKO COCTABHJI
BuIUTpbIN. ([J1st NsiTEPOK UHCeN, HAa KOTOPHIE CTABAT 4Yallle, BBIMI-
pHII MeHblle.) B ciayyae mporHosa pesysabTaToB GyTOOJBHBIX MaT-
yefl MaTeMaTHYECKHl aHa/M3 HEMHOTO CJOXKHee, NOTOMY 4TO 3[ech
HeT (HUKCHPOBAaHHBIX KOMOWHaUHU#. DBbluHcJeHHs MOTYT OCHOBBI-
BaTbCSl Ha INPOTHO3aX, NMyGJHKYyeMBIX B HEKOTODHIX raseTax, H Ha
yycJe JioJel, IPUHUMAIOIIUX BO BHUMAHHE 3TH NMPOTHO3BI.

(ii) ITy6nukauuu mo asapTHBIM HrpaMm (OT pYJeTKH, Iae pe-
3yJbTaThl HeH30exkHO CJAy4aHHbl, N0 OpHAXKA, TAe BJHsHHE CIY-
4afHOCTH CBeJeHO IO MHHMUMyMa) MOTJH OBl 3aNOJHHTb HECKOJNbKO
6ubanorek. B XX Beke, Bo MHoroM Osaromapsi Tpyiam JwcoHa
¢or Hetimana, 6nina paspaborana obwas Teopus urp. Me Bep-
HeMCs K Hell NO3JHee.

(iii) Cnenyromufi napapmoxc nossuiacg B 1693 r.(!) B «®Puio-
codckux Ttpyaax Koposesckoro o6uiecrBa» (Philosophical Tran-
saction of the Royal Society, 17,677—681) B paGore <«Apucdmeru-
YeCKHH MapajoKC, KaCalOIMACS INAHCOB BBLIHTPHILIIA B JIOTEpEsiX»
yyneHa KopoJseBckoro o6mectBa, noureHHoro ®psucuca Pobeprea,
3cKBafipa.

«B TO BpeMs Kak HEKOTOpble HCTHHB (NMOJOGHO akKCHOMaM B
reOMeTpHH HJIH MeTacdH3HKe) CaMOOYEBHAHBEI C NEPBOrO B3rJIsAa,
Ipyrue, He MeHee CNpaBe[JIHBble B CBOHX OCHOBaxX, 0o6/lafaloT Co-
BEpUIEHHO JAPYTHMH 4epTaMH H 6Ge3 CTpPOroro M TIIATENbHOTO aHa-
JH3a KaxXyTcsi HeBepHbIMH. [IpuMepbl NOZOGHBIX HCTHH MOXKHO
HafiTH B OOJBIIHHCTBE HayK... $| NpesoXy elle OLHH NpHMep H3
apH(pMeTHKH, KOTOPbIH, BUAUMO, NOKAXKeTCs CTOJb XKe BEJIHKHM Ia-
pagoOKCOM, Kak u JI0OOH M3 H3BECTHBIX paHee,

B xaxpofl U3 ABYX JOTepell HrpoK NJATHT UIMIJIHHT 32 HpPaBo
TAHYTb XpeOHil MIH clenaTb 6GpPOCOK. BepHble HCUHC/IEHHS NMOKa3bl-
BAIOT, YTO LIAHCHl HA BBIMIPHINI Y MIPOKAa B IepBOH JOoTepee paBHBI
1 ¥ 3 Bo BTOpO#i JoTepee — 1 K 2, TeM He MeHee HTPOKY OJHHAKOBO
HeBBITOJHO (H He GOJblle) yuacTBOBAaTb HH B INepBOH JoTepee, HH
BO BTODOH».

IIpumep, npUBOZMMBIH mocse 3TOH Npo6JeMbl, COCTOHT B cJe-
nywouieM (6ymeM HCHOJIb30BATH COBPEMEHHYIO TEPMHHOJOIHIO).
[Tycts X o6o3nauaeT HAll BHIMIPHII B Hrpe; 3aBHCSIIEH OT CJy-
vas. (Ilpu npourpsime Bennuuna X orpuuarenssa.) Ilyers X+ =X,
ecan X mosnoxurenarna, # 0 B npotusHoMm ciayuae; X~ =X, ecin X
orpunarenpia, n 0 B mpoTHBHOM cjayuyae. O6o3naunM uepes Y,
Y+, Y- e ke cayyaiinsle BeJquuHHB [as Apyro#t urpel. Kak moka-
3bIBA€T IIPUMEp, XOTsl MaTeMAaTHUeCKHe OXKHAAHHS BeJHUMH X H Y



COBNAJAIOT, OTHOIIEHHS] MaTeMaTHUYEeCKHX OXHAAHHH BeJHYHH X+
U X~ MOryT OTJIHYaThCA OT COOTBETCTBYIONIETO OTHOLIEHHS JJI51
Y+ u Y. Dro osnauaer, uto u3 pasenctBa E(X)=E(Y) He cue-
nyer paseHcTBO E(X*)/E(X~)=E(Y*)/E(Y~). Bpsaa au xoro-
HUOyAb YAMBHT 3TOT pesyabrar. (OueBHIHO, eClH MaTeMaTHUYeCKHe
oxujganus u X, 1 Y paBHn 0, To 06a MNpegbIAYIIMX OTHOLICHHS
paBun 1). Ecan Bce-Taku paccMaTpHBaTk 3Ty Npo6/eMy Kak napa-
JIOKC, TO ee CKOpee cJiefyeT Ha3BaTh MapafoKCOM MaTeMaTHYeCKOro
OXHJAHHUS, a He «apH(pMeTHUECKHM IapafOKCOM>.

0) Jlureparypa

B crnenyionnx KHHrax pacckasaHo O MaTeMaTHKe OpHIXa:
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Jacoby O. How to Figure the Odds? Doubleday, New York, 1947.

ABTOp CJIefyIOIIHX CTaTbH H KHHFH 3apaGoTaj MHJUIHOHH NPH HIPe B OYKO
W 3aCTaBHJI H3MEHHTb NPABHJA STOH HIPHL

Thorp E. O. “A favourable strategy for twenty-one”, Proc. Nat. Acad. Sci.,
47, 110—112, 8961).

Thorp E. O. Beat the Dealer: A Winning Strategy of the Game Twenty-
one, Blaisdell, New York, 1962.

Jas moGurenelt moxepa:
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Pa6oThl O HCTOPHH KapTOYHBIX HIp:

Beal G. Playing cards and Their Story, London, 1975.

Schreiber W. L. Die altesten Spielkarten, Stuttgart, 1937.

6. Mapapokc pa3gaun Nopapkos;
TPaBMbl, MPUUMHEHHBIE NOLLIAALMM;
TenegoHHbIe BbI3OBbl; ONEYaTKM

a) Hcropusa napadokca

Knaccuueckasi TeopHsi BepOSITHOCTEHl 3aHHMaercsi B OCHOBHOM
KOMOHHAaTODHHIMH 3afauaMH (CBSI3aHHBIMH C a3apTHHIMH HIPaMHu).
B sTux 3amauax cayuafiHele COGHITHSI OGHIYHO COCTOSIT U3 KOHEUHOrO
YhcJa BO3MOXHBIX 3JeMEHTADHHX HCXOHOB H BCe 3JeMeHTapHble
HCXOJBl PaBHOBEPOSITHEL. B TakoMm npocToMm ciyyae BepOSITHOCTH CO-
6urtHsa (A) paBHa OTHOIIEHHIO YHCJIA «GJArONpHATHHIX» HCXOJOB K
«0bleMy 4HCTy HCXOJH0B». B nepBofi moxpoGHOfi MoHorpaduu mno
TEODHH BEPOSITHOCTEH TaKKe pacCMaTPHBAJIMCh TaKHe BePOSITHOCTH.
310 6hina kHUra Pemona Oe Moumopa, ony6aukoBaHHasi B [Tapuxe
B 1708 r. «Ilapajokc pasjaus NoJapKOB» — 3TO BapHaHT 3ajauy,
o6cyxnaeMoil B KHHre MoHMOpa Ha NMpHMepe KapTOYHBIX HIp.

6) Iapadokc

Hecko/bko yesoBeK pelnu clenatb APYr APYry MOAApKH cJe-
nyromum o6pasoMm., Kaxjw# npunocur nojapok. Ilogapku ckiafgb-



BAlOTCs BMECTE, [IEPEeMELUUBAlOTC M CJAydaldHO pacnpeiessioTes
cpelH y4YacTHHKOB. DTOT CNpaBelJHBBIH crnoco6 pasjayd NOAAPKOB
NpHMeHsIeTCsT YacTo, TaK KaK CYHTAlOT, YTO /st GOJIbIIKX TPYII JIIO-
Iefi BepOSITHOCTb COBIAJEHHs], T. €. NOJy4YeHHs KeM-TO COOCTBEHHOrO
nofiapka, oueHb MaJa. [lapajoKcaJbHO, HO BePOSITHOCTb IO KpaliHed
Mepe OJHOrO COBNAaJeHHsi HaMHOro GoJibllie BepOSTHOCTH TOrO, YTO
coBnajeHuili Her (KpoMe cJayuas, KOrja rpynma COCTOHT H3 JABYX
yeJIOBEK, TOTAa BepPOSITHOCTb OTCYTCTBHs cOBMajeHHH paBHa 50 %).

8) Ob6%wsacnenue napadokca

PaccMOTpUM KOMIAHHIO H3 A YeJOBEeK, TOTAA YHCJIO NOJAapPKOB
Takxe paBHO n. Ilogapku Moryt 6mITh pacnpejiesienbl n! pasjHyHbH-
MH cnocoGamu. (D10 obLiee 4HCAO MCXOLOB.) UMCIO HCXOHOB, B KO-
TOPHIX HHKTO He IOJYUYUT CBOH COOGCTBEHHBIH NOAApOK, PaBHO

(g)’“_(’:)(” )l+( )(n—2)l—

~(5) =3+ ..o

TaK 4TO OTHOIIEHHe YHcJa GJaronpHsTHBIX HCXOAOB K OGIIeMY uHC-
JIY UCXOJ0B BBHIYHCJsiETCs 10 dopmy.ie

=12l — 1/3l 4 ... 4 (—1)"/nl
H p, AefcTBUTeNbHO MeHbIlle 1/2 npu n > 2.

Korma coGupaercsi, Kk NpHMepy, IO KpaKHeHl Mepe 6 ues0BeK
(n= 6) uMeeM p, ~ l/e ~ 0.3679 c ToOuHOCTbIO A0 4 3HAKOB mocJie
3ansTof. BepoATHOCTH oOmpejfeNeHHOrO COBNAajJeHHusi, T. €. BeposT-
HOCTb TOI'O, YTO KOHKPETHHIH YeJOBeK MOJNYYHT CBOH COOGCTBEHHLIH
NOJapoK, OYeBHAHO, paBHa l/n, u 1/n crpemurcs Kk 0 mpu yBeau-
YeHHU n. DTOT NapafoKC MOKA3BIBAET «IO Kalejbke — MOpe, o Obl-
JINHKe — CTOT'»: HEeCMOTpPsl Ha MaJocTb BepositHocreil (1/n) ompene-
JIEHHBIX COBIaJeHHH, BEPOSTHOCTb TOTO, YTO IPOH30HIET MO KpaiHefi
Mepe OIHO coBnajJeHue, IpUGIU3UTEIbHO paBHa 2/3.

2) 3ameuanus

(i) BepostHocTb p, cxoautcsi K e~' ¢ poctoM n. Ecin n He
MeHbllle 6, TO p, =e~! ¢ TOYHOCTBIO A0 YeTHIpeX 3HAKOB IOCJ/e 3a-
nsitod. B GoJiee obiieM ciayyae BepOATHOCTb, POBHO k COBIaJeHHI
paBHa e~!/k/ (B yKa3aHHOM BbILe CMEICJIE).

(ii) Hccaenyem ppyrywo mpoGaeMy, CBS3aHHYI ¢ NapagoKCOM
paspauu noaapkos. ONsiTh pPacCMOTPHM COBOKYIHOCTb M3 7 U€JIOBEK
H n nopapkos. Tenepp mojapku pachnpelesiloTcss TaKuM 06pas3oM,
YTO KaXKAbIH yeJOBeK MOXeT MOJYUHTh JI060H MOAApOK C OJHHAKO-
BOl BEPOSITHOCTBbIO HE3aBHCHMO OT pacmpelejeHHst APYrHX Moaap-



koB. CJiel0BaTeNbHO, MOXET TaK CJYUYHTbCA, YTO KTO-TO MOJYUYHT
Gosiee oiHOro nojapka, a ApyrHe He INOJYYaT NMOJZAPKOB COBCEM.
Torza mojgapku MoryT OHITb pacnpefeleHH n" pa3JHUYHBIMH CHOCO-
6aMu (n"— oGuee yuca0 ucxonoB). [Tycts coGrtHe A 3akmouaercs
B TOM, YTO ONpefieJieHHHH YeJOBeK He MOJYYHT nmojapka. Toraa Bce
n TMORApKOB paclpelessiioTcsi CpeAH OcTaJbHHX (n— 1) yesoBek, H
3T0 MOXHO cjenaTth (n— 1)" pasHbiMH cnocob6amu. TakuM oGpa3om,
BEPOSTHOCTb COGHITHA A paBHa

gn=(n—1)"/n"=(1—1/n)".
[TocnenoBaTeNbHOCTL G, TaK XK€, Kak H p,, cTpeMutrcs K e~'. O606-

masi Hall pe3yJbTaT, NMOJYYHM: BEpOSTHOCTb TOrO, YTO ONpejesieH-
HHI YeJoBeK NMOJYYHT POBHO k mojapkos, cxomutcss K e~!'/kR! mpu

r i A
N T a=s
04 a4 |-
a3 93
02 0z
o1 a1t
1 23 45 67 8k 123 45 67 8Ek

Puc. 2. Pacnpenenenne ITyaccona ¢ mapamerpaMu A =2 u A = 5.

n—oco, PaccMOTpHM Temepb cayya#, Korga uHcJo Jiofed (n) He
00s13aTelbHO COBNAjaeT C YHCJOM moAapkoB (m). B 3ToM cayuae
HCKOMasi BepOSITHOCTb paBHa ¢, =(1—1/n)™. Eciu oTHoleHue
m/n cTpeMHTCs K NapaMerpy A (T. e. eclH cpelHee YHCJO NMOAAp-
KOB, TpHXoJslieecs Ha OAHOTO YeJOBeKa, PaBHO A HJIH CTPEMHTCH K
A), TO ¢, CXORUTCS K e~* (rge A MOXeT GHTb JIOGHM MOJOXKHUTENb-
HEIM uHcaoM). HakoHen, BeposiTHOCTb TOro, 4To ompeieseHHHH ue-
JIOBEK TMOJIYYHT POBHO R MOJAPKOB, CXOOHTCS K

ry = Mee—r/hl.

T'oBopsAT, yTO cayuaiiHasi BeqMYMHA, MIPHHUMAIOLAsl JIHIIL HEOTPHUIIA-
TeJIbHBEIE LeJOYHCIeHHble 3HaueHus, uMeer pacnpedeaerue ITyacco-
Ha, ec OHa NPHHHUMaeT 3HaYeHHe R C BEPOSITHOCTBIO rp. Bhile MH
BHJIeJIH, YTO caydafiHoe YACJIO NOJAPKOB, KOTOPHE MOJYYHUT Ompefe-
JIEHHEIl yeJOBeK, NPUOJH3HUTEJIbHO MOAUYMHSIETCS paclpeneseHHIo
[Tyaccona ¢ mapaMeTpoM A, €cjid cpefHee YHCJO (MaTeMaTHYECKOe



OXHIaHHe uHCJa) [0JAapKOB, IPHXOASIMIMXCS Ha OJHOIO 4eJOBEKa,
paBHO A. BosBpalnasicb K «Iapafokcy pasfiaud IIOAapKOB», IOJY-
yaeM, 4TO YHCJO JioJeH, KOTOPHIM AOCTAaHYTCs HX COOCTBEHHBIE IIO-
JapKH, Takxke IOJUMHAETcs pacnpeleneHuio [lyaccoHa ¢ mapamer-
poM A =1. DTO AOCTaTOYHO €CTECTBEHHO, TaK KaK B CPEAHEM Cylle-
CTBYeT TOJbKO OAHMH 4YeJOBEK, IOJYUHUBLIHH CBOH COGCTBEHHBIA ITO-
LapoK. (BeposiTHOCTB TOro, YTO OIpeAeJeHHBIH UeJOBEK IIOJYUHT
CBOH COOCTBEHHBIH IIOJApOK, paBHa l/n, W AJs n ueJOBEK cyMMa
TaKHX BepOATHOCTeH AacT 1, KakoBO Obl HH OBLIO A1.)

(iii) Ilonstue pacnpenenenusi [1yaccoHa BnepBble NOSBHJIOCH B
KHHre (ppaHuy3ckoro yueHoro Cumeona [denuca [lyaccona (1781—
1840 rr.). (B pa6ore «HccnenoBaHus 0 BEpOSTHOCTH CYAeOHHEIX NpH-
rOBOPOB II0 YTOJIOBHEIM M IpakAaHCKHM JeaaMs (“Recherches sur la
Frobabilité des Jugements en Matiére Criminelle et en Matiére
Civile, Précédées des Gégles Génerales du Calcul des Probabili-
tés”), omybaukosaHHOH B 1837 r., pasa. 81 mocBsilLeH IpHJIOXKe-
HHSIM TEODHH BEPOSITHOCTeH K cyfeOHoHl mpakrHke.) Ilyaccon 06-
cyXkAaeT cjedyiollyio npobaemy. PaccMOTpUM 3KCIEpHMEHT, B KO-
TOPOM OAMH H TOT Ke (peHoMeH Habuiofaercs mosTopHo. [Ipeano-
Jlaraercsl, YTO HCIBITAHHS B 3TOM 3KCIEPHMEHTe HEe3aBHCHMBHI, IJI%
KaX/0ro HCIHTAaHHS eCTh TOJbKO f[Ba BO3MOXKHBIX HCXOAa H HX
BEPOSITHOCTH OCTAlOTCs HEM3MEHHBIMH /151 BCeX HCIBITaHui. (Dkcme-
PHMEHT TaKOrO THIA Ha3BIBAETCS II0CJeJ0BaTeNbHOCTbIO HCIBITAHHM
Beprynau.) Kak npaBu/o, HCXOX, NPOHCXOASIIHH C BEPOSTHOCTBIO
p, Ha3HIBAIOT «yCIeXOM», a JApYrod HcxoA — «Heyjpaueh». Ilpumep
ucnbiTaHud DepHyaau AarT nocjefoBaTesbHble OpocaHus Hec6a-
JIAHCHPOBaHHOH MOHeTH. [lycTb br — BepOATHOCTb TOrO, YTO IIPH
n ucnbTaHuax BepHynau Gyder k ycrnexoB (HampuMep, BEpOSTHOCTb
TOrO, UTO BHIIAJET POBHO %k repGoB NpH 1 GPOCAHHAX HECHMMETpPHY-
HoH MoHetwl). Toraa

n
bk=(k)pk(l—p)"-k, k=0, 1, ..., n.

Takum o6pa3oMm, 4HCIO yCrexoB S, B n HCHHTaHuAX BepHymaau ecth
clyyafiHasi BeJHUHHA, KOTOpas NpHHHMaer 3HaueHHe B C BepOsiT-
HOCTbIO b. ['oBOpST, uTO CcayuaifiHasi BeJIMUHHA ¢ BO3MOXKHBIMH 3Ha-
yeHusimu 0, 1, 2, ..., n UMeerT GHHOMHAJbHOE paclpejeseHye, ecau
OHa NMpHHHMAaeT 3HaueHHe k c BeposiTHOCTbIO b, IlpunmararesnbHoe
«OMHOMHaJbHOE» YKa3HBaeT Ha TOT (akT, uTO br Kak pas SBJsIETCs
k-M ulleHOM B pasjoxeHuu GuHOMa (p 4+ (1-—p))", HOCKOJBKY IIO
GuHOMuUaJbHOH ¢opmyne (p+ (1—p))r=0bo+ b1+ b2+ ...+ b,.
[Tyaccon o6HapyuJ, 4TO eCJH JesaTh p Bce MeHbIIe H MeHbIle H B
TO Xe BpeMs YBeJHUMBATb £ TaK, 4YTO IIPOM3BelleHHEe np =A
OCTaeTrcsl MOCTOSIHHBIM, TO b, CTpeMHTCsl K rp. CJef0oBaTeJbHO, pac-
npepenenue Ilyaccona siBasietcst npubJaukeHneM AJsi GHHOMHAJBHO-



ro pacnpefesenns. Bo3aMoXHOCTb IIHPOKOro MPUMEHEHHS H 60Jbluas
BaXKHOCTb ITyaCCOHOBCKOTO paclpejiejieHHs] He GHUIH NOHSATH B cepe-
JHHe MpOLLIOro Beka; 6oJjiee TOro, 0 HEM MOYTH MOJHOCTBIO 3aGHLIH.
Onunako mocse 1894 r. 310 pacnpeielieHHe HCIOJb30BaJH INPH H3Y-
YeHHH CTpaHHOro ¢eHomeHa. 3a 20 Jjer Mexnay 1875 u 1894 romamu
B 14 pa3iHYHHX KaBaJlepHACKHX KOpIycax repMaHCKo#l apMHH Ghlia
cof6paHa CTaTHCTHKa TParH4yecKHX CJyyaeB, KOIAa CONAAT Obll yGHT
yaapoM Konuita. CorsacHo 280 nabuofenusm '), 196 congat noru6au
TakuM o6pa3oM, T. e. B cpefHeM 3a rog A=20,7. Eciu 6H umci0
TparHiuecKHX HCXOAOB MOAYHHAJOCH pacmpefeseHuio Ilyaccona c na-
pamerpom A =0.7, To MOXHO G6HJIO 6H 0XHZaTb, uTO NpH 280 Ha-
6mofennsax B 139 cayuasx cmepTeit Her, B 97 cayuasix — 1 cMepTh,
B 34 cilyyasx—2 cMepTH M T. . A YTO IOKasaja CTAaTHCTHKa?
B peficTBHTeNPHOCTH HaHHHE OHJH cOOTBeTcTBeHHO 140, 91, 32
H T. A.; IPAaKTHKa H TeOPHA OKAa3aJHChb B CTOJb XODOLIEM COIJIACHH,
4TO BPSIA JIH MOXKHO GHJIO OXHAATb GOJIbLIETO.

9ro cpaBHeHHe nosiBHJIOCh B 1898 r. B 3HaMeHHTOH MOHOrpaguH
JI. boprxkesuwa. HasBaHHe ero KHHI'H «3aKOH MaJBIX YHCEN» OTpa-
¥KaeT TOT (aKT, YTO NPH IyacCOHOBCKOH aNIpPOKCHMAaLHH p CTpe-
muTcss K 0 npu yBeauuyeHud n. (HasBanme mocTaTOyHO ABYCMHIC-
JIEHHO, TaK KaK OHO HaBOAHT Ha OLIMGOYHYI0O MHCJb O TOM, YTO
IlyaCCOHOBCKOe NMpPHOJIHKEeHHe B KaKOM-TO CMHIC/I€ NPOTHBOMOJIOXKHO
3aKOHY GOJIbLIHMX YHCeJ, KOTOpH o6Gcyxpaaercss Huxke.) IlyaccoHos-
CKOe pacrpejle/ieHHe CTaJIo IIHPOKO NPHMeHATbCs Julib B XX Beke.
HanpuMmep, myaccoHOBCKHM pacnpefesieHHeM NPHGIHKEHHO ONHCH-
BaeTcsi KOJIHYECTBO OINpefeJeHHOr0 BHAA TOBapoB, NpOJaHHOEe B
T€YeHHe KOHKPETHOro AHf, YHCJIO MOJIEKYJ reMOrJoOHHa, BHIHMOE
IO MHKPOCKOIOM, YHCJO 3a6acTOBOK H BOHH B IOAY, YHCJO Omeua-
TOK B TEKCTe HJH YHCJIO TeNlePOHHHIX COeIHMHEHHH ¢ onpeAejeHHBIM
HOMEpOM B TeueHHe (HKCHpPOBaHHOro AHs. Ec/iH cpefHee yHCIO MO-
JIeKyJ reMorjo6HHa HJIH ONeYaTOK, HJH TesJe(OHHHIX COeJHHeHHH
paBHO A, TO HX YHCJO HMeeT pacmpeleiaeHne Ilyaccona ¢ mapamer-
pom A. Eciu N — uyncs0 TeslebOHHRIX JHHHH, DOCTYNHHIX AJs Teje-
¢oHHOro O6MeHa, TO UHCJIO 3aHATHX JUHHH NPHGAH3HTENLHO HMEET
pacnpenenenne Ilyaccona. IIpo6ieMn Takoro BHAa H3y4aJHCh JaT-
ckuM MaremaTHkoM A. K. paanzom (1878—1929 rr.). B 1906 r. on
YCTaHOBHJI, YTO Jyulllee NPHOGJHXKEHHe MOXKHO IOJYYHTb, €CJIH HC-
1I0/1b30BaTh CJefylollee yceueHHOe yaCCOHOBCKOE paclpefeseHHe:

ek=cl"/kl, rne k=0,1,..., N

c= (kf) A"/k!)—l.

=0

1) 280 naGmwonenui = 20 aer X 14 kopnycos. — ITpum. nepes.



C Tex mop 3TO pacnpelelieHHe HasbiBaeTCst pacnpeleneHueM IJp-
JlaHra.

0) Jlureparypa
Haight F. A. Handbook of the Poisson Distribution, Wiley, New York,
67.

Montmort P. R. Essay d’analyse sur les jeux de hazard, Paris, 1708.

Sheynin O. B. “S. D. Poisson’s work in probability”, Archive for the His-
tory of Exact Sciences, 18, 245—300, (1978).

Stigler S. M. “Poisson on the Poisson distribution” , Statistics and Proba-
billity Letters, 1, 33—35, (1982).

Takas L. “The roblem of coincidence”, Archive for the History of Exact
Sciences, 21, 229—245 (1980).

7. CaHkT-netepbyprckmii napagokc

a) Hcropus napadokca

Teopust BeposiTHOCTeH, KOTOpasl HauHHAJACh C HCCAENOBAHHUS pe-
3yJbTAaTOB a3apTHBIX Urp, Pa3BHJIach B YHHBEPCAJbHYIO TEOPHIO, Ha-
IWIeAYI0 NPUMEHEHHUsT BO MHOTHX O6JjacTsix xKu3HH. [ToaToMy coBceM
HeyJHBUTEJbHO, UTO IIOYTH BCe KPYIHBIE HAayyHBblE KYpPHAaJbl HoCie-
JIOBaJIu NpHMePY aHTJHACKOro xKypHaja «Tpyns no dunocobuus u
perynspHo nyO6JHKOBaJH CTaTbH MO TeOpHH BeposiTHocTefl. Bce
6onbile H GOJbIlle YYEHBIX CUHTAJH, YTO TEOPHS BepoOsSITHOCTEH —
3TO He YTO HHOE, KaK MYTeBOIUTENb MO KH3HH, 3APABBIH CMBIC, BhI-
paxeHHH# B uHcaax. OpHako B Hauase XVII Beka AkafeMus Hayk
B CaHkr-ITerep6ypre omy6JHKOBaNa CTAaTblo, MATEMATHUYECKHE BbI-
YHCJIEHHSI B KOTOPON Ka3aJochb MPOTHBOPEUHJH 3APABOMY CMBICTY.
Crateio Hanucan Januus Bepuyaau, u 6naronaps emy merep6ypr-
CKHI mapajiokc cray u3BecTeH. OfHAaKO BHepBble NPOGJeMy MOLHS
€ro JIBOIOpOAHHI GpaT Hukoaaii BepHysaru u yIOMSHYJ O Mapaiok-
ce B nucbMe K Monmopy B centsi6pe 1713 r. (Bepnynnu — 3naMeHnu-
Tasi ceMbsi MaTEMAaTHKOB, HECKOJbKO UJEHOB KOTOPOH 3aHHMAaJHCh
TeopHell BepositHOCTeH, ocoGeHHO $IKO6 BepHyanu, o KOTOpOM elle
nofiler peub HUXKe B CBSI3H C 3aKOHAaMH GOJbIIHX YHCEJ.)

6) Ilapadoxc

EnunnyHoe HcnbTanue B meTepGyprckolt urpe cocrout B Gpoca-
HHH MpaBUJIbHOH MOHETH J[O TeX NOop, MOKa He BHINAJET pelrka;
€cJH 3TO mpou3ofifer NnpH r-M GpOCAaHHH, HIPOK MOJydYaeT 27 10J-
napoB u3 6anka. Takum o6pa3oM, ¢ KaXJIbIM GpOcaHHEM BBIHTpHIIL
yiBauBaeTca. Bompoc B cieayiomieM: CKOJbKO CJeIyeT 3alJIaTHTh
HI'DOKY 3a yuacTHe B Hrpe, utoGul Hrpa crajna Ge3o6uaHoi? Bes-
OGHAHOCTL TIeTepOGYPrCKOR HIPHl pPaccMaTpPUBAaeTcss B KJIACCHYECKOM
CMbICJIE: cpeflHee 3HaueHHe (WJIH MaTeMaTHYeCKOe OXKuAaHUe)



YMCTOrO BHIUTPHILIA AO/KHO GbiTh paBHO 0. OAHaKO, KaKk HH YAHBH-
TEJbHO, 3TO €CTeCTBEHHOe TpeGOBaHHe HEBHIIOJIHHMO, KaKylo Gbl
(KOHEUHyI0) CyMMy J€Her MrpOK HH 3amJaTHI.

8) O63vsacHenue napadokca

IToTepn 6aHKa HMMeloT OeCKOHEUHOe MaTeMaTHYeCKOe OXHAaHHe,
Tak KaK BEpOSITHOCTb OKOHYAHHS MIPhl NpH k-M O6pOcaHHM paBHA
1/2%, u B sToM ciyyae Hrpok mnomydaer 2* ponsnapos. Torma GaHk
B CpellHeM JAOJIXKeH 3al/aTHThb

1 1 1
g2+ 4+ge 8+ o =141+1+ ...

JOJIJIapOB, YTO COCTaBJsieT GECKOHEYHO GOJIBIIYIO CyMMY HEHer, Tak
yTO Mrpa craja Gn Ge306HAHON NpH GecKOHeYHOM B3HOce. XOTs Bce
MaTeMaTHUYeCKHe BHYHCJIEHHS KOPPEKTHH, Pe3yJbTaT HelpueMJeM,
[I03TOMY HEKOTOpHE MaTeMaTHKH HPeAIOJOXKHIH peaNH3yeMhe MO-
IubUKaIIH.

(i) Brogpgon, Kpamep u Apyrue NpemsOKHIH HCXOAHTb H3 ecTe-
CTBEHHOTO IPEANOJIOKEHHss 06 OrpaHUYEHHOCTH pecypcoB (T. e.
6aHK HMeeT JHIIb OrpaHHUEHHOe KOJHYecTBO JeHer). ITycTb B 6aHKe
ecTh MHJUIHOH mosiapoB. Torga mateMaTHYecKOe OXHJaHHe BHIHT-
pHIIAa JJIS1 HTPOKA PaBHO

1 1 1 1 1
254+t 294 (gt + ...)-106=
—=19+1.90... ~21

(M yuau, uto 22° > 10%). CuaemoBaTesbHO, NPH BCTYIHTEJIbHOM
B3HOCE HI'pPOKa, paBHOM 21 foJjapy, urpa cTaHeT B HEKOTODOH cTe-
IIeHH BRHIFOJAHOH A/ GaHKa.

(ii) B. Pessep OTMETHJ, UTO MOXHO TaK ONpPeleNHTb RCTYIH-
TeJbHHIH B3HOC, yTO Nerepbyprckas urpa craHer 6e3o6uaHoi. O6o-
3HaYHUM Yepe3 7 YHCJIO HIp, B KOTOPHIX ydacTBoBaJ Hrpok. Hrpy
MOXHO CcYHTaTh 6e300HAHOM, eClH OTHOIIEHHe CYMMAapHOrO BHIHT-
poiia N, K CyMMapHOMY BCTYNHTeJbHOMY B3HOcy R, cxoaurcs kK 1
IpH n, CTpeMsineMcsi K GECKOHEUHOCTH, TOUHee, eCJH AJs JI060ro
e>0 ]

P{IN,/R,—1|<e}—>1 mnpu n-—>oo. (*)

@ennep nokasad, 4to nerep6yprckasi urpa CTaHOBHTCS 6e306HAHOH,
ec/iM NMoJOXHTb R, =nlogsn. Kak cilefyer U3 mapajiokca, urpa He
MOXeT GHTh 6e306MAHONA MaIs1 R, = cn, rje ¢ — IPOH3BOJbHAA KO-
HeyHast nocTostHHasl. OfHAKO, eCJH BCTYNHTEJNbHBIA B3HOC MOXKET 3a-
BHCETb OT UYHCJIa MIp, B KOTQPHIX y4YacTBOBaJ HIPOK, TO (cCOrJIacHoO
Teopeme DeJsiepa) nerepbyprekuft napajoke paspelgaercs.



2) 3amewanusn

(i) CoorHolieHHe (%) BbIpa)kaeT CBOMCTBO YCTOHYHBOCTH BeJH-
uuHb N, AHajoruyHble CcBoOHcTBa HabJaoojpaloTcs ¥ Npu R, =cn B
«[Tapapokce BepHy/1/H1 A5l 3aKOHA GOJILLUIMX UHCEJ».

(i) Mo pesyabratam 2084 urp broggon 06HApPYKHJ, UTO Hrpa
CTaHOBHUTCS Ge306HAHOH NMpPU BCTYNHTENbHOM B3HOCE, NMPUOIUNKEHHO
pasHoM 10 poJnapam.

(iii) Cuenyromuii napafoxc OJH30K CaHKT-eTepOyprckomy na-
pamokcy. (4 ycabimans o HeMm or Csma I'yTmMana mocse MOero BHI-
CTymyieHusi Ha ceMHHape [aann B MaccauyceTCKOM TeXHOJIOTH-
ueckoM uHctutyTe B 1983 r.) Ilpeamosoxkum, 4To BaM INpenoOCTaB-
JieHa BO3MOXKHOCTb BBIMUIPaTh (—2)" HOJNIapOB C BEPOSITHOCTBIO
2-n, n=1, 2, 3, .... 910 Bac padyer W1 oropuyaer? OTBeT: BH H
o06pafoBaHbl, U OoropueHsl. Bel 06pajoBaHBl MOTOMY, UTO Takas Jo-
Tepesi SKBUBaJIeHTHa IBYXCTyNeHYaToOH JoTepee, B KOTOpPOH Ha mep-
BOM IlIare ompejessieTcsi, B KaKoi U3 Jorepel, Kaxaas U3 KOTOPHIX
JUIsL Bac BHITOAIHA (MaTeMaTHYeCKOe OXKHJaHHe BHIMIDHIIIA MOJIOXKH-
TeJbHO), BBl yyacTByeTe Ha BTOpOM Iuare. TouHee, ¢ BepOSITHOCTBIO
(2-14-2-242-%) BH yuacTByeTe B JOTepee, B KOTOPOH BBIUTDPHI-
Baere (—2)/ 10JTapOB ¢ BEPOSITHOCTBHIO

27 (e 274 27Y) (=1, 2, 4,

HJIH C BeposiTHOCThIO (2-2 4 2-6 4 2-%) BHl yuacTByeTe B JoTepee,
B KOTOPOH BHIMrphBaere (—2)* 1n0/1/1apoB ¢ BEpOSTHOCTBIO

27* (27 427+ 27%) (=3, 6, 8),

u T. A. B xaxnoii u3 J0oTepell Ha BTOPOM Liare BO3MOXKHBI TPH BHI-
Urpblllla, U MaTeMaTHYecKOe OXKHAaHHe BBIUIPHIIA IOJOXKHTENbHO.
Tak uyto Bo pagbl. OXHAKO HCXOAHYIO JIOTEpel0 MOXKHO INepejesaaTh
U B JIOTEPEH C TPEMS BHIUIPHILIAMH, B KaXKA0A U3 KOTOPHIX MaTeMa-
THYECKOe OXKHJAaHHe OTPHIATeJbHO. BHUrpHIIaMU B MepBOi JoTepee
asasores  (—2)1, (—2)2, (—2)3%, Bo BTOpO# — (—2)4, (—2)3,
(—2)7 u 1. 1. Tak uTo BB OLHOBpEMEHHO oropueHbl. [Jl1s Tex, KTO
3HAaKOM C MOHSITHEM YCJOBHOI'O MAaTEMAaTHUYECKOro OXKHAaHH, mepe-
¢dopMyaHpyeM mapagokc uHaue. IlpemcraBum cefe, UTO YCJIOBHOE
MaTeMaTHyeckoe oXuiaHue E(X|Y) omnpeneneHo He Kak OOBIYHO,

a Kax SxP(dx]Y), rie P(dx|Y) onpenmeneHo OGBIYHBIM OGPa3oM.

Torza cyuwectsyior cayuafiibie Bequuunubnl X, Y u Z, Takue, uTO
E(X|Y) > 0> E(X|Z) c BepositHocTbi0 1! JleficTBHTEJBHO, MyCTh
X — KOHeuHBIl BHIMrpHLI B JoTepee, T. e. X = (—2)" c BepoAT-
HocThio 2-5, Tlosmoxum Y = 1, ecqiu HaM jgocTaJjach nepBasi «IOJIO-
XKuTeJbHasi» JoTepest (1. e. X = (—2), (—2)2? umn (—2)*), nono-
KHM Y =2, ecain HaM gocrajack Bropast jorepes (T. e. X = (—2)°



(—2)¢ unu (—2)8) u 1. 8 Iycts Z =1, ecin HaM HocTajach mep-
Bas «OTpHIaTeJbHasi» JoTepes (T. e X =(—2), (—2)%, (—8)%),
H Z =2, ecqn HaM jocTajlacb Bropas Jjorepes (T. e. X = (—2)%,
(—2)% (—2)") u T 1]
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8. MapafoKc cMEepPTHOCTH HaceneHus.
BesBospacTHbli MMP aToMOB M Cnos

a) Hcropus napadokca

MarteMarnueckne HCCJIeNOBAHHSI IO CMEPTHOCTH HaceJeHHs H
NPONOJIKUTEJNBHOCTH XKH3HH HayaJHChb Ha paHHeM 3Tame pa3BH-
THS KaluTanu3Ma OJarofapsi MOTPeGHOCTSM CTPaXOBHIX KOMIAaHHA.
Benen 3a  pesyabratamM, noJayueHHHMH J[loconom [I'paynrom
(1662 r.), san Xyddenom u Ooaconom de Yurrom (1671 r.), 30myno
I'asned (OTKPHIBIIHE KOMETY, Ha3BaHHYIO ero HMeHeM) OmyGJIHKO-
Baa B 1693 r. cTaThio 0 TabjauuLax CMEPTHOCTH, KOTOpasl NMOJIOXKHJA
HayaJo MaTeMaTHYeCKOH TeOpHH CTpaxoBaHHs XH3HH. Ciaenylomui
napanokc (3aMeueHHHH JlasaMGepoM) MOKa3BHIBa€T ONHY M3 «3yGo-
IPOGHJIbHBIX» MPOGJeM HOBOH TEODHH.

6) Iapadokc

o Tabauue Iannest cpeansiss NpOXONKHUTENBHOCTb KH3HH pPaBHA
26 ronaM M BMeCTe C TeM C PAaBHEIMH LIAHCAMH MOXHO yMepeTb J0
8 JeT M mpoxuTh GoJblie 8 JerT.

8) OO6%vacnenue napadoxca

IefictBuTenbHO, coryacHo Tabaune Iaines, ¢ paBHHIMH WIaH-
CaMH MOXHO IIPOXHTb GoJsibllle 8 JieT U ymepeTb B BO3pacre HO
8 Jer, HO ec/M YeNOBeK HOXHJ N0 8 JIeT, TO OH MOXET IPOXKHTb
ellle HEeCKOJNbKO AecsiTHieTHR. CJiefoBaTe/bHO, HEYNHBHTENbHO, UTO
CpelHsIsl NPOAOJIKHTENbHOCTh XKH3HH HaMHOro GoJibllie 8 Jer.

[Ipennonoxum, uTo cpens THCAYH YeNOBeK JHIIbL OHH JKOCTH-
raer Bo3pacra Madycaunal, Torga cpeaHuii BO3pacT 3HAYUTENBHO

1) Madycaun — B BETX03aBETHLIX NPEJaHHAX OJHH H3 NPAOTLOB ueJoBeue-
CTBa, NPOCNABHBIIHIACA CBOHM JoaroseTHeM («MadycaHJOB BeK»), OH TNPOXKHI
969 ner. — Mpum. nepes.



YBE@JIUUHTCS, HO HX BEPOSITHAS INPOJOJIKHTENIbHOCTb MKH3HH (BO3-
pacT, X0 KOTOPOro OHH NOXKHBAIOT ¢ BeposTHOCTbIO 50 %) cyect-
BEHHO He H3MEeHHTCH.

2) Sameuanus

(i) Iycrs F(x) o6osHauaeT BepOSITHOCTb TOTO, UTO HPOJOJIKH-
TeJbHOCTb XH3HH YeJOBeKa, CAy4alHO BBIGPAHHOTO H3 HEKOTOPOH
IPYNnbl HacesNeHUs, MeHbllle, YeM X eIMHHU BpeMeHU. (F(x) —
(yHKIHs pacrnpefeseHuss NPOAOJKHTENbHOCTH XH3HH.) [IpeamoJio-
XKuM, yTo F(x) uMeer miaorHocTb f(x). CpeldHsis NpPOROJAKHTEb-

00

HOCTb JKH3HH BBIYHCJsIETCS 1O (popmyse M = S xf (x)dx. C npyroi
0

CTOpPOHEI, BepOsITHAsi NPOAOJIKHUTENbHOCTb KH3HH M ONpeaesseTcs
u3 ypapHenus F(m) = 1/2. [lpyrumMu cJ0oBaMu, 3a MepHOL BpeMEHH
m BbBIMHpaeT nojioBuHa Hacesenusi. M3 stux cdopmya sicHo, uto, BO-
obule roeopsi, M u m NIPUHUMAIOT COBepLIEHHO pa3Hble 3HauyeHHs.
M ectb MaTeMaTHUeCKOe OXHAAHHEe MPOAOJIKHUTEJNbHOCTH KH3HH, a
m Ha3hBaeTcsl MeJHaHOH 3TOi NpPOAOJNKHTEIbHOCTH.

(ii) IlonsiTHe cMepTHOCTH HeTPYAHO paclIHpUTb. Ecsiu paccmar-
p¥BaTb aMOPTH3ALHUIO NPOMBILIIEHHEIX H3JeJUl HJIH paclaj aTOMOB
KaK CMEepTb, TO IOJyYaeM LIMPOKO NPHMEHHMYIO MaTeMaTHYecKylo
TEOPHIO, BO3HHKAIOUIYI0O M3 HCCJAeJ0BAaHUH CMEePTHOCTH HaceJeHHS.
Onnako B 3T0#t 6osiee MIMPOKOH 06J1aCTH TaKXKe MOTYT HabaIOAaTbCs
AOCTaTOYHO NapajoKcasbHble sBAEHHs. B To BpeMs Kak uesOBeK He
GeccMepTeH, He BEYHO MOJIOA, B NPHUpOAEe U OOILIeCTBE MOXKHO HalTH
TaK Ha3bBaeMble G6e3Bo3pacTHble 00BekThl. OmnpenenuM MOHSTHE
Ge3BospacTHOCTH. CunTaeM 0O6BeKT Ge3BO3PACTHEIM, €CJH BEPOSIT-
HOCTb CYyLIECTBOBaHHsI OGBEKTa B TedueHHe OIpe/eIeHHOrO HHTEpBa-
Jla BpEMEHH He 3aBHCHT OT BpeMEeHH, KOTOpOe OGBEKT y¥Ke CYIeCT-
BoBas. OueBHAHO, YeJIOBEK TAaKMM CBOHCTBOM He 0fJajnaer, Tak Kak,
4eM OH craplie, TeM ¢ 6oJ/bllueil BePOATHOCTBIO OH YMpeT B TeyeHHe
3aJlaHHOTO NIPOMEeXYyTKa BpeMeHH. HMHTepecHO, 4TO He BCe OGBEKTHI
nopo6usl HaMm. Hampumep, pajHOaKTHBHBle aTOME Ge3BO3PaCTHHL.
Ec/iu cpemHsiss IpOAOMKHTENBHOCTb CYIECTBOBaHUsI G€3BO3PaCTHOrO
o6bekTa paBHa I, TO BepOSTHOCTb TOTO, YTO OH He HPEKPAaTHT CBOe-
rO CyLIeCTBOBaHHs 3a CJEAYIOIMH NepHOA BpeMeHH x, paBHa e—*/7,
rie x— I0JIOXHUTeJbHOe 4ucjao. CBOHCTBO 6€3BO3PacTHOCTH DafiHoO-
aKTHBHBIX YaCTHL, BHITEKaeT K3 TOro (hakTa, YTO HX CKOPOCTb pac-
naja NpomopuHOHaJbHA YMCJay Hepacnmapuuxcs yacrtuu. Koaddu-
IMEHT IPOMNOPIHYOHAJbHOCTH Ha3blBaeTcsl IOCTOSTHHOH pacnmaja H
o6osHauaercst A. Ecin B MoMeHT BpeMenu { =0 G610 No Hepacnas-
IMXcsl yacTHi, To (Tak KaK CKOPOCTb pacnafa paBHa IOCTOSHHOM,
noJlyyaeMol NyTeM HHTErDHUPOBAHUsI) B MOMEHT BPEMEHH X YHCJIO
HepacnaBUIMXCs 4YacTHIL coctaBaseTr N, = Nge~**, 23DT0 03Hauvaer,



YTO BepOSTHOCTb BHIKHBAHHA 10 MOMeHTa x paBHa e**. CjefoBa-
TeJbHO, PaAMOAKTHBHHE YaCTHIE JAeACTBHTEJbHO (e3BO3PACTHH, H
HX CpeAHsisi MPOJOJIKHTeJbHOCTb CYIIECTBOBaHHs paBHa T = 1/A.
JlpyruMu CJIOBaMH, NPOROJIKHTENbHOCTb CYLIECTBOBAHHS PajHOaK-
THBHHIX Y4CTHIL OIIHCHIBAeTCS MOKA3ATEAbHbIM pacnpedesenuem
C MapaMerpoM A, T. €. HMeeT IVIOTHOCTb BepOATHOCTH Ae~**!). Ile-
pHOA moaypacnaja Ge3BO3pPAaCTHHX OGBEKTOB (IIEPHOJ, B TeueHHe
KOTOPOro IIOJIOBHHAa OGBEKTOB IpeKpallaer CyIleCTBOBaHHE) eCTb
KOpeHb CJIeAYIOIIero ypaBHeHH:

eM=1/2, 1. e. x=In2/A.

(iii) IlomsitHe mepHoja moJypacrnaja Ge3BO3PaCTHEHX OOBEKTOB
cTaso (yHZaMeHTaJbHHM B HEKOTOPHIX 06JacTsaX Haykd. PamHoyr-
JepOAHEH MeTOf, pa3paGOTaHHEIH aMepHKaHCKHM XHMHKOM Yua-
aapdom Ppaukom JIu66u, K0 CUX NOp SBJASETCS CaMBIM paclpocT-
paHeHHEIM MeTOJOM JaTHPOBaHHA B 06JacTH apXeoJIOTHYeCKOH Xxpo-
gostorud. (B 1960 r. 3a 3TO OTKpHITHe eMy Ohljia npucyxieHa Ho-
Genesckasi npemus.) B 1950 r., caenys unesm JIu66u, M. Csadew
IPUMEHUJ] €ero MeTOJ B JIHHTBHCTHKe, NpeJrnoJaras, 4To He TOJbKO
palAMOaKTHBHEIE aTOMB], HO H aTOMH peuH, T. €. CJI0OBa, MOXHO CYH-
TaTh 6e3Bo3pacTHEIMH. IIpeAnosaraercs, 4To NepHOA MoJypacnaja
npeBHero 6a3oBoro cjoBaps f3HKOB cocTaBiaser 2000 Jjer. Mcnods-
3ys 3Ty HAEI0, MOXHO ONpeAeJHTb AaTy, KOrZa JABa POACTBEHHHIX
A3nKa (HamphMep, JATHHCKHUIH S3HIK U CAaHCKPHT) pasfesHJHch. [las
HaxXOXJeHHs JaTH pa3fieleHHusl ABYX f3BIKOB HYXXHO TOJbKO 3HAaTbh,
Kakas uacTb 6a30BOro CJOBaps OO CHX IOp CYIIeCTByeT B OGOHX
asnkax. A. Payn u E. Kanecmaa-Munr CDaBHHJIM BEHTePCKHHA H
uHCKHH A3biKH. OHH OGHApyXKHJH, YTO HAEHTHYHHE 3JIEMEHTH B
3THX 3BIKax COCTaBJAIOT COOTBeTCTBeHHO 21 % u 27 %. (Bruucie-
HHSl NPOBOJHJHCh pasHbIMH MeTofamu.) OTciofia GHLI cAenaH BH-
BOJI, YTO BEHrepCKHH M (DMHCKHH S3HKH pasfeJHJHCh IpHOJIH3H-
TeJqbHO 4—D5 ThICAY JeT HazaA. Merox CBajema, pa3paGoTaHHHIA
30 Jer Hasaj, NpHMeHsieTCsl OuYeHb YacTO M HM3BeCTeH KaK JIeKCHKO-
CTaTHCTHKAa WJIHM IJIOTTOXpoHojorusi. (OpuruHaibHas cratbs CBsa-
Hellla onyGaHKOoBaHa B «MexXIyHapoIHOM XypHaJe aMepHKaHCKOH
JHUHIBHCTHKH».)

(iv) IlpenmmosoxuM, uTo A — IOCTOsIHHasi pacnaja. Torpa Bepo-
ATHOCTb paclnaja poBHO k 4acTHI| 3a BpeMs { paBHa

(A)k e=M/R1.

310 O3HayaeT, YTO YHCJO paclnaBLIMXCA YaCTHL, €CTb cnyqaﬁﬂaﬂ BE-
JIHYHHA, HMeLlasa pacnpejiejeHue l'Iyaccona, KOTOpO€ HaM YyXXe H3-

1) Hnol’f:locn BePOSITHOCTH TOKA3aTeJLHOr0 PACHpesieieHHs ¢ MapameTpoM A
paBHa Ae ™, ecam x > 0, u 0 B npoTHBHOM cay4ae. — IIpum. nepes.



BECTHO W3 Mapajokca pas3fayd MOZapKoB. MaTeMaTHuecKoe OXKHJa-
HHEe 3TOTO paclpefie/ieHHs] paBHO Af, UTO NOBOJBHO €CTECTBEHHO.

(v) Mbl yBumeaH, YTO CYIIECTBYIOT Ge3BO3pacTHEE OOBEKTHI.
Yro emie Gosee yOMBHTENBHO, CYIECTBYIOT OGBEKTH, KOTOPHE CO
BPEMEHEM CTAHOBSITCSI «MOJIOXKE», HAallpUMep, MeXaHH3MHl, y KOTOPHIX
B IepuoJ ux (YHKIMOHMPOBAHUS €CTh WHTEPBAJ, KOTAa BEPOSTHOCTb
6e30TKa3HOH paGOTH B TeueHHe ONpeNeNeHHOTO MPOMEXYTKa CO Bpe-
MeHeM pacTteT. Jlerko BHIETb, UTO MaTeMaTHYeCKH B 0GO3HAYEHHSIX
nyHkTa (i) 310 o3Hauaer yGuiBanue f(x)/(1 — F(x)) (uHTeHcHBHO-
CTH BHIX0OJ@ U3 CTPOs) Kak GYHKIUH OT x. M3yueHue 3TOH MHTEHCHB-
HOCTH OUYeHb BaXKHO B TEODHH HAJEXHOCTH U MPOGJIeMax XpaHeHHS.

(vi) Haxoreu, ocTaHOBHMCS Ha ONHOM JIIOGOMEITHOM BOIpOCe,
CBSI3aHHOM CO CMEpPTHOCTBIO HaceJeHHs. MOXHO JIH ¢ MOMOIUKIO Be-
POSITHOCTHBIX METOJOB OIEHHUTBH O6Iee YHCJIO JiojelH, KOoraa-au6o
X)uBHX Ha 3emye? OGOCHOBaHHE CJENYIOMIEr0 YAUBHTEJILHOTO
yTBepXIeHusT 1aHo B KHure [onn6epra (cM. cCHIKY HUXKe): «9 mpo-
IIEHTOB KOTJa-1u60 XKUBLINX Ha 3eMJe Jofell XKHBYT cefiuacy. ITO
yTBepKIeHHe OBIO BHIHECEHO B 3arojioBok craThd B «Hbio-Flopk
TatimMce» (6 okts6ps 1981 r., c. 61).
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9. Mapapokc 3akoHa Gonblwmx uucen bepHynnu

a) Hcropus napadoxca

B MareMaTHKe HaiifleTcsl HEMHOrO 3aKOHOB, KOTOpHIE CTOJIb XKe
4acTO INOHMUMAaJUCh TNPEBPATHO, KaK 3aKOHB GOJBUIMX YHCEJ.
(He caumkom NIMPOKO H3BECTHO Ja)Ke TO, YTO CYIIECTBYeT He-
CKOJIBKO 3aKOHOB 6osbinx uucen.) IlepBbifi 3aKOH GOJIBbLIMNX YHCEJ
6bl1 mokasaH $Iko6om Bepuynnm (1654—1705 rr.) B ero KHure,
HasBaHHOH «Ars conjectandi» («HckyccTBo mpeamoJioxeHuii»),



KoTopas Gbljla onmyGJHKOBaHa TOJBKO IOcje cMepTH aBTopaB 1713 T.
Cam BepHy/H He HCHOJb30BaJ NOHSATHS «3aKOH GOJBIIHX UYHCEN»;
3To Ha3BaHHe BBea IlyaccoH jumb B 1837 r. ITo 3akony Bepnyniwn,
ec/IM TIPaBHJIbHYIO MOHETy GpocaloT n pas M NpH 3TOM R pas BH-
nanaer repG, TO NpH yBeJHYeHHH yHcia Gpocanuit (n) oTHoueHHe
k/n (oTHOCHTeNBbHAsi yacTOTa BHINAajeHHs rep6a) crpemurcs K 1/2.
TouHee, AJsi TPOU3BOJILHBIX MOJIOKHTEJbHEIX YHcead & H § H JocTa-
ToyHO GoJblIOro n (3aBHcAllero oT e W 8) BenanunHa |k/n— 1/2|
MeHbIlle & ¢ BEPOSATHOCTbIO, NpeBocxopsmeli 1—&. dra Teopema
BOBCE He CTOJb CJIOXHA, KaK MOXKHO OHLIO OH OXHAATh H3-3a
6OJIBIIOrO YHMCJA €€ HENPaBHJIbHEIX TPAaKTOBOK H I1apaJiOKCOB,
K KOTOpPHM OHA npuBeja. HauGosee THNHMUHHIE Napafokc MNpHBe-
JleH HHXKe.

6) Hapadokc

Urpokn uacto yBepeHH, YTO €CJIH NpaBHJIbHAs MOHETa MHOTO
pas majgaer rep6oM, TO, COIJIaCHO 3aKOHY GOJBIIHX YHCeJ, BepOsT-
HOCTh BHINAJIcHHS PellKH ¢ HeoGXoauMOCThbio Bo3pacraer. (B mpo-
THBHOM CJlydae Hapymanoch GH TO, YTO NPH OdYeHb GOJIBLIIOM UYHCTIE
6pocanuil BHNajgeHus rep6a W PEIIKH MPOHCXOAAT NPHOJH3HTEIBHO
oHHaKoBO 4YacTo.) C Apyrofi CTOPOHH, y MOHeT, OYEBHIHO, HET
NaMsTH, MO3TOMY OHH He 3HAIOT, CKOJBKO pa3 OHHM yxKe BhINAJalH
rep6om uiu pemkof. Ilo sTofi mpuuuHe mMaHCH BhINajeHHsi rep6a
npu Kaxjaom GpocaHud paBHH 1/2, faxe ecqHM MOHeTa YXKe BH-
nana rep6om Theicsayy pa3 mnoapsix. He mpoTHBOpeuHT JH 3TO 3aKoO-
Hy Bepuymnnu?

8) Ob6%acnenue napadokca

ITo 3akony DBepHynnu npu oueHb GosbmioM uHcsae OpocaHH#B
rep6 BHMajgaerT NPHGJIH3UTENBHO CTOJALKO e pas, CKOJBKO H pell-
Ka, HO BCA CYTh B TOM, YTO O3HayaeT <«NpHOGJIH3HTeNbHO». Hrpok,
KOTODHIl TOJIaTaeT, uTO PA3HOCT6 MEXJY UYHCJIOM BHNajeHuit rep6a
H YHCJOM TNOSIBJEHHH pelIKH MAOJKHA OBITh OYeHb MaJjia, OLIH-
6aercs, Tak KaK 3akOH DepHyJ /M yTBepXKHaeT JIHIIb, YTO OTHOIIE-
HHMe 4YHcJa BHNajeHuil rep6a kK obuiemy uucay 6pocaHuft nmpHOJH-
XeHHO paBHO 1/2 (c BeposiTHOCTBbIO, GM3KOH K 1) MM, 4TO TO Xe
caMoe, OTHOIIEHHe YHCJIa BHNAaJeHH# rep6a K YHCAY NOSBJIEHHH
pemKH npuOMU3HTEIbHO paBHO 1. JIpyruMu cJOBaMH, pas3HocTe A0-
eapupmos sTux uucea crpeMurcs K 0 (npu yBeJdHueHHH yHcaa Gpo-
canuit). Ecan 6bl pasHoCTh camMux uyHces Oblia MaJjia, TO 3TO NMPOTH-
BOpeuMJIO 6Bl OTCYTCTBUIO MAaMSTH Y MOHET.

2) 3ameuarnusn

(i) Tenepr sicno, uto, Kak GH LOATO MBl HHM Ha6JIOAajH mocJte-
IoBaTeJbHOe BhiafieHHe repOOB, BEPOSITHOCTH MOSIBJEHHS PeIlKH



npH cenyrolieM GPOCaHHH Bce XKe He CTaHOBHTCS Goublue. Ho Bos-
HHKaeT cjefylomui Bonpoc. [IpeAnosioxum, 4To MOHETY GpocaloT
n pa3. Kakoli MakcHMaJIbHOH JJIMHBI CEPHIO H3 repOOB MBI MOXKEM
oxupate? Ilpn n Gpocauusax, ecan n =100, MOXKHO OXHAAThL Ce-
puio B 6—7 repboB moapsan, ecau n==1000, MoxKHO OXHmaThb 9—
10 rep6oB moapsm, u 19—20 s n=108." Cirenylouiyio Tteopemy
nokasanu ITays Ipdews n Aarvgpped Perou. IIpn GPOCAHHH MOHETHI
n pa3 cepusi H3 rep6oB IJIHHE logsn HaGJMIOLaeTCss C BepOST-
HOCTbIO, CTpeMslleiicss K | mpH n—oco. DTOT (PaKT OUeHb MOJIe3eH,
KOTZla HYXKHO DEIIHTh, OMUCHIBAET JH IOCJHeJ0BATEJNbHOCTh, COCTAB-
JIeHHasi M3 JBYX CHMBOJIOB, De3yJbTaThl OPOCAHHS MOHETHl HJIH
KTO-TO ee NpHAyMaJ, «TLiaTeJbHO» H30erast BKJIOUEHHS IJIHHHBIX
cepuii. M3-3a MIHPOKO PacnpOCTPaHEHHOrO HENpaBHJIBHOTO MOHHMa-
HHS1 3aKOHa 6oJblIMX yHces DepHyJiM MHorue Jirogu He OyayT mo-
BTOPATb OAMH H TOT Ke 3HaK 7 WJau 6ojiee pa3 NOAPSA B MOCJENO-
BaTesnbHOCTH U3 100 3HAaKOB.

(ii) B cuny npembliyliero 3aMeuyaHHsi YHCThle CepHH (cocTosi-
IHe TOJIbKO H3 repOOB MJM pellleK) MOTyT OBbITh AOCTaTOYHO IJIHH-
HeIMH. C Jpyro#i CTOpOHEI, JIETKO TOCUMTATh, YTO OKHAaeMmas
AnuHa 1-#, 2-8, 3-i ¥ T. o, udCcTOH cepuH Bceraa pamHa 2. Eciu ke
MOHeTa HECHMMETDHYHAa H BEPOSATHOCTb BHIMafeHHs repb6a paBHa
0 <<p <1, to oxunaemas puauna l-i, 3-#,.. (KaxXKIOH HeuyeTHOH)
cepuu paBHa p/q+ q/p, a oxupaeMas AauHa 2-#, 4-#,.. (KaxmxOH
4YeTHOH) YHCTOH cepHH BcerZa paBHa 2 (He3aBucumo oT p(!)).
Cymma p/q+ g/p He Moxer OblTh MeHblle 2; 3TO 03HAYaeT, YTO
HeYeTHble CePHH IO KpafiHefi Mepe He KOpoue UYeTHBIX. JTOT (hakKT
BOBCE HeyJIUBHTEJEH, [IOTOMY UTO NPH NepBOM OpOCaHHH MOHETa
CKOpee BCero BhINafieT 6GoJiee BepOATHOH CTopoHOH. Takum obpa-
30M, mepBasi cepHsi HMeeT GOJiblle IIAHCOB OBITb JJHHHOH, YyeM KO-
POTKOH, TaK 4YTO OHa B cpefiHeM OyAeT NJHHHOH HJH IO KpaHHeH
Mepe JJIMHHee BTOPOil CepHH, OXKuJaeMmas NJIHHA KOTOPOH paBHA
BCETO JIMIIb 2. YAUBHTENBHO Xe TO, UTO OXKHAaeMmasi [JIMHA YETHBIX
CepHH He 3aBHCHT OT p.

(iii) 3akoH GoubluuMx uyHces DBepHysaM MOXKHO KpPaTKo BHpa-
3HTb C [OMOIIBIO INOHATHS CcXOOUMOCTU NO 8epOATHOCTU. [OBOPAT,
4TO MOCJEeLOBATEJNbHOCTh CJAYUaHHBIX BeJHYHH Xi, X, ... CXOJHTCS
O BePOSITHOCTH K CJydYalHOH BesIHUHHE X, eCJH BepOsSTHOCTh CO-
GbiTHst | X, — X|>> & CXOmMTCS K HYJNIO AJsl JIOGOTO [OJOMKHTEb-
HOro ¢, T. e. ecin P(|X,— X|> ¢)—0. (Ilapamokca;ibHO, HO MO-
KeT CJIYYHTbCS TakK, YTO NOCJEeNOBATEJbHOCTh CJAYYaiHBIX BEJHYHH
X1, Xo, ... cxomurcs mo BepositHocTH K 0, a mocJenoBaTesb-
HocTe (X1 + Xo+...4-X.)/n uer.) 3akon BepHysin yTBepxknaer,
4YTO OTHOCHTEJIbHAsi 4acToTa k/n COOBITHS CXOLUTCS TO BEPOSTHOCTH
K BEpPOATHOCTH 3TOro coOuiTHs. s JOKasaTenbCTBa CXOAHMOCTH
MO BEPOSITHOCTH OOBIYHO HCHOJNb3YIOT HepaBeHCTBO YebwlllieBa—



Bbeneme, COrJIaCHO KOTOpPOMY, eciH E — MaTeMaTHuecKoe OXHAA-
HHe cayuainoi BeqnuHHH X u D? — ee aucnepcus, To

P(|X — E|> &) < DYe.

HutepecHo, uto pycckuit yuennft [1. JI. Yeboiues u dpaHumy3ckui
yuennii JK. Boeneme onyGaHKOBAJH CBOH HEPABEHCTBA, KOTOPHE OHH
OTKPHIIM HE3aBHCHMO Pyl OT Apyra, B ONHOM H TOM Xe€ HOMepe
¢dpanuysckoro xypuana (J. Math. Pures et Appl. XII. 1867).
U3 3Toro HepaBeHCTBa cpasy cJjelyeT, 4YTO €CJH pacnpejeseHHst
HE3aBHCHMEIX CJy4YaHHBIX BeJHYHH Xy, X, ... OJHHAaKOBH H HX
nucnepcus D? KOHeyHa, TO apHMeTHUECKOe CpelHee

X+ X+ ... +X)n

CXOJHTCSl IO BEPOSITHOCTH K 0OIleMy MaTeMaTHYeCKOMY OXHAaHHIO
BequunH X; (mucmepcusi apucdMeTHyecKoro cpeanero paeHa D?/n
¥ crpeMutcsi K O mpH n—-00). DTO ecTh OAMH H3 OOMHX (CaalbHIX)
3aKOHOB GoJsIbIIMX YHces. B crabpix 3akOHaX GOJBIIMX YHCEJ peyb
HJEeT O CXOJHMOCTH IO BEPOSITHOCTH, a B CHJIBbHBIX 3aKOHaX 60JIb-
IIMX YHCeJ yCTaHABJHBaeTCsi CXOAHMOCTb ¢ BepoarHocTbio 1. Cure-
LyIollee 3aMeYyaHHe OTHOCHTCS K CHJIBHBIM 3aKOHaM GOJIbLIHX YHCEJ.

(iv) Cpexn cHJBHBIX 3aKOHOB OOJIbLIMX yHcesJ HauboJee H3-
BecTHa TeopeMa KosmoropoBa: ecan X, X, ...— B3aHMHO Hesa-
BHCHMBIE CIyyafHble BeJIHYHHH C OJAHHAKOBOH (yHKuMe# pacmpe-
Jpesenus, uMelouedi (obuiee) KOHeUYHOe MaTeMaTHUYECKOE OXHIaHHe
E, To apudmerHueckoe cpeiHee

X+ X+ ... +X,)/n
cxomutcest K E mpu n— oo ¢ BeposiTHocThio 1. Ecnin coyuafinbie Be-
& N
JUYMHE TOMOXKHTENbHH M SY 0603HAaYaer 3JleMEeHTapHBIH CHM-
MEeTPHYHBLIH MHOTOUYJIEH

X X5, ... X
1<t <igSt . <iy<n 100 T

R
A/ s / (n)
[\

takxe cxomurca K E (c BepositHOcTBRIO 1), rae k= k(n)— Hary-
pajibHOE YHCJIO TaKoe, 4To k/n—~0 nmpH n — co. C BepoATHOCTHIO |
TaKXe CYIIeCTBYeT Npefes] [axe B TOM clyyae, Korga k/n crpe-
MHTCSI K HEKOTOPOMY IOJIOXHTelbHOMY uHcay ¢. Torza mpeneiom
6yser mocrosinHas, 3aBHcsmas or ¢ (ecan 0 << c¢ <1, 10 mocra-
TOYHO MPEAMNOoJaraTh, YTO KOHEYHO MaTeMaTHYeCKOe OXHIaHHe Be-

aununHB log (1 4 X;), # TO Ke camoe mpejnojaraeM OTHOCHTENbHO
[log X;|, ecam c¢=1, cMm. cratbio Xomaca u Cekes). IIpo6irema

TO



3HAYHTEJNBHO YCJOXKHSETCS, eC/H CyuyalHble BeJIHYHHBI MOIYT IpH-
HUMAaTb Kak OTpHUATeJNbHBIE, TaK H TMOJOXHTEJNbHbLIE 3HAUYEHHS.

(v) «3akoH OOJBIIHX 4YHCEeN» HEBEpPEeH B CMBICIE KaTErOpHH
(cM. crathio Mengesa).

e) Jlureparypa

Erdos P., Rényi A. “On a new law of large numbers”, Jour. Analyse
Mathematique, 23, 103—111, (1970).

Erdés P., Révézs P. “On the length of the longest head-run”, Coll. Math.
Soc. J. Bolyai, 16 (ed. Csiszar, I., Ellias P.) (1975).

Halasz G., Székely G. J. “On the elementary symmetric polynomials of
independent random variables”, Acfta Math. Acad. Sci. Hung., 28, 397—400,
(1976).

Komlés J. “A generalization of a problems of Steinhaus”, Acta Math.
Acad. Sci. Hung., 18, 217—229, 1967.

Mendez C. G. “On the law of large numbers, infinite games, and cate-
gory”, The American Math. Monthly, 88, 40—41, (1981).

Méri T. F., Székely G. J. “Asymptotic behaviour of symmetric polinomial
statistics”, Annals of Probability, 10, 124—131, 1982.

Méri T. F., Székely G. J. “Asymptotic independence of “pure-head” stop-
ping times”, Statistics and Probability Letters, 2, 5—8, 1984.

Révész P. The Laws of Large Numbers, Akadémiai Kiadé, Budapest, 1967.

10. Napapokc ne MyaBpa; 3KOHOMMS SHEPrUM

a) Hcropus napadokca

OpnHolt U3 BHAAWIIUXCST QUIYP B TEOPHH BEPOSITHOCTEH SIBJISIETCS
Abpaxam de Myasp (1667—1754 rr.). DTOT MaTeMaTHK, POAUBIIHI-
cst B0 ®@paniuu, mocjae oTMedbl HaHTckoro sgukTa (KOTOpHIH mpe-
JOCTaBJIsI TYreHoTaM cBOGOAY BEpOHCIOBENAHHs) mepeexas B AHT-
auto. Tam B 1718 r. Gnuta omybJHKOBaHa ero OCHOBHast paboTa
«Jlokrpuna maHcoB» («The Doctrine of Chancess). B 3-m usganuu
stoft KHUTH (1756 r.) me MyaBp Tak mucas o CBOeM OTKPBHITHH MH-
pOBOro 3HaueHHs! (O KOTOPOM OH COOGIIH/ HEKOTODHIM ADPY3bAM ellle
B 1733 r.), conepxamem B ceb6e HaMHOro GoJsblie, ueM 3aKOH 60Jb-
mux uncesa bepuyiaau: «...Bo3bMy Ha ce6s CMeJOCTb yTBEPXKAATH,
YTO 3TO TpyAHeHliast npoGieMa o caydyafiHOM...». be3 coMHeHHusl, OT-
KpeiToe 1€ MyaBpoM HOpMaJbHOe paclpefesNeHHe, CTajao Kpae-
YrOMbHBIM KaMHeM Hayku o caydaiiHoMm. (e Myasp, Kak 310 HH
CTPaHHO, HE BKJIOUHJI CBOe OTKDHITHE BO 2-€ H3JlaHHE KHHTH B
1738 r.).

6) Ilapadoxc

Cor/1acHO 3aKOHy GOJBIIMX yHces DepHyJJH, BepOATHOCTb TOTO,
4TO TPH GPOCAHHH MOHETH YHCJO BbiNajeHHil rep6a mpubaH3uTEb-
HO PaBHO UMCJY MMOSIBUBIIHXCS pelleK, CTPeMHTCs K 1 mpu ysesnue-
HUM uyucaa GpocaHuil (mpub/IMKEHHOE PaBeHCTBO UYHCEJ O3Hauaer,
yT0 HX OTHoLieHHe crpeMutcs K 1). C apyro#f CTOpoHBI, BeposT-



HOCTb TOrO, YTO YHCJIO repGoB GyJeT B TOYHOCTH PaBHO YHCHYy pe-
IEK, CTpeMHUTCsl K Hyao. Hanpumep, npu 6 6pocaHHsiX MOHETH Be-
POATHOCTh BHIMafeHHss 3 rep6os paBHa 5/16; nmpm 100 Gpocanusax
BepoaTHOCTb BhinajeHus 50 rep6os pasHa 8 %; npu 1000-6pocanui
BeposiTHOCTh Bhmafenusi 500 repGoB cocraBiser Menee 2 %. B 06-
IIEM cjyuae, KOria MoHery 6pocaloT 2n pas, BEPOATHOCTb TOro, 4TO

2n\ _
rep6 BbIIaZaeT POBHO 7 pas, PaBHA p =( n )2 W pas jpocra-

TOYHO GOJIBLIHX 1 BEPOSTHOCTb p NPUGIHKEHHO paBHsAeTca | [A/nn,
4TO NEHCTBHTEJNBHO CTPEMHTCA K HYJIO ¢ pocToM #. CyMMHpPYyeM CKa-
3aHHOE: BEPOSITHOCTb TOrO, YTO YHCJO repGoB MPUOJIHXEHHO PAaBHO
YHCJY pellleK, CTpeMHTCS K 1: B TO e BpeMs BePOSTHOCTb TOrO, YTO
49uCc/I0 rep60B B TOYHOCTH COBMAAAeT C YHCJIOM peIleK, CTPeMHTCS
K 0, PaspuiB Mexay 3THMH AByMs (akTaMH GBI OKDYXXE€H €aTMo-
chepoll mapajokcaJbHOCTH» JO TexX Nop, moka e Myasp He mo-
CTPOHJ HaJ, HUM MareMaTHYECKHH MOCT.

8) O6wacnenue napadokca

Nycts H, 1 T, 0603HauYaIOT YHCJIO BHINaJeHHH repb6a M pemku
COOTBETCTBEHHO IpH n OpocaHusix MoHeTH. CorsiacHo 3akoHy 60J1b-
mux yucea BepHyJH, BepoATHOCTb TOrO, yTo pasHocts H, — T, cra-
HOBHTCS TIPeHeGPEXKMMO MAaJsoff MO CPaBHEHHIO C 71, CTPeMHTCA K |
(uto coBceM HeyauBuTenbHO). OnHaKo Ae MyaBp 3aMeTHJ, YTO Be-
auunHa |H,—T,| He aBjsercs mpeHeGpexXHMO MaJoi MO cpaBHe-

HHIO ¢ 4/n. OH BHYHC/IWJ, HampuMep, d9To WIsi n = 3600 BeposT-
Hoctb Toro, uro |H,—T,| He mpeBocxomut 60, paBHa 0.682688... .
IMycTh X — NPOM3BOJbHOE MOJNOXKHTEJIbHOE YHCIO, H MycThb Ap(x)
0603HayaeT BepPOSATHOCTb TOrO, YTO |H,,—T,,|<x«/n. CoraacHo
ae Myaspy, An(x) cTpeMHTCs ¢ POCTOM 1 K BeJHuHHe A(x), 3aKiio-
yenHo#t Mexay O u 1. IIpu yBennueHHH X OT HyJs A0 GecKOHeuHO-
¢t A(x) TakXKe IOCTOSHHO BO3pacTaeT OT HyJs A0 €NHHHUH (CM.
3ameuanue (i)). dra ¢yHkuus A(x) 4 ecTb TOT MaTeMaTHYEeCKHH
MOCT, O KOTOpOM roBopujoch Bbime. JIns HaxoxpmeHus A(x) ze
Myasp ucrnoabsoBan ¢opMmyay CTHPJIHHra, KOTOPYIO OH OTKPBHLI He-
szapucumMo ot Crupaunra. (Popmyna Jocedmca Crupaunea Oulia
JokasaHa B 1730 r., oHa yTBepXKAaeT, 4TO 7! NPUGIH3HTENbHO paB-

usetcs A/ 2nn (n/e)".)

2) 3ameuanusn
(i) Tounsit Bup dynkuuu A(x) caenyomuii:

x

AW =V (e du.

0



HMcnonb3ys sty dopmyny, Teopemy MyaBpa MOXHO 3amucaTth B cle-
JlyIolieM BHJE

lim P(|H,—T,|<xA/n)=A(x), ectu x>0,
n=»co

HJIH _
lim P(H,— T, < x+/n)= 0@(x),
n=»oc

rae
) x
(D(JC)=__ S e~widy,
/2n
—00
FoBopAT, uTO caydafiHas BeJHUYHHA, KOTOpas MpUHHUMAaeET 3HAaYeHHd,
He IpeBOoCXoaslHe X, C BEPOATHOCTHIO (Il(x) (I‘}J,e X — MPOHU3BOJIb-
HOoe JeHCTBHTENbHOE '-IHCJIO), NOAYHHSACTCA CTAHAADTHOMY HOpMaJjb-
HOMY pacnpejeneHuo. B cuay pesynbrara ne MyaBpa BEJIHYHHA

P(x)
05

0 T T T T T T
-3 -2 -I 0 1 2 3 x

Puc. 3. CranpapTHas HopMajibHasi GYHKUHA pacnpeneseHus.

(H, —T,)/ A/n NpHOJIH3HTENbHO MOJAUHHSETCS CTAHIapPTHOMY
HOPMaJIbHOMY pacnpefieleHHo (ecH 7 JOCTATOYHO BEJIHKO).

[B Tabn. 1 B KOHLle KHMTH TIPHBEJEHBl 3HAueHHs (YHKIHH
O (x).]

(ii) ITockoanbky Hn+4- Th=n, yka3aHHHH BhIIE Pe3y/ibTaT Mo-
JKHO c(hOopMyJIHPOBATh CAEAYIOMIHM 06pasom:

lim (H,<nf24x4/n[2) =D ().

Jle MyaBp Takxe HccieloBas clydadl, KOrja y MOHeTH CMeIIeH
1eHTp (MOHera HecnmmeTpuqHa? u rep6 BHIIafaeT C BEPOSTHOCTLIO P,
a peleTka — ¢ BeposiTHOCTRIO | — p. Toraa chnpaBemJiuBO COOTHOLIe-
HHE

lim P(H,<np 4+ x+/np(1—p)) =0 (x),



H3BECTHOe M0J Ha3BaHMEM <«mnpejeabHas Teopema Myaspa — Jlan-
Jacas. DTy TeopeMy MOXKHO LIMPOKO HCIOJb30BAaTb B DPAa3JHYHBIX
o6iacTx NpH IJIAHHPOBAHHM, HANpHMep NpPH IJAHHPOBAHHH pac-
X0/Ja dHEprHH.

ITpumep. Paccmorpum 300 omxuHAKOBHIX CTaHKOB Ha ¢abpuke.
Ecan B cpegneM 70 % crankoB paGoratorT u 30 % HaxoasaTcs B pe-
MOHTE, TO HykHO oGecrneunTs sHeprueil B cpegseM 210 crankos. On-

MAMEMAITILIECKOE

oxcudarue
cmandapmtoe cmandapmmitoe
OmKITOReHUE | ommnorerue

Y Loy

|
1
l
I.

359% | 34,13%) 34,13%! 13,59%
1 L ] 1

68,26 %
95, %4 %
39,75 %

Puc. 4. HopMaJibHasi IVIOTHOCTb BePOATHOCTH.

Hako uHorxa Moryr paborate Bce 300 crankoB. Kakum KoianuecT-
BOM 5HepPrud HyXHO obecneuuTb (abpHKy, YTOOH C BEPOSTHOCTHIO
99.9 % Bce ucnpaBHHEe cTaHKH Morau paborath? (IIpeamosaraercs,
YTO CTaHKH BHIXOJSAT U3 CTPOSl HE3aBHCHUMO APYT oT apyra.) B npu-
BefleHHO! BHIe hopmyne H, Tenepp o3Hauaer 4uCJIO PabOTAIOIUX
crankoB, n=300 u p=0.7. Ilo Taba. 1 anaa x =3 HaxoouM
®(r) ~ 0999, [lasn stux sHauenuid umeeM np + xA/np(l — p) =
=210—|—3o\/63, TaK 4YTO JAOCTaTOYHO IPHHHMAaTh BO BHUMAaHHUEC
234 cranmka. (OxHako Ha NpaKTHKE YYHTHIBAIOT IPAKTHYECKH BCe
300 cTaHKOB, MPOSABISS TEM CaMbiM H3JIHIIHIOI OCTOPOXKHOCTb.)
(iii) Teopemy MyaBpa — Jlansaca, KOTOPYI0 Mbl o6Cy:Kaanu
BhIllle, MOXKHO 00001aTh B PA3JIHYHBIX HampasseHHAX. [IpeacTaBu-



TeJH MarteMaTHueckoff mkKosaw Cankr-Ilerep6ypra Bo riase C
II. JI. Yeboiwesoim (1821—1894 rr.), B ocobennoctu A. M. Jlany-
nos (1857—1918 rr.) u A. A. Mapros (1856—1922 rr.), moaydunn
BceoOmee TPH3HAHHE 32 CBOH PabGoThl MO OGOCIIEHHIO TEOPEMBI
MyaBpa — Jlanaaca. ITycrs X;, X, ...—B3aUMHO He3aBHCHMHIE
cayyaiHble BeJIMUHHBl C OJHHM H TeM XKe pachnpeleseHHeM (T. e. ¢
obmell ¢ynknHeld pacnpeienenns). Ilpeanosnoxum, yto y ciayda#-
HBIX BEJHYHH CYLIECTBYIOT KOHEUHble MaTeMaTHUYeCKHe OXHIAHHS H
CTaHAAPTHbIE OTKJIOHEHHS.

ITycts M o6Go3Hnauaer ofliee MaTeMaTHUECKOe OXHAAHHE H D —
CTaHAApTHOE OTKJOHEeHHe caydyafHbx BejauuuH X;, Xo, ..., H OyCTh
Sn=X1+X2+...+Xn. Torga

lim P(S, <nM + xDA/n) = ®(x).

AT0 — YyeHTparbHas npedesvHas Teopema, HaubGosee BaxkHas H3
BceX NpeflesbHbIX TeopeM (H3-3a CBOel 3HAUHMMOCTH OHA H GblJIa Ha-
3BaHa <«IlEHTpa/JbHOH», Tak ee BmepBble HasBasa J[lxopax [lofia).
B npenenbHBIX TeopeMax, Kak IPaBHJIO, PAacCMaTpPHUBAIOTCS aCHM-
NTOTHYECKHE paclpefesieHus pa3iuyHbXx GyHKUUA (HAmpumep, CyM-
MHl, IPOH3BEJEHHS], MAKCHMYMa H T. A.) OT CJAy4afHBIX apryMeHTOB.
LenrpanbHasi npepenbHass TeopeMa U ee 0606lIeHHS OGBICHSIOT,
[oYeMy B MNpHPOJE HOpPMAaJbHOE pacHpeleseHHe BCTPeYaercss Tak
4acTo, 0COGEHHO, B CBSI3H C BEJIHUHHAMH, KOTODble COCTABJIEHBI U3
MHOTHX («IOYTH») OJHHAKOBO PaCHpEeNeNeHHBIX (KIIOYTH») HE3aBH-
CHUMBIX cJyuyafiHbIX KoMrnoHeHT. CJefyer NOAYEPKHYTb, YTO B MNpH-
pOZle TaKHe «KOMIO3UIHU» U3 CAYYaHHBIX BeJIHYHH He Bcerga obpa-
30BaHBl HX CYMMOH, MOTOMY H3y4Y€HHE MOBEAEHHS APYrHx HyHKLUHA
OueHb BaxHO. [TyanKkape KakK-To 3aMeTHJ C CapKa3MoM, UTO BCe Be-
PST B YHHBEPCAJBbHOCTb HOPMAJBHOTO pachpeneseHusi: QU3HKH Be-
pPAT TOTOMY, YTO NyMaloT, YTO MAaTEMATHKH [0Ka3ajH €ro JiorHue-
CKyI0 HEOOXOAHMOCTb, a MaTeMaTHKH BEpSAT, TaK KaK CUHTAIOT, UTO
(H3UKH TPOBEPHJH 3TO JaGOPaTOPHBIMH SKCHEPHMEHTAMH.
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11. Mapapokc BépraHa
a) Hcropus napadokca

Xopaw bropgon (1707—1788 rr.), 3HaMeHHTHH (paHUY3CKUH
yuenni, B paGore, HanucaHHo# B 1733 r. (HO ony6auKOBaHHOH B
1777 r.), NOJOXHJ HayaJo HOBOMY HalpaBJeHHIO B TEODUH BEpOSAT-
Hocrefl. PellleHHe 3HaMEHHTOH «3allaud 06 Hrie», obCcyxuaemMoe B
3TOfi CcTaThe, MOTPEeGOBAJO HCHONB30BaHUS CKOpee reOMETPHYECKOro
(a He xomMOGuHaTOpHOro) Mertofa. B 3ajauax Takoro THIma NpenIo-
Jlaraercsl, 4To cJydyafiHhle TOUKH DAaBHOMEPHO pacIpelesieHH B He-
Kotopoft o6nacti. (Hanpumep, monaganus myJap B Muienb.) Bepo-
STHOCTb NMONAajaHHs B NPOH3BOJbLHYIO YacThb JaHHOH 06JIacTH Mpo-
NOpUHOHAJbHA ee MJOMAAX (AJHHe WM 0O6beMy). Takum o6pasom,
IJIs1 BRIYMCJIEHHS BEPOSITHOCTH HaM JIHINb HYXKHO HAa¥TH OTHOIIEHHE
«6J1aronpHATHOM» IJIOMAAH KO <«BCefi» MIoOmAAH (AJIHHe HJIH OGB-
eMy). BeposiTHOCTH TakKoro THNma NPHBOAAT K PAAY NapajOKCOB.
Hanpumep, manc mopa3uts neHtp (uau g06yi0 APYryio 3aAaHHYIO
TOYKY) MHIIeHH paBeH, oyeBHAaHO, 0. C Apyrofi CTOpOHH, mONacTh
B 3Ty TOYKY MOXKHO H, CJI€IOBATEJbHO, Mbl JOJIKHBE pasJHuaTh CO-
OLITHS. NMPOHCXOASIKE C BepOATHOCThbIO 0, H HEBO3MOXHEE COGH-
THA (BepOATHOCTh HEBO3MOXKHOro coGHITHsi paBHa 0, Ho o6paTHOe
HeBepHO). JIOBOJILHO CTPaHHO BHIIVIAIHT TakXKe CJAeAylOIui (akr:
COGHITHSI «MOPa3uTh MO KpafiHell Mepe OAHY TOUKY H3 KOHEYHOTO
MHOXECTBa TOYEK» W <IOPAa3HTh JHIIL OLHY TOUKY» HMEIOT OJUHA-
koBble BeposiTHOCTH. (OGe BepoarHoctu paBHH 0. CM. mapagokc o
HyJIeBOH BEPOATHOCTH.) Jlpyrasi CTpaHHOCTb: B3aHMHO OXHO3HAUHOE
npeo6pa3oBaHHe MOXET COBEPIIEHHO H3MEHHTh LiaHcH. Hampumep,
€CJIH MHl cJIyyafiHHIM 06pa3oM BhIGHpaeM TOUKy Ha uHTepBaJe (0, 1),
TO IIaHCH BHIGpaTh YHCJO, KOTOpoe MeHble 1/2, paBun 50 %. On-
HaKo ecau Bce uyucaa H3 (0, 1) BO3BecTH B KBaZipaT H paBHOMEPHO
BHOHpPATh M3 3THX KBaJApaToB, TO WIaHCH YyBeauyatca 1o 65,6 %.
KoneuHo, nepBHii oTBeT, T. . 50 %, Gojee ecTecTBeHHeH. OXHAKO
B JIPYTrHX 3ajayax BHIGOD MeEXJY €CTeCTBEHHHIM H HeEeCcTeCTBEH-
HBIM OTBETaMH MOXeT OKa3aTbCsl GoJee CJOXKHHM. BHime yxe
OTMeuasioch (B MOCJTefHeM 3aMeUaHHH K MepBOMY mapajokcy), 4To
TaKOA BHIGOp He BCeria BO3MOXKEH Ha OCHOBe JHIIbL JOTHUECKHX
paccyxleHuii 6e3 yuera JaHHHX NPAakKTHKM. IMEHHO B 3TOM CYTb
Cleflylomero napapokca, ony6/uKOBaHHOro B KHHre <«Mcuucienue
BeposiTHocTefi» (“Calcul des probabilites”) (1889 r.) JKosegpa JTyu
Beprpana.

6) ITapadoxc

Jlnsi HeKOTOpO#H OKPYIKHOCTH cJyyafiHbiM 06pa3oM. BHOHpaeTcs
xopAia. HafiTh BeposiTHOCTb TOro, uto 3Ta XOpAa AJHHHEE CTOPOHHBI
NpaBHJIBHOrO TPEYroJbHHKA, BIHCAHHOTO B JAHHYIO OKPYXHOCTb.



Hapa}IOKC YTBEp2KJAaeT, YTO 9Ta BEPOATHOCTb ONPEAENSCTCS HEOAHO-
3HayHO, T. €. PA3/JHUYHBIE METOAH IMPHBOASAT K Pa3HBIM pE€3YyJbTaTaM.

Ilepsolii merod:

CnyuaiinpiM o6pasoM (paBHOMEPHO) B [aHHOM Kpyre BHIOH-
paercst Touka. JTa CiayyaliHas TOUYKa OlpeleNsieT eNHHCTBEHHYIO
XOpALY, ‘CepelHHOH KOTOpO# OHa siBJIsieTcs. DTa XOpAa AJHHHEEe CTO-
POHHl HaLIero MPaBHJIbHOTO TPEYroJbHHKA TOrJa M TOJNBKO TOTAa,
KOTja ee cepelliHa JIEXHT BHYTPH KpYyra, BIHCAaHHOTO B TPEYroJb-
HUK. Pajguyc 3TOro xpyra paBeH IIOJOBHHe paJuyca HCXOLHOrO Kpy-
ra, cjefoBaTe]bHO IUIONaAb BIHCAHHOTO Kpyra cocrasiser 1/4
mwiowaau ucxognoro. TakuM o6pa3oM, BEPOATHOCTb TOTO, YTO CJY-
yaiiHO BhHIOpaHHAasi TOYKa JIEXHT BHYTPH BIIHCAHHOTO KpYyra, paBHa
1/4. Tak uTo 3TOT MeTOX JaeT oTBeT 1/4.

Bropoii merod:

Hcxolst u3 coobpaxeHuii CHMMETPHH, MOXEM CUMTaTh, YTO OJ-
HHM KOHLOM XOpJHl sIBJISIETCS! NPOU3BOJbHAs (HKCHPOBaHHasl TOYKA
Ha oxpyxHocTH. [IycTh 3TO# TOUKOH sBJISETCS BEpIUHHA BIHCAHHOTO

S

Puc. 5. Tpn cnoco6a BHGOpa ciayuadHOR XOpABL

TpeyronbHUKa. BribepeM ApYrofi KoHel CIydadHO € pPaBHOMEPHHIM
pacrnpenenenueM. BepUIMHH TpeyroJbHHKa [eNAT OKPYXKHOCTb Ha
TpH paBHEIE AYTH, W cjydaiiHas XOpAa AJHHHEE CTOPOHBI IPaBHJb-
HOrO TPEYroJibHHKa, €CIH OHa IepeceKaeT 3TOT TpeyroJbHHK. Tak
4TO HCKOMasi BEPOSITHOCTb Tellepb paBHa 1/3.

Tperuii merod:

BriGepeM TOuKy cayyadHbBIM 00pa3soM paBHOMEDHO Ha pajauyce
OKPYKHOCTH ¥ BO3bMEM XOpAYy, KOTOpasi TepIeHAHKYyJspHa 3TOMY
paiMycy ¥ TNpOXOAMT uYepe3 BhIGpaHHyl Touky. Toraa cayuaiiHas
XOpAa JJHHHee CTOPOHBI BIHMCAaHHOrO MPaBHJbLHOrO TPEYrOJbHHKA,
ecau cayyaliHasi TOYKa JIEXHT Ha TOH TOJIOBHHe pajuyca, KoTopas
6nuxXe K UeHTpy. Mcxofsi U3 cooOpaXKeHHH CHMMETpPHH, HEBaXHO
KakKo#l pajuyc Gbl BBIGpaH AJs NOCTPOEHHs, IIO3TOMY HCKOMasl Be-
pOSITHOCTb paBHa 1/2.



8) OGwscHenue napadoxca

[Nonyuenne pasHBIX pe3y/bTaTOB KaXeTcs MapafoKCaJbHBIM, TaK
Kak OblIo y6eXJeHHe, YTO CJIOBAa «PaBHOMepHBIH c/iyyalHHH BbI-
60p» OIHO3HAYHO ONpeAeNSIOT HCKOMYIO BeposTHocTb. [lapamoxc
MOKa3hIBaeT, YTO BO3BMOXKHEI Pa3JjHYHbIE CIOCOGH BHIGOpa paBHOMep-
'HBIM 06pasoM, NpHYEeM KaXKAHIHA cnoco6 BHIIVISAHT [IO-CBOEMY «ecTe-
cTBeHHRIM». KaXzBlli M3 Tpex yKa3aHHLIX Bhilie METOAOB HCIOJb-
3yeT paBHOMepHOe pacnpefeieHue (B Kpyre, Ha OKDYXHOCTH H
panuyce kpyra). Ilo muenuio Ilyankape («HcukcieHne BeposiTHO-
creii» («Calcul des probabilites»). ITapux, 1912 r.), ecin y Hac
HeT HUKaKOH NONOJIHHTeJbHOH HHGOpMalUHH, TO ClAefyeT BOCIOJIb30-
BaThCsl TPETbHM MeTOAOM (rae oTBer Ob 1/2), Tak Kak B 3TOM
clyyae MMeeM: eCJH ABa MHOXECTBa XOpJ TeOMEeTPHUeCKH KOHIpY-
SHTHH, TO C PaBHBHIMH BepOATHOCTAMH cJyyaliHO BbiGpaHHas XopAa
6yrer mpuHajdexaTb MIO6GOMY H3 3THX MHOXecTB. M3yueHne HHBa-
PHAaHTHOCTH TAKOro THNA MPHBEJO K OuYeHb HHTepeCHOMY pasjeny
MaTeMaTHKH, KOTOpDHIH Ha3bBaeTcsi HHTerpa/JibHOH reoMmeTpHuei.
(3101 TepMHR Gbi1 BBeleH Buaveesvmom baswke B 1934 r.)

Cuaenyrouise Tpe6oBaHKs KHBaDHAHTHOCTH TaKXe NPHBOAAT K Be-
positHocti 1/2 (cMm. Janes E. T. «The Well-posed problems, Foun-
dations of Physics, 3, 477—493, (1973)). Ilyctb R — panuyc kpyra.
[Tonoxenne xopAbl onpepensiercsi 3ajaHHeM MNOJSPHBIX KOODAHHAT
(r, 0) ee uentpa. Hailinem orBer Ha 6osee C/JIOXKHBIA, ueM y Bepr-
paHa, BOMNpOC: KaKoBa JOJIKHAa OBITb IJIOTHOCTb BepOSITHOCTH
[(r, 0)dA =f(r, 0) rdr® BuyTpu Kpyra? I10CKOJbKY pacrnpepeieHHe
AJIHHBL  XOpJAbl 3aBHCHT TOJBKO OT paiHajbHOH KOMIIOHEHTHI,
f(r, 8) =f(r). Urak, npobieMa cBelleHa K HaXOXKAEHHIO (PYHKUHH
f(r), HOpMHPOBAHHOM COrNACHO PABEHCTBY

2n R

{ (fyrarao=1, 1. e. 2n§f(r)rdr=l.
0

0 0

Hnsapuantrocre macwiraba (T. e. MHBApPHAHTHOCTb [IPH H3MeHEHHH
macuwitaba) NpUBOJUT K ypaBHEHHIO

aR
a2f(ar)=2nf(r)g Fwude, 0<a<l, 0<r<R.

0

Ouddepenuupys no a, nosaras a= 1, u pewas noaydeHHoe Aud-
¢deperunaibHOE ypaBHEHHe, HaX04UM, 4TO oflilee peleHHe (yXOBJe-
TBOpAIOLIee [lepeYyHCHeHHbHM BhIlle YCIOBHAM HOPMHPOBKH) 3aMHCHI-

BaeTcsa B BHAE
() = qro=2/(2nR?),



rje g — NPOH3BOJIbHAS NMOCTOSTHHASA, KOTOpas He olpejensieTcs TOY-
HO YCIOBHEM HHBApHAaHTHOCTH Macuitaba. Hakownen, ecnin MH caBH-
HeM Kpyr Ha paccrosiHde b, To mpeo6pasoBanue (r, 8) = (r/, @)
3aJ1aeTCsl COOTHOUIEHHAMHU r’ = |r — bcosB| u

o {9, ecan r > bcosH,
T L84 m, ecan r < bceosH.

Husapuanrnocre orHocutreasHo cdsuzos naetr g =1,
TakuM o6pa3oM, B COOTBETCTBHH C TPETbHM METOJOM MH MOJY-
yaeM

f(r,0)=2aRr) ™", 0<r<R, 0<<O<<2m.

IMockosbKy xopHa, KOOpAMHATH CepelHHH KoTopo# (r,8), HMeeT
Ay L =2(R?—r?)1/2, HyHKOHS NJOTHOCTH BEPOSITHOCTH BEJIH-
yuHe X = L/(2R) pasua x/(1 —x?)1/2, 0 << x << 1, uro coraacyer-
csi ¢ goraakoil Bopeans («Elements de la théorie des probabilités»,
IMapux, 1909 r.).

e) 3amewanus

(i) Mpu o6cyxnennn nmapajokca DeprpaHa MH paccMOTpenH
TPH MeToA2 BuOopa ciaydaHHOH XOpAbl, OHAKO CYIIECTByeT MHOXe-
CTBO APYTHX CTOJIb XK€ eCTeCTBEHHBIX MeToAoB. Hampumep, ecin MH
cayyafiHo BhGepeM TOUKY B 3aJlaHHOM Kpyre, 3aTeM IpoBeieM ue-
pe3 3Ty TOYKY XOpAY B NPOH3BOJLHOM HamlpaBiaeHHH (yroJ, ompeje-
JAOWIHA HanpasJjeHHe, paBHOMEPHO pacnpefiejleH BO Bcefl o6nacTH
H3MeHEHHH yIja H He 3aBHCHT OT BHI6Opa TOYKH), TO HCKOMas Be-
pPOATHOCTb PaBHa

1/3 4+ 4/3/(2%) = 0.609. . . .

HeynnButenbHO, 4TO MOJMyYeHHBI pe3yabTaT Goasule 1/2, Tak kak
Tako#t crmoco6 BhiGopa uyamie maeT xopAn GoJblei AguHbl. Eme
Gonpmyio BepoATHOCTh (0.7449) MH NOJYYHM, ecau cJhaydyaidHas
XOpJa MoJlyyaercsi COeAHHEHHEM ABYX CAyYaHHBIX TOYEK Ha OKpYXK-
HocTH. Ipyrofi, MeHee eCTeCTBEHHHI, MeToi BHIGOpa 3akJIOYyaercs
B caeaymomeM. ITpoBeneM oKpyXHOCTb (pajuyca r) c TeM Ke LieH-
TPOM, UTO H HCXOJHAasA OKPYyXHocTb (paamuyca R), u BHGepeM cay-
yaliHyl0 TOYKy (paBHOMEpPHO pachpelesNeHHYIO) B Kpyre pajanyca r.
IMpoBeneM npsMyio yepe3 3Ty TOYKY B HalpaBJeHHH, PaBHOMEpPHO
pacrnpejieJeHHOM BO Bceft 06/acTH H He 3aBHCAIIlEM OT BHGpaHHOH
Toukd, Bompoc 3akiiouaercs B crepywomeMm. Eciu npsaMas nepece-
KaeT KPyr paauyca R, To yeMy paBHa BePOATHOCTb TOTO, YTO XOPAa,
o6pa3oBaHHas NpPH MepeceYyeHHH IPAMOH ¢ KpyroM paauyca R,
AJIMHHEE yXKe He pa3 yINOMHHaBIuefcs CTOPOHH IIPAaBHJIBHOTO BIIH-
caHhoro TpeyroabHHKa? OTBeT mosydaercss mpocro. Ecau r Bo3pa-



craer ot r=R/2 g0 r = oo, TO HCKOMasi BepOSITHOCTb yOHBaeT OT
1 no 1/2.

(ii) WnTerpanbHas reoMeTpHsi, BO3HHKIIAS B CBS3H C reOMeTpH-
YeCKHMH BePOSITHOCTSIMH, NpHOGpeTaeT Bce Bo3pacTalolliee 3HAYEHHE
BO MHOTHX 06JacTAX HayKH, HalpHMep, [Js BOCCTAHOBJEHHS Tpex-
MEPHHX (QHIYp MO HX ABYMEDHHM CEUEHHSM HJIH NPOEKLHSM, a TaK-
e B MHHEpaJIoTHH, MeTaJJyprun H 6uonornH (oco6eHHO B TOMO-
rpaguu AJs TPeXMepHOH PEeKOHCTPYKUHH ONyxoJed).
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12. Mapapokc u3 Treopun urp. Mapagokc rnaguaropa

a) Hcropus napadokca

XoTsl asapTHHeE UTPH B PasHYHHIX (POpMax CyIeCTBYIOT CO Bpe-
MeH TaJleoJIHTa H MaTeMaTHYeCKHe MCCJeJOBaHHS Pa3HBIX HTD BOC-
XOAAT K 3noxe Boapoxjaenus, o6liasi Teopus Hrp BO3HHKJA JHIIb
B XX Beke (M Jquwmb TorAa OblJa yCTaHOBJIEHA ee CBS3b C JPYTHMH
HayKaMH, HanpuMep, TaKHMH, KaK 3KOHOMHKa). B 1921 r. Imuss
Bopeay momelTancs co3gaTh MaTeMaTHYECKYI0 TEODHIO HIPOBHIX
CTpaTerufl, OAHAKO npuxHyun munumaxca, GyHIAMEHTAJbHYIO Teo-
peMy B TeopHH Hrp, B 1928 r. 10Ka3aJ OCHOBONMOJNIOXKHHK TEOPHH HID
Hxcon pon Heiiman. (Panee naxe Bopesab coMHeBajicsi B ee Clpa-
BeLJIMBOCTH.)

Crenyromuii napafokc MOMOXeT MOHATh CYTh TEOPEMBI O MHHH-
Makce.

6) Ilapadokc

JBoe geTelt R U Q MIpaloT B H3BECTHYIO MIDYy, KOTOPasi COCTOHT
B caepyiomem. O6a 0JHOBPEMEHHO NMOAHHMAIOT OAHH MJH ABAa Majb-
1a, ecau obluee YHCJIO MOAHATHX MaJblieB Y€THO, To Q naatut R,



H €CJIH OHO HEYETHO, TO R MiaTuT Q CyMMy, PaBHYIO OGLIEMY HHCIY
NORHATHX NajbleB. Huxe B Tabaune (MaTpHle BHILIAT) YKa3aHH
JeHeXHble CyMMH, KOTopele Q no/keH 3amnaTuTh R. XoTs MHOTHe
CYHTAIOT 3Ty HIPy CNpaBeiNuBOi (BHAHMO MOTOMY, 4TO YHCJIA B

Q 7 2z
R naJsrey namsya
! $ 2 $-3
nasrey,
z $-3 $ 4
nansya
Puc. 6.

Tabauue npu chaoxenun jpawnot 0, peficrBurenbHo, 2+ (—3) +
+ (—3) +4=0), ona Takoii BOBce He SfIBJSETCA: 3Ta Hrpa BH-
rogHa ana Q.

8) O6wacxenue napadokca

OueBHaHO, ecliM OMH M3 MIDOKOB BCe BpeMS NMOAHHMAeT OAHH
naJjiel, HaM BCerja NMoAHHMaeT ABa, TO BTOPOH WIrPOK, 3aMETHB 3TO,
6yner BecTH cebsi Tak, 4ToOH Bce BpeMsi BhMrpuBaTh. CiefoBa-
TEJIbHO, BHIFOJHBIMH MOT'YT OHITh TOJbKO «CMelIaHHHE CTPAaTErHH?,
T. €. NPH KaX[OM HCIBITAHHH HIPOK CJaydaiHo, HO ¢ (PHKCHpOBaH-
HBIMH BEDPOSITHOCTSIMH, BHIGHpaeT OJHy H3 ABYX BO3MOXKHOCTeH (MoA-
HATH OAMH WJM JBa nanbla). [IpeamosoxuM, uto Ans 060HX HIpoO-
KOB MH Y€ HallJH ONTHMAaJbHHE CTPAaTerHH, T. €. MH 3HaeM, YTO
Jyquiei crpaterveii A/ Hrpoka R sBJsieTCs TO, YTO HYXKHO MOJ-
HATb OfMH NaJell ¢ BEPOSITHOCTBHIO pP; M MOAHATH [Ba NaJjbla C Be-
POSAITHOCTBIO P, (OYEBHAHO, p; + p; = 1), u aHanoruuHo AJas Q Hau-
6onee BHIMOJHO MOAHSTH OJHH MaJjell C BEPOSATHOCTBIO ¢ H JBa
najbua ¢ BepOSTHOCTBIO G2(q; + g2 = 1). INockosnbky 06a urpoka
NPHHHUMAIOT pelleHHs] He3aBHCHMO JPYyr OT ApYyra, CyMMa JeHer, KO-
Topylo Q B cpenHeM BRMJAATHT R (ecaH 06a HIrpoKa NPHMEHSIOT Of-
THMaJIbHHE CTpaTerdH), paBHa

V = 2p\q9, — 3p192 — 3p2q1 + 4p2q2. (+)

Urpa Guua 6u crnpasepausoit, ecain 661 V =0. OgHako MH noka-
XeM, 4yto py=q,=T7/12, pp=¢qg>,=5/12, u torma V= —1/12,
4TO O3HayaeT, 4to () BHUrpeiBaer B cpefHeM 1/12 nonnapa nocne



KaXJof HIpPH JajKe B TOM CJyuae, Korja R NpHMeHSeT CBOIO ONTH-
MaJbHYIO CTPATErHIo.

IMoacraBuM ¢, =1, go=0 B (%). Torna V=Q, =2p, — 3p..
Ananoruuno, ecin ga=1 u ¢ =0, 0o V=Q;=—3p, + 4p..
B 3tux o6Gosnauenusx umeeM V = q,Q; + qQ:. Tak xak V — 3r0
cpeAHHil NPOUTPHII UrpoKa Q, eCJIH OH HCNOJB3YeT CBOIO ONTHMAJb-
Hyio crpareruio, Q1 =V u Qe =V, o V=qQ:+ g2 = q1V +
+V=(@+q)V="V.

TTockoabKy HH g1, HH @2 He MOTYT GHITh PaBHH HYJIO, H3 MPELH-
JLYUIEr0 COOTHOLIEHHS BHTEKaeT, 40 V=Q,=Q; T. e. 2p;—
— 3p, =—3p, + 4p;, mnosToMy (BCmOMHHAA, UYTO p; 4 pe=1)
uMeeM p; =7/12, po=5/12 u V =—1/12. Aunanoruuno, 2q,—
—3g2=—3q1 +4g92(q1 + g2=1) u, cnenosarenvHo, q; =7/12,
q.=>5/12. TakuM 06pa3oM, JOKa3aHO, UTO Hrpa CIpaBeNJHBOR He
sIBJISieTCSl, H HafIeHK ONTHMAaJbHHe cTpaTerud. [l 060UX HIPOKOB
BHITOJHO NMOZHHMATh ONHH MaJjel ¢ BEPOSITHOCThIO 7/12.

INoacrasass B dopmyne (#) 1—p, BMecto p; u 1 — g, BMecTO
qs, noayuaem V =12p,q,—7p,— 79, + 4. HesaBucumo or 3Haue-
HHS q; IpH p; = 7/12 uMeem V = —1/12. AHaJlOrHYHO, HE3aBHCHMO
OT 3HaueHus p) npHu g, ="7/12 umeem V=—1/12 Takum o6pasom,
HIPOKY BCE PaBHO, KaK HTpaTh, €CJH OH 3HaeT, UTO ero NMPOTHBHHK
HCIOJIb3YeT ONTHMAJIBHYIO CTPATETHIO.

2) 3ameuanus

(i) TnaBHof mesbio uccnenosaunit Hefimaga B Teopun urp GHJI
MOHCK ONTHMAJIbHOH CTpaTerHH B Mrpe ¢ m urpokaMu. Jas mpo-
CTOTH MH IpefnoJaraeM, uto m =2 (T. e. APyr NPOTHB Apyra BH-
CTYNMalT TOJBKO JBa HTPOKa), H Hrpa siBAseTcss Mrpofi ¢ HymeBoi
cyMMofi (T. e. MPOHWTpHIII NEPBOr0 HIPOKA PaBeH BHUTPHIIY BTO-
poro). Ilycte S; U S; 0603HAUAIOT MHOXKECTBA YHCTHX CTPaTeruii
JJIS IepBOr0 H BTOPOTO HI'DOKOB COOTBETCTBEHHO (UHCTasi cTpare-
THS — 3TO NPAaBHJIO, KOTOPOEe 3ajaeT NePBHI LIar NepBOr0 HTPoKa,
a TakKXe OTBETH Ha BCEBO3MOXKHHE XOAH BTOporo urpoka). Ilycrts
L(s1, s2) — GyHKIHS ABYX NepeMeHHHX, KOTOpasi ONpEeAeNsieT Ipo-
HIPHII BTOPOrO HIPOKA, KOTZa OH HCIOJb3YeT YHCTYI0 CTPATErHIO
Ss & S,, U NepBHA HIPOK NPHMEHSIET CTpaTerHio s = S; (Tabauia
Ha cTp. 55 naer nmpumep Tako#t GyHKIMH). [/ OCTOPOXKHOrO Hrpo-
Ka JyuleX sIBASETCH CTPATErHs, KOTOpPas MHUHHMH3HDYET ero Mak-
CHMaJIbHHA NPOWrpHIn (Y4TO NPOHCXOAHT INPH ONTHMAJbHOR 3a-
mute). ITepBufi Hrpok Bcerga MoxeT NOGHTBCS BBHIMTpHILIA

V,=max (min L (s,, s5)),
81 8o

a BTOpPOf HIrPOK NMPOUTPHILA
Vy,=min(max L (s,, S5)).
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(EcTecTBeHHO, BeJHUHHH V), H Vi MOryT OHITb OTPHLATEeJbHHIMH.)
B Tom cayuae, Korga Vi = V, ¥ MHOXKECTBO BO3MOXKHHIX CTpPaTerui
KOHEeYHO, 060MM WIrpOoKaM BHITOJHO NPHMEHATb TaKHE CTPaTErHH
s}, Sy mas koropux V,=V,=L(s], s;). Takas napa crpareruf
(s1» s3)  sBAsIETCS CeAJIOBOH TOUKOH HIPH, HO OHA He BCeraa cylue-
crByer. Ognako y Hefimana 6uisia 3aMeuaresibHasi HAesl PaCIIMPHTH
MHOXKECTBO BO3MOXKHBIX CTpPaTeruil, oH BBeJ <«CMeEIIaHHLIE CTpaTe-
THH», KOTODHE COOTBETCTBYIOT CJyYaHHOMY BHIGOPY H3 MHOXKECTBA
yucThix crpaTterufi. Takum o6Gpa3oM, cMellaHHast CTpaTerus ecTb
BEpOSITHOCTHOE paclpefeseHHe Ha MHOMKECTBe YHCTHIX CTpaTerHH.
(B mpumepe ¢ urpofi gerefi cMeLIaHHBIMH CTPATETHSIMH OBIIH MapH
P1, P2 U q1, g2 coorBeTcTBeHHO.) [IpH cMeIIaHHHIX CTPATErHsiX Mr-
POK He MOXKeT «BHIETh NPOTHBHHKA HAaCKBO3b», HO 3aTO MOSBJSET-
Csl CIy4alHOCTb, JlaXKe B TeX Mrpax, KOTOphle CaMH OT Ccayyas He 3a-
BHCAT. Ec/IH MBI XOTHM HaiTH ONTHMaJbHYIO CMELIAHHYIO CTPATEeTHIO,
TO MBI, €CTECTBEHHO, MAOJIXKHH ONpefeSuTh PYHKUHIO NOTEPb HA MHO-
®ecTBe map (m;, mp) cMmewaHHwx crparerudl. [Tycts L (m;, mp) — mo-
TEPH B CpelIHEM, KOTOPHE BTOPOH HIPOK BHILJIAYHBAeT IepBOMY,
KOTlda MTPOKH IIPHUMEHSIOT cMellaHHElE CTPAaTeTHH :; & P uny & P,
Teopema Heiimana o mMuHuMmakce (pyHZaMeHTaJbHasi TeopeMa Teo-
pUM HID) yTBepXKAaeT, UTO e€CJH MHOXecTBa S; H S KOHEUHH, TO

max min L (%, n,)= min max L (x;, m,),

ﬂ|EP| ﬂ'_vEP: ﬂg'EP;ﬂ]EP|
T. €. B KJlacCe CMeLIaHHHX CTpaTerHii Bcerja CyLIeCTBYET CelJoBas
Touka. MIHHIMH coBaMH, AJ11 06OHMX HI'POKOB CYILIECTBYIOT OITH-
MaJIbHHE CMEelLIaHHble CTPaTeruHy.

O6uiyio Mojesb TEOPHH HID MOXKHO TaKxKe HCNOJb30BaTb AJA
HccaeoBaHHs KOHGJHKTOB, BOSHHKAIOWIUX B APYTHX cepax XKH3HH.
Hanpumep, ¢ MaTeMaTHuYeCKOH TOUKH 3pEHHSI KOMMEPYECKYIO- KOHKY-
PEHIIHIO MOXHO pPacCMaTpHBAThb KaK «HIpy», B KOTOpo#l o6a Mrpoka
XOTAT HaHTH CBOH ONTHMaJsbHBlEe cTpaTerHH. IIockoJbKYy Bce MeHee
H MeHee BEPOATHO, YTO KOHKYPEHTH MOTYT IOCTOSIHHO HaAyBaTb
JApYr Ipyra, KOMIPOMHCCH (COOTBETCTBYIOIIHE CEAJIOBHIM TOYKaM)
cTaHoBATCA Bce GoJsee M Gojee HeOOXOAHMHIMH BO MHOTHX 0G6Jja-
ctsix. Teopusi urp BHecsia HOBHE acleKTH H B MaTeMaTHYECKYIO CTa-
THCTHKY, GJarogapsi B ocHoBHOM TpyaaM A6paxama Bassda. Huxe
HJLTIOCTPHPYIOTCS HEKOTOPHE NPHMEHEHHS TEOPHH HTP B CTAaTHCTHKE.

(ii) TunnuHO# 3ajaueli CTATHCTHKH SABJSETCA OLlEHKA HEH3BECT-
HOTo mapaMeTpa 8 & O BeposATHOCTHOrO pacnpejeseHust Fg, HCXOAs
n3 Habmogenuft X;, X, ..., X, uMelomnx pacnpeieneHue Fg (H
OGHYHO HEe3aBHCHMHIX), T. €. uCX0As u3 BHGOpKH. (O6buHO, O —
NpOU3BOJbHOE MHOXECTBO YHCeJl MJIH BeKTopoB.) Paccmorpum
¢$yHKUHIO ABYX nepeMeHHHX L (0, ¢), 3HaUeHHSAMH KOTOPOH SBJSIOT-
Csl HallH NMOTEepH, KOTAa B KayecTBe OUEHKH MJIS HEH3BECTHOTrO Ia-



paMerpa 0 Gepercsi ¢. EctecTBeHHO mpeamoJiaraTh, YTO MOTEPH TeM
Gousbue, yeM GoJiblue OTKJIOHeHHe |0 — ¢|. Takum o6pasoM, L(#, c),
KaK MpPaBHJO, SBJSETCS MOHOTOHHO Bo3pacraiouledi QyHKuueil oT
BeJIHUHHb |6 —c|, manpumep, L(0, ¢)= |0 —c|4 rme d> 0.
Ouenka 8 =f(X1, Xa, ..., Xa) xopomwa, eciu GpeaHHe MOTEPH Ma-
JH, T. €. ecad QyHKuus pucka R (0, 0)=E(L(0,0)) mana. Onnako
NPH CPaBHEHHH JABYX OLEHOK MOXKET 0Ka3aThCs, UTO 3HaueHHe pyHK-
IIHH PHCKa A/ NepBOd OLEHKH NpH HEKOTOPHX 3HaueHHAX Napa-
MeTpa 0 MeHbllle, 4YeM AJis BTOPOH OLIEHKH, a NPH APYTHX 3HAUEHHAX
0 curTyauus npoTHBONOJOXKHasA. Ilas JocTaTOuHO 0OJBIIOrO KJacca
OIIEHOK CYIIECTBYIOT ()YHKIHH DHCKAa, KOTOpHe yOHBAalOT NMPH OAHHX
3HaYeHHsX O TOJbKO TOrAa, KOTAa NPH APYTHX 3HaUEHHSIX O OHU BO3-
pacraior. OUEHKH TaKOro THNA HAa3HWBAIOTCS OJONYCTUMbLMU OLEH-
KaMH, T. €. OUeHKa 8 SBJSETCS AOMYCTHMOMH, €ClM HEpPaBEHCTBO
R(6, 8) < R(6, 6o) cnpaBennuBo Ans Bcex O €O Toraa M TOJIBKO
TorAa, Koraa R(6, 8) =R(0, 6y) aasa Bcex 6 = 0. Hmeer cMuca
HCIIOJIb30BaTh TOJIBKO AONMYCTHMBE OLEHKH, TaK KaK AJS OLIEHKH, KO-
TOpasi He siBJseTcs NONMYCTHMOMH, MH BCelZa MoxeM HalTH JPyrylo
olleHKY, ¢YHKIHS pHCKAa KOTOpPO# HHUrie He GoJiblue, a B HEKOTOPHX
TOUKaX CTPOro MeHblle GPYHKIHMH PUCKA HEAOMyCTHMO#H oueHKH. Ecin
MH XOTHM Ha#fiTH NONMYCTHMYI0 OLEHKY, KOTOpas MHHHMH3HPYET
cpeHHe MOTEPH NpPH «HAHXYAIIEM» NEHCTBHTEJLHOM 3HAYEHHH MNa-
paMeTpa (T. e. KOoria (GyHKUHS PHCKAa JOCTHTaeT MakKCHMyMa), TO
MH NOJYYHM MHHHMAKCHYIO OLIeHKY. DTa «OCTOpOXKHAs» OLiEHKa Of-

penensiercss caelyloluM o6pa3oM: oleHKa 0* HashHBaeTcss MHHH-
MAaKCHOMH, eCJIH

sup R (6, 8") = inf sup R (6, ),
:X=1"} g 66

rae 6 npo6eraeT MHOXXeCTBO BCeX BO3MOXKHHIX OLEHOK. « MHHHMAKC-
HH acHmeKT®» MaTeMaTHYeCKOH CTATHCTHKH pacCMaTpHBaeT MOMCK
OLEHKH KaK HIpY, B KOTODO# [Tpupona «BhGupaer» mapaMetp 0, a
MH BHOHpaeM oueHKy 0. Lleab HrpH — ROGHTbCH HaHMEHBIUHX BO3-
MOXHHX CpeiHHX moTepb. CpejHHe NOTEPH MOXKHO YMEHBIIHTb, AO-
MyCTHB CMeIIaHHHe crpareruu, kKoraa IIpupoma BHGHpaer mapa-
MeTp O cayyailHO H3 MHOXeCTBa © ¢ pacnpejieieHHEM T, H MH BH-
6HpaeM OLEHKY CJIyuafiHO C pacrnpeleseHHEM o M3 MHOXeCTBa Bce-
BO3MOXHHX OLEHOK. B 3ToM ciyuae ¢yHKUueli puCKa sBJseTCA
oynkuns r(v, a) = E(R(T, A)), rae T — cayuafinas BeJHUHHA C
pacnpejeneHHeM T Ha MHOXecTBe mapaMeTpoB ©, u A uMeer pac-
npejeseHHe o Ha MHOXeCTBe BCeBO3MOXHHX cTparerufi. TeopeMma
0 MHHHMAakce ocraercs CIpaBeAJHBOH AJA QYHKUHHA pHCKA TaKOro
BHAA NPH AOCTAaTOYHO OOLIHX YCJIOBHSAX:

sup inf 7 (1, @) = inf sup r (r, a).
T a a T



IMockoabKy pacnpezneseHne T HEM3BECTHO, NOJN€3HO BHOHPATh MHHH-
MAaKCHYIO CTPATETHIO * KaK OLEHKY, YAOBJAETBOPSIOILYIO YpaBHEHHIO

supr(t, a')=infsupr(r, a).
T a T

(iii) Cnemyromui#i napagokc raagumatopa Hcxoautr ot K. Ka-
munckoeo, E. Jlakca n Il. Heacona. TlpeanoioxxuM, UTo B HEKOTO-
POM COpDEBHOBAaHHH, Ha3HBAaeMOM Hrpo# TrjaJHaTOPOB, YYacTBYIOT
JBe KOMaHAH TJaZuaTopoB, KOTOPble Ha apeHe yCTpauBaioT 06ofi.
B nocnemoBaTeNbHHX Typax U3 kKoMaHAH A = (A, A, ..., As) BH-
6upaercst raagHaTop AJIs BCTPEUH C IIaAHaTOPOM M3 KOMaHAH B =
= (By, Bz, ..., B,). IloGeautens Bo3BpaulaeTcss B CBOIO KOMaHAY
C Heoc/naGeBHIMM JKeJaHHEM CPasHTbC BHOBb, eCJAH NoTpebyeTcs.
[Mpeanonaraercs, YTo NpOMrpaBLIHA TepsieT BO3MOXHOCTH Cpa-
XaTbCsl M BHObIBaeT M3 TypHHpa. [Ipeanonaraercs Takxe, YTO HH-
OHBHAYaJbHble BCTPEUH HOCAT CTOXAaCTHUECKHH XapakTep W Hpea-
CTaBJAIOT €060l He3aBHCHMBE HMCTIHTaHHs, B KoTophx 0 << P(A4,,
Bj) <1 o6o3HayaeT BEpOSITHOCTH TOTrO, YTO Tiaguatop A; HaHeceT
nopaxenue raaaunatopy B;. TypHup mponoJxKaercs KO Te€X HOp, MO-
Ka He YHHUTOXaeTcs oJHa H3 KoMaHA. PaccMoTpuM Bompoc o cyle-
CTBOBAaHHM CTpaTerHd S, KOTOpas ONTHMaJbHa B TOM CMHCJe, YTO
oHa MakcuMusupyet Ps(A, B), BepoATHOCTb BHHMIPHIIA KOMaHAH A
y KoMaHAH B, xorga ucnoJb3yercs crpaterus S. Ilox crparterneii
3fech MOHHMAaeTCs NpaBHJIO, ONpejelsioillee MOPAAOK BHXOAAa Ha
apeny raaguatopop obenx komann. (IIpu ykasaHHH CTpaTerHu Mo-
JKHO HCXOAMTBH TOJIBKO H3 TEKYLIEro COCTOSTHMS KOMaHA Ha KaXAOM
sTane urpH.) B oZHOM H3 BapHaHTOB MrpH IJIafHATOPOB NMpeANoJa-
raercs, 4To urpokam A, A, ..., Aa, By, By, ..., B, cTaBstcs B co-
OTBETCTBHE MOJIOXKHTENbHHE YHCAA Ay, Ay, .. ., An, by, by, ..., b, Ta-
KuM o6pa3oM, YTo BOo Bcex BcTpeuax A; npotuB B; umeem P (A,
Bj) =ai/(a:+ b;). Torna BepostHocTh Ps(A, B) oauHakoBa s
Bcex S! B 3ToM cyTh mapamokca riaguatopoB. Jlpyroii mapanokc
3TOH e MIPH COCTOMT B CjelyiolmeM. ByneM roBoputb, 4To KOMaH-
na A npeBocxomur KoMaHay B, ecau P (A, B) > 1/2. [anee, ecau
A npesocxoguT B u B npesocxoaut C, T0 A He 06s13aTeNbHO mpe-
BocxoautT C. CymecTBYIOT NPHMEpPH, MNOKAa3HBAIOIIHE, 4YTO M =
= min {P(4, B), P(B,C), P(C,A)} > 1/2. XoTs OTKPHTHM oCTa-
eTCsl HHTPHTYIOLIHHA BONPOC O TOYHOM BepXHeM npezene aas m. (Auna-
JIOTHYHYIO CHTYaLHIO CM. B napajokce 1/13e).

(iv) Eme oaHuM mapagoKCcOM H3 TEODHHM HIPH SIBJSIETCS 3HaMe-
HuTas «JlnneMMa 3akJIIOYeHHOro». 31ech MH JIHIIbL COLLIEMCS Ha pa-
6oty Bpemca, llItpaduna u Xodpmraarepa.
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13. Ewe HeckonbKO NapagoKcos

a) Iapadokc cobbiTuli, nPouUcxoOsUUx NOUTU HABEPHO

PaccMoTpuM co6hiTHsi, mpoucxoasine ¢ BepostHocTaAMH 0.99 H
0.9999 coorBercTBeHHO. MOXHO CcKa3aThb, 4T0 06€ BEpPOATHOCTH IIpaK-
THYECKH OJMHAKOBH, 06a COGLITHS NMPOHCXOAAT MOYTH HaBepHO. Tem
He MeHee B HEKOTOPHIX CJYyYasix Pa3HHIA CTAHOBHTCA 3aMEeTHOM.
PaccmorpuM, Hanpumep, He3aBHCHMHE COGHITHA, KOTOPHE MOTYT
IPOHCXOAHTL B M0G0 AeHb rofa ¢ BeposiTHocTeio p = 0.99; Toraa
BEPOATHOCTb TOrO, UTO OHH OYAYT NMPOHCXOAHTb KaXXAHH JeHb B Te-
yeHHe roja, Menbuie, ueM P =0.03, B To Xe BpeMs, ecniH p =
=0.9999, To P =0.97.

6) Ilapadokc 8epOATHOCTU U OTHOCUTEAbHOU 4ACTOTbL

Caenywomiasi ucropus, npuHaanexamas [Jocopdocy Ilodia, noka-
3HIBAaeT, KaK He CJeJyeT HHTEPIPETHPOBATh YACTOTHYIO KOHLEMIHIO
BepositHocTH. JI-p Ten (mokTop TenemaTHH), 3aKOHYHB OCMOTp na-
IHeHTA, TOKAYaJ ToJOBOH. «BH OueHb cepbe3Ho 6OJIbHEI», — CKasaJ
OH, — «H3 JECATH YeJOBEK C Takoh 00Je3HbI0 BBIKHBAEeT TOJBKO
onun». [Tanmenra sta uHbOpMauUMA H3PAAHO Hcnyrania, H A-p Tea
HauaJ ero ycnokauBath: «Ho Bam ouenp moBesno, uro Be npuuniu
KO MHe, c3p. ¥ MeHs yXe yMepJiH OT 3TO# 60JIe3HH AeBATb MalHeH-
TOB, TaK 4TO BBl BRIXXHBeTE».

(JTut.: Polya G. Patterns of Plausible Inference, vol. II, Princeton Univ. Press,
1954, p. 101. [Mmeercs mepeson: ITofia JI. MateMaTHKa M mpasaonono6-
Hue paccyxnenns. — M.: Hayka, 1975.])

8) ITapadoxcol, ces3annble ¢ 6POCAHUEM MOHETbL

(i) IIpemmosoxum, uTo MbB 6pocaeM NPaBHJAbBHYIO MOHETY MO
TE€X 1Op, MOKa HE BHIMARYT NocsenoBaTensHo ABa repba (I'T) wuan
rep6 u pemka (I'P). OueBnmno, BeposTHocTh TOro, uro (I'T) mo-



ABUTCS OnicTpee, uem (['P), paBua BepositHoctu Toro, 4to (I'P)
nosiBUTCS GBICTpee, TaK KakK Mocjie BhnaaeHuss I MoHera Bmnazger
Ha I nau P ¢ paBHo#i BepositHocThio. HecMoTpst Ha 3710, Ans mosB-
adenns (I'T) norpebyercs B cpeanem Gosblie Gpocanuii, ueM LJs
nosipjjennsi (I'P). Cepus (I'T) mosBurcsi B cpenneM uepe3 6 Gpo-
canu#l, a cepusi (I'P) uepes 4, [[Tycte M oGosHauaer mMaTeMaTHue-
CKoe oxuJaHue yuciaa Gpocanuit ao nossiaeHus (I'T) B npexnoJio-
JKeHHH, YTO NpH NepBoM Opocanuu Bhimaa I', u Mp o6osHauaer Mma-
TeMaTHuecKoe oXuaaHue uucna 6pocanuii no nosiaenus (I'T) npwu
yCIOBHH, 4TO NpH nmepBoM 6pocanun Bbimana P. Torpa Mr =14
4+ (14+Mp)/2 u Mp=1+4 (Mr+ Mp)/2. Orcioga caepyer, 4To
(Mr + Mp)/2=6, 1. e. cpegHee 4ucNO GpoCaHHA [0 NOSBJEHHS
(I'T) me#tcrBurensHo paBHo 6.] Ecau cpaBuuth cepun (IPTP) u
(PTPP), 10 pasnuuue Gymer GoJbuie. BeposTHOoCT TOro, 4TO
(TPTP) mnosBurcsi 6uicrpee, ueM (PIPP), paBna 9/14 > 1/2, uo
cpenHee uncjo 6pocaHuil, KoTopoe noTpebyercs AJs MOJYYEHHS Ce-
pun (I'PT'P) Bce xe GoJbule, ueM cpennee uucjio 6pocaHuii no mo-
aBnenusi cepuu (PTPP). (IlepBoe paBHo 20, a mocienHee Juiib
18.) CaepmoBaTesbHO, JaXKe €CJU BEePOSITHOCTH TOTO, YTO COObiTHEe A
nosiBuTCA GhICTpee, 4eM coGuiTHe B, GoJibllie BEPOSTHOCTH TOTO, UTO
B mosiBuTCsl GRHICTpee; MOXET TaK CJAYYMTbCA, YTO A0 NosiBieHus A
NpHIETCS XAATh JOJIbILE, YeM 0 NOsiBJeHHs B.

MoxHo pokasatb, uto cpenn Bcex cepuii I'— P unauGosbuiee
cpefHee BPeMs OXHAAHHMS HMEIOT UHCTHIEe CE€pHH, T. €. Te, KOTOpHE
coctoAT ToabKO H3 I' uan Toabko u3 P. B atoM cayuae cpenHee uuc-
Jo 6pocanuii paBHo 27t! — 2, HauMeHblee Bo3MOXHoe (cpenHee)
4HCca0 OpocaHuil paBHO 2%, 4TO COOTBETCTBYET CEPHH, COCTOSILIEH U3
n—1 rep6a u 3akaHuuBaiome#csi OXHON pewkod uaM u3 n— 1
pewku ¢ ogHUM repbom B koHue. (TakuM o6pas3oM, 10 MOSIBJAEHHS
CepHH, COCTOsimlel M3 OAHHUX repbOB, HYXKHO XKAATh IMOYTH BJABOE
6osblle BpeMeHH, 4eM A0 nossjeHns cepuu u3 n— 1 ' u oxuno#t P,
XOTs BEPOSITHOCTb TOTO, YTO NepBasi MOSBUTCA OGhICTpee, paBHA Be-
POSITHOCTH TOrO, YTO PaHble MOSIBUTCSA NMOCHENHSIS.)

HaxoxpneHne BpeMeHH, KOTOPOe HYXHO KAAaTb N0 MOSABAEHHS
3anaHHo#t cepuu I'— P pamnsl 7, npu Gonbmiux n o6H4HO Tpebyer
YTOMHTE/IbHBIX BHIYHC/IEHHi (pelleHHs] MHOTOMEPHOM CHCTEMBl JiH-
HeHAHbIX ypaBHeHH}). BHIUHC/IEHHS MOXHO B 3HAYHTENBHOR CTeleHH
YOPOCTHTb, NOJb3YSIChb «MarnueckuMs» ainroputmoM KoHBesi, KoToO-
pHif obcyxkaaercss B crathe JIH, cM. cchlnKy Huxke. [IpuBeneM artot
aJTOpHTM s caydas GoJee obmiero, yeM cepun I' — P mpu 6poca-
HHH npaBHiabHOH MoHeTHl. [Iycth X, X;, Xo, ... — He3aBUCHMBIE OJH-
HaKOBO pacnpejiefieHHbe ClydyafiHble BEJNHUHHH, MPHHUMAIOI(HE KO-
HEeYHOe HJIH CYETHOE YHCJO 3HAUEHHMIl C MOJIOKHUTEIbHEIMH BEPOSTHO-
cramu. O003HaYMM MHOXKECTBO 3THX 3HaueHH#i uepe3 V, W mycTsb
A= (ay, ay, ..., @Gm) u B= (by, by, ..., b,) —nBe (KOHeuHbIE)



nocJe0BaTebHOCTH 3JeMeHTOB H3 V. BBemeM caeayiomue 060-
3HAYeHHs:

d _{ 1/P(X=0b;), ecnu 1<<i<m, 1<<j<n, a=0by,
= 0 B NPOTHBHOM CJydae

uA-B=dudss ... dmm +dndsz ... dmm—1 + ...+ dm. Tlycts T4
H Tp o6osHaualor yuc10 X-BeJMUYMH A0 NEPBOTO MOSABJIEHHS MOC/E-
noBateabHoctet A u B B X;, Xo, ... cooTBeTcTBeHHO. Torga Mare-
MaTHYECKOE OXHAAHHE BeJHYHHH T, paBHO A-A, a BepOSTHOCTb TO-
ro, uto T4 MeHbuwe, ueM Tp (B NMpeanosioxeHud, 4to HH A, HH B He
cogepxar B ceGe ApPYroil MmocjeioBaTEJbHOCTH) BBHIYHCJASETCS IO

dopmyie
(B-B—A-AJ(A-A+B-B—A-B—B:A).

Hanpumep, ans cepuu I' —P npu GpocaHHH npaBHJIBHOH MOHETH
uMeeM d;; =0 uau diy=2. Ecniu A= (I'PI'P) u B= (PITPP), 1o
A-A=20, B-B=18, A-B=10 u B-A =0, TaK 4To BEpOSATHOCTb
toro, uro A mpousoiiner Gucrpee B, pasHa 18/28 = 9/14, uro u yr-
BepKJAaJoch BHIIE,

CdopmynupyeM Tenepb GoJiee H3OLIPEHHYIO TeopeMy (IO CHX MOp
He onyGauKoBaHHyIO). IIpeAnonoXHM, UYTO MH XKAEM MOSBJEHHS
BCeX BO3MOXHHIX cepHit [ — P NJHHH n, KOTOpBE MOTYT IOSIBHTHCSA
npuy GpoCaHHH NpPaBHIbHOA MOHeTH (TakHX cepHii Bcero 2%), u
IyCTh T, O3HauaeT ato (caydyaifiHoe) BpeMs oxuianusa. Toraa

lim P (t,/2" — log 2" < x) =exp(— e~*).

n-» oo

(ii) Ecau npu 6pocaHHH NpaBHILHOH MOHETH MBl XOTHM MOJIY-
YHTh 3aJaHHYI0 NOC/JeOoBaTeNbHOCTh AJHHH 3 (Hanpumep, ['TP),
MH [IOJXKHH 6pocaTh MOHETy B CpefHeM He MeHee 8 pa3. Uucio
Heo6XOMMMHX GpocaHuii 6yaeT HaHMEHbUIHM AJIS MOJYYeHHs J060H
caenyioulelt mocaenosarensHocru: (I'TP), (PIT), (PPT), (TPP).
(B Kaxa0M TakoM cJydyae CPeflHee UHCJIO HeOGXOAHMHIX OpocaHHi
paBHO 8, a Bo Bcex APYTHX cayuasx oHo GoJbuie 8.) CpaBHHM 3TH
CepHH cJelylouHM 06pa3oM:

@) BeposiTHOCTb TOro, 4to cepust (I'T'P) mosBHTCA GHcTpee, ueM
(PIT), paBna 1/4.

) (PIT) nosiButcs paubite, ueM (PPT), c BepostHOCTBIO 1/3,

v) (PPT) npousofizer Gucrpee, uem (I'PP), c¢ BepoaTHocThIO
1/4, u HaKoHeN,

8) BepostHOCTH TOrO, uT0 (I'PP) HactynuT panbiue, yeM (I'TP)
paBHa 1/3.



TakuM o6pasom, HauaB ¢ cepun (I'T'P), MH onsATh BepHyJAHCH K
Heﬁ, XOTsl HAa KaXJAOM liare BEepPOsATHOCTH CpaBHEHHs OBLITH CTporo
MeHbie 1/2, :

(JInr.: Li Shou-Yen R. “A martingale approach to the study of occurrence of

sequence patterns in repeated experiments”. Annals of Probability, 8,
1171—1176, (1980).)

e) Ilapadokc ycao8roU 8epOATHOCTU

Cymecrsyior co6uTHs A, B u C Takue, 4to

Q) yc/aoBHas BepOATHOCTb COGHTHS A NpH YCJIOBHH, 4TO COGH-
THe B npoH3oLLNO, MeHble, YeM YCJIOBHAs BEPOSATHOCTb COGBITHS
A npu ycnoBHH, 4TO B He mpousouuo;

B) ycnoBHast BeposiTHOCTb A NpH YCJOBHH, YTO NMPOH30IULIH 06a
co6HTHA B u C, GoJblie YCJIOBHOH BepOATHOCTH A NpH YCJOBHH,
uro C HacTymuJo, a B Her;

v) ycioBHas BeposiTHOCTh A OTHOCHTENbHO B u AOmMONHEHHS K
C GoJblue ycjaoBHOH BeposiTHocTH A NpH ycJOBuH, YTO HH B, Hu C
He TPOH3OLIJIH,

CHMBOJIHYECKH 3TH TPH YTBepXKAEHHS MOXHO 3aIHCATh CJIEAYIO-
mwuM obpasoM:

P(A|B) < P(A|B), P(A|BC)> P(A|BC)
H
P(A}BC)> P(A|BC).

St0 mpeacraBiseTcs NMapajoKCcaJbHHM, MOTOMY YTO MOXHO IO-
Aymartb, uto P(A|B) ectb cpennee Bennuud P(A|BC) u P(A|BC)
H, aHajoruuHo, P(A|B)— cpennee Beqnuun P(A|BC) u P(A|BC),
a cpeiHee ABYX MEHbIUHX BEJHYHH JOJXKHO GHTb MeHblle Cpel-
Hero ABYX OOJbimiux BeJquydH. OO6DBsSCHEHHE 3TOro OIWHOGOYHOrO 3a-
KJIIOYeHHs] COCTOHT B TOM, 4to P(A|B) u P(A|B) sBasioTcs B3Be-
IIEHHHIMH CPEJIHHMH yKa3aHHHIX BHllle BepOATHOCTef, IPHUYEM COOT-
BETCTBYIOIIlHEe Beca B OOOHX CJIydasix pasHYHH:

P(A|B)=P(C|B)P(A|BC)+ P(C|ByP(A|BC),
B TO BpéeMsl, Kak
P(A|B)=P(C|B)P(A|BC) + P (C|B)P(A}BC).
Tem He Menee, ecau coburtus B u C HesaBHcuMH, T0 P(C|B) =

=P(C|B) u P(C|B) = P(C|B), Tak 410 B 3TOM CJy4ae mapajiok-
COB He BO3HHKAET.

(VIar.: Blyth C. R, “On Simpson’s paradox and the sure thing principle”.
J. Amer. Statist. Assoc., 87, 364—366, (1972).)

0) Ilapadokc cayuaiineix apemen oxcudanus

IMpeanosoxuM, YTo ABa ClydyaldHbiX COGHITHS NPOHCXOAAT yepes
(cayuafinoe) Bpems X u Y. IlapagokcaibHO, HO MOXET TaK CJy-



4HTbCS, uTo X > Y ¢ BeposiTHOCTBIO o KpaiiHe# Mepe 0.99, oaHako
X croxacTHyecKH MeHbuie, ueM Y!), T. e. BEPOSITHOCTH TOTrO, 4TO
X < t, Gosbiie BepoSITHOCTH COOHTHA Y << ¢ mpH M060M GHKCHpO-
BaHHOM BpeMeHH ! (WJH, IPYTHMH CJI0BaMH, (QyHKIHS paclpesele-
HHs clydadHOH BeqHUMHH X BCiofy OoJblle, yeM (PyHKIHS pacmpe-
nenennst Y). Hanpumep, aTo Tak, eciu Y paBHOMepHO pacmpeje-
JeHa Ha uHTepBate [0, 1], X=Y 4 (1 —Y) /1000 c BeposiTHOCTBIO
099 u X =Y/1000 ¢ BepositHocteio 0.01. [Takas mapangokcasibHas
CHTyallHsl HeBO3MOXKHa, ecid X u Y He3aBucuMH: nyctb F u G 060-
3HayalT HX (YHKUHH pacnpefeseHHs; AJs [POCTOTH IMPeANOJIO-
XKHM, yTO QyHKuHs G HempephBHA H cyulecTByeT oGpaTHasi K HeH
¢byuxkuns G-'. Torza ¢yHKUHS pacrnpefeseHHs CJaydaiHOH BesH-
uuHH Z = G-!(F(X)) cosnapmaer ¢ G. Ilockoibky F > G, uMeeM
Z > X. CnepoBatenbHo, P(X > Y) << P(Z>Y) =1/2, Tak kak Z
H Y HesaBHCHMEle OZHHAKOBO paclpelefieHHBEe ciyuyalHHeEe BeJH-
YuHH, T. €. P(X > Y) momxHo OHTb HaMHOro Mensbiue, ueM 0.99, Ha
CaMoM JeJsle 5Ta BepOSTHOCTb He mpeBocxouT 0.5.]

Caenyromuit napagokc anajoruye npepbiayumeMmy. Ilycts X u
Y nBe HesaBHCHMHle C/yuafiHble BeJHUHMHBE, npHueM X CTOXacTHUe-
ckd MeHbule Y. Torga MoxHo moaymarts, uto max(X, X + Y) tak-
ke croxacruueckn Menbiie max(Y, X + Y), Ho 3To HeBepno. Ha-
NpHMep, B caydae, Korda X M Y NPHHHMAIOT TOJBKO 3HauYeHus —I1,
0, 1 c BepositHOocTsIMH 1/4, 1/2, 1/4 u 1/4, 1/4, 1/2 cooTBeTCTBEHHO.

(JIur.: Blyth C. R. “Some probability paradoxes in choice from among random
alternatives” (c kommenrapusmu J. Jlunpau, W. T'yna, P. Yuuknepa u
Ix. Tlpatra), J. Amer. Stat. Assoc., 67, 366—388, (1972). Cm. Takxke
SIAM Rev., April 1970.)

e) Ilapadokc Tpan3uTusrocTu

IBa urpoka A u B wurpaiorT B caeaywomyio urpy. Ha mepsom
mare Hrpok A paccrasisieT YHCJa MO CBOEMY BKYCY Ha 3-X Hrpaib-
HHX KOCTSIX, 3allHCHIBasi 0 OJHOMY 4HCAYy H3 Habopa 1, 2, 3, ...,18
Ha KaxJoH rpaHu Kocre#l (Kax[noe UHCJO JOJ/KHO GHTb HCIOJB3O-
BaHO TOJIbKO OMH pa3).

Ha BTopoM mware B, BHHMaTe/JbHO H3YYHB 3TH 3 KOCTH (3aHyMe-
poBaHHBIe HrPOKOM A), BLIGHpAET OAHY H3 HHX.

Ha TtperbeM mare A BHIGHPAeT OAHY H3 OCTABIUHXCS 2-X HrPaJb-
HHX KocTefi. Ha nocnennem ware u A, 1 B 6pocaior cBOH Hrpadb-
HBle KOCTH H NoGeXAaeT TOT, y KOTO BHINAJO GoJbIlee UHCJIO.

MoxxHo noayMarhb, 4To 3Ta Mrpa GoJiee BHrogHa HTpoky B, mo-
CKOJIbKY HEe3aBHCHMO OT Toro, Kak A 3anyMepyer 3 koctH, B Bcerna

") Ins orpaHHYeHHHX caydafiHuX pesuanH X, Y caurtaeM, 9to X cTOXacTH-
yeckH MeHblie Y, ecnm F(f), dynxkuus pacnpeleseHuss BeJqHuMHbl X, Bcioly He
menbite G(f), GyHKUMH pacmpefiesieHnss Y, W HafileTcs 3HauenHe fo TaKoe, 4TO
F(to) > G(t). — pum. nepes.



MOXeT BHGpATh Jyulllylo M3 HUX (uaM oany u3 ayyunx). Caeno-
BaTe/bHO, WAHC No6eauTh y B cocrasisieT no KpaiHeid Mepe 50 %.
OaHako cnpaBefJiMBO HMEHHO TPOTHBONOJOXKHOEe: A MOXKeT Tak 3a-
HyMepoBaTb KOCTH, 4TO OH no6exaaer ¢ BeposiTHocTbio 21/36 (uto
6oabiie 50 %), He3aBHCHMO OT TOTO, KaKylo KOCTb BelGHpaeT B. I1o
MPOUCXOAHT H3-32 CHCTEMHl HYMepPalUH «NOPAXKEHHS N0 KPYTy», NpH
KOTOpPOH KaXjasi KOCTb NnobexjaeT POBHO OAHY H3 APYTHX ABYX KO-
cTell, YTO O3HAuaeT, YyTo cpeau KocreH HeT «iayuweits. Iyets I, II
u III 0603HaualOT TPH KOCTH, H TPEANOJNOXKHUM, YTO Mrpok A 3aHy-
MepoBaJl KOCTH C/eJyloliMM 06pa3oM: OH 3amucaJ 4Yucia

18, 10, 9, 8, 7, 5 Ha rpaHsx Koctu I
17, 16, 15, 4, 3, 2 Ha rpansax koctu II
14, 13, 12, 11, 6, 1 ua rpausix koctu 111

HeTpyaHo BHYHCAHTH, YTO Ha KOCTH | mosiBHUTCs 4HcJO, GoJbluee,
yeM Ha koctH I, ¢ BepositHocTbio 21/36. Ananoruyno Ha koctH II
BHIAJeT YHCJIO0, GoJbluee, ueM Ha KoctH I1I, ¢ BeposiTHocTbiO 21/36.
W BepOSITHOCTb TOSIBJEHHS GOJbLIErO 4HCJaa NPH OPOCAHHH KOCTH
I11, uem npu Gpocanun Koctu I, Takxe pasHa 21/36. CaeaoBatenn-
HO, BEPOSITHOCTb «IOPaXKeHHs Mo Kpyry» paeHa 21/36. Urak, ecan
A 3aHyMepoBaJl KOCTH TaKHM 06pa3oM, TO €ro NO3HUHSA NpPeANoYTH-
teabHe# no cpasnenuio ¢ B. (Ecau B Bubeper kocts I, 11 uan 111,
1 A Bo3bMeT coorBercTBeHHO Koctb III, I mau II, To y A Gouabiue
WaHcoB noGeauTb.) MOXHO Takxke A0Ka3aTh, YTO BEPOATHOCThb «IO-
paXkeHHsl MO Kpyry» He MoxeT G6uTb Gosbme 21/36. Cyte 3rtoro
napajokca 3aKJIo4YaeTcs B TOM, YTO cJyyaHHble BEJHYMHBbI He BCEr-
[la MOXHO yNOpSiAOYMTb TAaKHM o6pa3oM, uTo ojHa Oyaer Go.buie
Apyro# ¢ BeposiTHOCTblO, mpeBocxoAasmell 50 %, motoMy uto HeT
TPaH3HTHBHOCTH. B cayuae, korja oaHO M TO XK€ UHCJO MOXKHO 3a-
NHCaTh Ha HECKOJbKHX I'PaHsiX, HanpuMep,

1,4, 4, 4, 4, 4 Ha koctH |
2,2, 2, 5,5,5 na koctu 11
3, 3, 3, 3, 3, 6 na kocru III

TO BEpPOSITHOCTb «IOpaxeHHs Mo Kpyry» Takxke pasua 21/36. Cdop-
MyJaupyeM napagokc B Gosee o6meM Buge. ITycts Xi, Xo, ..., Xn—
NPOM3BOJIbHBIE YHCJ/A, 3aBHCALLME OT cayyas (T. e. clydyadHble BeJH-
yuHbl). O603HauUM BeposSITHOCTH CoOmITHH X; <T Xo; Xo < Xs; ...
...3 Xn<C X, uepe3 pj, ps, ..., Pn cOOTBeTCTBEHHO. Toraa min(p,
D2, ..., Pn) €CTb BepOSTHOCTb «nopaxKeHHsi no kpyry». Ilycts k,
0603HauyaeT 3Ty BeposATHOCTb. UeM 6GoJibllle k,, TeM HHTepecHee CTa-
HOBHTCA NMapaAokc. MOXKHO Jierko NoKasaTh, UTO K, HHKOrAa He Mpe-
B3oiaer (n—1)/n, U 3Ta BeJHYHHA SABJAETCS HAUMEHbLIHM Bepx-
HUM Npejie/ioM. BhluucieHHe HaHMMeHBILEr0 BePXHEro npeaena majs



k, 3HAYUUTENBHO CJOXKHee, eC/IH NMPeAnoaraeTcs, YTo ciayyadHhe Be-
JHUYHHB Xy, Xo, ..., X, HE3aBHCHMBl KaK HCXOAH NPH GPOCAHHH KO-
ctu. [lycth fn 0603HaYaeT HaMMEeHbIUKH BepXHUH Mpefes B 3TOM CJY-
vae. Ycovickun soiuncaun (Annals of Statist., 35, 857—862, 1964),

uto fo=1/2, fy=1(4/5 — 1)/2 (cooTHouIeHHE 30JI0TOTO CEYeHHS),
+=2/3 u 1. 0. [locaenoBarenpHocTh (f,) MOHOTOHHO BO3pacTaeT
H CXOAHTC K 3/4. MoXHO mNoka3aTh, YTO CKOPOCTb CXOAMMOCTH
MMeeT MOPSAAOK n—2,

o) Ilapadoxc usmepenus pezyaapHOCTU U2PANGHOL KOCTU

ITpu GpotaHuu npaBUAbHOH HrpasbHO# KOCTH OfHA H Ta Xe
rpaHb NMOSIBUTCA ABa pa3a MOApPSA B CPeAHEM NpH 7 OpOCaHHSAX H
TpU pa3a noApsa npu 43 6pocaHusix (CM. KOHEI 3TOro napajnokca).
Ecan kocTb HempaBuibHas (T. €. pasHble IpaHH BHIMAJAKT C pa3-
HBIMH BEPOSITHOCTSIMH), TO CpefHee YHCJ0 OpocaHHil 40 NOSBJAEHHS
OJHOH W TOH Xe rpaHu ABaXKAH HJIH TPHXKAH OyneT MeHbue. Bynem
roBOpHTh, 4TO KOCTb | peryaspueit koctu lI, ecau aas nosBieHHS
ONHOH W TOH Xe rpaHu ABaXAbl (TPHXKAB) KOCTb I HYyXHO 6pOCHTb
Gosibliee yHCJaO pas, yeM kocThb II. Moxer okasaTbcs, 4TO AJS MO-
JyyeHHsl OJHOH H TOH Xe TrpaHH ABa pasa noApsaj norpebyercs B
cpepHeM Goabuie 6pocaHuii koctH I, uem koctu II, ognako pJsi BHI-
najeHHs OAHOH W TOH e I'DPaHH TPHXKAB HYXKHO OOJbLIEE YHCIIO
pa3 6pocatb Koctb I1.

Caepyoumuil npoctoif npumep npuayman T. Mopu. (CM. Takxke
cratoio lllomogu A. «O6 oaHoM mapajokce, CBE3aHHOM ¢ Gpoca-
HueM kocteil», C6. Tpyabl KoH¢pepeHUHH MOJOAHX ydyeHbXx Dyna-
memwTckoro H MockoBckoro yHuBepcuteroB. Bypanewr, c. 76—83,
1982.) IlpennosoxuM, 4TO rpaHd KOcTH | BHINAAalOT ¢ BepOSITHO-
cramu 0.03; 0.03; 0.19; 0.19; 0.28; 0.28 u cooTBeTCTBYIOLIHE BEPOAT-
HocTH aas Koctu 1l paBuw 0.04; 0.04; 0.17; 0.17; 0.29; 0.29. Torna
KocTb | HyxHO Gpocutb B cpesHeM 541 pa3 u koctb 11 —5.47 pas
JJIs BHIMAfleHHsl OQHOH M TOH JXe rpaHd [Ba pa3a noapsa. B To xe
BpeMs, €C/IH Mbl XOTHM IOJIYYHTb OAHY H Ty Xe rpaHb TPH pasa
NoApsAA, TO KOCTb | HyXKHO B cpefHeM Opocatb 22.54 pa3a, a KOCTb
I1 — 22.35. DToT NMapajoKC NMOKAa3LIBAET, YTO MJIOXO ONMpPENeNsiTh «pe-
TyJAsPHOCTb® KOCTH TaK, Kak 3To cAejanu Mb. (B o6umem cayuae
MOXHO A0Ka3aTb, YTO €CJH HEKOTOpas rpaHb [MOSABJAAETCS C MOJO-
JKHTEJbHOH BEpPOATHOCTBIO P, TO CpefiHee YHCJIO He0OXOAUMBIX bpoca-
HUH A/ MOJyuyeHHs 3TOH r'paHu k pa3 MoApsil paBHO m, =p~' 4
+p—2+ ... +p~* PaccMOTPHM KOCTb, TPAHH KOTOPOH MOSIBJSIOTCA
C BEpPOSITHOCTSIMU py, P2, ..., H NycTb M, o0603HauaeT cpefHee YHCIO
6pocaHuil, HeOGXOAUMBIX [JA MOJY4eHHs OAHOH H ToH XKe rpaHu k
pa3 moapsa. Toraa M;Zl=m,7,l +m,73l -+ ... EcJaH ™Mbl mog0XHUM
pr=p2= ... =1/6, 70 My =7 u M; = 43, xaK Mbl yKe OTMeyaJIH.)



3) Ilapadokc dnsn poxdenus

Ecnn cob6upatoTcss BMecte He GoJee, ueM 365 uesioBeK, TO BO3-
MOXHO, YTO BC€ OHH HMEIOT pa3/uyHhe AHH poxAeHus. OfHaKo
cpenu 366 uenoBek HaBepHsika (100 %) HafizyTcst mo KpaiiHeil Mepe
JABa TaKMX, Y KOTOPHIX AHH DOXXIEHHS NPHXOAATCA HAa OJHH H TOT
Xe AeHb B roay. (IIpeamosnoxkum, 4To MH 3eCb He paccMaTpuBaeM
BHCOKOCHHIe rofa.) OpHako, ecqH MB 3afafiMMCs LeJbl0 HaMTH,
CKOJIbKO AOJIXKHO OhITh JIoAeH, uToO6H ¢ HajaexXHocTbio 99 9, nBa u3
HHX HMEJIH OJHH M TOT XK€ JeHb POXKJAEHHS, TO C yAHUBJEHUEM OOHa-
pyXHM, uTO goctaTouyHo 55(!) uesoBek. B To e BpeMs cpenH
68 uenoBek ¢ BepositHOoCThio 99.9 % no KpaiiHeii Mepe ABa HMeIOT
OAMHAKOBHH AeHb poxieHusa. [TouTH HenpaBAOMOROOHO, UTO TaKas
MaJjas pasHHua Mexay BeposiTHocraMd 99 % u 100 % Moxer mpH-
BECTH K CTOJMb GOJILLIHM pas3/jHYHAM B YHcae Jiogell. DTOT mapa-
JIOKCA/JbHHA c1yYa# HJITIOCTPUPYET OAHY M3 IVIaBHBIX NMPHYHH, IO-
YeMy TEOpHSI BEPOSTHOCTeH NpuMeHsieTcs Tak WHPOKo. ([ToxoO6Huii
¢deHoMeH 6bi1 paccMoTpeH B 3aMeuanuu (ii) k I. 10).

OGosnauuM uepes n yuca0 AHell B rody, W mycth x (<< n) —
yucJI0 Jojed B rpynne. Torga BepoSTHOCTb TOTO, YTO HHKAKHE ABA
YeJOBeKa B 3TOH TpyNNe He HMET OJHHAKOBBIX AHEH DOXKAEHHS,
paBHa

nn—1)(n—2)...(n— x4 1)/n~.
CaenoBartesibHO, €CIu
nn—1)n—2)...(n—x+1)/n*=1—p,
TO p — BEPOSATHOCTb TOrO, YTO CPeAH X JIOAeH HANUAYTCS HMEILHC
OAHH H TOT Xe AeHb poxAeHus. TIpuGIMIKEHHOEe pelleHHe 3TOro
ypaBHeHHst  (npu  ycnoBud, uto O0<<p<C1) paBHO x =~

= 2nin (1 — p)~'. CregoareasHo, NMOPAAOK BEJHYHHB X €CThb

4/n nas moGoro 3HaueHHs p u3 oTkpuToro uurtepBasa (0, 1). B To
XKe Bpems, ecH p=1, To x =n-4 1. Ob6obmerne npo6aeMbl AHs
POXJEHHS COCTOMT B CJEAYIOIeM. BBIUHCIHTL HHXKHIOW T'PAHHLY X
TakK, UTO C BEPOSITHOCTbIO p B TPYyIE M3 X YeJOBeK Mo KpaiHell Me-
pe y k QHH DOXXAEHHs NMPHXOASTCS Ha OAMH WM TOT XKe JeHb B TOLY.
OtBeToM 34ech siBaseTcss x =~ cnt¢*—/%k rpe ¢ — nocTosiHHas, 3aBH-
cAmas JHuwb oT p U k (Tounee ¢ = (k! In(1 — p)-1) V%),

u) Ilapadokc eep6os u peutex

[TpeamosoxuM, 4To urpasi B rep6ul H peLIKH, Mbl NMOAOGPOCHJH
npaBusabHylo MoHery 100 pas. Torpa, K HalieMy yZHBJIEHHIO, Be-
POATHOCTb coObiTHA A = {Bbinaso posro 50 rep6os} GoJblie Be-
poatHoctH cobuTHst B == {Bhimajo no kpaiineii mepe 60 repGos}.

(Kak mbt ormcuanu B 1. 10, P(A) ~ 8 %, a no teopeMc Myas-
pa—Jlannaca P(B) =1—®(2) =~ 3% BeposiTHOCTb BHIIAAEHHS



no kpagHeii Mepe 55 repGoB Bo3pactaer a0 16 Y% (mpuGaH3HTENb-
HO), uTo BABoe Gosibwie P (A).]

k) Pebpo monerot

O6h1uHO CcOGBHITHE, coOCTOsILee B TOM, YTO MOHETa BCTAHET Ha
pe6Gpo, He paccMaTpUBaeTcs, TaK KaK OHO NMOYTH HHKOrJa He NpOHC-
xoaut. HaiineM tenepb pasMephl MOHETH, NPH KOTOPHIX C PaBHBIMH
BepostHocTsAMH (1/3) Mosera nagaetr Ha pebpo, rep6 HJIH pelIKy.
I npocTOTH paccMOTPHM MOHeTy B BHAE INPAMOIO LHJIHHADPA, Y
KOTOPOTO OCHOBAaHHA COOTBETCTBYIOT repOy M pelike, a 60KOBast Mo-
BepxHOCTb — pebpy MoHerHl. EciiH MoHeTa Bpamiaercs BOKpPYT OCH,

NpoxoAsimeR uepe3 LEHTP Mo-

HEeTBl H MNapaJjelbHOH OCHOBA-

HHIO, TO JOCTAaTOYHO PaccMaTpH-

BaTb CeYyeHHe MOHETHI, MPOXoAs-

ulee 4Yepe3 LEHTP H MEpHEHIH-

KyJsipHOE OGOHM OCHOBAHHSIM.

DTHM ceyeHHeM SBJSETCA MNps-

MoyroJibHHK. [IpoBeneM okpyx-

7 HOCTb BOKPYT 3TOr0 MPAMOYTOJb-

HHKAa ¥ TOYKY TpPH3EMJICHHS BHI-

Puc. 7. Korna wmoHera BcraHer Ha  GepeM cJyuadiHBIM 06pasoM Ha

peGpo? 3TOH OKPYXHOCTH. EcCTeCTBEHHO

CYUHTATh, YTO MOHETa yMaJeT Ha

pebpo ¢ BepOATHOCTBIO, PaBHOH BEPOATHOCTH TOrO, YTO pPajgHyC,

COENMHAIOMHA LEHTP H ciayyafiHyl0 TOYKY Ha OKpYXKHOCTH,

Niepeceyer CTOPOHY MNPSMOYroJbHHKA, COOTBETCTBYIOIYI GOKOBOMH

OBEPXHOCTH MOHeTHl. B 3TOH Mojenu MoHeTa cTaHOBHTCS Ha pe6po

C BEPOATHOCTBIO 1/3, eciu OTHOWIEHHE €€ TOJLIMHH K JAHAMETPY

paBHo tg 30° = 0.577. Oanako npoGiema He CBOAUTCA K 3ajade Ha

TJIOCKOCTH, €CJIH MOHETAa MOXeT BpauwaThcsl CBOOGOAHO, TOUHEE, €CJIH

Ha T0BEPXHOCTH cGhephl, ONHCAHHOA BOKPYr MOHETHI, CAy4afHO BHI-

6upaeTcss TOYKa H MBI NpeANoJiaraeM, YTO MOHETa CTAHOBHTCA Ha

pebpo, Korga paaHyc, COEAHHSIIOIHA 3Ty CAYYAHHYIO TOYKY C IIEH-

TPOM, nepecekaetr O0OKOBYIO NMOBEPXHOCTb MOHeTH. B 3Toil Mojenan

BHINMAfIeHHs repba, pelIKH KM BCTaBaHHE HA pe6Gpo pPaBHOBEPOSITHHI,

€C/IM OTHOLIEHHE TOJILUIHHE MOHETH K ee aHameTpy pasHo 0.354... .

BesycioBHo, cymecTByIoT H GoJiee peasucTHuecKHe MopenH. CaMoi

NOpasHTEJILHON H3 HHX ABJAETCH Ta, Ile OTHOLUIEHHE, O KOTOPOM ro-

BODHJIOCh BHILIIE, HaUMeHbLiee (T. €. Korda MoHera Haubosee mJo-
cKas).

4) Iapadoxc bopears

[Tycth ciyyafinast To4ka paBHOMEPHO BHIGHPAETCH HA TOBEPXHO-
cTH wapa (HampuMep, Ha 3eMJie, MpeAnosaras, YTO OHA — lNap).



Boo6me roBopsi, noJioxeHHe TOUKH 3a1aeTCs ee WIHPOTOil M A0Jro-
Toii. [Ipy naHHOH wMpoTe MOJMrOTa paBHOMEPHO pacmpeienena, HO
NpH (PHKCHPOBAHHON AOJrOTE pacnpejeeHHe WIHPOTH He ABJIAETCS
paBHOMepHbIM. (IIMOTHOCTB 3TOrO pacnpeneseHus NPONOPLHOHANb-
Ha KocHHycy aoJaroThl.) CjenoBaTesbHO, IJIOTHOCTh Cly4aiiHOM TOY-
KH He OJJHHAKOBa, KOIfa OHAa HaXOAHTCH Ha 'PHHBHYCKOM MepHIHA-
HE HJIH Ha 3KBaTOpe, XOTA U IPUHBHUCKHII MepHAHAH, U SKBATOp fAB-
Js0Tcs CGOJBbLUIMMH OKDPYXXHOCTSIMH Ha cdepe, H NO3TOMY HX pOJb
NpeacTaB/seTcs OAMHAKOBOI.

Caenyomas npo6neMa NpeacTaB/isieT Co60il aHAJOTMUHHIH Ma-
panokc. ITycts X u Y — nBe He3aBUCHMBIE CJydYailHble BEJHYMHBI C

Puc. 8. XoTs H 3KBaTOp, H MePHAMAH ABAAIOTCS CAMBIMH JJHHHHEIMH OKPYXXHO-

CTAMH Ha rjo6yce, NpH BHYHC/IEHHH YCJOBHHIX BEPOSITHOCTEH HEOGXOAHMO YUHTHI-

BaTb, UTO 3KBAaTOp OKpyXeH C(OepPHYECKHMH 30HaMH, a MepHAHAH — ABYXYrofb-
HBIMH.

HOpMaJbHHM pacnpejenerueM. Bekrop (X, Y) MoxHo paccMmatpu-
BaTb Kak CJy4aiHyl0 TOYKy Ha mjockoctH. [Iycte R u ¢ —ee mo-
JAsipHbie KoopAuHaTh. IIpeanonaras, uro X =Y, noayuum, 4to pac-
npenenenne R?2=2X? coBnajgaer ¢ pacnpeneseHneM KBaapaTa CTaH-
NapTHOH CayyaiiHOH BeTHMYMHBI, yMHOXKeHHOro Ha 2. B To xke Bpewms,
IIPH YCJIOBHH, YTO ¢ = 1t/4 UM ¢ = dn/4, pacnpenenenue ciayyaiiHoi
BeqUUHHB R? = X? - Y2 10 XKe, 4TO H CYyMMH KBaJpaTOB ABYX He-
3aBHCHMBIX CTAHAAPTHHX HOPMAJbHHX CJAyYaHHRIX BeJIHYHH (TakK
Kak R u ¢ He3aBucHMH). Clef0BaTeNbHO, AN R? MBI MONYYHJIH CO-
BepLIEHHO pa3JIHYHHE pacnpefeseHusi, korza X = Y u korga ¢ =
=n/4 uIn ¢ = 5n/4, 4TO Kaxercs MapalAOKCaJbHEIM NOTOMY, 4TO
06a ycJIOBHA 03HAYalOT OZHO H TO e, TOJbKO B NEPBOM cJydae yc-
JloBHe CPOPMYJHPOBAHO B OOGBIUHBIX KOODAHHATAaX, a BO BTOPOM
clydyae — B IOJISIPHHIX.

(/Iut.: Billingsley P. Probability and Measure, Wiley, New York — Chi-
chester — Brisbane — Toronto, 1979.)

m) Iapadoxc ycaosueix pacnpedeneniii

[Tycte X u Y — cayuaiinble BeauyuHbl u f(x, y) — GyHKUHS ABYX
NepeMeHHHX TaKas, YTO I[pH JIOG0M (HKCHPOBAHHOM y BeJHUYHHA
f(X, y) He 3aBucur or Y. CnpaBesanBo aH, 4T0 B 3T0M cayuae f(X,



Y) takxke He 3aBucuT ot Y? Chenyioumu#i NpocTo NpuMep MOKAa3H-
Baer, Yto oTBeT oTpuuareasHHit. [Tycte X=7Y u X paBHOMepHO
pacnpeaeneHa Ha uHrepsaje (0, 1). Ilpexnonoxum, uro f(x, y) =
=y, e x=y H f(x, y) =0 B nporuBHOoM cayuae. Toraa f(X, y)
TOXecTBeHHO paBHa 0 (c BeposiTHOCThIO 1), clefoBaTesIbHO OHA He
3aBucHT ot Y, ognako f(X, Y) =Y, oueBugHo, oT Y 3aBHCHT.

(JInt.: Perlman N. D., Wichura M. J. “A note on substitution in condilional
distribution”, Annals of Statist., 3, 1175—1179, (1975).)

#) Kak uepars 8 npouzpelunyto uzpy

[TpennonoxuM, 4To B HEKOTOpPOH Hrpe 4HMCIO HcnbiTaHub (n)
Bcerga uerHo. [TepBhifi urpok A BEIMTPLIBAET OYKO C BEPOATHOCTHIO
= 0.45; a5 B 3ra BeposaTHocth p = 0.55. UTo6H BHIMrpaTh HrpY,
HCPOK JoJIKeH Habpatb GoJiblie MOJOBHHB BceXx o4KoB. Ecanm y A
€CTb BO3MOXHOCTb BHIGHpATb YHCJO 7, TO, KAK HH CTPaHHO, N1 =2
He SBJSIETCS JYYIHM BRIGOpoM. (dto GyAer JydyiiuM BeIGOpOM, Kor-
la p oueHb MaJo, TouHee, Koria p Menbie 1/3). Ecan p=0.45 u
n =2, To BEPOSITHOCTb BHIMTpHIIA AJsi A paBHa Bcero auub 0.452=
=0.2025. Eciu xe ucnutanuii 6yzer Gosbie, To A OKaxercs B
JAyumed cHTyauud. JIerko JoOKasaTh, UTO ONTHMAJbHHIM SBJAsercs
BuiGop n=10. Tako#i pe3ysbTaT Ha NePBHH B3rJsAJ NPOTHBOPEUHT
ofleMy <«NPHHIMNY»: YeM paHblle MH NPEeKpPATHM INPOHTPHIIHYIO
urpy, TeM Jaydme. I[IpeanosoxuM, HanpuMep, YTO HaM HYXKHO
20 moasnapoB, a y Hac ecTb TosbKO 10. MH co6upaeMcs MOJY4HTDb
HEJOCTAIOIYI0 CYMMY, cHrpaB B pynaerky. ITocko/abKy pyJerka —
9TO NMPOWTPHIIHAS HUIPa, PEKOMEHAYeTCs cleNaTh HaHMeHblllee BO3-
MOXKHO€ YHCJO MOMLITOK, T. € MH AOJIKHH IOCTaBHTb Cpa3y Bce
Hawmu JeHbTH, HAPHMEp, HA «KpacHoe». B 3ToM cayuae maHCH BH-
urpath paBHbl 18/38 (B aMepHKaHCKOf pyJerke ectb ABa Hyuas: 0
n 00). C mpyro#i cTOpPOHH, €Cc/JH Mbl KaXAHH pa3 6yaeM CTaBuTh
JUWb MO OAHOMY ROJJIApy, TO AOCTHTHEM CBOeH ILeJH C BeposrT-
HocTbio 0.11. Bosee nmoapo6uylo HHDOPMALHIO MOXKHO HAHTH B KHHI'e
Dubins L. E., Savage L. J. How to Gamble if you Must, New
York, McGraw-Hill, 1965.

(JTut.: Mosteller F. Fifty Challenging. Problems in Probability with Solutions,
Reading, Addison-Wesley, 1965. [Mimeetca nepesoa: Mocteanep @. Ilats-
IeCAT 3aHUMATeNbHLIX BEPOATHOCTHRIX 3afad ¢ pewennaMu. — M.: Hayka,
1985.])

o) Ilapadokc crpaxosarus

KaneHt, Kotophifi Brafeer co6cTBeHHOCTBIO V, Xoyer 3acrpaxo-
BaTh 4actb bV (0 << b << 1) cBoelt cOGCTBEHHOCTH OT BO3MOXHOIO
He6aronpUATHOTO COGBITHS, KOTOPOE MPOUCXOAUT €KErofHo C Be-
posTHOCTbIO p. ExKeroanplfi cTpaxoBofi p3HOC coctapiser ¢V (0 <



<< ¢ << 1).CtpaxoBaHue BBITOJHO CTPaXOBOH KOMIAHHH JIHIUb TOTAA,
KOrfa OxujaeMass NPHGHLIb MOJIOXHTENIbHA, T. €. KOrjla ¢ GoJblue
pb. IToueMy Bce XKe KJIHEHTH CTPaxXylOT HMYMECTBO, €CJIH OHH 3HAIOT,
4TO CTPaxXOBaHHe BBHITOJHO AJIS KOMIAHHH, A He AJs Hux? IIpenno-
JIOXHM, 4YTO KJHEHT 3aCTPaxoBaJ HMMYLIECTBO H IJIATHJ AEHbTH B
TeyeHHe 7 JieT, HO CTPAXOBOH KOMIIaHHH HH pa3y He NPHLIJIOCH BBI-
IJayuBaTh CTpPaxoBKy. Toraa HavyajsbHas COGCTBEHHOCTb KJIHEHTA
(V) yMeubwutcs Ao eauuuHn V(1 —c)". A uto 6biao GH, ecaH
KJIHeHT He 3actpaxoBajcsa? [lycth X, o603Hayaer cayyaiiHylo BeJsH-
YHHY, KOTOpasi paBHa 1, eciu KJHEHT NOoHeC YOHTKH B k-M roay, H
X, =0 B nporusHoM cayuae. Torga BesMuMHa COOGCTBEHHOCTH B
(k+ 1)-M rony paBHa Viy = Vi(l — bXrq1), clegoBarenbHo, cny-
CTSl 1 JIET, HMeeM

n n
Vo=V yl (1 —bX,) =V exp (kzl In(1 — ka)).
IMockoabky oxuzaemoe 3HayeHue BeauuuHbl In(l1—bX,) paBHO
pIn(1—b), c GoablIOH BEpOATHOCTHIO NMOMYYaeM
Vo= Vexp(npln (1 — b)) =V (1 —b)"".

Taxum o6pa3oM, cTpaxoBaHHe BRITOAHO AJs KJaHeHTa, Koraa V(1 —
— b)" wmenbwe, yem V(1 —c)" 1. e. (MCONB3ys pasfoXeHHe B
CTENEeHHOH psill), KOTJa ¢ MeHblle, YeM

ST0 03HayaeT, YTO CTPAXOBaHHE BHIOAHO, KaK NS KJAHEHTa, TaK H
AJisl KOMIIAHKH, eCH ¢ Gosblie pb, HO MeHblle, ueM YKazaHHas BHILC
cyMMa, Jlerko BHAeTb, 4TO, YeM MeHblle b (T. €. ueM MeHbluas
YacTh COGCTBEHHOCTH CTPaxyeTcsi), TeM MeHblie cBoGoAH B BHGope
BEJIHUHHBI €, T. €. BO3MOXHOCTb KOMIIpOMHCCca yMeHbliaetcs. (B He-
KOTOPOM CMBICJIE yUaCTHe B JIOTepee TaKXKe NpeAcTasiaser co6oi BHA
cTpaxoBanus. [IpeAnosoxuM, YTO HEKTO BCErAa CTaBHJ HAa OJHH H
Te e YHCJIa, a CIYCT HEeKOTOpPOe BpeMs IepecTas yyacTBOBaTb B
JIOTEpEE M B 3TOT PAa3 «ero» YHCJa BHHUTpaJu. TOraa 310T HEKTO BO3-
MOXKHO CKOHYaercs OT yAapa. C Takofl TOUKH 3peHHS L[eHa JoTepei-
HOro OuJjiera npeacrasfsercs Hegoporodl. CoBsepiueHHo Apyrasi CH-
Tyalus B GpyT60/bHHX NMyJlaX, TakK KaK B HHX PEIKO KTO BCerjaa cra-
BUT Ha OAHY H Ty e KOMOHHAIIHIO H TIO3TOMY HesiCHO, 4TO TepsieT
TaKo# 4eJIoBeK, He yUacTBys B HIpe.).

n) A6cyponeie pesyastater Jsrouc Kappoa

3aKOHUHM CepHIO MapajoKCOB aGCypPAHHIMH Pe3y/bTATAMH H CO-
¢usmamu. IIpuBeneM 3TH pe3yJbTATH COBMECTHO ¢ HX OMIHGOYHBIMH



BHBOJaMH, OJHAaKO AJsl TOro, 4tobbl HalTH OWIHGKH norpebyercs
noJjioMaTh TroJIOBY. 3HaMeHHTH mnHcaTtean Jlbiouc Kappoa 6hia
60JIbLIMM JIIOOHTENEM HeJlenocTeH U B MaTeMaTHKe, H B JIUTepaType.
(B pa6ore «A6cypanas auteparypas («The Absurd Literature»)
Hukona BanoTe paccmarpuBaer Kapposa kak riaBHoro npeaBect-
HHKa coBpeMeHHOro abcypaa.) B nocneaunne 10 et xkusuu Kappoaa
npHBJ€eKanH abcyplAHHe MaTeMaTHYeCKHe BHIBOAH {(cM. cobpa-
HHe «Curiosa Mathematica» 1888 r. unu crateio o Pasyme, ony6iu-
KoBaHHyio B anpese 1895 r.). B paborc Ksppona «Ilpo6aemp Ha
noayumke» («Pillow Froblems», 1894 r.) MoxHo HaliTH caeldyromuit
abCcypAHBIH pe3yabTart.

B Memke HaxogATcs ABa liapa, KOTOpble MOTYT GHITb JHGO
"KPacHEIMH, 60 GenbiMH. ITonpobyeM otrajaTh HX LBET, HE 3aras-
aniBasi B Melok. CorsacHo KsppoJy eIHHCTBEHHO MpaBHJAbHHIH OT-
BET 3aKJ/JloyaeTcs B TOM, YTO OAHH M3 HHX KpacHH, a japyro#
Geaniii. On 00BACHAET 3TO cJaedyiollMM o6pa3oM. Koraa B Mellke Ha-
xodsaTcs 2 kpacHHX (R) wapa u 1 6eantii (W), BepOATHOCTb BHITa-
IIHTh KpacHHH map paBHa 2/3. C Apyro#t CTOPOHBI, €C/IH B MeLIKe
6bs10 3 WIapa U BEPOATHOCTb BBHIHYTh KPacCHHIH 11ap paBHAJach 2/3,
TO B MelllKe HaxoAuauch 2 mapa R u 1W.

Tenepb nonoxuM map R B MeLIOK, KOTOPHIH MepBoHauaJbHO CO-
Jiep:KaJs ToJNbKO ABa Liapa. B 3ToM cayuae cymiecTByioT YeThipe paB-
HOBO3MOXHHX (1/4) komGuHauuu mapos: RRR, RWR, RRW wu
RWW. Eciu Ha caMoM Jejie HMEET MeCTO nepBas KOMGHHALKS, TO
BEPOATHOCTb BHHYTh WIap R paBHa 1, A5 BTOPO# u TpeTbeil KOMGH-
HalKui 3Ta BePOSITHOCTb PaBHA 2/3 W AJs NOCJeAHeH KOMOHHAUUH
paBHa 1/4. CrnenoBaTenbHO, BEPOSITHOCTh BHIHYTh luap R paBHa
1-1/4+2/3-1/44+2/3-1/4+41/3-1/4=2/3. TakuMm o6pasomM, B
MellKe AOJKHH GHTh 2 wapa R u 1 wap W, cnenoBatennHo, nepep
TeM, KaK MBI OJIOXKHIY B MelloK 1ap R, B HeM AoJXeH O6blTh 1 wap
R u 1 wap W. 3tor pesysabraT, oueBHAHO, abCypAeH, TaK YTO ero
BHBOJ M0JKeH ObiTh OIHO0YHEIM. Ho B ueM oumru6ka?

Crepyiomue paccyAeHHs TakXKe MNPHBOAAT K aGCypAHBIM pe-
3yabTaTaM. [IBoe H3 Tpex 3akJioYeHHHIX, 0603HavyaeMbix A, B u C,
6yayr KasHeHbl. OHHM 3TO 3HAIOT, HO HE MOTYT JOrajaThCs, KOMY
XKe H3 HHX noBeser. A paccyxnaaer: «BeposiTHoCTh, YTO MeHS He
KasHsiT, paBia 1/3. Ecau g moripoiny oxpaHHHKa Ha3BaTb HMs (OT-
JIHYHOE OT MO€ro) OAHOro M3 ABYX 3aKJ/IOYEHHbIX, KOTODbIX Ka3HAT,
TO TOrAa OCTAHETCH TOJbKO ABE BO3MOXKHOCTH. JIu6o Apyro#, Koro
Ka3HAT, 3TO fl, IHOO HET, U MOSTOMY LIAHCHI, YTO 5 BHIKHBY, yBEJH-
yarcsi A0 1/2». OpHaKo TaKXe CIpaBelJHBO, UTO yXKe Nepej TeM,
Kak A CIpOCHT OXpaHHHKA, OH 3HaeT, YTO OJHOrO H3 €ro KOM-
NaHbOHOB HaBEPHAKA Ka3HAT, TaK YTO OXPaHHHK He COOGIIHT A HH-
Kakoil HOBOM HHGOpMAlHM OTHOCHTENbHO ero cyan6ul. [louemy
TOr/1a BePOSITHOCTb Ka3HH H3MEHHNACh?



(OtBer ouyeHb NPOCT: BEPOSITHOCTb COBCEM He H3MEHHJACh, OHA
ocrasack paBHOH 1/3. 3ak/loyeHHBIH YNyCTHJ H3 BHAY, YTO OXpaH-
HHK HasblBaeT, HanpHMep, B ¢ BeposiTHOCTbIO 1/2, ecan coGHpaloTcs
Ka3HuTb B u C, HO 3Ta BepOSITHOCTb paBHA l, Korga xKepTBaMH fB-
astores A u B. CaenoBatesbHO, Ha CaMOM JeJse INAHCH st A u3-
6exaTb Ka3HH DaBHH OTHOIUEHHIO BEPOSITHOCTH B MOCJHEXHEM Cly-
yae K cyMMe BeposiTHocTeli B oboux caydasx: 1/6(1/6 4+ 1/3) =

=1/3)



FNABA 1l
NAPALJOKCbl B MATEMATHMYECKOW CTATHUCTMKE

CraTtHcTHKa — 3T0 DHU3HKA YHCeJ.
1. Quaxonuc

Bce camoe BaXHOe paHbIle CKasajJd TOT,
KTO 3TOro He TOHAJ. .
A. H. Yaiirxed

EciH KTo-TO cnmocoGeH NpeACcKasaTh, yeM
3aKOHYATCA €ro MCCJAELOBaHHA, TO 3Ta
npo6jeMa He oueHb TAy6oKa H, MOXKHO
CKa3aTb, NPAKTHYECKH HE CYLIeCTBYeT.
A. Wunred

ITepBonavanbHO CTaTHCTHKA Obla «rocyAapcTBEHHOH apH(MeTH-
koii». (CJI0OBO «CTaTHCTHKa® MPOMUCXOXMT OT JIATHHCKOTO CJIOBa Sta-
tus — rocynapctBo.) C apeBHEHUIHX BpeMeH CTATHCTHKY HCHOJb30-
BaJIM AJs TOrO, YTOOb HH(GODMHDPOBATh NpaBHTEJEH CTPaH O BeJH-
YHHE HaJora, KOTOPH# MOXHO co0paTh ¢ HX NOAAAHHHIX, HJIH O YHC-
Jie COJIJaT, Ha KOTOpPOe MOXXHO pacCCYHTHBATh B BOEHHOE BpEMS.
B Kurae yyer HaceJeHHst mpoBoauJics osiee YeThpeX THICAY JIeT Ha-
aap. CornacHo Bu6anx, Mouceli TakxKe MOACYHTHIBAN BCEX MYXKYHH
cBoero Hapoxa crapue 20 Jjer. Mx okasajocs 603 550 uejioBex.
Yereprast KHura Moucest (Uucna) copep:XHT MHOXECTBO APYTHX
pesyJbT4TOB NMOACYETA JIOJAEeH, OHAKO OHH KaXYTCS NpeyBeJIHYeH-
HHIMH, TaK e Kak U JaHHble Agunes o uncje pa6oB B I'peyecKHX
noJsiucax Bo BpeMeHa PuMckoii uMnepus. BecbMa COMHHTEJIbHO, YTO-
6u B Adunax 6euto 400 000 pa6os, a B Kopuude — 460 000. He-
SICHO, KaK MOJIy4eHbl 3TH AaHHHE, HO TOYHO H3BECTHO, YTO COIJIaCHO
pe3yabTaTaM yuera HaceJeHHsi PuM Obl mepBHIM rOpojAOM C Hace-
JnenueM Gosee MUANTHOHA xuTeJyeli. [TepBuft aHrAHACKUA cTaTHCTH-
yeckuil nokyMmeHT «KHura cymnoro amns», HamucanHufi B XI Beke,
TaKKe BO3HHK B CBSI3H C NOTPeGHOCTAMH apMHH H HaJjoroobJoxe-
Hus. [To 3TOlf NpuUYHHE NPH NepenHCH HaceJeHHS KEHUIHHH He ydH-
THIBaJHCh BIJIOTh JO HelaaBHero BpeMeHH. CTaTHCTHKa cTaJa.Hay-
koit suwib B XVII Beke. Ee ocHoBomosoXXHHKAMH siBasiotcst [[ocon
I'paynt (1620—1674 rr.) u c3p Yurvam IHerru (1623—1687 rr.).
B kuure I'paynra «EcrecTBeHHBle M MNOJHTHYUECKHe HaGJIOIEHHS,
chelaHHble Hajx OloJlleTeHAMH cmepTHocTH» (1662 r.) Hccaenora-
JIECh BONPOCH HapoxoHacesnenusi. B 1669 r. Tiofiredc Ha ocHoBe
naHubix I'payHra omy6imukoBasn TaGauubl CMepTHOCTH. B kHurax
IMertu «Tpakrar o Hajorax» (1662 r.) u «HaGawonenus naa ny6-
JIHHCKHMH 3anucsiMH cMepTHoctH» (1681 r.) TakxkKe HCIOJb30BaJHCh
pesyabTaTH M HAeH I'payHta. B paGore Ilerrm «IlosuTHueckas
apudmeTKa», onyGaukoBanHo# B 1689 r. mocne cMepTH aBTOpa,
Anrsus, Tonnanaus n PpaHLUUs CPABHHBAIOTCH 1O HX HAaCeJEHHIO,
TOPTOBJI€ H CYAOXOACTBY. TepMHMH «NQJHTHUECKAd apHpMeTHKa»



MOXKHO CYHTaTb MPeABECTHHKOM CJOBA «CTaTHCTHKa». C pa3sBHTHEM
KalHTa/JH3Ma CTaTHCTHYECKHMH AAHHHIMH CTaJIH HHTEpeCOBaThCs He
TOJILKO TOCYJAapCTBEHHHlE AesTe/]H, HO H KamHTaJucTH. JIas o6pa-
GOTKH JaHHHIX HCNOJb30BaJHCh Bce OoJsiee CIOXKHBHE MaTeMaTHYe-
CKHe MeToJBbl, MPH 3TOM YyBeJHYHBaJacb H BHroja OoT HX MpHMeHe-
HHs, HanpuMep, B cTpaxoBoM aene. Komnauus Jlnoiima, oaHa H3
KpyNHeHLIHX CTPaXOBHX KOMNaHHi B MHpe, OblJa OCHOBAaHa B
XVII Bekc v 3aHuMaJa B TO BpeMs JHIUb KodeliHio Ha Taysp-cTpHur
B JloHpoHe. Ycmex B cTpaxoBoM AeJle ONMpelensieTcsi TOYHOCTbIO AaH-
HHX 1l HaAJleXallMMH MaTeMaTHYeCKHMH BBIBOAaMH. MatemarHhue-
CKas CTaTHCTHKa, MOCTemeHHO pasBuBasich ¢ XVII Beka, mpeBpaTh-
Jach cefiyac B CaMOCTOSITeNbHYI0 06/1acTh MaTeMaTHKH. Ee ocHoBHO#
neJbl0 fBJAsSETCS NOJyuYeHHe KaK MOXHO GoJiee BepHOH H moJje3-
HOH HHOpMaUHH H3 JaHHHX pe3y/]bTaToB HaOJIOAEHHA H H3Mepe-
HHH, HJIH KpaTKo, crarucruveckoli ssibopxu. (HMamepenne kouanue-
CTBa HH(pOPMALHH HE3aBHCHMO OT ee KOHKPETHOro CoAepKaHHA
guwib B XX BeKe pa3BHJOCh B HOBYIO BETBb MaTeéMaTHKH, KOTopas
Tenepb Ha3nBaeTcs TeopHeii HHpopMauun. OHa TecHO cBsi3aHa ¢
MaTeMaTHYecKOH cTaTHCTHKON.) TpyAHo He mHcaTh caTHpPHYECKHE
npou3BeaeHus Mo kpaiinefi Mepe B ayxe IOBeHasa, Ho eme TpyaHee
He HaHTH NMapajoOKCOB B MaTeMaTHYecKoH cTarhcTHKe. CoraacHo
onHolt wyTke B 1901 r. 33 % cryaentok I'apBapackoro yHHBepCH-
TeTa BHILJIH 3aMyX 3a CBOHX mpenofaBatenehi. Ha camoM ke gese
B TO BpeMsi B yHHBepcHTeTe 00yYyaJHChb TOJbKO 3 N€BYILKH, OAHA H3
KOTOpHIX BHILIJIA 3aMyX 3a cBoero mpodeccopa. CraenoBaTesbHO,
yTBepXKJeHHe BEePHO, HO BBOAHT B 3a6ayxieHHe. IIpeanosoxuM, 4To
B HEKOTOPOH CTpaHe B YHHBEPCHTETHI NMPHHATO Ha 20 % IoHOWeH
Gosblue, yeM AeByluek. Ecan Bce aOHTYpHEHTH OAHHAKOBO XOpOLIO
NOATrOTOBJIEHH H YHCJO aGHTYPHEHTOB-IOHOWIEH COBMadaeT ¢ YHCJIOM
aGHTYPHEHTOB-A€BYILEK, TO OYEBHAEH BHIBOA, YTO MpPHEMHBIE KOMHC-
CHH OTHAIOT NpeanouTeHHe loHowaM. OAHaKo, MOCKOJbKY GoJblue
IeBYIUEK, YeM IOHOLUell, XOTAT y4HTbCA Ha GoJee momyJspHHX ¢a-
KyJbTeTaX, TAe A0Jsi HEeNMPHHATHIX BHILIE, MOXeT 0Ka3aTbCsl, YTO
HeCMOTPSi Ha MPONOPUHOHAJbHHN NPHEeM, B YHHBepcHTeTe G6yaeT
yuHTbcsi GoJiblle IOHOLIel, yeM AeByLIeK. AHA/NH3 TEKCTOB, MPOBe-
nenunbiit B 1913 r. JI. 3dpecom, ananornyHHM 06pa3oM BBOAHT B 3a-
6syxkAeHHe HJIH, MO KpaiiHeil Mepe, ero JIerKO MOXKHO HEBEpPHO HC-
ToJKOBaTh. Jiipec yrBepxaaJ, uto 50 HanGoJsee yacTo ynoTpebase-
MBIX CJIOB COCTaBJSIOT NpHOau3uTeabHO 50 % oO6LIYHOrO TeKcTa,
300 HaHGoJiee 4aCTO BCTPEYAIOLIHXCA CJIOB COCTaBAAOT 75 % TekcTa,
a 1000 naunGosee uyacto ynorpebiasieMBIX CJOB cocTapiasior 90 %.
HecMoTpsi Ha 3TOT (aKT, HeJab3s CKa3aTb, YTO €CJH HaM H3BECTHH
50 uan 100 caoB KaKoro-to sis3blKa, TO MH y3Ke HaNoJIOBHHY €ro mo-
HHMaeM, TaK KaK 3HaHHe HECKOJIbKHX CJIOB, Aa)Ke €C/JIH OHH 4acTo
HCIOJIb3YIOTCS, BPSiJ JIH TIOMOXKET B NOHHMaHHH J060ro Tekcra. He



YAHBHTEJIbHO, YTO MHOTHE JIIQAH CYHTAIOT, YTO CYLUECTBYET TPH BHAA
JXH: HeBHHHaf JIOXb, HalJloe BpaHbe H cTaTHCTHKa. HazneeMmcd, yto
06bsICHEHHe NMapaJlOKCOB MaTeMaTHYECKOH CTATHCTHKH MOMOXeT HaM
Xopouo pa36HpaTbhCs B CTATHCTHUECKHX HEJIEMNOCTAX, BUAETb MOJb3Y
H HeoOXONHMOCTb CTATHCTHYECKHX BHIBOJOB, a TaKXe H3BJEKATh
HaHGosiee BaXKHYI0O HHGOpPMALHIO H3 JAaHHHX.

1. Mapagokc baleca

a) Hcropus napadokca

Tomac baiec, yuennk ne MyaBpa, sfiBasieTcs OJHHM H3 BHIAAIO-
LINXCSl OCHOBaTeJiell MaTeMaTHuecKo#l craTuCTHKH. Ero Teopema, zo-
Ka3aHHas rae-1o okosao 1750 r. u onmy6/aMKOBaHHAS JHLIb MOCJE €ro
CMepTH, CTaja HCTOYHHKOM HEKOTODHX Pa3HOIJacHii B CTAaTHCTHKE.
)Kap cnopoB 0 cux nop He yTuHx. Bosee Toro, Teopernueckas mnpo-
nacTh MeXay nocjefoBartessiMH 6alecoBCKOro H aHTHGafeCOBCKOro
NOAXOJ0B MpoJoJKaeT yBeaHuHBaThes. [Ipoctas dpopMyanpoBka Teo-
pemul Bafteca 3akmiouaercs B ciepyiomweM. Ilyctb A 1 B — npous-
BOJIbHHE COGHITHSA, HMelollHe BeposiTHOCTL P(A)>0 u P(B)=0
cootBeTcTBeHHO. OGo3HauuM uepe3 P(AB) BepOATHOCTb COBMECT-
HOTO ocyliecTBJeHHs cOGHTHH A u B, u nycts P(A|B) ectb ycnos-
Hasi BepOSTHOCTb A, ecJM H3BeCTHO, YTO B yxke npousounio. Toraa

P (AB P(A|B)P(B
P(BIA= . 1 e P(BlA)=2UEEZE)
CremoBaTtenbHO, ecsiH By, B, ... — nonapHo HemepeceKaloLuecs co-

OHITHA, HMeIOLHe INOJOXHTEJbHHE BepOSTHOCTH, H OZHO M3 HHX
MPOHCXOAMT Bcerja (Mau mo KpafiHefi Mepe ¢ BeposiTHOCThbiO 1), TO

P (A| Be) P (Br)
P(A|Bo) P(Bo)+ P(AI'B)P(B)+ ...~

A10 u ecth hopMyaa Baiteca. Ona nokasmBaet, KaK M0 QNPUOPHbLIM
BeposATHOCTAM P (B,) (BeposiTHOCTSAM cOGHTHHA B, J0 TOro Kak co-
6nitHe A NpOH30LLIO) HAHTH QnNOCTepuopHsle BepoOATHOCTH (mocie
TOro, KaK co6utHe A mpousouio). Ecau paccmaTpuBath co6HTHA B
KaK NPHYHHH, To (opmyna Bailieca mpencrasasier coGoit Teopemy o
BepoATHOCTAX npHuHH. Cama no cebe TeopeMa OeccnopHa, HO B
6oNbIIMHCTBE e€e NpHMeHeHHH BepoATHOcTH P (B:) HeHsBecTHH.
B atoM ciyuae, Kak nmpaBuJo, CUHTAIOT, YTO, MOCKOJBKY OTCYTCTBYeT
npejiBapHTesbHass HHOOpMaNKsA O MPpHYHHAX COGHTHI B, TO BCe Be-
poatHoctH P(B) paBHH, OJHAaKO TaKo# MOAX0J, BooOlue roBops,
HenpuemJseM. Balec Hcrosb3oBas cBOIO TeopeMy B ciayyasx, KOraa
anmpHOPHBIE BEPOSITHOCTH OLIIM BePOSATHOCTSMH HeNpepHBHHIX pac-
npejesienHii, B YaCTHOCTH, PaBHOMEPHOTO paclpe/ie/ieHHs] Ha HHTEp-

P(B,|A)=



Basne (0, 1). Ilo Teopeme Batfieca, ecaun B n -+ m HabJa04EHHAX CO-
6bITHE, MMeolllee HeH3BECTHYIO BEPOSATHOCTb p, NMPOH3OLLIO 7 pas,
TO BEPOSITHOCTb TOTO, YTO p NPHHANJIENKHUT NoAbHTEpBaay (a, b)
uHtepBana (0, 1) paBHa

b 1

Sx"-(l —x)"dx S " (1 — x)" dx.

n 0

Bafiec BHIABUHYJ HAEIO O TOM, YTO, €CJIH Yy HAC HET HHKaKoH Mpe-
BapHTe/ibHOH HHGOPMAlHK O p, TO allpHOPHAst BEPOSITHOCTHAs MJOT-
HOCTb NlapameTpa p paBHOMepHa Ha BceM uHTepBase (0, 1). Ha-
npuMep, eciu n=1, m==0, a=1/2 u b=1, T0 no npuBeneHHOH
BbllIe GopMyJie, WAHCH TOTO, YTO HCKOMasi BepPOSITHOCTb p GoJbiue
1/2, paBubl 3/4. lo. cuxX mop JHLIL HeMHOTHe NOBEPSIOT 3TOMY pe-
3yJbTaTy, B YaCTHOCTH, [IOTOMY YTO OHH COMHEBAlOTCsS B paBHOMEp-
HOCTH allPHOPHOrO pacrnpejesieHus.

HesnaHue anpuopHoro pacnpeneseHHsi 0Ka3aJocChb CTOJb paspy-
WIHTENbHBIM [J151 0G0CHOBAHHOCTH CTAaTHCTHYECKHX BHIBOJOB H3 TeO-
pemnl Bafieca, yto 3Ta TeopeMa OblJa NMOYTH HCKJIIOYEHA H3 CTATH-
cTHYeCKHX HccaenoBaHuil. OnHako Bo BTOpoil Tpern XX Beka Oaie-
COBCKHH NMOAX0J BHOBb IOJYYHJ HEKOTOpPOe pa3BHTHe, 6Gaaroiaps
BAXKHOH pOJIH, KOTOPYIO OH Urpaer IpPH MOHCKe AONYCTHMBIX H MH-
HMMAaKCHHIX OLeHOK (cM. 3aMeuaHus B . 12 u kHury Peperocora).
Bce GoJsee pacmpocTpaHsiiach MHICAb O TOM, YTO NOC/AEAOBATENbHOE
npuMeHeHne ¢opMyan DBafieca (korga nocje kaxjoro Habawone-
HHSl anoCTepHOPHHIE BEPOSITHOCTH NMEPECYHTHIBAIOTCS H HA CJeAyIo-
I[eM IlIare OHHM MCNOJb3YIOTCS KaK anpHOpPHHIE BEPOSTHOCTH) CHH-
JKaeT poJib HCXOLHOFO aNpHOPHOTO paclpejelieHHs, TaK Kak Iocie
MHOTOKpPATHOTO IlepecyeTa HCXOJAHOe paclpefieleHHe BpsA JH
OKa3blBaeT BJHSHHE Ha 3aKJIOYHTEJbHOe anocTepHOpHOe pacrpeje-
Jenue. (OueBHIHO, YTO HEKOTOphIE BHIPOXK/AECHHHIE CIyyaH He paccMa-
TPUBAIOTCS, HAaNpHMep, Koria 3HaueHHe p paBHo 1/10, a ampuop-
HOe pacnpefe/ieHHe paBHOMepHO Ha oTpeske [1/2, 1], He coxepxa-
meM Touky 1/10.)

6) Ilapadoxkc

[TycTe BO3MOXHBLIMH 3HaYeHHSMH cJayuyafiHoi BelHuuHH X sB-
JSAIOTCS [leJhle YHCaa, H TPEANoNOXKHM, YTO BEpPOSITHOCTHOE pac-
npeaenenne X 3aBHCHUT OT NapaMeTpa p, NPHHaJJexallero OTpesKy
[a, b]. Ecau He3aBucumele HaGmalofeHus X;, Xp, X3, ... MOJNydyeHH
H3 HEH3BECTHOro pacnpepeneHus X (T. e. pacnpefeneHHss C HeHs-
BECTHHIM TTapaMeTpOM p; X; HMEIOT TO XKe pacrnpejeseHue, 4To u X),
TO MOXKHO OXMAAaTbh, YTO NOCJELOBATEJbHOCTb aMOCTEPHOPHHIX pac-
npeneneHudl (BHIYHCJEHHBIX N0 HCXOJHOMY DaBHOMEDPHOMY ampHop-
HOMY pacnpefiesieHHI0) Bce Gosee W §o0Jiee KOHUEHTPHPYETCS OKOJIO



HCTHHHOrO 3HaueHHus p. [lapamokcaabHo, HO 3TO He BCErAa BEPHO.
Hanpumep, HCTHHHOe 3HaueHHe p MOXKeT paBHATbeA 1/4, a mocaemo-
BaTeJbHOCTb allOCTEPHOPHHIX pacrnpeleneHHl (MPH yBeJHYEHUH YHC-
Jna HabJofeHHH) Bce GoJiee COCpPelOTauHBAeTCs, HalpHMep, OKOJO
3/4.

8) Obwmacnenue napadoxca

IMapamokcaJbHOCTb CHTYallMH COCTOMT B TOM, 4YTO OXHIaercs,
4YTO (DYHKUHS anocTePHOPHOH IJIOTHOCTH OyAeT NPHHHMAThb HaH-
6osiblIKC 3HAUCHHS B OKPECTHOCTH HCTHHHOIO 3HAUCHHSI, T. €. BOJH-
3n 1/4. OpHako 3To cooGpa)KeHHe He IPOTHBOPEYHT TOMY, UTO
(YHKIHH aNoCTEePHOPHHIX NMJOTHOCTEH MOryT Bce 6oJjiee cocpenoTa-
YHBAThCS OKoMo 3/4. HyXHo ToJbKO, 4TOOGB! (pYHKLUHS IJIOTHOCTH,
HMerollasi MUK B 1/4, 3ateM GnicTpo yObIBasa, HO OCTaBaJach BBICO-
Kol okoJio 3/4. Ecan UHCJI0 BO3MOXKHBEIX 3HAUeHHH BeqHyuHB X KO-
HEeYHO, TO TaKas CHTyalHs HeBO3MOXHAa, HO KOria 3HaueHusiMH X
Moryr ObITb J106ble LeJble YHCJa, NapajoKcalbHas CHTYalHs MoO-
XKeT ocyulecTBHThbeA. ITycTh anpHOpHOe pacnpeselieHHe p paBHOMep-
Ho Ha otpeske [1/8, 7/8]. Onpemenum Tenepp ¢yHkuuio f(p) Ha
3TOM OTpe3Ke TakKHM 00pasoM, uTo 3HaueHHsMH [(p) Bcerga siB-
JSIOTCA HaTypaJbHBle YHCJIA, 3a HCKJIIOUeHHeM Touek p=1/4 u
p=23/4, rne f(1/4) =f(3/4) = +o0. IlycTb pacnpeneiexne cay-
yafiHo#l BeJqHuHHBl X (3aBHcsllee OT p) HMeeT CJAeLYIOMHHA BHI

PX=i=c(l—p)p', i=0,1,2, ..., f(p)
rage ¢ = Cp, €CTb IIOCTOAHHAA, AJaA KOTOpOﬁ
f(p)
Yc(l—p)p=1

i=

IIpu cooTseTcTBylomeM BHIGOpe f(p) YyKasaHHas BHUIC NMapagoK-
caJbHasl CHTyallus ocyluecTBuMa. JlanpHeHIune AeTaju CM. B CTaThe
®puamana [Freedman D. F. (1963)].

2) 3ameuanus

(i) C. Bepuwreiin u P. Musec eme mo 1920 r. yKaselBaau Ha
TO, YTO NPH HEKOTOPHIX YCJOBHSIX MHOTOKPAaTHOE NMPHMEHEHHE Teo-
pemn Bafieca paer mocsienoBaTesIbHOCTb ANOCTEPHOPHBIX pacrpene-
JIEeHHH, CXOASILHXCA K HCTHHHOMY paclpeje/eHHI0, KaKOBO Gbl HH
6bl10 anmpHOpPHOe pacnpezeneHue. [ToaToMy anpuopHoe pacnpenaese-
HHe aCHMITOTHYECKH He HrpaeT ponu. Kak nokaselBaeT Napaiokc,
TaKoe YTBEPKAEHHE HEBO3MOXKHO 0e3 KaKHX-J1HO0 orpaHHUeHH.

(ii) Cy6pekTHBHHHA BHGOP anpHOPHBEIX pacnpeieneHHi mopo-
)jaer o6uui BONPOC O TOM, MOXHO JH BoOOIe 06beKTHBHO Olpe-
IeJsiTh HEH3BECTHHE BEPOSTHOCTH H BEPOATHOCTHHIE paclpeleeHHs



HE3aBUCHMO OT HAIUHUX HaGJIOAeHHH M H3MeDEHHUH, HJIH OHH HMEIOT
CMBICA TOJbKO O6jarogapsi Haulelt cyObeKTHBHOH HHMOpPMalHH.
Bpyno de Punertu, rnaBa HUTAJbSHCKON LIKOJH IO TEODHH BEPOAT-
HOCTeH, B CBOeif MOHOrpaduu yTBep>KAaeT, YTO BEPOSITHOCTb KakK H
¢bJaorucToH '), He cymecTByeT OOBEKTHBHO B OTJHUHE OT abCOJIOT-
HOTO NIPOCTPAHCTBA H BPeMeHHM uaM BceleHHOH. «OObeKTHBHAs Be-
POSITHOCTb» SIBJISIETCSt BCETO JIMIUGL NMOMBITKOH BHIAGIHTb H MaTepHa-
JIM30BaTh HAIIH BEPOSTHOCTHHE IpeacraBjieHus. [To MHeHuio Du-
HeTTH Jw6oe cobbiTHe (Hanmpumep, 3aBTpa NOAAeT A0XAb) JAUGO
npousoiiner, nu60 He Ipou3oiaeT (3T0 06bHEKTHBHO), H, ONHUPASACH
Ha JOCTYNHYK HHGODMAalUIO, MBl MOXeM IOCUHTATh «CYyOBEeKTHB-
HYI0» BepOSITHOCTb coOHTHA. MHAUBHAYyanbHast uAH cyObeKTHBHas
BEPOSITHOCTb OTPaXKaeT CTelleHb Hallled yBEpPEHHOCTH B TOM, UTO CO-
6niTve npousoiizeT. MB MoXeM TrOBOPHUTb O CYOHEKTHBHOA BepoOsT-
HOCTH, faxe e€CJH «CJAyuaiHOCTb» He o0bekTHBHA. OfHAaKO HeoOXo-
JHUMO TOJUYEPKHYTh, UTO 3HAUHTEJNbHO O6OJbIIAsA YacTh YYEHBIX YTBEp-
}KAAaeT, UTO 06BHEKTHBHAS CAYUalHOCTh U OGBEKTHBHASL BEPOSTHOCTH
cymectByioT. OHi y6exJeHb B TOM, 4TO OOBEKTHBHEE BEPOSTHOCTH
6yayumux coOeITHH 3a710)XeHH B COBDEMEHHOM COCTOSIHHM MHpa. Tak
noHuMan oOBbEeKTHBHOE CYLIeCTBOBaHHE BepOsITHOCTH Jaypeat Ho-
6enesckoit npeMun Makc BopH, KOTODHE H3BEeCTEH TEM, UTO BBeJ
0GBbEKTUBHYIO BEPOSITHOCTb B KBAaHTOBYIO (H3HKY ?).

d) Jlureparypa

Bayes T. “An essay towards solving a problem in the doctrine of chances”,
1763, Reprint: Biometrika, 45, 293—315, (1958).

Berkson J. “My encounter with neo-Bayesianism”, Internat. Statist. Rev.,
45, 1—9, (1977).

Born M. Natural Philosophy of Cause and Chance, Dover, New York, 1964,

David A. P, Stone M., Zidek J. V. “Marginalization paradoxes in Bayesian
and structural inference”, J. Roy. Statist. Soc., Ser. B., 35, 189—233, (1973).

Ferguson T. S. Mathematical Statistics, A Decision Theoretic Approach.,
Academic Press, New York — London, 1967.

de Finetti B. Theorie Delle Probabilita, Einaudi, Torino, 1970.

de Finetti B. “Bayesianism”, Internat. Statist Rev., 42, 117—130, (1974).

Freedman D. F. “On the asymptotic behavior of Bayes’ estimates in the
discreete case”, Annals of Math. Statist., 34, 1386—1403, (1963).

Holland J. D. “The reverend Thomas Bayes F. P. S. (1762—1761)”, J. Roy.
Statist. Soc. (A), 125, 451—461, (1962).

Lindley D. V. “The use of prior probability distributions in statistical in-
ference and decision”, Proc. 4th Berkeley Symp. on Math. Statistist. and Prob.,
1, 453—468, (1968).

) daoructoH, no npeiactaBieHHio XHMHKOB KoHua XVII — navana XVIII pe-
Ka, — FHNOTeTHYeCKas COCTaBHAsl YacCThb BeLIECTB, KOTOPYIO OHH SIKOGH TepsiloT NpH
ropeHun H oGxkHure. I'HnoTtesa ¢uorucroHa onposepruyta tpynamu A. JlaByasbe.
(CoBetckuit SHUHMKJIONEAHYECKH caoBapb). — [Tpum. nepes.

2) Cm. takxKe crathio A. H. Koamoroposa «BeposatHocTs» B «MaTemaTnue-
CKOM  3HUHKJONeAHyeckoM ciaosape» (M.: CoB. 3Hunk;sonenns, 1988). —
ITpum. nepes.



Lindley D. V. “The future of statistics—a Bayesian 21th century”, Ad-
vances in Appl. Prob., 106—115, (1975).

Lindley D. V. “A problem in forensic science”, Biometrika, 64, 207—213,

1977).
( L%ndley D. V. “The Bayesian approach”, Scand. J. Statist., 5, 1—26, (1978).
(3rd point: Marginalization paradoxes.)

Pearson E. S. (ed.) The History of Statistics in the 17th and 18th Cen-
turies Against the Changing Background of Intellectual, Scientific and Reli-
gious Thought, Lectures by K. Pearson given at University College London
during the academic sessions 1921—1933. Griffin, London, (1978).

Pilug G. Decision Theoretic Paradoxes in Decision Making under Uncer-
tainty (ed. R. W. Sholtz). Elsevier, 375—383, (1983).

Savage L. J. The foundations of Statistics, Dover, New York, (1972).

Stone M., Springer B. G. F. “A paradox involving quasi prior distribu-
tions”, Biomelrika, 52, 623—627, (1965).

Shafer G. “Lindley’s paradox”, J. Amer. Statist. Assoc., 77, 325—334,
(1982).

2. f'lapa,qouc OLLEHOK MaTeéMaTHYeCKOro oxxuaaHusa

a) Hcropus napadokca

YpaBHHBaHHe TNIPOTHBOTIOJNIOXKHBIX 3HAueHHH H OTKJOHEHHH B
«CpeliHeM», T. €. CYMMHpOBaHHe HaOJIOJeHHH B OAHO 3HayeHHE
HMeeT JaBHHe TPaAHLUMH. DCXHUJ NHCal B TPareiHH «IBMEHHIbI»:
«bory Bcerna cepexnHa snio6e3Ha, H Mepy uTHT GoxecTBO», ! a mo-
caeloBaTeNn  KHTalickoro ¢uaocodpa Koudyuusi rosopsit, 4TO
«B HeMoJBHXHOCTH cpefHero (=Yxyn MioH) ectb Benuuaiiuee co-
BepLUEHCTBO», MaTeMaTHuecKH NOHATHE <«CpeIHEero» MOXKHO HHTep-
NpeTHPOBAaTh pa3JHYHBIMH crnocobamu (apudmerHueckoe cpelHee,
reoMeTpHuecKoe cpeiHee, MeaHaHa U T. A.). OIHAKO B CTaTHCTHYe-
CKHX NpHMEHEHHSIX B TeYeHHe [O0JIrOro BpeMeHH KpalHe BaXHYIO
poJb urpano apH@merHyeckoe cpefHee. YKe B NePBbIX BblIalOLIHX-
c pe3yJbTaTax B TEODHH BEPOSITHOCTEH H MaTeMaTHYeCKOH CTaTH-
CTHKe M3yyaJoch apH(MeTHYecKOe CcpelHee CTAaTHCTHYECKOH BHI-
60OpKH H POCJIO IOHHMaHHe BaXKHOCTH e€ro HCIOJb30BaHHS.

PaccMotpum MHOXecTBO {Fp}, O & ©, BepOSITHOCTHHIX pacrpene-
JIeHHH ¢ KOHeYHbHIM MaTeMaTHYeCKHM OXHIaHHeM, rje napamerp 0
KaK pa3 H fIBASeTCS MaTeMaTHYECKHM OXHIaHHEM pachpeleseHHsi
Fs. MBI XOTHM OLIEHHTb 3HaueHHe He3aBHCHMOro napamerpa 0, onu-
pasicb Ha HabJoleHHble 3HaueHus (T. e. BuIOOPKY) X, Xo, ..., X4
(npennonaraercs, 4To 3JeMeHTH BHIGOPKH X; SIBJASIIOTCS HE3aBHCH-
MBEIMH CJyuyailHBIMH BeJHYHHaMu ¢ pacnpefeienuem Fp. Apudmeru-
4YECKOC CpelHee

H—F — X1+ X4 ...+ Xn

n

) Ocxua, Tparemuu. Ilep. c npesHerpeueckoro C. Anta.— M.: Hckyccrso,
1978. — I pun. nepes.



KaK olleHKa napaMerpa 0, o6JagaeT MHOTHMH AOCTOHHCTBaMH, Ha-
NpUMep, OHa Bcerjia HecMellleHa, T. €. E(8)=10 npu Bcex 6 = O
(ApyruMu ClOBaMH OLUEHKa KOJIEG/IETCsl OKOJIO HCTHHHOTO 3Haue-
HMs). 3aKoHH GOJIbIIHX YHCEJ YTBEPXKAAlOT, UTO OLeHKa § = X co-
CTOsITeNIbHA, T. €. A4 J6oro £ > 0

lim P(]6 —08]<e)=1 nas Bcex 8O,
n=» oo

M03TOMY OLIHGKY OlEHHBAHHS MOXHO CAeJaThb KaK YrOAHO MaJof,
B3fIB JOCTATOYHO 60/bLIYI0O BbIGOPKY. OHAKO MOXeET CyLeCTBOBaThb
MHOTO HECMELIEHHBIX COCTOSITeNIbHBIX OLIEHOK NlapaMmeTpa, TOraa
(cpemu HHX) ULeseco06pa3HO OTAAThb NPEANOYTEHHE OLEHKAM C MeHb-
we# pucnepcuei. Tlapagokcel 3aech moka3blBalOT, UTO (33 HCKJIO-
yeHHeM cJyyash HOpPMaJbHBIX pacnpefeseHuil) apupMeTHueckoe
cpelHec BHIOOpKH He sIBAAETCS HeCMeElleHHOH OLEeHKON MaTeMaTuue-
CKOTO OXHJaHHS ¢ HauMeHblllell AHcnepcHel. Bosee Toro, ecau Mu
He HacTaHBaeM Ha CBOMCTBe HECMEIEHHOCTH, TO Ja)Xe B clyuae
MHOTOMEpHBIX HOpMaJIbHBIX pacnpefeseHUil He Bcerja InoJiesHo oue-
HUBaTb MaTeMaTHYeCKOe OXHJaHHe BHIGOPOUHBIM CPEIHHM, TaK Kak
3Ta OLEHKAa He sABJsAETCA AONYCTUMOH A/ KBaApaTHYHOH (YHKIHH
notepb. [OnpedeneHHe AONYCTHMOH OLEHKH CM. B 3aMeyaHuu (ii)
napajokca . 12]. AnajoruuHnil napanokc GyAeT pacCMOTpeH AaJee
B 3TO# rJaBe (naparpa¢ 13 n. n).

6) Ilapadokcet

(i) (Kaezan — Jlunnuxk — Pao) Tlycts  F(x) — npousBosibHas
GyHKUHMS pacrnpefileleHHsl ¢ HYJIEBbIM CpeJHHM H KOHEUHHIM CTaH-
NapTHBIM OTKJOHeHHeM H nycTb Fg(x) = F(x—0), rae napamerp
0 MoXeT NpHHHMATb MNpPOU3BOJIbHBIE JA€HCTBHTENbHbBIE 3HAaYeHHS.
Ecau snemenTn BHIGOpKH Xi, Xz, ..., X, SBAsOTCA ChaydafiHBIMHU
BeJIMYHHAMH C pacnpeflesendeM Fg, To BhiGOpouHOe cpeaHee X fAaer
COCTOATEIbHYIO H HEeCMELIeHHYIO OleHKY HeH3BeCTHOro mapamerpa 0
(xoTOpHIf, OYEBHIHO, paBeH MaTeMaTHYECKOMY OXHAAHMIO pacHpe-
nNejenusi Fg). OnHako oueHka X He oueHb 3QdeKTHBHA (3a HCKJIO-
YEeHHEeM cJyyasi HOPMaJbHOTO pacnpejesenus): anas Jwo6oro n > 2
CYLIeCTBYeT HeCMellleHHasi OLeHKa, CTaHAapTHOe OTKJIOHEHHe KOTO-
poil MeHblle CTAaHJAPTHOTO OTKJOHEHHs BeJHYHHB X (TOuHee, AJIsI
Bcex 0 ee cTaHaapTHOe OTKJOHEHHEe II0 KpadHell Mepe CTOJb XKe
Mano, XKak H y X, U 00 KpaiiHell Mepe IJst oJHOro 6 OHO cTpOro
MeHbIlE).

(ii) (K. Creidn) X paerT «06pasuoOBYKO» OUEHKY AJSi MaTeMaTH-
YeCKOro OXHAaHUA HOPMAaJIbHOrO pacnpejeseHHsi: X SABJsAETCS He-
CMELICHHOH COCTOSITeNIbHOH OLIEHKON ¢ MHHHMaJbHOH JuHcnepcuei,



JONyCTHMOH TNpH KBaApaTHyHOH ¢yHKuuu nortepr L (6, ¢) =
= (80— )%, a TakxKe — MHHHMaKCHOH OLEHKOH. M MeHHO mosToMy
otkphitie K. Crefina, cienanHoe 6osee 20 JeT Ha3aa ¥ yTBepKAalo-
mee, YTo B CJyyae MHOTOMEpHBIX HOPMAaJIbHHIX pacnpeneseHHi
oleHKa X He sIBJAseTcS AOMYCTHMOf, sBHJOCHL ciopnpusoM. TouHee,
paccMOTpUM BEPOSITHOCTHBIE pacrmpefeleHHs, onpelieJleHHble Ha k-
MEPHOM €BKJHJIOBOM IPOCTPAHCTBE, KOOPAMHATHI KOTOpBIX (AJd
MPOCTOTH) ~HE3aBHCHMHE M HMEIT HOpPMaJbHOe pacnpejeseHue
N (6, o), npuueM craHAapTHOe OTKJOHEHHE ¢ H3BeCTHO. MH HiieM
IONYyCTHMYIO OLEHKY BekTopa 0= (0;, 62 ..., 0;), npu Kortopo#
KBaJpaTHuHasi (GYHKLUHUS MOTEPh

k
L® B—=10—08F =X 0 — 0.

MHHHMaJbHa B cpefHeM. Toraa BekTop 6 = X (T. e. k-MepHBIH BCK-
TOp . BLIGOPOUHOTO CpeAHEero) sBJASeTCs AONMYCTUMOM OIEHKOH TOJb-
KO B OJHO- H IABYMEpPHOM NPOCTPAHCTBAaxX W He SIBJIsIETCH TAKOBHIM B
NpOCTPaHCTBaX GoJiee BHICOKOH DPa3MEPHOCTH (XOTS MHHHMaKCHOe
cBoficteo X coxpaHsiercs). OtkpeitHe CrefiHa NOKa3HBaeT, YTO
maxe TOrja, Korla paccMaTpuBaeTcs KJjaccuueckas mpo6jema oue-
HHBaHHA (T. e. OlleHKa MaTeMaTHYECKOr0 OXHIAaHUS HOPMAaJbHOrO
pacnpelenennsi), X —3To He eJMHCTBEHHas OLEHKa, KOTOPYIO cJe-
IyeT NpMHUMATb BO BHHMaHHe.

8) Ob6®sacHenue napadokca

(i) Wurepecuniii pesymbrar Karana, Jlunnuka u Pao Tpe6yer
CKOpee N0Ka3aTesbCTBa, u4eM mosicHeHuii. Ho BMecTo Jnoka3saTesb-
CTBa Mbl H3JIOXKHM MeTOJ MOCTPOEHHS acCHMNTOTHYECKH ONTHMaJb-
HbHIX OueHOK. Ilpexnge Bcero, paccMOTpMM B KauecTBE HpuMepa
OYyHKUMIO paBHOMepHOro pacnpefesenuss F(x) Ha uHTepBaJje
(—¢, ¢) (rme ¢ — npOU3BOJbHOE INOJOXHTENbHOE YHCJIO) H NYCThb
Fo(x) = F(x—0). Torna D?(X) = c2/3n. Ecau X} =min X, u X, =
=max X,, T. e. X] — HauMenbluii M X, — HaHGOJbIWIMA 3JIeMEHTH
BEIGOPDKH (OHM 06a onpejensiioTcsi OLHO3HAYHO C BEpOSITHOCThbIO 1,
TaK Kak pacnpejejieHye HellpepuIBHO), TO

D2(x;+x;)= 2c*
2 (n+1)(n+2)°

yTo npu OOJbUIHX 1 HaMHOro MeHbure, yeM D2(X). ITocKoJbKY mo-
aycymma  (X7+ X;)/2 Takxe sABJseTcs HeCMelIeHHOR H cocTos-
TEJIbHOH OLEHKOH mapaMeTpa 6, OHa NpeANnOYTHTEJbHEE MO CpaBHe-
HHUIO ¢ «0OHuHOM» oueHKoH X. Ilepeiiiem k obuemy cayvato. ITycTb



L] *
XI<X;<...< X, ecTb ynopadouennasn svibopka (T. e. X}  siB-
JISeTCsi HaMMEeHbIUMM 3JeMeHToM u3 X, Xy, ..., X, U T. 0.) H

n
kY, *
X=X a,X,

rde ain(i=1, 2, ..., n, n=1, 2,...)) CcyTb HAeHCTBHTEJbHBHE
yHcsIa, 3aBHcslIMe oT F. MOXHO NOKa3aTh, YTO NPH BHIIOJHEHHH
HEeKOTOpHIX €/1a6biX YC/JI0BHH BHIGOD BENHUHH Q;n, YKa3aHHBIH HHXKe,
NPHBOAUT K HECMELICHHOH OlleHKe NapaMeTpa 0 ¢ MUHHMaJBHOH (1o
KpaiHe#l Mepe aCHMNTOTHYECKH IpH n—»oo) Jaucnepcueil. [lycrtb
a(x) — peiicrputenbuas ¢ynkuus Ha [0, 1] u aw=al(i/n)/n.
Ecau dynkuus F TpuxAn AH¢depeHurpyema, TO ONTHMAJIbHHH BhI-
6op a(x) ompenensiercsi COOTHOLIEHHEM

a(F (x))=—[(A+ Bx)(log f (x))'Y,

rae
Am—tr_ g B
Wolky — By Roltg — By
_ (&N W E))
mo={ I m={ e
H

’ 2
= o

(luTpuxn 0603HAYalOT MNPOH3BOAHBIE, F’ = f ecTb MJOTHOCTH). ra
¢opMmyna ags a(x) npuMeHnMa Raxe TOrAa, Korfa y F He cyme-
CTBYET MaTE€MaTHYeCKOro OXKHAaHHS H 0 0603HayaeT LEHTP CHMMeT-
pHu dyHkumn fo(x). Hanpumep, nyersb fo(x) = 1/(n(1+ (x—0)2))
(moTHOCTL pacnpenenenns Koum; cM. uctopuio napagokca 11/4).
Torpa xak 3To He yauBHTeNbHO, a(x) = —Acos2nxsin?ax sB-
JsieTcsi ONTHMAJIbLHBIM BHIOOPOM, HO a(x) oTpuuaresibHa (!) ans x
6an3kux K 0 man 1. B 3T0M cayuae «o6biuHasi» oueHka X Jdaxe He
Gyaer coctosTenbHOH. (BoJsee MOAPOOGHMH aHaMu3 MOXHO HalTH B
cratbe Méri T. F., Székely G. J. «<How to estimate location and
scale parameters», Technical report, Eétvos L. Univ. (1986); cm.
takXe Chernoff H., Gastwirth J. L., Johns M. V. Jr. «Asymptotic
distribution of linear combinations of order statistics with ap-
plications to estimations, Annals of Math. Statistics, 38, 52—72,
(1967).)

(ii) ITocae cratbu Creiina, ony6ankoBannoit B 1956 r., Jxkeilimc
1 Creiin B 1961 r. mpeasoXuau cleayiouLylo NPOCTYI0 OLEHKY AJs

MaTeMaTHYEeCKOro OXKHXaHUA MHOTOMEpHOIro HOpMAaJbHOTO pacnpe-
AeJIeHu A

* __ . (k—2)0” k73
x=(1 Fa) X, e k>2.



Torpa EflX*—0|2 <<k, Ho E||X —0||2=+. CiefoBaTe/bHO, OLlEHKA
X neficTBHTeNIbHO He siBJsieTcsi gonmycTuMofi. OueHka X* nmepeBOAHT
BeKTOop X 6JHMKe K HauaJy KOODJAHHAT, a TaK KaK HayajJo KOOpIH-
HaT MOXHO BHOpaTb NPOH3BOJIBHO, TO OLIEHKA

(k=20 v
Q+(l uY—Quz)(X Q

TakXe Jayuile, yeM X, npu Jio6om Q. TakuMm o6pasom, oueHKa
JKefimca — CrefiHa 3aBHCHT OT BbI6Opa Hayasa KOOpAHHAT Q, B TO
e BpeMst X or Q He 3aBHCHT. (MOXHO 1OKa3aTh, UTO OlEHKa

7{=max{l ——"*:—2)’;-0})?
X2

JlaXke HECKOJIbKO Jiyulile, yeM X*.)

Tenepr moneiTaeMcst 3BPHCTHYECKH OOBSICHHTb, IIOYEMY OLIEHKA
X* nyumte, yem X. PaccMOTpHM B COBOKYMHOCTH BHIGOPKH B R He-
3aBHCHMBIX 3aJlayax OLleHKH NapamerpoB. Pa36poc ckaJjisipHHEIX 3Je-
MEHTOB BHIOODKH oOIlpefenseTcs YacTHYHO (OGIUHM) CTaHAapTHEIM
OTKJIOHEHHeM ¢ KaXJOro H3 k pacnpeleseHHH, 4acTHYHO (BooGIue
roBopsi) HepaBHbHIMH MaTeMaTHUeCKHMH OXHAaHusMH 0;. XOTs 3TH
HEH3BeCTHHle MaTeMaTHYeCKHe OXHAAHHS MOTryT ObiTb OYEeHb Pa3HH-
MH, pa3bpoc o6lueii BHIGODKH MOXeT yKa3blBaTbh Ha TO, YTO 3HAUEHHSI
0; pasauualorcsi He cuabHo. Hampumep, B cayuae, korga o = 1 u
npubausuTeabHo 16 % nabawoleHuit npesocxoaut 1, a 16 % HabJio-
IleHHH MeHbllle —], ecTEeCTBEHHO CYUHTATb, YTO BCe MaTeMaTHYeCKHe
OXHAaHHA 0; 6/M3KH K HyJl0. B stom cayuae, ecan X; = 0.8, 10
00blyHasl OleHKa i-ro mapaMerpa jact 0.8, B TO XKe BpeMsi COTJIaCHO
6osiee «pauHOHaNbHOM» KoHUenuuu IIxkefiMca — CreiiHa MaremaTH-
YyecKoe OXKHJaHHe 0; 6JM3KO K Hyalo. XOTs Takoe OGBSICHEHHE MO-
Xer yOelHTb Hac B <PalHOHAJbHOCTH» OLIEHOK, MNpPeAJOXKEeHHBIX
IxefimcoMm n CrelfHOM, OJHAKO HX METOJ BCe Xe IpeAcTaBJsercs
CTPaHHBIM, KOTAAa Mbl HMeeM JeJlo C 3aJaiyaMH; MeXJy KOTOPHIMH
BpsiJ JIH CYIIECTBYeT Kakas-JHGO CBfi3b, HallpUMep, KOTAa HYXHO
OLEHHTb MaTeMaTHuYeCKHe OXHAAaHUS (HOPMAaJIbHO pacrnpefeseHHbIX)
BHICOTH TeJla, CKOPOCTH CBeTa H LieHH NPOJYKTa.

2) 3amewanus

(i) Cnenyiomee HepaBeHCTBO, NpuHainexamee Kpamepy u
Pao, paer mosesnyio HH$OpPMauHo, Kacawulyiocs o60HX MapajoK-
coB. ITyctb f(x, ) — coBMecTHasi MJOTHOCTb (3aBHcsiLAsi OT Mapa-
MeTpa 0) snemeHToB BhHIGOPKH Xi, i=1, 2, ..., n, u nycts B(8)
o603Hauaer cMewende E (6,—0) ouenkn 8, or napamerpa 6.
Torna uepasenctBo Kpamepa — Pao yTBepxkpaaer, uTo NpPH BHIOJ-



HEHUH HEKOTOPBIX YCJOBHH pEeryJsipHOCTH CIpaBeJJIMBO COOTHOLIe-
HHE

] L+ B ©)

E@®,— 6> B(F + gk,

rae B’ (0) — npousBoaHas ¢pyHkuuu B(0) u

o —d*nf(X;, 0)
10)=E—=—g~=

ectb HHbopMauuss Pumepa. CieloBaTeNbHO, CKOPOCTb CXOLHMOCTH

E(®,—0)2 x Hymo He MoXer 6HTh GhicTpee, ueM 1/n. OmHako B
pHMepe, PaCCMOTPEHHOM B NePBOM NapajoKce (paBHOMepHOe pac-
npepenenue, B(0) = 0 u nostomy E (6, — 0)2 = D?(8,)), ckopocTb
CXOAMMOCTH cocTraBiasieT 1/n% IlpoTHBOpeuHst 3ech HeT, Tak Kak
NpHMep NpeAcTaBasieT co60H THMHYHBIA cayuyaH, Korja yc/JOBHSI pe-
TYJSIPHOCTH, KOTOphle YIOMHHAJHChb BHIIE, He BhinoJHeHh. (Ha-
NpHMep, AOCTaTOYHBIM GBHIIO GHl Caefylollee YCAOBHE PeryJsipHOCTH:
MHOXECTBO YHCeJ X, AJs KOTOphX (pyHKuus f(x, 0) nosoxurennHa,
He 3aBHCHT OT 0.) Temepb OTHOCHTeJbLHO BTOpOro napajgokca. M3 He-
paBeHcTBa KpaMepa — Pao BHITeKaeT, 4TO €CJH paspelleH0 HCIOJb-
30BaTh CMeleHHble OLEHKH, T. €. MBI OTKa3hBaeMCs OT YCJOBHs
B(0) =0, u ecnu npoussogHas B’(0) orpuuartenvHa, To E (6, — 0)?2
MOXeT y6blBaTb 3HAYHTENbHO GhiCTpee, ueM JHCIEepCHS HecMeLleH-
HOH OLleHKH C MHHHMaJbHOH JHcrepcHeH.

(ii) Myere X] < X;< ... <X, 0603HayaloT YNOpsAOYEHHYIO
BLIGOPKY H X’ 0603HauaeT BHOOPOUHYlo Mefnay, T. e. X =X . .»
JJISl HEYeTHHIX 7 H

X=X+ Xoo11)/2

AJisi yeTHbix n. Ecin BHGOpPKa B3fTa M3 HOPMANbHOTrO pacnpefese-
HHUSL, TO

D*(X) ~ 2 D (X') ~ 0.63D* (X"),

T. e. 30GdeKTHBHOCTb OUEHKH X’ cocTaBiasier (aCHMITOTHYECKH)
Bcero JHub 63 % ot sddekTHBHOCTH X !). OfHAKO CHTyalus H3Me-
HHTCS, eCIH Mbl HEMHOrO «pacCTPOHM» HOpDMaJbHOe paclpefe/eHHe:
paccMOTpHM cayyaliHylo BeJIHUHHY, KOTOpasi sIBJASIETCS CMeChbio ABYX
HOpMaJIbHHIX pacnpejeneHuil, a HMeHHO, 91 Y% cocraeasier HOpMaJb-
Hoe pacnpefleieHHe co cpelHHM 0 u aucnepcueit 1 u 9 % — Hop-
MajbHOe pacnpefle/ieHHe ¢ TeM e CpeIHUM 0 W AaucnepcHeit 9.

~

1) 3ddektuBHOCTL OuEHKH O npomopuHoHasbHaA D—z(g).—ﬂpum. nepes.



B 3Tom cayyae MelHaHa X’ saBaseTcs Aas O OLEHKOH Jyulied,
yem X.

(iii) Crnenyromu#i mapafoKc AONMYCTHMOH OLEHKH NPHHALJEXKHT
C. Macanu. Ilycts X|, X; — iBe He3aBHCHMBIE CJyyafiHhe BEJTHYH-
Hbl C MaTeMaTHYeCKHMH OXHIAHHSMH m|, my. MacaHH CTpPOHT JBa
npumepa (OAHH ¢ GHHOMHAJBHBIM pacnpelelleHHeM, ApPYroi c¢ Hop-
MaJbHBIM), B KOTOpPHIX OLleHKA, 3aBHCSIAsT TOJbKO OT X, ABJIsETCS
IOMYCTHMOH IpH OLEHHBAHHH M. 3JeCb Mbl PaCCMOTPHM TOJIbKO GH-
HOMHaabHLN cayual. Ilycts X, X,, ..., X,m — He3aBHCHMBble cly-
yafiHplc BCJHMYHHBI, UMeEIOlHe GUHOMHAJbHBIE paclpefelcHHs ¢ Na-
paMeTpaMiu n;, p;. MoXxHo J0Ka3aTh, 4TO JHHeHHasl OLEHKa

m
P (X, Xo, - -, Xm)=i§a¢Xz/nz+c

sIBJISIeTCS JOMYCTHMOlt oOleHKo# napamerpa p; NpH KBaJApaTHUHOH
¢yukuny norepb L (p1, p) = (p1 — p)? TOrAa H TOJBKO TOTAa, KOTAa
HJH

0<a <1, 0<e<1

H
m m
0<Fa+e<l, 0<Xa+ce<l,
i= i=
W a=14u ag=a3=..=a,=c=0, [lonaras g, =), noay-

yaeM GoJbLIOH KJacc AOMYCTHMHIX OLLEHOK NMapaMeTpa p;, He 3aBH-
cAmux ot X;.
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3. Mapapokc oueHoK aucnepcuu

a) Hcropus napadokca

Baxuefilllefi XxapaKTepHCTHKOH CJaydaHHbIX BEJHYMH M HMX pac-
npejesieHHR HapsAy ¢ MaTeMaTHYeCKHM OXHAAHHEM SBJSETCS MHC-
nepcusi. OUeHHM HeH3BeCTHylo AaucnepcHio D? cayyadHOH BeJHUHHH
X no Bu6opke X;, X3, ..., X, (roe Xi, X ..., Xn ABJAAIOTCA He-
3aBHCHMBHIMH HaGJIIOJeHHSIMH, HMEIOIIMMH TO Xe pacrnpejelieHHe,
uyto ¥ X). [Ipy H3BeCTHOM MaTeMaTHYeCKOM OXuAaHuH E oueHka

n
A2 1
Di=—Y (X, — Ey
=1
— HecMmelleHHas. CuTyauusi meHsercs, korja E HeusBecTHO H (B
npeabaymyio ¢opmyay) BMecTo E cTaBHTCA ero HecMellleHHas
ouenka X. Torpa oueHka

n
~ ] —
D=2 ) K= XY
b=1

yKe He sBJsieTcsl HecMelleHHOHR. TTOoCKOJIbKY HecMelleHHOCTb (co
BpeMeH ['aycca) Gblla OAHHM H3 HEOGXOAMMEIX CBOHCTB, KOTODHIMH
JOJKHa o6JlajlaTh XOopollasi oueHka, D? H3MEHSIOT Tak, YyToGH IO-
JyYHTb HecMellleHHyl0 oleHKY. (HekoToprie mapameTpn BoOGile He
HMeEIOT HecMelleHHBIX OLeHOK. B 3THX cJayyasx OrpaHH4YHBalOTCS

TpeGOBaHHEM QCUMNTOTU4ECKOU HecmewernocTu, T. e. lim E(9,) =

n-»oo
=0 a7 Bcex 0 = O. D10 TpebGoBanue s D? punoaneHo.) Ha-
pPAAY cO CBOACTBOM HEeCMELIEHHOCTH MOCTeNeHHO BO3HHKJM M JpPY-
rie TpeGOBaHHS, KOTOPHIM JOJKHA YJAOBJETBOPSATb XOpOLIas OLEH-
Ka. [Tapaaokc Bo3HHKaeT TOTAA, KOrja pa3jHyHBle TPeGOBaHUS K Ka-
YeCTBY OLEHOK He MPHBOASAT K OXHOM H TOH Xe OLEHKE.

6) Ilapadokc

YMHoxasn D? Ha MHoxuteab becceas n/(n— 1), nonyyaem Be-
JIHYUHY

n
* 1 v
D= n—1 Z(X’—X)Z’
i=1

SIBJISIIOLLYIOCS HecMelLleHHOH OlLleHKOH AHcIepCHH.

[peanonoxuM, yTo ciayyafiHasi BeJHYHHA X HOPMaJbHO pacrpe-
JejeHa (Cc HEHM3BeCTHBIMH MaTeMaTHYeCKHM OXHIaHHEeM H JAHCIep-
cuefl), ¥ HaM HyKHH MHHMMAaKCHHE OLEHKH (cM. 3aMevaHus BI/12)
¢ ¢yuxkuuei norepp L(D? D?) = (D?— D?)/D* Toraa D? Hapo



M3MEHHTb CJAefyloIuM o6pasom: ymMHOXHM D? ua n/(n+1) u mno-
JYYHM MHHHMAaKCHYIO OLEHKY

1 = ke
T in(X‘ — X0

(Ee puck pasen 2/(n + 1).) Hrak, npuHUHO MHHHMaKca H HecMe-
IEHHOCTb MPHUBOASAT K Pa3/IHYHBIM OLEHKaM.

8) Ob6vacHexnue napadokca

n
Cymma Z(X,—a)2 MHHHMaJbHa TOJMBKO npH a =2X. Ogn-

HaKo Ma'rema'mqecxoe oxupaanue E, BooGlue rosopsi, He paBHo Be-

nuuube X (nuub 61usko k Heit). CenoBaTenbHO, oueHka Dj, mo-
KasnlBawllas JAelCTBHTENbHOE OTKJOHeHHe, GoJblue, ueM D2 Bot
noueMy Heo6xoAnMMa nonpaska bBeccens. C Apyrofi CTOPOHH HeT
NpHYHH, N0 KOTOPHIM MHHHMAaKCHasi WIH JONYCTHMAasi OLUEHKH HOJ-
XKHB O6nTbh HecMelleHHBMH. (B II/2 MH yxXe BuxenH, uTO OLEHKa
Ixefimca — CrefiHa A MaTEeMaTHYECKOrO OXHAAHHSA Jydlle, 4eM
O6HYHasi HecMelleHHast oueHKa X.) TlockoJbKy HecMellleHHAast H MH-
HHMAKCHasi OLEHKH AHCIEDCHH HOPMAaJbHOrO paclpefeseHHsl He COo-
BNajaloT, B KaXJO# KOHKDeTHOH 3ajaue HYXKHO pelllaTh, KaKylO
OUEHKY Impeanoyectb. K cuacTblo, Aa)ke IPH MajHX 3HAUYEHHSAX n
pasiMuHe MeXAy JABYMsi OueHKaMH HeBequko. (OXHAKO B APYTHX
npo6/ieMax pasHHIA MOXeT GHITh CYLIeCTBEHHO.)

2) 3ameuanus

Kak Hu yAHBHTEJbHO, HO MOXHO I0Ka3aTh, YTO YKa3aHHas BHIIe
MHHHMAaKCHasi OlleHKa He siBasteTcss aomycTHMo#. (CM. crarteio Creii-
Ha HaH kHUry 3akca.) C Jpyrofi CTOpDOHH, €C/IH MaTeMaTHuecKoe
OXKHIaHHe HODMAJIbHOTO pacHpefe/ieHHs] M3BEeCTHO, TO OLEHKa

l n
LK B

AIBJISIeTCA He TOJbKO MHHHMakcHOi (c puckom 2/(n+-2)), Ho H Ho-

MyCTHMOH TNpPH YKa3aHHOH BHIUle OGYHKUMH TOTepb. (CM. KHHrY
3akca.)

0) Jlureparypa
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4. Napapokc mMeTona HaMMEHbLUMX KBaAPAaToOB

a) Hcropus napadokca

H3-3a Henz6GeXHBIX OMIHGOK H3MepeHHi YacTO KaXKeTcsl, YTO Teo-
peTHueckHe (OPMYJH H SMIOHPHYECKHe AaHHbIEe NPOTHBOpEYaT APYT
apyry. B Hauase mpouutoro Beka Jlexcandp, Mayce w Jlanaac npepn-
JOXHIH 3 (PEeKTUBHBIH MeTOA, NO3BOJSAIOLIHIA YMEHbIIHTb BJHAHHE
omrn6ok u3mepenuit. (Hampumep, Jlexxanap paspaGortan U mpume-
HuJ ero B 1805 r. pas HaxoXieHHS OpOGHT koMeT.) OCHOBOMOJIOXK-
HHKaMH 3Toil Teopuu Owiu lasusred (1632), Jlambepr (1760),
Ainep (1778) u ppyrue. HoBHil npueM, Ha3BaHHHH METOLOM Hau-
MeHbLIHX KBaApaToB, AeTaJbHO HcciefdoBaH I'ayccoM B ero paGote
«Teopus nBHKeHHs HebecHbix Tes» (1809). Mmenno T'aycc ykasan
TaKXe Ha BePOATHOCTHHIN xapakTep aToro Meroja. (Xors JlexaHap
o6BuHsAa I'aycca B mlardate, OH He MOT NpPEACTaBHTb IJS1 3TOrO JO-
CTaTOYHHX OCHOBaHMH. 'aycc mpereHfoBas Ha NMPHOPUTET JHIIbL B
MCIOJIb30BaHHH MeToJa, a He ero my6Jaukauuu.) Jlannac onyG6Juko-
BaJl CBOH OCHOBHOH TPYA NO TeOpHH BeposiTHocTeil B 1812 r., moces-
THB ero «seJHkoMy Hamoseony». Ha nporsixkeHud Bcefi yeTBepTOif
rJIaBbl ero KHHIH H3Jaraercsl HcuHcjeHue ollH60k. C Toro BpeMeHH
MeTOJ. HaHMEeHbIUHX KBaJpaTOB pa3BHJICS B HOBHIH pa3jes MaTeMa-
THKH. Bo3aMoXHoCTH MeToJa MOpO# NnepeoLeHHBAIOT H YaCTO HCHOJb-
3YIOT TOrAa, KOrAa Apyrue MeToAbl ObIH Gbl 60siee MOAXOASILLIMMH.
Ha sty npo6aemy o6paman -BuuManne eme Komu (Comptes Ren-
dus, 1853) Bo BpeMs «Je6aToB» ¢ Hoveneme (B xofe aucnyra Komwu
HCIIOJIb30BaJl IJIOTHOCTb BeposTHOCTH 1/(n(1 -+ x2)), Ha3BaHHYiO
MOo3/lHee ero HMeHeM, XOTSl OH H He OB IIEPBBIM YUYEHHIM, npuMme-
HHBIIHM <«IJIOTHOCTb Koum»)

6) Ilapadokc

HyCTb ae~bl*—n| — oTHOCTL pacnpeleleHdsl HallMxX Ha6Jioze-
HHil, NOJBePXEHHHIX cayyaiiHHM OmKMOKaM uaMepenui. [TocTosiHHBIE
@ U b M3BeCTHH, a p HYXHO oLeHHTb. [IpoBesemM HesaBHCHMbIe Ha-
6monenus X, Xz, ..., Xa. Tlo MeTOLy HaHMEHBILIHX KBaJApaToOB M
cllelyeT OLEHHUTb BeTHYHHOI fi, KOTOpasi MHHHMH3HPYET CYMMY

X, =@+ X — AP+ ... + (X, — )%

Jlerko mocuuTaTh, YTO 3Ta CyMMa NpHHHMaeT HaHMeHbllee 3Haye-
HHE, KOTrJa [i eCTb CpellHee apH(pMeTHUeCKOe pe3yJbTaToOB HabJiio-

JeHu
=X +Xo+ ...+ X,)/n.

OnHako, ec/lH HaMm HyXHa OueHKa fi, AJS KOTOPOH MaKCHMaJjbHa
BEPOSITHOCTb (TOYHCE, MJOTHOCTL BCPOSITHOCTH) TOrO, YTO n HabJo-



JeHuit 6yayT umenHo X, X, ..., X, T. €. i MaKCHMH3HpyeT (QYHK-
IHIO
ane—b( | Xy =n|++| Xp—n|)
HJIH, YTO 3KBHBAJICHTHO, i MHHHMH3HpYeT
Xi—pl+iXe—Bl+ ...+ X — R

TO MHB NPHXOAHM K IPOTHBOPEUHIO, TAK KAaK CyMMa KBaJpaTOB H
cyMMa aGCOJIIOTHHX BeJHYHH He JOCTHTal0T MHHHMYMa IpH ORHOM

H TOM JKe 3HaUeHHH |, T. €. OLEHKH fi U [i pa3TuuHH. Kakas u3 HuX
Jyyure?

8) Ob6vacnerue napadokca

Ecau ommu6KH H3MepeHHsi HOpMaJbHO paclpefeseHn (T. e. ecqH
HX TJIOTHOCTb BEpOSITHOCTH HMeeT BHA a@e~?®—M' T0 yKazaHHOro

BHIIlle MPOTHBOpeuHsl He GYAeT, TaK KaK . MaKCHMH3HpYeT

ane—b((Xl—p.)2+...+(xn—p.)2).

B MeTone HanMeHbLIMX KBaApaToB ['aycc HCXOAHJ M3 MpeANoJoxKe-
HHf O HOpMaJbHOM pacnpe/efeHHH OLIHGOK, YTO BCTpeyaercs Ha
NpakTHKe yalue Bcero. OfHaKO, KOI/la H3BECTHO, UTO pacnpejeneHHe
OWIHOOK OTJHYHO OT HOPMAaJBHOrO, HCMOJb30BAHHE METOAAa HaH-
MEHbLUIMX KBajApaTOB He BCerAa BHIroAHo. B yka3aHHOM Bhllle ma-
pajokce NMpHMeHeHHe OLEHKH [ GoJee ONpaBAaHO (CM. Takxe Mpe-
AHAYIHA pa3fien).

Hcnonb3ys craHAapTHBe MOHSTHS MATEMATHYECKOH CTATHCTHKH,
napajoKc MOXHO KpaTKO C(OpMYJHPOBaTh CJAEAYIOLIHM O6pa3oM:
OLleHKa 110 MeTOJy HaHMeHbIIHX KBaJpaTOB He BCerja COBMAJaeT C
OLIEHKOH MaKCHMaJbHOro npaBionofobusi (06 OLEeHKaX MaKCHMaJb-
HOro mpaBponojo6Hs cM. pa3f. 8). [efdcTBuTenbHO, ecau f(x) —
MONOXHTEJNbHASl NJIOTHOCTb, MOJYHENpephBHAsE CHH3Y B TOYKe
x=0; f(x—0) — nnoTHOCTb pacnpenesneHuss H3MepeHHH W X =
= (Xi+ X2+ ...+ X,)/n ecTb oueHka MaKCHMaJbHOTO MNPaBJOIO-
RoGusi napamerpa O ans n=2, 3, To f(x) sBAsAETCA MJOTHOCTBIO
HOPMAaJIbHOrO pacmpefesieHHsi ¢ HYJeBHM CpeIHHM. ITO — 3aKOH
laycca 06 ommnGkax, KOTOpHH MOXHO AOKa3aTh CJAeAYIOLHM 06pa-
30M: ecJIH NMPEeANOJIOXKHTh AJs NPOCTOTH, UTO CYLIECTBYET MPOU3BOA-

n
Has f', n mpousBenenHe Tlf(X,—6) makcumanbuo mpu 6 =X, 10
i=1

> w—-%=o,

le=1



T. €. (06o3Hauasi A; = X;— X) W3 paBeHCTBa

z A;=0 BHTEKaeT Z Lf’_ (A)=0,
i=1 .

i=1

YTO BO3MOXHO NpH n=2, 3 (eciHn oTHoOlleHHe [’/f H3MepuMO)
4

TOJILKO TOrJa, KOoriaa —;—(x)=cx; OTKyZa cJefyeT, uTo [=de—**',

rie ¢ U d — NOJOXHTEIbHEE YHCAA (B NPOTHBHOM ciyuyae (yHKUHS
[ He 6n1a 6Bl MJIOTHOCTbIO). TakHM OGpa3oM, OLEHKa mapaMerpa
CABHMra. O METOJYy HaHMeHbIUHX KBaJpaTOB COBMNajAaeT C OLEHKOH
MaKCHMaJbHOTO NpaBAONoA00Hs TONBKO AJsi HOPMAaJbHBLIX pacnpe-
JeseHHH.

2) 3ameuaHue

Apudmernueckoe cpeHee [i=X M MelHaHa [i SIBJASIOTCSA Of-
HHMH H3 HEMHOTHX <IIPOCTBIX» OLIEHOK MaKCHMaJbHOro NpaBjoMNo-
J06us mapaMeTpa CABHra yi, HMEIOIIHX BHJ

L= Zl aX;,
o=

rie X)<<X;<<...<<X, ecrtb ynopsiiouenHas Bei6Opka H a; =0,

2 n
n
i=12 ..., n, Z a;=1. B crarbe, koTOpasi roroButcst K ny6-
i=1

aukauuu, M (c 3. Dyuoaunyem) nokasmBaeM, yTo ecaH L OTJIHYHO
oT apHdMeTHYeCKOTro cpejHero X, To He GoJiee ABYX @; MOTYT GbiTh
oranudel ot 0. Ecau aBa kosdduuueHta a@; OTIHYHBI OT HyJsl, TO
3TO JH6O Q| H Q,, H B 3TOM CJy4yae 3JeMeHTH BLIGOPKH paBHOMEpPHO
pacnpelieeHbl Ha HEKOTOPOM HHTepBaJe, JHGO HEHYJEeBHMH SBJIsI-
I0TCsl Ba cocellHHx KodddHUHeHTa a; U a;+. BO3MOXHO, uTO HeHy-
JIEBBIM SIBJISIeTCSl JIMIUb OAHH u3 KO3QPHUHEHTOB a; HalpuMep,
Korga L — MefHaHa, HAH KOTrJa 3JeMEHTH BHIGODKH HMEIOT IOKa-
3ate/bHOE pacnpefelente, Toria a, =1 (L= X)).
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5. Mapapokcbl koppensuun

a) Hcropus napadokca

'K nocnenneill TpeTH NPOILJIOro BeKa HEKOTOphle HayKH (HaIpH-
Mep, MOJeKyJaspHast ¢H3HKa) [NOCTHIVIH TAKOIO YPOBHSI Pa3BHTHS,
YTO CTaJI0 HEeOGXOJHMEIM HCIOJb30BaHHE B HHX TEOPHH BEpOSITHO-
cTefl ¥ MaTeMaTHuyecKoii craTHcTHKH. B 1859 r. kuura Japsuna mpo-
H3BeJia PEBOJIOIMIO B GHOJIOTMH H BCKOpeE [OCJ€e 3TOr0 JBOIOPOAHHINA
6par Hapeuna Ppancuc I'arbToH 3aJ0XKHJ OCHOBH T'eHETHKH 4Heso-
Beka. (MccnenoBanns MenOeas mo reHeTuke GbJIH 3aHOBO OTKpHI-
Thl» JHIIL Ha py6exe BEKOB; CJOBO <«TeHeTHKa» YHoTpebJsercs
Tosibko ¢ 1905 r., HO pe3ysabraTh ['ajibTOHa NpHBJEKJH BceoGliee
BHHMaHHe yXe B NPOLLIOM BeKe). [aJbTOH H ero yyeHHkKH (ocobeH-
Ho Kapa ITupcor) BBenM TaKue BaXKHHIE NIOHATHS, KaK KOPPEAsYus
H peepeccus, KOTOpPhle CTaJH OCHOBHHIMH NOHATHSIMH B TEOPHH Be-
pPOSITHOCTEH M MaTeMaTHYeCKOH CTaTHCTHKe (a TaKXe B CBSI3aHHBIX
¢ HHUMH Haykax).BecH pocT uesoBeka, eCTECTBEHHO, TECHO CBSI3aHBI
MeXAy co6oM, HO OHH He OIpegesNsioT APYr Apyra OXHO3HAYHO.
Koppensinusi BhpaXaeT 3Ty CBfI3b OJAHHM YHCJOM, a(COJIIOTHas Be-
JIMYHHA KOTOPOTrO He mpeBocxoXuT 1. Ias ABYX cayyaHHBIX BeJHYHH
X u Y xoppeasinus onpepensiercs caefyioluM obpasom. Ilyers Ej
H Dy, E, v D, 0603HaYal0OT MaTeMaTHYECKOE OXMJIaHHE H CTaHAApT-
Hoe OoTKJOHeHHe X u Y coorBerctBeHHo. Torga kosdgHUHEHT KOp-
peJsiiuH (HJIH KpaTKo: Koppeasuusi) ais X u Y onpegmeasiercss ¢op-
MYJIOH
E[(X — Ex) (Y — Ey)]

D.D, :

r=rX,Y)=

A6comoTHOEe 3HAayeHHe KOppesslHH MaKCHMaJbHO (T. e. paBHO 1),
korfla mexay X u Y cyulecTByer JMHefiHast 3aBHCHMOCTb, T. €. ¥ =
=aX+b (rae a5=0). Eciu X u Y He3aBucHMH (M HX AMCIEPCHH
KOHEYHH), TO HX KOppeJsuus paBHa 0, ZpYrMMH cJOBaMH, OHH He-
KOppeJHpoBaHb. B MaTeMaTHYecKOH CTaTHCTHKe OLlEHKON M KOp-
peJIAILHY 1, KaK NPaBHJIO, SIBJIsETCS BbIGOPOUHBIH KO HIHEHT KOP-
peJislHH, KOTOpHIl CTPOMTCs mo HesaBHcuMoll BmGopke (Xi, Y1),
(Xs, Y2), ..., (Xn Y,) crenyoum o6pasom:

X=X (Y, —Y)
P — i=1

«\/Z Xi—X2 Y (vi—7p

i=1 i=1

B psAne ciyyaeB r Xopollo xapakTepusyeT cBs3b Mexay X H Y, HO
yXe Ha pyGexe BEKOB BBIYHCASAIHCH 3aBHCHMOCTH, JIHIICHHBIC



CMHCJIa; HampHMep, KOPpPEeJsUHsT MeXIy YHCJIOM THe3Jl aucToB H
yucJIoM MJafeHueB. IToOHATHe KOppeasiuHH NMOCTENeHHO MHUCTH(HIIH-
pOBaJIOCh H HEKOTOpHe «BHYTpPeHHHe» (BooOlile roBops, cJayyaiiHhe)
CBSI3H CTaJIH CUMTATh CYLIECTBYIOIIHMH, €CcJH Gblla BeJMKa KOppeJsi-
uus (T1. e. 6au3Ka 1o a6cosoTHONH BeJaHuHHE K 1). Bor mouemy Bos3-
HUKJIH COBeplIeHHO abCcypAHble pe3yJbTaThl, H 3TO YyTb HE JHCKpe-
JUTHPOBAJIO BCIO CTATHCTHKY. Kak 1npaBHJIO, HIrHOPHPOBAJCH TOT
daxkr, uro Gosblias koppeisauHs A1 X U Y moxer GHTb pe3ysbra-
TOM BJIMSIHHSI KaKOA-TO Tperbeil BequuuHH. Hanpumep, B AHriuu u
YaJbce 3aMeTHJH, YTO C yBeJHYEHHEM YHCJa pajuocJyliaTesell BO3-
pacrajno 4HcJO cyMaclleJlIMX M YMCTBEHHO OTcTashix Jioged. On-
HAKO TaKas HHTepIpeTalus COBeplIeHHO OIIHG0YHA, TaK KaK HEJb3s
NICHXHYeCKH 3a60JIeThb OT TOro, YTo cJayllaells paiuo. Jleno JHuIb
B TOM, YTO C Te€YeHHEM BpeMeHH pacTeT M YHCJIO pajHocsayuiaTesed,
H YHCJIO ClyyaeB NCHXHYECKHX 3a00JeBaHHM, HO MeXAY HHMH HeT
HHKaKOji IPHYMHHOM 3aBHCHMOCTH. K coxaJjieHHIO, HEBEpHbIE TOJIKO-
BaHHUs He BCerja CTOJb OYEBHIHBI, HalpHMep, B TEXHUYECKHX HJIH
3KOHOMHYECKHX INpHJOXKeHHsIX. CpaBHEHHEe BepOUCIIOBELaHHS H POCTa
Jiolefl naer ellle OAMH NpHMep HAAYMaHHOH 3aBHCHMOCTH, COTJIaCHO
koropoii npu ABHKeHHH oT IotTnanmuu Kk CHUMIHH IOJS KATOJH-
KOB B HACEJEHHH NOCTENEeHHO BO3pacTaeT U B TO Ke BpeMs CpelLHHH
poct moneit yonBaer. OfHaKO KakKasi-MHG0 MPHUYMHHAS CBSI3b 3[€Ch
coBeplIeHHO HeBo3MOXKHa. (B dawmcrckoll pacosoit Teopuu erte 6o-
Jiee HeJlenble HAEH NMPOBO3IJAINAJHCh 3APAaBLIMH H Jaxe HayyHBIMH.)
PaccMoTpuM JHIIb HEKOTOpHE M3 CYIIECTBYIOIIHX IIapafoKCOB KOD-
peJISLHH.

6) Iapadokcol

(i) Mycry cayuafinas BenuuuHa X PaBHOMEPHO paclpeleseHa
Ha uHTepBate (—I1, 1) u Y= |X|. OueBunHo, uro Mexny X u Y
CYIleCTBYeT TECHas CBf3b, ONHaKo HX Koppeasuus r(X, Y)=0.
(Koppensiunsa ans X u Y= |X| Bcerma pasua 0, korna X — ciy-
YyaHHas BEeJHYHHA C KOHEYHOM AHCIepCHed M CHMMETDHYHEIM OTHO-
cuteqbHo 0 pacnpeznesenuem.)

(ii) IMycrp Besuuunnl X;, X, ..., X, 0603HaualoT TeMmepa-
TYPYy B KOMHATe B n pa3/IMYHBIX MOMEHTOB BpeMeHH H Y, Y,, ...
..., Y,—KoJHYeCTBO TOMNHMBA, HCNIONB30OBaHHOE MJisi oforpeBa B
T€ Xe MOMEHTH BpeMeHM (TOuHee, 3a AAHHHA NPOMEXYTOK Bpe-
MEHHM; HanpuMep, B TeuyeHMe Yaca JO pacCMaTpHBaeMOro Mo-
Menra). JIOrMYHO cuyHTaTh, YTO uYeM GOJblIe TOIJIHBA HCIIOJIb3O-
BaHO, TeM Teliee 6ylJer B KOMHare. 3TO O3HayaeT, YTO KOppeJssi-
uass mas X u Y crporo moJoxHTeqbHa. OXHAaKO KOppeJsLHs
MOXeT 0Ka3aTbCs OTPHLATEeNbHOH, UTO MOXHO OblLTO 6Ll HHTEpIpe-
THPOBaTb TaK: yeM 6OJbli¢ TOMHM, TEM XOJOAHEE CTAHOBHTCH.



(iii) Iycrb cnyuaitnmit Bektop (X, Y) pacnpemened HopMaJb-
HO, T. €. €ro NJOTHOCTb HMeeT BHJ

P ) = o= { 5 [(F555) =

2r (X —IJ)E:L))iY—- Ey) n ( Y ;yEy )2] } '

rae Ex, Dy, E, 1 Dy— MaTeMaTHueCKHE OXHJIAHUS M AUCIEPCHH
seqnunH X v Y, a r—ux xoppensiuus. Ilpeanonoxum, yto a6co-
JIIOTHasi BeJH4YHHa Koppeasuuu crporo Menbiie 1. Ilpu HemsBect-
HOH KOppeJsILHH r MB MOXEM OLEHHTb ee uepe3 7, HCINOJb3Ys
n sjeMeHTOB BHGOpKH. Ecin E, n E, U3BECTHHI, TO ue1ecO06Gpa3HO
B ¢opmyne pns 7 3aMeHHTh X u Y coorserctBenno Ha E. u E,.
TakuM myTeM NOJYYHM HOBYIO OLEHKY 7. IIOCKOJIBKY 7 HCHIOJb3yeT
6osbule HHPOpMaLuH (a HMeHHO, 3HaHHe BeJuuuH E, u E,) Mox-
HO ObIO OB OXHAATb, YTO AHCOEPCHS y 7 MeHblue, u4eM y 7.
Onnako A. Crroapr BBIYHCIHI, YTO

D? (f)=%(l —r??, rorpa kak D?(F) =% (14 r%;
TaKuM o6pasoM, mocJaefiHssl AUCHepcHs GoJblle.

8) Ob6vacHenue napadokcos

(i) Ecin X u Y He3sasucumn, 10 r(X,Y)=0, HO oGpaTHOe
yTBepkJeHHe HeBepHO. HekoppenHpoBaHHHEe cayyaliHbe BeJH-
YHHbBl MOryT GHITh CHJIBHO 3aBUCHMB,, KaK B YKa3aHHOM BhILIE
npumepe, koraa Y =|X|. IlosToMy «HeKOppeJIHPOBaHHOCTb» He
clelyeT. MOHUMaTh Kak He3aBucHMOCTb. C ApYroil CTOPOHH, MOXKHO
JloKasaTthb, 4yto ecau X u Y HEeKOppeJHpoBaHH H x; << X < xo, n<
<Y <<y, TO KakoBH Obl HH ObIJIM uyHcaa X << Xp H Y << Yo, Be-
JUYUHE X ¥ Y He3aBHCHMHI.

(ii) Henbsst 3a6biBaTh O BJIMSIHUM TeMOepaTypbl BHe KOMHAaThI!

Koppensiuuu yacTo RONy4yaloTCsi COBEPIIEHHO HEBEPOSITHHIMH,
NOTOMY UYTO BBIYHCJSIEMBIH KO3(hGHUHEHT KOppeIsiuuH IJasi IBYX
cAyuyafHbHIX BEJMUYMH HCKaX<aeTcsl TpeTbeil «H3BHe BJHsIOLlEH Be-
auyuHoity. Kak pa3 ans Toro, uto6bl H36exaTb 3THX NOMeX, OLLIO
BBeIeHO NOHsiTHe 4acTHoili xoppeasyuu. Ecau koppensiuuss pias X
H Y BHUHCIsIETCS] TOJNbKO INOCJE TOro, KaK BJMSIHHE BeNHYHHB Z
JUKBHAUPOBAHO, TO pe3yJbTaT NepecTaer OLITb NMapajoOKCaJbHLIM.
Ilyctb rip, ris U ry; o6osHaualor xoppensiuuu r(X,Y), r(X,Z) u
r(Y,Z) coorBercTBeHHo. Toraa uacrHas Koppensiuusi aasg X u Y
6e3 BAUAHUSA Z paBHseTCS

T2 — Nalas

(1=rfs) (1 — %)




B uacTHOM cayuae, KOra ri3 = ro3 = 0 uyacTtHas Koppeasauus Aas
X u Y coBnajaer c xoppeJasiuueii rio. Korna ryg, r1s, rss HemspecT-
HBl, MX MOXHO OLEHHTb N0 BHIGOpKE aHaJOTHYHO TOMY, KakK 3TO
npoHcxoauno Ajs r. C NOMOLIBIO 3THX OUEHOK MOJYYHM OLEHKY
KO3 (HIHeHTa YaCTHON KOppeJsiiHH.

(iii) Mapanokc CricapTa MOXKHO pacCMaTpHBAThH C .pa3HHX TO-
YeK 3peHHs. ['laBHOe 3ak/ioyaercs B TOM, YTO 7 H 7 He SIBJSIOTCS
HeCMelLlleHHHMH OleHKaMi Aaias r, T. e. ToxjaectBa E(f)==r u

Puc. 9. Paccmorpum crnyvaiinbie Besnuunbl X, Y u Z kak Bexropu. Toraa Koppe-

JSUHSA A caydaiinbix BeaHunH X M Y paBHAa KOCHHYCY yriia MeXAy BeKTOpaMH

X u Y, a ux vacTHas KOppesflHs — KOCHHYCY yrja MeXAy TDOeKUHSMH 3THX
BEKTOPOB Ha MJOCKOCTh, MEePNeHAHKYJIAPHYIO K BeKTopy Z.

E(7) = r HeBepHHI, MO3TOMY HeleJecO06Pa3HO CYMTATh Jyuweil Ty
OlleHKy, y KOTOpOil jHucnepcHs MeHblie. B To ke BpeMms o6e
OLleHKH 7 W 7 CMellleHhl HeCHJBbHO (OHH SIBJISIIOTCH aCHMIOTOTHUECKH
HeCMELIeHHHMH), CJeJ0BaTeqbHO, I OObsCHEHHS NapajloKca
TpebyeTcss JONOJHHTeNbHHH aHanu3. (CM. 3aMeyaHHss HHKe H
cratbio CTioapTa.)

2) 3amenanus

(i) Cmemenue oueHkdH r (B cayyae ABYMepHOrO HOpMaJjbHOro
pacnpeflesieHHst) paBHO

E(p—r="21

rie o(n~!') oGo3Hayaer BHIpaxKeHHEe, KOTOpOe OYAYUH YMHOMKEH-
HbIM Ha n, Bce Ke cxoautess K 0. Takum o6pa3oM, cMelieHHe AO-
craTouyHo ObicTpo crpemurcst kK 0 (nmpu ysenuyeHHHn o6beMa BHI-
6opku n). C apyroft CTODOHHE, MHTEPECHO OTMETHTb, YTO arcsinf



€CTh HECMELeHHasl OLEeHKa Aas arcsinr u, ecau E(g(f))=
= E(g(r)) A HeKoTOpOH OGYHKUHH g, He 3aBHCALLEH OT A, TO
g(r)y=a-arcsinr+ b, rae a, b— NpPOH3BOJbHBEIE NOCTOSHHBIE.
B 1958 r. H. Oakun w [Hoc. Ilpart nokaszaiu, 4TO eCJH OLEHKA
Ko3(ppUuHEHTa KOppeNsiiHH r SBHHIM 06pa3oM 3aBHCHT OT 7, TO
MOXHO YKa3aTb HECMeLleHHYIO OLEHKY s r, 2 HMEHHO

r'=fp(i, 5. 252, 1—7),

rae F—runepreoMeTpHueckas ¢GyHKUHs, onpenesnsieMas (GpopMyoi
F(x,a, b, c)=

oo
-1 +Z ala4l)...(atk=DoG+D ... (b+k—1) &
& Re(ct1)...(ctke—1) ’
rae a, b, ¢ (¢#*0, —1, —2, ...) ABAsAIOTCH MapaMeTpaMHu. A cpeau
HeCMeEIleHHBIX OLIEHOK YyXKe cJelyeT NpeAnoYyecth Te, Y KOTOPHIX
HuCnepCcHsl MHHHMaJbHAa. MOXHO IIOKa3aThb, 4YTO OLEHKa r* He
TOJIbKO fIBJISI€TCSI HECMEIleHHOH, HO H MMeeT HaHMEeHbLIYI0 AHCIep-
cuo. OaHako AJs NMPaKTHYECKHX NpHMEHEHHH OleHKa r* HoCTa-
TOYHO CJOXHA, MOSTOMY DEKOMEHAYETCs HCNOMNb30BATH ee ammpoK-
4 1—7
CHMAIHI0 f(l +m .
(ii) Cnenyomuit dbakT He sBJAfeTCA NapaloOKCOM, TeM He Me-
Hee YAMBHTEJNbHO, YTO NpH BHIGOpe Hayral m YHCEJS U3 MHOXECTBa

L2, ..., n(BmﬁopKa 6e3 Bo3BpallleHHs, T. €. YHCJIO PaBHOBO3MOXK-

n
HbIX HCXOHOB PaBHO ( )) KO3 (QHIUHEHT KOppensiund AJs HaH-
m

MeHblllero M Hau6osbluero cpeid BHIGPaHHBIX YHcesn paseH 1/m,
T. e. OH He 3aBucur or n (m= 1,2, ..., n—1). Boxee Toro, eciu
X1, X2, ..., Xm 0603HaualOT BO3pacCTaOUIYI0 IMOCJEJOBATEJIbHOCTD
H3 m BHOpaHHHIX 3HaYeHHH, TO '

ifm+1—j)
r (X, X;)= ’\/m,
4TO TaKXe He 3aBHCHT OT .

[Cnenyomuit pesynbrar npuHapiexutr T. Mopu. BosbMem BBbI-
6opky ¢ Bo3BpalleHHeM o6beMa n M3 MHoxectBa 1, 2, ..., m+1
H 00603HayuM yepe3 Y; YHCJO 3JleMEHTOB BHIGOPKH, BeJIHYHHA KO-
TOpeIX He Goublue, ueM i. Torma r(Yi,Y;)=r(X;, X;).] Ipyro#
3ajlayefl TOXOXero THNMA sBJsercs caedyomas. Ecan 2, <<
< Zy<< ... <<Zm ecTb BO3pacraiollasi NOCJel0BaTeJBHOCTb He-
3aBUCHMBIX paBHOMEpDHO pacnpelleJleHHBIX CJydaHHBIX BeJIHUYHUH



(«ymopsimoueHHasi BHGOpKa»), T0 r(Zi, Z;)=r(X;, X;); ecau pas-
HOMEpHOe pacnpefieleHHe 3aMeHHTb JIOGHM JPYTHM pacmpejelie-
HHeM, Anasa Kotoporo r(Z;, Z;) cymectByet, 10 r(Z: Z;) << r(Xi, X;),
T. €. YKa3aHHOe CBONCTBO SBJIieTCA SKCTPEMAaJbHHM CBOACTBOM
paBHOMepHHX pacnpefejeHu#t (cMm. crathio Moph, Cekesn). B neil-
CTBHTEJbHOCTH MOXHO JOKa3aTb GoJbite. IIycTb MakcHMaJbHas
Koppensiuus AJjs ABYX cayuaiiHhx BeqHuHH U u V ompegensercs
Kak s;up r(f(U),g(V)), rne f 1 g mnpoGeraloT MHOXKECTBO HHTe-

'8

TpHpPYeMHX B KBajpaTe HeHCTBHTeNbHHX (yHkuuit or U u V co-
OTBETCTBEHHO:

max corr (U, V)= ?ugp r(fU), g (V).

Hcnonbays 3T0 0603HaueHHE, MOXKHO J0Ka3aTh, YTO
maxcorr (Z;, Z;))=r (X;, X)).

PaBeHcTBO cienyer us Toro ¢akra, uro maxcorr(U, V)= r(U,V),
Korja perpeccHss U Ha V (ompefesieHHe perpeccHH CM. B CJefylo-
meM pasfiene) H perpeccHs V Ha U jHHeHRHH (H He paBHH TOXJe-
CTBEHHO NOCTOsIHHOM). JTO Kak pa3 TOT chaydaff, koraa KoathdH-
IIHEHT KOPpeJSIHH fBJAseTcs Xopolle# Mepolt GIH30CTH.
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6. MNapapokcbl perpeccuu
a) Hcropus napadokcos

KosdbHunenT koppeasiuMH ONHCHBaeT 3aBHCHMOCTb MeXAY
IBYMsl CAyuafiHRIMH BeJHYHHAMH ONHHM YHCJIOM, a PErpeccHsi BH-
pa)xaer 3Ty 3aBHCHMOCTb B BHAe (PYHKIHOHAJbLHOrO COOTHOLUEHHS
H no3ToMy HaeT GoJee noJHyio HHpopmanuio. HanpHmep, perpec-
cuefi siBjsfieTcss CpPefHHH Bec Tesa ueJOBeKa KaK (YHKIHA OT ero
pocra. IlonsitHe <«perpeccuu» BBeJl [ @4bTOH, KOTOPHH# B KOHIE
MpOULIOr0 BeKa CPaBHHBAJ pPOCT POAMTeNefl ¢ pOCTOM HX JHeTed.
OH O6HapyXKHJI, 4TO POCT AeTefl Y BHICOKHX (HJIH HH3KHX) DOJHTE-
Jefi OGHYHO BHILlle (HJH HHXKe) CpeAHero, HO He COBNAaxaeT C poC-
TOM poaurenell. JIuHHs, moKasHBaiouias, B Kakofi Mepe pocT (H



IpyrHe XapaKTepHUCTHKH, K KOTOPHM MH IN0O3Xe BepHeMCs) perpec-
CHpYIOT (BO30GHOBJISIIOTCSI) B CpeAHeM B IOCJAeAYyIOLHX IIOKOJe-
HusX, 6HJa Ha3BaHa laJbToHOM aunued peepeccuu. IloanHee pe-
rpeccuefl crajJH Ha3HBaTb JIO6Yi0 (QYHKIHOHAJbHYIO 3aBHCHMOCTb
MeXAy cayuafiHHMM BeJIHYHHAMH. BHauajle perpeccHOHHHHA aHa-
JIU3 NpUMeEHsJICS B GHOJIOTHH H BaXXHe#AlIMM HayyHBIM XKYyPHaJIOM,

Benuyuna ,pezpeccuu’” (68300H0BNERHUA ) POCITIA 8 NOCTEGYOGUT
noronerusx no I'anemory

( 500{77 Eacgu cpedru pocm Cpe;dﬁu& pocmr gZ’éﬁZﬁ’SZa‘é"
8 Jroumax) |podumerneit gsliie podurnrened Y
cpedriezo, mo demu pocma (6 droun.)
72 Hobsriwo Husrce 1t 4
- podumernei .3
ol 1%
1
69H ; 0
681 1Poctr Ecmu cpedruiz pocrm - ¢
J podumere Huxice r
67 cpedreeg, mo demu -2
OBLIYHO 8sILe
66 H . podumenett -J
Cpeduun pocm 4
65 H podurmerned

Puc. 10. Jlunus perpeccun TanbToHa.

B KOTOpDOM OCBelllajachb 3Ta TeMa, GHJ XypHan «Buomerpuka»s
(“Biometrika”), Buxoasmu#i ¢ oktabps 1901 r. Mexny 1920 u
1930 rr. Goabiloe 3HaueHHe MNpHOGPEJO HCIOJL30OBAHHE Derpec-
CHOHHOTO aHa/JH3a B 35KOHOMHKe H BO3HHKJIa HOBasfg o06JacTb
HayKH: 9SKOHOMeTpHKAa (TepMHH, NpHHajJexamuin P. Ppuwy
(1926), kotopomy mnoamHee GuJia mpHcyxkfeHa HoGeseBckas mpe-
MHS) CO CBOHM XypHajJoM «DxoHoMerpukas (“Econometrika’),
BlepBHe BHIeAMAM B 1933 r. OT H3yuyeHHs YaCTHHX PErpeccHoH-
HHX 3a/ay HCCJIEJOBATEJNH IOCTENEeHHO NepelllH K PperpecCHoH-
HOMY aHaJIH3y CTPYKTYpH, NpHcymell rino6ajbHEM 3KOHOMHYECKHM
cucremaM (. Keiinc, ﬂp TunbGepeen W ApyrHe, HanpHMep,
P. Kaeiin, xotopomy B 1980 r. mpucyxaeHa HoGeseBckasi mpemHs
no skoHoMuke). )Kypuan «TexnoMerpukas (“Technometrics”) ny6-
JuKyercst ¢ 1959 r. © B OCHOBHOM NOCBfillleH TeXHHYECKHM MPHJIO-



XeHHAM. PerpeccHoHHHI aHaJH3 penuuuHH X, ompefenseMofi no
Apyro#i BeanunHe Y, korma X H3MepHTb TPYAHO, a Y JHOCTaTOYHO
JIeTKO, BeCbMa BaxkeH. B Hacrosiliee BpeMsi perpecCHOHHHH aHaJH3
HCMOJIb3yeTcsl NMpAaKTHYEeCKH BO BceX O0O6JacTAX HAayKH, 4TO CaMo
no ce6e HeMmIOX0, HO, K COXKaJleHHIO, PErPEeCCHOHHHIN aHaJH3 HHOrla
ABJSIETCA OAHHM H3 IJIaBHRIX CPeACTB AJs1 HNOCTHXKEHHS «TPOMKHX
HayYHBIX YCHEXOB», MJs1 MNpPOBeAeHUs HeOGpexHEX HCCJIeNOBaHHM
H 3aMa3niBaHus (HayyHHX) npoOiseM. Perpeccuss HHKorga He IOA-
MeHsleT HayYHHIX KOHLENIHH M TeopeTHYeCKHX 0OOOCHOBAaHHH, XOTH
H o6JieryaeTr ux MOUCK.

6) Iapadoxcer

[IpeAnosoxXuM, UYTO 3aBHCHMOCTb ABYX BeJHUHH BHpa)kaeTcs
byHKIHelt caefpylomero Buga y = f(x; a,, as ..., Gm), (HanpH-
Mep, ¥y = a,x -+ a;), rie HeH3BeCTHH TOJBKO MapaMeTpH ai, dg, ...

., @m (a THD GYHKIHM H3BecTeH, HalpHMep, JHHeHAHHH, KBajpa-
THYHHIHA H T. A.). Ecin MBI MOXKeM H3MepHTb 3HAYEHHA Y TOJBKO CO
clyya#HHMH OuIH6KaMH HaGuiojeHu#t, T. e. BMecTo y; == f(x;
a, as, ..., Gm) MH Ha6J0gaeM 3HaYeHHS Y;, NMOJBepKeHHHe OUIHO-
KaM, TO COTJIACHO MeTOJYy HaHMEHbIIHX KBaJpaTOB OLEHKH HeH3-
BECTHHX [apaMeTpPOB @; MHHHMH3HDPYIOT CYMMY KBaApaToB

;Z: Yi—f(xs ap, @, ..., an))

(i) Ecam f(x)==e%*, TOo oneHKa NnapaMeTpa @ COOTBETCTBEHHO
MHHHMH3HDYET CyMMY
n
Z (Yi - eax’)2-
l=]

B 3TroM cayuae 3ajaya BHYHCJEHHS pEeTrpecCHOHHOR KpuBOH f
OOHIYHO YMpOlaercs, €CJH BHIYHCJIHTb JoOrapHupMm oT 060HX UJIEHOB
Pa3HOCTH, CTOAIIMX B CKOOKax, H MHHHMH3HDOBATb BEJIHYHHY

,Zl (InY, — ax,)?,

YTO HETPYAHO cAeNaTh, HaxoAs MHHUMYM KBaJpaTHYHOIO MHOrO-
uyjena. OOHAKO 3TH [ABa NMOAXOZa K MHHHMH3alUH AalOT pa3HHE
oneHkH. Kakoit BHx0x u3 3Tofi mapajaoKcaJbHOH CHTyanHH?

(ii) IlpeanosoxuM, uto THN (GYHKIMH f MOXKHO BHGpaTh pas-
JHYHHMH crnoco6aMH, Hanpumep, f,— 3TO MHOroufleH, a fs— 3Kc-
NOHeHUHavbHas GyHKuus. KaxeTcs ecrecTBEHHHM IpeANnoyecTb
TOT THIN, JJs KOTOPOrO YKa3aHHasl BHIle CyMMa KBaJipaTOB MeHb-
ule (NpH onTHMaJbHOM BhIGope napaMetpoB). XOTd 3TOMY MpHH-
UMY YacTo CJEAYIOT HAa NMpaKTHKe, OOLIYHO OH He omnpaBiaH (MHOT-



Ja ciefyeT YCTAHOBHTb XOTSl GH TEOPETHYECKYI0 BO3MOXHOCTb Ta-
Koro BHG6oOpa).

(iii) Ilyctb y = ax ecTb TeopeTHYECKas JIHHHS DETrPEeCCHH H
Yi=axi+e, rae e (i=1, 2, ..., n) ABAAIOTCS HE3aBHCHMHMH
HOpDMaJIbHO pachpelesieHHEMH OWHGKaMH C MaTeMaTHYECKHM OXH-
nNanneM O u pucnepcueit D?(e;) = cy (c— H3BecTHAsl MOCTOSTHHAS).
Tenepb npeanosioxum, 4TO HaGMIOJEHHS HIEAJbHO COMVIACYIOTCS
c JIHHHe# perpeccud, T. e. Y; = aox; AN HEKOTOPOTO Qo H

121 (Y — apx;)?=0.

Torpa ouneHkoii mapaMeTrpa a No MeTOJY HauMEHBLUIHX KBaJpaToB
6yner ao, HO, KaK HH MapalOKCaJbHO, OHA He SIBJSETCS «Jydiiei»
OLEHKOH (B CMHCJIe MAaKCHMAaJbHOTO NPaBAONOAOGHS, ONpeleseHHe
cM. B napafiokce 8).

8) Ob6wacHenue napadokcos

(i) Merony HaHMeHBLUIHX KBaJpaToB, HECOMHEHHO, OTBeyaeT
nepBas CyMMa, ONHAKO MOJIe3HO pa3obpaTbhCcsi He TOJNBKO B GykBe,
HO H B JlyXe MeTOJa HaWMEHBbIIHX KBaJpaTOB, CYTbIO KOTODOrO $B-
JisieTcsl MHHHMH3allHs CyMMapHOro BJIHSIHHSI OIIHGOK. Jrta neJb
MOXeT OHTb [OCTHIHyTa NyTeM MHHHMH3alUHH CYMMH KBaipaToB

1.21 (h(Y)—h(f(xs; ar, ay, ..., @),

rie h(x)— MOHOTOHHO BO3pacraiomas GpyHKuus (Hanmpumep, h(x)=
= Inx). Xopowu#i BHGOp h «JHHeapH3yeT» 3ajauy, T. €. AeJaeT
BHpaxeHue aas h(f(xi; ai, ag ..., am)) JuHeliHOR dyHKIHER OT
HEH3BECTHHIX MapaMeTpoB a; (B 3TOM cJydae Jerko HaXoAsTCs
ONTHMaJbHHE 3Ha4YeHHs I a;). EcIH MH XOTHM OINpejesHTh
HEeH3BeCTHHE MapaMeTpH, CJeAys AyXy MeTOfa HaHMEHbIIHX KBal-
paToB, TO, OYeBHAHO, Jyuylle BHGpaTh BTOpOR cmoco6. OnHako
HHOTla HYXHO MHHMMH3HPOBAaTb BCE € HCXOAHYIO CyMMy, HampH-
Mep, KOrJa H3BECTHO, YTO pe3yJbTaTOM OIIHGOK fBJSIOTCS (HHAH-
COBHE MOTepH, NMPOMOPUHOHAJNbHEHIE 3TOf CyMMe, XOTS TaKas BO3-
MOXHOCTb COBEpIIEHHO HETHNHYHA.

(ii) IlepBas wacTb BOMpOoca OYEHb NpPOCTA: CyMMa KBaAparToB
MOXXeT OKa3aTbCsl MeHblle sl fi, 4eM AJis f2, HO eCJH B3SITb UYYTb
Gosibllie 3JIeMEHTOB BHOGOpPKH, TO CyMMa KBaJpaToB CTaHOBHTCS
MeHbllle NpH BHGOpe f;. MaremaTHueckass CTaTHCTHKa cTapaercs
usberatb nofo6GHBHIX HEYCTORYHBHX cHTyauuii. CylecTByeT HECKOJb-
KO METONOB NDHHATHA pelleHHH, KOTOpble NpPHMEHHMH B psjle
clyuaeB M yKasnBaloT BHOOp ¢ 3afaHHOA HaleXXHOCTbIO, HalpHMeED,
99 % (7. e. ecnu dyHKUHSA f; OTBeprHyTa, TO BEPOATHOCTH TOrO, UTO



NpaBUJIBHHM sBJsJCA BHGOp fi, paBHa 1 %). B kuure Ilaaxerra
o6cyxaaercs, HanpHMep, METOJA, NMO3BOJSIOIHA ONpeleNHTb MNpa-
BUJIbHYI0O CTeNleHb DerpecCHOHHOTO MHOrouJeHa (B cJyyae He3a-
BHCHMHX HODMaJbHO pacnpefieleHHHx OWHGOK HabJioAeHHf).
K coxaJjeHHIO, MHOTHE M3 THIIHYHHX 3ajay no BHOGOpY BHAa pe-
rPeCCHH HEBO3MOXHO pellHTh AOJXKHHM o6pasoM. Hanpuwmep,
npasunro Bebepa — Pexnepa yTBepXKAAeT, 4TO MEXAY Da3ipaKH-
TeJleM H OLIYIIeHHeM CYILeCTBYeT JorapHpmHyeckas 3aBHCHMOCTb,
B YaCTHOCTH, MexJy OOBEeMOM H HHTEHCHBHOCTbIO 3ByKa HJIH
MeXAy 4acToTofi H BHCOTON 3Byka. B Hacrosmee BpeMs 3TO mpa-
BHJIO TEOPETHYECKH H TNpaKTHUYECKH pacCMaTpHBAeTcs JHIIb Kak
nepBoe NpHGHKEHHE, MOTOMY YTO Kaxercs, 4TO O/HXKe K HCTHHe
AIBJISIETCA CTeneHHasi 3aBHCHMOCTb. (B JeficTBHTENBHOCTH, NpoGie-
Ma CJOXHee, MOCKOJbKY OMlyIlleHHe T'POMKOCTH 3aBHCHT HE TOJIbKO
OT MHTEHCHBHOCTH, HO H OT YacTOTH H CIIeKTpa 3ByKa, a TaKxe OT
MPOAOJIKHTEILHOCTH SKCIIEPHMEHTA.)

(iii) Ouenka 4 = ap He NMOAXOAHT, TAaK KaK TOTAa OLEHKa I/
D?(e;) paBHsnach GH HYJIO, 4TO NPOTHBOPEUHT yCaoBHIO D?(e;) =
= cy. Bosiee onpaBspanHOf Gymer oumeHKa (MakCHMaJbHOrO Ipas-

nonono6us) [(4/TF 4c® — 1)/(2¢?)] ao.

2) 3ameuanusn

(i) Ouenp THnHuHOf,, B YACTHOCTH, B (DApMaAKOJOTHH H IpH
H3YYEeHHH pHHKa CcOHTa, ABAAETCA JIOTHT-NPOGHT aJbTEpPHATHBA.
B COOTBETCTBHH C METOJOM HaHMEHbUIHX KBaJipaTOB B JIOTHT-aHa-
JH3e C NaHHRIMH corJjacyeTcs QyHKIHA

Y= ea|+agx/(l + ea|+a,x)’
MHHHMH3HpYIOIllafd CYMMY

z": (ln T—L‘YT —a— agx,)z.
i=1

[3nec npeo6pasoBaHHe, KOTOpOe JIHHeapH3yeT 3ajady, AaeTcd
¢yukuuelt h(x) =In(x/(1—x)).] B npobur-anajuse c AaHHBIMH
coraacyercs (YHKIHS HOPMaJbHOrO paclpefeeHHs (NPH COOTBET-
cTByIOIleM BHGOpe nmapaMeTpoB). POpMHE KPHBHIX 3THX ABYX THIIOB
MOryT GHTb OYeHb NMOXOXH, NO3TOMY He BCeria JIerko pellHTb, Ka-
Kyl0 M3 HHX CJefyeT BHOpaTh; B 3TOM cJyuae GOJbIIYIO NMOMOILb
MOXET OKa3aTh TeOpeTHYecKoe 060CHOBaHHe MOJCJIH.

(ii) C yBenuueHHeM uYHCJa NapaMeTPOB perpecCHH MH, OYeBHJ-
HO, TOJIYYHM JIyulliee COrJiacHe HaGJIOAeHHHX 3HauyeHHHA ¢ MOJeJbIo,
OIHAKO INIPH 3TOM BO3PACTYT HMCIEPCHH ONEHOK I[1apaMeTpoB, Tak
Y4TO OHMEHKH CTaHYT MeHee yCTOMYHBHIMH H MeHee HaleXKHBIMH.



(iii) «ITapamokc AByx perpeccuii» cM. B cratbe KanmaHa
(1982). B aroit craThe (BHIUeAlliell BcJael 3a MHOHEPCKHMH paboTa-
mu I'mau (1921) w Ppuma (1934)) npeamosaraercs, 4To y o6Geux
BeJHYHMH eCTh cJyuaiinble (aAfHTHBHBE) OWIHOKH: X =x}+ £ u ¥ =
=y + §(£, § ansiorcs owHOKaMH HJIH «wymoM»). IIpeamonaras,
YTO y = ax, MOXHO JAaTh «GeCNPHCTPACTHYIO» OLEHKY NapaMeTpa a
JUIIb B BHAE OTPe3ka @) << a << d; 34eCb ONHHM M3 KOHIOB OT-
pe3ka sBJseTCS KJjaccHYecKHH KoadduHIHeHT perpeccHH (Koria
HILYT perpeccHio y Mo x), a APYrdHM KOHLOM — o6paTHHH Ko3adhH-
IIMeHT perpeccHH (Koria HIMyT perpeccuio x no y). BuiGop mo6oro
H3 KOHLOB OTpe3Ka @; HWJIH Gz B KauecTBe OLEHKH O3HayaeT, 4TO
NpeanoJiaraeTcss OTCYTCTBHE 1IyMa Yy perpecCHOHHON NepeMeHHOR.
(TaguM nyTeM paspelliaeTcsl «MapajoKC ABYX PerpeccHi».)
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7. Mapapokcbl AOCTAaTOUHOCTH

a) Hcropus napadokca

JloCTaTOUHOCTh SIBASIETCS OAHHM M3 BaXKHeHIIHX MOHSTHA B Ma-
TeMaTHuecKofi craTHcTHKe. BBen ee P. Puwep B 20-e roAH Halllero
Beka. QHillep BHIABHHYJ HAEI0 O TOM, YTO AJIsI CTATHCTHYECKOro aHa-
NU3a, Kacalolerocs HEH3BECTHHIX NapaMeTpoB, He BCerfa HYXHO
3HaTh BCe 3JEeMEHTH BHOGOPKH B OTHEJIbHOCTH. [OCTaTOYHO 3HATh
HeKoTopble (DPYHKUMH OT BbIGOPKH, HashBaeMble AOCTATOUHHIMH CTa-



THCTHKaMH. Hanpumep, B ciyuae OJHOMEPHOro HOpPMaJIbHOTO pac-
npexesieHHst BCsl HHPOPMALHS O er0 MaTeMaTHYeCKOM OXHIAHHH CO-
HepXHUTcd B apubMeTHUecKOM cpelHeM X 5JeMEHTOB BHGOPKH
Xy, X3, ..., Xn. Or0 cnenyer u3 Toro ¢pakra, uTO pacnpeieseHHs
caydaiinoro Bektopa (X,—X, Xo— X, ..., Xo— X) He 3aBuCHT OT
HEH3BECTHOrO MAaTEeMaTHUECKOTO OXHAAHUS; H MOITOMY M3 3HaHMs
cayyaiiHbXx BeJdHuHH X, — X, Xo— X, ..., Xp,— X MH He moayuum
0 MaTeMaTHueCKOM OXHMJIAaHHH HHKaKOH HOMOJHHTEJbHOH HHpOpMa-
uMH. MaTteMaTHueckoe OnpefeseHHe AOCTATOYHOCTH COCTOMT B Cle-
ayiomeMm. OyHRuud Ty = T1(Xy, X, ..., Xp), To=T2(X1, X», ...
eees Xn)y ooy Te=Tr(X), Xo, ..., X4) Ha3apBaloTCA ROCTATOYHOM
CTaTHCTHKO! JJi1si mapaMeTpa O pacmpeleneHusi, obuiero Ajsi Bcex
cayuyadHHX BeJduuuH X,, ec/li COBMeCTHOe pachpefeleHHe BeJHUHH
Xy, Xo, ..., X, npu pukcupoBauuux T, Ty, ..., Tr He 3aBUCHT OT
0. BosBpamasch K npeRbAyLieMy NpHMepY, MOJyYaeM, YTO COBMECT-
Hasg YCJOBHasi IJIOTHOCTb HE3aBHCHMBIX CJyYaHHHX BeJHYHH
Xy, Xy, ..., X, npu X =X paBHa
1 & .
1 o 2l i; (%—%)?
R '

(r@e oo 0603HauaeT CTaHAAPTHOE OTKJOHEHHEe BeJHUMHH X;), M 3Ta
MJIOTHOCTb HE 3aBHCHT OT 0. )

6) Ilapadoxkc

B 1934 r. ®uniep ykasan Ha chaefyiouuit mapaaokc. OH H3ydad
IBYMepHOe HOpMaJibHOe pacmpejie/leHHe, KOOPAHHATH KOTOPOro Ghi-
JH (M1 DPOCTOTH) HE3aBUCHMHIMH CJYYaWHHIMH BeJHUHHAMH C
e[AHHHYHOH AHcnepcHell. HensBeCTHRIMH GBUIM JIMIIL HX MaTeMaTHye-
CKHe OXHAaHHA. ApudmeTnueckoe cpenee X = (X, X;) ABymepHO#
BHIGODKH fIBJISeTCSl NOCTATOYHOM CTAaTHCTHKOH MJsi HEH3BECTHOM
nap MaTeMaTHYeCKHX OXHAaHHH. [IpeAmosioKHMM, YTO H3BECTHO
paccTosiHie MeXJy MaTeMaTHUeCKHM OXHAaHHeM (paccMaTpHBae-
MHM KaK BEKTOp) H HayajJloM KOODAMHAT, T. €. NyCTb, HampHMep,

2 .
«/9?—{—92 paBHo 3. Toraa (08, 02) =3(cos0, sinB) rme 6 —
€IMHCTBEHHHH HeHW3BeCTHH mapaMeTrp. Ero MOXHO OLEHHTb BeJH-
yuHOH O = arctg(X2/X|). Dra oueHka HecmeleHHas: E(0) =0, u
ee Iucmepcusi paBHa E (0 —0)2=0.12. Jlerko gokasaTb, 4TO pac-
.‘_2_-:—
npejesieHHe BeJHUYHHH r=_\/X1 + X2 He 3aBHcHT OT O (nmoctkoJMBKY
pacnpenenende BekTopa (Xi, X2) chepHyecKH CHMMETPHYHO OTHO-
CHTeJIbHO TOuYKH (01, 02)), caemoBaTesnbHO, ecau MHl GyAeM NpHHH-

MaTb BO BHHMaHHe 7, TO B CHJIy IOCTATOYHOCTH He MOJY4YHM HHKaKOH
uHpopMauuu o 6. OAHAKO 5TO COBepIICHHO HeBepHO. MaTemaTHue-

CKOe OXHIaHHe C/lyuyaiiHO# BeauuuHn (6—0)2 (T. e. sddekTuB-



HOCTb oug}mu) B 3HAUHTEJbHOH CTeNeHH onpejensiercs r. Hanpu-
mep, E((0—0)2|r=1.5)=10.26, E=(06—0P|{r=3)=0.12 #
E((6 — 0)?|r = 4.5) =0.08.

8) O6wvacuenue napadokca

[Tapagokc Pumiepa ykaswBaeT Ha TO, UTO CJOBa <«06JajgaThb
Bceil MHGoOpMalHeA>» MOXKHO NMOHMHMAaTthb mo-pa3Homy. Ilpu BHuHCIIe-
HUH 3((PEeKTHBHOCTH BCNOMOraTeJbHHE CTATHCTHKH (aHAJOTHYHHE
r) MOryT HrpaTh BaXHYyI0 poJjb. K coxajeHHio, majeko He Bceraa
JIETKO pellIHTb, YTO CJeAyeT B3fATb B KauecTBe BCIIOMOraTeJbHOMH
craTicTHKH. QUeBHAHO He HMeeT CMHCJa GpaThb B KayecTBe BCIIOMO-
raTeJbHOW CTaTHCTHKH BClO BHOOPKy. Ecau paccMoTrperh nmpoGiJeMy
@uiepa ¢ TOYKH 3peHHs: 6afecOBCKOTO MOAXOAA H NPeAINOJIOXKHTb,
YTO cJyyaiiHas BeJHYHHa O paBHOMepPHO pacrnpejeseHa Ha HHTepBaJe
(—=n, x), TO X o X

E(®—0)*| Xy, X)) =E((6—6)|r).

2) 3ameuanusn

CoBpeMeHHast TeopHsl J[JOCTAaTOYHOCTH pa3BHTa B paboTax
I1, Xaamowa v JI. o, Casudawca (1949). B 3toit 06aactH Takxke
MOSIBHJICS psifi HHTepeCcHHX mnapagokcoB. Hampumep, Bepkxoazep
(cM. clMCOK JIHTepaTypH) NPENJOXKHJ HEeCKOJbKO NpPHMepOB, NMOKa-
3HBalOUIHX, YTO A00aBJeHHe K JOCTAaTOYHHM CTaTHCTHKaM HEMHOro
JONOJIHHTEIbHOH HH(POPMAaLHH MOXKeT HCHOPTHTb HOCTaTOYHOCTD.
Takue npuMepH COBepILeHHO MPOTHBOpPEYAT HAIIHM NpeACTaBJIeHHSIM
0 ROCTaTOYHOCTH. 3a nocJiefHee AecATHJIeTHe OHJIO OMyGJIHKOBaHO
HeCKOJIbKO IVyOOKHX cTaTeil, rie BBOAATCS HEKOTOPHeE <YCJOBHS pe-
ryJsIPHOCTH», o6GecleyHBaloOlIHe HelMapafoOKCaJbHOe INOBeleHHe J0-
CTaTOYHHX CTaTHCTHK.
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8. Mapapokcel MeToaa MakcMmansHoro npasaonoaobus
a) Hcropus napadokcos

Mertoa MakCHMaJbHOrO NMpaBAONOAOGHS ABJsETCS OXHHM H3 HaH-
6osee 3hPeKTHBHHIX METONOB OLIEHKH HeH3BeCTHHX napamerpos. Ox
NoJyuyus pacnpocTpaneHne B 20-e roflH Hallero Beka OJjarofaps



pa6otam aHriufickoro cratuctuka P. duwepa. U xors y Puuepa
6BlIH NpenlleCTBEHHHKH, HMEHHO ero CTaThs, HanucanHas B 1912 r,,
CHrpaja pelapmyio poJb. [l 3HaKOMCTBa C METOAOM TPEeANoJo-
XHM AJS NPOCTOTH, YTO Y BEPOSTHOCTHOIO pacnpeleneHHs (3aBH-
CSLIEro OT HeH3BeCTHOro napamMetpa 0) cylmecTByeT MJIOTHOCTb, KO-
Topylo 0603HauuM u4epe3 fo(#). Ecau 3/1eMeHTH BHGOpPKH
X, Xs ..., Xi HESBBHCHMH TO HMX COBMeCTHasi IUIOTHOCTb 3allH-

uieTcs B BHAe er(ug) Mycts uncna xi, %o, ..., Xn— Ha-

610 eHHEe 3Haqemm BHGOpKH. Toraa ) ABJIAETCA OLLleHKOA MaKCH-
MaJbHOTO mpaBjonofobus mnapamerpa 0, echu [} MaKCHMH3HpYyeT
n

uponssenienne || fo(r;) Kak OyHKkumio oT O (mpeamosaraeM, uTo
i=l

MaKCHMYM CYLIECTBYET M €AHHCTBeH). B ciyuae AHCKpPeTHHX CJy-
yafiHEIX BeJHYHH X; MAaKCHMH3HDYeM COBMECTHYIO BepOSTHOCTb
Py(X,=x;, Xo=2xs, ..., Xn=1x,). Eciu Mu ouennsaem 0 no me-
TOAYy MaKCHMaJbHOTO MpPaBAONOAOGHSA, TO BEpOSTHOCTb (HJIH MJIOT-
HOCTb BEpOATHOCTH) TOro, urto O6yAyT Ha6/MIOAaTbC 3HAYEHHS
X1, X2, ..., Xn, CTAHOBHTCS MakKCHMaJbHOH. OLeHKa MaKCHMaJbHOTO
npaBAoNoRo6Hs o6najaeT PSAOM XOPOLIMX CBONCTB, H IMO3TOMY CO-
OTBETCTBYIOLIMA MeToM NMOJYYHJ LIMPOKoe pacmpocrpaHenHe. Hampu-
Mep, ec/ii § SB/SETCH OLEHKON MaKCHMAJbHOTO NMpaBAONOLOGHS Na-
pametpa 6, To g(8)— oueHKa MakcCHMaJbHOrO npaBAonofo6us AJs
g(0). MoxHo TakXKe [0KasaTb, UTO NPH HOCTAaTOYHO OGILIHX yCJIO-
BHAIX OLEHKAa MAKCHMaJbHOTO NpAaBIOMONOGHS O aCHMITOTHYECKH
BefleT cebs KaK HOpMaJIbHO pacnpejleieHHas ciayyafiHasi BeJIHUHHA CO
CpefHHM 3HaueHueM 0 u Rucnepcuel 1/(nf(0)) (cm. mapagokc 2,
3aMeuanne (i)), cleloBaTeNbHO, B — COCTOATENbHAA OLEHKA, H ee
IHCMepCHs aCHMNTOTHYECKH MHHHMaJbHa (T. e. caMa oOueHka 0
acumnroruyeckn addekrusna). Bosee Toro, ecim mocratouHas cra-
THCTHKa cyulectByer (cpaBHuTe ¢ «[lapafokcaMu JOCTATOYHOCTHS),

TO METOJ MAaKCHMAaJIbHOTO I'lpaBJlOI'IO,U.OﬁPIH NpHBEAET K (byHK"l.lHH OoT
3TOH JOCTAaTOYHON CTAaTHCTHKH.

6) Iapadokcet

(i) Nyers X, Xo, ..., X, —HesaBHCHMHe cayyafiHHe BeJHYH-
HB, paBHOMEpHO pacnpelelieHHHe Ha HHTepBaJje (0, 20). OueHko#h
MaKCHMaJIbHOrO NpaBAoNnofo6Hs HeH3BeCTHOro mapamerpa O sBJS-
eTcsi BeqnunHa max (X;/2). HeMHoro H3MeHHB ee, NOJYUHM

é— 2n+ 2

CTER) max X;/2



— HeCMellleHHYI0 OLEeHKYy AJg 0 c gucnepcHed D2(8) =1/ (4n?).
C npyroii CTOpPOHHI, nucnepcuﬂ OLIEHKH

aCHMIITOTHUECKH 3KBHBaJseHTHa 1/(5n?), cieloBaTesbHO, 3Ta OLEHKA
6osiee 3((eKTHBHA, YeM OlleHKa MaKCHMaJbHOrO NpPaBAONOAOGHS,
o6nafaioniasi HauGoJiblleli aCHMNITOTHYECKOH 3¢ (EeKTHBHOCTBIO.

(ii) MoxHO NpHBeCTH OYeHb NMPOCTOH NpHMEp, NMOKa3hBalOWHi,
YTO OLIEHKAa MAaKCHMaJbHOro NpaBAONOJOOHS He BCeria COCTOSTENb-
Ha. [lyctb A — MHOXeCTBO palHOHAJbHHX uHcea Mmexay 0 u 1,
B — cueTHOe MHOXECTBO HppalHOHAJbHEIX uyHces Mexay 0 u 1.
[Tpeanonoxum, YTo 3HaYeHHSIMH He3aBHCHMBIX 3Je€MeHTOB BHIGOPKH
Xy, Xo, ..., X, aBnsiiorcs todbko 0 u 1, npuueM 3HaueHHe 1 mpu-
HHMa@eTcsi ¢ BEPOSITHOCTBIO O, ecsiH § — 37eMeHT MHoXecTBa A, H ¢
BeposiTHOCThIO 1 — 0, ecau O —sjgement B. Torla oumeHKa MakcH-
MaJibHOro npasionofoGus Ajs 0 HecocTosiTeJbHA. (XOTS HECKOJBKO
6oJlee cI0XKHAsl COCTOSITeNIbHASI OLlEHKA JJs1 O BCe XKe CYLIeCTBYeT.)

8) O6vsacHerue napadokcos

(i) Cratcruku E=minX; u n=maxX; B COBOKYIHOCTH CO-
JdepXKaT BCIO HHGOpMANHIO O mapaMerpe 0; TouHee, MPH 3aJaHHHX
E H 1 cOBMeCTHasi MJOTHOCTb BEPOSITHOCTH BeJHuHH Xi, Xo, ..., Xn
He 3aBHCHT OT O (T. e. £ H 1) B COBOKYNHOCTH 00pa3yloT AOCTATOYHYIO
cTaTHCTHKY). Takum 06pa3oM, eCTECTBEHHO CYHTATh, YTO KaK OIEHKa
MaKCHMaJIbHOrO NpaBAonojo6Hs, TaK H OLlEHKa, KOTOpasi OKa3aJjach
Jyuiie, 3aBUCAT JHWB OT § U 1. [locKo/bKy OLleHKa MaKCHMAaJbHOro
NpaBaoNofo6Hsl 3aBHCHT TOJbKO OT CTATHCTHKH 1), KOTOpasi He sIB-
JsieTcsl J0oCTaTOYHOH (OHa He CoHepXHT Bclo HHopMauuio o 0),
COBCEM HEYJAHMBHTEJbHO, UYTO OGHApYXKHJAChb Jjyuliasi OlleHKa. ITO
He NPOTHBOPEYHT aCHMIITOTHUECKOH 3((PEKTHBHOCTH OLEHOK MAaKCH-
MaJIbHOTO MpaBAoNOAOGHS, TaK KaK B cjlyuiae paBHOMEpPHOro pacmpe-
leleHHs <«oOlIHe ycJoBHA», obecneunBaiollHe 3((EeKTHBHOCTb, He

BHIIOJIHEHH.
(ii) O6bscHeHHe AOCTAaTOYHO MPOCTO: OIEHKOA MaKCHMAaJIbHOIO
n

upaBaonogo6usi Ajsi 0 sABAsSeTCST OTHOCHTENbHAsi 4acTOTa Z Xi/n,
i=1

KOTOpasi cTpeMHTCs K 1—0 1/ HppauHoHaJbHEIX 6.

Xorss 3Ta 3ajaya B KaKOM-TO CMHCJIe IaTOJIOTHUECKas, ee Io
KpafiHeli Mepe Jierko NoHATb. (B cratee /. Bacy jaHa cocTosiTeb-
nass ouenka Anas 0.) CyillecTByIOT ApYyrHe NIpHMepHl HECOCTOSTENb-
HEIX OLEHOK MaKCHMaJbHOro npaBjoNOA0OHs, KOTOpHe MeHee HCKYC-
cTBEHHH, HO G6oJiee CJOXHH (CpaBHHTE CO CTaThsiIMH Hedmana —
Crorra, Kupepa — Boagosuya u Ppeztocona).



2) 3ameuanusn

(i) B cratHcTHuecKoil JHTepaType MOXHO 06HapyXHTb 6oJblioe
YHCJIO OLEHOK «MAaKCHMAaJbHOTO NPaBAOMOAOGHS», NMPH NMOCTPOEHHH
KOTOphIX GhlJIH HaMjeHH He TOYKH MaKCHMyMa (a JIHIIb CelJIOBble
TOYKH) HJH e pPacCMaTpPHBAJICA TOJbKO OJHH JOKAaJbHHH MaKCH-
MyM V. XoTs yacToe nosiBjieHHe TaKHX NMPHMEPOB AOCTAaTOYHO Ji060-
NHTHO, HX HeJb3s CYHTAThb NapafOKCaMH, a JHIIb «YNyLIEHHSIMHS,
lJa¥e ecJH OHH ONyGJHKOBaHH B I[€PBOKJACCHHX XypHaJjax B
CTaTbsAX JYYLIHX MaTeMaTHKOB.

(ii) INpumepu Horc. Xodxeca n APYTHX MOCTABHJIH BOMPOC O Na-
panokce cynepaddekTHBHOCTH. 34eCb MH JIHIIb yKaxkeM AHCCepTa-
uuio Je Kama n cratbio I'. Yeprosa. (OueHka napamerpa 0 sB-
Jsercs cynep3@@eKkTHBHOH, ecjii ee pacnpefesNeHHe acHMITOTHYe-
CKH HOpMaJIbHO CO CpeJHHM 3HaueHHeM 0 W AucnepcHel, KOTopas He
[PEBOCXOAHT acHMITOTHYECKH MHHHMaJibHYl0 Rucnepcuio 1/(nl(0)),
H CTPOro MeHbllle ee Mo KpaiiHell Mepe AJs OLHOrO 3HaueHHs @.)

(iii) B xuure IInTMeHa, yka3aHHON HHXKe, MOXHO HaHTH NMpHMep,
KOria OLEHKH MAaKCHMaJIbHOIO NpaBAONOAOGHS AJsi NapaMeTpoB
CABMra H MacuitTaba He CyLlecTBYIOT. A HMEHHO, eCcJH IJIOTHOCTb Be-
posTHOCTH | o6JajaeT caeAylOLHM CBOACTBOM: |x|!*¢f(x) — co mpH
X—o00 (uaH —oo) Aag Bcex e>0 (manpuMmep, [(x) =
=c/(xlog?x)), [, (x)=—‘11f(x—:—i), T0 M v = (W, 0) OLEHKH
MaKCHMaJIbHOTO NpaBAONOAOGHS He CYLIEeCTBYeT.
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9. Mapagokc uHTEpPBanbHLIX OLEHOK

a) Hcropus napadokca

TeopHs HHTepBaJbHOrO OLlEHHBaHHA GHJIAa pa3paboTaHa B OCHOB-
oM I'. Puwepom u E. Helimanom mexnpy 1925 u 1935 rr. Josepu-
TeabHoll untepsas HeifiMaHa comepXHT HeH3BecTHHH napamerp 0 c
3allaHHON BeposiTHOCTHIO o Ilyctb Xy, Xo, ..., X, oGo3nauator no-
CJIeA0BATENbHOCTh 3JE€MEHTOB BHOODKH, H NpELNOJOKHM, UYTO A ==
=A(X), Xo, ..., X4, @) u B=B(X,, Xp, ...,Xn, a) TaxkoBH, uTO
P(A <8< B)=a. Torna (A, B) Ha3nBaeTcs o.-J0BEPHTEIbHBHIM
HHTepBajoM Ana 0. Ecan 6 o6o3HayaeT HeH3BeCTHOe MaTeMaTHuYe-
CKOe OXHAaHHe HOPMAaJIbHOrO pacnpejeeHHsl CO CTaHJapTHHM OT-
KJIOHeHHeM o, To P (X — 20/4/n <8< X+ 20/4/n) =~ 0.95, 1. e.
(X —20/4/7n, X + 20/4/n) saBaserca 95 Y% nOBepHTEJNbHHM HHTEp-
BajsioM 1is 0. Ilpu npyrom noxxone K HHTepBaJbHOMY OLEHHBAHHIO
cayyaliHHM mapaMeTPOM CUHTaeTcsl He BHOOPKa, a HeH3BeCTHHIA na-
paMerp 6. B atom cayuae unrepBan (A, B) He 3aBHCHT OT cayuas,
u paBeHcTBO P (A << 6 << B)= o npocTo 03HayaeT, 4TO O monajgaer
B uHTepBaa (A, B) c BepostHocThio a. Hanpumep, ecin 6 o6o3Ha-
yaeT HEM3BECTHOE MaTeMaTHYeCKOe OXMIaHHe HOPMAaJbLHOrO pachpe-
JleJIeHHs], TO H3-3a Cay4yafiHHX oWHOOK H3MepeHHH O He onpenensieTcs
NOJHOCTbIO BHIGOPOYHHMM cpeaHum X. Takolf napamerp 0 MOXHO
paccMaTpHBaTh KaK HOPMaJIbHO PacnpellesleHHYI0 clyyafiHylo BejH-



YHHY C MaTeMaTHYeCKHM OXHAaHuWeM X W CTaHAAapTHBIM OTKJOHE-
HHeM c/\/n. CJeioBaTebHO,

P(X —2/y/n <8 <X+ 2/4/n) ~0.95.

Takoll BHA WHTEpBAJbHEIX OLEHOK, Ha3BBaeMBIX GuiyyuasloHoimu
unrepsaramu, BBea PDuwep. B ciayuae HOpMaabHOro pacrnpepele-
HH$, KAK Mbl BHAHM, JOBepUTeJbHHeE H (HAyLHaJbHbie HHTEPBAJH
¢opMasIbHO COBNAZAIOT; pa3fiHyaeTcs JMHLIb UX «puiaocodpus». B re-
yeHHe HEKOTOpOro BpPEMEHH CUMTaJIM, YTO 3TH ABa BHAA HHTEPBAJIOB
NpaKTHYECKH COBHAJAIOT, U CIHOPH O Pa3/IHYHH MEXKAY AOBEPHUTEJb-
HBIMH B (QHAYUHAJbHHIMH HHTEPBAJaMH SIBJSIIOTCS YHCTO TeOpeTHue-
ckumu. (Buavase HefiMman mnoadepuBas ¢HAYUHAJIBHYIO TEOPHIO
dumepa raaBHEM 06pa3oM NMOToMy, uTo Pullepy Takxe He yAaJoCh
Hcmosb3oBaTh TeopeMy Dafieca.) OmHako Bckope OGHapyXKHJIHCH
napafioKChl, HMeIOllHe NMpaKTHYeCKoe 3HaueHH¢. [Pa3Hble MNOAXOAH
®umepa u HefiMaHa npuBeJan M K Pa3jHYHHM pe3yJbTaTaM B Npak-
THYeCKHX NpuMeHeHHsX. B 1959 r. K. Credn ykasan Ha upe3Bhuail-
HO nmapajokcalbHHE ciyua#i. a5 NpPOCTOTH OH paccMOTpes JAOBe-
puTeJNbHble W (HAyLHaJbHBIE HHTEPBaJhl, B KOTODHX B = oo uiu
A =—o0 NOTOMY, YTO TaKHe HHTEPBAaJhl ONpEAENSIOTCS OXHHUM
3HayeHHeM (BTOPHIM KOHIIOM HHTEpBaJa). '

6) Ilapadokc

[Iycte X, X, ..., Xr CyThb He3aBHCHMHIE HOPMAJNbHO pacnpese-
JieHHBle cyyafiHple BeJHMYMHH C eJUHHYHOR aucnepcuedt (k = 2).

O6o3nauum uyepes 0;, 0y, ..., 0, HX HeH3BECTHHe MaTeMaTHYeCKHe

oxunauus. Ilyctb Bexrop 0= (0, 0,, ..., 0,) Haxomurcs Ha pac-
2 2 o

CTOSTHHH |(~)l='\/61+62+ ... +6% or Havana KoopauHat. Crefin

Jl0Ka3aJj, 4TO HOBEPHTENbHHIH H (GHAYHHAJbHBEIA HHTEpBaJH JIJs
|| Moryr cuabHO pa3JMuaThesl, YTO M [IOKA3aHO B CJeAylollleM Na-
pamokce. bynem ounenuBath kaxzaoe 0; CpeHMM 3HayeHHeM X; BHI-
Gopku o6beMa n. IlycTh paccTosiHHe MeXAy HayajoM KOOPAHHAT H

BEKTOPOM BHIGOPOYHHX cpeauux (Xi, Xy, ..., X&) paBHO' |_X| =

=AXi+ X3+ ... + X2. Torra P(]X| > |8]) > 0.5, xorza X —
cayuafiHasi BeJMYMHA (CTPOMTCSI AOBEPHTEJ]bHHH HHTepBaJ) M Ka-
KOBO OHl HH 6hUIO 3HAaueHHe HEM3BeCTHOro mapamerpa 0. C apyroit
CTOPOHH, ec/H 0 -— ciyyafiHasi BeJHYHHA (CTPOUTCH DHUAYIHANBHBIH
untepBan), To P(|0|>|X|)> 0.5 nas awo6oro 3naueHHss BHOOPOU-
Horo cpeasero X. MHBIMH CJI0BaMH, BEPOSITHOCTb TOTO, YTO AOBEpH-
TeJbHHIH HHTEpBal (—oo, |X|) COMEPXKHT HEH3BECTHOE 3HaUeHHe
|8], Goabme 50 %; B TO Xe Bp6M${J C BEpOSITHOCThIO, GoJbluel
50 %, cayuafinas BeanuMHa |0] momajgaer Ha (GHAyHHAJbHHH) HH-
tepBaa (|X|, 4o00). TakuMm 06pa3oM, ¢ TOYUKH 3PEHHS TEOPHH AO-




BEpPHTEJbHHX HHTEPBAJOB BHIOAHEe CTaBHTh Ha HEPaBEHCTBO
|X| > |8|, a npr ¢pHAyuHATLHOM NOAXOA4Ee CHTYalHsl NpPSMO IpO-
THBOIOJIOXHas.

8) Obwacnenue napadokca

HeBo3MoXHO mOKa3aThb Bce NPOTHBOPEYHs1 MeXAY (QHAYLHAJb-
HHM NOAXOAOM H TeOpHell HAOBepHTeJbHHX HHTEpBAaJOB, BO3HHKAIO-
mHe B cBA3H ¢ 3ajgavelt CrefiHa. 3ech MH OrpaHHYHMCSI H3JOXKe-
HHeM pellleHHs, KOTOpoe npeajoxuy caMm CrefiH. Ecan ¢uayuuans-
HH# TOAXOA NPHMEHseTcs He K 3JieMeHTaM BHOGOPKH, 3afaHHHM
CBOHMH KOODAMHATAaMH, a (B CHJy cdepHyecKOof CHMMETPHH HOp-
MaJIbHOTO pacnpefefeHHss) K CyMMaM KBaApaTOB KOOpPAHUHAT, TO
¢buaynHaabHbEe HHTEPBAJH COBIAJAlOT C AOBEpHTEJIbHHMH HHTEpBa-
Jamu (cM. crathio Crefina). CiefoBaresbHO, BHrogHee CTaBHTb Ha
TO, uTO «|X| Gosblue, ueM |0|».

2) 3amewanusn

(i) ITocTpoum HHTepBaJIbHYIO OLEHKY AJS HEH3BECTHOTO MaTe-
MaTHYECKOTO OXKHAAHHA § HOPMAJIbHOTO paclpefeeH s C H3BeCTHHM
CTaHAAPTHHM OKJOHEHHEM ¢, HCIOJb3Yysl aNPHOPHYIO HH(OPMALHIO
O TOM, YTO BeJHYHHa © HOpMaJbHO pacHpefielieHa C MaTeMaTHue-
CKMM OXHJAaHHEM [ H CTaHAAapTHHM OTKJIOHEHHEM § (BeJH-
YHHH [ H § H3BeCTHH). Ecan X — cpefiHee 3HaueHHe BHGODKH 06b-
eMa n, To mo teopeMe Bafieca anocrepuoproe pacnpenelieHue BeJH-
YHHH O TakXe HODMaJbHO C MaTeMaTHYeCKHM OXHAaHHeM 0* =
=p-+ C(X—p) 4 cTaHAapTHHM OTKJIOHeHHeM D, rhe

. fl,ﬂ’ 2 _ 1
C=vraer ¥ D=y
Caenosarenpno, (6* —2D, 6*+ 2D) ectv 95 Y wuHTepBaibHAs
oueHka mJas 0, rak xak P(6* — 2D <8 << 6* 4- 2D) ~ 0.95. Orcyr-
CTBHe aNpHOpPHOH HHGOpMaLHH O3Hauaer, yTo s==oo, T. e. C=1.
Takum o6pasom, 6* =X u D?=¢2/n, a 910 4 ecTb PHAyNHAJIbHHHA
HHTepBaJ. CJlefoBaTeNbHO, B CJayuae MHOTOMEPHOr0 HOPMaJbHOTO
pacnpenenenHs 6afieCOBCKHA MOAXOA NPHBOAHT K TOMY XKe caMOMY
napajokcy, uto H ¢puaynHaabHuA moaxod. Ipyroi napagokc nomo6-
HOTO THNAa (OH HCXOAHT OT MOCKOBCKOH CTAaTHCTHYECKORA ILIKOJIH)
3aKJouaeTcs B ciaeAyolleM. MaliiHa COCTOHT H3 m AeTaJel, co-
CAHHEHHHX mocjefoBaTenbHO. IToaTOMY, eciH i-s1 AeTalb McnpaBHa

C BeposiTHOCTBIO p; (i=1, 2, ..., m), TO MalMHa HCIpaBHa C Be-
POATHOCTBIO P == p;*P2-...-Pm. Bo3bMem Temepp BHGOpKY H3 #p,
N2, ..., Am 3JEMEHTOB, H MPEANOJOXKHM, YTO BCE 3JEMEHTH HC-

npaBHo paGoraoT. HMcmosb3ys 3Ty uHbOpMauHio, Haflo HafiTH HH-
TepBaJbHYIO OLEHKY B Bulle P(p > p*) = a. Kak 3T0 HH cTpaHHO,
HO JI0BepHTEJbHHA HHTepBaJ (T. €. BeJHYHHA p*) He 3aBHCHT OT m,



a 3aBHCHT JHIIb OT min M;="n, H COOTBETCTBYIOLIEH BEpPOATHO-
Iigm

CTH po. B To xXe camﬁe BpeMst B paMkKax G6afiecoBCKOro mnoaxona

HHTEepBaJbHAsl OLleHKA JJIsl P 3aBHCHT OT m.

(i) Pumep (1890—1962 rr.) Hauas 3aHHMATbCS HHTEpBaJb-
HHIMH OLEHKaMH HeMHoro pasbiue, deM Hefiman (1894—1981 rr.).
duiep paxe o6BuHua HefiMmana, koTopHii Toraa pa6oran B Ilodb-
lle, B NPHCBaHBaHHH H 0O0OOlleHHH CBOHX HAeH. B 310 Bpems y
Qumepa yxe OBUIH JHYHHE H INpodecCHOHAJbHHE KOHQJHKTH C
IpYTrHMH BHAAlOIMMHcs cTaTHcTHKaMH. OH HeHaBuien K. [Tupcona
(1857—1936 rr.) u nostomMy He ny6aukoBajcs nocie 1920 r. B
XypHalle «BbHoMeTpHKa» (BedyllleM IePHOAHYECKOM XYypHaje nO
CTaTHCTHKe, CPeflH OCHOBaTejel W peAaKTOPOB Kotoporo 6n ITup-
con). duwep nepeHec CBOI0O AHTHIATHIO, XOTS H B OCJaGJeHHOM
Bune, Ha . Ilupcona (1895—1980 rr.), cuna K. Ilupcona, u ero
apyra E. Hefimana. ITosgnee Hefiman ctaj OJHHM H3 BeAyIlIHX CTa-
tHCTHKOB B CIIIA, M HX JHYUHHE CHOp mepepoc B CIOp aHIJIO-aMepH-
KaHcKHH. DHuIepy HHKOrJa He HpaBHJach HIes! CBEJleHHS CTaTHCTH-
4eCKHX BHBOJOB K INPHHATHIO pellleHHAA ¢ NOMOMbI0 (GyHKUHA
notepb. (3T0 <«aMepHKAaHCKOe» HampaBjeHHe B CTaTHCTHKe GHIO
paspaboraHo BeHrpoM Abpaxamom Baasdom Ha OCHOBE TEOpHH HTp
I xona ¢on HeiiMana.) I'1aBHOe NpOTHBOpEYHe BHPaXaJoch B cJe-
nyomeM: B AMepHKe (B COOTBETCTBHM ¢ nparmatuaMmoM [Tupca) He
BaXKHO, O YeM BH JyMaeTe, a BaXHO, YTO BH Jetaere. B AHranu
XKe — HaoGopor. XoTs paccyxieHuss Puimiepa u He OHJH Bceraa
yOeuTelbHEIMH, OH SBJSETCS OAHMM H3 KpynHefliHx (ecqH He
KPYNHEHLIHM) CTaTHCTHKOB, KOTAa-1HGo xuplminx. Ilostomy crpah-
HO, YTO OH He cTaJ NpodeccopoM CTATHCTHKH. B HefiCTBHTEJNbHOCTH,
B 1943 r. oH-Taku cTta;n npogeccopoM KeMOpHIXKCKOTO YHHBEPCH-
TeTa, HO Nno reHerHke. Mexay 1952 u 1954 r. oH TakXe ORI Npe3H-
nentoM Koposesckoro o6uiecTsa.

(iii) HamM nyXHO ouenuTh napaMerp caBura 6 no BHGOpKe
X1, Xs, ..., X, 3/1eMEHTH KOTOpOM HMEIOT NOKa3aTeNbHYIO NJOT-
HOCTb BEPOSITHOCTH €%—= (ecqim x>0 u 0 B NPOTHBHOM cJayuae).
Onenka

n

A 1

==Y (x— 1)
i=l

SIBJIsieTCs] HECMellleHHOR, H ee IJIOTHOCTb BEPOSITHOCTH INPONOPIHO-
HalbHA (x— 04 1)1 e—nx-8+) png x > 0— 1. C noMomplio 3TOH
TJIOTHOCTH MOXHO Jlerko HafiTH 90 9, JpOBepuUTeJbHHR HHTepBaJ
HauMeHbllefl NJHHH. B ciayuae, koraa X; =12, X.= 14, X; =16,
3TOT [OBEpHTEJbHHI HHTepBas 3anHuiercss B BuAe 12.1471 << 0 <
13.8264. C npyro#i croponm, O, oueBHAHO, MeHblle, yeM X|=



=min X;=12.Taxum o6pasom, 90 Y dosepuressvnsiii unTepsar Hau-
Menbuier OAuHbL Aewur 8 0baactu, 8 KOTOPol 0 HAXOOUTHCA He MO-
acer! IxefiHec MOAYEPKHYJ (CM. CCBUIKY HHXKe), YTO AJIST MOCTpPOeE-
HHsI HHTEPBAJIbHOH OIEHKH CJefyeT BOCNOJb30BaThbCsl GafleCOBCKHM
noxxoxoM. EcaM anpuopHas IJIOTHOCTb PaBHA IOCTOSIHHOH BeJIHUH-

n(e—x‘)
He, TO anoCTepHOpPHasi NJIOTHOCTb BEJHYHHH O Oymer  ne v,
ecii 06 < X] u 0 B npoTuBHOM ciyuae. TakuMm 06pasoM, HHTep-
Ban X]—¢g<0<X], rae g=n-'log(l—P), 3anaer HauMeHb-
Y10 anocTepHOPHYIO 30HY, COAEpXKAMlyl0 almoCTePHOPHYIO BEpOSIT-
HOCTb C BeposiTHOCTbIO P. Jlasi yka3aHHOi BHIe BHGOPKH NOJYYHM
11.23 << 6 << 12.0. C TOYKH 3peHHS TEODHH HOBEpPHTEJbHHIX HHTEp-

BaJiOB MOXHO OmIo O CKasaTb, YTO O He sBJASETCS JOCTATOYHOM
CTAaTHCTHKON AJs 6, a CTaTHCTHKA X} — nocrarounas. JlosepH-

TeJbHHH HHTEPBaJ HaHMeHbUIEA JJHHH, NOCTPOEHHHA nO jocra-
TOYHOHA CTaTHCTHKe, coBnajaer ¢ 6afieCOBCKHM HHTEPBAaJIOM, YKa3aH-
HuM Bhiwe. Ho paxe ecan Mu paGoraem ¢ X], MOXeT OKasaTbCs,

uto 90 % RoBepHTe/NBHHi HHTepBan (— oo, f(X])) Jexur Ha oOT-

pHIIATeJBbHON NMOJYOCH, a HaM H3BeCTHO (ampuopHasti HHpOpMauus),
YTO BEJIHYHHA O He MOXeT OLITb OTPHIATENbHOM.
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10. Mapapokc npoeepku runotes
a) Hcropus napadokca

TpyaHo ckasaTh 4TO-TO ompeiesieHHOE O TOM, KOTAa IpeAlnpH-
HHMAJIHCh TNepBHe NONHTKH NPOBEPATb CTATHCTHYECKHE THIIOTE3Hl.
B. B. I'nederko B cBoell KHHre OTMEUaeT, YTO yUeT HaceJleHHs, IPo-
BeficHHH B ApeBHeM Kurae B 2238 r. mo H. 5., moKasaJj, 4T0 10Js
PONHBLIHXCS MaJb4HKOB cocraBisia 50 %. [Hdowcon ApbyrHor
(1667—1735 rr.), anraufickuit mMaTeMaTHK, Bpau H NHcaTeldb, GHLI
nepBuM, Ko (B 1710 r.) 3ameTHs, 4TO THNOTE3a O PaBHOM COOT-
HOILIEHHH POAMBIIHXCS MaJbUHKOB H J€BOYEK NOJIKHA OHTH OTBEPT-
HyTa, TaK KaK cOrJiacHo aeMorpadHYecKHM AaHHHM 3a 82 roxa (mo-
CTYNHHM B TO BPeMsI) MaJIbUHKOB KaXXAHH rof poxaanock GoJiblie,
yeM JAeBoyek. EciH GH BepoATHOCTb POXAEHHS MaJbuHKa OHJA
paBHa 1/2, To uror 3a 82 roga 6HJ 6GH HACTOJBKO MaJIOBEpPOSITEH
(1/282), uTo ero MOXHO GHJIO GH- CIHTATh IPAKTHYECKH HEBO3MOXK-
HHM. HUtak, Ap6yTHOT GHJI MEPBHM, KTO OTBEPr €CTECTBEHHYIO CTa-
THCTHYECKYIO THNOTe3y. S1oT (HeMaTeMaTHUeCKHH) InapagoKc 3aHH-
tepecoBas Jlanaaca. B 1784 r. oH ¢ yauBieHHeM OGHapyXKHJ, 9TO
B HECKOJbKHX Pa3JHYHHX pafioHax ROJISI POAHBLIHXCS MaJbYHKOB
npuO6/IH3HTENIBHO paBHsach 22/43, a B [Tapuxke 3TO OTHOIIEHHE GH-
Jo paBHO 25/49. Jlanaac GHJI 3aHHTPHIOBAH TAKMM PAa3IHUHEM, HO'
BCKOp€ Hallles1 AJisi HEro pasyMHoe oObsicHeHHe: B obIee YHCJIO Po-
nuBuinxcs B [lapuxke BKJIIOYaJHCh TaKXKe BCe MOAKHAHIIM, a Hace-
JileHHe H3 NPHTOPOXOB MPEAMOYHTAJNO MOAKHAHBATL MJAAEHUEB OfX-
Horo nosa. Koraa Jlannac Hekmiouns nogkuauuied H3 o6uiero yuc-
Jla pPOAHBIIHXCS, AOJS HOBOPOXJAEHHHX MAaJIbUHKOB craja G6JH3KOf
K 22/43.

B 1734 r. ®panny3sckas akapemus npucyauna Januusy bBep-
KyaAu TIPEMHIO 33 HCC/efOBaHHEe MO op6uraM miaHer. C NOMOIUBIO
HEKOTOPOro KPHTEepHS NpPOBepPKH runore3 BepHyJam mHTajCca NOKa-
3aTh, YTO CXOXECTb OPOHT IJIAHET ABJSETCS RaJeKO HEe CJAydaiiHoM.
W3 npaBusiia npaBoft PyKH SICHO, 4TO Kaxkaasi op6HTa COOTBETCTBYET
HEKOTOpOH TOYKe Ha eNHHHUHOA cdepe,  BepHynnn mposepss ru-
noTe3y O TOM, 4TO pacnpefie/ieHHe STHX TOYEK Ha eAHHHUHON cdepe
paBHoMepHo. B 1812 r. Jlaniac uccienoBas NOXOXKYI0 HPoGJeMy.
OH nHTajcs NPHMEHHTb CTATHCTHUECKHE METOAH AJIS pPEIeHHS BO-
npoca O TOM, KaKylo H3 THMOTE3 CJefyeT NPHHATb: SBJAIOTCA JH
KOMeThl OGHIYHHEIMH 3/ieMeHTaMH COJIHEUHOM CHCTEMH HJIH OHH BCErO
JIHIIb «He3BaHHIE OCTH». B nociefHeM ciyuae yrin MexAay opGu-
TaMH KOMET H SKJHNTHKOA GHJIH GH PaBHOMEPHO pacrnpefelieHH Ha
uHTepBaJe ot 0 10 m/2, 9TO KaK pa3 COBNajaer ¢ MaTeMaTHYECKOH
3anucei0 npeanosoxeHus Jlamnaca. (OH oGHApyXHJ, YTO KOMETH



He SBAAIOTCS OOHUYHHMH 3jemeHTaMu CoaHeuno#t cHcreMmH.) OcHo-
BONOJIOXKHHKAMH COBpEMEHHON TEOpDHH INPOBEPKH CTATHCTHYECKHX
runores 6uan K. Mupcon, 3. Iupcon, P. Duwep u E. Hedman.
[TpennosoxXuM, UTO HYKHO NPOBEPUTHL THNOTE3Y O TOM, UTO pac-
npefesieHHe HEKOTOpo# cayuafinoft BeqHunHH paBHo F. (B mpo6-
Jaeme Jlannaca pacnpepeienue F OHJO PaBHOMEPHHM Ha HHTEpBaJje
[0, =/2].) Hns peweHuss 5Tot MNpPOGJEMH  «CTENEHH COTJaCHS»
K. Ilupcon, X. Kpamep, P. ¢on Musec, A. H. Koamoeopos,
H. B. Cuupnos u apyrue yueHnne, paboTaBliHe MNO3jHee, MPEAJO-
JKHJAM HECKOJbKO Pa3JHUYHBIX KDHTEpHeB, H BO3HHKJA Heo6xonH-
MocTb cpaBHMBaThb HX s¢dextuBHocTdH. D, Ilupcon u E. Hefiman
cAeNaJi NepBHeE IIarH Ha NYTH pelleHHs TeOPeTHUYECKHX 3ajad 1o
HaXOX/JEHHIO JYyUIIHX METONOB NPUHATHA pelteHHHt. Bo-nepBHX, OHH
BBEJH IOHSITHE QAbTEPHATUBHOL 2unoTesvl, KoTopas, Boobuie ro-
BOps, He fBJsETCS NMOJHHM OTPHILAHHEM OCHOBHOR, nysesod auno-
Te3bl. PaccMOTpPHM, HampuMep, CAYYalHyl0O BeJHYHHY, HMEIOLLYIO
HOpMAaJIbHOE pacnpejielleHHe ¢ €AHHHYHOH NUCIepcHed M HEH3BECT-
HHIM MaTeMaTHYeCKHM oxulaHueM. Eciu nyaesas eunoresa cOCTOHUT
B TOM, 4TO «MaTeMaTHUYeCKoe OXHJaHHe paBHO —Il», a ajabTepHa-
THBHAas THNOTe3a 3aKJI0YaeTcss B TOM, 9TO «MaTeMaTHYeCKOe OXH-
Janue paBHO - 1», To 06e runoTe3H, 0Y€BUAHO, HE OXBAaTHBAIOT BCe
Bo3MoXHHe caydan. B 1933 r. HefiMman u [Tupcon nokasanu, 4To
a5l TaKHX NPOCTHX runore3 (Koria Kax HyJeBas, TaK H ajbTep-
HaTHBHAs THNOTE3H, ONpeNeNIoTCA N0 OXHOMY pacnpefiesIeHHIo) cy-
IIeCTBYyeT KpHTepH#l, HanGoJsiee MOLIHHE B caenyiomeM cMucae. [Ipn
HCNOJIb30BaHHH CTATHCTHYECKHX KPHTEPHEB BO3MOXKHH OLIHGKH ABYX
THNOB. MOXHO OTBeprHYTb HYJEBYIO TMOOTe3y, KOTAa OHAa BEpHa, H
JONYCTHTb TeM CaMHM owubky I-20 poda (unu omwubKy NepBOro
tHna). C apyrofi CTOPOHH, MOXHO NPHHATH HYJEBYIO THIOTe3Y, KOT-
Jla OHa HeBepHa, H JONYCTHTb owubky 2-20 poda (Anu OoWHGKY BTO-
poro THma). MeTon NMpHHATHS pelleHHH (KpHUTepH#l), OCHOBaHHHHA
Ha BHOOpKe naHHOro 00beMa, Ha3HBaeTcs HauGoJiee MOILIHBIM KpH-
TEpHeM, eclid AJs J1060# 3ananHO# BepOSATHOCTH OmWHUOKH 1-r0 pona
BEPOSITHOCTh OIIHOKH 2-T0 pofla MaJja HAacTOJbKO, HAaCKOJbKO 3TO
Bo3MoxHo. (I1pu ¢ukcupoBaHHOM 06beMe BHGOPKH CyMMa BeposiT-
HocTell OmIHG0OK OOOHX THINOB He MOXeT GHITb CHeNaHa Kak YTOAHO
MaJjioll. IT0 cBOero pofia npuryun HeonpedereHHOCTY TPH NMPOBEPKe
runotes.) IIpeanosoxuM Aasi NPOCTOTH, YTO 06Ga pacmpeneseHHs
(B HyneBoOit H aNbTEpHATHBHOM I'UNOTE3aX) HMEIOT NIIOTHOCTH BEPOSAT-
HoctH. Torma no ocHoBHO# JemMme Hefimana — ITupcona cymiecTsyer
Hanbosiee MOIIHLIA KpHTepHit ciaenyomero Buaa. O6o3Hauum uyepes
fo u fi nuoTHOCTH BeposiTHOCTH BHGOpKH X = (X1, X, ..., X,) mnpH
YCJIOBHH, YTO BE€pPHA COOTBETCTBEHHO HyJeBas HJIH ajlbTepHaTHBHas
runotesa. HyseBas rumoresa NpHHHMAaeTcs TOrZa H TOJbKO TOTAa,



KOraa

hi(X) <e T _

Fo (%) , TIe ¢ — COOTBETCTBYIOILAsA MOCTOSIHHAA.
(a1 mpocToTH mNpeAmnoJaraercs, 4YTO BepOATHOCTb TOro, 4TO
f1(X) /fo(X) =c paBua 0.) Teopuss Hefimana u Ilupcona crana oc-
HOBHO# NPH NpOBepKe THIOTe3, He JHLIEHHOH, OJHAKO, NapajlOKCOB.
B 1950 r. I'ep6epr PoGOuHCc mokasas, YTO CYIIeCTBYeT KPHTepHH,
KOTOPHH B HEKOTOPOM CMHCJe siBisieTcs 6oJjiee MOLIHHM, YeM HaH-
6osiee MouiHbi Kputepuii Hefimana — ITupcona.

6) Ilapadokc

IIpeanonoxuM, uTo cnydaiiHas BeJHYHHa X HOpMaJbHO pacmpe-
JleleHa ¢ MaTeMaTHYeCKHM oxuaaHueM 6 u aucnepcued 1. Ilycrb
HyJeBas THIMOTe3a COCTOHT B TOM, UTo 8 = —1, a anbTepHaTHBHaA
THIOTe3a 3akKJuaercs B ToM, yto © = +1. Ha ocHoBe BHIGOPKH H3
oxHoro sneMenTa X Hau6Gosee MOIIHHM KPHTEPHEM MPOBEPKH HYJie-
BO# THNOTE3Hl NPOTHB aJIbTEPHATHBHOH T'HIOTE3H SIBJSETCS CJAEAYI0-
muit: ecin X << 0, To HyJeBas runoTe3a NpHHHMAaeTcs, a aJbTepHa-
THBHasl OTBepraercsi; B [POTHBHOM CJydYae HyJeBas TruHnoresa or-
Bepraercs, a ajJbTepHAaTHBHAA NpHHHMaeTcs. B 3TOM ciyuyae BeposT-
HOCTh OWHG0K 06GOHX BHAOB cocraBjaser mnpubiausutenvHo 16 %,
TaK Kak

PX>0|6=—~1)=PX<0|6=+1)=

L { etz gx—0.1587 ... ~ 0.16.
o
0

Ecan Bocnosib3oBaThcsi 3THM KpuTepHeM B N HE3aBHCHMBIX CJay-
qasx, Te npu 6oabminx N cpefHee YHCJIO OMIHOOYHHX peELIEHHH NPH-
6au3utesbHo paBHO 0.16 N. IlockosabKy B KaXAOM c/yuae HCHOJb-
30BaJicsl HauGosee MOLIHHIH KpHTepHil, clefoBaso GH OXHAATh, UTO
cpeHee YHCJIO OLIHGOYHHX pelIeHH# HHKOTAa He MOoXKeT GHTb MEHb-
ure, yeM 0.16N. Kak HH napajgokcasbHO, HO caeaywouiii MetTox Fo6-
6uHCa MOKA3HBAET, YTO 3TO He TaK.

Iycts X — apudMerndeckoe cpeanee HaGmogenudt Xy, X, ...
..., Xn. Kpurepuit Po66uHCa COCTOHT B CJIE€AyIOLIEM:

ecin X<<—1,109,=—1 maa scex i=1,2, ..., N,
ecii X > +1, 10 0;=+41 pna scex i=1, 2, ..., N, 4, HakKo-
HeEll,
ecan —1 < X< +1, 10 : =—1 unu 6;,= -1, B 3aBUCHMOCTH
OT TOro, BHIOJHEHO HEPABEHCTBO _
1 1—X
X, <=1In =
ST+

HAH HeT. DTOT METOJ YAHBHTENEH TeM, 4TO OH OGbeJHHAET He3aBH-
CHMHe ApYyr OT Apyra 3ajxaud. EcjiH HCTHHHOe OTHOlIeHHe Tex 0;,



Bjs KotopHx 0; =41, Kk TeM 0; maa koropux 0; = —1, pasHo 0
uiu 1, to npu Goabwiux N (Hampumep, aass N = 100) kpurepui
Po66unca paer otrBer co 100 % HameXHOCTbIO; Aas oTHomeHHs 0.1
uau 0.9 BeposTHOCTb OWMGKH (060MX THMOB) cocraBiser 7 %; mad
otHoweHnst 0.2 uau 0.8 BepOATHOCTb HEBEPHOTO peLIEHHS paBHa
11 %; ana ortHomenus 0.3 uam 0.7 oHa coctaBaser 14 % H paxe
ans otHourenHs 0.4 uau 0.6 npoueHT omHGOK MeHblue 16 % ypoBHA
HauboJiee MOLIHOTO KpHTepHs. Merox PoG6uHCa CTaHOBHTCA MeHee
3¢ dexkTHBHHM, uyeM HaHGoJee MOILHHIA KpHTepH#, JHIIL B ClydYae
OTHolIeHHus, 6auskoro K 0.5.

8) O6%vacuenue napadokca

IMapanokc Fo66uHCa MOKa3HBaeT, YTO AaXKe TOTAa, KOrAa HYX-
HO NPHHATH pelliellde O INPHEME HJIH OTKase OT MPOAYKIHH, IOCTY-
napomei ¢ pasaHYHBIX He3aBHCHMO paboTaiomux (abpuk, obiree
9HCJI0 OWHGOYHHX pelleHHH 6ydeT B cpefHEM MeHblle, eCIH MH He
OynemM NpHHHMATh PELIEHHs He3aBHCHMO OZHO OT Apyroro. ITockoas-
Ky 3TO IO CyLIecTBY Ta Xe npobJjeMa, 4To H napagokc CreiiHa o fo-
NyCTHMHX OLEHKax [Jf MaTeMaTHYeCKOro OXHAAHHS, 3[AeCh MH
JIHIb MPEeAJOXKHM NOCMOTPETh OObsCHeHHe B pa3f. 2 u pyHIaMeH-
TaJbHYI0 cTaThio [ 066HHCa.

2) 3ameuanue

Hpyrue napafoKcH NpoBepKH runotes G6yayT o6CyXAaTbcs B
pa3a. 12 u 13.
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11. NMapapokc PeHbu M3 Teopun uHpOpMauUM
a) Hcropus napadokca

OpHOR M3 OCHOBHHX 3aAay TEOPHH HHOPMAaLMH SBIAAETCSA H3-
MepeHHe KosudecTBa HHpopManux. OcHoBaTenH 3TOro pasjena Ma-
tematHrH (K. Ilennon, H. Butep w ApyrHe) NMOHMMAJH, YTO KOJIH-
yecTBO HHGbOpManUu H3MeEpSeTCs 4YHCJIOM, He 3aBHCALIMM OT Aei-



CTBHTEJIbHOTO 3HAUEHHs H BHAA HHPOPMAaLHH, NOAOGHO TOMy, KakK
o6BeM Tesa, KOTOpOe MOXeT H3MeHATb cBolO Gopmy, oT PopMH He
3aBHCHT. EauHMUell H3MepeHHs HHPOpMAUMH CJAyXKHT HHPopMa-
LIHOHHOE COJAEepXKaHHe OTBETa «Aa» WJIH «HeT». B IBOHUHOM Koje 3Ty
HHOpManHI0O MOXKHO 3amHcaTh OAHOH uHbpolt (Hanpumep, 1 ajas
«aa», 0 nas «HeT®), KoTopas HasuBaercs 6urom (bit — cokpaime-
Hue ot binary digit). Takoe cokpaiuenHe oco6eHHO yA06GHO, TaK Kak
cnoBo «bit» o3nauaer «kycouek». Coiep:kaHHe HHPoOpMAalHK H3Me-
psieTcsl CPelHHM KOJIHYECTBOM JABOHYHHX KOAOB, HEOOXOAHMBIX AJA
sanicH HHopmaunu. Ecau cayyalinas BeJHYHHA MOXKeT MPHHHMATh
TOJIbKO KOHEYHOE HJIH CUeTHOE YHCJIO 3HaueHHH C MOJIOXXKHTeIbHHMH
BEPOATHOCTAMH Py, Do, ..., TO COrJacHO gropmysre llennona ee ko-
JHUecTBO HHGOpMallUH paBHO

H=H (p,, py -..)= 2 p,logp7",

rae log o3Hauyaer Jorapupm no ocHoBaHHio 2. Beanuunna H HasH-
BaeTcs 3KTponuell BEPOATHOCTHOTO paclpefelieHHs Py, Pa, P3, - - - -
3To — cpejHAs AJHHA HauboJjiee SKOHOMHUHHX KOJOBHIX KOMOHHa-
IHH, ¢ MOMOMbI0O KOTOPHX MOXHO ONHCAThb BCE€ HCXOAH [JiSl COGH-
THH, MPOHCXOAAIHX C BEPOATHOCTSAMH Py, pa, ... . YBEJIHUECHHE
uHQopManuH fABASETCA APYTHM BaXXHHM IOHATHEM TEODHH HHQOp-
mMauuH. Ecau HabioeHHe cJyuaiiHOR BeJHYHHH (HJIH COGHITHS)
H3MeHseT BepOATHOCTHOe paclnpefesieHHe C Py, Ps, Ps3, ... - HA gy,
42, g3, ..., TO KOJHYECTBO HOJIyYeHHOH HH(POpPMALHH PaBHO

9
Ziq, log-;i—.

[Tycte Tenepr HeH3BeCTHHIH mapameTp O HEKOTOPOro BEpPOSTHOCT-
HOro pachnpefeieHHs sBJsieTcs cayuaHHOH BeJIHUMHOH (B COOTBET-
CTBHH C 6alecCOBCKHM MNOAXOAOM B MaTeMaTHYECKOH CTATHCTHKE).
Jasi mpocTOTH NMPEANOJIONKHM, UYTO § MOXKET NPHHHMATb JHIIbL KO-
HEYHOE HJIH CYETHOE YHCJIO 3HAYeHHH C BEPOATHOCTAMH pi, pa,
ps, ... . Takum obpasom, sHTponusi BeaWuHHH 0 paBHa H (0) =
= H (p1, ps, p3, ...). Jlanee, npeanoyoxuM, 4To cayuaiiHasi BHGOD-
Ka X = (X1, Xa, ..., Xn) Tak¥Ke MOXeT COCTOSITb JIMIIb H3 KOHeY-
HOT'O HJIH CUETHOrO YHCJa Pa3HYHBIX 3HAUEHHH C IOJIOXKHUTENbHBIMH
BEPOATHOCTAMH g1, G2, §s, ... . HakoHen, nycrs r;, 0603HauaeT Be-
POATHOCTb TOTO, 4TO O NPHHHMAeT j-e 3HaueHHe (C BEPOATHOCTHIO
pj) u B TO e BpeMsA X NPHHHMaer k-e 3HaueHHe (C BEPOSTHOCTBIO
qr). Toraa KosuuecTBO HHQOpPMAaNHH OTHOCHTENBHO O, NOJyYeHHOE
B pe3ysbraTe HabJloAeHHs X, paBHO

I(X, 8)=rylog
Ik

ik
Py



®yukuns f(X) =f(X,), Xo, ..., Xp) or BuGopku X HasHBaeTcs [0-
cratouHno#i, ecan /(f(X), 8) =7(X, 0), 1. e. ecan f(X) comepkut
CTOJNBKO e HHpopMmauun o 0, Kak ucxoiHas BhOopka X. Ecau
dbyHKius f, BooGILIEe roBOpS, He ABJAAETCA AOCTATOUHOM, TO OTHOLIE-
uue /(f(X), 0) /1(X, 0) nokasnBaer, BO CKOJIbKO pa3 H3MeHseTCs KO-
JIHYECTBO HH(MOpPMALHH O O, €CJH BMECTO MOJHOH BHIOGODKH B3SITh
f(X). CgoiicTBo, 3akJ/iouamuieecss B TOM, YTO [PH NPOBEIEHHH BCE
6osibulero uucna HaOJMIOAEHHH MOXKHO B KOHLE KOHLOB NOJYYHTb
BCI0 HHMOpMaLHuIo 0 0, HAa sI3HKe TeOpHH MHGOpMAalHH BHpaXKaeTcs
caenyiomuM ob6pasoM. Ecau Habmogenus X,, Xo, ... ABAAOTCA He-
3aBUCHMHIMH OJMHAKOBO pacrnpefeJeHHBMH CJIyualHHMH BeJIHYH-
HaMH, pacnpejesieHHe KOTOPHX Fy pasiuyHO AJs Pa3HHX 3HaYeHHH
napamerpa 0, o lim I((X,, Xs, ..., Xa), 0) = H(0). Ilapanokc
n-»oo
A. Penbu, o6cyxaaeMHi HHXe, BO3HHK H3 NPHMEHEHHS TEODHH MH-

topManuu A5 NPOBEPKH T'HIOTES.

6) Iapadokc

Hab6mopas cayuafinyio seanuuny X, Kotopas CBsi3aHa ¢ COGH-
THeM A, MH X0TeJlu GH OTrajaTh, MPOH30MWJI0 coOnTHE A WM HET.
Ecan co6mrie A mpoucxoaur ¢ BepositHoctbio P(A) = p, To Kosu-
YecTBO HHGOpMalluH, cogepxaireecst B A, pasuo H(p, 1 —p). Io-
ciie Ha6GaoAeHHs BeJHYHHH X Mepa ocraBuIeficsi HEONpPeaeJeHHOCTH
sanuumetcs B Buge Ax =E(H(P(A|X), 1—P(A|X))),rae P(A|X)
03HayaeT YCJOBHYIO BeposATHOCTh coOnTHSI A oTHOcHTeabHO X. Cue-
JOBaTeJbHO, KOJHYECTBO HH(GOPMALlHH OTHOCHTENIbHO A mpu ycio-
BHH, YTO HabJaiojanacs BeJuyuHa X, paBHO

I(X, Ay=H-{(p, 1 — p)— Hy.

Ha6mopnas X, nonoxum d(X) =1, ecain MW peuwnsu, yto A mpo-
usouno, 1 d(X) =0 B cayuae, eciiu NPOH3OULTO COGHTHE, TPOTHBO-
nojoxHoe A, T. e. A. BeposTHOCTb HeBepHOro peuleHusi (OUIHOKH)
paBHa

8=pP(d(X)=0]A)+(1—p)P(X)=1]A).

Jlerko noKa3aTh (HanpuMep, C MOMOLIbIO (PYHZAMEHTAJBHOH JeM-
mu Hefimana — ITupcona, cm. 11/10), uto HHKaKoe pemieHHe He MO-
JKeT uMeTb OWIHOKY O MeHblIe, YeM CJefylollee «CTaHLApTHOE pe-
LIEHHEY:

1, ectu P(A|X)> P(A]X),
0, ectu P(A|X)<P(A|X).

Ecau P(A|X) = P(A|X), To monoxuM do(X) =1 ¢ BeposiTHOCTBIO
p u 0 ¢ BepositHocTbio 1 — p. Tlapanoke, Bo3HuKalomuii 3gech, co-

do(X)={



cTouT B caenywonieM. Ilyctb Y =dy(X). Torna uadpopmanus otHo-
CHTeJbHO A, comiepxkamasicsi B Y, onpepensiercs hopMyof

1Y, A=H(p, 1 — p) — Hy.

Ho Y ectv ¢yukuus ot X, nosromy /(Y, A) <<I/(X, A). PaBencrso
HMeeT MeCTO TOTAa H TOJIbKO TOrxa, koraa P(A|X) moxeT npuuu-
MaTh TOJBKO JBa Pa3JHYHHX 3HaYeHHS, T. €. BooGie rosops, X co-
gepxHT 06 A undpopmauun Goaslue, yeMm Y. Tem He MeHee, 3Has X,
MEl He MOXeM BHGpaThb pellieHHe OTHOCHTEJNbHO A Jydlue, YeM eCaH
O6n MH 3HajaH Juub Y = do(X). Orciona crenyer, uro, xots B X
colepKHTCs, Booble ropops, Goablie nHpopMauuu o6 A, uem B Y,
OIHAKO, HCNOJb30BAaTh 3Ty JONOJHHTENBHYI0O HHPOPMALHIO HEBO3-
MOXKHO.

8) O6vacnenue napadokca

JlonoqHHTENbHYI0O HHOODMAIlHIO MOXKHO HCHOJL30BaTh, HabJio-
nasi Apyryio caydainyio BennuuHy. Ilycts, Hanpumep, Z=X -} U,
rae U— uHpukaTop cobumtHsi A. drto o3Hauaer, uto U =1, ecau
cobute A npousounto, # 0 B npotuBHOM caydae. OueBHAHO, Ha-
6monasi ogHoBpeMeHHO X H Z, MH UOJYYHM NOJHYIO HHPOPMAIHIO
OTHOCHTeNbHO A, T. €. JONOJHHTeNbHAs HHGOPMALHS OTHOCHTEJbHO
A, ckpntas B X, MoxeT GHTb HCOJb30BaHA B pesyiabraTe Habio-
IeHHsl BCNOMOTaTeNbHOM BENHYHHH Z.

2) 3ameuanus

TeopHs HHGOPMALHH TeCHO CBfA3aHa C PAJNOM NPAaKTHYECKHX 3a-
a4, HalpHMep, C MOHCKOM ONTHMAJbHEIX CNOCOGOB AHCTAHIHOHHOM
nepefayd JaHHHX HJH C OCHOBAHHAMH GHOJOTHH (CM. CCHIIKH
HHXKeE).
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12. Mapapokc t-kpurepusa CrologeHTa
a) Hcropus napadokca

B kaaccuueckofl TeOpHH MaTeMaTHYeCKOX CTATHCTHKH Ipeano-
Jlaraercs, 4YTo 3JeMeHTH BHOOpKU (HaGIIONeHHs) 3apaHee H3Be-
CTHH. B OCHOBe oAHOrO H3 Ba’XKHeMIIMX HampaBJeHHH COBpeMeHHOH
CTaTHCTHKH JIEXHT NMOHHMaHHE TOrO, YTO He HYXKHO (HKCHpOBaTh
3apaHee o0beM BHGODKH, €ro CJelyeT OmnpeielsiTh B 3aBHCHMOCTH
OT pe3yJabTaToB GoJee paHHHX HaGmaoaeHu#. TakuM o6pa3oM, 06beM
BHOOpDKH clydyaeH. DTa HAes NOCJefOBaTeJbHOrO BHOOpa mocTe-
MeHHO pa3BHBanack B paGorax I'. [Jodswa u I. Pomuea (1929 r.),
I1. Maxarano6uca (1940 r.), I'. Xoreaaunea (1941 r.) u ¥. Bepriu
(1943 r.), HO HACTOSAILIHM OCHOBATEJEM TEOPHH NOCJELOBATENbLHOTO
aHaniM3a B MaTeMaTHYeCKoil craTuctuke sBasercsi A. Baasd
(1902—1950 rr.). Ero nocnemoBaTeNbHHI KpHTEPHA OTHOLIEHHS
npasponofo6us (1943 r.) cran BaXKHHM OTKpHTHEM, NTO3BOJHBLIHM
(B THNHYHHX cHTyauusx) Ha 50 Y% yMeHbUIHTb cpefHee HCJIO Ha-
6aronenuii (NpH Tex Ke BeposiTHOCTAX own6ok). Heyaueurennho,
YTO B rOAH BTOPOH MHpPOBOH BOHHH OTKpHTHe Baabma 6ujo 06b-
SBJIEHO «CeKpeTHBIM». Ero ocHoBHasi KHura «IlocienoBaTenbHHIN
aHann3» ony6ankoBaHa Jumb B 1947 r. Top cnycrs Bauaepa u
Hoc. Boagosuy, pokasanu, 4TO MeTOAH, OTJHYHHE OT MOC/]eN0Ba-
TEJAbHOI'0 KPHTEPHS OTHOLIEHHS MpPaBAONOAOOHA, HE AAIOT TAKOTo
yMeHbLIEHHs YHCaa 3jeMeHTOB BHOOpKH. Ho u B 3tofi o6aactu 06-
HapyXHJUCh TMapajoKCH. 31ecb MK OGCyAHM Napagokc, MpHHaAJe-
x)amuh K. Credny, XOTS 3TOT NapajoKC OTHOCHTCS K JBYXILAaroBHIM
KPHTEPHSM, a He K I0CJ/IelOBaTE/IbHHM.

6) Iapadokc

IMycts X, Xg, ..., X»— BHOGOPKAa H3 HE3aBHCHMBIX HOPMaJbHO
pacnpefesNeHHHX CAy4afiHHX BEJIHYHH ¢ OGIHM HEH3BECTHHM MaTe-
MaTHUYECKHM OXHAaHHeM 0 H O6GUIMM HEeM3BECTHHM CTaHAapTHHM
oTKJIOHeHHeM o. Ha ocHoBe 3Tofi BHOOPKH MH XOTHM DasjIHYHTh
cleayiollHe HYJEBYIO H albTePHATHBHYIO runotre3n. HyneBas rumo-
Te3a COCTOHT B TOM, uto 8 =0, (rae 0o — HeKOoTOpOE 3ajaHHOE
YHCJIO0), a aJbTepHAaTHBHAs — B TOM, 4TO O 5% 0¢. ITycTh

1 e 1 -
X=2 ) Xy D=y 3 (X, — X
fw=1 f=1

_ X—6

D*/4/n
Takue THNOTE3H pa3siHYaloTCs € NMoMouibio f-KpHTepus CTblofeHTa.
Comacﬂo t-xpu’repmo HyJieBass THNOTE3a NMPHHHMAETCA HJIH OTBEP-

tn



raercsi B 3aBHCHMOCTH OT TOro, GJAM3KO 3Hau€HHE CTATHCTHKH f, K 0
HaH HeT. B 1940 r. I'. [lanyue nokasaJ, 4To NPH 3afiaHHOf BepoOsAT-
HOCTH omtHOKH 1-ro poja BeposiTHOCTh OWIHGKH 2-ro poaa AJs JIIO-
6oro pelialouiero NpaBHJa 3aBHCHT OT HEH3BECTHOrO CTaHAApTHOIO
oTKJIoHeHHs o. [TapajokcanbHo, HO naTbi0 roaaMy nosdxe K. Crefin
JOKa3aJ, 4To ecaH o6beM BHGODKH 7 He (HKCHPOBaTh 3apaHee, a
onpeaeysiTh MO yXKe NOJyYeHHHM 3JeMeHTaM BHGOpKH (KakK B MO-
clefoBaTeJbHOM aHaJju3e Basbaa), To cymecTByer {-KpHTEpHH, AJS
KOTOpOoro (TMpH 3aJaHHOH BEPOSTHOCTH OMIHGKH 1-ro poia) BeposiT-
HOCTb OIIHOKH 2-ro poja He 3aBHCHT OT HEH3BECTHOro CTaHAapT-
HOro OTKJIOHEHHS ¢ (a 3aBHCHT JHIIb OT Pa3HOCTH 6 — Bp).

8) Ob6wacuenue napadokca

Ha nepsom mare Bo3bMeM BHGOPKY X, Xs, ..., Xn, rae ng—
HekoTopoe (HKcHpoBaHHOe 4HcJ0. Bu6opounas gHcmepcusi onpene-
Jasiercst GopMyJIoH

no ny 2
s=mr {2 n-%(2x) }

IIpennosoxuM, 4T0 06beM Bceff BHGOPKH 7 3aBHCHT OT BEJHYHHH
S H 3apaHee (HKCHPDOBAHHOIO YHCJIA 2 CJHEAYIOLIHM 06pa3oM:

3
n=max{[sT]+ 1, ny+ 1}.
rae ckoOku [ ] o3HaualoT HENyK YacTh AeACTBHTENBLHOrO YHCJA.

n
BriGepeM noJioKHTEIbHHE YHCAA @), d, ..., An TAK, YTO Z a;=1,
i=1

n
2 2
Q=G = ... =@p, H S ), ai=2, W NONHTAEMCS Pa3JHIHTb STH
i=1
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OueBHAHO, NPH 3alaHHOM S CJayuaiiHasi BeJIHUHHA ! HOPMAaJBHO pac-
npejgeneHa ¢ MareMaTHYeckHM oxujgaHueM 0 H AHcmepcHeil
n

0221 a}/z=¢c?%s?®. C pmpyroft CTOPOHH, pacnpefeseHHe BeJHUYHHH



(no— 1)s2/0® (as1s NPOM3BOJILHOTO ) COBMAJaeT C paclpeieeHHEM
CYMMH KBaApaToB np— | He3aBHCHMHX CTaHAAPTHHX HOPMAaJbHHX
cAy4ya#HHX BeJHYHH (T. €. ¢ XH-KBaJpaT pacnpejeeHHeM xﬁo_l),

He saBHCsIAM OT ¢. CJefoBaTeNbHO, pacnpefesieHHe BeJNHYHHH [
TaKXkKe Heé 3aBHCHT OT O, TaK 4TO [* 3aBHCHT JIHIIb OT 6 — @, HO He
OT o.

2) 3ameuwanusn

(i) Pacnpenenenue cayuafiHot BeJHUHMHH [, He SABJAETCS HOP-
MaJbHHM, TaK Kak D* He gucio, a caywaiiHas BeauuuHa. (Ecau
6B 3HaU€HHE CTAHAAPTHOTO OTKJIOHEHHs OHJIO M3BECTHO, H MH MOA-
CTaBHJIH OH 3TO 3HaueHHe BMecto D* To pachmpejeseHHe caydaiHOR
BEJIHYHHH {, cTaJo OB CTaHZAPTHHM HOpPMaJbHHM.) 3TO 3aMeda-
TeJbHOE HAGJI0JeHHe H aHaJM3 caydaiiHoH BeJHYHHH f{, B 1908 r.
ony6nukoBasn Cretodent, o xe Yuaoam M. Toccer. (C 1899 r. oH
paboran B Jly6iuHe Ha MHBOBapeHHOM 3aBoje I'HHHecca, m ero Ha-
YaJbHHK HACTOSAN Ha ToM, uToGH loccer mucas moj NCeBAOHHMOM.)
B TeueHne HoJroro BpeMeHH HHKTO He OCO3HABaJ BaXHOCTH CTaTbH
Crbiogenra. (Jaxe B 1922 r. P. Quwep 6HJ €AHHCTBEHHHM, Kak
yrBepxkAaj CTbIOAEHT, KTO MCMNOJb30BaJa f-pacnpeaeneHue. B peii-
CTBHTEJIbHOCTH, HMeHHo DHilep BnepBHe 0603HAYHJ pacnpeeseHHe
CrbiopenTa gepes ¢ B cBoeil kuure, Buuegmed 8 1925 r. Cam Ctblo-
IEHT HCIOJIb30BaJ CHMBOJI 2, HO He /sl 0GO3HAUEHHS BEJIHUHHH fn,
a pasa (n—1)t..)

(ii) OnpeneneHHe MOMeHTa NMpeKpalleHHs HAGMIOAEHHUA B MOCJ]e-
AOBaTe/IbHOM aHaJIH3e fBJSETCH CYThlI0O COBPEMEHHOR TEOpHH ONTH-
MaJIbHEX OCTAaHOBOK AJIf Pas3JIMYHHX NpoleccoB. PaccMaTpuBas Bbi-
GOpKy Kak mpolecc, MH TeM CaMHM YCTaHaBJIHBaeM CBf3b MEXAY
MaTeMaTHYECKOX CTAaTHCTHKOM M Teopuell CTOXaCTHYECKHX MNpoLec-
coB, KOoTOpas 6yneT o6cyXKAaTbCA B cleayloefi raase. dTa B3aUMO-
CBfi3b OKa3HIBAeTCA MOJIE3HON AJIS 0GOHX HampaBiaeHHii. B Hamu gHH
¢byHAaMeHTaNbHHE TeopeMH BaJjbja H3 nocjeJOBaTENLHOTO aHa-
JIH3a SIBJAIOTCS YAaCTHHM cJydaeM oOO6LIel TEOPHH CTOXaCTHYECKHX
npoueccos ¢ octaHoBkoA (cM. kuury Illupsiesa A. H.).

d) Jlureparypa

Chow Y., Robbins H., Siegmund D. Great Expectations: Theory of Optimal
Stopping, Houghton Miffin Co., Boston, 1971. [Mmeercs nepesoa: Po66unc T.,
(llgmyﬂn H., Yao H. Teopust onTHMaJbHHX npaBHA ocTaHOBKH. — M.: Hayka,

77.
isher R. A. Statistical Methods of Research Workers, Oliver and Boyd,
Edinburgh, 1925. [Mmeercss nepesoa: ®umep P. A. CraTHcTHUeCKHE METOAH AJst
HeeaepoBaTenei. — M.: Tocerathsaar, 1958.]
IIupsies A. H. Cratucruueckmit nocinenoBaTeNbHHA anaaus. — M.: Hayka,

Stein C. “A two sample test for a linear hypothesis whose power is inde-
pendent of the variance”, Annals of Math. Statist, 16, 243—258, (1945).



Student “The probable error of a mean”, Biometrika, 6, 1—24, (1908).

Wald A. “Sequential analysis of statistical data: Theory, Restricted Report,
Sept., 1943,

Wald A. Sequential Analysis, Wiley, New York, 1947. [Mmeercs nepeBox:
Baabn A. IMocaenosatenvhuit anaaus. M.: ®usmartrus, 1960.]

13. Ewe Heckonbko napaaoKcos

a) Ilapadokc Tunuunoeo u cpedHezo

ITouaThe cpemHero, HampHMep CpeAHss 3apmjara, 4HacTo HC-
NOJIb3yeTCsA KaK CHHOHMM THnHYHOro. Ha caMoM gnese ecsn B HeEKo-
TOpO#l CTpPaHe eCcTb BCEro JIHIIb HECKOJbKO O4eHb OOraThlx ceMedl H
60JIblIIOE KOJIHYECTBO GeJHHIX, YbH HOXOAH COOTBETCTBEHHO OTPOM-
HBl H MaJH, TO apHpMeTHIECKOe CpeflHee HX JOXOAOB BOBCE HETH-
nuyno. Hanpumep, MeamaHa 10xoXoB faeT GoJsiee peasIUCTHYHYIO
KapTHHy. (Mennana o3Hauaer Takoff JAOXO[, YTO YHCJO JIOfel ¢
60JbIIMM JOXOAOM, PaBHO YHCJY JiOJeH, HMEIOIMHX MEHbUIHA H0-
xon.) Kpome cpenHeit 3apniaTH ecTb H JApYrHe CpelHHe XapakTe-
PHCTHKH, BBOAsiHe B 3a6iayxnaeHue. «Cpennuit uenosek» (I’homme
moyen) — OfHa H3 HHX. HeyIHMBHTENBHO, UTO HCCJIeAOBaHHS Gelb-
ruiickoro yueHoro JI. A. K. Kerse no sToMy BONPOCY CTaJd HCTOY-
HHKOM TOPSYHX cropoB. XyAlllee B «CPeJHeM 4eJOBEKe» He ero ce-
pocTb, a BO3HHKamolHe npoTuBopednss. HanpuMep, cpennuit poct He
COOTBETCTBYET CpeXHeMy Becy H T. A. Tojbko mo oxHoft aTofi mpH-
YHHEe MOXKHO YCOMHHTbCS B CIpaBefJHBOCTH cjoB JIk. Pefinosbaca
(nepBoro mnpesnaenta KoposeBckoit akajgeMuu xyRoxecTs B JIOH-
JIOHe), KOrjla OH CKasaJs, YTO B CPeIHeM HCTOYHHK NPEKPacCHOTro.

(/Tur.: Quételet L. A. J. Essai de Physique sociale, (1835); L’homme moyen,
Physique Sociale, Vol. 2, Bruxelles, 1869).

HecMoTpst Ha cBOI0 HemocJeA0BaTENbHOCTb, KHHra Ketse (1835)
paccMaTpHBaeTcs Kak Bexa, ecJH BooOlle He KaK Hayajo KOJIHYecT-
BEHHOro aHa/ju3a obliecTBeHHHX siBJeHHA. D. Iaavron, K. ITupcon
1 D. J0xs0opr uennan KeTse Kak reHHaJbHOrO MEPBOOTKPHBATENS
perpeccuonHoro moxxopa. Ilox BausHueM ero kuuru lanbTon 3a-
HAJCS HAaYYHBLIMH HccaenoBaHHsMH. OnHako y Kerse ectb u apyrue
3acayru nepex Haykofi. B 1820 r. on ocnoBan Koposesckywo o6cep-
Baropuio Besbrun u cTan ee mepsHM AHpekTopoM. OH GHJ TaKkKe
BEJIHKOJIENIHHM opraHusatopoM: B 1834 r. no ero npeanoxenuwo GH-
Jo coznaHo Cratucruyeckoe o6mecTBo B JIOHMOHE, OH GHI MHHIIHA-
TopoM npoBeneHus Ilepporo MeXAyHapoAHOTO KOHTpecca Mo CTaTH-
cruke B Bpioccene B 1853 r.

6) Ilapadokc oyenusanus

KBaxpat oneHkH, Boobuie roBops, HE COBNAaNaeT C OLEHKOH KBa-
Apara. Hampumep, ecan X, T. e. cpelHee 3HaueHHe Pe3YJIbTATOB



Habmonenn#t X, Xo, ..., X, sIBASleTCS OLEHKOH HEKOTOpPOro mapa-
MeTpa, TO OYeBHJAHOH OLEHKOR AN KBajgpaTa mapaMerpa Oymer X2
4yTo, BOOOLIe TrOBOpPS, OT/NHYaeTCs OT apH(METHYECKOTO CPEXHEro
KBaJpaTOB DPe3yJbTaTOB HabJMIOfeHUH. DTO Ke CHpaBENJIHBO, €CJH
3aMeHHMTb KBajpar Jo6o# apyrofi HenuHefiHON ¢yHKuHel.

(JInr.: Carnap R. Logical Foundation of Probability, Routledge and Kegan
Paul Lid. Broadway House, London, 1950.)

8) Iapadokc TounocTu usmepenus

[TpeanosioXHM, YTO HaM HYXKHO HaWTH MJIMHY ABYX PasiHYHBIX
cTepXkHedl ¢ mnoMomwpio ABYXx u3MepeHH#t. [IpHGOp, KOTOPHIM MBI
MOXKeM H3MepsiThb IJIHHY, JaeT pe3y/bTaT €O CJAyuyaiHOH OIUHGKOH,
MMeoLe CTaHAAapTHOe OTKJOHeHHe ¢. [lapajaokcanbHO, HO H3Me-
pPEHHe KaXJOro CTepXKHS B OTAEJbHOCTH He SIBJSieTCS JYYLIHM CIO-
co6oM. CranaapTHOe OTKJOHeHHe pesysbrata GylneT MeHblUe, €CJH
CHayaJjsa H3MepHTb 00wyl AnuHy T cCTepKHel, NPHJIOKHB KOHEI
OJIHOrO CTepXHs K KOHIy APYroro, a 3aTeM IOJIOXKHTb CTEpXHH
pAAOM M HaWTH pasHuuy ux AnuH D. Torma npubaMKeHHHE AJIHMHBI
CTepKHefl COOTBETCTBEHHO PaBHHI

T+D - T-—-D
2 2

CraHmapTHOe OTKJOHEHHe STHX IJHH paBHO o/4/2, uto AeficTBHU-

TEJBHO MEHBIIIE, YeM .

(/Int.: Hotelling H. “Some improvements in weighing and other experimental
techniques”, Annals of Math. Statist., 15, 297—306, (1944).)

2) Mapadokcanvtoe oyernusanue 8epoOATHOCTU

OueHKOM AN HEH3BECTHOH BEpPOSITHOCTH OGHIYHO CJYXKHT OTHO-
curenbHass yacrora. Hampumep, ecan mpu cra 6pocaHHsX MOHETH
pelllka BHnajga 47 pa3, TO OUEHKOH AJs BEpPOSITHOCTH BHIAJeHHS
pelukn 6yaer 47/100. OnHako, ecnn npu 10 6pocanusix Gosiee HIH
MeHee NpPaBHJIbHOM MOHETH pelllKa HH pa3y He NMOSIBUJIAcChb, TO HeET
OCHOBaHHH CYMTATb BepOSITHOCTb BHMNajJeHHs pelIKH papHoi 0.
[Mpy Ha/MuMM HEKOTOpO#H anpuopHof wHOpMauHu (HanpHMep, YTO
MoHeTa GoJlee WM MeHee IpaBHJbHAsl) OLEHHBaHHE uYepe3 OTHO-
CHTEJIbHYIO 4acTOTy, BOOGIe roBopsi, He ABJAETCA JYUIIHM CIOCO-
6om. Hama anpuopnas wnHbopManusi Xxopollo BHpaXKaeTcs uepe3
Gera-pacnpeliesieHHe, 3aBHCAlee OT JABYX IapaMeTpoB a H b.
[TaotHocTh BepositHocTH Gera-pacnpefenenuss paBHa 0 BHe MHTep-
Basa (0, 1) u nponopunoHasbHa x*—!(1 — x)5~! ma (0, 1); (a >0,
b > 0). MareMaTHueckoe OXHAaHMe H AMcrepcHs Oera-pacrnpene-
JIEHUS COOTBETCTBEHHO PaBHHI

ab
(a+bP*@+b+1)"

m= Hd=

L
atb



Peurass 31y cHcreMy ypaBHeHHi, NojiyuaeM, YTO Halla anpuopHas
MH(OpPManusi OTHOCHTENbHO m H d MOXKeT GHITh BHIpa)KeHa yepes
a ¥ b (HampuMep, eCIH MOHeTa NpaBHJbHas, To m = 1/2, chaejo-
BareJqbHO, a =25). Ecau anpuoproe pacnpeieleHdHe siBasieTcs
6era-pacnpefieienHeM ¢ napaMetrpaMu (a,b), To no TeopeMe
Baiteca anocrepuopnoe pacnpeneneHne Takxke Gyger 6era-pacrpe-
nelleHHeM. (DTO CBOHCTBO OOBSICHSET WIHPOKYI0O HPHMEHHMOCTb
6era-pacnpefienenusi.) Ecin B n sKCnepuMeHTax COGHITHE, HMeEIO-
llee HEHM3BECTHYIO BepOSITHOCTb, NMPOM3OLLIO R pa3, TO NapaMer-
paMH anocrepuoproz2o pacnpefeneHuss 6yayr (a -k, b4 n—Ek),
CJIElOBATENbHO, ANOCTEPUOPHOe MaTeMaTHYeCKOe OXHIAaHHe 3alH-
IIeTCst B BHIE

_ a+tk
M_a+b+n'

yTO Jaer GoJiee COXEPKATENBHYI0 M JYUWIYIO OUEHKY AJSl HeH3-
BECTHON BepOSITHOCTH, YeM OTHOCHTeNbHAasi yactota k/n. QueBHIHO,
NpH AOCTAaTOYHO GOJMBMIMX A BeAHYMHAa M TMpaKTHYeCKH He OTJIH-
yaeTcss OT OTHOCHTEJbLHOM 4YacTOTH, OJHAKO, HampHMep, KOrAa
n=10, k=0 u a =5b=100, umeem M =100/210 ~ 0.48; B TO
JKe BpeMsi OTHOCHTeNbHasi yactotra paBHa 0, YTO COBeplIEHHO He-
Jerno.

(JTur.: Good I. J. The Estimation of Probability, MIT Press, Cambridge, 1965.)
0) Yem b6orbwe Oannbix, Tem xyxe 8618006t

JIOBOJILHO €CTEeCTBEHHO CYMTaTh, YTO GOJbLuee KOJIHYECTBO AaH-
HEIX TO3BOJISieT NOJy4YaTb Jy4yluHe pe3yabTathl. OpHaKoO cCJenyo-
HIHA napajlokc, KaxeTcsi, NOKas3hBaeT NpoTHBOMoJoxHoe. Ilyctb
X1, X, u X; o603HayaloT He3aBHCHMEHE CJydyafiHHe BeJMYHHH, H
NpeANoJOXKHM, UYTO pacnpeleteHus BeauuuH X; u X, copnajaior:
H X; u X, paBHH au60 0, 1160 2 ¢ paBHBIMH BEPOSITHOCTSIMH, CJle-
JOBaTeJbHO, MaTeMaTHYeCKHe OXKHAAHHS y O6eHX CAyyaHHHX BeJH-
YHH OAMHAKOBH H paBHH 1. IlycTh cayuafiHas BennuuHa X; mpH-
HHMaeT 3HayeHHsd 1 W 2.5 ¢ paBHEIMH BepOSITHOCTSIMH, TaK YTO ee
MaTeMaTHyeckoe OXHJaHHe paBHO 1.75. Bcsi sra undopmauus He-
H3BeCTHAa MaTeMaTHKY, KOTODHIi cienasn BHIGODKH M3 3THX paclpe-
AeseHudt, uTo6b HafTH pacnpeleseHHe ¢ HanGOJBIIHM MaTeMa-
THYeCKHM OXuzaHWeM. OueBHJHO, B KauecTBE HCKOMOIO pachpeje-
JeHHS! HYXXHO B3SITb pacnpejejieHHe ¢ HaHGOJbIUIHM BLHIGOPOYHHIM
cpegauM. CHayajga BO3bMeM BHOODKY H3 OAHOIO 3JeMeHTa W3
KaxJaoro pacnpeienenusi. Toraa BeposiTHOCTb NMpaBHJABHOTO BHGOpa
paBHa

PXy<Xsmn X, < X3)=
P(X; = 2.5)+ P (X; — 1) P (Xy — 0) P (X, — 0) = 5/8,



[TocmoTpuM Tenepb, 4TO NPOH30HJET, €CJH YBeNHYHTb 06beM ONHOMH
U3 BHOOpPOK (Hanpumep, Ajsi Xs) mo 2 (ocTasnbHHe BHIGOPKH OCTa-
BUTb Oe3 H3MeHeHuil)? Torga BepoOATHOCTb NpaBHJbHOIO BHGOpa
paBHa

P(X,<Xs n X, < X3)=T7/16,

rae X3 — apudMeTHueckoe cpelHee ABYX 3JAeMeHTOB BHGOpPKH. Ta-
KHM 06pa3oM, ecJH paHbllle BepOSTHOCTb MPaBHJIBHOrO BHIGOPa
6n1a Gosblie 50 %, TO Tenepb OHa YMeHbLIH/AaChb H COCTABJSET Me-
Hee 50 %.

(/Tut.: Chius W. K., Lam K. The American Statistician, 1975.)

3uaMenuTHil nmapagokc P. Jdmsopra (1883 r.) Kacaercs aHa-
JOrMuHO# npoGiemu: ecin X; H Xy ABNAIOTCS HE3aBUCHMHIMH CJY-
YaliHHMH BeJHYHHAMM C OJHHAKOBHIMH IJIOTHOCTSIMH BE€pPOSITHOCTH
f(x — @), cMUMMeTpPHYHEIMH OTHOCHTEJbHO 0O, TO MOXeET TaK CcJay-
yuTthesd, yto X; Oauxe K 0, ueM X = (X; + X2)/2, B TOM cMHCIe,
4TO

P(1X,—01<<e)>P(|1X—0|<e)

o5 q0o6oro mosoxurenbHoro e. Hanpumep, tak OyleT B cayuae,
Korja

3 1
f(x)=5 YT

NOTOMY 4YTO NJIOTHOCTb BEPOSITHOCTH CJY4YaiHOH BeNHYHHH X; B
TOYKe § GoJblie, yeM NMJOTHOCTb BEJMUHHH X.

(/Iur.: Stigler S. M. “An Edgeworth curiosum”, Annals of Statist., 8, 931—
934, (1980).)

e) IMapadoxc paseHcT8a MaTemaruweckux oscudanul

IIpeanosioxuM, YTO MaTeMaTHUeCKHe OXHJaHMS Tpex HOp-
MaJIbHO pacrnpefie/eHHbX CAy4YalHHX BeJMYHH C OJHUHAKOBBIMH JAHC-
NnepCcHsiMH paBHB my, Mg U m3. MoKeT Tak CJIYYHTbCSH, YTO HCHOJb-
3ys, Hanpumep, f-xputepuii CTblOJ€HTa, MB MPHMEM THIOTE3H
m =m; u my=m; (NPH HEKOTOPOM YPOBHE 3HAYHMOCTH), HO
oTseprieM m; = ms! (3afaua NpPOBepKH THNOTE3Hl O pPaBEHCTBE
MaTeMaTHYeCKMX OXHJAHHIl NpPH HAJHYHH ABYX BBIGOPOK 06beMa n
pelLIaeTcsl ¢ NOMOIIbIO CTATHCTHKH

X—Y
2D‘ *
rie X u Y — Bu6opouHne cpefHue, a D* — BbIGOpOYHOE CTaHAApT-

HOe OTKJOHeHWe. CTaTHCTHKa ! uMeeT pacnpeienendHe CrbrofeHTa
¢ napamerpoM 2n—2.) 3TOT napaJOKc NOJIOXKHJ Hayajlo MHOTHM

=



HCCJeJOBaHHAM 10 ORHOBPEMEHHOH NpOBepKe HECKOJBKHX THIO-
Te3 (AMCIEpPCHOHHHMA aHaJH3 H T. A.).

(JIar.: Hodges J. L., Lehmann E. L. “The efficiency of some nonparametric
competitors of the ¢{-est”, Annals of Math. Statist.,, 27, 324—335,

(1956).

Scheffé H. The Analysis of Variance, Wiley,” New York, 1959. [Mmeercs
gccsxlr;u nepesoan: Illedpde I. ducmepcuonuuit amasnus. —M.: THUOMJI,
1963.

o) Iapadokcarsras oyenxa Oas MATEMATUHECKO20 OMUOAHUR
HOPMAAbHO2O pacnpedeseHrus

Mnl xOTHM, HCHOJBb3ysi BHOGOPKY o6beMa 7, OLEHHTb HeH3BeCT-
HOe MaTeMaTHYecKOe OXHJAaHHe (OJHOMEPHOr0) HOPMAaJbHOrO pac-
npeneneHuss ¢ eJHHUYHRIM CTaHJapTHHWM OTKJIOHeHHeM. MI3BecTHo,
uto apudpMerHueckoe cpeiaHee X BHOGOPKH HaeT OueHKY, ob6Janaro-
Iyl0 MHOTHMH XOpOuIHMH cBoficTBamMu. Hampumep, 3Ta oOueHKa
HMeeT HaHMeHbUIVIO JHCIEPCHIO, fBJASETCS HeCMeIleHHOH, Homy-
CTHMOA M MHHMMAKCHOH INpH KBaJpaTHYHOH (YHKUHH [OTepb.
OnHako, HECMOTPS Ha 3TH CBOHCTBA, eCJH HaM HYXKHO MOJyYHTb
JHUIb OUEHKY, KOTOPasi 6sH3Ka K O HAacKOJbKO 3TO BO3MOXHO, TO

cymeCTByeT OlI€HKa e, JIy’-III.laS{ B TOM CMBHICJIE, YTO
P(16—8l<|X—8])>1/2

IJjsi Ji060oro Bo3MoXHoro 3HaueHHs 0. OueHKOl Takoro THHa sB-
JsieTcs caeaymlian

6=)?—ﬁ_n—min('\/37(, ®(— /7 X)),

eciut X>=0,u

=X+ m1n(1/—X O (—4/nX),

ecmn X << 0, rae @ o6o3HauaeT QYHKUHIO CTAaHAAPTHOrO HOPMAaJb-
HOTO pacrnpejeseHHs.

3) Ilapadoxc nposepkyu HOPMALLHOCTY
MH XOTHM npoBepHTb THIOTE3y O TOM, 4TO JaHHass BHGOpKa

X1, Xo, ..., X, nonyueHa H3 pacrnpefesieHHs C HelnpepHBHOH QYHK-
uueit pacnpenenenns F(x). Ilyctb
1
Fa@y=— Y 1

X, <x



o6o3Hayaer SMIHPHYECKYI0 (KYMYJSTHBHYIO) GYHKUMIO pacnpeje-
JieHHsl BHOOPKH. Eciu rumoresa BepHa, To Nno Teopeme KoJsimoro-
poBa

Jypwqwmhm—qunkﬂg(—WrW=Km.

Hcnojibays sTOT pesyJbrart, JIETKO NOCTPOHTb KPHTEPHH C ypOBHEM
noBepusi o. (Eg¢au pesnynHa A/n sup}F,(x) — F(x)| O6oabiie KpH-
THYECKOro 3HaueHHs 2y, AJs Kotoporo K(zp) = @, TO rHmoresa OfT-
Bepraercs.) B ciayyae, Korsa HyXHO NpPOBEPHTb HOpPMAaJILHOCTBb
BEPOSITHOCTHOrO pacnpejie/ieHHs, CHavajla cJaefyeT N0 BHIGOpKe
OOHUYHHM 06pa3oM OLEHHTb MaTeMaTHYeCKOe OXHAaHHe M CTaH-
HapTHoe OTK/JOHeHHe uepe3 X W D*, 3aTeM NpPUMEHHTb YKa3aHHHH
BHllle KpHTepuii KosmoropoBa passi HOpMaJIbHOIO pachpejejeHHs
F(x) c maTemMaTHueCKHM OXHAaHHeM X H CTaHAapTHHM OTKJOHe-
HHeM D*. MoxXHO 6HIJIO GH OXHAATb, YTO NPH AOCTATOYHO GOJILIIHX
n MOACTAaHOBKA BMECTO HEH3BECTHHX napamerpoB BenuyuH X u D*
He moBjieyer 3a cOGOH 3HauHTeJbHHX u3MeHeHHH. OfHaKo H3MeHe-
HHsl Npou3oHAyT cymecrBeHHele. Hanpumep, mpu 95 9% ypoBHe
IOBepHs1 KPHTHUECKOe 3HaueHHe 2y B KpHTepHH KosMoropoBa paBHO
1.36, B TO Xe BpeMs TOYHHH aHaJH3 NMOKa3hBaeT, YTO HCTHHHOE
KpPHTHUYeCKOe 3HayeHHe paBHsercsi 0.9. OGbscHeHHe 3TOro mnapa-
JOoKca joctaTouyHo npocto. H3-3a moacranoBku ¢(yHkuHs F(x)
H sMnHpuyeckas ¢yHKuMs Fn(x) cranm GJHMKe Apyr K ApYry, Imo-
3TOMY LeJiecoo6pa3Ho BHIGpaTh MeHblliee KPHTHYECKOe 3HayeHHe.

(J1ur.: Durbig S. “Some methods of constructing exact tests”, Biometrika, 48,
41—45, (1961).
Kac M Kiefer J., Wofrowitz J. “On tests of normality and other tests
of goodness of fit based on distance methods”, Annals of Math. Statist.,
26, 189—211, (1955).
Sarkadi K. “On testing for normality”, Proc. 5th Berkeley Symp. on
Math. Statist. and Prob., 1. 373—2387, (1967).)

u) Ilapadoxc aunetinoli peepeccuu

[TpeamosioxxuM, uTo cJaydaiinas BeiwyHHa X H3MepsieTcs ¢
OLIHOKOH &, MMeloLlell MaTeMaTHYecKoe oxuAaHde 0. Ipyramu cio-
BaMH, De3y/lbTaT H3MEepeHHs Y= X+ ¢ spnsercsa oueHb NpOCTOMH
auHeiiHof perpeccuefi mo X. Ecte sim ana X «nyumias oueHkas,
YeM H3MepeHHasi BeJHYHHa Y? YIMBHTENbHO, HO B HEKOTOPHIX
YaCTHHX CJIY4asX OTBET OKa3blBaeTcs yTBEPAHTEbHEIM. Ilo xpafiHeit
Mepe cyuiecTByeT oneHka X, aas Koropoi E (X — X)2? Menbure, yeM
E(Y—X)2=E¢g I'Ipep.no.noxmm, Hanpumep, 4T0 X W & HeKoppe-
JUpOBaHH U perpeccHss X mo Y takxke JHHeAHa. Toraa oneHka

% X
X=Trgy EM+ iy ¥



ayumre, yeM Y. (B BHpoxjeHHOM chyuae, Koraa D2(e) =0, noay-
yaeM £ =Y.)

k) Iapadoxc Cerypamana

CywecTByloT craTHCTHYecKHe GyHKUHH A W B Takue, uto He-
CMellleHHas1 OlleHKa HeHW3BeCTHOro NapaMerpa 0, mocrpoeHHas ImoO
A, WMeeT AHCIEDCHIO MEHBINYIO, YeM OIleHKa, NOCTpoeHHas no B
(mpu sm060M AeficTBHTEJbHOM 3HaueHHH napamerpa 08). C apyro#
CTOpPOHH, NIPH NpOBepKe HyJeBoH T'HIOTe3H O == Op (HampHMep, IpH
aJbTePHAaTHBHOH THMoTre3e O >> 0p) Kpurepud Ha Gase GyHKuHH A
He 00si3aTesibHO OyAeT Jyullle KpHTepHs, nocrpoeHHoro mo B. Ilo-
CJeAHHA MOXeT OHTb JIOKAaJbHO Jyullle (B HEKOTOPOH OKpecTHO-
CTH HyJeBOH rHnore3n). EcaH, HampHMep, 3JeMeHTH BHOGODKH
X, X,, ..., X, paBHOMepHO pacnpefiejeHH Ha WHTepBaJe (0;20),
TO OLleHKa MAaKCHMaJbHOTO MNPaBAOMOACGHA AJs O 3amHuercs B
BHJE

U=%max(X|, Xy ooy Xn),

H ee HeGoJbIIOE H3MEHEHHE NMIPHBOIHT K HeCMEILleHHOH OLIEHKe

2n 42

B=2n+l

U.

Caepyomas oneHka A TaKxe SBJsercss HeCMeLICHHOH, HO HMeeT
MEHBIUYIO0 AHCIEPCHIO

A=—55'ni+l4—(4U+V), rae V =min(X,, Xz ..., X,).

OpHako nNpH NpoBepKe rHNOTe3H O = 0y KpHTepHii, OCHOBaHHHH
Ha B, sBagercsa JOKaJbHO GoJiee MOLHHIM.

(JTur.: Sethuraman J. “Conflicting criteria of ‘goodness’ of statistics” Sankhya,
23, 187—190, (1961).)

4) Iapadokc MUuHUMAKCHOL OyenKU

[TonsiTHe MHHHMAKCHOH OlleHKH GHJIO BBeJ€HO B 3aMeuaHHH (ii)
K napagokcy I/12. MuHHMaKCHHeE OIl€HKH, KaK NpaBHJO, COIJa-
CYIOTCS1 CO 3ApaBHM cMHCJIOM. OnHako caenyromuii npumep X. Py-
Ouna noxasmBaer o6paTHoe. Eciu ¢GyHKuHS moTepb 3ajaercsl pa-
BeHcTBOM L (p, ¢)= min((p —¢)%/p% 2), TO eNMHCTBEHHOH MHHH-
MaKCHOH OlIEHKOH HEH3BEeCTHOH BepOSITHOCTH p 7 0 ABJseTcs OlEH-
Ka, ToxJecTBeHHO paBHasi 0. [lostoMy ajsa 060K BHOOPKH Heu3-
BeCTHHIH MapaMeTp CJeAyeT OLEHHBATh HyJieM (3HayeHHEM, KOTOpOe
3apaHee HCKJIOYEHO M3 BO3MOXHHX 3HAYEHHH Mapamerpa p).



3ameuanue. Jas ¢yskuun noteps L(p,c)=(p—c)? MHHH-
MaKCHasl OlleHKa 3aluIeTcs B BHIE

= % + 4/n/2
nt+a/n’
rge n—o06beM BHOOPKH, ¥ — yacroTa COGHTHS C HEH3BECTHOH Be-
POAATHOCTBIO.

#) Ilapadokc Pobbunca

Xopowmo H3BeCTHO, YTO NPH HAJHYMH BHOGOPKH H3 OLHOrO Ha-
6mofenns X «ayuuleii» OLEHKOA mapaMeTpa NyacCOHOBCKOTO pac-
npejejenus asaserca caMo X. (3To HecMellleHHasi OLleHKAa MaKCH-
MaJIbHOrO npaBAONoOAOGHS ¢ MHHHMaJbHOR Aucnepcuedi.) Ho kak
OLEHHTb mapaMeTpH 0y, 0y, ..., 0, AN £ He3aBHCHMHX NYyacCOHOB-
CKHX pacnpefieleHHA Ha OCHOBe COOTBETCTBYIOIIMX HaGJiofeHH
Xy, X, ..., X;, eCJIH MB XOTHM, YTOGH BeJHYHHA

k
£( % 6. —o0y)

6ha MHHHMaJbHOH? CylecTByeT JM OLEHKa Jyuluas, uyeM 0; =

= X;? X. Po66unc nepBHM yKasaJ Ha TO 4TO, XOTSl k NyacCCOHOB-

CKHX pacnpefleleHHHi He3aBHCHMH, BCe JK€ MOXHO HafTH Jyumne

OLlEHKH, YYHTHIBAIOIIHE He TOJbKO «CBOH® HalJIOJeHHS, HO M ApPY-
rue. Ecau k Beanko, u N(X) o6osnauaer uncno HaGaioaeHu#, pas-
Hux X, To B culy pesyJbraTa Po66uHca ouenka b: = (X:+
+ D)N(X:+ 1)/N(X;) ayqwe, gem 8; = X,. Cyrb napapoxca 3a-
KIioyaeTcss B cCJeAylomeM: HaGJMIOAEHHS, KOTOpHe He CBfi3aHH
C OlLEeHHBAaeMHM INapaMeTpPOM, MOrYT BJHSATb HAa KauyecTBO €ro
olleHKH (cpaBHHTe ¢ mapajgokcoM II/2 (ii)).

(J/Tut.: Robbins H. “An empirical Bayes’approach to statistics”, Proc. 3rd Ber-
keley. Symp. on Math. Statist. and Prob., 1, 157—164, 1956.)

1) Ilapadokc 6atiecosckoii modeau

[TycTe nJOTHOCTL BepOATHOCTH fp(x) cayuafiHofi BeJHUHHH X
ABJISIETCS CMEChI0 ABYX IOJIOXKHTEJbHHX IUVIOTHOCTEAi BEPOSTHOCTH

fo(x) u fi(x):
fo (%)= pfo(x)+ (1 —p)fi(x), rre 0 <I.

3naueHHe napaMeTpa p HEH3BECTHO, H NPH JOCTATOYHO GOJBLILIOM 7
MH HajieeMcsi ONpeJeUTh ero ¢ Jo6ofi 3afaHHOR TOYHOCTBIO 1O He-
3aBHCHMBIM HaGmiofeHnsaM Xi, X,, ..., X. (pacnpenesneHHsi BeJIHYHH
X: u X cosnapaior). [In pelleHHs 3ajauyd MH XOTHM BOCIOJb30-
BaThCs Teopemoil Bafieca: Bu6epeM uHCHIO po, 0 << po < 1, u mpex-
NOJIOXXHM, YTO ANpPuUOPHAR TJIOTHOCTL BEPOSITHOCTH BEJHUHHH X



paBHa pofo(x) -+ (1 — po)f1(x). Torna anocrepuopras nAOTHOCTD
BEPOATHOCTH BeaWUHHH X (npu Haauuuu BHGOpKH X1, X, ..., Xi)
sanumercs B BuIE pafo(x) + (1 — pa)fi(x), roe

o _ P T[h
1—pn 1—po o f (XD °

Hcnonb3ysi aneMeHTH BHOODKH, NEACTBHTENBHO MOXHO HafTH 3Ha-
yeHHe nmapameTpa p ¢ Jio6of 3aZaHHONA TOYHOCTBIO, €CJIH

Pn____P _
1—p

lim (c BeposiTHOCTEIO 1).

nse 1 — Pn

OJIHaKO 3TO pPaBEHCTBO HE BCEraa BHIIOJHEHO. Hanplmep, ecJli Ma-
X

TEeMaTHYECKOE OXHIaHHe BeJuunHbl log ;‘: EX; paBHo 0, To mo Teo-

peMe UxyHa — ®ykca (cpaBHme c I11/7)

lim supl =oo ¥ lim inf i Prn__ —,

n>o n->co — Pn

caefoBaTenbHo, lim g Pr__ B 3rOM ciyuae maxe He CymIecTBYeT.

IMapanokca He 6yne’r eclH BMeCTO (po, 1 — po) B3TH anpuopHoe
pacnpejeneHde, uMelollee MJIOTHOCTb BEPOSATHOCTH, NOJOMXKHTENb-
Hylo Ha BceM HHTepBase 0 << p <C 1. Takasa Mofesp Jydine, NOTOMY
4TO B Hefl HCTHHHAA IJIOTHOCTb [, YUYHTHBAETCHA C NOJOXKUTENbHOA
MJIOTHOCTBIO.

(Jut.: Berk R. H. “Limitini behavior of the posterior distributions when the
model is incorrect”, Annals of Math. Statist, 37, 51—58 (1966).)

o) Ilapadokc dosepuresbHbly UHTEPBAAOS

Iyets X, X2, X3, ... — HOpMaNbHO paclpefeneHHHE CaydyaliHHe
BEJIHYHHH ¢ OOIIHM MAaTeMaTHYECKHM OXHMAAHHEM M M eIHHHUHON
IHcnepcHeR, H uepe3 S, 0603HAUUM CJIEAYIOIYIO CYMMY

Sn=X|+X2+ cee +X,|.
BeposiTHOCTb TOrO, 4TO NS 206020 (PUKCUPOBAHHOZ20 N

— o S<m<————

npu6an3uTenbHO paBHa 95 %, H B TO Xe BpeMs BEPOSTHOCTb TOrO,
YTO 3TH HEPABEHCTBA BHIIOJHEHH 1y 8cex n, pasua 0. [Mocneguss
BEDOSITHOCTb OCTAETCsl HY/JeBOH, e€C/NH [axe 3aMEHHTb 2 Ha Kak
yrogHo GoJasmoe yxcao. (Cm. Robbins H. «Statistical methods re-
lated to the law of the iterated logarithm», Annals of Math. Sta-
tist., 41, 1397—1409, (1970).)



n) Ilapadokc nposepku He3aBUCUMOCTY; ABARIOTCR AU IppexTus-
Hole nexapcTsa 3hpexTusHoIMU?

Huxe npuBesieHH TpH TaGJHILE, B KOTOPHIX NMOKAa3aHO AeHCTBHE
HEKOTOPOTo JIeKapCTBa TOJNBKO Ha MYXUYHH, TOJIbKO Ha JKEHUIMH H,
HaKOHell, Ha 60JbHBEIX ofoero nosa (oGbeAHHEHHBE pe3yJbTaTH).

MYNCHHHB!
lpurumasuiue He npurumasiue
JIERRPCMIBO JIeKOPCTIBO
Besrsdoposesuiie 700 80
He esizdoposesuiue 800 130
HCEHLHHD!
Mpurumasuiue He npurumasuwiue
JIeKADCITIB0 J1eKapCImGo
Brr3doposesuiue 150 400
He se1300posesuiice 70 280

OBYEONHEHHBIE PE3YJTbTATbI

llpurumaseue He npurnumasuiue
JIeRapCmao JIeKapcmeo
Beisdoposesuiue 850 480
He ssr3doposesiiue 870 410
Puc. 11.

M3 Tabaun BHAHO, 4TO MOCJIE MpHEMa JIeKaPCTBA JOJIsSI BHI3JIOPOBEB-
X GoJibLle Kak cpefH MYX4YMH, TaK W cpepu xeHuuH. (Cymecr-
BEHHOCTb Pa3JIHYHA MOKeT OblTb 060CHOBaHAa CTAaTHCTHYECKH C IO-
MOlLIbI0 KpHTepHeB He3aBHcHMOCTH.) C JApyrofi CTOpPOHBI, KaK 3TO
HH CTPaHHO, N3 Ta6JHIK ¢ O6GBeAHHEHHBIMH pe3yJbTaTaMH ClEeAyerT,
4TO J0J11 BHI3JOPOBeBMIHX Gosbllle cpelu TeX JOAeH, KOTOpHe Je-
KapcTBo He npuHHMasH. CJjiefoBaTesbHO, JIEKAapCTBO, MOKa3aBllee



cBOI0 3(pPeKTHBHOCTh KaK CpPeiH MYXKYHH, TaK H CPeAH XKEHIUHH,
1aJi0 OTPHLATEJbHHI pe3yabTaT AJS CMellaHHOH TPYNNH MYXYHH
M XKeHUIMH. AHAJIOTHYHO, HOBOE JIEKapCTBO MOXET OKa3aThCs 3(-
(GEKTHBHHM B KaXkJIOM H3 JECATH Pa3jHYHHX rocnuranei, Ho 06b-
€HHEHHEe pe3yJbTaTOB YKaXeT Ha TO, YTO 3TO JeKapcTBo JaHGo Gec-
noJie3Ho, JH60 BPEXHO.

(JTur.: Pflug G. “Paradoxien der Wahrscheinlichkeitstrechnung”, in: Stochastik
im Schulunterricht, Wein, Teubner, 155—163, 1981.)

p) Ilapadoxc xomnoetoTeproll cTaTUCTUKY

Hauunas ¢ 50-x ronoB, B CBS3H C NOSIBJEHHEM KOMIBIOTEPOB JIH-
II0 CTAaTHCTHKH H3MEHHJOChb. PaHblle OTCYTCTBHE KOMIBIOTEDPOB BHI-
HYXJaJ0 yueHHX HCIOJb30BAaTh CJHIIKOM YNpPOLIEHHHE MOIeJH,
Jaxke ecqH 3TH MoJenu OuhJH HepealucTHUYHHMH. OZHakKo 3a mo-
cJefHHe TPHALATh JeT Jio6oe CTaTHCTHYECKOE DeLIeHHe, KOTopoe
MOXHO NPOCYHTATh HAa KOMIIBIOTEPE 32 CPaBHHTEJbHO HeGOJbIIOH Me-
PHOI BpEMEHH, CTaJO «JOCTYNHHM». TakuM 06pa3oM, «ycTOHUHBHES
(«po6acTHHE®) H MHOrOMEepHHE MeTOJAH C OFPOMHHIM YHCJIOM ole-
palHii BOLIH B MOBCEJHEBHYIO CTAaTHCTHUECKYIO NpPaKTHKy. B 3srto
JKe BpeMsl CTaTHCTHKA, N0 KpaiHHeH Mepe 4acCTHYHO, CTaja SMIIHDH-
yeCKOH HayKoif: 3a HECKOJbKO MHHYT KOMIbIOTEDH MOTYT IOPO-
KAaTh MHJIJIHOHH JaHHHX, W, HCIOJAB3Ysl HX, MOXHO <IPOBEPATH»
HoBeiimue MerToAH. MHOTHe <« MIHpDHYECKHE TeOpeMH» BOLLIH B
NpakTHKY 0e3 AOCTAaTOUYHHX TeopeTHuecKHX o6ocHoBaHuii. C apyro#
CTOPOHH TeOpHsi po6acTHHX CTAaTHCTHK (cM., Hanpumep, Huber P. J.
Robust Statistics, Wiley, New York, 1981. [HMeercs mepepoa:
Xbio6ep I1. Po6acTHocTe B craTHcTHKe. — M.: Mmup, 1984.]) naer
TeopeTHyecKoe OGOCHOBaHHE [Jii MHOTHX SMIIHDHYECKHX <«XHTDHIX
TPIOKOB», HCIIOJIb3YEeMBIX B CTATHCTHUeCKOH npakTHKe. O mpoTHBOpe-
YHSIX U MapafoKCaxX HOBOrO NepHOJa MOXKHO NpPOYHTATb B NpHBE/JEH-
HHIX HHXKE CTaThsiX.

(JIur.: Efron B. “Bootstrap methods: another look at the jackknife”, Annals
of Statist., 6, 1—26, (1979).
Efron B. “Computers and the theory of statistics: Thinking the unthink-
able”, SIAM Review, 1979 Okt.
Hampel F. R. “Robust estimation: A condensed partial survey”, Zeitsch,
Wahrsch, theorie vrw. Geb., 27, 87—104, (1973).
Miller R. G. “The jackknife — a review”, Biometrika, 61, 1—15, (1974).
Tukey J. W. “The future of data analysis”, Annals of Math. Statist.,
33, 1—67, (1962).



FAABA il
MAPAAOKCHI CNYYAHHbLIX NMPOLIECCOB

Kak ke cay4unoch TO, YTO CTeueHbe MaTEpPHH AaJo

3eMa0 H cBOAH Hebec, a TaKXKe H MOpS TIyOHHH,

CoJHIA NMYTH H JYHH, — Pa3biACHIO 1 TeNepb MO NOPHAKY
IlepBoHavana seiefi, pasymeercs, BOBCE HEBOJBHO

Bce OCTPOYMHO B TaKOM pPa3MeCTHJIHCS CTPOAIHOM MOpsiiKe
H 0 ABHXKeHbSX CBOMX He YCJIOBHJMCh. paHbille, KOHEUHO.
Ecan x Hauana Beuwefi BO MHOXKECTBe, MHOTOPa3JHYHO

OT GecKOHeUHHX BpeMeH NOCTOSHHHM TOJYKaM MOABEprasch
TsKeCTblO TaKXKe CBOeli THeTOMHE, HOCATCH BEUHO,

Bcauecku Mexay co6off coueTasich H BCe HCNWTYH,

YTO TONBKO MOTYT OHH MOPOJHTb H3 CBOMX CTOJKHOBEHHH, —
To H cayyaeTcss TYT, YTO OHH B 3TOM CTPAHCTBHH BEYHOM,
Besikue BHAH NPOAAS COUYETAHHA H Pa3HHX ABHXKEHHH,
CxoasTcst Tak, HaKOHell, YTO B3aHMHAasi HX COBOKYIHOCTb
YacTo BeJHKHX Bellell co60f 06pasyeT 3auaTKH:

Mops, 3eMaH H Hebec, H NJEMEHH TBapefl XHBYIIHX.

Jdyxpeyuil, O npupode eeweil, xu. V, c. 416—4311)

ITepBHe 3HAuUHTENbHHE pe3yJbTAaTH B TEODHH CAYYafHHX NpPO-
I1eCCOB HJIH CTOXaCTHUECKHX IPOLECCOB, €CJIH BOCMOJNb30BAThCS CJIO-
BOM I'PeYeCKOro NPOHCXOXKAEHHS, NOSBHIHCH JIHIIb B NPOILIOM BEKe,
Bnarogapss ycmexaM, AOCTHTHYTHM B KJIacCHUeCKOR MeXaHHKe, B
XVII u XVIII Bekax raaBHHM 06pa3oM H3YyYajJHCh RETE€PMHHHCTH-
yeckHe nmpoueccH. B 3To e BpeMsi B Hayke pa3BHJICH «MEXaHHCTH-
4eCKHil Je€TePMHHH3M», COTJIaCHO KOTOPOMY CJly4afHOCTb CUHTANACh
YeM-TO HeCyIleCTBEHHHM H H3 OCHOBHHX HayK ee cJeJ0BaJjo I0 BO3-
MOXKHOCTH HCKJIIOUHTh. ORHAaKO €O BTOPOH NOJOBHHH IPOILJIOTO
BE€Ka MaTeMaTHYeCKHe HCCJIeNOBaHHS 10 CIyYafiHHM IpoleccaM Io-
JydaioT Bce GoJibliee pacnpocTpaHeHHe B GyHRaMeHTaJbHHX 06.Ja-
CTAX HayKH, B YacCTHOCTH, B Pa3jIMUHHX pa3fenax (QU3UKH: CTATH-
cTHYecKoli (H3HKe, KBaHTOBOH (usmke XX Beka, rae chaydaiiHee
Ipouecch HrpaloT riaBHyio poib. C yray6JeHneM HayqHOro 3HaHHA
BCE OUEBHAHEE CTAaHOBHJACh HEOGXOAHMOCTb B H3YUEHHH CTOXaCTH-
4ECKHX IPOIECCOB.

1. Mapapokc BeTBAWMXCA npoLeccos

a) Hcropus napadokca

B nepBoft moJioBHHE MNpOIIJIOTO BeKa OHJIO 3aMeUeHO CJeAylo-
u(ee MHTEPECHOE SBJEHHE: HEKOTOPHE 3HAMEHHTHE apHCTOKpaTHue-
CKHEe H NPOCTHE (aMHIHH NMOCTENEHHO HcYe3aJu. ITy NmpobieMy C
MaTeMaTHYeCKOH TOUKH 3peHHs uzydanu H. )K. Boeneme B 1845 T.
u de Kondoave B 1873 r. B 1874 r. I'arsTon u Barcox onyGauKo-

1) Jlyxpeunit Kap. O npupone Beweii. ITepeBon c aat. ®. A. IleTpoBckoro.—
M.: Toc. uan. «XyRoxecTBeHHast auTepatypa», 1937.



Ba/lH BaXKHeHIIYI0 CTaThio, NMOCBSLIEHHYIO 3TOMYy Bompocy. Berss-
muecs HemodykH ¢aMuiuii CTajlH NepBHIM TNPHMEPOM CJy4daHHOro
BeTBsilerocsi npouecca. [IpoleccH Takoro THNa MOSBJAIOTCA B XH-
MHH, GH3HKe H HEKOTOpHX ApPyrux obaactsax. Hampumep, mpouecc
JeJIeHHs] sAep, HJIH LeNHass peaklHs, B sjepHOH (PH3HKE XOpOLIO
MojesnHpyercsl caydafiHBIMH npoueccaMu. ITokoseHHs HeHATpOHOB
CMEHSIOT APYT ApYyra ualtie, YeM MOKOJIEHHS JIofel, 0O1HAaKo B 060HX
clyyasiX TJIaBHHH BONMPOC OCTAaeTcsi OJHHM M TeM XKe: MPH KaKHX
ycJIOBHAX Npolecc 3atyxHeT (paMHJIHS HCUE3HET) HJH Pa30BbeTCA
no GeckoHeuHocTH (6oM6a B3opBercsi). [IoHsATHe BeTBsLIErocs Inpo-
necca BeefieHo B 1947 r. A. H. Koamozoposeim u H. A. [Imurpue-
8bLM.

6) Ilapadokc

ITycTb ¢ BePOATHOCTSIMU Po, D1, P2, - - - B3POCJAHHA MYXXUHHA HMeeT
0, 1, 2, ... ceiHOBefl. BHUHCJIHM BEpPOATHOCTb ¢ TOTO, UTO CIYCTS He-
CKOJIbKO TOKOJIEHHH NMOTOMKOB MYMKCKOTO moJia He ocraHercs (da-
Musus ucuesHer). [IpouspoAsimas GyHKIHS BEpPOATHOCTHOrO pac-
npejeNeHus po, P1, P2, - . - ONpeaensercs GopmyJoi

gle)= go P,

rae |2] <<1. O6o3HauuM aHAJOTHUHYI0 NPOH3BOAALLYI0 (YHKIHIO
n-ro mokoJeHus uepe3 g.(2) (g:(z) =g(z).) Jlerko Buzmetb, uTO
gnt1(2) = g(gs(2)), 7. €. 3172 NpoH3BOAsMaA YHKIHS MOXKET GHTDb
noJsiyyeHa nyrteM NOCJeJOBATENbHHX HTepauui QyHkuHH g (x). Bepo-
ATHOCTb HCUE3HOBEHHS BCEX MOTOMKOB MYXCKOTO IOJIa B f-M TOKO-
JIEHHH PaBHA ¢, = g,(0). TlockoJbKYy MOCJI€10BATENbHOCTD ¢, MOHO-
TOHHO BO3pacraer, npeien lim ¢, = ¢ cymecTByer, N03TOMy H3 pa-
BEHCTBA §nt1 = g(qn) cienyet, uto ¢ = g(q). TakuM oGpasoM, Be-
POATHOCTb ¢ HaXOAHTCS H3 3TOro ypaBHeHHs. [lockoabky ¢ =1 sB-
JIeTCA PEIleHHEM 3TOro ypaBHeHHs, BaTcon (owmuGouHo) mpenmno-
JIOXHJ, 4YTO BEPOATHOCTb BHIPOXKJEHHS Bceraa paBHa | H, ciepoBa-
TeJbHO, HeH36exkHa. Xors pesysbraT BarcoHa coBeplieHHO HeBe-
posreH, auub B 20-e roabl Hauero Beka P. Puwep, M. Xardelin,
Mo, Crephercen u apyrue nokKasaju, YTO ypaBHEHHE HMeEET H APY-
rofl KOpeHb, KOTODHI MeHblle |, IPH YCJIOBHH, YTO CPEAHEE YHCIO

CHHOBeM
m= zk: kp,,

Gospwe 1. B 3TOM ciyuae HCTHHHYIO BepOSTHOCTb BHPOXKAEHHS
Jnaer MeHbluHit kopeHb. C Apyroil CTOpOHH, HEYJHBHTEILHO, YTO, KOT-
Aa m MeHblIe 1, BEPOATHOCTb BHIPOXKJAEHHs paBHa 1. [Tapagokc Mo-
JKeT BO3HHKHYTb JHWb B ciayyae m = 1. Ecan npeanosoxuTb, 4To



Y KaXJ0ro MYXUHHH B CpPeHEM IO OXHOMY chHy (m=1), T0 Be-
POSITHOCTb BHIPOXKJEHHs Bce e ocTaHercs paBHOH 1 (3a Hckiioue-
HUeM uyacTHoro cayuast p; =1). CienoBarejbHo, HECMOTPSl HA TO,
Y4TO CPeRHee UHCJIO NMOTOMKOB MYKCKOrO NoJia BO BCeX TNMOKOJEHHSX
ORMHAKOBO (Bcerga paBHO 1), BHpoxkAeHHe HeusGexHO (TouHee,
OHO MPOMCXOJAHMT C BEPOATHOCTBIO 1), XOTA MOXKHO NOKa3arb, YTO
cpeliHee BpeMs 0 MOMEHTAa BHIPOXKJAeHHs] GECKOHEe4HO.

8) Ob6%vacnenue napadokca

PaBeHncrBa
g=Ilimg,=1n m=1
n=»oo

Apyr Apyry He npotuBopeuyaTt. [lepBoe cooTHOlIeHHE O3HAYAET, YTO
BEPOSATHOCTb POXAEHHS MaJbUMKOB B n-M NOKOJeHHH 6au3ka k 0,
HO €CJIM OHH BCe-TAKH €CTb, TO MX YHCJIO MOXKeT GbiTb GOJIBIUHM, MO-
3TOMY CpeiHee 3HaueHHe MOXKeT paBHATbCA 1.

2) 3ameuanus

Mogear lanbToHa — BatcoHa 0o6HYHO HCNOJNB3YETCA B CIyYae,
Koraa pr=ab*! (k=1,2,..) u pp=1—p1—p2—..., TRE a
H b — moJloXxuTeJbHHE YHCTa U a MeHbuie, ueM 1 —b. Toraa g,(2)
€CTb NMpPOCTO OTHOLIeHHe JuHeHHHX ¢yukuufi. B 1931 r. A. Jorka
NOCYHTAJ] 3HAYeHHs AJd a, b U pg, oTHocsmuecs K CIIA, OH noay-
yui, yto @ = 0.2126, b = 0.5893 u po = 0.4825, nosToMy BepoAT-
HOCTb HCUE3HOBEHMs] MYXCKOH sunHum paBHa g = 0.819. Kpacusbie
cTapnie aMHJIHM MOCTENEHHO HCYe3aloT, U HX MecTo 3aHMMaioT 6o-
Jee 3aypsiaunie, HanpuMep, Cmur u 1. &. Mcnonbp3oBanne KoM6GuHa-
UMl M3 ABYX MJHM Tpex (amuimit He Bcerma no3BosisieT H3beXaTb
coBnajeHus GaMuiauii, MHOTAA Aaxe B OfHOM yupexaenun. [Ipen-
JaraeMHi HHXe NMOPSAAOK NMpHUCBauBaHMs GaMHJIHH NpeACTABJAETCA
HeOOGHYHHM, HO Pa3yMHHM H He 3aBHCAINMM OT mosa. Kaxawmit pe-
GeHOK HacieayeT ABe haMuJIMH, OAHY OT MaTepu U APYTyiO OT OTla.
[TockoaBKY y KaXI0oro u3 poAMTesell Toxe Mo ABe GaMJHH, B Kaue-
crBe paMuuil A1 peGeHKa MOXHO B3ATb GoJiee pexkue (uau 6o-
Jiee TpuBJekaTeJbHHe). KpoMe Takux ABOHHHX damuiuii y mogei
takxe 6yayr u umena. [Ipu TakoM nopsake Mup pamuiuit crasa 6b
6oJiee KPACOYHHIM M HHAHBHAYaJbHHIM.

0) Jlureparypa

Bienaymeé 1. J. “De la loi de multiplication et la durée des familles”, Soc.
Philomath, Paris, 37—39, (1845).

Harris T. E. The Theory of Branching Processes, Springer, Berlin — G6t-
tingen — Heildelberg, 1963. [MMeeTcs nepeoa: Xappuc T. Teopus BserBamuxcs
caydaiHeX npoueccos. -—M.: Mup, 1966.]

Jagers P. Branching Processes with Biological Applications, London, Wi-
ley, 1975.



Lotka A, J. “The extinction of families I—11", J. Wash. Acad. Sci., 21,
377—380 and 453—549, (1931).

Schrodinger E. “Probability problems in nuclear chemistry”, Proc. Roy.
Irish Acad., 51, (1945).

Watson H. W. Galton F. “On the probability of the extinction of fami-
lies”, J. Antropol., Inst. Great Britain and Ireland, 4, 138—144, (1874).

2. MapkoBsckne uenn U PU3MYECKHH NapagoKc
a) Hcropus napadokca

[MTousiTe MapKOBCKOH LleMM NPHHAAJIEXKHT PYCCKOMY MaTeMa-
Tuky A. A. Mapkosy, ubu nepBhie CTaTbH MO 3TOMY BONPOCY GBULIH
ony6nukoBann B 1906—1908 rr. (cM. cmucOK JHTEpaTypHl HHXKe).
MapkoB HCNOJb30BaJ HOBOE NOHSATHE JJISI CTATHCTHYECKOrO aHaJH3a
pacnpefenenus 6YkB B 3HaMeHHTO# noaMe Ilymkuna «Esrennsi Oue-
run». «Llenb MapkoBa» (370 Ha3BaHue GHIO npeasoxeHo A. 5I. Xun-
YMHBHIM) — BaXKHeilllee MaTeMaTHYecKoe MHOHSATHe, BO3HHKIIee (MO
KpaifiHeli Mepe YacTHYHO) NpH PelIeHHH JHHIBHCTHYECKHX NpPOGJEM.
IMocneposatensHocTs (lenb) AUCKPETHHIX CAYyYaHHBIX BeNHUYHH Xi.
Xo, ..., Xi, ... ob6pasyer uenr MapkoBa (no onpejiesleHHIO), eClIH
AN Mo6GOro MOMEHTa BpeMEHH ¢ «MoBeJieHHe» N0C/1e/10BaTENbHOCTH B
G6ynymemM (mocse f) 3aBHCHT OT ee «IOBEAeHHsI» B mpoulioM (1o )
JHUIb Yepe3 3HauYeHHe BEJHYUHBI Xi, T. €. PaBEHCTBO

P(Xys =il Xi=iy, Xyoy=ipy, ...)=
=PX¢y =i Xe=1iy)
CTNpaBeAJIUBO AJIS BCEX BO3MOXKHBIX 3HAUEHHH ityy, &, . .. CAYyUaAHHX

BEJIMYMH, HHBIMH CJIOBAaMH, [JIsi BCEX BO3MOXHBIX COCTOSTHHH IlEMH.
IMocnexoBaTenbHOCTH TaKOro THma MOSIBJASIOTCS BO MHOTHX oGna-
CTsX, HampuMep, B Kiaaccuueckoll ¢usuke, rjae 6Gyayuiee pa3BHTHE
CHCTEMH TNOJIHOCTBIO ONpeJeNsieTcss ee HAaCTOSIIUM COCTOsiHMeM (Ha-
nprUMep, MTHOBEHHOHl CKOPOCTBIO U MECTOHaXOXJAEHHEM) M He 3a-
BHCHT OT TOTO, KaK CHCTEMa OKa3ajachb B HACTOSIIEM COCTOSTHHH.
Ecan {X:;} —uenr MapkoBa u ycioBHHE BeposTHOCTH P (Xip =
= isy1 | Xt =it), sepoaTHocTU nepexoda, He 3aBUCAT OT £, TO ILeMlb
MapkoBa HasmBaercs: ofHOpoLHOR. COBOKYNHOCTh BeposiTHOCTeH Ie-
pexoia OXHOPOAHOH menu MapkoBa MOXHO 3amMcaTh B BHAE Mar-
punbt A = (p;;), rae
P11=P(Xt+1 =jl|Xy=1i).

Torna anst n-KpaTHOM CTENEHM MAaTPHILI NePeXOAHBIX BEPOSATHOCTEl
umeeM A" = (p{}), rne p{) =P (X,,,=jlX,=i). 310 cooTHowe-
HHE JaeT BO3MOXKHOCTb HCNOJIb30BAaTb B TEOPHH MapKOBCKHX lienef
¢akTH W3 Teopuu MaTpul. B Hamk aHu lenu MapkoBa (u ux 06-

o6umiende Ha cJayyali HenpephLIBHOrO BpeMEHH M HeNpephIBHOTO
(¢a3oBOro NpOCTPAHCTBA — MADKOBCKHE MpPOLECCH) HrpalT B



€CTECTBEHHEIX H TEeXHHYECKMX HayKax HAMHOrO GOJBIIYIO POJb, UeM
B JIHHTBHCTHKE, Tlle OHH MepBOHAYaJbHO NMPHUMEHAJIHCD.

[Ipo61eMa 06paTHMOCTH-HEOGPATHMOCTH — 3TO HHTepecHH na-
PajoKC KJIacCHUECKOH MeXaHHKH M TeDMOAHHAMHKH, H MapKOBCKHE
uenu ABAsIOTCS 3G EKTHBHHM cpedcTBOM ero aHamusa. CyTb mpob-
JeMH 3aKJIouaeTcsi B TOM, YTO 3aKOHH KJIACCHUECKOH MeXaHHKH
o6paTHMH H TMO3TOMY He MOryT OGBSACHHTH, MOYEMY KYCOK caxapa
pacTBopsieTcsl B yauike Kode, HO MH HHKOrZa He HabJiolaeM o6par-
HHfl npouecc. Heo6paTHMOCTb Hallero MHpa OTpaXXaeT BTOpO#
3aKOH TEDMOAHHAMHKH (BnepBHe chopmynupoBanumfi JI. C. Kapro).
(TlepBulfi 3aKOH TEpMOJHHAMHKH — 3TO 3aKOH COXpPaHeHHR 3Hep-
run.) Cnycrsi copok Jer P. Kaaysuyc BBen MaTeMaTudecKoe NOHS-
THE SHTDOIHH, CTaBLIee OCHOBHEIM B TEOPHH HeoOpaTHMHX Mpouec-
coB. (CoraacHo Knaysuycy [Memoir read at the Philos. Soc. Zii-
rich, April 24. Pogg. Ann. 125: 353, 1865] ci0BO «3HTpOMHS»
NPOHCXOAHT OT TPEYecKOro TPOM1, O3HAYAIOIETO «MOBOPOT®, «Impe-
BpaleHHe». Kiay3suyc yTBepXpaeT, yTO OH JOGaBHJ «3H®», UTOGH
CJI0BO 3ByYa/Jl0 aHAJOTHYHO «3HEpPrHH®», OLHAKO TpeuecKoe CJIOBO
EVTPOTY) HMeeT CaMOCTOSITeNIbHOe 3HaueHHe — «MOBEPHYTb TOJIOBY B
cTopoHy».) Hcnosap3ys moHsiTHEe 3HTPONHH, BTOPON 3aKOH TE€DPMOIH-
HaMHKH MOXHO c()OpMyJHpOBAThH CJleAyIOMHM 06pa3oM: B H3OJHPO-
BAHHOH CHCTEMe SHTPOMNHS He MOXKET YMEeHBbIIHTbCS, OOHYHO OHa
Bospacraer. JI. boasyman muTancs NpOBepHUTb 3TOT 3aKOH C IIO-
MOIbI0 KHHEMATHKH aTOMOB H MoJjekyJa. (B To Bpems uies Boabu-
MaHa BOBCe He BHIIVIfJesla eCTECTBEHHOH, Tak KakK MHOTHe ()H3HKH
COMHEBAJIHCh B CaMOM CYLIeCTBOBaHHH aTOMOB, Hanpumep, M. Pa-
paded, 3. Max wnu ocHoBaTenb «3Hepretusmas» B. ®@. Ocreaiasl.)
Orpomuoe Bausinue Ha Bosnbumana okasana pa6ora MakcBenia mo
IuHaMH4YecKoit Teopuu rasoB. B 70-e roan mpoinoro Beka Bosblu-
MaH O6HapyXHJ CB3b MeXAY SHTPONHeHd H TepMOAHHAMHYECKOf
BEpOsATHOCTBIO (cpaBHHTe ¢ 3aMeuanueM (i)). OH nokasaj, uTo He-
0o6paTHMOCT> He NpPOTHBOPEUHT OGpaTHMOi MexaHHKe HbloToHa:
NpUMEHeHHe MNocjaeAHel K 6ONbHIOMY YHCAY 9acTHUL ¢ Heo6xonH-
MOCTBbIO NpPHBeAeT K HeOGPaTHMOCTH, TaK KaK CHCTEMH, COCTOSIIHE
M3 MHJJIHOHOB MOJIEKYJ, CTPeMSATCA NepeliTH B COCTOSIHHE, HMeloliee
66b11yI0 TEDMOAHHAMHYECKYIO BEPOSITHOCTb. 3TO H €CTh «OCHOBHAs
NpHYHHA» pacmajna, H3HOCA, CTapeHus (H, KaK YTBEPXIAIOT HEKO-
TOpHE, YNajKa HPaBOB HJIH LHBHIH3AIHH).

B 1907 r. IT. u T. 3penghectsr co3nanu Moaenb, pasbICHAMYIO
napagokc o6paTHMOCTH-HeOGPAaTHMOCTH C MOMOIIbIO uemet Map-
KOBa.

6) Ilapadokc

[IpeAnoNOXHM, YTO eCTb cHcTeMa H3 N MOJEKYJ, KaxKAasi H3 KO-
TOPHIX MOXET HAXOAHTLCS B O/IHOM H3 JABYX SHEPreTHYECKHX COCTOS-



Huit. EclH MosleKysa HaxoAHTCA B NEpBOM COCTOSIHHH, TO 33 OJMH
1Iar oHa MepexofHT B APYroe COCTOSIHHE ¢ BePOSTHOCTBIO p (H ocC-
TaeTcs B MEPBOM COCTOSIHHH ¢ BepoATHocThio 1 — p). Ecau xe Mo-
JIeKyJa HaXOAHTCA BO BTOPOM COCTOSIHHH, TO (32 OJHMH WIar) OHa
NepexofHT B NepBOe COCTOSIHHE C BEPOSTHOCTBIO ¢ (H OCTaercs BO
BTOpOM ¢ BeposiTHOCThIO | — g). Tak Kak Kaxkjas MoJieKy/ja «BH-
6upaer» OJAHO H3 JBYX BO3MOXHHX COCTOSIHHH, BCA cucreMa u3z N
MOJIEKYJl MOXeT HaxoAuThcs B 2¥ pasnnunbix cocrosHusax. [Tpeamo-
JIOXXHB, YTO MOJIEKYJH HePa3JHUHMH, NoJayyuM Jumb N -4 1 Bo3-
MOXHBIX Pa3JIHYHHX COCTOSTHHH CHCTEMH: COCTOSIHHE CHCTEMH OIpe-
JleJfieTcsl YHCJIOM MOJIeKyJl, HaXOASIHUXCA B INEePBOM COCTOSTHHH.
[Tycts X: o6Go3Hauaer (cayyaliHoe) YHC/IO MOJIEKYJN, HAXOAAMIMXCS
B NEPBOM COCTOSHHH B MOMEHT BpeMeHH f{. Torjga mocienoBaTesb-
Hocth X, Xo, Xs, ..., oueBHAHO, o6pa3yer uenr MapKoBa, OMHCH-
BalOIyl0 pa3BHTHe cHCTeMH. Kak 3Ta Mojenb yBfA3HBaeT o6paTH-
MOCTb_KJIaCCHUEeCKO#l MeXaHHKH (CHMMETpHSI BO BPeMeHH) ¢ Heobpa-
THMOCTBIO T€PMOJAWHAMHKH (aCHMMETDHSI BO BpEMeHH)?

8) Obmvacxenue napadokca
MoxHo nokasats, yTo ecan |1— p—q| << 1, To npeaen npous-
Boasmed GyHkuun pacnpepenedua P(X:=]j, Xiye =Fk) paBen
‘lim E (Z*to*t+s) =
“»oo
=[(p+qz)(p+qw)+pq(l —p—g)f(l—2)( —w)]"’
(p+9)? '

H 3Ta GYHKIHA CHMMeTPHYHA N0 z H W, CJeJOBATENbHO, HMEET Me-
CTO paBHOBeCHE

PXy=], Xp,e=R)=P.(X; =k, Xirs=1).
ST0 paBEHCTBO O3HAYaeT CHMMETPHIO MeXAy MPOUIJIHM H GyAyLuM
npounecca (06paTHMOCTb), B TO XKe BpeMs CJeAYIOIEe COOTHOLIE-
HHe OTpaxkaeT Heo6paTHMOCTD
PXpps=k|Xy=1]) # P(Xps =]l Xy =F).
Hamnpumep, ecin p=¢=1/2, To
. . NN -n
lim P(X,=])=( , )2 ,
t>o00 ]

M03TOMY BepPOATHOCTh TOrO, YTO Ienmb MapkoBa 6/H3Ka K COCTOf-
Huo N/2 Gonblue, 4eM BePOSITHOCTH TOTO, YTO OHA OT Hero AaJjeKa.

2) 3amenanus

(i) Mycrs f(v, £) o6o3HayaeT pacnpefeseHHe CAYYafHBIX CKOPO-
cTeil MOJIeKyJsl ra3a B MOMEHT BpeMeHH { (AJf NPOCTOTH MpPeANoJo-
XKHM, UTO 3TO paclpejelieHHe He 3aBHCHT OT MeCTOHaXOXAEHHS



mojexkya). B 1872 r. Boabuman cdopMynupoBan CBOIO TeOpeMy
B cJIEAVIOUIEM BHAE: NPOH3BOAHAA (PYHKIHH

H ()= (0, 0logaf (v, Ndv, a> 1,

He MoXeT ObITb NOJIOXKHTeJbHOH, T. €. H He MoXeT Bo3pacraTth C
poctom . (BeauunHa —H COOTBeTCTByeT TepMOAHHAMHYECKOH 3H-
TPOIIHH, KOTOpasi He MoxeT yGHBaTh, OHa OOHYHO BO3pacTaer.)
B 1876 r. aBcrpuitckuit ¢usuk H. Jowmudr mocraBua Bompoc 06
06paTHMOCTH-HEOGPATHMOCTH TakuM 00pa3soM: 3aKOHH KJjaccHye-
CKOH (HM3HKH HHBApHAHTHBl OTHOCHTEJIBHO HpeoOpas’oBaHHA {— —t
(oHM comepxkar BTOpHeE NpPOU3BOAHHEIE IO !), B TO XKe BpeMsi MpeoG-
pasoBaHHe ! — —{ mpeBpamaer TeopeMy BoJbliMaHa B TeopeMy ei
MPOTHBONOJIOKHYI0: OyHKUHA [ (—¢) He MOXeT y6uBaThb. B peayib-
TaTe aHa/W3a 3TOro MapajoKca 0Kasanoch, 4TO AJf JOKasaTelb-
cTBa TeopeMn BosbuMaHa Heo0XOAHMO MpeANoJaraTbhb COBEpIIEH-
HYI0O OJHOPOJZHOCTb MOJIEKYJSIPHBIX CTOJKHOBEHHH, HO Takas HAea-
nusanus upesmepHa. TeopeMa DBosbuMmaHa crmpaBeAsnuBa JHIIb
CTaTHCTHYECKH: BepOATHOCTb pocra H (f) co BpeMeHeM OyeHb MaJa.

Hpyroit napanokc BuTekaer us teopeMu A. ITyanxape. OH 1o0-
KasaJi, YTo B 3aMKHYTOH M KOHeuHOMH ra3oBofi cucreMe ¢pas3oBasi TOY-
Ka, ONHCHBaIOIlas COCTOSHHe 3TOf CHcTeMH (M ABHraiomascs I0
3KBHIIOTEHLHA/IbHOH IIOBEPXHOCTH B MHOTOMEDHOM E€BKJIHAOBOM IIPO-
CTPAHCTBE) BO3BPalIaeTCs B MPOM3BOJBLHO MaJjyl0 OKPECTHOCTb CBO-
€ro Haya/JbHOTO MECTOHAXOXJEHHs 3a orpaHuueHHoe Bpems. Ho
3T0, KaK B 1896 r. ycraHoBua 3. I[epmeno, NPOTUBOPEUHT TeopeMe
Bosnbnmana: ecau npouecc Heo6paTuM (€ro 3HTPONHS BO3pacTaer),
TO (pasoBasg TouKa BepHYTbCsi He MoxeT. OJHAKO CTaTHCTHYECKad
¢dopMyanpoBKa TeopeMH BosbliMaHa Mo3BoJsieT PelIATb U 3TY Mpob-
JeMy: NMoCAeAOBaTeNbHOCTb COOGHITHH, NMPOHCXOAAIMX C OYeHb Ma-
JBIMH BEPOATHOCTSIMH, MOXET MpPHBECTH K BO3BpalleHHIO ¢a30BoH

TOUKH, HO corsiacHo Bosbumany aas storo norpeGyercs 1019 jer,
TaK 4TO 3TO COOBITHE NMPaKTHYECKH HeHalbJ/i04aeMo, B TO BpeMs Kak
HeoO6paTHMOCTb NPOSABJAETCA HATJAALHO.

[Tapagokcn Jlommuara — Llepmeno NOKa3HBAaIOT, YTO TEOPHS
BepOATHOCTEH HrpaeT KJIOYEBYIO POJib B OCHOBaHHAX MOJIEKYJsp-
HOH (H3HKH, B CTAHOBJEHHE KQTOPOH BaXKHBIH BKJaJ BHEC/]H BEH-
repckie yyenole. Hanpumep, B 1926 r. JTleo Cusapd noxopoHua 3a-
MaHUYMBYI0 HAel0 AeMOHa MakcBessa, ¢cnocoGHOrO €O34aTh BEYHHI
ABurarenb. (Makcseaa yTBepXAan, YTO €CJH SHTPONHS BO3pacraer
TOJIBKO CTaTHCTHYECKH, TO JAEMOH, CIOCOOHBII yNpaBisiTh ABHXKe-
HHEM KaXJoH MOJIeKyJibl, MOT OBl MOCTPOHTb BeYHHIH ABHrarteb. Ho,
kak 1nokasan CHaapa, CYIeCTBOBAHHE TAKOTO «XOPOIIO HHGOPMH-
pPOBaHHOrO» A€MOHA NOTPeGOBaJo 6 OrPOMHOM SHTPONHH, NMO3TOMY



BeYHH JBHrare]b, YNpaBJsieMbli aeMOHOM MakcBesia, HEBO3-
MOXKEH.)

(ii) CratucTuueckuit amanu3 Tekcta «Esremus Owxeruna» He
OblJl €AHHHYHBIM MCCJeJOBaHHeM Mofo6HOro THna. B koHue mpoui-
JIOTO BeKa CTa/Jl0 MOAHHIM M3YyYaTb YacCTOTHOE paclpelesieHHe CJIOB
B Pa3/HYHBIX TeKcTax (4TOGH MOMOYb B @OYYEHHH HHOCTPaHHBIM
si3blkaM H creHorpaduu). B 1898 r. @. Kasdue ony6saukoBan nep-
BHH yactoTHuii caosaps (Haufigkeitswérterbuch der Deutschen
Sprache) HeMenkoro si3elka, KOTOpHI# Gbl1 OCHOBAaH Ha TEKCTAX, CO-
depxkamux 11 MHaIaHOHOB ciaoB. Bo MHorom 6Jsaroaaps pa6oTam
amepukanckoro yuenoro Hoe. Hunga (1902—1950 rr.) npumeHeHHs
MaTeMaTHYECKOH CTATHCTHKH B JIHHTBHCTHKE MEPEpPOC]H B OTAE/]b-
Hoe HayyHoe HampasJeHHe. Ero kaura «esoBeueckoe moBeaeHune u
NPHHUHKN HauMenbiuero ycuaus» («Human behavior and the Prin-
ciple of Least Effort») coaepxur oueHn rayGokue HaeH.

0) Jlureparypa

Boltzmann L. Lectures on Gas Theory, Univ. California Press, Berkeley,
1964. [HUmeerca nepesoa: Boabuman JI. Jlekuun mo teopum rasos. — M.: Tocrex-
napmat, 1956.

Chung K. L. Markov Chains with Stationary Transition Probabilities,
Springer, Berlin — Gottingen — Heidelberg, 1960. [Hwmeerca nepesoa: UXyH
Kaiinait, OxHopoatue nenn MapkoBa. — M.: Mup, 1964.]

Junkun E. B. MapkoBckue npouecch. — M.: ®uamatrus, 1963.

Ehrenfest P., Ehrenfest T. “Uber zwei bekannte Einwinde gegen das
Boltzmannsche H-Theorem”, Physik. Zeit., 8, 311—314, (1907).

Feller W. An [Introduction to Probability Theory and Its Applications,
New York, John Wiley, 1969. [Hmeercs nepepoa: ®ennep B. Beepenue B TeopHio
BeposiTHOCTeNl H ee nmpuiaoxeHus. B 2-x Tomax. — M.: Mup, 1984.]

Kempermann J. H. B, The Passage Problem for a Stationary Markov
Chain, Univ. Chicago Press, 1961.

MapkoB A. A. PacnpocTrpanenne 3akoHa G6OJIbUIHX YHCesJ Ha BEJHUHHH, 33aBH-
camue Apyr ot Apyra. — “H3B. ®dus.-mar. obmectsa npu Kasanckom yHHBepcH-
Tere”, 2-a cepus, 1906, T. 15, Ne 4.

Mapkos A. A, PacnpocTpaHeHHe npelelbHHX TEOpeM HCUHCJEHHS BepPOATHO-
cTel Ha CyMMy BeJHuHMH, cBssaHHHX B Hemb. CIIB, 1908. 3anucku Akaa. Hayx
no ®us.-mat. otaenenuio, VIII cepus, 1. 22, Ne 9. ‘

Takacs L. “On an urn problem of Paul and Tatiana Ehrenfest”, Math.
Proc. Camb. Phil. Soc., 86, 127—130, (1979).

Truesdell C. The Tragicomic History of Thermodynamics 1822—1854,
Springer, New York, 1980.

3. Mapagokc 6poyHOBCKOro ABMIKEHUS
a) Hcropus napadokca

Bo BpeMsi 3KCIEDHMEHTOB C HCIOJIb30BaHHEM MHKDOCKONIA aHr-
auiickuit 6otranuk P. Bpoyn (1773—1858 rr.) oGHapyXHJ He TOJb-
KO CYLIeCTBOBaHHe Sfep Y KJETOK, HO H HaGJIORal HHTEpEeCHoe,
XOTsl B TO BpeMsi HeOGBSICHHMOe, sIBJEHHE: C/Iy4YaiiHOe [ABHIKEHHE
B3BeLIEHHbIX YaCTHI, H3BECTHOE HBIHE KaK GPOYHOBCKOE [BHXKEHHE.



IMockoabky BpoyH npoBOojaHJ CBOH 3KCHEDHMEHTH C IBETOYHOH
NBJBLOH (B HIOHe — aBrycte 1827 r.), npeAnoJIOXHJH, YTO ABHXKe-
HHe HMeer OHOJIorHYecKHe MNpHYHHH. BeJdHkol 3acayroii Bpoyhna
fIBJISIeTCA 3KCIepHMEHTaJbHOe AO0Ka3aTeJbCTBO HCKJIOUHTEJbHO -
3MyecKOHd MPHPOAH 3TOro siBjeHHs. CreneHb Pa3BHTHS MHKpOGDH3H-
KH TOTZla He MO3BOJisjia OOBSICHHTb 3TO siBJeHHe HayyHo. Heypusu-
TeJbHO, yTOo Aaxe B 1879 r. Hemeukuli 6otranuk K. Heeceau oTka-
3aJicsi IOBEpHTb, YTO NMPHYHHA GPOYHOBCKOTrO JBHIXKEHHS B TEMJOBOH
Zu¢p¢ysun yactun. C apyroit cropoHu, A. ITyanxkape Ha olHOH u3
aekuuii (B ITapuxke B 1904 r.) yTBepxjiaJ, uTo Koria 6oJiblliHe ya-
CTHUH pa3MepoM npHuGau3uTesbHO 0.1 MM CO BCex CTOPOH MHOro
pas yoapsioTcs ABHXKYIIHMHCH aTOMaMH, TO 3TH YacCTHIIH OCTalOTCSs
Ha MecTe, TaK KaK MO 3aKOHy OOJIbIIHX YHCes cJyyaiHble CTOJIKHO-
BeHUs HeHTpasiu3yloT APYF ApYra, OJHAaKO B ciydyae GoJiee MeJKHX
YacTHI BO3JeHCTBHE TOJYKOB HEJOCTAaTOMHO AJsl HX oflleli HeHTpa-
JIH3alUH{, NO3TOMY YaCTHIH ABHraloTcs 3uraaroo6pasHo. Kouauuecr-
BeHHOe 00bsicHeHMe sBJeHHs GuJo AaHo B 1905 r. Jdnwreinom u
NOJIbCKHM YYeHHM Cmoayxoeckum He3aBHCHMO Apyr ot Apyra. Ilo
TeopeMe DHHIITefiHa CpeAHSs AJHHA NYTH YacCTHIL MPONMOPIHOHAJb-
Ha KOpHIO KBaJpaTHOMY H3 BpeMeHH ABHXKeHHs {. CJiefoBaTesbHO,

HX CDEAHss CKOPOCTh NpONopUHOHadbHa 1/4/f. Orciofa BHTeKaer,
4YTO MTFHOBEHHasl CKOPOCTb YaCTHI B JI0GOH MOMEHT BpeMEHH HOJIXK-
Ha paBHATbCS OECKOHEYHOCTH, CJeJ0Bare]bHO, NPH ONpefeJeHHH
MIHOBEHHOH CKOPOCTH JJisi GPOYHOBCKOrO JABHXKEHHSI BO3HHKAIOT
npobaemu. Haa ux peuieHHs TpeGoBaJjics GoJsee ryyGokHii MaTeMa-
THYeCKHH aHaJsu3. OfHako Npolllo 6oJsee JecsiTH JeT Hpexie, 4eM
OH 6ua1 npoBeleH H. Buneposm. B 3Hak npu3HaHUS ero 3acjyr B
3TOH O06JacTH MaTeMaTHuecKas MoJeJb OpPOYHOBCKOrO JBHXXEHHS
6bljla Ha3sBaHa ero MMeHeM — BHHEPOBCKHH npouecc. BuHepoBckuit
npotecc — 3T0 ABHXKeHHe ¢ HeNMpepHBHOH TpaekTopHell (ero peaJiH-
3alliM HenpephBHH), HHrie HeaugdepeHuupyeMoit ¢ BepOSTHOCTHIO
1. Dro o3HauaeT, YTO MFHOBEHHYIO CKOPOCTb HeJlb3sl ONMPENEHTh HH
B OJHOH TOuUKe.

HenpepuBHne, Ho Hurie HepubdepeHuHpyeMHe (GYHKUHH GBHUIIH
H3BeCTHH 3afiofro Ao BuHepa. OJHakKo TakHe MNAaTOJOrHYecKHe
GYHKIHH paccMaTpPHBAJMCh JIHIIb KaK Kypbes. B 1806 r. 3nameHu-
THA (H3MK A. M. Asnep naxe cobupaJjicsi 10Ka3aTh, yTo Jio6as He-
npepuBHas ¢yHkuus AHdepeRuypyeMa, 3a HCKIIOYEHHEM OHITh
MOXeT HEeCKOJIbKHX H30JHPOBaHHHX Touek. [IoHATHe (QYHKUHH cTa-
JIO B 3HaYHTEJbHOH cTenmeHH GoJiee OGIIHM B pe3yJbTaTe HCCAEIO-
BaHui mo psgam Pypbe, npoBemeHHHXx B. Boasyano (1834 r.),
B. Pumanom (1854 r.) u K. Beiepurpaccon (1872 r.). B 1875 r.
11. [ro6ya-Peiimon BniepBHe ONy6AHKOBal NpHMep HeNpepHBHOM,
HO HHrjle Heauddepennupyemol ¢yHkuun Befiepmrpacca. MHorue
BH/IAIOIIHECsT MAaTEMaTHKH BCTPETHJIH 3TH HOBOBBeAEHHS 6e3 60Jib-



woro 3Hry3uasma. Kak cuuran Ilyankape (Science et Méthode,
1909. [Mmeercs mepesoa: cM. «Hayka u Meron» B kuure Ilyan-
kape Anpu. O nayke.— M.: Hayka, 1983.]): «Hekorna npu Haxox-
JeHHH HOBBIX (YHKUHH HMejach B BHIY KaKas-HHOYAb NpaKTHYe-
ckas uelb. Tenepp ¢yHKIHH H306peraloTcst crnenuajbHO IS TOTrO,
4yTOOH OGHApYyXHTb HEJOCTATOYHOCTb pacCyXAeHHH HaUIMX OTIOB,
HHKaKOTO WHOrO BHBOJA4, KPOMeE 3TOr0, M3 HHX HeJb3sl H3BJeUb.
. 3pmur B nucbme x T. CTusrTeecy BHCKAa3HBAJCA aHaJOTHUYHHM
ob6pasoM: «jl B yXace OTBOpayHBalOCh OT 3TON CTPAIUHO# YYMH:
(yHKUHH, He HMEIOIIHX NPOH3BOAHHX». BHHepoBCcKHi mpouece, Ove-
BH/IHO, ONpOBepraJ NpHBeleHHHe BHIlle OGBHHEHHS, TaK KaK HHKTO
He MOT yTBepXJAaTb, YTO GPOYHOBCKOe IBHKeHHE BBEIEHO JIHIIb AJNS
NpHAYMHBaHHs NAaTOJOTHYecKHX KOHTprnpuMmepoB. MHccienoBauus,
npoBelleHHble B XX Beke, cO Bcell OYEBHAHOCTBHIO II0Ka3aJH, YTO
Cpeln HenpephiBHHX O¢YHKuHA HMeHHO HemuddepeHuUpyeMHe TH-
MIHYHH B TOM CMHCJ€, YTO OHH 06pa3yloT moAaBJsiomee GOJNbUIMH-
cro. (Oxtoby L. J. C. Measure and Category, Springer, New
York, 1971. [HMmeeTcst nepeoa: Okcro6u Ix. Mepa u Kareropus.—
M.: Mup, 1974.]) OzmHako MOuYTH Bce HenpepHBHHe (YHKIHH, NPH-
MeHsieMbhle B NPaKTHYECKHX NPHJIOXKeHHsX, NHpdepeHunpyeMH. Ito
HalmOMHHAeT CHTYalHIO C HppalHOHAaJbHHMH uucaamu. Hecmorps
Ha ux GOJILUIHHCTBO CPefH NeACTBHTeNbHHX uHcesn (cayyaiiHoe uHc-
JIO HppPalHOHAJBHO C BEPOATHOCTHIO 1), Ha NpakTHKe OGHYHO HC-
MOJIL3YIOTCSl palHOHAJbHHE YHCJIA.

6) Mapadoxc

Tpaextopun (peanusamun) GPOYHOBCKOTO NBHIKEHHS] HAOCTATOY-
HO HeperyJsipHH (T. e. OHM Hurje He Aup¢pepeHnupyemn). O6HUHO
JMoGYI0 HeperyJIsipHYI0O KDHBYIO TaKylo, KaK TPAaeKTOPHIO GpOYHOB-
CKOro IBHXKEHHs Ha IJIOCKOCTH, pacCMaTpPHBAIOT KaK OJHOMEpHYIO.
B To Xe BpeMst MOXHO NOKa3aTb, YTO TPaeKTOPHS GPOYHOBCKOTO
JABHXKEHHSI HA IVIOCKOCTH B [efCTBHTENbHOCTH 3alOJHSIET BCIO ILJIO-
CKOCTh (B JI06YI0 3aJlaHHYI0 OKPECTHOCTb IPOM3BOJILHON TOYKH
TPaeKTOpHsl momafaer ¢ BeposATHocThbio 1). CaemoBaTenbHO, Tpaek-
TOPHH MOXHO paccMaTpHBAaTb H KakK ABYyMepHHe KpHBHe. Kakofi u3
NOAXON0B MPEANOoYecThb?

8) O6%wacnenue napadokca

IonsiTHe pa3MepHOCTH B OGHYHOM NOBCEIHEBHOM CMHCAE HC-
N0JIb30BaJIOCh y3Ke B Hayajle Beka. KpHBHie, MOBepXHOCTH H TeJsa
paccMaTpuBaJUCh COOTBETCTBEHHO KaK OJHOMeEpHHIE, NBYMEDHHE H
TpexMepHHe 06beKTH. OGHYHO roBOpST, YTO (Hrypa HMeeT pazmep-
HOCTL k, eC/H AN «XapaKTepH3alHH» Touek (GHUIypH HEOBXOLHMO



k napamerpoB (xoopanHaT). Hcnmoab3ys HHTYHTHBHHE HIEH
INyankape, JI. 3. . bpaysp B 1913 r. onpenesua TONOJOTHYECKYIO
pa3mepHocTb. [lo3nnee, B 1922 r., K. Meneep u I1. C. ¥peicoH, pa-
60Tasi He3aBHCHMO, TaKXe NpPHULIH K 3TOMy noHsATH0. ([lasnbHef-
IIHe JeTasu cM. B KHHre I'ypeBuua u BoamsHa.) B cuny onpegene-
HHS TOMOJIOTHYECKOH pa3MepHOCTH OpOYHOBCKOe IBHKEHHE OJHO-
mepHo. C gpyro#t croponn, B 1919 r. @. Xaycdopd BBen caepyio-
Iiee MOHSITHE Pa3MEePHOCTH, B COOTBETCTBHH C KOTOPHIM GpOYHOBCKOE
IBHXKeHHe AByMepHO. B d-MepHOM eBKJHIOBOM IPOCTPaHCTBE 06BEM
elHHHYHOro mapa paseH v(d) =T(1/2)¢/T'(1+d/2), roe T o6o-
3Hayaer OOH4HYI0 raMma-gpyHkuuio (cM. «O6o3HaueHHsI» B KOHIe
KHHTH). DTO BHpaxeHHe HMeeT CMHCI M JAs Heuedux d = 0.
ITycTb B n-MepHOM eBKJHIOBOM NPOCTPAHCTBE B3SITO MHOXecTBO E,
KOTOpOe MOKPHBaeTCs KOHEYHHIM YHCJIOM f-MEPHBIX LIAapOB C pa-

nMycaMHu ry, ry, ... . Torma d-mepa Xaycmopdpa MHoxecTBa E
paBHa

lim inf ; v(d)re.

r-»oo f‘<f

A. Becukosuu nokasas, uTo Bcerfa cyumectsyer (AeACTBHTENbHOE)
yHcao D Takoe, uto ecau d << D, to d-mepa mHoxectsa E Gecko-
HeuHa, Ho B cayuae d > D oHa paBHa 0. dto uncio D HaswBaercs
pa3MepHocTbio Xaycmopda uau Xaycaopda — BecukoBuua MHOXKe-
crBa E. Ilpu takoM onpejelleHHH 3HaYeHHe pa3MEPHOCTH HeoOsi3a-
TeJbHO GyleT meanM uuciaoM. Hanpumep, o6e koopauHaTH 6poy-
HOBCKOTO [BHXEHHS Ha MJOCKOCTH Kak (yHKuuH BpemeHH (T. e.
KpPHUBHE «OJIHOMEPHOTO GPOYHOBCKOTO JABHXKEHHS») HMEIOT pasMep-
Hoctb Xaycnopda 3/2. CaenoBaTelbHO, 3TH KpDHBHE HAXOASTCS
rae-T0 MeXJy «HACTOSLIHMH» KPHBHMH H «HACTOSIIIUMH® NOBEPXHO-
CTAMH. PasMepHocTb KpHBO/i GPOYHOBCKONO ABHKEHHS Ha IJIOCKO-
CTH paBHa 2, KaK H Y «HACTOSIIHX» NOBepxHOCcTed.

2) 3ameuanusn

(i) 3a mocnemHue HeckoabKO JieT ONMyGJIHKOBAHO MHOro paGoT
0 durypax, y KOTOpPHX TOMOJOTrHYECKAs pa3MepHOCTb OTIHYAETCS OT
pasamepHocTH Xaycmopda. 5. ManBeasbpoir Ha3Bal HX ¢paxraia-
mu. Ppakralb, HaNnpHMEp, BHHEPOBCKHE MPOIECCH, HIPAIOT BaXHYIO
pOJIb MpH ONMHCAHHH HENpPaBHJBLHHX (DHIYyp, BCTpeYalOLIMXCH B MPH-
polie. XOTs eBKNHIOBa JHHHS—3To «OyKBa», KOTOpasi HauboJee
yacTo ynorpeGisiercs NpPH ONHCAHHH NPHPOAHHX OGHEKTOB Mpa-
BWIbHOH ()OPMH, B ciyyae HenpaBHJbHEX (GopM (061aKa, MOpCKoe
noGepexbe) B 3TOM POJH BHCTyNaeT BHHepOBCKHE mpoumecc. B meit-
CTBHTEJbHOCTH HM <«HACTOSIIIHE» JHHHH (KOTOphie MOXHO MPOXOJ-
KaTb TOJbKO B AJHHY), HH <«HacTOSIIHe» BHHEPOBCKHE MPOLECCH



(uurae HemH(depeHIHPYeMble) He CYLIECTBYIOT B NPHPOAE, HO C HX
TOMOLIbI0O MOXKHO NMOJNYYHTb KOBOJBHO XOpollee ONMHCAaHHE «HACTOs-
mux» 00beKToB. PpaKTashl MO-HOBOMY OCBETHJM 3HAaMEeHHTHIi na-
pagokc Oabepca. B cOOTBETCTBHH C 3THM NapafOKCOM He NMOHSITHO,
noyeMy HOYbIO He60 He OCBellEHO DaBHOMEPHO, B TO BpeMsl Kak
paBHOMEPHO pacnpefesieHHe 3Be3sl Bo BcesnenHnoil. (CM. kHury MaH-
Ienb6pofita.)

(ii) Mangeab6pofit B cBOefi KHHre yNOMUHAeT M JApYrHe INOHS-
THSl pa3MepHOCTH, HampHMep, pa3MepHocTb Pypse. Ilo nosony aij-
re6panyeckofi pa3sMepHOCTH cM. cTaTbio Cexes.

(iii) HeperynsipHocTh BHHepOBCKOro mpolecca NpHBeJa K pas-
BHTHIO HOBOro HanpaBJIeHHs Ha CTHKE TEOPHH BeposiTHOcTell M aHa-
JIH3a — TEODHH CTOXacTHUeCKHX JHAH¢depeHIHANbHHX YypaBHEHHH.
B paMkax 3TOfi TEOpHH MOJYUYEHH DPe3yJbTaTH, 3HAUHTEJNbHO OTJIH-
yalpomuecss or ¢axkToB H3 0OhIYHOrO AubdepeHIHAIbHOTO H HHTEr-
panbHoro HcuHcaeHn#i. Hanpumep, ecnn ¢yukuus f(t) muddepen-
IHpyeMa, TO

1

1
S f@)df ()= S Fe Fiey dt = f’<')_;f’(°) ,

0 0

B TeopHH CTOXaCTHYECKHX MHTErpajioB 3TO BHpPAaXKeHHEe TOXKe HMeeT
cMHICJ, ecan Aaxe f(f) — (uurme HenuddepeHUHpyeMbf) BHHEPOB-
ckuit mponecc. Ho 3Hauenne uHTerpasa 6ylder MeHbllle, YeM B IpH-
BeJleHHOM BHIlle (MpH HaJHYHH NMPOH3BOAHOMA) cayuae. PasHocTb B
TOYHOCTH paBHa /2.
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4. NapanoKkc BpeMeHHU OXUAAHHUSA
(Xoast nu asTobychbl yawe B obpatHOM HanpaBneHuu?)

a) Hcropus napadokca

XoTs COBpeMeHHas TEXHOJIOTHSI NOCTOSTHHO YMEHBIIAeT INOTepH
Ha BpeMs OXHJaHHS, OHH BCe ellle CYLIECTBYIOT H BO MHOTOM OIpe-
AeJSIOT Hallly NOBCEAHEBHYIO HEPBO3HOCTb. [103TOMY 3a MOMHITKaMH
MaTeMaTHKOB M HHXKEHEPOB COKPATHTb BpEMsI OXHIAHUS CAERAT C
6oabuminM HHTepecoM. A. Fpaane HccaegoBan NpobaeMy BpeMeHH
OXHJaHus AAs TedeoHHHXx craHuuh (cM. I/6, 3ameuanne (iii)).
B 30-e rosn Hamero Beka B. Peasep BBesq NOHATHE NMPOLECCOB T'H-
6eJu W pa3MHOXKEHHS, YTO NPHAAJO HOBHIN HMIYJbC MaTeMaTHYe-
CKOMY aHaJH3y BpeM€HH OXHIAHHS M BO MHOTOM CNOCOGCTBOBaJIO
BO3HHKHOBEHHIO TEODHH HCCJefOBaHHS onepauuii. Usyuenue cucrem
C ouepelsIMH NPEeBPaTHJIOCh B HE3aBHCHMYIO 06JaCTb HayKH Ha rpa-
HHIle MeXJAy TeopHeR BepOSTHOCTefl H HCCJIeAOBaHHEM OmepalHi.

6) Ilapadokc

Ha aBTOOycHBIX OCTaHOBKax OGHIYHO YKa3hIBaeTCs HHTepBaJ
JBHXKeHHs aBTOGyca, T. €. cpefiHee BpeMsi MeXXAy AByMS NOCJel0Ba-
TeJbHHIMH NPHOHTHSIMH aBTOGycoB. [IpeAnooXKHM, 4YTO Ha HEKOTO-
pofi aBTOGYCHON OCTaHOBKE HHTEpBaJ ABHXKEHHS cocTaBjsieT 10 MHH.
Toraa ecrecTBeHHO CUMTaTh, YTO JIIOAH XAYT aBTOOyC B CpelHeM
5 MuH. OIHAaKO OKa3HBAeTcs, YTO cCpelHee BpeMsl OXKHAAHHS MOXKeT
He TOJIBKO NpEeBOCXOAHTb 5 MHH, HO H OHTb GeckoHeyHHM! (OmblT
MOKa3hIBAeT, YTO B MOBCEJHEBHON XXM3HH CHTyalHsi He CTOJb 6e3-
HaJleXKHa.)

8) Ob6wacrenue napadoxca

Ecan 6m aBTO6ycH NpPHXOAHJAH Ha aBTOOYCHYIO OCTaHOBKY He
TOJILKO B CpefHEeM, HO B TOYHOCTH Kaxznle 10 MHH, TO cpeJlHee Bpe-
Msl OXHJaHHS B AeHCTBHTEJbHOCTH paBHAJOCh 5 MHH. OfHaKO Ha
caMoM Jejie aBTOGYCH XOASIT «MapTHSMH® (32 HCKJIOYEHHEM CJY-
yasi, KOrja Mbl HaxXoJHMCsi HeZasJeKo OT aBTOOYCHOA CTaHLHH, OT-
Kyfa aBtobych ornpabjsiorcs). CieloBaTesqbHO, BpeMsi OXHAAHHS
HMeeT GoJsbIIOH pa3Gpoc OTHOCHTENBHO cpefHero 3HaueHus. [Ipex-
MOJIOXKHM, 4YTO HHTEpPBaJh BpEMEHH MeXAy MocJel0BaTeJbHEMH
NPHOHTHSMH aBTOGYCOB SBJISIOTCS He3aBHCHMBEIMH OJHHAaKOBO pac-
npefleleHHHIMH CayuafiHHMH BeJHUHHAMH C MaTeMaTHYECKHM OXH-
NaHHEM m H CTaHZAPTHHIM OTKJOHeHHeM s. TOra MOXKHO IOKa3aTb,
4TO CpefiHee BpeMsi OXHAaHus paBHo T = (m2?- s?)/2m. Ilycrb
F(t) — pynkuns pacnpenenenuss u f(f) — IJOTHOCTb BepOATHOCTH
IJ1s1 HHTEpBAJIOB BPEMEHH MeXIy MOCJAeROBaTeIbHHIMH MPHOHTHAMH
aBTOGycoB. (Cefiyac MH NpPEANOJOXKHIH CYIIECTBOBaHHE MJOTHOCTH



BEpOSITHOCTH, OJHAKO OT 3TOTO YCJOBHS 1E€HOH HEKOTOPHIX H3MeHe-
HHH B pacCyXAeHHsX MOXHO oOTka3aTtbcs.) IlycTh BpeMs ¢ usme-
psieTcsi OT MOMeHTa OTNpaBJIeHHsl MNocJeJHero aBTofyca mepej Ha-
IIHM NpHXOAOM. Toraa mJIOTHOCTb BEPOSITHOCTH JJISl CJyYailHOro HH-
TepBaJla BPeMEHH 0O NpHORITHS cJiefyiollero aBTobyca paBHseTCS
He f(¢), a Apyro#i ¢yHKuMH, NponopuHoHaJbHO#H {f (1), T. e. tf(t)/m,
TaK Kak BEepPOSTHOCTb HAllero IOSIBJEHHs B Te€UEeHHE HEKOTOPOro HH-
TepBaJa BpPEMEeHH NpPONMOpLHOHaJbHa ero AauHe f. Takum o6pasom,
cpelHee BpeMs OXHAaHus1 T BHUHCJseTCS N0 ¢dopMyJe
1 d 2 | 52
m 8
T=5q | PO d =20
0

(IlnoTHOCTb BEPOSITHOCTH MJs1 Halllero BpeMeHH OXHIAaHHs paBHA
(1—F(t))/m.) CnenoBarensHo, T =m/2 ToNbKO B cayuae s =0,
HO ecJH § == 00, T0 U T =oco. DTH KpalfiHHe cJyuaH, Ge3yCJOBHO,
JaJeKH OT peaJbHOCTH. B JeHCTBHTEJbHOCTH HHTEpBAaJhl MEXIY
NpHOHITHAMH aBTOOYCOB HMEIOT NOYTH NOKa3aTeabHOe («6e3Bo3pa-
CTHOE») pacnpefeleHHe ¢ HEKOTOPHIM napamerpoM A. Torma m =
=s=1/A, T. e. T=m. D10 03HauaeT, YTO €CJH YacCTOTa HBHNKe-
HHs1 cocTaBasier 10 MHH, TO cpellHee BpeMsl OXHAAHHS TaKxke PaBHO
10 muH, a He 5 MHH.

OBpHCTHYECKOE OObSICHEHHE 3TOr0 IapaaoKkca AOBOJBHO IPOCTO.
Korza KT0-TO NpHXOJHT Ha aBTOGYCHYIO OCTaHOBKY B CJyuaHHHIH
MOMEHT BpPEMEHH, TO HMeeT O6oJbliHe IIaHCH XJaThb JoJaro. Ero
BpeMs OXHJaHHsl GyleT KOPOTKHM, eC/IH OH NoNajaeT Ha aBToOyC
H3 <«NapTHH», HO aBTOGYCH B <«NapTHH» NPHOLIBAIOT uepe3 MaJhle
HHTEpBaJbl, IO3TOMY LIAHCOB YCNeTh Ha OJHH M3 HHX HeMmHoro. Cuae-
J0BaTeNbHO, eCIH HHTEPBaJhl BPEMEHH MEXAY IOC/eJOBaTeJIbHRIMH
NPHOHTHAMH aBTOOYCOB HMEIOT GOJBIIYI0 AMCIEPCHIO, TO JHIIb He-
MHorve Jtoau OyAyT XAaTh MaJjo, a OOJBIIHHCTBO — B TeueHHe
HOJroro BpeMeHH. JTO 03HAuaeT, YTo cpelHee BpeMsi OXHAaHHs T
BEJTHKO.

2) 3amewanusn

(i) ¥ Hac uacTo BO3HMKaeT HJUIIO3MSA, YTO KyJAa OH HaM He Hajo
6ulyI0 exaTh, aBTOOYCH H TPaMBaH Yallle HAYT B NPOTHBONOJOXHOM
HanpasJ/ieHHH. B AefiCTBHTEJbHOCTH 3TO, €CTECTBEHHO, HEBO3MOXHO:
O6pbsicHeHHe OYeHb NpocToe. MH BHIHM TOJbKO OZHH aBTOGyC (Ha
KOTOPHH MH CeJH), eAYLIHH B HY>KHOM HaM HamnpaBJeHHH, H B TO
3Ke BpeMs MOJOXHTeJNbHa BepOSITHOCTb TOrO, YTO, MOKAa MBI XKAEM,
B IPOTHBOINOJIOXHYI0O CTOPOHY NPOHAYT ABa HJIH TPH aBToOyca. Mx
MaTeMaTHYeCKOe OXHJIaHHe PaBHO

m2 + s3
2m

1 s?
im=g+ 5



yro MAeHCTBHTENbHO GoJsblie 1/2, ecau s mnosoxureabHo. Otciona
BHITEKaeT aCHMMETpHs MeXJy ABYMs HanpaejaeHHsiMH. QJHako Ha
caMoM Jeje 3To He Tak. CHMMeTpusi MeXJy ABYMsl HanpaBJeHHSMH
3aKJI0Yaercs B TOM, YTO BepOSITHOCTb TOrO, YTO HH OJHH aBTOOYC
He Npoeler B NPOTHBONOJOXHOM HAalpaBJjeHHH, NMOKa MH XIeM
cBOH aBTOG6YyC, B TOUHOCTH paBHa 1/2 (HO ecau OoAHH aBTOGYyC NpOH-
ILeT B IPOTHBONOJIOXXHOM HampaBJIeHHH, TO MOTYT INDOHTH H He-
CKOJIbKO, II03TOMY BO3MOKHO, YTO MaTeMaTHuYecKOe OXHJaHHe GyneT
Kak yroaHo Oosblium). Ilycte pr 0603Hauyaer BepOSITHOCTb TOTO,
4TO, NI0Ka MH 2KJeM, POBHO £ aBTO6YCOB NPOHAYT B NPOTHBONOJOXK-
HOM HamnpaBJieHHH. EcJH HHTepBaJH MeXIy NOC/Jel0BaTe/IbHRIMH
NpHOGHITHSMH aBTOOYCOB HMeIOT NOKa3aTeJbHOe paclpellelicHHe, TO

Pk=(%)k+l;

B Clyuae paBHOMEpPHOro pacnpenesieHdss Ha HHTepBase (0, 1)
uMeeM

1 2 1
pn=4(gror —wro T ErE)

rie k=1, 2, ... (po Bceraa paBHO 1/2, KaK MH yXe OTMeyaJH).

(ii) B ToM cayuae, Korja 4HcJO aBTOGYCOB Ha JIHHHH BeJIHKO,
aBTOGycHOe OOC/TyXHBaHHe MOXHO cleJaTb G6oJee YCTOHUYHBLIM,
eC/JH pa3pelluTh aBTOGycaM [OJibllle CTOSITb Ha OCTaHOBKax. B pe-
3yJbTaTe BpeMs OXHAaHHs OyZAer cokpalieHo. (B neficTBHTeJbHO-
CTH 51 HHUKOTJa He BHIeJ aBTOGYCOB, OXKHMIAIOUIMX KOT'O-TO Ha OCTa-
HOBKax, YyTOGH cleJaTh JABHXeHHe O6osee ycToiluuBuM. C apyroi
CTOPOHH, HHOTAA 3aflepXKHBAIOT JHQPTH C TeM, YTOOH NOAOKIAAThb
JIIOfleH, KOTOpHE CKOpO NMOAOHAYT. B pesyJbTare ABHXKeHHe JH(PTOB
3aMejJisieTcsl, HO BMeCTe C TeM YMeHbllaeTcs cpelHee BpEMs OXH-
nanusl) Ilycetsb ¢, fp, ¢3, ... 0603HaUaIOT MOMEHTH BpeMeHH, KOTAa
aBTOGYCH NPHOHBAIOT Ha HEKOTOPYIO OCTaHOBKY. [Tosoxum X; = ¢,
Xi=ti—t, (i=2, 3,...). Eciu F— byHkuus pacnpeaeieHusi
KaXxJio#l H3 cJyuaiiHHX BesauuuH X, X», ..., TO, KaK y»Ke 0TMeuaJoch,
MJIOTHOCTb BePOSITHOCTH BesqHYHHH X; paBHa [l — F(f)]/m u mare-
MaTHYeckoe oxufaaHue T = (m?- s?)/2m. 3aMmeldJsieHHe IBHXKeHHS
O3HayaeT, YTO BeJHYHHH X; BO3pacTalOT H CTAHOBSTCS PaBHEIMH
Xi+g(X)) (i=2, 3,...), rie g—HeoTpHuaTeJbHass QYHKIHs.
MoxHo noKa3aTh, YTO BpeMsi OXHIAHHsS YMEHBIUMTCS B Hau6oJb-
uiell cTeneHH, ecJH, BH6Hpasi Cpefid HHTerpupyeMuXx QyHKUHHA, B3SATh
¢yskuuo g(x) =max(0,(c—x)), rie ¢— eAUHCTBEHHOE pelleHHe
ypaBHeHHsI

CcE (X) + S (c — %) F (x) dx = E (X)/2
]



(3mecp X — cnydyafiHasi BeJIMUYHHa, HMeIOILAs TO XKe paclnpejesieHue,
uyro u Xo, X, ... ). Hanpumep, eciu X uMeer nmokasaTesbHOE pac-
npejesieHue, TouHee, ecnu F(x)=1—e* (x > 0), To 1 MaTeMaTH-
yecKoe OXHJaHHe, H JHCIepCHs BpeMeHH oXuiaHus paBHH 1. Ilpu
BuGope onrtuMalbHOR ¢yHKuMH g (x) =max(0,(0.901 —x)) (c
TOYHOCTbIO A0 TPeX 3HAKOB IOCJe 3alsiTol) MaTeMaTHYeCKOe OXKH-
JlaHue BpeMeHH oXHaaHus craHer paBHhM 0.901 (u Aucnepcus —
0.691).

(iii) Caepylomuii mapaJokc TakxKe CBSi3aH C JABHXKEHHEM TpaHC-
nopra. (I'. Lllsi npuBjex Moe BHHMaHHe K 3TOH npobGieme Iocie
MOero BHCTYIJIeHHs B MaccauyceTCKOM TEXHOJIOTHYECKOM HHCTHTYyTe
B 1983 r.) Cyrb nmapajnokca B cjleayiolieM: HeBepHO NpeAcTaBJeHHE
O TOM, YTO Y€M BHIILIE CKOPOCTb MallHH, TeM GoJiblliee HX YHCJO MPO-
e3XaeT Ha 3ejleHHH CBeT, Tak Kak NpH 6ojee BBICOKOH CKOPOCTH . BO-
JAUTeNH JOJIKHH COXPaHATb M OOJbllee PacCTOSIHHE MeXAy MalllH-
HaMH. [Ins Hax0X/AeHHS ONTHMAaJbHOM CKOPOCTH HauHEM CO CJeAyIo-
me#t Mojenu. IIpeAmosoKHM, YTO MAIUHHH ABHXKYTCS C OJHHAKO-
BHMH CKOPOCTAMH U; NyCThb X; o6osHauaer (cayuaiiHoe) BpeMsi
MexJAy HauaJoM ABHXKeHHus [-d u (i -4 1)-i mawuHn. Beanuunn X;
HE3aBHCHMH H OJHHAKOBO pacnpefeseHbl (s MPOCTOTH NpeinoJo-
JKHM, YTO HX pacnpejie/leHHe NOKa3aTeJbHO ¢ napaMeTpoM A > 0).
Mamuun npoesXalor cBerodOp C HHTepBajJaMH BpeMeHH Y,
Y,, ..., KoTOpHIe, BooOlLle roBops, He paBHH Xj, Xo, ..., TaK Kak
MallHHH JOJKHH ABHraTbCsl APYr 3a APYroM Ha HEKOTOPOM pac-
crosnuu. [lyers I; oGosHauaer MJHHY i-r0 aBTOMOGMJIA H Qi —
yMeHbllleHHe CKODOCTH IIpH TOPMOXKEHHH; BeJHUHHH [; U 4, KakK
NpaBHJIO, 3aBHCHMBE, HO MH MpeANoJIoXHM, 4To Bektopa (l; ai),
i=1, 2, ..., He3aBHCHMH H OJHHAKOBO pacrpefeNeHH. TOpMO3HOe
paccTosinHe paBHO v2/2a;, cllelOBaTeNbHO, MAlIMHLL JOJXKHE CJel0-
BaTb APYr 3a ApyroM Ha paccrosHuu [;+ v?/2a;. Bpems Mexay
npoes3aom nepso#t U (n -+ 1)-i MalIMHaMK paBHO

n n n—1
[gl Yi= max{ i;] X(, Z Yi + Zu—l }:

i=1
rae

Zi=(l,+;—:[)/v.
M(t)=max{n: ,2, Yl-<t},

TO YHCJIO MalIHH, KOTOpPhie MOTYT MPOCKOYHTh Ha 3eJeHHl cBeT 3a
Bpems ot ¢ Ao (¢ + k) paBHo M(f+ k) — M(f). UsBecTHO (H3 Teo-

Ecau



pHH ouepefief), UTO
E(z)™', ecmn E(X)<E(Z))
lim -Mt(—l)—= (3TO COOTBETCTBYET ABHXKEHHIO B 4acChl MHK),
e VE@X)™", ecan E(X)> E(Z).

[lycte ¢ — cayualiHoe BpeMst BHYTpH HHTepBaja [0, T]. Toraa cpea-
Hee YHCJIO MalIHH, MPOEe3XKAIOIHX Ha 3eJeHHH CBET, BRIUHCIsETCS
no ¢opmyJe

T 1 T+h h
%S[M(t+h)—M(t)]dt=—T~[ { mwyar —SM(t)dt]=
0

0 T
=hmin{E(Z,)"1, E(X,)_'}+o(1), ecad T —» oo;

(o(1) obosnauaer BeauuHHy, ctpemsiuyiocst k 0 npu T— o0.) Cie-
J0BaTeJbHO, HIleM MAaKCHMYM BeJHUHHH

min {A, [E (,)/v+ E (a7") v/2] '}
KaK QYHKIHMH OT U. Bropo#t unen MaKCHMaJleH pH v ==
= \RE(YE@ET).
0) Jlureparypa

Fapxues A. I'. MUHMMH3aUMS CPeJHEro BpeMeHH OXHIAHHA B CHCTEMax C
PeKypPeHTHHM o6cayxuBanHeM. — Bectuuk MIY, cep. 1, Ne 3, 1980 c. 19—24.

Kleinrock L. Queuing Systems, Wiley, New York, 1975. [Umeercs nepepoa:
Kneitnpok JI. Briunc/uTeNbHHE CHCTEMH ¢ OdepeAsMu. — M.: Mup, 1979.]

Takdcs L. Introduction to the Theory of Queues, Oxford Univ. Press, New
York, 1962.

5. Mapagokc cnyuaitHbix 6nyxkaaHui

a) Hcropus napadokca

[Ipu6aHnsutesbro 60 JeT Hasal aMepHKaHCKHI MaTeMaTHK BeH-
repckoro npoHcxoxaeHus Haucoposc Iloda, nporynuBasick B mapke,
O6BIYHO BCTpedaJsics ¢ OAHOH H Toll Xe mapoil. B To Bpems oH He
0CO3HaBaJl, HACKOJILKO CJIyuaHHH OBIJIH 5TH BCTPEYH, T. €. HaCKOJbKO
Masa OnJia HX BEpOSITHOCTb. Bekope mocie 3TOro OH BHYMCAHJ Be-
POSITHOCTBL BCTPEY B MOJEJH, KOrAa 2 yeNoBeKa caydadHo 6JyXKAaoT
N0 KBafipaTHOH pelleTKe HE3aBHCHMO JAPYT OT Apyra (B KaxKIOM
y3Jie pELIeTKH BepPOsSTHOCTb BhI6Opa JI060r0 M3 YETHpeX BO3MOXK-
HBIX HampaBJieHHH ojHa M Ta xe). Ilofia ycraHOBHJ, 4TO BepoST-
HocTb BeTpeuH paBHa 1. (CuefpoBaresbHO, ec/iH BpeMst GayXKIaHHs
He OTPaHHYeHO, TO JIIOJH MOTYT BCTPETHTbCS] 6ECKOHEYHOe YHCJO pa3
C BEpPOSATHOCTBIO 1.) OfHako B ciayuyae KyGHYECKOH pPELIETKH Bepo-



SITHOCTb BCTPEYH CTpPOro MeHbllle 1 (MOSTOMY BepOSTHOCTb Gecko-
HEeyHoro uHcja BCTpeu Tenepb paBHa 0). M3 storo mHTepecHoro or-
KpHTHS 32 mocJefHHe 60 Jer B TeOPHH BEPOATHOCTEN Pa3BHJIOCH
COBEpIIEHHO HOBOE HamnpaBieHHe. Ero H3J0XeHHIO MOCBsileHa Xo-
pouiast kiura @. Cnuyepa, BHllleqmas B 1964 r.

6) Iapadoxkc

U3 teopeMn [Ilofia BHTeKaeT, 4YTO, paccMaTpHBasi cJayyafiHoe
6nyxIaHHe MO HeJHIM TOYKaM Ha NpsMoi ¢ HauasoMm B 0 M ABHXKe-
HHeM 33 OJHH llIar BIIPAaBO HJIH BJEBO Ha | ¢ paBHHIMH BepOsTHO-
cTaMH !/2 (He3aBHCHMO OT NpEABAYIIHX LIarOB), MH GyaeM BO3-
BpamaTthbcsi B 0 ¢ BepositHocThio 1. Bo3HuKaer BOmpoc: CKOJIBKO pa3
Jo (nepBoro) Bo3BpallleHHs B 0 MH 6GyleM NpPOXOAHTH uepe3 (HHK-
CHpPOBaHHOe Iesoe 4HCJ0o kP EcrecTBEHHO NpeANoNOXHTb, UTO, UeM
Gosblie |k|, T. e. ueM JaJbllle cayuafiHoe 6ayXKAaHHe YXORHT OT 0,
TeM pexe B cpelHeM 3TO G6yJleT NPOHCXOAHMTb. YAHBHTEJNbHO, HO
cayuafiHoe 6JyXJaHHe [0 mepBoro Bo3BpauleHus B 0 Gymer Bcerna
NPOXOAHTb Yepe3 k B cpelHeM OJHO W TO e KOJHUYECTBO pas, a
HMEHHO OJIHH, KaK GHl HH GHUIO BelHKO |R|.

8) Ob6%wacuenue napadokca

IMapagokc MOXHO pa3bACHUTH OueHb npocto. CpelHee YHCIO
1Iaros, Heo6XOAHMBIX AJs1 Bo3BpalleHHst B 0 (T. e. MaTeMaTHUeCKoe
OXHJlaHHE BpeMeHH BO3BpalleHHs]) GECKOHEYHO, CJEA0BAaTENbHO,
HMeeTCsl OCTaTOYHO BPeMeHH AJs TOro, YTOGH B CPelHEM ORHH pa3
JNocTHYb JIO6OK TOYKH Ha NpsMOf.

2) 3ameuanus

(i) TMycTb BHMOMHEHH yKa3aHHBIE BHILIE YCJIOBHS, HO Temeph Ie-
peMellleHHe BNPaBO MPOHCXOAHT HAa 2 eNMHHIH, a BJEBO Ha OJHY.
Toraa cnyuafiHoe 6JyXAaHHe HECHMMETPHUYHO, H JIEFKO BHJEThb, UTO,
HayaB JBHXeHHe H3 0, MH C MeHblIed BepOSTHOCTbIO MOMajfeM B
—1, yem B 1. YAMBUTENBHO, HO 5Ta BEPOSTHOCTb B TOUHOCTH paBHa

(1/ 5 — 1)/2, T. €. OTHOLUEHHIO 30JI0TOI'0 CEYEeHHS.

(ii) Ins npakTHKH OYeHb BaXKHH caAyuafiHbie GAYXAaHHS OHO-
(y3MOHHOrO THIA, KOTAa BEPOSITHOCTb MNEpPEMEIeHHs BJIEBO HJH
BIPaBO 3aBHCHT OT HacTosllero MecroHaxoxpaeHus (k). IlycTb pg
0603HauaeT BEPOSITHOCTb JABHIKEHHs BNpaBo H (1 — p) — BeposT-
HOCTb JIBHXXEHHA BJIeBO. [IpeAnoioXuM. uTo

p=z(1+%)

(mo kpafinefi Mepe ans Gonblinx 3HaueHu#t |k|), rae ¢— mpowus-
BoJIbHas mocrosiHHas. TIpn TakoM ciayuafiHoM GJayXXJaHHH BO3Bpa-
mende B 0 MPOHCXOAHT c BeposATHOCTBIO 1 (T. e. 6ayxnaHue



BO3BpaTHO), ecau ¢ << 1/2. Oas ¢ << —1/2 mateMaTHuecKoe OXH-
JlaHHe BpEMeHH BO3BpaleHHs KOHEYHO, cJeJOBaTeJbHO, NMapajoK-
caslbHasi CHTyallHs], KaK B cayvae ¢ == 0, He BO3HHKaeT.

(iii) HccaemoBaHus Mo cayyadHBIM GJyXKAaHHSM MOXKHO pac-
NPOCTPAaHHTh C KBAaAPAaTHHX pelIeTOK Ha 6ojee o6liHe CTPYKTYpPH,
HasnBaeMbie rpadamu. Takue 0600leHHST HMEIOT MHTEpeCHHe NpH-
JIOXKEHHs] B TEOPHH 3JeKTpHueckHx cerefl. CM. rJyGOKyl0 CTaThio
K. Hew-Buavamca, Hanucanuyo B 1959 r. MHOXKeCTBO ApPYrHX NpH-

MeHeHHH (B (QH3HKe, XHMHH M GHOJNOTHH) 06CyXAaOTcst B pabore
Beiica.

0) Jlureparypa
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6. bupesbli NapafoKc; MapTHHranbl
a) Hcropus napadokca

MartemMaTHyeckHe HCCJAENOBaHHsA, CBA3aHHHE ¢ (oHAOBOH Gup-
JKeH, HACUHTHIBAIOT NMOYTH CTOJBLKO XKe JIeT, CKOJbKO M caMa OHpxKa.
MaremaTnueckuii NOAXOA, BHAMMO, HCNONB30BAJCS yXe Ha GupxKe
I'pewiema B XVI Beke, 0HaAKO OCHOBHEE METOAH TEOPHH BEPOSTHO-
cTeH He NPHMEHSJIHCh JOBOJBbHO ROJro. XapakTepHO, UTO Aaxe B
1900 r., korna B [Tapuxe Jlyu Bawease 3amuan J0KTOPCKYIO JHC-
CepTalHIO O CBSI3H MeXAy KojeGaHHeM lieH Ha (OHIOBOH OHpXKe H
OpOYHOBCKHM JBHXKEHHeM (ellle MO TOro, KaK GPOYHOBCKHM [BHXKe-
HHEM 3aHsJINCb (PH3HKH), KOMHCCHS ¢ TPYAOM BOCIPHHHMAJa ero
MO CylecTBy HOBHe HAeu. Bamesnbe co3nas o6uyro MaTeMaTHYECKYIO
MOZiesb Ge306HAHBIX HIpP, TaK HAa3HBAEMHH MapTuxzan, KOTODHIf
nosfHee, mociae uccaeposauuft K. Buaae, I1. Jlesu, Hxc. Hyba u
JAPYTHX, CTaJ OJHHM H3 BaXKHEHIIHX CTOXaCTHYECKHX IpPOLECCOB.
ITocnenoBaTenbHoCTh cayuaitHnix BeduuuH X;, Xo, Xi, ... HasH-
BaeTcsi MapTHHTaJlOM, ecau JJis Jio60oro n ycJOBHOe MaTeMaTHuye-
CKOe OXHAaHHe DPa3HOCTH X,i1— X, («npubblIb, MOJYuYeHHas 3a

BpeMsi n») OTHOCHTeJbHO CJyd4adHHX BeJdHYHH X,, Xp-1, ... PaBHO
0 ¢ BeposiTHOCTBIO 1, T. €.

E(Xn+l — X, X, Xoots - )=0



¢ BepositHocToio 1. TlocnemoBatempHocTh X, Xz, Xs, ... siBAsieTCA
cynepmapTunzarom (WiaH cyOMapTHHraJoM), eclH yKa3aHHOe BHIIeE
MaTeMaTHYeCKOe OXHAAHHE HEMNOJOXHTEeJbHO (HJIH HeoTpHua-
TeJbHO). MapTHHraa npejcTasJsier co60i o6IYI0O MOAeab 6e306UA-
HHIX Hrp, MoOJeJb <«KOJHYECTBEHHOH CIPaBEAJHBOCTH», KOTOpas
NpUMeHHMa BO MHOTHX cJydasix, B YaCTHOCTH, NpDH aHaJH3e Mapa-
JIOKCOB, CBAI3aHHHX C (QOHAOBON OMpxKeil.

6) Iapadokc

Ecan oxupaercs, 4TO KaKHE-TO aKIUHH NPHHECYT NPHOHJbL, TO
pelleHHe 06 HX NOKYIKe KaXKeTCsl €CTECTBEHHLIM, €CJH JKe NMPUOHIIH
He 6yjer, To Hajo uXx npoaasaTh. CToOJb XKe pasyMHOH NpeacTaBis-
eTcsl MOKYNKa Ha BCe AEHbI'H aKIHH, OT KOTOPHX OXHJAaeTcsi Hau-
Gosblias HpUOHL. Bce 3T0 BepHO, HO Ha MNpaKTHKe MOCTYMAIOT
HHaue, TaK KaK XOTs Hallla OXHAaeMas MPHGHJbL MOXET BO3pacraThb
(o6wuit oxkupaeMHA Kanutaa GydeT cTPeMHTbCS K GECKOHEUHOCTH),
OJHOBpeMeHHO Hallle cocTOsiHHe Oy/lleT yGHBAaTbh JO HYJs C BepoOsT-
HocTHOCTbIO 1. Tak uro peficreoBath Ha (OHAOBOH OHpXkKe Hajo
OCTOPOXKHO: AKLUMHH, KOTOpHe OGemaiT NMpHHECTH NMPHGHJb, HHOTAA
caelyer nNpoAaTh.

8) Ob6vacnenue napadoxca

IMpeanoJoxxuM, 4To MH COGHpaeMCsl KYNHUTb aKUHH H MOMKEM BH-
6paTh cpelH k pa3qHuHHX akuuf. 3a rox i-a akuus (=1, 2, ..
..., k) yBennuuBaeT Haml KamuTaJ, KOTOpHH GBI B Hauaje roja,
B XD pa3. (Ouesnguo, X9 = —1.) a5 npOCTOTH IPeLNOJNOKHM,
4TO BeJHuHHa X() orpaHHuYeHa, XOTS OT 3TOrO YCJOBHS MOXKHO OT-
Ka3aTbCsl, eCJH HEMHOTO H3MEHHTh NPHBOAHMBIE HHIKE paccyxjie-
HusA. Cayuadinuit Bektop X = (X, ..., X(®) onuceHBaeTr KOTH-
poBKy akumii. CuutaeM, yto BekTopH X; (j=1, 2, ...), onuchiBalo-
IlHe KOTHPOBKY B j-M TOAy, HE3aBHCHMH H paclpefieeHH TaK Xe,
kak # X. [lyctb To— Haml HauaJbHHA KamuTat, H a}” O3Hayaer
BOMI0 Hallero KanHTaja, KOTOPDHH MH MOTPaTHJH Ha NOKYNKY akK-
uuii i-ro THNa B j-M roay. BemuuwHa af’>0 Moxer 3aBHCETb OT

]

cayyaiiHHX BekTopoB X, X, ..., X;—1. Bekrop al=(a§”, a}'“,

..., a{Y)) ONKCHBaeT Hally 3aKYMOYHYI0 CTPaTerHio B j-M TOMY.
k

OueBHaHo, 121 aP < 1. Uepes a;X; 0603HaUHM CHEAYIOUIYIO CYMMY:

&
() Y()
tz=:| a; X, .



C noMomipio 3Toro 0603HauYeHHs Hall OOLIHA KamHTaJ B KOHIE Nn-TO
rojfa 3amyliercs B BHAE

T"—‘—- TOH(I -I—a,X,).

MaremaTHueckoe OXHAaHHe BeJHYHHH T, OyderT HaHOOJbUIHM, €CIH
KaX/Jh# rof NoOKynaTbh Ha Bce AeHbrH HanGoJiee NPHOHJIbHEE aKIHH.
(ITpeanmonaraeM, 4yTo no KpafiHefi Mepe OAHa akuHs NMPHOHJBbHAS.)
B 3TOM ciyuae MaTeMaTHYecKOe OXHAaHHe BeJIHYHHH T, CTPEMHT-
csl K GeCKOHEUHOCTH (TaK 4YTO MBI, Kaxercsi, 6oraTeeM), H B TO XKe
BpeMs Hawl o6Gmuil kamutan T, MOXeT CTPEeMHTbCSl K HYJIO C Bepo-
atHoctbio 1l [IpoananusupyeM 3Ty mnapafoKcaJbHYI0 CHTYallHIO
nofpo6Ho. SIcHo, uTo

n
log T, —log Ty = 121 log (1 + a,X)).

[IpeanonoxuM, YT0 a; =a ecTb NOCTOSIHHHA BeKTOp (He 3aBHCH-
IIHA OT j; 3TO NpeANoOJOXeHHe JOBOJbLHO €CTECTBEHHO, TaK KaK B
HalleM cJyyae pacnpefesieHHsl KOTHPDOBOK He MeHsioTcs). Toraa
npaBasi 4acTb NPHBEAEHHOrO BHIle PABEHCTBa NPHHHMAaeT HaHGOJb-
liee 3HauyeHHe (C BepOSITHOCTbIO | NMpPH GOJNBUIHX n 3TO cJeldyeT H3
3aKOHa GOJIbIIHX YHCEN), eCJH Bennqnﬂa}' E(log(1 4+ a;X;)) Mmaxcu-

MajbHa (npu ycnoBHH, uyTo a? >0 u ), o<{1). Ilycts a* o6o-
] & y

3HayaeT CTPAaTErHio, MAKCHMH3HPYIOIIYIO [IPHBeJeHHOE BHIE PaBEH-
ctBo. [Tycrb Takxe T, u T, 0603HayalOT Haw OGIUMA KaNHTal, eCaH
MH BHGEPEM COOTBETCTBEHHO CTPATErHIO a* WJIH MPOH3BOJbLHYIO
cTparerdio a. Toria MOXHO [OKa3aTh, 4YTO MNOCJAEAOBATEJbHOCTb
T, T, (n=1, 2,...) Bcerna sBisieTcss HEOTPHLATEJbHHM Cynep-
MapTHHraJoM (Gosee TOTO, ec/H KaXjAasi KOOpAHHaTa a*?) BekTOpa
a* NOJIOXKHTEJIbHA H

k
Y av<l,
i=1

TO IOcJeloBaTeNbHOCTE Oyler MapTHHrasoMm). CjiegoBaTeNbHO, B
CHJIy OJHOH XOpOIIO M3BECTHOH TEOpeMHl H3 TEOPHH MapTHHIaJoB
HoJy4aeM, YTO Npeaen

limT /T.=T

n->o0 n/ n
BCeria CYIIECTBYET C BEpOSITHOCTBbIO | H €ro MakKCHMaJibHOe MaTeMa-
THYeCKOe OXHJaHHWe paBHO 1. Hrak, a* sasjisgerca onTHMaJbHOH
CTpaTerdefl (B 3TOM CMHCJE) Ha AOJNrOCPOYHHHA mnepHol. Takum
006pa3oM, ynoGHee MAaKCHMH3HDOBAaTb MaTeMaTHYECKOe OXHIaHHE



BeanuuHH log T,, a He BeNHYHHH T,. IBpHCTHYeCKOe OOBICHEHHE
sToro ¢akTa AOCTAaTOYHO NPOCTO: MJs JI060H pasyMHOH cTpaTeruu
BesquunHa T, BO3pacTaeT 3KCMOHEHNMANbHO H AJAs MaKCHMH3alHH
CKOPOCTH 3TOTO pPOCTa MOXHO MaKCHMH3HDOBaTb KaK pa3 MaTeMa-
THYeCKOe OXHJAaHHe BeJHYHHH log T,

PaccMorpuM Temepb mpocTof (HO KpafiHuit) caydail. [IpeanmoJo-
JKHM, YTO MOXHO BHOHpaTb H3 akuuii AByx THnoB. IlycTh c BeposT-
Hoctblo pi; =10 9% croumocTh OGeHxX aKuMi YHBOHTCS, C BepoOsT-
HOCTBIO Poo =5 Y% o06e akuuu oGecueHSTCs, C BEPOSTHOCTBIO Pip=
=50 % cTOHMOCTb NepBofi aKUHWH YIBOHTCS H BTOpasi 06GeCUeHHTCS
H, HaKOHell, C BePOSTHOCTbIO Po; = 35 Y, NpoH30fZeT TO Ke caMoe,
HO aKUHWM MOMEHsAITCs MecTaMH. Tora mepBast akuMs NPHOHLIbHA
(c BeposTHocTeIO 60 %), a BTOpasi — y6HTOYHA (OHa MPHOHLIbHA C
BeposATHOCTbIO 45 %), OAHAaKO HMeeT CMHICT KYNHThb aKUHH OBGOHX
THIIOB, TOYHEEe KaXK[AHH roj TPaTHTb TPeThb AeHer Ha MOKYNKY aKUHH
B OTHOIIeHHH 13:4. B oblueM ciayyae pasyMHO TPaTHTb 4acTb Je-
Her, paBHYIO

P11 — Poo
P+ Poo

Ha NOKYNKY O60HX THMOB aKUWA B OTHOLIEHHH
(Pup10 — PoPw)/(P11Poy — P1oPoo)

(npennonaraeM, 4To Bce Pa3HOCTH MOJOXKHTeJbHH). XoTsi mpoGie-
MH, BO3HHKAalOl[Me B [pAKTHKe (OHAOBOH OHpKH HAMHOTO CJIOXK-
Hee, yeM MPEARAYLIHA NpHMep, MapalXOKC, KOTODHA MH paccMaTpH-
BaeM, BXOJHT B UHCJIO 3THX CJOXHHX MpoGJeM.

2) 3ameuanusn

(i) Maptunran kak cHcTeMa HMrph GHJI XOpOIIO H3BECTeH 3a-
HOJrO A0 MOsBJEHHS MaTeMaTHueckoi Teopuu maptuHrajos. ([Ipu-
BeJieM uutary u3 craten CHensa (Snell J. L. «Gambling, probabi-
lity and martingaless, The Mathematical Intelligencer, 4, 118—
124, (1982)): «OcHoBHasi wuAess MapTHHraJbHOR CHCTEMH 3aKJIO-
yaercs B YABAMBaHMH CTaBKH Npu npourpwiue, [IpeanosoxuM, gato
MH Hrpaém B PYJIETKy H Bceria cTaBuM Ha kKpacHoe. CHauasa mo-
craBum | poanap. Ecim BHHrpHBaeM, TO NpeKpamlaeM Hrpy; IpH
OpOHrpHille CTaBUM B cieAylomufi pas 2 noanapa. Ilpu BHHrpHIIe
Halll KallUTaJ yBeJMYHTCs Ha | gosnsiap, H MH IIPEKPaTHM HIpY; NpH
NpOUrpHIlle MH TepsieM yxe 14 2 =3 poanapa u craBum 4 gojna-
pa. Ilpy BHIArpHIlle Hall KamuTasd yBEeJMYHTCS Ha 1 JAoajap, H MH
NpeKpaTHM HIPY; NPH NPOHTPHILE CTaBHM B CJeLyIOLHA pa3 8 moJ-
JapoB H T. A. Ecan kojeco pyJerku xorsi 66 pas OCTaHOBHTbCH Ha
KPAaCHOM 4HCJe, TO NMPH TAaKOH MapTHHTaJbHOX CHCTEMe HIDH MH
[IOKHHEM Ka3HWHO, cTaB Ha 1 goaJyap Goraue, yeM KOria B Hero



poulid. [TOCKOJNIbKY KpacHOe B KOHIE KOHUOB JOJI)KHO MOSIBUTLCS,
Ka)xeTcsl, 4YTO 3Ta CHCTEMa rapaHTHpyer ycmex. OfHaKO MpeanoJo-
XHM, YTO MH BOLULTH B Ka3uHo co 100 mossapamu, u 6 pa3 noapsia
BHHIPHBaJO yepHoe. Torza MH mnpourpaem 2% — 1 = 63 poanapa
H He CMOXeM cAelaTh CJeAyIOUYI0 CTaBKy B HYXHOM pa3Mepe —
64 nonnapas.

B cemeiinolt xponuke «HbiokoMel» Tekkepefi 3ameuaer: «Eme
He craBuaH? U He craBbTel A ecqn yX HauHeTe, TO HHKOrAa He yi-
BaWBafTe CTABKH IPH NPOHTpHIIIE» !).

3To XOpOWIHA COBET AJS HIPOKOB, OJHAKO MATEMAaTHKH €My He
CNEeAYIOT U B HTOTe B TEODHH BepOATHOCTEH MOSIBJASIIOTCH MHOTHE
BaXKHHE De3YyJbTaTH.

(ii) Tomac I'pewem (1519—1579 rr.), ocHoBateab JIOHAOHCKOM
¢donmoBOK GHpPXKH, BHAHMO, NOTafHBAJCS, YTO MaTeMaTHKa HrpaeT
BaXHYIO pOJIb NIPH aHa/ln3e GHPXKEBHX ONMepanHii ¥ 3KOHOMHYECKOH
Xu3Hd. B saBemannu I'pelreMa comepikajcsi IJIaH CO3[4aHHS KOJ-
Jie’Ka, B KOTOPOM IIpH H3yyeHHH SKOHOMHKH MaTeMaTHKa GHJa 6bl
OJIHHM H3 OCHOBHHX IpeaAMeTOB. 'ewpu Bpuec, onyGIMKOBaBIINA B
1617 r. nepBhle Tabanun JorapupMoB, 6us npodeccopom B I'pe-
wem Kosseaxke, KOTOPHA BO MHOTHX OTHOIUEHHSX IIPENOINpeLeNHI
nosiBieHHe JIOHAOHCKOrO KOPOJIEBCKOrO O6IIECTBa.

(iii) MapTHHra/JH ¢ ycnexoM NPHUMEHSIIOTCS B FeHeTHKe, TeOpHH
NOTEHIHa/Ma, CTOXAaCTHYECKHX WHTerpajax H T. A. BHaaomuMHcs
MoHorpadusMH B 3To# o6aactu sisasiotes Tpyan K. Hese, IT. Meii-
epa, K. Xediou u I1. Xoazra.
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7. Ewie Heckonbko napagoKcos

a) ITapadoxc Haxosa u Jlasana

Cornacho 6ubaeiickoit serensie o UBakose u JlaBane, B Harpany
3a cBolo cayx6y HakoB monyuas ot JlaBaHa CKOT ¢ NSTHaMH.
XoTs1 noJs CKOTa C NMATHAMH BO BCeM craje GHJIa OueHb MaJa,
HakoB mocremeHHo pas6oraten W CTaJl HaMHoro Gorase JlapaHa.

) Tekkepeir Y. CoGpahue couuHenmt. B 12-tn Tomax. T. 8. HuiokomH.
Ku. 1. Tep. ¢ aura. P. TMomeparnepoft. — M.: «Xynox. aut.», 1978.



CylecTByeT MHOXKECTBO MHCTHUECKHX OGBSCHEHHH 3TOro mapajiokca
(oouH colepKHTCS B caMoii 6GuOJHH, 3TOH 3arajKoil 3aHHMaJICA
1 Tomac ManH), oAHaKO, KaK OJHAXAH OTMeTHN Anbppen Penbn,
B 9TOM NapajoOKCe HET HHYEro MHCTHYECKOro, €ro MOXKHO IOHSThb
HCXOAsl U3 NMPOCTHX MaTeMATHYECKHX PAacCyXIeHHH, OCHOBAHHHEIX Ha
ToM ¢akTe, uro HMakoB HuKoOrja He BO3BpamllaJ CKOTHHY JlaBaHy,
a JlaBaH Bcerna ornaBasn MakoBy yacTb CBOEro CKoTa.

O603HayHM CpeJHIOI0 YHCJAeHHOCTh cTaga HMaxoBa u crapa Jla-
BaHa B #-M TOAy COOTBeTCTBeHHO uepe3 J, u L, (B Hauane, B
0-m ropy Jo=0 u BeanunHa L, nosoxureabHa). Ilpeanonoxum,
4TO eXErofHO Yy KaXJofi OBHH poXpaerTcsi B cpefHeM U SITHAT.
ITycte g o6o3Hauaer gotio oBel B craje JlaBaHa, KOTOpYIO OH OT-
nlaer HakoBy (p = 1— g — noas, ocraomascs y JlaBana). Torapa
Loyt—Lo=UpL, u Jpy1—Jn=UJln+ UqL, caepoBareibHO,
Lo=Lo(14+Up)r u Jo=Lo(1 4 U)r— Lo(1 4 Up)®. Takum 06-

pasoM
In (-‘i"_)" —1
L, \14+Up ’

4TO CTPEMHTbCSI K GECKOHEYHOCTH C DOCTOM N, NO3TOMY AeHACTBH-
tenbHo HakoB co Bpemenem craHer Goraue JlaBana. Hampumep,
s q=10%, U=2, n=20 orHowenne ansa J./L, npu6Ju3H-
TeJBHO PaBHO 3.

6) Ilapadokc npoyeccos ¢ He3a8UCUMBIMU NPUDAULEHUAMU

Ilpouecch ¢ He3aBHCHMBIMH NpDHpDAIEHHSIMH H HX NHCKPETHHE
BapHaHTHl, YaCTHYHbHIE CYMMBl HE3aBHCHMBIX CJYYafHHX BeJHYHH,
SIBJISIIOTCA KJIaCCHYECKHMH OOGBEKTaMH HCCJEANOBAaHHS B TEODHH Be-
posithoctedi. ITycts Xi, X, ...— He3aBUCHMHe (He paBHHE TOX-
JeCTBEHHO HYJIO) cjaydyafHHe BEJIHYHHH C HYJIEBHIM MaTeMaTHue-
ckuM oxupaanueM. Torga cymMmmu S,= X, +Xo4 ... +X,, n=
=1, 2, ... KOJIEGAIOTC OKOJIO HYJS, T. €. eC/IH BeaHuHHH X; OfH-
HaKOBO pacnpefieNieHH, To (cornacHo Teopeme K. Yocyna u B. Pyx-
ca, noxaszanHof B 1951 r.)

P(lim sup S, =+ 00)=P(lim inf S,= — o0)=1.
n-»oo n-»oo

OaHako 3TO CBOHCTBO KoJie6aHHII MOXET He BHIOJHATBCS, €C/H
cnyvafiiele BenuuuHH X; pacnpeleneHH HeoauHakoBo. Hanpumep,

nonoxum X, =Y,/\/l —i™%, rae P(Yi=ilY)=1—i? nu
P(Yi= —i+4i')=i-2 Ecid chayyafiHHe BeJHuYuHb Y; He3aBH-
CHMB, TO BeJHYHHH X; TaKXKe He3aBHCHMH H HMEIOT HYJieBOe Ma-
TeMaTHYECKOe OXHAaHMe M eJUHHUHYI0 aucnepcuio. Ilo semme
bopeas — Kanrennu, ecnu A, As, As, ...— NPOH3BOJBHHE COGHI-
THA H CyMMa HX BepOSITHOCTefl CXOZHTCS, TO C BEpPOSTHOCTBIO |



MPOHCXOAHT TOJILKO KOHEUHOe 4HCI0 cOoOmTHll Ap. CiiefoBaTesbHO,
cobntTHe Y; = —i - i~! TakXKe MPOHUCXOAMUT JHIIb KOHEYHOEe YHCJIO

Ld
.—2
pa3 (rak Kak Z]z < ©0), MO3TOMY AJs HKOCTAaTOUYHO GOJILLIHX
i=

n ¢ BeposTHOCTHIO | uMeeM Yi= i, T. e. X;=1/4/i—1. Ta-
KHM 06pasom,
P(lim S,=o0)=1.
n-»oo

8) Ilapadoxc 3abursix 20408

HBe komauaw A u B urpaiot apyr c apyrom B ¢yr6oa. Ipen-
MOJIOXXHM, YTO CHJIH KOMaHA paBHH (T. e. B JIIOGOH MOMEHT MaTua
o6e KOMaHAH 3a6HBAIOT CJEAYIOLIHA TOJ ¢ BePOATHOCTHIO 1/2).
EciM npomo/KHTENbHOCTb HHTEpBajla BpeMEHH MeXAy AByMs MO
CJIelOBATEIbHEIMH TOJIAMH [OCTOSIHHA, TO KAaXeTCH eCTEeCTBEHHHM
CYHTaTh, 4TO B TeueHHe 50 Y, HrpOBOrO0 BpeMeHH BNepeAu GHJIA
KoMaHga A u B TeueHHe Apyrux 50 % — BuurpniBasa Komanga B.
YnuBHTeNbHO, HO BEPHO KaK pa3 INPOTHBOMOJONKHOE: HaMMeHee
BeposiTeH TOT cayuaH, korga A (uau B) BemerT B Hrpe B TeueHHe
MOJIOBHHE HTPOBOTO BpeMeHH (ecsiH OGIHH cueT paBHHI, TO CUH-
TaeTcs, YTO BeJla B HIpe Ta KOMaHAa, KOTOpas BHIMTPHIBaJa mepen
nocaeAHuM rojioM). Ecau B urpe 6HJO 3a6uT0 nn =20 Msue#, TO
BEPOSITHOCTb TOro, uro nocje 10 rosos Bmepenu GHJsia Komaupga A
u mocae Apyrux 10 rosoB BHIHTpHIBajla KOMaHAa B, paBHa Bcero
JHlb 6 %. A BepOATHOCTbL TOrO, 4TO OAHA M3 KOMaHA BHHIPHIBaJa
B TeueHUe Bceft Hrphl, NpuOIH3uTeNbHO cocraBiaser 35 %. Yausu-
TeJIbHO TaKXKe, YTO BEpOSITHOCTb TOrO, YTO OJHAa M3 KOMaHJ BIle-
peau BO BpeMsl Bceft BTOpOfi MOJOBHHH Hrphl, paBHa 50 %, Hesa-
BHCHMO OT BEJIHYHHH 1.

CHuTyalus CHJIBHO HW3MEHHTCS, €CJM <«CMOCOGHOCTh 3a6HBaTh
TOJILI» Y KOMaHJ 3aBHCHT OT cueTa B urpe. [Iycts

= (1+5)

€CTb BEpPOSITHOCTb TOTO, YTO KOMaHfa A 3a6HBaer CJHeAyWOWIMEH roJ,
ecau A Bnepexu Ha k Msuelt u k% 0; po= 1/2. [Ipu Goabuux ¢
H Majaux k HepaBeHcTBa 0 << pr << | Moryr Hapymarbcs, TOrAa
nonoxuM pr = 1/2. (Eciu ¢ =0, t0o p,=1/2 ana Bcex £ U MH
NPHXOAHM K NPOCTOH MOJENH, KOTOPYI0 TOJBKO YTO paccMOTpe-
au.) Tlpu mOJOXHTeNbHHX 3Ha4YewHsAX ¢ BLHIMTPHIBAIOLIAsi KOMaHAA
HMeer GoJiblle WIaHCOB 3a6UTb caemywouu#t ron. Ecau ¢ > 1/2, To
CIIyCTS HEKOTOPOe BpeMsi ONHAa W3 KOMaHA «JOMaeTcs», T. €. NpH
GosblIOM yHcene 3aGHTHIX Msiuell TOJbKO OfHa KOMaHAa (Kakas
HMEHHO -— 3aBHCHT OT cJyuas) BmnepeAu noutu Bce 100 Y wurpoBoro



BpeMeHd. C Apyro#f CTOpOHH, NpPH OTPHLATEJbHHX 3HaYeHHAX C
NpOMIPHIBAIOMIAsl KOMaHJAa 3a6HBaeT roJs ¢ GoJibilefi BEpOATHOCTHIO.
INpu ¢ << —1/2 xon MaTya mNepeMeHYHB H HHTepeCeH: MOJOBHHA
MaTya BllepelH OAHAa KOMaHAa, BO BTOpOfi NOJIOBHHe — JpYyras
KOMaHJAa.

MoxHo nokasaTb, YTo NMpH ¢ =0 BepOATHOCTb TOTO, YTO AOJSA
WIPOBOrO BpEMEHH, B TeUeHHe KOTOPOro BHHIpHBaeT KomaHAa A,
He npephimaer x (0 << x << 1), cxopures K

F(x)=%arcsin AVx IpH n—» oo,

CooTBeTcTBYIOmAas NJOTHOCTD BepOATHOCTH Maad 0 <<x <1 ecTb
dynkuua
1
xX) = ————,
fx) ntAx(1 —x)

KOTOpasi NMpHHHMaeT HaHMeHbilee 3HaueHHe npH x = 1/2. Takum
06pa3oM, MJOTHOCTb BEPOSITHOCTH MHHHMAJbHA B TOYKE, COOTBET-
cTByOLefi TOMY, YTO A BHHTPHIBAaeT B TOYHOCTH B TeueHue 50 %
HrpoBoro BpeMmeHH. JTo 3axon apkcunyca IToas Jlesu (1939 r.).
(1 npemnonaralo, 4yto B o0uleM cJyyae IJIOTHOCTb BEPOSATHOCTH
nponopuHoHanbHa (2c 4 1)-B crenenu ¢yukuuu f(x), ecnn ¢ <
< 1/2)

Hakonen, eme OAMH YAHBHTENbHHH (aKT: mycTb B cJAydae
¢ =0 urpa 3akoHuUWJacb BHHYbIO (n:n). MH XOTHM y3HaTb, B Te-
yeHHe KaKOro BpeMeHH BHHMIPHBajJa KOMaHAa A, MU B KauecTBe
€[MHUIE BpeMeHH GepeM HHTepBaJ MeXAYy JABYMs MNOCJeAOBa-
TeJIbHHMH Trojlamu. Torja BepoOATHOCTb TOro, Yr0 A BHHrpHBaja
B TeuenHe 2k (=0, 1, 2, ..., n) eNuHHN BpeMeHH He 3aBH-
cur ot k!

(JTur.: Feller W. An Introduction to Probability Theory and its Applications,
John Wiley, New York, 1969. [Hmeercs nepesox: ®ennep B. Beenenue
BgTe(])pmo BEpOATHOCTE H ee NpHJOXKeHHA. B 2-x Tomax. — M.: Mup,
1984.

Lamperti J. “Criteria for recurrence or transience of stochastic pro-
cess 1, J. Math. Anal. Appl., 1, 314—330, (1960).)

2) Ilapadokc oxudaemozo spemenu pasoperus

Iycts A u B urpaior B opasiHky. Eciau BHnagaer rep6, 1o A
miaTut B, ecau pemka, To B nmiatutr A 1 poanap. HavanabHuit xa-
nutan y A cocrasiser 1 gosnap, y B— 999 noasnapos; OHH HTpaioT
IO TeX Nop, MOKa OAHH M3 HHX He pa3opHtca. ¥ A, KOHeuHO, 60Jb-
lIe IIaHCOB NepBOMYy ocTaThcst Ge3 AeHer. Ecau npu mepsom 6po-
CaHMH MOHeTH Bhnagaer rep6, To A yxe pasopeH. Kak 310 HH
YAMBHTEbHO, HO OXHAaeMasi NPOJOJKHTEJIbHOCTb HI'PH AOBOJBHO
BEJHKa: B CpeAHeM JHIb nocse 999 noabpachHBaHHH MOHETH OXMH



H3 HrpokoB pasopurcs. (He saBasercs Ju TaKasi NPOROJIKHTENb-
HOCTb HaMHOro 6OJibLie TOro, 4TO MH OXHJAaJu? B o6wem ciayuae
MOXHO JI0Ka3aTb, YTO ecii A HMeeT @ HOJJIapoB, H Y €ro MpOTHB-
HEKa B ectb b J0nNapoB, TO CPeAHss NPOAOJNKHTENbHOCTb HIPH
cocraBisier ab MCNHTaHHH, B YaCTHOCTH NpH a = b oXuJaeMas
MPOAOJKHTENbHOCT HIpH paBHa a2) . llrepn ucciemoBan cay-
ya#i, KOrfa MOHeTa MOXeT OHITb HeCHMMeTPHUHOH, U B 1975 .
NpHBJIEK BHHMaHHe YUeHHX K CJeAyIOlleMy YAHBHTEJbHOMY sBJIe-
HHIO (cM. Math. Mag. 48, 286—288). IIpemnosoxuHM, 4YTO NpH
KaxAoM OpOCaHHH MOHETH HIrpOK A BHHIPHIBA€T C BEPOSTHOCTHIO
p, B—c BepostHOCcTbIO 1 —p (0 << p << 1), ¥ 06a HrpoKa HMEIOT
no a RoAJapoB B Hauaje Hrpu. Kaxercs OueBHAHHM, YTO INpH
p #* 1/2 ycioBHOe MaTeMaTHUeCKOe OXHAAaHHEe NMPOAOJNKHTENbHOCTH
HIPH NPH YCJIOBHH, YTO Pa30pHJCS HIPOK A, COBepIIeHHO OTJIH-
YyaeTcsl OT YCJOBHOTO MATeMaTHYECKOrO OXHAAHHS MpPH YCJOBHH,
YTO K KOHLY HMrpH pasopuics Hrpok B. OmHako MOXHO NOKa3aTh,
YTO He3aBHCHMO OT NpeAnoJOoXeHHs, KTo uMeHHo, A wiu B, paso-
puJCs, cpeiHHe NPOJOJMHTENbHOCTH HTp, a TaKXKe HX pachnpeje-
JieHHsi coBmajalor. Jloka3areJbCTBO NpPOCTOE: BEPOATHOCTH Paso-
penus B nocae (2k 4 a)-ro ucnntaHHs 3amHUIeTCs B BHAE Porta ==
= Cp,ap*te(1—p)*k (=0, 1, 2, ...), H, aHAJIOTHYHO, BEPOSTHOCTb
pa3openuss A nocne (2k- a)-ro HCOHTaHHA paBHA opta =
= Cp,ap* (1l — p)*t3, rHEe Ck o—oOGIEee YHCIO HTP, B KOTOPHX
pOBHO k& pa3 Bmnapgan rep6 u k-4 a pa3 — pemika. [TockoJbky OT-
HOLIEHHE Pok+ta: Jor+a HE 3aBHCHT OT R, YCJOBHHE pacrpefeseHHs

p2k+a/; P2r+a H q2k+a/;.q2k+a COBNMajaloT, KakK MH Y¥XeE OTMe-
)

gyaju. OGbsACHeHHe 3TOTO SBJEHHA 3aKJaouaercs B ClelyHolleM
¢axre: npn p = 0.99 npopo/KHTeJbHAA HrPa ¢ GOJbUIOH BepOAT-
HOCTBIO 3aKOHUYHTCS pa3opeHHeM B, nostoMy oXHAaeMmas MPOMLOJ-
JKHTEJbHOCTb MIPH NPH YCJOBHH, uTO pasopuics A, Gyaer cTosb
JKe KOpDOTKO#, Kak H B CJydae, KOrJa H3BEeCTHO O pa3opeHHH B.
(Opyroe o6bsicHenne cM. B crathe Seneta E. «Another look at
independence of hitting place and time for simple random works,
Stoch. Proc. and their Appl., 10, 101—104, (1980).) Mu yxe oT-
MeyaJiH, YTO ecJM HrpokH A u B MMelOT mo a J0JJapoB H MOHeTa
CHMMeTpHYHasl, TO OXHJaeMas INPOJAOJIKHTEJIbHOCTb HIPH paBHA
a®. Ho urto npousofiier, eciH Hrpa NPOBOJAHTCA C MOMOLIbIO ABYX
pasNHuYHEX MOHET: BepOATHOCTh BHIHIrpHIIa i A, Koria 6po-
caercs nepBsasi MOHeTa, paBHa p; = 1/2 4 &, u npn 6pOCaHHH BTO-
poii MoHeTH —ps = 1/2—e (0 <<e <<1/2). IIpu kaXAOM HCIH-
TaHUH BHGOpP p; HJIH P2 HTPOKAMH CJAyYafHHM O6Pa3OM 3aBHCHT OT
Kanutana B (k=1, 2, ..., 2a— 1) urpoka A, a HMeHHO, nepel
HayaJioM HIPH KaxXAOMYy 3HAauYE€HHIO, He3aBHCHMO OJIHO OT ApYroro,
MH NpPHIHUCHIBAEM p; HJIH Py C PaBHHMH BepoATHOCTAMH. HHTYH-



TUBHO KdXKETCS, YTO 3Ta Hrpa ¢ ce ycJo:kHeHHOH ¢opMy./iHpOBKOH
NpakTHYECKH WAEHTHYHa, N0 KpalHeH Mepe npH GOJNLLIMX @, Urpe,
B KOTOPOH p, = ps=1/2 15 Bcex k (T. e. KjacCHYyecKOH wurpe,
CBSI3aHHOH ¢ OpocaHHeM MOHeTHl), TaK KaK GOJIbIIOC YIICJAO0 'JICHOR
=& npn GoNbIIKMX @ ypaBHOBelWIMBAlOT Apyr Apyra. Ho sto He Tak.
S. T'. Cunaii HelaBHO NOKa3aJ, 4TO CPEAHsAsS NPOAOJIKHTEJbHOCTDb
TaKOH YCJNOXKHEHHOH MIrpbl 3HAYUTeJbHO Bo3pacraer. [daxe Jora-
pupM cpenHero uyucaa HeoOXOAMMBIX OGpocaHHil HMeeT HOPSLOK

a (B OTJHYHe OT yNMOMHHaBLierocst Bhille a?). DTOT YAHUBUTENb-
HHH (akT MOKHO OGBSICHHTb, HcmoJb3ys 3ameuanue (i) B 1/9.
B nocsienoBaTenbHOCTH MJHHBI @, COCTOsIIEH M3 HE3aBHCHMBIX H
PaBHOBEPOSATHLIX P1 U P2, ¢ 60JbIIOH BEPOATHOCTHIO HalifieTcs cepus
H3 p; WAH p2 JJHHH loga, yTo mpubGJAHKAaeT TeKYIIHH KamnuTag
MTPOKOB K HayaJbHOMY KalHTaJy, CJAelOoBaTeJbHO, MOMEHT pa3o-
peHuss oTKnaajbiBaercsl. [Ipo6GUTbCS CKBO3b 3TH «TOJICTHIC CTEHBI»
OYeHb TPYAHO W MNOSTOMY CpejHss NpPOAOJIKHTEJNbHOCTh MIPHl BO3-
pacraer. IIpo6jeMbl nofo6HOro THna (T. e. ciyyaiiHble GJIyXKAaHUS
UpH MeHSIOWIMXCA cJaydyafiHhIM 06pa3oM YCJIOBHSIX) TECHO CBSI3aHBI
C TeopHeH cJay4yafHBIX -IOJIeH, O KOTOPOH HJAET peub B MOCJeJHEM
napajokce 3TOro pasjena.

0) Mapadokc onTumMasbHbLx NPABUA OCTAHOBKU

Mbl urpaeM B OpPJSIHKY ¢ IOMOLIbIO CHMMETPUYHOH MOHETH H

npekpaulaeM Mrpy nocjde n-ro 6pocaHus. B stom ciayuae Mbl 60
n
BLIMIPbIBaEM ——— 2" nmoanapos, JM60 He BBLIHTPHIBAEM HHYEro
B 3aBHCHMOCTH OT TOro, BCerja JM BbINajajM pEUIKH HJH HeT.
Koraa pexkoMeHnayercst octaHoBUTbesi? IlycTh [, 0Go3Hauyaer Haiu
BHIUTPHIII (32aBUCSLIHUA OT ciyyas) mocJje n-H Hrphl:
I,= n+12 uan I,=0.

IIpeanonoxkus, uto [/, 0, 3anuiieM OXHAaeMOC 3HaueHHe BBINI-
poiua {4

n41 1
Elpill,#0) =545 2"" 5,
n
n+41
Joaxkath urpy. OAHaKo BepPOSTHOCTb TOro, 4to [, =0 IpH Heko-
TOPOM (BO3MOXKHO, O6OJBLIOM) 3HaueHHH n, pasna 1. [elicrnu-
TeJbHO JIH CTOHT MrpaTh AO TeX IOp, MOKa Mbl BCce He MOTepsicM?

(JTur.: Chow Y. S, Robbins H. and Seigmund D. Great Expectations: The
Theory of Optimal Stopping, Houghton Miffin, Boston, 1971. [Mmeercs
nepepoa: Po66unc I', Curmynx ., Yao H. Teopus ontumanbhbix npa-
BuJ octaHoBKH. — M.: Hayka, 1977.]

HIupsies A. H. Cratuctuueckiil nocnefoBatenbhblit auanus. — M.: Hayka,
1976.)

KoTopoe GoJiblie, YCM

2", clenoBaTenbHO, BCErja CTOHT IIpo-



e) Ilapadokc svibopa

Ham yacro HyXHO BbI6paTh Jjydyllee (C KakKOH-TO TOYKH 3pe-
HHUSI) M3 HEKOTOpPO# COBOKYNHOCTH JIoAeH HJIH 00BbeKTOB (HampH-
Mep, NpH NOKyNKe TOBapoB HJM BbiGope 6yaymero cynpyra). Has
aHa/nH3a 3TOH npobjeMbl NPEANONOXKHM, 4TO JIIOAeH HJH OOBEKTH
MOXXHO YNOpPSIIOYHTb MO HX AOCTOMHCTBAaM, T. €. CPaBHHBasA JioGbie
JIBa M3 HMX, MOXKHO Bcerja ckasaTb, KakKOH H3 HHX Jyyme. Bn6op
Jyyllero He IpeACTaBJasieT TPyAHOCTeH, KOTrAa MBI BHIHM Bce
06bekThl. OaHaKO B GOJBLIMHCTBE CJydaeB OOBEKTB HJH JIOJAEH
paccMaTpHBalOT MNocJefoBaTeNbHO H, pa3 4TO-TO HJH KOTo-TO OT-
BEPTHYB, Mbl K 5TOMYy BEepHYTbCcs He MoxeM. B panbHefilieM 6yaeM
npeanoJarath, YTo ec/JH «KaHAKWAAT» He BHIOpaH, KOrja MNOAOILIA
ero ouepeib, TO INO3JHee MBI He MOXeM H3MEHHTb Hallle pellieHHe.
Ho u B 3ToM cayyae npoGieMa He OmHCaHa OAHO3HAaYHO. MH Mo-
JKeM JaxKe He 3HaTb OOLIEro 4yucsaa OGBEKTOB, H3 KOTOPHIX AOJXKHbI
BoiGupaTh. (Kak npapuso, HeT Takoi HHbOpMauHH 1npH BhGOpE
O6yAyliero Myxa HJH KeHbl.) [IpeAnoJIOKHM, YTO BCEro HMeeTcs n
BO3MOXKHOCTel, TOuHee 7 JIHL HJIH OOGBEKTOB, MPOXOASALIHX MHMO
Hac B IPOH3BOJILHOH MNOCJEeNOBaTeNbHOCTH (3TH NOCJEA0BATENbHO-
CTH CYHMTAIOTCS paBHOBEpOSITHLIMH). Bompoc cocTOHT B chedyiouieM.
Hcxoass u3 Kakoro MeTofa BHIOHpaTh Jyulllero KaHAuJlaTa, ec/u
J1I060r0 M3 HHX MOJXXHO CpPaBHHBAaTb, €CTECTBEHHO, TOJIbKO C Tpeabl-
aywumu? Ecau Bcerja BuIGHpaTb, HanmpHMep, TPeTbero, TO LWaHCHLI
BbIGpaTh Jyyilero paBHb 1/n. C pocrom n BeiuyuHa 1/n cTpe-
MuTcsi K 0 ¥ 103TOMYy NpM GOJIbLIOM YHCJEe NpeAJoXKeHHH BeposT-
HoCTb BhIGOpa Jsyumiero Gauska K 0. YAMBHTEJIbHO, HO e€CTb MeTO[,
NO3BOJSAIOIIMA BHIGHpaTh Jyulllero KaHAHJaTa C BepPOSATHOCTbIO
6au3koil K 30 % aaxke npu GOJIbLIMX 3HAUEHHAX n. MerTod COCTOHT
B cieayiomeM. [locne Toro, kak mnpoitayt nepshie 37 % (TouHee
100/e %) xavaupaToB, BHGHpaeM NepBOro, KTO OKaykeTcs Jyuquie
BCeX MNpeiblAylHX (ecJu TaKOro HeT, TO BhHIGHpaeM IMOCJELHEro).
B 3TOM ciyyae wmaHCcH BHGpaTh Jyyllero npHOJH3HTENbHO PaBHbI
1/e, 1. e. &~37 %, Kak 6bl HH GHIJIO BeJIHKO 3HAYEHHE .

Ecau MOXHO BHOpaTh IBa, TpH, ... HJH, B oblleM ciyuae, k
KaHAMAATOB, M 3ajaua 3akJ/Joyaercs B TOM, 4TOObl JYYlIHH OKa-
3ajca cpelld 3THX K OTOOGpAaHHBIX KaHAWAATOB, TO OITHMaJbHas
BEPOATHOCTb p, TAKOTO COOBLITHS BHIYHCJsieTcs CJedYIIHKM o6pa-
3oM. [1ycTb uncsa ¢; yAOBJIETBOPSIOT TOXAECTBY
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HanpuMep,
1 1
Pr=—+ @

e
yto GoJblle, yeM 1/2! MoXKHO TakXXe NOKa3aThb, UTO

(1-2)'<t—p<es,

c/lefloBaTeNbHO, Pr CXOAMTCA K | npu cTpemiieHHH k2 Kk GeckoHey-
HOCTH.

Ecau yucao kangupatoB N cayyaiiHO, TO LIaHCH BHIGpaTh Jyu-
IIero KaHaujata MOryT yMeHbLIuTbecsl. [IpeldnosioxxuM, yto pacnpe-
ndesnenne N, /m CXOZHTCS K pachnpeleseHHIO CAyyaifiHOH Be/JHYHHBI
X. Torna ontuMajbHasi BEpOSITHOCTb BhIGOpa Jyylllero KaHAMAATa
(TouHee, ee npenes npHu m —- co) 3anHIIETCs B BULE

px=maxE (f (x/X),

rie f(x)= max(0,xInx). BeposATHOCTb px MOXKeT O0OKa3aTbCA
OYeHb MaJieHbKoH, TaK Kak inf py =0.
X

(/Tur.: Chow Y., Robbins H., Seigmund D. Great Expectations: The Theory of
Optimal Stopping, Houghton Miffin Co., Boston, 1971. [MMeercs nepe-
Boj: Po66unc I', Curmynp [, Yao W. TeopHs onTHMalbHHX NpaBHi
ocraHoBKH. — M.: Hayka, 1977.]
Freeman P. R. “The secretary problem and its extensions: A review”,
Internat. Statist. Review, 51, 189—206, (1983).
Bepesosckuit B. A., I'nenxun A. B. 3ajaua Hauayumwero pei6opa mpobJeM.
— M.: Hayka, 1984.)

o) Iapadokc ITunckepa o cTayuoHAproLX npoyeccax

[TocnenoBatenbHoCTh cayyalHelx BeawduH X, (n=..., —3,
—2, —1,0, 1, 2, 3, ...) Ha3BblBaeTcs cTauHOHApHOH (TouHee, cTa-
ILHIOHAPHOH B LIHPOKOM CMEICJIE), €CJIH, BO-NIEPBhIX, MaTeMaTHYECKOe
OXKHJaHHe cJyyalHOH BeJqUYMHBI X, HE 3aBHCUT OT n (caedoBaTeb-
HO, He Tepsist OOUIHOCTH, MOXHO NpeAnoJarath, YTo ofllee MaTeMa-
THYeCKoe oxHaaHue paBHo 0) w, BO-BTOPHIX,  KOBapHaLHH
E(X:Xm) =rn—m (npeanojaraeM, 4TO OHH CYUIECTBYIOT) 3aBHUCSHT
TOJIbKO OT Pa3HOCTH 71— m (B YaCTHOCTH, NPH 7 = m JUCIEPCHH He
aaBucAT oT n). [TocaeNoBaTeNbHOCTb CyYalHBIX BEKTOPOB X, (n=
=...,—2,—1,0, 1, 2, ...) craunonapua, ecau E(X,) Toxzecr-
BEHHO PaBHO HYJ/IeBOMY BEKTOPY, H MaTeMaTHYeCKoe OXXHIaHHE Npo-
H3BeleHHs (- KOOpPAHHATHl BekTopa X. M j-H KOOPAHHATH BeKTOpa
Xm 3aBHCHT TOJBKO OT i, j U n — m. [IByMsl OCHOBHBIMH THIIaMH CTa-
LLHOHADHBIX IPOLECCOB fIBJASIOTCS CHHTYJASIPHbIE H PEryJsipHBEIE MPO-
ueccel. IlepBble neTepMHHHPOBaHH (T. € AJs1 J0GOro 3Ha4YeHus N
BeJqHYHHA X,41 HE COJNEPMKHT KaKoH-11M60 «HHbOPMAIHH®, HE CBf-
3aHHOH €O C/yYyalHBIMH BeJHYHHAMH, NPEALIECTBYOWHMHE Xn11), Y



PEryJsipHEIX K€ NPOLECCOB HeT JeTePMHHHPOBAHHOH COCTaBJAIOLIEH
(. e. npu oT6pacbiBaHUH BeJHUHH Xp, Xp—y, Xn—2 H T. A. IOCTENEH-
HO Tepsietcst Bcsl HHopmanus). TakuM o6pa3oM, MUD CHHIYJASPHBIX
MPOLECCOB NMpPeACKa3yeM, U C TeUeHHeM BPeMeHH HOBOH HH(MOpMalHH
He BO3HHMKAaeT, pery/spHble e NPOLeCCh CO3Aal0T HOBbIH MHD H3
HHUYEro, T. €. jJajekoe OyAyllee MOYTH HE 3aBHCHT OT HACTOSILETO.
B runb6epToBOM NpOCTPaHCTBe CJOy4aHHBIX BEJHYHH, HHTErpHpye-
MHIX B KBaJpaTe, T. €. HMEIOIIHX KOHeYHble AUCIIePCHH, IPHBEIEHHOE
BHILIE YTBEPKJEHHE MOXKHO CHPOPMYNHPOBAThH CJAEAyIOIIHM 00pa3oM.
Ecnu H, o6o3HauaeT MOANDPOCTPAHCTBO, MOPOKAEHHOE CAydaHHBIMH
BeJMUMHAMH, NPEAUIECTBYIOIMHMH X,, TO B CHHTYJSIDHOM cJydae

H,=H,_, upu Bcex n, a B peryaspHom cayyae || H,=0. Bax-
n

HOCTb CHHTYJISIDHHIX H peryJsipHbIX IPOLECCOR NTOKa3aHa B TeopeMe
Bosabna, koTopast yTBepxKpaaer, 4to JI060H cTalHoOHapHHIH NPOLECC
MOKeT OHIThb NpeACTaBJeH W, NPH TOM €IHHCTBEHHBIM oOpa3oM, B
BHAE CYMMEl PETYJsIPHOTO M CHHTYJsipHOro mpoueccoB. JlocrarouHo
OYEBHJHO, uTO ecJH mpouecc Xn CHHryasipeH, To X_n TaKxKe CHHIY-
JsIpeH, U ecnu X, perynaspeH, To U X_, perysasiped. HHIMHU cloBaMy,
CydTas n INepeMeHHOH BpeMeHH, MOXHO CKa3aTh, YTO CHHIYJsAp-
HOCTb H DEryJisipHOCTb OCTAIOTCS HEH3MEHHBIMH, KOTAa MpPOUIJIoe H
OyAyllee MeHSIIOTCS MeCTaMH. YIHBHTEJILHO, HO 3TO BEPHO TOJBKO
Torjaa, Kkorga npotecc X, ckajnsipeH. [THHCKep MOCTpOHJ ABYMepHBIH
peryasipHBl CTallMOHapHHIH mpouecc, o6paTHHM K KOTOPOMY (KOria
—n 3aMeHsieTcsl Ha n) yxke cHHryasipeH. TakuM o6pasoM, CHHIYJAsp-
HOCTb MOXeET IIPEBpPaTHTbC B peryJsipHOCTb H Hao60poT, ecJH
npouwioe U Gyayliee MOMEeHSIOTCS MEeCTaMHU.

3) Ilapadokcel 2oa0co08anus u 86l60po8; cay4alinble nOAs

[Ipu roJsocoBaHuM uJH BHIOOpPAx HCXOJ, Kak NpPaBHJIO, CJydaeH,
MO3TOMY HEYJHBHTEJBHO, YTO H B 3TOH 00/1aCTH MOJy4eHBl BaXKHBIE
BEpOSITHOCTHBIEe pesyabTaThl. B 1878 r. B. Yursopr nokasaa cie-
AYIOIYI0O 3HAMEHHUTYI0 TeopeMy o OansnotupoBke. Ilpeanosnoxum,
uyTo OBJIO ABa KaHAMAATa, ckaxkeM A u B, A nojy4usa n roJocos,
B—m rosocoB u n>m (1. e. A nobenun). Ilycty p o6o3nauaer
BEPOSITHOCTb TOTO, YTO NPH NOCJeN0BaTeJbHOM MOACYETE T'OJIOCOB A
Bce BpeMsi Gbij Bnepead (NMpH ycJOBHH, 4TO JIOOOH MNOPANOK MOA-
cyeTa roJIocOB PaBHOBO3MOXeEH_C JIOGHM apyrum). Toraa

__n—m
p= n+m’
Takum o6pasom, ecau n=2m, o p=1/3, T. e. ecniu A noJay4YHI
BABOe 6oJiblile roJiocOB, YueM B, To BepOSITHOCTb TOro, UTO BO BpeMs
nojacyeTa roaocoB OblIH MOMEHTHI, KOraa y B ObJI0 CTOJBKO Ke ro-
JIOCOB, CKOJIbKO Y A, BIBOE 6oJblie BEpOSITHOCTH TOro, uto A Bce
ppemst 6ui1 Bnepenn. (Cm. Feller W. Probability Theory and Its



Applications (2nd ed.), Willey, New York, 1965, p. 66. [MMeercs
nepeBoa: ®ennep B. Beepenue B T€OpHIO BEPOSATHOCTEH M ee IPHJIO-
xkeHus. T. 1. — M.: Mup, 1984, c. 87.]) DtoT hakr MoXeT noKasaTh-
Csl CTPAHHHIM, HO OH BCE-TaKM He siBJasieTcsl mapagokcoM. OaHako B
3TOH o6aacTH BCTpeyaloTcs M napagokch. Mapkus Konpopce (oaun
uz aApy3edl Boabrepa) B 1758 r. mpusea caenylouuit npuMep. (Essai
sur Papplication de I'analyse a la probabilité des décisions ren-
dues a la pluralité des voix.) IIpeamosoxuM, uto B BHOGOpax
yyactBoBaiH TpH kaHaugata A, B u C, u oHu HabpaH
coorBerctBeHHo 23, 19 wu 18 roaocos. Torma kaumupmara A,
Kak HaOpaBilero HauGoJjblilee UYHCJAO TOJNOCOB, cJeAyeT 06b-
SIBUTb NoGeauTeNEeM, HO B JeHCTBUTEJbHOCTH Bce 19 uabupartenei,
roJIOCOBAaBIIMX 32 B, B03MOXHO, mpeamoyan 6b C BMecto A.
B 1950 r. Kenner Appoy (B 1972 r. emy npucyxaena Hobenebckas
NpeMust 10 5KOHOMHKE) HCIIOJb30BaJ 3TOT NPHMep, UYTOOb MOKa3aTh,
4TO JIOTHYECKM HEBO3MOXHO CO34aTb COBEPLIEHHO CIIPaBelJHBYIO
cucreMy BboiGopoB. Takum 06pa3oM, HeyAHBHUTENbHO, UTO HET €1H-
HoOll cuCTeMH BbIGOpDOB, NMpuHSATON BO BceM Mupe. (O BeposiTHOCTHOH
NPOTHBOPEUHBOCTH cucTeMH BhiGopoB B CIIIA cM. crarbio I'pod-
mMaHa.) Caeaylouiuii mapajokc OTHOCHTCS K clelHpHUECKOMY BHAY
ronocoBaHusi — cyae6HoMy. I1peanoJoxKuM, 4To ecTb NATb HPUCHK-
HbiX 3acenarteneit A, B, C, D u E. BoJbLUIHHCTBOM TOJIOCOB OHH pe-
IIAI0T BONPOC O BHHOBHOCTH WJIM HEBHHOBHOCTH MoAcyAuMoro. C Be-
posiTHOCTSIME 5 9% 3acematenu A M B BHHOCAT HeBEPHOE pellleHHE,
aas C u D 3tu BepositHocTu cocrasasitot 10 %, u E omubaercs ¢
BepositHocTbio 20 %. (3acegatenu omwnbaloTcss He3aBUCHUMO APYT OT
apyra.) B 3ToM ciayuae BepOSiTHOCTb BbIHeCEHHS] HEBEDHOrO IPHro-
Bopa npubausurenbHo pasHa 0.7 %. ITapagokcajbHO, HO 3Ta Be-
POSITHOCTb BO3pacTaeT M CTAaHOBUTCS NPHOGJIM3HTEJNbHO paBHOM
1.15 9%, ecau 3acenatenb E (koTopHil omubaeTcs yalie Bcero) me-
pecTaHeT paccyXAaTh CaMOCTOsITe]bHO, a Oyaer Bceria MOBTOPSATH
peureHne 3acenarteas A (kotophit omubaercs HauGoJsee pexKo).
Crneayiolnii napagoKc Takxe WUJJIIOCTPUPYET Te€ YAUBHTEJbHBIE CH-
TYyallHH, KOTOpbleé BO3HHKAIOT, KOTAa H30HpaTeJH MNepecTaloT pac-
CYXJaThb CaMoOCTOSITebHO. [IpeAanosoxuM, 4TO B KaXAOM yaJje
KBaJ(paTHOH pelIeTKH Ha IJOCKOCTH HAXOJAHTCS YeJOBEK, KOTODHIH
MOXeT roJIOCOBaTh HE3aBHCHMO OT JPYTHX JIOAeH 33 HJH NPOTHB C
COOTBETCTBYIOLIMMH BeposSITHOCTAMH p U 1 — p. Onnako mpu cie-
AyIolleM ToJIOCOBAaHHM Ka/blil uenoBeK BHIOMpAaeT OZHOIO M3 CBOMX
yeTelpex cocelell M roJIoCyeT Tak, Kak 3TOT cOcell roJiocoBaJj B Mpe-
abiayuuit pa3. Tperbe, yueTBepTOoe U T. A. FOJIOCOBAHHS NMPOBOAATCS
agajsoruuno. (IIpu n-M rosocoBaHuH KaXXABIH ToJOCYeT TaK, Kak
BLIGpaHHbBI cocef roJocoBaa npu (n— 1)-M rosnocoranuu.) Bom-
poc 3akjouaercs B CJAeAYIOLIEM: UTO NPOU30HAET Npy n— oco? Mo-
KHO TOKa3aTb, YTO B KOHIe KOHIOB BCe OyAyT roJIOCOBATb OJHHA-



KOBO, MHBIMH CJIOBAMH, HACTYNHT «IOJHas rapMoHHs». (Kaxnbii
roJjiocyer 3a HMJH NPOTHB C COOTBETCTBYIOLIHMH BEPOATHOCTAMH p
H 1 —p) Creayer OTMETHTb, YTO eC/JH H3OHpATE/NH HAXOAATCA B
y3/Jax TpexMepHOH KyGuyeckoil pewieTkH (M y KaXAOro Mo LIeCTh
cocefiei), TO Takas 3KCTpeMaJsbHas CHTyalHs He HaCTYIHT, T. €.
pa3/uyHble MHEHHs MOT'YT FapMOHHPOBaTb APYr ¢ ApyroM (TouHee
MOJNIYYHTCST 3projuyeckoe npepenpHoe pacnpenesneHue). To xe ca-
MO€e CNpaBefJIMBO B cJy4vae, Korja pasmMepHocTb GoJblie Tpex. 31O
OCHOBHOE pas/iHiHe MeXJy IABYMEPHBIM H TPEXMEpPHBIM CJyYasMH
TeCHO cBs3aHo ¢ TeM ¢aktom (cM. I11/5a), uro B cayyae aBymep-
HOH KBaJpaTHOH pelleTKH NMPH CHMMETPHYHBIX CAyYaHHBIX OayxKia-
HHUSIX KaXKAbli y3es NOCTHraeTCsl ¢ BEPOSITHOCTBIO 1, a B TpexMepHOM
cayyae 3to HeBepHo. (CM. Bramson M., Griffeath D. «Renormali-
zing the 3-dimensional voter models, Annals of Prob., 418—432,
(1972) )

3a nocjegHHe roabl NMpHBEJEHHas BhbIllle MaTeMaTHyeckas Mo-
nejb u3bupareneil, HaXOASLUXCA B y3Jax KBaApPaTHOH HAH KyOH-
YecKoil pelleTKH, CTala UrpaTh OYeHb BaXKHYI poJib B MaTeMaTHue-
cko# ¢usuke. M3bupatenn 3aMeHSAIOTCS «BeJHYHHAMH» C ABYMs
BO3MOXXHBHIMH 3HaYeHHSMH (HampuMep, CHHAMH 3JIEKTPOHOB B (ep-
POMarHuTHBIX Marepuanax). Takue cayuaiinoie noas siBasioTcs 06-
OOLIEHHSMH CTOXaCTHYECKHX MPOLECCOB, B KOTOPHIX MepeMeHHas
BpeMeHH [ 3aMeHseTcs Ha 3JeMeHT MHOIOMEPHOro MpOCTPaHCTBA,
HanpuMep, ec/H { 0O3HayaeT y3JH d-MepHOH KyOHWUecKOH peLueTKH, H
X (t) — cnyyaiiHas BenuYHHa npH J1060M ¢PHUKCHpOBaHHOM f (B MoO-
naenu roJsocoBanus X (f) npHHHMaer TOJbKO JBa 3HAY€HHd), TO
X (t) — cayyaitHoe noJse. Tak ke, KaK Bhillle Mbl NpeANoJaraJsH, 4YTo
Ha MHeHHe H36HpaTessl BJHSIOT €ro CocelH, B QHU3HKEe MB MOXKeEM
CYHUTaTh (B BHAE NEePBOro NMPHOJHIKEHHS), UTO HA KaXKAY0 YaCTHIY
BJHSIOT ee coceAH. Tako#d BHA CJAy4yaHHOro MoJsisi Ha3bBaeTcsl Map-
KOBCKHM noJsieM (310 aHasor nenu Mapkosa). Baarogaps uccieno-
BaHUSIM HOpBexcKoro ¢musuka u xuMuka JI. Oucaecepa, npoBeaeH-
HbIM B 1944 r., npu usyyeHuu peppoMarHeTaMa Ba>KHYIO pOJIb CTa-
JIO HIpaTb MapKOBCKOe MoJie ClelHaJJbHOro BHAa — Moleab H3unra.
3a mocsefiHHe HECKOJIBKO JIeT MapKOBCKHe MOJs H, B 0COOEHHOCTH,
mopenb HMsunra, npuMmensiuch Ans peuieHus npo6sembl $ha3oBbIX
nepexojoB. XOTsl CTPOroe onpejeneHHe MapKOBCKOro noJsst GO Aa-
Ho sumb B 1968 r. coBerckuM MarteMaTukoM P. JI. [Jo6pywiuneim,
nepBble ONUCAHHS NOHATHA (a3bl U HEKOTOPHIX CJAYYaAHHBIX MoJel
MOSIBUJIMCh 3HAYHTEJNbHO paHblie B CBS3H C NOTEHUHAJbHBIMH YHK-
uusamMu B KHure Joc. B. T'ub66ca, onybaukoBanhHoit B 1902 r,
(Gibbs J. W. Elementary Principles of Statistical Mechanics, Yale
Univ. Press). [MUMeetcs nepesoa: I'm66¢c Hx. B. TepMoaunaMuka.
CraTucTHueckast MexaHuka. — M.: Hayka, 1982.]) Onucanue map-
KOBCKHX NOJell uYepe3 NMOTeHUHANbHblE (GYHKUHH OCOGECHHO BaXKHO



notomy, uto ¢a3osbie nmepexoibl NMPOHCXOAAT KAaK pa3 TOTAa, Korja
NOTeHIHAJ He ONpefessieT OJHO3HAYHO MapKOBcKoe noJje. B ¢Hu3u-
YeCKHX TePMHHAaX 3TO O3HayaeT, YTO NPH OAHOH H TOH XKe TeMmepa-
Type MorytT OBbITb pa3Hble (Qas3oBble COCTOSAHHA. TeopHs Takxke
06bAcHseT, moyeMy ¢a3oBbie NMepeXoibl HEBO3MOXHLI, KOria TeMIle-
paTypa Bbille KPHTHUeCKOH (KDHTHYECKYId TeMICepaTypy YAaJjochb
onpefeutb yxe Ouncarepy). MIHTepecHO OTMeTHTb, YTO XOTS B OJ-
HOMePHOH MoJesH ¢a30BLHIA Nepexoi NMPOH30HTH He MOXeET, B cJydae
JBYyMepHOH MOJeJNH (Ha KBaJpaTHOH pellleTKe) 3TO yXke BO3MOXHO.
B nocnennem cayuae, HecMOTPS Ha CHMMETPHYHOCTb NINTEHUHAJbHOH
pyHKUMH (ee 3HaUeHHe He MeHsSIeTCS, KOTJA BCe COCTOSIHHA «Aas Me-
HAIOTCS Ha <«HET» H Hao60poT), CaMO MapKOBCKOE Il0Jie HeCHMMe-
TPHUHGC. B cuay storo napajokca (Ha3biBaeMOro napajokcoMm Hapy-
IIEeHUs1 cuMMeTpuH) beppoMarHUTHBlE MaTepuasabl He YTPauHBAIOT
CBOM MarHeTH3M IpH TeMIlepaType HHXKe KPHTHYECKOH.

(/Tut.: Grofman B. “Fair appointment and the Banzhaf index”, The Amer.
Math. Monthly, 88, 1—5, (1981).
Kindermann R., Snell J. L. Markov Random Fields, Contemporary
Math. Vol. 1, AMS, Providence RI, 1980.
Preston C. J. Gibbs States on Countable Sets, Cambridge Univ. Press,
1974,
Cunait §I. T. Teopus ¢a3oBnix nepexonos: CTporue pesyJbraThl. — M.:
Hayka, 1980.)



FNABA IV

NAPAJOKCbl B OCHOBAHMAX TEOPMM BEPOSTHOCTEM.
PA3HbLIE MAPAROKCH!

Ilpupope pasyma CBOACTBENHO paccMaTpH-
BaTh Beld HE KaK CJyvaiHble, 110 KaK He-
o6xonUMbBIE.
B. Cnunosa, 3Jtuka, uacre 2,
reopema XLIV 1)

BepoaTHOCTL — 3TO  BaKHeiulee MNOHATHE
B COBpEMEHHOH Hayke OCOGEHHO MOTOMY,
YTO HHMKTO COBEPIUEHHO He NpPEeLCTaBJSAET,
4YTO OHO O3Hayaer.

Beprpan Pacces, H3 aexyuu, 1929 e.
Hcouncnenne BeposaTHocTeil,  [leppas Jek-

uus. 1. Egsa Ju MOXHO naThb YAOBJETBO-
PHUTEJNbHOE oOmNpejie/ieHHe BEPOATHOCTH...
A. Myankape, Hcuucrenue eepo-
arHocrei, 1896 e., c. 1

Moii TesHc, napajoKCaJbHBIE H HEMHOTo
NPOBOKAUHOHHKM, HO BMeCTEé C TeM HC-
KPEHHHIi, 3aKJI0YaeTcsi BCEro JHIUb B CJe-
aywouwem: BEPOSITHOCTb HE CVYIIE-
CTBVET.

B. de Punerru, Teopus sepoar-
Hocreti, 1974 a.

B 1900 r. Ha MexayHapoZHOM MAaTeMaTHUECKOM KOHrpecce B
Mapuxe Jasud I'uasbepr cpean 23 BaxkKHeHUIHX HepeUIEHHBIX NPo6-
JleM B MaTeMaTHKe Ha3BaJ mpobJieMy NMOCTPOEHHSI OCHOBAHHH TEOpHH
BepositHocTeli. X0oTs Ha py0beke BEKOB TEOPHsI BEpPOSATHOCTEH yxke
Jajia MHOI'O BHJAIOLIMXCSl Pe3yJbTaToB, H3-3a OTCYTCTBHS MarTeMa-
THYECKHX OCHOBAHHH 3Ta TEOPHS B LeJIOM elle He Obl1a OJHHM H3
pasaesoB MaTeMaTHKH. B sToMm 3akJlouanach, BHAHMO, TJaBHas
NpHYHHA, TIoueMy npodeccop yHuBepcutera B I'erTnHrene K. Kaelin
Jaxke He YIOMsIHYJ TEOPHIO BEpOSiITHOCTeH B cBoel pabore «Jlekuun
o pa3BHTHH MaremaTHKH B XIX crosernu». Hcnonbsys pesyabraThl
paBoT MHOTHX MaTeMaTHKOB, B ocobGeHHoctH 3. bopeas, A. Jlom-
Hurckoeo, X. Illltelineayca, a TakXKe TEOPHIO MHOXKECTB H TEOPHIO
mepsl, A. H. Koamozopos B 1933 r. 1OCTPOH/ MaTeMaTHYECKH CTPO-
ryilo teopuio BepositHocreld. (Bosee moapoGHo cM. B Archive for
Hist. of Exact Sci., 18, 123—190, 1978.) B ocHoBe TeopHH, paspa-
6oranHoit KosMoroposwiM, JeXHT TOoT (akT, uTo JlobGoe cobniTHe,
BEPOSITHOCTb KOTOPOro XOTHM HAHTH (Takue COOLITHS HA3BIBAIOTCS
HabJalonaeMbIMH), MoXeT OHTb NpPeIACTaBJeHO B BHAE HEKOTOPOro
NOAMHOKECTBA MHOKECTBA 3JeMeHTapHhIX cOoOHITHi (T. €. B BHIe
MOAMHOXECTBA hazosoeo npocrpancrsa). Hanpumep, npu 6pocaHuH

') Cnunoza b. MWabpauuwe npoussenenus. T. 1. Druxa. Tlep. ¢ aar.
[1. A. Woanuosa. — M.: Toc. H3A-BO MOJHTHY. nuTCpaTypH, 1957



HrpaJibHOH KOCTH HCXOAaMHu MoryTt OuTh uucaa 1, 2, ..., 6. CoBo-
KYNHOCTh 3THX 3JIEMEHTApHHX COOHITHH o6pa3yer ¢a3oBoe Npo-
CTPAHCTBO H COOBITHe, 3aKJIOyalolleecsi B BHIIaJE€HHH YETHOTO YHC-
Ja, NPeACTaBHMO B BHIE€ NOAMHOXeCTBa ()a30BOro NPOCTPAHCTBA,
COCTOSILIEro U3 YeTHBIX uucen {2, 4, 6}. JocroBepHoe co6GhHTHE MPEA-
CTaBHMO BceM ¢a3oBHIM NPOCTPAHCTBOM, KOTOPOE TPaAHILHOHHO 060-
3Hayaercs yepe3 Q. B Teopun KoumoropoBa mnpeamnosaraercs, 4YTO
HabmofaeMble cOOHITHSI 06pa3ylOT cHrMma-aare6py (3zech «cHrmas
yKasbiBaeT Ha OeCKOHEYHOCTb), T. €. COBMECTHOE HaCTyMJeHUe ABYX
NPOH3BOJBHHX Ha6nI0faeMBIX COGHITHH; HacTylJIeHHe 1o KpaiiHeil
Mepe OJHOrO M3 KOHEYHOTO HJH CYETHOro 4Hcjaa HabaiojaeMhX COo-
OniTHR M JOMOJHeHHe K JMiob6oMy HabmaiofaeMOMy COGHITHIO TaKikKe
ABJAAIOTCS HabnogaeMbiMu coOuHTHAMH. Kaxaomy Hab6maionaeMoMy
COOHITHIO NPHNHCHIBAETCS HEKOTOPOE HEOTPHIaTeNbHOE YHCJIO, Ha-
3bIBa€MO€ BEPOSTHOCTBIO 3TOro COOBITHA, TAaKHM 00pa3oM, 4TOGH!
BEPOSITHOCTh JOCTOBEPHOr0 cOGHITHS (T. €. Bcero (hasoBoro INpo-
cTpaHcTBa) Oblia paBHAa 1, H BHNOJHAMOCH CBOHCTBO €HIMa-aifiH-
THBHOCTH, T. €. B CJyyae NONapHO HUCKJIOYAIOWIHX ApYr Apyra co6H-
THH BEPOATHOCTb HACTYNJEHHS MO KpalHeit Mepe ofHoro (H, cieao-
BaTeJbHO, B CHJY TMONAapHOH# HECOBMECTHMOCTH, POBHO OJHOTrO)
HabmofaeMoro COGHITHS B KOHEYHOH HJHM CUETHOH COBOKYITHOCTH
Ha6JioflaeMuIX cOGHITHH coBnafana ¢ CyMMO# BeposTHOocTeH Habio-
JaeMBIX COOHTHH U3 3TOH COBOKYIHOCTH.

Boanukaer Bompoc: nmoyeMy IpH ONpefieseHHH BEPOSITHOCTH HaM
noTpeboBajiuCh CHrMa-ajre6pe, a He MHOXECTBO BCeX MOAMHQ-
)ecTB (a3oBoro npocrpancTsa Q? OTBET oueHb MPOCTOil: B 06LIEM
cllyyae BepOSITHOCTb HeJIb3Sl ONpefeJUTh Ha MHOXKeCTBE BCeX INOJ-
MHOXECTB £, TOYHee, eC/id BEPOATHOCTb ONpeJeJeHa Ha CHrMa-al-
re6pe, cocTosimefi H3 HEKOTOPHIX NMOAMHOMKECTB Q, TO 3Ty BEPOST-
HOCTb HEJNb3s TNPOJOJXKHTh Ha OCTaJbHHE MNOAMHOXeCcTBa Q Tak,
4TOGH COXPaHSAJIOCh CBOHCTBO CHrMa-aJAUTHBHOCTH (€CJH TOJLKO Q
He COCTOHT M3 KOHEYHOro MJIH CUETHOTO YHCJIa 3JeMeHTOB). [Jx. Bu-
TaAu 3HaJ 3TOT pesynabTar ele B 1905 r.

[Tycts dasoBbiM npoctpaHcTBoM Gyaer uurepsan (0, 1), u mo-
npo6yeM ONpeleNHTh BepOSTHOCTb Ha BCEX €ro MNOAMHOMKeCTBax
TaK, 4TOOH INOJYYHTb «paBHOMepHoe pacnpefeneHues. OueBHAHO,
BEPOSITHOCTb b — a cjefyeT NpHMHcaTh noabiHTepBaay (a, b). Ta-
KHM 00pa3oM, B CHJIy CHIMa-aAAUTHBHOCTH BEPOSTHOCTh aBTOMAaTH-
YeCKH OMNpeJeneHa Ha HaHMeHblIel cHrMa-aiare6Gpe, coaepkaluiei
HHTEepBaJbB. 3Ty BEPOSTHOCTD MOXHO MNPOJOJIKHTH Ha HEKOTOpHIE
JApyrHe MHOXEeCTBa, HO CYILECTBYIOT MHOXeCTBa, Ha KOTOpHIE Mpo-
JOJI’KeHHEe HEBO3MOXHO, T. €. Ha KOTOPBIX BEPOSATHOCTh HeNb3s OIl-
pelenuTh B COOTBETCTBHH C «DaBHOMEDPHLIM pachpeaeneHueM>.

[IpuMep TaKoro «IaTOJIOTHYECKOrO» MHOXECTBA GBI MOCTPOEH
3. Lepmeso cnenyromum o6paszoM. OH pa3bun TOUKH HHTEpBaJa



(0, 1) Ha HemepecekawolHecsi KJacCH TakK, YTO TOYKH, PacCTOsIHHE
MEX]y KOTOPHIMH PaBHO KaKOMY-TO palHOHaJbHOMY YHCHY, IpPHHAA-
JieXKaT OLHOMY H TOMY Xe Kjaccy. Toria, HCIosb3ys aKCHOMY Bbl-
6opa, Llepmesio onpenenns MHOXecTBO H, KOTOpOe COLEPXKHT B TOU-
HOCTH 110 OAHOM TOYKE M3 KaXAOro TaKoro kjaacca. MoxHo aoKa-
3aTh, YTO Ha 3TOM MHOXecTBe H HeJb3si ONpeneNHTb BepOSTHOCTb,
COOTBETCTBYIOIYI0O «paBHOMEPHOMY paclpejeseHHIo.

MoXHO TaKXe T0Ka3aTbh, YTO €CJH Mbl OTKaXeMcsl OT «PaBHO-
MepHOCTH», HO morpebyeM, 4TOGH KaXaoe NMOJAMHOXECTBO £ HMeJo
BEPOATHOCTb, H BEPOSITHOCTb KaxXAo# ToukH M3 Q paBHsanaace 0, To
JlaXkKe Takoe OlipejieJieHHe BEPOSATHOCTH HEBO3MOXHO B cJyuae, KOT-
Ha (a3oBoe NMPOCTPAHCTBO 0 CYETHO HJH HMeeT MOILHOCTb KOHTH-
HyyMa [pH YCJOBHH, YTO CIpaBeiJHBa KOHTHHyyM-THNore3a (CM.
Birkhoff G. Lattice Theory, Amer. Math. Soc., Providence, 1967,
p. 266). o cux mop HEM3BECTHO, CYLIECTBYeT JH NMpPOCTpaHCcTBO Q
(mocrtaToyHo GOJbIIOH MOLIHOCTH), AJSI KOTOPOTO MOXHO oIpeje-
JIUTb BEPOATHOCTb, YAOBJETBOPSAIOULIYIO YKA3aHHBIM BHIILE YCJOBHAM.
B 3TOM COCTOMT TakK HasbiBaeMasi npoOAeMa U3IMEepUMbLY MOUHO-
cred. CHTyaUuHsl CHJIbHO H3MEHHTCs, €CJIH OTKa3aTbCsi OT aKCHOMBI
Bei6opa: cM. Jech T. Sef Theory, Acad. Press, New York, 1978 u
Solovay R. M. A model of set theory in which every set of reals
is Lebesgue measurable, Annals of Math., 1—56, (1970).

Xotrs B Teopun KosMmoropoBa BeposITHOCTb BCerja HeoTpHUa-
TeJIbHAa, HEKOTOPHE TEOPEMBI B TEOPHH BepOSTHOCTEH MOXHO 0606-
HIMTh Ha cJyyaH, KOTJa OTPHLATeJbHble YHCJA BHICTYNAlOT KaK Be-
poatHoctd. Hanpumep K. Xox6epr (Hochberg K. J. Proc. Amer.
Math. Soc., 79, 298—302, 1980) noxasan, yTOo B TeopeMmax, INoJy-
YeHHBIX B pe3yJbTaTe TaKOro 0606iIeHHs LEHTPAJbHOH NpeaesbHOH
TEOpeMBI, BO3HHKAIOT JeHCTBHTeNbHbE (IOJIOXKHTEJIbHEIE H OTpHLA-
TeJIbHBIE) «IJIOTHOCTH BEPOSITHOCTHY» Un(f, X), KOTOpble MOXHO BHI-
BeCTH H3 (yHAAMEHTAJbHHX pelleHH#i chaelyouero 0606LIeHHs
AuddepeHLHaNTbHOTO YPaBHEHHS TeNJIONPOBOLHOCTH

ou n+1 0%"u
o =0 G
n=23, ... (npu n = | uMeem o6biHOe AU epeHIHAIbHOE YPaB-

HeHHe TemonpoBofHocTH). OfHAaKo B HacTosileH KHHTe He paccMa-
TPHBAIOTCS OTpHLATE/bHbIE H KOMILIEKCHO3HAYHble BEPOSITHOCTHHIE
Mephl U He ofcyxaaloTcs ApyrHe o606IEHHS BEPOSITHOCTH.

1. NapaAokchbl cnyyaiHbIX HaTypalbHbIX YMcen

a) Hcropus napadokcos

B Teopuu BeposTHocTei KoamoropoBa HeBO3MOXHO BHOGpaTh
0TZeNbHOEe HaTypaJibHOe (Lesioe NOJIOKHTEJNbHOE) UHCA0 H3 MHOXe-



CTBa HAaTypaJbHbIX UYHCEJ cJyyaidHbIM 06pa3soM B CMhICJe DaBHO-
MEpHOTO pacrpejie/leHHsl, TaK KaK €CJH BepOSTHOCTb BHIGOpa, Ha-
npuMep, eAHHHLH paBHa 0, TO B CHJY PaBHOMEPHOCTH BEPOSITHOCTb
BeIGOpa J1I060r0 APYroro HaTypaJbHOro uucsaa Takxke paBua 0. Ta-
KHM 06pa3oM, CBOHCTBO CHrMa-aJfAHTHBHOCTH MPHUBOAHT K IPOTHBO-
peuHIo, OCKOJbKY BEPOSTHOCTb BhIGOPA HATYpaJsIbHOrO YHC/Aa paBHA
1, a He 0. C gpyro#i cTOpOHBI, €C/IH BEPOSITHOCTb BHIGOpa €4HHHIBI
TN0JIOXHTENbHA, TO CHIMa-aAJAHTHBHOCTb CHOBA NPHBOAUT K NPOTHBO-
peuHio (TorZa BepOSITHOCTb JOCTOBEPHOTO COOLITHS GecKoHeuHa).
HecmoTtpst Ha 3TOT (hakT, ecrecTBEHHO OXHAATh, YTO BEPOATHOCTb
BbI6OpA HEYETHOTO HJIH YETHOTO YHCJa cocTaBasier 1/2. Crepywoliee
onpepeneHHe (B KOTOPOM HeT TpeGOBaHHS CHIMa-a/AHTHBHOCTH)
NPHBOAHT HMEHHO K 3TOH BeposTHocTH. Ilycth K — mpou3BosbHOE
NMOAMHOXXECTBO HATypaJbHbIX YHcel, H k, o603HayaeT YHCJIO 3Je-
MeHTOB B K, KoTOphle He Gosbluie n. OTHOCHTe/NbHAs yacToTa K./n
JlaeT BEPOSITHOCTb BblGopa uKcaa U3 K NpH yCJ0BHH, UTO BREIGOP NMPo-
H3BOJHTCA H3 NEPBbIX 72 YHCeJa CIyuadHO U paBHoMepHo. Ecau cy-
LIECTBYET NMpejes OTHOCHTEJNbHBIX YacTOT R./n NMpH n, cTpeMsiieMcs
K 6eCKOHEYHOCTH, TO 3TOT NpejesJ Ha3blBaeTCA BEPOSTHOCTbIO MHO-
xectBa K. Tlo 3ToMy ompejeseHHIO BepOSTHOCTH BHIGOpa LEJIOro
4HcJa, KOTOpoe AeJqHTcs Ha 2, 3 H T. A., pPaBHbI COOTBETCTBEHHO 1/2,
1/3, ... . MoXHO TakXe JIerKO BHYHCJIHTb BEPOSTHOCTb TOTO, UYTO
JABa CcAyyalHbIX LeJbX YHC/Ia (pacnpejeseHHBIX PaBHOMEPHO H BbI-
OpaHHBIX He3aBHCHMO ADPYr OT Apyra) B3aWMHo npocthl. CHauvaJa
NPEANoJIOKHM, YTO 06a 3THX yHcaa He GoJbiie n. Torga BHUHC-
JsleTcsl COOTBETCTBYIOLLAsl BEPOSITHOCTh (3aBHCALLAS OT 72) M 3aTEM
HAaXOAMTCS ee Npejes npH n—-oo. Enle B nmpouusoMm Beke Yeboiuies
NoKasaJ, 4To 3TOT npeaes paseH 6/n?(= 2/3). CanenoBartennHo, ec-
JIH YHC/INTE/Ib H 3HAMeHaTesNb APOGH ABJAIOTCH CJAYyYalHHIMH HATy-
pPasbHBIMH YHCJIAMH, TO APOGb HECOKPAaTHMa C BEPOSITHOCTbIO 6/m2
Crenyrolne napajokchl Takxke CBA3aHH CO CAYYaHHLIMH HAaTypasb-
HbiMH uHcaamu. Tlo yTeepxnaenuro [Jx. Jlurasyda mnepsHit napa-
JOKC MPHHAANEXKHT 3HaMeHHTOMY (u3uky 3. Llpeduneepy. B craTtbe
®. Kanreasru, ony6aukoBarHoit B 1935 r., BTOpo# napajokc NPHITH-
chiBaercsi I1. Jlesu. (I1. JleBu OBl OQHHM H3 CaMbiX BhIJAIOIHXCA
CrelHaJHCTOB N0 TeopHH BeposiTHocTed. B Tlapukcko# akageMuu
Hayk OH 3aHsJa Mecto [lyaHkape u Axamapa.)

6) Ilapadoxcuot

(i) Ha a6y y kaxpaoro us urpokos A u B mumyres no ogHomy
H3 JBYX MOCJEN0BATeNbHbIX ClyYalHBHIX HAaTyPaabHBIX yncen. Mrpok
C MEeHbIUHM YHCJIOM TIPOMTPHLIBAET H JOJIK€H 3alJaTHTh APYroMy
CYMMY B J0OJI1apax, PaBHYIO YHCJY, HAMHCAHHOMY Ha €ro co6CTBEH-
HOM J16y. O6a MrpoKa HMEIOT NPAaBO BETO, T. €. IOCYHTAB, YTO UHCJIO
Ha J6y coNepHHKAa CJHIIKOM BeJHKO, JI0GOH H3 HHX MOXKeT



notpe6oBaTh npoBeleHHs HOBOH urpbl. (Mrpoky, ecTecTBeHHO, HEH3-
BECTHO TO YHCJIO, KOTOPOE HAIIMCAHO Ha ero coGcTBeHHOM n6y.) On-
HAKO HHUKTO H3 UrPOKOB HE XOYeT [10/1b30BaThCs PaBOM BETO I10 CJI€-
ayomel npuuuHe. Kaxamii w3 HHX paccyxjpaer: «Ha n6y comep-
HHKa s BHXY uHcJo k. CreaoBaTtesbHO, y MeHsl Ha a6y 60 & — 1,
aubo k-4 1. Kaxxaoe 3 yHces paBHOBO3MOXKHO, HO NIPH TPOHTpPHILIE
s 3anjauy & — 1 ponnapos, a NPH BBIHTPHIILE NOJY4YYy £ AOAJAPOB,
MO3TOMY Jyylle NPaBOM BETO He M0Jb30BaThcHA». I1OCKONBKY OXKH-
JlaeMoe 3HaycHHe BBIHTPHILA IOJOXHTCJIbHO, Hrpa NpeAcTaBJsACTCS
BHIOAHOH AJs1 060HX HIPOKOB, YTO, KOHEYHO, HEBO3MOXKHO.

(ii) BrGepeM ABa He3aBHCHMHIX CJyuailHHX PAaBHOMEPHO pac-
npefeseHHbIX HaTypaJbHHX YHcia X u Y. Iasa gaoboro ¢pukcHpo-
BaHHOTO (HecJyya#HOro) YHCJa X BEPOSATHOCTb TOro, 4To Y << x,
paBHa 0. AHasoru4Ho, AJst J060ro GHKCHPOBAHHOTO Y BEPOSITHOCTD
cobnithsi X << y paBHa 0. CienoBaresbHO, TaKXKe C HYJEBOH BeposiT-
HOCTbIO OJHOBPEMEHHO BHINOJIHSIOTCS HepaBeHcTBa ¥ < X u X < Y,
YTO HEBO3MOXKHO, TaK KaK OAHO H3 HHX BCerja CIpaBelJIHBO.

8) Ob6wacrenue napadokcos

(i) Tlapazokc uamIOCTPHPYET TOT (AKT, YTO Ha MHOXKECTBE Ha-
TypaJIbHBIX YHCEJ HeNb3sl ONpPEAeNHTh PABHOMEDHOE paclipejesieHHe.
Ecsn uncna, KOTOphie MHUIYTCS ¥ HPOKOB Ha J6Y, MEHblLUE THICSUH,
TO Ha TaKHX YHCJIAX YK€ MOXHO 3afaThb PAaBHOMEPHOE paclipejeJse-
‘HHe, HO TOTAA pacCyXXJAeHHs, KOTOpble OblJIH BHILIE H NPHBEJH K Ma-
PafoOKCy, CTAHYT COBEPIUEHHO JIOXKHBIMH.

(ii) BepositHocTb cobbitust Y << x npu n1060M (HDHKCHPOBAHHOM
¥, HecOMHeHHO, paBHa 0 (B cHJy onpejeseHHs, O KOTOPOM TOBOpPH-
JIOCh B HCTODHH NapajoKCOB), HO OTCIOZA HE CJEAYeT, UTO HyJeBoH
SIBJsIETCS TaKXe BEPOSITHOCTb TOro, uto Y << X. D710 6bJI0 OH Tak
TOJIbKO B TOM CJIyuae, KOrAa BEPOSITHOCTb CHrMa-aJJAHTHBHA, HO Be-
pOSITHOCTb, O KOTOpO# cefiuac HAeT peub (KaK MH YyXe OTMeuaJsH),
He CHrMa-ajlJAHTHBHA.

2) 3ameuanusn

(i) Teopus uuces u TEOpHS BePOSITHOCTEH TECHO B3aHMOCBSI3a-
HH, JlJs MJUIIOCTPAllHH TOTO, KAaK BEPOSITHOCTHHIE HAEH MOXKHO
HCIIO/Ib30BATb B TEOPHH YHCeJ, CHayasja BCIOMHHM, YTO OTHOCHTEJb-
Hasl 4acToTa NPOCTBIX YHCEJ CPelH LeJBX YHCEJ, He NMPEeBOCXOAs-
WHX n, npHOIH3uTeIbHO cocTaBasieT 1/lnn (npu mocratouno GoJb-
wHx 7). TIpeanosokuM, 4TO TIPOCTHE YHCJIA paclpefeseHbl cJay-
yaHO H He3aBHCHMO APYT OT APYyra CpPeiM IepBHX n uuces. Toraa
BepPOSITHOCTL BHIGOpA ABYX MPOCTHIX YHCEJ GJIM3KHX K 7 MPHGIH3H-
tenpHo paBHa 1/(Inn)? (B cuny ux HesaBHCHMocTH). PaccMoTpuM



HHTepBaJ AJHHBI ¢, COACPKAWMHA n (¢ MaJo MO CPaBHEHHIO C i, HO
JOCTAaTOYHO BEJIHKO [JISl MOJyYeHHs] CTaTHCTHYECKHX BHIBOAOB). M3
NpeABAYILEro pe3yJbTara CJAeAYeT, YTO YHCJIO0 GJH3HeUOoB (IPOCTHIX
YyHCceJ, pa3HOCTb MeXAY KOTOPHIMH paBHa 2), MpHHajJexalllHX 3TO-
My HHTepBaJy, NpUMepHo paBHoO ¢/ (Inn)2. Bosee TiiaTe/bHbIH aHa-
Ju3 (NpHHHMaWIIUA BO BHHMAaHHe, HalpuMep, TOT (akT, YTo lesoe
YHCJI0, OTJIHYAlolleecss OT MPOCTOrO 4yHcaa (5~ 2) Ha 2, OYeBHJHO,
HEYETHO H NO3TOMY CKOpee BCETO CaMO SBJISIETCS NPOCTHIM) MoKa-
3BIBAET, YTO OXKHJaeMoe YHCJI0 OJH3HEeUoB 1pHGAH3HTENbHO Ha 32 Y
6osbuie, ueM c¢/(Inn)2 Hcexons wua storo, M. Howonc, M. Jlar u
¥. Baandon B 1967 r. ony6anKoBaJH B «BHUYHCIHTENbHOH MaTeMa-
THKe» TabJIHIy, KOTOpas N0Ka3hiBaeT, HalpUMep, UTO CPeJH MEPBBIX
150 TeICAY yHcen nocse 100 MHJJIHOHOB OXHJaeMoe YHCJIO GJH3He-
1noB paBHo 584. B neifictButenpHocTH ux 601. PasHuua cpaBHHTeNb-
HO MaJsia. AHaJIOTHYHO, NPH PAacCMOTPeHHH nepBux 150 ThicAY 4yH-
cea nocae 10'Y oxupaercss BCTpeTHTb cpead Hux 191 Gau3Hena, Ha
caMom jJese ux 186. TakoH «cTaTHCTHUECKHH» MOAXOA K H3YYEHHIO
NPOCTHIX YHCEJ JaeT OTHOCHTEJBHO XOpOLIHe pe3yJabTaThl U Npel-
cTaBJisieT OCOOBIH HHTepec, TaK KaK A0 CHX NMOp HEH3BECTHO KOHEYHO
HJIH OecKOHeYHO MHOXecTBo OuH3HewoB. (Hau6osbluee mpocroe
YHCJIO, U3BECTHOE K HACTOAIEMy MOMEHTY, paBHO 286243 — 1) TIpo-
CThle yHCJa CJAedyIoT APYT 3a JPYroM IO OYeHb CJOXKHOMY NpaBHJIY,
KOTOpOe Ka)ercsi chaydyadHeiM. [Io3TOMy BepOSATHOCTHBIA TIOAXOA
3fecb HauHGoJsiee nmpHeMJeM. MBI BepHeMCsi K CBSI3H MEXAY CJOX-
HOCTbIO H CJAYYaHHOCTBIO B «mapaaokce Metoga MoHrte-KapJio».

(ii) Jns KOHEYHO-aAJMTHBHOrO pPaBHOMEPHOTO paclpefeseHHs
BEPOSITHOCTb JM1000T0 KOHEYHOro MNoAMHOXKecTBa A (HaTypasbHHIX
uhces) pasHa 0. [Ipeanosoxum Tenepp, YTO pacnpejeseHye He pas-
HOMEpHOoe, HO o6JlajlaeT TeM CBOHCTBOM, YTO AJSl NPOH3BOJIBHOTO 3a-
JaHHOTO MOJIOXKHTEJNBHOTO YHCJIA & HaHJeTCs KOHEUHOEe MHOXKEeCTBO
A, uMmeromee BepositHocTb P(A) > | —e. Toraa pasinune Mexny
aJAMTHBHOCTBIO H CHTMa-aJJIMTHBHOCTbIO Hcue3aeT. TouHee, ecuu
BEPOATHOCTh P aJAJIMTHBHA Ha KOHEYHBIX NMOJAMHOMXECTBAX HATypalib-
HbIX YHCeJ (HJH Ha NMPOH3BOJBHOM CYETHOM MHOXKecTBe Q), TO 3Ty
BEPOSITHOCTb MOXKHO INPOJOJIKHTb Ha J1060€ NOAMHOXKECTBO TaKHM
o6pa3oM, 4YTO NpojoJkKeHHe OylAeT CHrMa-aJJAHTHBHBIM Ha CHCMa-
ajrebpe BceX MOJMHOXECTB HaTypaJIbHBIX YHCEJI.

Ecan MHOXKecTBO Q — HecueTHoe (HampuMep, Q — Bech HHTEpBaJ
(0, 1)), To MOTyT BO3HHKaTb JOBOJIbHO CTpPaHHble ajJHTHBHbLE Be-
posTHoctH. OHH MOTYT NMPHHHMATb TOJIBKO 3HaueHuss 0 u | u ompe-
[eNsThCA Ha BCeX NOJAMHOXKeCTBax HHTepBasda (0, 1) (B stom cay-
yae Tpebyercsi akcHoMa BhI6Opa). DTH BEepOSITHOCTH SBJAIOTCA
CTPaHHBIMH, TaK KaK CYeTHOe YHCJO COGBITHH, HMEIOLIUX BEpOAT-
HOCTb 1, BpsiA /1M NpPOH30AJET OAHOBDPEMEHHO, T. €. BEPOATHOCThb



3TOro COGBITHA MOXKeT paBHsTbcs 0. AHaJIOTHUHO, MO KpaiHell Mepe
OJIHO H3 CUETHOTrO YHCJa COOLITHH, HMEIOIHX HYJEBYIO BEPOSTHOCTb,
MOXeT NMPOHCXOAHTb C BEPOATHOCTHIO 1.
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B crenyioueii cTaTbe COAEPKHTCA NapajoKcaJbHbifi NMOAXOA K OXHOH 3HaMe-
HHTOH HepelleHHOH npobiaeme. B craThe yTBepXKaaercs, uTo rumortesa Pumana
(B KOTOpOH cayyalHOCTH HeT!) cnpaBeiJiHBa C BEPOATHOCTbIO eXHHHLA:
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features of the Mobius sequence”, Mathematics of Computation, 22, 857—864,
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BeposiTHOCTHLI}I aHamor H3BecTHOH Teopembl JIHpHXJe o0 CYLIECTBOBaHHH
GeckoHeuHO 6OJIBLIOrO YHCJA NPOCTHX YMCEJd BO BCAKOH apudMeTHuecKo# npo-
TPECCHH H3 LEJbiX YHCesJ O6CYXKAaeTcsi B CTaThe

Ruzsa 1. Z., Székely G. J. “Intersections of traces of random walks with
fixed sets”, Annals of Probability, 10, 132—136, (1982).

2. MNapapokc banaxa — Tapckoro

a) Hcropus napadokca

DaBHoMepHOe pacnpenesieHHe, KOTOpOe COOTBETCTBYET MJIHHE,
IoWaAH H o6beMy B OIHO-, ABY- H TPEXMepHHEIX IIPOCTPAHCTBAX,
HeJsb3s1 ONpeJesINTh Ha BCeX MHOJXKeCTBax, ecJH Tpebyercs cuema-ad-
durusnocTs mepst. OnHAKO NOJbCKHH MateMaTHK C. Banax nokasad,
YTO €CJIM MpejnoJarath TOJNBKO ad0uTusHOCTs (T. €. Mepa OGbexH-
HEHHs JBYX HECOBMECTHbiX COOBITHH paBHa CyMMe Mep 3THX COGbI-
THH), TO B ORHO- H JBYMEpHOM MNpPOCTPAaHCTBaX OrpaHHYEHHOE
MHOXECTBO CTAaHOBHTCH H3MePHMHIM (HMeeT AJHHY HJH NJOLIaflb).
Takum o6pasoM, B OXHO- H JBYMEpPHOM cJydasix paBHOMepHOe pac-
npeneseHHe MOXHO OnpeaeJHTb HA JIO60M (OrpaHHYEeHHOM) MHOXKe-
CTBE, €CJIH OT BEPOSAITHOCTEH TpPeGoBaTh TOJBKO aAAHTHBHOCTh. BMme-
cte ¢ TeM B 1914 r. Xaycdopgh nokazan, 4TO Takoe MpPOLOJIIKEHHE
Mep B TPeXMEepPHOM MpPOCTpaHCTBe HeBO3MOXKHO. B 1924 r. C. banax
u A. Tapckuii foKa3aju napafoKCajJbHYIO TEOPEMY, B KOTOPOH Kpa-
COYHO MOKAa3aHO, YTO HH aAAHTHBHas Mepa (06beM), HH COOTBETCT-
ByIOlllee PaBHOMEPHOE paclpefeseHHe He MOTyT GbiTh ONpeleJeHbl
Ha BCEX OTPaHHYEHHBIX MHOXXECTBAaX TPEXMEPHOro NMPOCTPAHCTBA.

6) Ilapadokc

PaccmotpuM wap paanyca r =1 cM. Ero MoxHo paspenuTs Ha
HEKOTOpOe KOHEYHOe YHC/0 YacTeH H 3aTeM, NMeperpynNmHPOBAaB 3TH



4acTH H co6paB BHOBb, 06pa3oBaTh 1wap paauyca R =1 kM. B 06-
ueM caydae, ecid A u B —orpaHuueHHHe NOAMHOXecTBa B R?,
HMeIOllHe HEeNyCTYl0 BHYTPEHHOCTb, TO CYLIECTBYIOT HaTypaJbHOE
yucao n H pasbuenus {A; 1<<j<<n} u {B;: | <j<n} Ha n ua-
cTell coOoTBeTcTBEHHO MHOXecTB A M B TakHe, uto A; KOHIPY3HTHO
B; nns Bcex j. (ITogMuoxectBo X B R® orpaHuueHo, ecld OHO CO-
AepXKHTCH B HEKOTOPOM liape, H X MMeeT HeNmyCTyl0 BHYTPEHHOCTb,
€CJH OHO COAEpPXKHUT HeKOoTOpHil wap. Pa36buenne mHoxkecrBa X 03-
HayaeT COBOKYNHOCTb MONApPHO He NepeceKaloMXcs MNOAMHOXKECTB
X, o6beanHeHHe KOTOPHIX coBnajaer ¢ X.)

8) Ob6®macnenue napadokca

Pa3spenuB map paguyca r=1 cM Ha KOHEYHOe YHCJIO YacTeH,
Mbl HHTYHTHBHO OXHJaeM, YTO, CKIaAblBasi 5TH 4acCTH BMecTe, MOX-
HO TOJYYHTb TOJBKO CILIOWHBIE (Uryph, 06beM KOTOPbIX paBeH
o6beMy HcxofHoro wapa paauyca B 1 cM. OpHako 3TO cnpaBen-
JHBO TOJbKO B cJlydyae, KOTAa LIap AEJHTCA Ha 4acTH, HMeEIOLLHe
o6bem. CyThb napajokca 3akJjiloyaercs B TOM, YTO B TPEXMEPHOM
NPOCTPAHCTBE CYIIECTBYIOT HEH3MEDHMBle MHOXECTBa, KOTOphbie He
HMeloT 06beMa, ecaH Nnoj o6beMOM MH [IOHHMaeM To, 4To obJjanaer
CBOACTBOM aJAHTHBHOCTH, U NpeANoJaraeM, 4To oObeMBl ABYX KOH-
TPYSHTHBIX MHOXecTB coBnazgaioT. (B pokasatenbctBe Teopemn Ba-
Haxa — Tapckoro ucnoab3yercsi akcuoMa BbiGopa Llepmerno.)

e) 3ameuanusn

Hexkoropele BuAamoLHecs] MATEMATHKH (HANpUMeEp, HTAJbSHCKUH
yueHBIH e DHHETTH) CYMTAIOT, YTO CHIMa-aJAMTHBHOCTb BEPOSTHO-
CTH — 3TO CJHUIKOM CHJbHOE OTpaHHYeHHe, HO NPHU3HAIOT aJJAUTHB-
Hoctb. [Tapagoke Banaxa — Tapckoro nokasniBaeT, 4To NpPH 3aMeHe
CHrMa-aJAHTHBHOCTH HAa aJAMTHBHOCTb HE TOJIbKO He pelIaloTcs: Bee
npo6.JieMbl, HO BO3HHKAIOT HOBhle. B TeopHH aBTOMAaToOB AujJemMma —
NpUHUMATb HJIM He NPHHHMATh CHCMa-aAAHTHBHOCTb — CTaJa Ha-
CTOTBKO KDHTHUECKOH, UTO Jaxke BpHTaHCKas SHUHKJIONEAHS NPHHSAIA
y4JacTHeE B ee 06Cy)K}1€HHPl. aJ’leKTpOHHbIe BbIYHCJHTEJbHbIE MALIHHBI
JacTO HCHOJB3YIOTCS AJS MOJydYeHHS (TeopeTHUeCKH) OGeCKOHEUHBIX
mocJiefioBaTeabHOCTEH CaydaiiHBIX uucea (cM. caeaywouiuii mnapa-
nokc). BeposiTHocTh KaxaoH noc/ieloBaTeIbHOCTH HyJeBasi, HO Be-
posiTHoCTh MX oObenuHeHHss paBHa 1. TakuM o6pa3oM, NpHHATHE
CHrMa-afJIHTHBHOCTH OCHOBAHO Ha MOJYaJHBOM NpPEANOJOXKEHHH, 4TO
aBTOMAT He MOXET MOPOAHUTb CaydailHoe sIBJEHHe, T. €. caydafinble
H HecaydyafiHble MOCJIEJOBATENbHOCTH pa3fefsioTcesl TakK Ke, Kak H
B rpeyeckoil MH(MOJIOTHH: TaM eCTb pa3jHuHble GoruHu —- Tiox3 (6o-
CHHA caydasi, ynaud) u Moiipnl (GOrHHH cyabGHl).
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3. Napapokc metona MoHte-Kapno

a) Hcropus napadokca

Metox Monte-Kaps1o — unc/ieHHbIi MeTOA, OCHOBAHHEIH Ha CJay-
yaliHoit BBIOOpKe. IIpH pelleHHM BRIYHCAMTENbHHX 3aJa4 YacTo
MOXHO HaHTH NOAXOASULYI0 BepPOSTHOCTHYIO MOJeJb, B KOTOPYIO
BXOJHT HCKOMOE HEH3BECTHOe YHCJIO. 3areM AJsl pelieHHsl 3a4auH
MHOTO pa3 HabJ/I0fal0TCS HCXOAB CAy4afHBIX 3KCNEPHUMEHTOB, BKJIO-
YeHHBIX B BCPOSATHOCTHYIO MOJesb, C TeM uToGhn ¢ 3ajaHHOH TOu-
HOCTbIO (Ha OCHOBe HaGJIIOJEHHBIX 3HAUEHHH) MOXHO GbLJIO OlLEHHTh
MCKOMOe yHcso. XOTSl MAest 3TOr0 MeTojJa HOBOJIBHO CTapa, ero Ha-
CTOsillee NMPHMEHEeHHe HayaJloCh JHUIb C MOSIBJCHHEM KOMIbIOTEPOR,
korga E. Heiiman, C. Yaam u 3. Pepmu vcnonb3osanu meros Mon-
te-Kapsio nas npuGAHKEHHOro pelleHHsi TPYIHBIX BBIUHC/IHTENbHBIX
3ajay, CBSI3aHHBIX C sAJepHHIMH peakuusmu. HasBanue Meroza
O6DBbACHSIETCS TEM, UTO B HEM IPHMEHSIIOTCS MOCAEL0BATENbHOCTH CJIy-
YaHHBIX YHCeJ, B KayecTBe KOTODHIX MOTVIM Obl BRICTYNAThb PEryJsip-
HO OObsiBJIieMble Pe3y/bTaThl MIp, NMPOBOLUMEIX B Ka3HHO, HalpH-
mep, B Monte-Kapsio. OfHako Ha mpakTHke C/lyyalHble YHCla, He-
o6xoJHMble IJs MeTOAa, BhAaer caM KoMmmbioTep. CJjieoBaTesbHO,
CHMIIATHYHOe Ha3BaHHe (ero BIepBble HCNOJb30Badd B 1949 .
H. Merponoauc u C. ¥Yaam) BBOZMT B 3abJayxIecHHe (MeTOH Bpsii
Ju noMoxet BeiMrpath B MoHrte-Kapso). Hpes wmeroma Monre-
Kapjo Brnepebe mnosiBunack B 1777 1. B pabore Broggona
(cm. 1.11), rme usnarancst MeTon OUEHKH yucaa m nyTem GpocaHus
uroJku Hayral. IlpeamosiokuM, yTo Ha CTOJe MPOBEJEHH MapaJ-
JielbHble NpsIMble Ha €AWHUYHOM PAacCTOSIHUM JAPYr OT ApPYyra, U Ha
cron Hayrajg O6pocaercss Hrojka JIauHol L << 1, mnpu atom yroa
MeXIy NMPSIMBIMH H MIVIOH W PacCTOssHHE OT CepeAMHBbl HIAbl 0O GJu-
XKafimefi npsiMoit SIBASIIOTCS HE3aBUCUMBIMH CJyYaHHbIMH BeJHUH-
HaMH, PaBHOMEPHO pacnpelejeHHbIMH cooTBeTcTBeHHO Ha (0,2m) u
(—1/2, 1/2). Torpa.uria nepeceuer Kakyi-HUGYIb NPSMYIO C Be-
posaTHOCTbIO 2L /n. Ec/iu MpPOBOAUTb 3KCIIEPUMEHT MHOTO pas, TO OT-
HOCHTeJIbHAsT yacToTa nepeceyeHuit Gyjer ouyeHb 6JM3Ka K TeOpeTH-
YeCKOH BepOSITHOCTH 2L/m, W TaKUM NMyTeM MOXKHO BBIYHUCJIUTbL 3Ha-
YCHHe . DTOT METOJ HaxXOXKIeHHsi NpUOMHKEHHOrO 3HaUYeHHs
HMEET YHCTO TeopeTHUecKoe 3HaueHHe, TaK KaK AJs NMOJyYeHHs ABYX
TOUHBIX 3HAKOB 1OcJe 3amnsIiTOH HY2>KHO COBEPUWHThH HCCKOJIBKO TbICSIY
Gpocanufi. (C noMolpIO APYroro MeToJa MOXKHO ONpeAeqHTb MHJ-



JIHOH 3HAaKOB uYHcJa 7, cM. ctaTthio I. Musa.) 3agaua Biopdouna 06
urjle NokaseBact, yTo MeroJ MoHTe-Kapso He nmoJXxoautT AJs oueHb
TOYHBIX BHIYHCAeHHR. Jlaxe A/ MoJMydyeHHsl pe3yJabTaTOB C TOY-
HOCTBIO 0 JBYX HJIH TPeX 3HAKOB TpelyeTcsl NpoBelieHHe THCAY HJIH
MHJTHOHOB  3kcrnepumenToB. CJefpoBaTenbHO, Merol MonTte-Kapao
NpHMEHHM TOJbKO TOTJa, KOrfa INpOBeleHHe 3KCNEPUMEHTOB MoJe-
JUpyeTcsi KOMINbIOTepoM. BMecTo 6pocaHdsi UMJIBI BHAAlOTCS ABa
HE3aBUCHMBIX CJYYaHHBIX YHCJIA, KOTOPhIE OMNPENENSIOT IOJOXKEHHE
(nmpeanosiaraeMolf) MrJIW M NMPOU3OLLIO JIK ee NepeceyeHHe ¢ (npea-
nojaraeMbiMH) NpsiMBIMH. [locKoJsbKy KOMIblOTep crnocoGeH Bhlja-
B4aTb HECKOJbKO MHJIJIHOHOB YHCEJ B MHHYTY, MOJENHPOBAHHE MHJI-
JIMIOHOB 3KCIIEPHMEHTOB He 3aiiMeT CJHIIKOM MHOrO BpeMeHH; G6e3
KOMIbloTepa AJIst 3TOro norpeboBanack GH BCSl XKH3Hb.

Teopusa noctpoenus cayyafiHBIX YHCeN Ha KOMIbIOTepax Mpespa-
THJaCh B BaXKHOE HaNpaBjeHHe B MareMaTHke. BMecTo HacTosmux
CIyyalHBIX YHCea (KOTOpble BO3HHKAIOT B XOAe CNydYalHhIX (pusHye-
CKHX IIPOLECCOB, HalpuMep, B XoJe pajHOAaKTHBHOTO pacnajga) ro-
NYJASPHBIMH CTAHOBATCS NCEBAOCTydYalHble YHCJA, KOHCTPYHpYeMble
C MOMOIIbIO AETEPMHHHPOBAHHBIX BHIYHCJIHTENbHBIX aJTOPHTMOB.

B cBf3M ¢ nceBAOCAyuaRHBIMH YHCIaMH BO3HHKaeT cJelylouiui
BONpoc. B KakoM cMBIC/Ie HX MOXHO CUHTaTb CJAY4YalHBIMH, €CJIH OHH
MOJIYYeHH € TOMOIIbIO JAeTepMHHHPOBAHHHIX (HecJyyaHHHIX) aJro-
putmoB? [locse cratbu ¢pon Mu3seca, sroimenuiest B 1919 r., HekoTo-
peie BHJalomuecss MaTeMaTHKH HCCAeNOBasd 3Ty npobGiaemy. (Pu-

JIOCOPCKHMH acneKTaMH npobJeMbl 3aHuMaJuch I1. Kupuwenmann,
I1. Makweiin v ppyrue.)

6) Ilapadokc

B 1965—1966 rr. Koamoeopos v Maprun-JIé¢h npeacraBuau Io-
HSITHE CJay4yafiHOCTH B HOBOM cBere. OHHM ONpelesusH, KOrja Io-
CJIeA0BATENbHOCTb, COCTOALLYI0 H3 0 H 1, MOXKHO CUHTATh CIYYaNHOM.
OcHOBHasl HAesi COCTOMUT B cielyiomeM. Uem cioxHee onucaTh IO-
CJIeI0BaTeNbHOCTb (T. €. ueM IJHHHee «caMasi KOPOTKasi» porpamma,
KOHCTPYyHpYyIOLlasi 3Ty NOCJeJOBaTeNbHOCTb), TeM GoJsee cayyaiHof
ee MOXHO cuuTath. JlJMHA «caMofi KOPOTKOi» NMporpaMMBbl, ecTecT-
BEHHO, pa3JHyHa AJA pa3HBX KoMmnblotepoB. [lo atoii npuuuHe BHI-
6MpaloT CTaHAapTHYIO MallluHYy, Ha3biBaeMylo MmauinHoii ThelopuHra.
Mepoit Cl0KHOCTH NOC/TEA0BATENbHOCTH SIBJSIETCS AJHHA HauGosee
KODOTKOH NpOrpaMMel Ha MallliHe TbIOpHHTa, KOTOpasi reHepHpyer
3Ty nocJeloBaTe/bHOCTb. CJOXHOCTh — Mepa upperyJasipHoctH. [o-
CJ1el0BAaTeNbHOCTH, AJHHA KOTOophix N, Ha3nBalOTCA CJAydaHHBIMH,
€cJIM UX CJOXHOCTh O6JIM3Ka K MakcuMaJbHoH. (MoXKHO NoKa3aTh,
YTO GOJIBLIMHCTBO MNOCJEAOBAaTENIbHOCTE MMEGHHO TaKOBH.) MapTuH-
JIéd pokasan, 4ro 3TH NOCAEAOBATEJIbHOCTH MOXKHO CUHTATh CJAy-
YalHBIMH, TaK KaK OHH YJOBJETBOPSIOT BCEM CTATHCTHYECKHM TC-



ctaM Ha cayuaiiHocTb. Takum 06pasoM, CIOXKHOCTb H CJHYy4aHHOCTb
TeCHO B3auMOcBsizaHbl. Ecau mnporpaMmHuct cobupaeTcsi MOJYYHTDb
«HACTOsILI[HE» CJAyyaifiHble YHcJa, TO B cHJay pesyabratoB Kosamoro-
poBa H Maprun-JIéa oH MOXKeT 3TO cleaTh TOJNbKO C NOMOIIbIO
JOCTaTOYHO AJIMHHON mporpaMmbl. B To JKe BpeMsi Ha NMpakTHKe re-
HepaTophl CJAyYyaHHBIX 4YHCeJ OYeHb KOPOTKHe. Kak COBMECTHTb 3TH
nBa ¢akra?

8) Ob6wmacrenue napadoxca

[MocneaoBateNbHOCTH, TeHepHpPyeMble KODOTKHMH TpOrpaMMaMu
M HCIIOJIb3yeMble B KauecTBe CJYYaHHBIX, B AeHCTBHTEJbHOCTH y/JOB-
JIETBOPSIIOT JIMIIb HEKOTOPHIM, a He BCEM TeCTaM Ha CJayd4aHHOCTb.
OnHaKo B NPHJIOXKEHHSIX 3TO NMOYTH He cozjaer mpobaem. Hanpu-
Mep, AJsi YMCJIEHHOTO HHTErpHPOBaHHs AOCTATOYHO HMETb INCEBJO-
cayyaiiHble YHC/1a, paBHOMEPHO paclnpeleseHHble Ha HEKOTOPOM HH-
TepBaJe.

[IpeanonoXuM, uTo HaA0 NPOHHTETPHPOBAaTb (YHKIHIO OTpaHH-
YyeHHOH BapHauuu Ha uHtepBase (0, 1). BennuuHa

1={F(adx
0
npubanxaercss apuPMeTHYECKHM CPEAHHUM
| N
Iy= Y, Fx)
i=1
He TOJbKO TOTAa, KOTJAa TMOC/AeN0BaTeNbHOCTb Xy, X2, ..., Xy CJY-

yailHa W paBHOMepHO pacnpefieieHa Ha uHtepBaste (0, 1). Hdocra-
TOYHO MNOTpe6GOBaTh PaBHOMEPHYI0 paclpeleeHHOCTb 3TOH mocJe-
JIOBaTEJbHOCTH. DTO 03HauaeT, 4To npu N — oo

Dy= sup |c(x, N)—x|—0,
I<x<l

rie c(x, N) — OTHOLIEHHe uYHCJa 3JEMEHTOB MOCJAeA0BaTEJbHOCTH
X1, X2, ..., Xy, OpuHaggaexamux (0, x), k N, T. e. OTHOCHTe/bHaA
yacToTa.

MoxHo noka3zaThb, 4TO

[ —Iy|<ViDy,
rie V;— nocrosiHHas, 3aBucsulas ot GyHKUHH [ (MONHasi BapHauHus

dyukuuu f). Orcioga caeayer, uyTo npubJHKenue Aas | TeM TouHee,
yem Menblie Dy. OnHako 3HaueHue Dy MHHHMaJbHO He TOTAa, KOr-



Ja 6epyT cayuyalHylo mociaeaoBaTesbHOCTb. [last cayuaitHoit mocJe-
JOBaTeJbHOCTH NOPSAOK NPHGJHKeHHs paBeH N—'2, a Jas Hecay-
YaiHOH NOC/JEeAOBATENbHOCTH MOXHO MNOJYYHTb TOYHOCTb MOpPsJKa
N-'logN.

YacTto BMecTo TOro, utoGbl NMHITATHCA CHOPABHTHCA C «HEOCs3ae-
MbIM TNOHSITHEM CJY4YaHHOCTH», CleAyeT HC0Jb30BaTbh JETePMUHHU-
pOBaHHbE M0CJIEeJ0BATENbHOCTH, KOTOpHe Jyuylile NOAXOAAT AJS pe-
LIeHHs1 KOHKpPeTHOH 3ajauyd. B 3ToM cyThb KBasHMeroma MoHTe-
Kapno.

2) 3ameuanus

(i) B3anMocBA3b MeXAy CJAYYaHHOCTbIO M CJOXKHOCTBIO HeAaBHO
NpHBeJa K HECKOJIbKHM HHTEDPEeCHbM OTKpHITHAM. B TeueHnue goaro-
ro BpeMeHH B MaTeMaTHKe CyllecTByeT 00las NpakTHKa o6pauieHHs
C OYeHb CJOXHBIMH CTPYKTYPaMH KaK cO cJy4aiiHBIMH (HanpuMep,
NoBe/ieHHe CJOXHBIX I0CJeA0BaTeJbHOCTEH NpPOCTHX YHCEJT YacTo
ONHCHIBAETCA BEPOSATHOCTHHIMH 3aKOHaMH). Maes o ToM, uto cayyaii-
HOCTb H CJIOXHOCTb Hepa3J/IMYHMBI, SIBJISIETCS HACTOJBKO PEBOJIIOIIHOH-
HOH, YTO OHa OYeHb BaXKHa H ¢ QHUI0COPCKOH TOYKH 3peHus. Mcnodb-
3ys 3Ty ujelo, AeBH3 CNHHO3b MOXHO cOPMYJIHPOBATh CJEAYIOLIUM
06pa3oM: JIIOAH NPeNOYHTAIOT NPOCThie BelllH CJ0XKHHM — 3TO, 6e3-
YCJIOBHO, BepHO. B TO XKe BpeMsi OYeBHAHO, YTO yeM rjy6xKe MBl Ih-
TaeMcsl NOHATb 3aKOHBI NMPHPOJH, TeM siCHee OCO3HaeM, 4TO JaJeKo
He BCE€ OHH NPOCTHIE.

(ii) ITocnenoBaTeNBHOCTH CJAYYaHHBLIX 4YHCEJ NPHMEHSIOTCS A0-
CTaTOYHO WHPOKO. OHH HYXHH [JS1 UYHCJIEHHOTO HHTErpHpOBaHHS,
Ul YHCJIEHHOrO pellleHUs AHddepeHuHANbHBIX YpaBHEHHH, A5 Mo-
AenHpoBaHusi Ha DBM (H3HUECKHX, XHMHUYECKHX, GHOJIOTHUECKHX,
TEXHHYECKHX H 3KOHOMHMYeCKHX 3aiay M T. A. OHH NIOMOraiT npH
pellieHHH 3ajay YJMYHOrO JBHXKEHHf, TPAHCIOPTHBIX H APYTHX OI-
THMH3AUHOHHBIX 3a/1a4, a TaKXe NpPH CO3JaHHH aCTPOHOMHUYECKHX
moaenedl. C nOMOIIBIO clyyaHHBIX YHCeJl MOXKHO NpPOBepsTh 3ddek-
THBHOCTb pa3JIMYHbLIX nporpamm Ha DBM.

B 3axk/louyeHHe cileAyeT OTMETHTb COBeplIeHHO HHYI0 006JacThb
NpUMEHEHHsS — KOMINbIOTEPHOE HCKYCCTBO, I'e MOCJel0BaTeNbHOCTH
CAyyaHHBIX YHCeJ NpeANaraloT MUJJIHOHB BapHauuii (mocienoBa-
TEJbHOCTH CJAYYaHHBIX 4YHCeJ MOryT, OYEBHAHO, COOTBETCTBOBAThb
N0CJIe0BaTeNbHOCTAM 3BYKOB, LBeTOB, G6YKB H T. A.). M3 atux no-
CleA0BATE/NbHOCTEH  KOMIbIOTED OCTaBJSET TOJbKO Te, KOTOpbie
YAOBJIETBOPSIOT YCTAaHOBJIEHHBIM nNpaBuaaM. Ecau koMmmnbloTep pa-
60TaeT ¢ AOCTATOYHO GOJBbLUIMM YHCJIOM BHIGOPOK, TO XYAOXKECTBEH-
HOoe npousBeleHHe Oyler OueHb xopowiuM. Hampumep, rpeueckuii
KOMNO3UTOp KceHakHc HCMONb30Bas B CBOMX paboTax 3BYKH, MOJY-
YeHHBbe cayyafHeiM oO6pa3oM c mnomouibio IBM. Yxke npoeeneHo
HEeCKOJIbKO BBICTABOK KOMIbloTepHOH rpaduku. (Heob6xogumo orme-



THTb, YTO He BCSIKasi KOMMbIOTepHAasi rpaduka HCHOJb3YeT ciyvai-
Hble mocJaefoBaTtebHOCTH.) B 1970 r. o6pasoBana MexAyHapoAHas
OpraHH3anHsi KOMIbIOTEPHBIX XYMOXHHKOB.
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4. MNMapapoKc HeMHTEepecHbIX uMcen;
HEBBIUMCIIMMAN BEPOSATHOCTb

a) Hcropus napadokca

MHeHHe O TOM, SIBJSICTCS JIM HCKOTOPOE YHCJIO HHTEPECHHIM HJIH
HEHHTEPECHBIM, NMOJHOCTbIO CyOBEKTHBHO, HO, OMHpasich Ha MNpefbl-
oyuHil napafiokc, MOXHO faTb 00beKTHBHOe ONpejesieHHe HHTepec-
HOro uucja. ByleM HasHBaTh YHCJIO HHTEPECHBIM, €CJIH €ro CJOXK-
HOCTb (KOTOpasi onpeleseHa B NpeAblAylleM pasjese) MaJja. Takum
06pa3oM, pallHOHaJIbHblE YHCJa HHTEPECHHl, TaK KaK B HX 3alHCH B
JeCATHYHOR CHCTeMe 3HAaKH MOBTOpsOTCA nepHoAuueckd. Cpeaun up-
palHOHAJbHBIX YHCEJT YHCJAa T H e TaKkKe HHTEPeCHbl, MOCKOJbBKY
HUPpPH B UX 3alHCH MOXHO MOJYYHTh C MOMOIIBIO AOBOJIBHO HpO-
cToit nporpammel Ha IBM. OfHaKo CyLIeCTBYIOT MeHee peryJsipHble
HppanHoHaJbHEEe yHcsaa. HanpuMep, nopMasbHEE uHcia 06JafaioT
CJICAYIOIHM CBOHCTBOM: B MX 3aNHCH B BUJe GeCKOHEYHOH JecsTHY-
HOH Ipo6u KaxKAHH 3Hak (6osee Toro, Jiobas rpynna uudp ¢GHKCH-
POBaHHOrO pasMepa) BCTpeyaeTcsl C ONHOH H TOH >Ke BEepPOSATHOCTBIO.
BosbmuHCTBO HppanHOHANBHEIX YHCEJ] HOPMaJbHBE, HO TPYAHO pe-
IIWTh, SABJISIETCSl JIK KOHKPETHOE YHCJO HOpMaJibHbIM MK Her. [lo-
3TOMY, HanpHMep, HEM3BECTHO, HOPMAJIbHO YHCJIO 7 (MNEPBBIH MHJI-
JIMOH 3HAKOB KOTOporo ony6JHkoBaH B 1974 r.) unu e uiau Het. B 1O



e BpeMs CYyLIeCTBYeT OYeHb IPOCTOH (HO HMCKYCCTBEHHO IOCTPOEH-
HEIH) TpUMep HOpPMaJbHOrO uHcia. B Hauaje TPHAUATHIX rOJ0B
. lllamneproys noxkasas, 4To cJelylolllee YHCI0 HODMaJbHO:

0.123456 789 101 112 131 415 161 718 192 021 222 324 2526...

(HecATHYHBlE 3HAKH SIBJAIOTCA NOCJAEIOBATENbHBIMH HaTypaJbHBIMH
yuciaMu). Bosee cTa JieT Hasaj NMoXoXasi CHTyauHs Gnljia B apHug-
MeTHKe, Korfa B 1844 r. Jluysuaae BnepBHe NOCTPOHJ TpPaHClEH-
JIEHTHOE UHMCJIO0, T. €. YHCJO, He fABJsoLIeecs pelleHHeM HHKaKOro
asre6panyecKoro ypaBHEHHs C LeJIBMH Kos3pguuveHtamu. TpaHc-
LEHJEHTHOCTb YHCET 7 M e N0Ka3aHa I03JHee, COOTBETCTBEHHO B
1882 r. @. Jlundemarom v B 1873 r. Ill. Fpmurom. H3yuenune uncen
B CBfI3H C HX HOpPMaJbHOCTbIO HayaJoCh JHIIb Ha py6exe BEKOB, BO
mHOrom Gaarofapsi HcciegoBanuaMm 3. Hopeas. C 3Toro BpeMmeHs,
oco6enHo mnocie pa6or A. H. Koamoeoposa, II. Maprun-Jléga,
P. Coaomonosa u I'. Iladituna ucciieloBaHHs IO peryJasipHOCTH H
HPPEryJSPHOCTH NOCJAef0BaTeNbHOCTe LH(pP pa3BUIHCh B HHTEpec-
Hylo TeopHio. CiedylOlH# NapajoKec — OJHH M3 MHOTHX NapaJOKCOB
B 3TOH 06.JacTH.

6) Ilapadokc

Y 6oablIHHCTBA uHCel UHMGpH CIEAYIOT APYr 3a APYroM CJy-
yafHo, T. e. GOJIbLIMHCTBO YHCEJ HEHHTEPECHH B CJEAYIOILEM CMBIC-
Je: nporpamMMbl Ha DBM, koTophie reHepupYyIOT 3TH uMc/aa, HeHa-
MHOr0 KOpouye caMMx uHces. HecmoTps Ha o6GHJHe HeHHTEpECHHIX
uypces, AJNs GOJBUIMHCTBA M3 HHAX HeJab3sl JOKa3aTb, UTO OHH HEHH-
TepecHH (B JI06OH cHCTeMe aKCHOM, JIHILEHHOH NPOTHBOPEUHH).
CymecTByeT GeCKOHEYHO MHOTO HEHHTEPECHHIX YHCeJ, HO «HEHHTe-
PECHOCTb» MOXHO J0Ka3aTb JIHIUL AJs KOHEYHOro YHC/Ia M3 HHX.

8) Ob6®sacxenue napadokca

Chaua/ia MOXeT NOKa3aTbCs YAHBHTENbHOH BO3MOMHOCTb Cylie-
CTBOBaHHMsl Yero-To0 TAaKOro, YTO Hesb3sl IPOBEPHTb, OJHAKO ¢ N0A06-
HBIM sIBJ€HHeM Mbl BCTpeuaeMcsl He TOJBKO B MHpe MaTeMaTHKH.
Hanpumep, eciu Bce CTO .THCSY MeCT Ha CTaJMOHe 3aHATH, HO
6blJlo MPOJAAHO TOJbKO AEBFHOCTO AEBSATh THICAY GHJIETOB, TO SCHO,
u4TO ThICAYa 4YEJOBEK NPOHHKJIH Ha cTafuoH Ge3 OuseroB. OQHAKO
NOUCK 3THX JMoAeH Ge3HalexeH (OCOGEHHO, €C/MH Yy KaXJOro Ha
BXOAe GuJieTn oT6Hpaiorcs). TakuM 06pa3om, MH 3HaeM HaBepHs-
Ka, YTO Ha CTaJiHOHe IPHCYTCTBYeT ThICSUa - YeJOBEeK, MONaBLIHX
Tyna 6es GuJieTa, HO Mbl He MOXeM J0Ka3aTb, UTO JIO60H KOHKpeT-
Hbll YeJoBeK NpolIeN Ha CTaAuoH Ge3 6usera. B maremaTuke no-
NOGHbIE SIBJIEHHS] BCTPEYAKOTCs YacTo.

BoBce HeyAMBHTENbHO, YTO GOJIBUIHHCTBO UHCEJ HEHHTEPEeCHH.



JocTaToyHO BCNOMHHTb, KaK TPYAHO ObIBaeT fa)e B CeMH3HAUHOM
TeNe)OHHOM HOMepe «OGHapYXHTb» KaKyl-THO0 peryJsipHOCTb,
yToGHl Jerue ero 3amoMHHTb. Elle cjoxHee HalTH peryaspHocThb
I GoJblliell JOOJMH 4HCEN, 3aNHChIBAEMBIX COTHeH HJH TBICSYbIO
3HakaMH. Tak uyTo GoJiee yAWBHTENbHA BTOpas 4YacTb NapaflokKca,
0cO6EHHO JJISi TeX, KTO HENOCTATOYHO XOpOIIO 3HAKOM ¢ NapanokK-
camu jorukn XX Beka. Cpeln 3THX mapafoKcoB Hau6osee GJH30K K
Hawemy napanokc I. Beppu. (3toT napalokc BnepBHe 6B onyG6-
aukoBaH 70 Jer Ha3aj B pabote b. Paccena u A. Yaiitxena «Prin-
cipia Matematica».) «KoMnbloTepu3npoBaHHBIA BapHaHT» mapaloK-
ca Beppu npunannexur 3. bexkenbaxy. B HeM yTBepkIaeTcs, uTo
HeHHTepecHble HaTypaJ/JibHble YHCJa He MOTYT CYLleCTBOBAaThb, MOTO-
My YTO HaHMeHblllee H3 HHX OBJIO 6B HHTepeCHHM. MHBIMH cioBa-
MH: HaHMeHblllee H3 YHCeJ, KOTOpble CTPOSATCA TOJbKO € MOMOLIBIO
NJIMHHBIX nporpamm Ha JBM, MOXHO TakXXe reHepHpoBaThb ¢ IO-
MOLIbIO KOPOTKOH NpOrpaMMbl, 4To, Ge3yc/IOBHO, SIBJASIETCS] NPOTHBO-
peuneM. Heo6xoauMO NpH3HAaTb, YTO HEKOTOpble YHCJa SABAAIOTCA
HEHHTEPECHbIMH, JaXKe €c/Ii Mbl He MOXEM 3TOro AoKas3aTb. Ecau
CHCTeMa aKCHOM H NpaBHJa BHBOJAa colepXaT n GHT HHPOpMailHH,
TO MOXHO MOKa3aTb, YTO CBOHCTBO «HEHHTEPECHOCTH» YHCJA HeJb3sl
JoKasaTb B TOM CJyyae, KOTAa €ro KOJHYeCcTBO HHPOpMauuH Ha-
MHOro 6oJsiblie, 4ueM 1 GHT.

2) 3ameuanue

BaXHbIM KpHTepHeM CJayyalHOCTH 3HAaKOB B 3aMHCH YHCJA SB-
JISIeTCA HEBO3MOXHOCTb HX 3KCTPamOJNHPOBATh, HJIH NpPeACKA3bBaTb.
BosHnkaer Bompoc, cyllecTBYeT JH Kakoe-HHOYAb (HecayuaitHoe)
YHCJIO, KOTOpOe MOXeT OHTb TOYHO OmpejesieHO, HO UH(PH KOTO-
poro HeJb3sl npeiacKasaTb. YTBepAHTE/bHbIH OTBET JaH B MpHMepe
lladruna. Tlyctb cayuafiHasi NocaAen0BaTeJbHOCTb H3 «repGOB» H
«pelleKk», BO3HHKAWWas NpH 6POCaHHH MOHETHI, HJIH COOTBETCTBYIO-
as e nocjeloBaTeJbHOCTb H3 HyJeil H €IUHHL, BBOAHTCS B HEKO-
TOpYIO MalIHHYy, a HMeHHO B MauHHy Thiopuura. BepositHocTs TOTO,
yTO MallkHa ThIOPHHra OCTAHOBHTCS B KAKOH-TO MOMEHT BBOJAA CJY-
YaHHOH NOC/IeN0BaTeNbHOCTH, H onpenensier yucio llaiituna. (Teo-
pPeTHYECKH MallHHa MOXeT paboTaTb KaK yrogHoO JOJITO, MOTOMY 4TO
OHa He MOJYYaeT KOMaHJ, 3aCTaBJSAIOIIHX ee OCTAHOBHTbCA.) MOXHO
AoKa3ath, yTo yHcjo IlaliTHHA «HEeHHTepecHO» H UHPPH 3TOrO YMC-
Jla NpelcKas3aTh HeJb3s. B TO XKe BpeMsl 3TO «HEHHTEpPeCHOe» YHCJ0
LUlakituna o6aanaer psinom HHTepecHhx cBoiicts. Hanpumep, eciu
6bl GbIJIO H3BECTHO HECKOJIbKO NMEPBHIX THICAY UHPP B €ro AecATHU-
HOW 3aMHCH, TO TeM CaMBIM Mbl NMOJYYHJH Gbl pelIeHHS] HEKOTOpbX
KJIaCCHYECKHX HepellleHHBIX Mpo6JieM B MaTeMaTHKe TaKHX, Kak ge-
Auxas reopema Pepma n npobrema I'oasdbaxa. Bennkas teopema
®epma (KOTopasi yTBepXK[aeT, uYTO ypaBHEHHe x" 4 y"=2z" He



vMeeT pellleHHHl B- HaTypaJbHBIX YHCJaX X, Y, 2 IpH n > 2)') Teo-
peTHYeCKH MOXeT GbiTb J0Ka3aHa HJH ONpPOBEPrHyTa C IOMOLIBIO
KOMINbIOTepHOH NporpaMMhbl — «nporpaMmbl PepMa», koropas Aas
JaHHbIX 3HAYEHUH n U Z TNpOBepsieT, CYLUIECTBYIOT JIH IeJbie yHcaa
X W Yy, sBAAIOIIHecs pelieHveM ypaBHeHHsi Pepma. [Ipu nocrenen-
HOM YyBeJHYEHHMH 3HaueHWil n ¥ z GYAYT pacCMOTPEHH BCe CJIyyad.
Korpa peurenve Gyner HafifieHO, BHIUHCJAHTE/bHAS MalIHHA OCTaHO-
BUTcA. Eciu mMauivHa koraa-Hu6yib OCTaHOBHTCS, TO TeopeMa Pep-
Ma GyleT ONpoBepruyra, B NMPOTHBHOM CJyyae AOKa3aHa. «ExuHCT-
BeHHasi» npobJeMa COCTOHT B CJeAylOlleM: Kak Gbl AOJI0 yXe He
pa6orana MallvHa, Ml HHKOrJa He MOXXeM GHITb yBepeHbl, UTO OHa
He OCTAaHOBHTCS Ha CJeldyloleM liare. Aty NpobjeMy MOXKHO ObLIO
6bl o6ofiTH, ecau 3HaThb NocrosiHHylo Hlafithna. PaccmoTpum Bce-
BO3MOXHble BBOJAHMble I0OCJIE€I0BATEJbHOCTH B ABOMYHOM KOJE KO-
HEYHOH AJMHBI M Tonpo6yeM ONpeleNdTb Te NpOorpaMMbl (BBOAHMEIE
noc/1e10BaTeNbHOCTH), KOTOpble OCTaHaBJAWBalOT MaluuHy. CHauyaja
NOCMOTPHM, OCTaHABJMBAET JH MAallHHY NepBas NporpaMMa Ha nep-
BOM llare, 3aTeM — OCTAHABJHMBAET JIH MalUHHy BTOpas NporpaMma
Ha mepBoM wiare. [lanee, MO3BOJNUM NepBOil NMpoOrpaMMe BHINOJHATD-
Cs1 10 BTOPOro 1ara, TpeTbeH NmporpaMMe QO NepBOro uiara, BTOpOH
nporpamMme [0 BTOpOro lLiara H NepBOd INporpamme A0 TPETbero
wara H T. 4. Ec/u MaliMHa oCTaHOBUTCS HA HEKOTOPOH BXOLHOI IO-
C/leIoBaTeNIbHOCTH, KOTOpasi 3anucaHa B JBOHYHBIX KOAax, H €€
AJMHA R, TO NOJIOXXHM MBbiCJIeHHO 1/2% HoM0 eAMHHLH Beca B Me-
wok. [TocreneHHo MellOK 6YAeT CTAHOBMTbCH BCE TAXKENeH H €ro
Bec Oyler cxoiurtbcs K mocrostHHoil IllaifiTuHa (Tak Kak ¢ BeposT-
HOocThio 1/2% mio6asi KOHKpeTHas MABOMYHAs I0CJAEA0BATeJbHOCTDb
AJMHBL R TIOABJSETCS CpPellH TOCJeA0BAaTEIbHOCTEH, COOTBETCTBYIO-
Hx GpOCAHHIO CHMMETPHYHOH MoHeTHl). [lycThb m — AnHHa ABOMuY-
HOi «nporpammbl Pepma». [IpeaANosOKHM, UTO NPOrpaMMbl BHIIOJ-
HAIOTCS 0 TeX IOp, II0Ka Pa3sHOCTb MeXAy nocrosinHoit 1llafituHa u
BECOM, HAKOIJIEHHHIM B MeLIKe, He cTaHeT MeHblue, yeM 1/2™ Ecau
K 3TOMY MOMEHTY BesMkas TeopeMa PepMa He OKkasajacb ONpOBep-
THYTOH, TO OHa JOJXKHA ObIThb CNPaBENJHMBOH, TAK KaK €CJH «Ipo-
rpamma @epMa» OCTAHOBMT MallMHYy TO3AHEE, Mbl JOJKHH Gylem
NOJNIOXKHTL B MeIIOK 1/2™ eXMHMuBI Beca, 4TO NPOTHBOPEUYHT TOMY
(bakry, 4yTo Mbl Hallliuy 3HaueHHe NocTosiHHO# 1llaiiTHHA c TOYHOCTBIO
ayyuiert, yem 1/2m, Tlocrosiunas llafiTHHA NO3BOJISIET NOMYYHTh pe-
WeHHs (MJH 1aeT TeOPETHYECKYI0 BO3MOXHOCTb pellleHHit) Bcex
npo6JieM, KOTOpble MOXXHO CBECTH K 3ajaue 06 OCTaHOBKe, MOAO06-
HOM TOH, KOTOPYIO Mbl TOJILKO UTO OGCYZHJIH.

') Henasno nemeuxnit matematnk I. PaaTunec 10Ka3an ouenb rayGOKyio
TeopeMy, M3 KOTOPOH clieayeT, 4TO BO3MOXHHe (1O CYUIECTBY pa3fiH4HBle) pe-
uleHns ypanHennss depMa KoHeuHnl. DTo GOABWOH War HA NYTH PelleHHs Opo-
Onemni depma.
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5. Mapagokc cnyyaiHbix rpados

a) Hcropus napadokca

CrpykTypHBEIc npoGJemMbl B psfe ob.aactei Haykn (Hampumep,
npo6aeMy 3JeKTPOHHBIX CXeM) MOXHO Jerko IpPOMONENHpPOBaThb H
pelIuTh ¢ HOMOILBIO IrpadoB, T. €. TOUEK H JHHUH, X COCAMHAIIUHUX.
TOukH HasHBalOTCs BeplUHHAMH, a JHHHH — pebpamu rpacda. Pebpa
MOTYT TaK¥XXe OTpaXaTb CBfi3b, HOCAIIYI0 CJAyYaHHHH XapakTep.
[To3TOMy ouYeHb BaXHO H3YyYeHHe CTPYKTYpH cJyyaidHBIX rpacos.
Teopus cayuaiinnix rpados 6bla pa3paboTaHa B OCHOBHOM B pa-
6orax ITayra 3pdewa n Areppeda Penou.

[IpeanonoxuM, yto y rpada n BeplIHH, H Bce pe6pa NpoOBOAATCH
¢ BEPOATHOCTBIO p HE3aBHCHMO OT CYHIeCTBOBaHHMsA Hpyrux peGep.

[Mycts £>0 — npousBosbHoe uncao. B 1920 r. Dpaem n Penbu
AOKa3aJji, YTO CCIH

(1 —e)logsn
p< =dlomr,
TO BEpPOSITHOCTb TOTO, UTO rpad sBasercs CBA3HRIM, cTpeMHTCH K 0
¢ poctoM n. C Apyroil CTOPOHHI, eCAH

’

P> (1 +e')llog,n

TO 3Ta BepoATHOCTb cTpeMutes K 1. (IoBopsar, uto rpad ABasercs
CBfI3HBIM, €CJH M3 KaXJOH BepLIHHbI MOXHO Mo pebpaM nonactb B
mo6yio Apyryio BepuinHy.) Takum o6pasoM, BeposiTHocTh (loge n)/n
Urpaer podb «BOoAOpasjenas. 3a NocjedHHe OBa NECATHJETHSA Teo-
pusi caydafineix rpagoB Gbia 06061eHa Ha rpadel ¢ 6€CKOHEYHRIM
YHCJOM BepIUHH. B cBfi3n ¢ TakuMH GeckOHeuHnIMH rpadamu 3Ip-
newr 1 Penbn ob6paTnian BHUMaHHe Ha CJeAyIOLHH mapalokc.

6) Iapadoxkc

ToBopsT, uto ABa rpacda G; u G M30OMODP(MHH, €CIH CYLIECTBYeT
B3aUMHO OAHO3HA4YHOC COOTBETCTBUC MCXAY MHOXECTBAMH BEpUIHH
rpadoB G, u G, ; npu 3TOM ABe BeplinHbl B (| cCOedHHEHH TOrAa



H TOJBKO TOTJa, KOrjla COOTBETCTBYIOLIHEe BepIUHHE B Gy TakXke CO-
eJHHEHBL.

¥ usomop¢HBIX rpacoB MOLIHOCTH MHOXKECTB HX BepIUHH OJHHa-
KOBEl, HO JIHLIL OJHOrO 3TOrO HEAOCTAaTOYHO JJsi H3oMopdH3Ma.
OnHakKo, ecqH MHOXeCTBA BCPIIMH OCCKOHEYHHl, TOYHCE, HX MOLI-
HOCTb COBNajaeT C MOLIHOCTbIO MHOXECTBa HAaTypaJbHBIX YHces, H
ecau Jio6ble ABe BEpPIIHHE B KaxXAOM rpade COeAHHSIOTCS C Bepo-
ATHOCTbIO 1/2 He3aBHCHMO OT Jpyrux pebep, To 3TH rpadn H30-
MOpdHH ¢ BeposiTHocThio 1. CieoBaTenbHO, B 3TOM CMHCJE Bce
GeckoHeyHHe ciyualinble rpadb OAHHAKOBHI!

8) Ob®acnenue napadoxca

loBopsT, uTO rpad yHHBepcaltieH, ec/H AJsl IPOH3BOJbLHHX IO-
cJlefioBaTesIbHOCTel BEepUIMH Uy, Ug, ..., Up H Uy, Uy, ..., U, (OT-
JHYHBIX JpYr OT Apyra) CyliecTByeT BepLIMHA @, OTJIHUHAS OT U; H
U; U Takasl, YTO @ COeJHHeHa ¢ KaXJOH BepUIMHOA u; U HU C OJHOH
v;. Jlerko mokasarb, uto eciu rpadpu G, M Gz yHHBepcasbHH, TO
OHH H H30MOp(DHH. BeposTHOCTb TOrO, YTO CNyuaiiHbe rpagH, o Ko-
TOPHIX TOBOPHTCA B NapajoKce, He YHHBepcaJbHH, paBHa 0 (T.e. w
CYLIECTBYeT C BEpOSITHOCThIO 1).

2) 3ameuanus

IToMHMO HccaenoBaHHi Mo caydaiiHbIM rpadaM 3a nocJefHHe
HECKOJIbKO JieT OBl NMpOBeJleH aHajlH3 W JPYTrHX CJAy4adHHX CTPYK-
Typ (CaAyuaHHBIX MaTpHL, CIydalfHEIX aJreGpaHuecKHX ypaBHeHHI,
ClTyyalHBIX CTeNeHHHX PSIAOB M T. 1.), KOTOPHH TakxXe JAaJ HHTe-
pecHble pesyabtaThl. Hanpumep, H. . Macaosa Nokasana ciaepyio-

uylo TeopeMy: ecqn Ko3bdHuMeHTH X; cayuafiHoro asareGpauue-
CKOro ypaBHEeHHS

n
Z X,Z’=0
=

SIBJISIIOTCST HE3aBHCHMBIMH OJHHAKOBO paclpefejeHHBIMH cayudaii-
HBIMH BeJIHYHHAMH C HYJeBBIMH MaTeMaTHYECKHMH OXHAaHHSMH
(HO caMH BeJIMYHHBI He PaBHH TOXAecTBeHHO 0) n

E(1X,1*%) < oo

IJIsi HEKOTOPOTrO TMOJIOXKHTENBHOIO €, TO UYHCIO AeHCTBHTENbHBHIX
KOpHe#l 3TOro ypaBHeHHSI pacnpelelleHO HOPMaJbHO C MaTeMaTHye-

CKHM OXKHJaHHEM I Innwu CTaAHAAPTHBIM OTKJIOHEHHEM

24/n-T(I —2nDlnn.
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6. MapafoKkc MaTeMaTHUECKOro OXuAaHUA

a) Hcropus napadoxca

Opnna H3BeCcTHas TeopeMa B TEODHH BepPOSITHOCTEH YTBepkKIaer,
uTo ecad X H Y — cyyaliHble BeJIHUHHBI ¢ KOHEYHBIMH MaTeMaTHuye-
CKHMH OXHJaHHAMH, TO MaTeMaTHYeCKOe OXKHAaHHE HX CYMMH Cy-
IleCTByeT H paBHO CyMMe HX MaTeMaTHYeCKHX OXHIaHHH
E(X+Y)=E(X)+ E(Y). Jlerko nokasaTb, 4TO jaxe ecJH Ma-
TeMaTHueckHe oXxuaauus E(X) u E(Y) He cymecTBylOT, HO cyuie-
cryer E(X 4 Y), 10 E(X + Y) 3aBHCHT TOJIbKO OT pacnpefeseHHil
cayvabinplx BeqMuHH X u Y, 1. e. E(X + ¥) MOXHO NOJHOCTBIO OII-
pellesInTb, He 3Hasi COBMECTHOro pacnpepeienuss X U Y. YauBurens-
HO, HO JJ/151 TPeX CJAy4YafiHBIX BEJHYHH 3TO HEBEpHO.

6) Hapadokc

-Ecnn X, Y u Z— npousBosibHble cayuaiiHble BEJHUHHH, AJS KO-
Tophix E(X 4 Y+ Z) cymectByer, To 3TO MaTeMaTHYeCKOe OXHa-
HHe He Bcerjla OompejieJisieTcsl JHIIb HHAHBHAYaJhHRIMH pacnpepese-
HusmMu X, Y u Z.

8) Ob6%wacnenue napadokca

Onpenenum cayuafinble BenuyuHs X, Y 0 Z ABYMsi pas/iMiuHbIMH
cnoco6amu. B o6oux ciyuasix Mx pacnpeaeseHHsi 6yAyT OJHHAKO-
BBIMH, HO MaTeMaTH4YecKMe oxHlaHusa E(X 4+ Y 4+ Z) pasiuuHBIMH.

[lycte U — cayyafinast BeqMYHHA, PaBHOMEPHO pacnpeeleHHas
Ha HHTepBase (0, 1). Toraa sicuo, yto 1 —U u V= (2U — 1) rak
XKe paBHOMepHO pacnpefesens Ha (0, 1). Ecau

X=v=tg(FV)

M Z=—2X, 1o X+Y+Z=0, u nosromy E(X+Y+Z)=0.
C apyroii cTOpOHH, ecau

x=tg(3V). ¥=tg(50-0)

z=—2tg(3V),



To HepaBeHCTBO X + Y+ Z > 0 cnpaBeaiuBo ¢ BepOATHOCTbIO I,
cJeloBaTe/IbHO, MaTeMaTHueckoe oxuaaHue E(X+ Y+ Z) Ttakxke
NOJIOXXHTEJbHO, TOUHee

EX+Y+2)=2me,

2) 3ameuanus

(i) Mockombky E(X+Y+2Z)=E((X+Y)+2Z)u EX+ Y+
+Z4+W)=E((X+Y)+ (Z+4+ W)), maremaTHuyeckHe OXHIaHHA
CyMM TpeX W YeThipex CJy4yaiHbIX BEJHYHH OZHO3HAYHO OMNpenes-
I0TCS AByMepHBIMKH pacnpefeneHusiMH. OJHAKO HEH3BECTHO, OCTaeT-
¢sl JIM 3TO CNpaBelJIHBLIM, KOTAAa YHCJO cJaraeMblx B cymme GoJblie
YyeTHIpex.

(ii) Pyxca n Ceked nokasanu, uTo AJS KaxXKAO#A cayuyaiiHOH Be-
JuydHel X MOXHO Tak OnpeleJuTb AelcTBuTeJbHoe uHcao E (X)),
YTO 3TO YHCJIO paBHO MaTeMaTHYECKOMY OXHIAHHKIO 3TOH cJyuyalHOMH
BEJHYHHDBI, €CJIH OHO CYILEeCTBYeT W KOHEYHO, NIpH 3TOM AJS He3aBH-
CHMBIX X u Y Bcerfia cnpaBefi/iiBO paBEHCTBO

EX+Y)=EX)+E®).

Ham napanokc nmokasniBaeT, yTO Takoe 0GOGLIEHHOe MaTeMaTHye-
CKOe OXHIaHHe He CYLIeCTBYeT Yy CYMM cCJydYaHHBIX BeJHYKH, KOTO-
pble He 0053aTeJbHO SBJSIOTCS HE3aBHCHMBIMH [IJs1 cJaydyaHHBIX
BeJIHYUH, OlNpelleleHHHX B YacTH g), BeauuuwHa E(X + Y 4 Z)
paBHajack Gl HyJmo, Tak KakK E(X) =E(Y) u E(Z) =—2E(X)].
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7. MNapapokc nepsok UMPbI

a) Hcropus napadokca

ITpu6nusuTeabHo cto Jer Hasad, B 1881 r., Caimon Heroxomb
B «AMepHKaHCKOM MaTeMaTHuecKOM XypHajc» (Amer. J. Math.)
06paTHJ BHHMaHHe uHTaTe]ell Ha ONHWH MHTEPECHBI 3MITHPHUECKHH
¢akT. OnHaKO BCKOpE 3TO OTKPhITHE 6O 3a6HITO H CAETaHO BHOBb
cnycta 60 set dusukoMm Ppaukom Bengopdom, paboTaBLUIHM B KOM-
nanun «JKenepan DiekTpuk». 3akoH noayuua umsi Berdopaa.
(Hbl0KOMG — He eIMHCTBEHHBIN YueHblH, ¢ KOTOPHIM OGOILIHCH He-
CIpaBelJiiBO. 3aKOH 3MOHUMHM CapKacTHYECKHM yTBCPXKA4eT, uTo HH
OlHAa TeopeMa, HH ONHO Hay4YHO€ OTKPHITHE He GblJIH Ha3BaHH HMe-



HeM NepBOOTKpHIBaTedd.) ¥Y. YuBep B «Jlegn Yaauas H3/M0XKUI HCTO-
puio Bendopara: «MHe pacckasanH, 4To NPHGIH3UTENBHO ABAaALATH
NATh JeT Ha3aJd OAHMH HHXKeHep, paGoTaBIIHA B KOMNaHHH «J[XKeHe-
pan DJIeKTpHK», M0 AOpore Ha cl1yx6y Hec KHHTY, COIepKaBLIYIO
noxpo6buyto Tabauiy Jorapudmos. OH JepKas KHHTY cGOKY Kopell-
KOM BHH3. B3rfIAiHyB Ha KHHTY, OH 3aMeTHJ, YTO HauGoJiee 3arpss-
HeHbl Kpas CTpPaHHL B Hayaje KHHTH, 3aTeM OHH CTaHOBATCA
YHllle — Kak OYATO yallle BCEro CMOTPAT NepPBhie CTPAHHILL, pexe —
CTPaHHUB B CepelliHe KHHTH H COBCeM peJKO — MOocCJeIHHe CTDaHH-
Ib. «JTO CTPaHHO,— MOAyMaJ OH.— ITO 03HAayaer, 4TO JIOASM
yaile BCero MPHUXOJHTCA HCKaTh JOrapHGMH YHCeJ, KOTOpHE HauH-
HatoTcs ¢ 1, uyThb pexke — uHceJs, HAYHHAOIIHXCA C 2 M Tak jgaJjee
H, HAKOHel, pexe BCero — JjorapH$Mu uuces, HayHHalomuxcs ¢ 9.

Ho 3To coBepllleHHO HEBO3MOXHO, TaK KaK JIOJASM HYXHH 3Ha-
YeHHsA JorapudMOB caMBIX Pa3HbIX YHCEJ, MO3TOMY pa3JHYHblE LHb-
PBl OJIXKHBI GHTb NpefCTaBJeHE OJHHAKOBO.»

6) Ilapadokc

PaccmoTpuM Kakyo-HHOyAb TabJauuy, HanpuMep TabJaHuy Ie-
JBIX CTelleHell ABOAKH MM JI0Oyl0 Tabauuy ¢H3HYECKHX NOCTOSIH-
HBIX HJH Tabauubl gemorpaduueckoll craTHCTHKH. Kak mnpasuio,
oKaxeTcs, uto nepBas nudpa (40) uucen B Tabauue He Gyxer
pPaBHOMEPHO pacnpefieleHa Ha MHOXectBe 1, 2, 3, ..., 9. lludpa 1
BCTpeYaeTcs yalle BCero, 3aTeM HAeT 2 M Tak AaJjee, 9 Gymer caMoi
penko#t uudpo#. CorsacHo 3akoHy BeHndopra oTHocuTesnbHas uya-
CTOTa NepBHX uHpP, He NPEBOCXOAAIIHX kB, paBHa He k/9 (uTO 03-
Hayasjo Obl PaBHOMEPHOCTb pacnpefiesenus), a lg(k4 1) (rme lg
o3Hauaer logo). CieloBaTeNbHO, OTHOCHTE/NbHBIE YaCTOTHI MJS
1, 2, ..., 9 npubausurenvHo pasusl 30 %, 17%, ..., 5 %. (3akon
Bendopaa mMoxHo chopMyanpoBaTe HHEIM 06pa3oM, a HMEHHO, MaH-
THCCHl JIOrapH(pMOB pacrnpefeseHH NMOYTH paBHOMEPHO HAa HHTEpBa-
Je (0, 1).) 3akon bendopna He yrBepxkaaer, uro |— HauboJjee
4acTo BCTpeualomasicss nepeast uudpa no Bcex Tabanumax (Kaxmbii
MOXKCT NpHAYMaTh TabJauiy, B KOTOPOH eduHHI Boobuie He Oymer),
HO Bce-TaKH cAMHHLA Kak nepBas uudpa B Tabauuax nossiaseTcs
OGHIYHO uallle, YeM, HANpUMep, AEBSTKA.

8) Ob63sacHeHue napadokca

CywCCTBYIOT HECKONBKO BEPOSITHOCTHBIX H  HEBCPOSITHOCTHBIX
NOoAXOJM0B K 00BbsCHeHHI0 3aKOHa Dendopna. CHauasna paccMOTpHM
HEBepOSITHOCTHHIN MOAXON.

[Tpoananuaupyem tabauuy creneneiéi apoiku. [lepBoii undpoit
uyncsia 2" siBJasieTcsl 1, CCJIM CYIIECTBYET TaKOe LEJO€ HHUCIO S, UTO
105 << 27 < 2:10%. Ecau n (4, clefoBaTesNbHO, S) AOCTATOYHO Be-
JIUKO, TO S/n NMPHOJH3HTENBHO paBHO 1g 2. TO 03HAuaer, YTO CpexH



NepBHIX A CTeneHel ABOHKHM Kaxjas lg 2-1 HaunHaercs ¢ 1. AHago-
rHYHO, MO 3aKOHy BeHdopaa pons creneHeil ABOHKH, KOTOphle HaUH-
HaloTcsl ¢ UUGpPH, He INpeBocxoisilied k2, NpUGIH3UTENBHO paBHA
lg(k+1).

BeposiTHOCTHHH NOAXOA HeMHOro ciaoxhee. ONsiTb HaM HYXHO
HauyaTb ¢ TOro ¢akTa, YyTO NepBas HeHyJeBas LH(PpPa NOJOKHUTENb-
HOro cayuyafiHoro ydcaa X He NPEBOCXOJAHT k, €C/H CYUeCTBYeT Le-
JIo€ YHCJIO S, JJ151 KOTOPOro

10°<X<(k+1)-10°

CaepoBaTenbHO, 3aKOH BeHpopaa nuMeer MecTo TONBKO TOrAa, KOria
BEpOSITHOCTb TOro, uT0 ApoOHast uacth {lg X} He mnpeBOCXOAHT
lg(k+ 1), B TouHoctu paBHa lg(k-+ 1). Hns 3Toro pocraTouHo,
uTo6bl ApoGHasi uacTh {lg X} Gnima paBHOMepHO pacmpejejeHa Ha
untepBaje (0, 1). Tenepp paccMOTpUM NepBHI BONPOC: NMpPH KaKUX
YCJOBHSIX Ha pacnpefeseHHe cayuafiHolt BeqHunHn X pacnpepede-
Hue {lg X} npubnusutesbHO paBHOMepHO? Bo-BTOpHIX, MmoueMy Ta6-
JIMIBL -OUeHb YacTo 06/1a4ai0T 3TUM cBoHcTBOM? XOTSl mepBHI BOI-
poc Hu3yuajcs HECKOJTbKHMH MaTeMaTHKaMH (Hanpumep, P. ITunk-
xamom u o, Kemnepmanom) U TOJyUeHH JOCTATOYHO XOpOLLUHE
pe3ysnbTaThl, Ha BTOPOH BONPOC YAOBJETBOPHTENbHHIX OTBETOB HET.
OHuU yacTo NMPUBOAAT K NyTaHOH «pujsocodpun» U Jaxe K YHCJIOBOMY
muctuuusMy. Ilo 3akoHy BeHpopaa uejoBek, HanpuMep, CUUTAeT
apudpmetnuecku: 1, 2, 3, ..., mnpHpoAa 2Ke aBTOMAaTUUYeCKH Oeper
Jorapué¢m ot uucen u cyutaer €% e*, e?*, ... . BeHdopa yrBepx-
JlaeT, YTO YMCJOBble XaPAKTEPHCTHKH B NPHPOJE CKJIAABLIBAIOTCS H3
reoMeTPHYECKHX MPOrpeccHii, AJs KOTOPBIX (Kak H AJs cremeHed
IBOMKH) 3akoH beHdopaa cmpasepnuB. BeHdopa mnpuBoaut He-
CKOJIbKO NMPHMEPOB U3 pa3jHYHBIX o6JacTell HayKH M NPOH3BOACTBA,
KOTOphle HJIIOCTPUPYIOT 3aKOH BeGepa — PexHepa, OTKpHITHIH B
XIX Beke. CorslacHO 3TOMY 33KOHY 3aBHCHMOCTb MeXAy pas3fpaKu-
TeJleM U OlLylleHHeM — jorapudmuueckas. K coxajeHuio, aHaJgo-
rud, npusBoinMble Bendopaom, yaoRnreTBOpUTENLHOrO OTBeTa Ha
BTOpPOH BONPOC TOXC He AaloT. JanbHeitlune noApOGHOCTH MOXKHO
HailTh B 0630pHON cratbe P. Paiimu, B KOTOpOH cOAepXKHTcs 06-
mupHas 6ubavorpadusi.

2) 3ameuanusn

(i) Ecnu Ham HyXHO HalTH BEpOSITHOCTb Py TOrO, uTo k (k=
= 1,2, ..., 9) ectb nepBasi uugpa uKucaa, Hayraj B3SITOrO H3 YHC-
JIOBOH TabaHuubl, U Mbl NpeANoJaraeM CylleCTBOBaHHe OMNpeleseH-
HOTO PCIUEHHS W ero HHBaPHAHTHOCTb OTHOCHTEJNbLHO H3MEHEHHS Mac-
wraba (o macwrtabe eAHHMI[ AaHHBIX B TaGJuile HHUEr0O HE rOBO-
pHTCS), TO MBI NPUXOAUM K JOrpaBHOMEDHOMY pacHpe/lc/icHHIO
pe=Ig(k+1) —Igk.



(ii) AHanu3upys BTOpbie HJH TPeTbH H T. A. UHGpPH, OOHapy-
JKHMM, 4TO BaHsiHHe «3(hdekra BeHpopla» NpakTHYECKH OTCYTCTBYET,
ecH BOOOLle CYlIecTBYeT, T. €. BTOPHIE, TpeTbH H JApyrHe uu¢pol
pacnpejleleHbl TOYTH PaBHOMEpHO.
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8. NMapagokc HyneBOW BEPOATHOCTH
(MoXHO nM M3 HMUYEro NONYuYuTb YTO-TO?)

a) Hcropus napadokca

BeposiTHOCTD HEBO3MOXKHOrO COGLITHSI €CThb HyJb, o6paTHoe xe
HEBEPHO: BEPOSATHOCTb MOMajaHHs B IEHTDP MHIUEHH paBHA HYJIO,
HO 3TO COObITHE He SBJ/SIETCS HeBO3MOXHHM. BeposiTHOCTh nonana-
HHs B MI06YIO H3 THICAYH QHKCHPOBAHHBIX TOYEK TaKXe HyJeBas, HO
KaXkeTcs, YTo 3T0 coOBITHE GoJiee MpaBAONOA0OHO, YeM MNomajaHHe
B ueHTp. CieqoBaTe/bHO, BO3HHKAeT BONPOC: MOXKHO JIH CPaBHHTb
«IIAHCHI» COOLITHH, HMEIOUIMX HY/NEBYI0 BepPOSATHOCTb, HJH HET?
Jpyras npob6aemMa COCTOHT B TOM, YTO BEPOSITHOCTb NMONAajaHHs B
KaKyl0-TO KOHKDETHYI0 TOYKY MHIUEHH paBHA HyJI10, HO XOpPOLIHH
CTPeJIOK B MHIIeHb HaBepHsKa MNomnajer, No3ToMy obbelHHeHHEe cO-
6LITHH, MMEIOLIHX HYJEBYI0O BEpOATHOCTb, MOXET 1aTb COOHITHE,
uMeiollee BeposiTHOCTH 1, T. e. U3 HHYero, Korga ero MHoOro, aefi-
CTBHTEJIbHO, YTO-TO MoJydaercss. Bo3MoXKHO /M 3TO Ha caMoM aene?
3roT napagokc nojo6eH H3BECTHOMY Y¥Ke JBe C NMOJOBHHOMN THICSIYH
JeT mapaaokcy 3eHOHa O HeBO3MOXHOCTH ABHXKeHHsl. 3eHOH yTBep-
XKJAas, 4TO JeTslas CcTpesJa B Ka)XJoe MrHOBEHHE HeNOABHXKHA
(MM, HHBIMHM CJIOBaMH, NepeMellleHHe CTpeabl 332 HYyJeBOH HHTepBaf
BpeMEeHH TaKXKe JOKHO ObITb PaBHO HYJIO), NO3TOMY HEBEPOSITHO,
4yTO CcTpesa BooOule ABHXKeTcs. Bompoc 3mech TOT Ke caMbifi: Kak
MOXEeT CJYYHTBCH, YTO CJOXKeHHe MHOTHX «HHYTO» JaeT B pe3yJb-
TaTe «Heuyto»? TakuMm ob6pasoM, HauleMy MNapagoKcy MO CYyLLECTBY
HECKOJIbKO THICSIU JIET, OIHAKO €ero YAOBJIETBOPUTEJbHOe 0ObsICHEHHE
MOSIBHJIOCDH JIMLIb B TMOCJENHUE NeCATHJeTHs,, 6aarogapsi HccaenoBa-
Husam A6paxama Po6uncona (1918—1974 rr.).

6) Ilapadokc

Bo3bMeM nHayrag Touky w3 wHTepBana (0, 1). Torma sepost-
HOCTb TOTO, YTO Mbl B3s/IH HMEHHO TOYKY 1/2, paBHa Hy/ IO Tak Xe,



KaK M BeposTHoCcTb BHGOpa awo6oi u3 Ttouwek 1/100, 2/100,
3/100, ..., xors nocieaHee cobbiTHe Kaxerca Gojee npasaonofol-
HBIM. J{eHCTBHTENBHO J1H HEBO3MOXHO Pa3JHYHTb BEPOSTHOCTH 3THX
ABYX COOBITHH?

8) ObwvacHenue napadokca

B xome pa3BuTHA apH(pMETHKH BBOJAHJIHCH Bce GoJjiee CJOXKHBbIe
THIB YHCeN: NOCJe HATypaJbHBIX YHCceN H APOOeH NOSABHJHCH HYJb,
OTpUlaTe/NbHble, JeHCTBHTEJbHble (= palLHOHaJbHblE 4 HPPALHO-
HaJlbHEIE) H KOMIIeKCHHe uyHcaa. B 1960-x rosax MHOXecTBO UH-
ceJl NONOJIHUJIOCH B pe3yJibTaTe BBeJEHHs] GECKOHEUHO MaJibiX YHCEN,
Hau npocro GeckoHeuHo MaJsbix. Co Bpemen HbloToHa u Jlel6GHHLlA
B AH(p¢epeHLHAJbHOM H HHTErpajibHOM HCYHCJEHHAX HCIOJIb30Ba-
JIOCh CJIOBOCOYETaHHE «OECKOHEYHO MaJble», OAHAKO OHO NPHMEHs-
JIOCh YHCTO CHMBOJIHUeCKH 6e3 YeTKOro onpejeseHHsl HJIH 060CHOBA-
HHs. MIMeHHO H3-3a OTCYTCTBHSI OGOCHOBaHHSI 6eCKOHEYHO MaJihle
OblM M3rHAHH B NPOUIJIOM BeKe H3 CTPOrOH MaTeMAaTHKH, OJHAaKO
He HCYe3JIH cOoBCeM (TakK KakK (hM3UKH HCIIOJb30BAaJIH HX NMOCTOSTHHO).
MarTeMaTHKH Mepellsii K «3MCHJOH-AeNbTa» aHaJH3y, KOTOPHH [0
CHX IOP COOTBETCTBYET AyXy yHHBepCHTeTCKoro o6pasoBaHus. Teo-
pusi Po6uncoHa 3akjajabiBaeT INpOYHHIH JIOTHYECKHH (QyHAAMEHT
«MOA» NPHMEeHEHHe 6eCKOHEUHO MaJblX, H B OyAyllleM BeKe, BHAHMO,
BO306GHOBAT OOyuYeHHe CTYAEHTOB OPHTHHAJbHBIM 3BPHCTHYECKHM
uaesam Heiorona u Jled6uuna. (B ynuBepcureTax wrara BHCKOHCHH
H B MaccauyceTCKOM TEXHOJIOTHUeCKOM HHCTHTYTe CTYAEHTH YyxKe
ceHyac MOryT, €CJIH 3aXOTAT, BHIOpaTh BMECTO 3MCHJOH-A€JbTa TeO-
pux Befiepmtpacca teopuio Po6uHcoHa.) BeckoHeuHO MaJsible MOX-
HO OGBIYHO HCNOJIb30BATh B BBIUHCJEHHAX NMOAOGHO APYrHM UYHCJIAM.
XoTs neneHue Ha HyJb 3alpelieHo, JejeHHe Ha GeCKOHeYHO MaJjioe
CTPOro onpesneseHo: BeJHYHHOH, oOpaTHOHl K G6eCKOHeYHO MaJioH,
ABJseTcs 6eCKOHeyHO 6OoJbliIoe YHCI0, H HA060pOT, BeJIHUHHA, o6paT-
Hasg K 6eCKOHeUYHO OOJbLIOMY YHCJY, BCeraa ecTb GeCKOHEUHO Ma-
nas. Jlo nosiBieHusi Teopud Po6uHcOoHA cUMTa/NH, YTO pallMOHAJIBHBIE
H HppalHOHasbHble (T. e. AeHCTBHTEJbHbBIE) YHCJA 3aNOJHAIT BCIO
qHCJIOBYI0 npsaMylo. Hccnenys OTAesNbHYIO TOUKY Ha YHCJIOBOH npsi-
MoOii Mo «MaTeMaTHYeCKHM MHKPOCKomoM» PoOHHCOHA, MBI BHAHM
He TOJIBKO 3Ty TOUKY, HO H MHOXeCTBO 6eCKOHEUHO MaJlhlX, KOTOpbie
GeckoHeuHo O/H3KH K Hell. M3 yBaxeHnus k Jlei6HHLy 3TOT 06pas
HasbiBaeTcss «MOHagoH». C mnoMompbio 6GeCKOHEYHO MaJibiX MOXKHO
paspeliHTh MHOTHe NAapajoOKCH, B YaCTHOCTH NapaAoKC 3eHOHa M
napajaokc HyseBoH BeposiTHOCTH. CyTb B TOM, YTO HY)XXHO AeJaThb
pasauuHe MeXAy HyJaeM H GecKoHeYHO MaJbIMH yHcnamu. Hanpu-
Mep, KaXA0My NOAMHOXECTBY HEKOTOPOrO HHTEepBaJia MOXHO NpH-
MUCaTh BEPOSITHOCTb TaK, YTO 3TA BePOSATHOCTb PaBHA HYJIIO TOJILKO
AJIs1 TYCTOrO NOJAMHOXECTBA, COOTBETCTBYIOLLErO0 HEBO3MOXHOMY CO-



ObITHIO, a A4Js1 J1I0GOTO APYroro COGLITHS BEPOSITHOCTH I1OJIOXKHTEJb-
Ha, XOTH, BO3MOXHO, H 6ecKoHeyHO MaJsa. [lasee, AJs1 MHOXEeCTBa
A, umeromero BeposiTHOCTb P(A) B TpaauUHOHHOM CMBICJIE, MOJY-
YMM BEPOATHOCTb, OTJaHUalonylocs oT P(A) camoe Goabliee Ha Gec-
KOHEYHO MaJjoe. (JTa HOBasi BEPOSITHOCTb HEe CHIMa-aJAHTHBHA, a
JIUIb aadHTHBHA.) Tenmepb MBI JeHCTBHTENbHO MOXKEM CKasaTb, YTO
BEPOSAAITHOCTb BHIOOpa OAHOH TOYKH, HanpHMep LEHTpa HHTepBaJa,
MEHbIIE BEPOATHOCTH BbhI6Opa OAHOH H3 JBYX TOYEeK: pPasHHLA €CTb
GECKOHEYHO MaJloe YHCJIO.

2) 3ameuanue

Hbloton nonwitancss chopMyaupoBaTh 3aKOHBEl IPHPOAEL B MaTe-
maTHueckoi ¢opme, TakuM 06pa3oM, OH NPHGJIH3HJICS K CpPaHHLeE
MEXIY KOHeYHBIMH H GeCKOHEeYHhIMH BeJHYHMHaMH. A Po6uHcoH Boc-
NpHHAN caMy 6eckoHewHocTb (cnenys mpumepy I'. Kautopa u apy-
THX) U CAeJlaJ ee NPUBHYHOM AJIsS BCEX MATEMAaTHKOB.

d) Jlureparypa

Luxemburg W. A. J. (ed.) Applications of Model Theory to Algebra, Ana-
lysis and Probability, Holt, Rinehart and Winston, New York, 1969.

Robinson A. “Non-standard analysis”, Proc. Nederl. Akad. Wetensch, 64,
432—440, (1961).

Robinson A, Non-standard Analysis, North-Holland, Amsterdam, 1966.

9. MNMapapokc 6esrpaHUuHO AENUMBIX pacnpeseneHum
a) Hcropus napadokca

IMonsiTHe Ge3arpaHHYHO AENMMOro pacnpeneieHusi Beesa B 1929 r.
b. 0e Dunerru. Pacnpenenenve F HasbiBaercs 6Ge3rpaHHYHO JAENH-
MBIM, €cJIH AJs J060ro MOJIOXKHTEJNbHOrO LEeJIOro YHeaa 1 HaiayTes
1 He3aBHCHMBIX OAHHAKOBO pAacCHpeAeJeHHHX CJIy4aiHbIX BeJHYHH
TAaKHX, 4TO (PYHKUHS pacrnpejeseHHss HX CyMMbl coBHajaer ¢ F.
Iyete Fy 1 Fp — GyHKUHH pacnpefeseHHs] ABYX HE3aBHCHMBIX CJIYy-
yafHbIX BesnyuH. O603HAYHM (DYHKUHIO pacrnpelesieHHsi HX CyMMBb
yepe3d F«=F,. Onepauus = HasbiBaeTcs cBepTKofi. ‘OueBHAHO,

(Fi# Fo)# Fa==F % (Fyx F3), F *Fy=Fy%F,

(sTo osnauaert, uro ajre6panyecku (YHKUHH paclpejesieHHs] ¢ ome-
pauxei cBepTKH o6pa3yloT KOMMYTaTHBHYIO Noayrpyniy). ®yHK-
uHs pacnpejnesicHHss F sBJsercs «-0e3rpaHH4HO AesnuMoil (Mo yka-
3aHHOMY BBIllI€ ONpEJEJEHHIO), €CJH AJs BCeX HaTypaJbHBIX yHCe]
n cyuiecTByeT QYHKUHs pacnpefeieHust F,, AJs KoTopoi

Fo,*F,+...«F,=F,
B

n pas



Hanpumep, HopMaJsibHOe, NyacCOHOBCKOE M IOKa3aTeJbHOe pacipe-
HeleHHs1 Oe3rpaHHYHO AeJuMbl. OCHOBHOe 3HauyeHHe Ge3rpaHHYHO
NeNMUMBIX paclpefie/leHHH COCTOHT B TOM, YTO OHH BHICTYNAIOT Kak
npefesnbHble pacnpeleseHHs] AJS CYMM HE3aBHCHMBIX CJYYaHHBIX
BeauunH. B 1936 r. Kpamep noka3aJj, 4To eClM CBepTKAa ABYX pac-
npefie/leHHd HOpMaJsbHa, TO 06a pacrnpefeieHHss 00s3aHbl OHITb
HOPMAaJIbHEIMH H, CJlefloBaTelNbHO, Ge3rpaHHYHO AeMHMBIMH. JIBa ro-
na cnycts Palikos NONy4YHs aHANOTHYHBIA pe3ysibTaT IJS Myacco-
HOBCKHMX paclpejeleHHH. DTH pe3yJbTaThl YAHBHTEJNbHH TeM, YTO
H3 HHX CJeAyeT, 4YTO HOPMaJbHbl€ paclpeleseHHSs MOXHO pasJo-
XKHTb TOJbKO Ha HOpMaJbHBIE, H AHAJOTHYHHLIA (AKT BepeH AJA 1y-
4CCOHOBCKHMX pacrnpefesennii. Ho eme GoJiee yAHBHTENBHO TO, YTO
6e3rpaHUYHO JEJUMBIE paclpefiesleHHs] MOXKHO pPa3JIOXKHTh Ha KOM-
MIOHEHTHI, He sABJAIOLHecs 6e3TpPaHHYHO AEJHMBIMH,

6) Iapadokc

CymecTByloT GYHKIHH pacrnpefeleHus, KOTOPHe He Ge3rpaHud-
HO JeNUMBI, HO HX CBepTKa Ge3rpaHuYHO AeJHMa.

8) Ob6%acHerue napadoxca

[ToxaxkeM, YTO mOKasaTesNbHOe paclpeeNeHHe MOXKHO MpeacTa-
BHTb B BHJE CBEPTKH paclpeleseHuii, KoTopble He SBJIAIOTCT Ge3-
TPaHHYHO AEJHUMBIMH. PacCMOTpPHM MOKasaTelbHOE paclpefesieHHe
¢ mapaMeTpoM A =1, €ro IJIOTHOCTb BEPOSITHOCTH paBHA e~*, eC/H
x>0,u0 g x << 0. dro pacnpeneseHune, qefCTBHTENbHO, Ge3rpa-
HUYHO Je/HMO, TaK KaK n-KpaTHasi CBePTKa raMma-pachpeieseHHus
nopsiaka 1/n (¢ MJIOTHOCTBIO BEPOSITHOCTH

xVn=le=%/T'(1/n), ecan x>0,

H 0 ana x << 0) coBnajaer ¢ HalUIMM [OKa3aTeJbHBIM pacnpegese-
HHeM. OIHaKO ero MOXHO Pa3JIOXKHTb He TOJbKO Ha raMma-pac-
npezneyeHust (KOTophle caMH 6e3rpaHHYHO JEeJUMBI), HO M MpeAcTa-
BHTb B BHJe CBEPTKH ABYX pacnpefesieHuil, OAHO H3 KOTOPHX HMEET
3HadeHnss k=20, 1, 2, ... ¢ BeposTHocTaMu 2-(*+D a npyroe co-
cpenoTtoyeHo Ha uutepBane (0, 1), T. e. Bce ero 3HaueHUs] MPHHAA-
agexat unHrepBany (0, 1). Ilocnennee pacnpepesieHHe He SBJSETCS
6esrpaHnuHo AenuMbiM. CornacHo 3aMeuaHulo (i) pacnpeneneHue
JI0OOH OrpaHHYEeHHOH cNydyaHHOH BeJNHWYUHE He MOXeT G6bhiTh 6e3-
rpaHAYHO AeTHMBIM. MTak, MBI yXe 3HaeM, 4TO G€3rpaHHYHO AEJH-
MOe paclpefleleHHe MOXeT He HMeTb O0e3rpaHMyHO JeJHMBIX
KOMIIOHEHT B CMHCJe cBepTKH. Jlallee, 06e KOMIIOHEHTHl I10KAa3a-
TeJILHOTO pacnpefie/leHus, MOJyYeHHble Bhillle, MOXHO Pa3JOXKHTh
HaJibllle TaK, YTO KaXJAasd KOMIIOHEHTa COCPeJ0TOYEHA B ABYX TOUKAX,
TouHee, B 0 H B leJoH cTenmeHH ABOHKH. DTH pacnpelenenus (Kak



H J1060€ pacrnpejeleHHne, COCPeJOTOYEHHOe B ABYX TOUKaX) He TOJIb-
KO He 6e3rpaHH4YHO HeJHMBl, HO H Jajiee HEpa3JOXKHMH (T. €. HX
HeJlb3sl NPEACTaBHTb B BHJE CBEPTKH HEBLIDOXKJEHHHIX paclpepeJe-
HHH, T. e, pacnpefiefieHHil, He COCPEAOTOYEHHHX B OAHOM YHCJE).

e) 3amewanus

(i) IMokaxeM, 4To ¢GyHKUHSI pacnpepesieHHusi J0G0H OrpaHHYeH-
HOH cayyafiHOH BEJHYHHH He MOXKeT OHThb 6e3rpaHHyYHO AEJHMOH,
€CJIM TOJIbKO CjyYyaiiHasl BeJIHYHHA HeBBIpOXKZAeHa (caydaiiHas Be-
JIHYHHA BHIPOXK/JEHAa, €CJqH OHA INPUHHMAET TOJbKO OAHO 3HayeHHe
C BepoATHOCTBIO l; B 3TOM ciayuae ee aucnepcusi paBHa 0). Huas
OrpaHHYeHHOH cJayvaiiHOH BeaHuHHH X Haiigercs uucao K Takoe,
yto |X| << K. Ecin ¢yHKUHSL pacnpeiesneHdst cJayyalHOH BeJH-
YHHE X 6e3rpaHHYHO JAeJHMa, TO CYILECTBYIOT HE3aBHCHMHIE CJy-
yaiiHble BeNMHYHHH X, Xs, ..., X,, OAMHAKOBO pacrpejefeHHHE H
TaKHe, 4T0 QYHKUHH pacrnpeineeHuss cyMMH X; + Xo+ ...+ X, u
X cosnanawoT. [TocKOJbKY CynmpeMyM H AHCIEpCHSl CyMMhl He3aBH-
CHMBEIX CJy4adHBIX BEJIHYHH €CTb CyMMa CyNpEeMyMOB H RHCIEpCHil
cjaraeMhuix, HMeeM

|X:|<K/n u D(X)=DX)/+/n.

CnenoBarenbHo, ecid D(X) %0 u n— 10CTaTOYHO BEJHKO, TO AHC-
nepcusi cayyalHOH BeJHYHHBI X; cTaHeT GoJblue, YeM CyNpeMyM Be-
JAuuHHb | X;|, uT0 HeBo3MoxHo. Takum 06pasoM, eciu X OrpaH-
yeHa M GesrpaHHyHo jenuma, o D(X) =0, 1. e. cayuaiiHas BesH-
4yyHa X BHIPOXKJEHA. :

(ii) KpoMe HOpMaJbHOTO, MyacCOHOBCKOTO H FaMMa-pacrnpejeJie-
HHH, 6e3rpaHHYHO JEJHMO H JIOTHOpMaJbHOE pacnpeiesenue. (Jlor-
HODMAaJIbHBIM Ha3bIBAeTCsl paclpefelieHHe MOJOXKHTEJbHOH cJayyaki-
HOH BeJIMYHHBI, JIOTapDH(PM KOTOPOH HOPMaJIbHO paclpefiesieH, CM.
cratbio Topuna). BesrpaHuuHo AenuMbl Takxe ?-pacrnpeieneHuHe
Crbionenta u pacnpefeneHue Kowu (pacnpenesieHHe OTHOLIEHHS
ABYX HE3aBHCHMbIX CJIYYaHHBIX BEeJHYHH, MMEIOLIMX CTaHZAPTHOE
HOpMaJbHOe pacnpefeseHue), cM. KHury Jlykaua u cratbu I'poc-
cBaJbja, dnuiteliHa U BoHaeccona.

(iii) ITokasartenbHOe pacnpeiesieHHe CJYXKHT NPUMepOM Gesrpa-
HHYHO NEJIHMOrO pacnpeje/ieHHus, NpeJCTaBUMOro B BHAE GeCKoHey-
HOH (CueTHOH) CBEPTKH HepasJOXUMEIX pacnpeneeHuil. Eune GoJee
YAHBHTEJIBHO TO, YTO CYLIECTBYIOT Ge3rpaHHYHO [eJNMMHE pacrpe-
JesieHHsl, TpeACTaBUMble B BHJe CBEPTKH JIHIIb JABYX HepasJoXH-
MHX pacrnpejeseHHH (cM. ctaTbio JleBH).

(iv) Xapakrepu3aiHsi Ge3rpaHHYHO AEJNHMBIX paclpeaeneHHi
6bl1a HaiineHa B 1930-e roant Koamozoposeim, Jlesu u Xunuunoim.
Jlerko nokasath, 4TO (QYHKUHS pacnpeneneHdss CymMmmb X; 4
+ X2+ ...+ Xy Bcerna GesrpaHu4HO AeauMa, ecau X;, X, ...—



NPOH3BOJIbHBIE HE33aBHCHMHE OJHHAKOBO pacnpefeseHHble cayyaii-
Hbhle BEeJIMYHHH, NPHHHMAIOUIHe HEOTPHLATEJbHHE LEeJOYHCIeHHbIE
3HayeHus,, ¥ N — cayuaiiHasi BelM4YuHa ¢ MyaCCOHOBCKHM paclpee-
JieHHeM, He 3aBHcsAmias oT Bcex X:. B To ke BpeMs H3 TeopeMhl
JleBH — XHHYHHA CJI€LyeT, YTO BCSIKO€ G€3rpaHHyHO JejJHMOe pac-
npejesieHne, COCPeAOTOYEHHOEe HAa HEOTPHLATENbHHX LeJhIX YHCaX,
npeacTaBUMO HMeHHO TakuM oGpa3oM. HecMoTpst Ha TO, uTO Xapak-
TePH3aLHOHHbIEe TeopeMHl AJisi Ge3rpaHHMYHO AeJMMBIX pacmpejeJie-
HHu# u3BecTHH yxe 50 ser, Jo cHX NMOp He pemieHa npobaeMa xapak-
TepH3auuy O6e3rpaHHYHO JEJHMOro paclpefiesieHHsl, HMeIOLlero B
NpeAcTaBJeHHH B BHAE CBEPTKH pacnpefeseHHil Toabko Oe3rpaHuy-
HO JeJHMble KOMIIOHEHTH (HOpMaJjbHOe H IyacCOHOBCKOe paclpe-
NeJleHHs] MPHHAAJEXaT 3TOMY KJaccy pacnpejeleHu#f, a mokasa-
TeJbHOE pacnpejejeHne, KAK Mbl BHUAEJH, HEe NPUHANJIEKHT).

(v) B Teopuu BeposiTHOCcTeil NMOHsiTHE Ge3rpaHUYHON AEJHMOCTH
NosIBJsieTCs He TOJBKO B CBSI3H €O cBepTKaMu. Ha MHoxecTBe dyHK-
LU pacnpelesieHHs] MOXKHO ONpelesuTh H APYyrue BajKHBIE omepa-
uud. Hanpumep, ¢yHkRuus pacmpeleneHHss MakCHMyMa H3 [ABYX
HEe3aBHCHMHIX CJyYyaHHBIX BEJHYHH, HMeIOUWHX GYHKUHH pacrpepelne-
Hus Fi(x) u Fy(x), paBHa npousBenenuio Fy(x)-Fz(x). [Ipoussene-
HHe QyHKUMI pacnpeleseHHs] 4ACTO MOSIBJASIETCS BO MHOTHX BEpOSIT-
HOCTHHIX 3aJayax, Halpumep, B TEOPUH HAAEXKHOCTH, KOra MH XO-
THM MOJIYYHTh BEPOSITHOCTHOE paclpeleseHue BpeMeHH 6e30TKa3HOMH
paboThl MapannejbHHX coeauHeHu#. Jlasi J1060ro HaTypaJbHOTO
YHCJia n K NMPOH3BOJbHOH (GYHKLUMM pacrnpeneneHus F(x) BesuunHa
n

1/F(x) TaKXke, OYEBHAHO, siBAsieTcss GyHKUueld pacnpeneneHus,
TakKuM o6pa3oM, kKaxiasi (ofHOMepHasi) (QYHKUHS paclpefeseHHus
GearpannuHo aenuMa. B ciyyae GoJbuieli pa3sMEpPHOCTH XapaKTEpH-
3alusi GesrpaHHyHO JAEJHMBIX paclpeieseHHH MeHee TpHBHAJbHA
(cM. cratbio Baakema u PecHuka). TpeTbsi omepauusi COCTOHT B
clIeayIoNleM.

Ilycte Fy°F; o6o3HauaeT MyJAbTHIVIMKATUBHYIO CBEPTKY, T. €.
GyHKUHIO paclpeiesieHHs] MPOU3BeleHHs HE3aBHCHMEIX CJAyYadHBIX
BeJHYHH ¢ QYHKUHsIMH pacnpeneneHuss F; u Fo. IlyaccoHoBcKoe
pacnpeneneHne 6e3rpaHHYHO [J€JIHMO OTHOCHTENBHO  OIepaLHH
CBEPTKH %, HO HE sIBJISIETCS] TAKOBBIM AJ1s1 omepauuu o. BoJee Toro,
ecan X u Y 0603HayaloT He3aBHCHMBbIE CyyalHble BEJHYHHR, U IIPO-
u3BeseHne XY uMeeT NyacCOHOBCKOE pachpelefeHue, To JHGO Be-
auunHa X, au6o Y ¢ BeposiTHOCTBIO 1 cocpefoToueHa HAa MHOXKECTBe
u3 AByx saementoB {0, 1}. dTo 03Hayaer, YTO NyacCCOHOBCKOE pac-
npenejeHne o-Hepa3noxkuMo (cM. cratbio Cekes W 3eMIIEHH).
B To Xe BpeMsi craHAapTHoe HOpDMaJbHOE pacrnpeieseHHe o-6es-
rpaHuyHo AenuMmo. (OnHaKo NOKa HEM3BECTHO, sIBAsETCS JH o -6e3-
TPDAHHYHO AEJHMBIM HOpMaJbHOE paclpejesieHue ¢ HOJIOXKHTEeNbHBIM



MaTeMaTHYeCKHM OXHIAHHEM; €CJIH MaTeMaTHYecKoe OXKHAaHHe OT-
pHIATEeNBbHO, TO HOPMaJbHOE pacnpejiesieHHe, OUeBHAHO, He ©-0e3-
IPaHHYHO AEJHMO.)
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10. NMapafgokcekl xapakTepu3sauum

a) Hcropus napadokcos

Caenywomyio npo6aemy Bnepsnie nocrasui Jocopdx Iloda. Pac-
CMOTPHM JBe He3aBHCHMhIE OJNHMHAKOBO paclpejeseHHble Cayyai-
Hele BequuHHH X u Y. Moxer au cymma aX + bY uMmetb TO Xe pac-
npenenenue, uto X u Y, ecnu a u b — nonoxureabuule yucna? [loka
HCCJIeJOBa/l 3TOT BONpPOC B craThe, onybankoBaHHo# B 1923 r. Cue-
AyoOIHi 3aMeyaTesNbHBI pe3ysabraT NOSBHJCS CIOYCTS MHOTO JeT,
auub B 1936 r., xoraa E. I'upu Hayan onucaHue pacnpeneneHus F,
yIOBJIETBOPSIOILEr0 CBOfCTBY: ecau BeauuuHsl X;, X, ..., X. He-
3aBHCHMBI U UMEIOT pacnpejenenue F, To

X—=XI+X2+---+Xn H S=‘Z(Xi_)_()2

n
i=1




TakXe He3aBHCHMH. B 1939 r. M. Kay u B 1941 r. C. H. Bepn-
WITeHH OTBETHJIM Ha TaKOH Bompoc: ecnd X U Y — He3aBUCHMBIE O H-
HAaKOBO paclpefesieHHble cayyafiHble BeJHYMHH, TO IPH KaKHX Yyc-
JgoBusx BeJuyHHH X + Y u X — Y He3zaBucuMu? C COPOKOBHIX ro-
J0B nocse paGoT Takux Bhljalomuxcs MatTeMaTukoB Kak fO. B.JIun-
nuk, E. JTykau, A. A. Suneep, C. P. Pao u A. M. Kazan nanpasae-
HHe, CBSI3aHHOE C XapaKTepH3aUHOHHBIMH 3aJaYyaMH, Pa3BUJOCb B
OYEHb BAXHYI0O KaK TEOPETHYECKH, TaK M MPAKTHYECKH, YacCTh Teo-
PHH BEpPOSTHOCTEH.

6) Ilapadokcet

Hycts X1, X,, ..., X, — He3aBHCHMBIE OJHHAKOBO pachpejelieH-
Hble cAyyaiiHble BeNHYMHH. MoryTt nu BequuuHH Y =f(X{, Xo, ..
..., Xp) u Z=g(X,, Xo, ..., X») OHITb OJHHAKOBO pacmpejeieH-

HEIMH MJIH He3aBHCHMBIMH, €CJIH { H g — pa3jiHyHble, HAIDHMeP, JH-
HeilHble ¢yHKUHH? B HeKoTophIX cay4asix, Hampumep, Koraa | (H,
clefoBaTelbHO, Y) TOXAECTBEHHO paBHAa NOCTOsIHHOM, Y u Z, oue-
BHIHO, HE3aBHCHMBI AJif Ji06o# (YHKUMH g, ONHAKO B ofblleM cay-
yae oxugaercs, 4to Y u Z He GyayT HH He3aBUCHMBIMH, HH OJHHa-
KOBO pacipefe/eHHbIMH. Y AHBHTENbHO, HO HCKJIIOYEHHS BO3HHKAIOT
KaK pas B HauGoJiee BaXXHHX cJydyasix, KOrja BeJHYHHH X; HOp-
MaJbHO pacnpeneneHn. Ecan, HanpuMep, X u X, npeacrasisiioT co-
6011 KOOPAHHATH BEKTOpa CKOPOCTH TOYKH, CJayyaiiHo ABHrawouefics
Ha maockoctH, M X;, X — He3aBUCHMBle CJy4yaHHble BeJHYHHB
CO CTaHIapTHHIM HOPMaJbHHIM pacnpefieseHHeM, To cyMMa Y =
=Xi+ X (mpomopuHoHaJbHasi KHHETHYECKOH 3HEPrHH) H OTHO-
wenne Z=X,/X, (onpenensiouiee HalpaBJeHHe ABHXKEHHs) He3a-
BucHMH. CBOHCTBA TaKoro THNA YaCTO XapaKTEePH3YIOT HOpMaJbHhle
(MM Apyrue BaXKHHIE) pachpejesieHHs.

8) O6wvacHernue napadokcos

[ycTs 06e ¢pyHKUMH [ U g NUHEHHH:
n n
Y=Za;Xi H Z=ZlbiXi-
=1 i=

Ecau Hafigyrcs uumcna aq; W b; Takue, 4TO Npou3BeleHHe a;b; He
Bcerja paBHO HYJIO, H PABEHCTBO a; = b; He BHINOJIHAETCS AJs Bcex
i, Ho Y U Z Bce Xe OJIHHAKOBO paclipeliesieHbl, H Bceé MOMEHTH Be-
avuyud X; koHeuHH, T. e. E(]X:|%) KoHeuHo Ans Kaxzgoro k (k=
=0, 1, 2, ...), To BeaHYHHH X; HOPMaJbHO paclpejeseHbl. ITa
teopeMa Mapyunkesuua o6obmaer teopemy Ilo#a. (danpueiimne
o606uieHnst MOXHO HaliTH B kHure Karana, JIunHuka u Pao.)



Teopema I'. Japmya u B. P. Ckurosuxa yTBepXAaeT, UYTO €CJH

n n
Y= aX, u Z=Y, bJX,
i=1 i=l1
HE3aBHCHMH H a;b; He paBHO HYJIIO JJIsl BCeX i, TO BeJHYHHH X; HOD-
MaJbHO paclpejiesieHHl.

Caenyiomee o6o6uieHne TeopeMbl 'mpu (BKalouamouiee B ce6st
TaKXe clydyad HeJHHeHHHX (QYHKUHH) HrpaeT oyeHb BAXKHYIO POJb
B MaTeMaTHYeCKOH CTaTHCTHKe. YTBepxKJaercs,, 4To ecJH X U S He-
3aBHCHMH H n = 2, TO BeJIMYHMHB X; HOPMAaJIbHC paclpejeJseHbl.

e) 3ameuanus

(i) YcnoBue HesaBHCHMOCTH BeJMUMHBL X M S sIBJsieTCs OYEHb
CHJbHHM, HO KoadduuueHt koppensiuun r(X, S) =0, nanpumep,
AJISl BCEX CHMMETPHUYHHIX CaydyaiHeix BesuuuH Xi, Xy, ..., Xp, aag
KOTOPHX Koppensiuus cymecrByer. Xots r(X, S) Bceraa mensure I,
ero cynpeMyM paBeH 1. JIJ1s1 ONHOBEPIIHHHKHX pacnpeieseHHil TOUHAs

BepXHAs IpaHb paBHa 4/ 15/16. I N0Ka3aTenbCTBA 3TOTO Pe3yJib-
TaTa MOXHO NPHMEHHTb TOYHOE HepPaBeHCTBO mj3 << (m,— m3)m,,
rae my=E(X— E(X))* k=2, 3, 4.

(if) s xapakrepusallHH CeMefiCTBAa pacClpefeseHHi CyIlecT-
ByeT HeCKOJIbKO HHTeDEeCHHIX H eCTeCTBEeHHBIX croco6oB. Hanpumep,
MOKa3aTeJbHble DaclpefieleHHs] MOXHO XapaKTepH30BaTh CJeENYIO-
MM CBOHACTBOM: CPelH BCeX paclpejieseHHH, COCPeNOTOUEHHbIX Ha
uHTepBaje (0, co) M HMEIOIMX 33]aHHOE MaTeMaTHUYECKOe OXKHAa-
HHe, 3HTPONHA

— { o) toga f (x) dx

[f(x) oGo3Hauaer NMJIOTHOCTL BepoOSITHOCTH]| MaKCcHMaJjbHa [Js I0-
KasaTeJbHHX pacnpeaenenuii. Cpenn pacnpeneseHuil Ha HHTepBaJe
(—oco, ®©) ¢ 3ajaHHHIMH MaTeMaTHYeCKHM OXMAaHMEM H JIHCIep-
cHefi HOpMaJbHBle paclipelieieHHs MMeIOT MAaKCHMaJbHYI 3HTPO-
nuo, Ha KoHeuHOM HHTepBaJie SHTPONHS MAaKCHMH3HPyeTCs PaBHO-
MepHBIMH paclpeleeHUsIMH (6e3 KakKux-TH60 APYrHX NpeaJoxkKe-
HHH).
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gleichung”, Math. Zeit., 18, 96—108, (1923).



11. Napapokcbl hakTopU3aLmuM

a) Hcropus napadokcos

OcHoBHHlE TEOpPEeMBI B KJacCHYECKON TeOpHUH BeposiTHocTel (Ta-
KHe, KaK 3aKOHH O6OJIBIUHX HHCeJ, TEOpPEMbl O NpeAeabHOM paclnpe-
JeJIEHHH) CBSI3aHHI C pacnpefeseHHeM CYMMB He3aBHUCHMHIX cayyai-
HBIX BeJMYUH M ONHMPAIOTCA Ha CBOACTBA cJlaraeMbiX 3THX CYMM.
«O6paTHHIMH» K 3THM TeOpeMaM O «KOMMO3HIHH» SBJAAIOTCS TEo-
pPeMbl O <«IEKOMIIO3HLUHH», HJIH <«(paKTOPH3ALHOHHHIE» TEOPEMBHl, B
KOTOPBIX paclpejiejleHde CyMMHl H3BECTHO, H MH XOTHM MOJYYHTb
KaKylo-1160 HHOOPMALUHIO O BO3MOXHBIX CJaraeMblx HJH <«dak-
Topax» (nAeaurtensix). Teopema Kpamepa, KoTopas yxe yNOMHHa-
Jach, NpejicTab/sier cOO0H HMEHHO TaKOH pe3y/abTaT O AeKOMIO3H-
uud. OHa yTBepXKJAaeT, UTO BCe AeJHTENH HOPMAJIbLHOTO pacrpepeJe-
HHSl TaKXe HOpMaJabHH. Kak B TeopeMax O KOMIO3HLHH, TaK H B
TEeOpeMax O AEKOMIO3HIHH, BaXKHYIO «TeXHHUECKYIO pOJIb» HTPaloT
XapaKTepHCTHYECKHe (YHKUHH CJAy4aHHBIX BeJHYHH. XapakTepH-
CTHYecKas QYHKUHs CAydadHOH BelMYMHH X ONpeaessercs Kak Ma-
TeMaTHYeCKOe OXHAAaHHe KOMIJIEKCHOH CJYYaHHON BeJHUHHBI eifX
(i=4/—T1 u t— neficreuresbHOe 4HCI0), T. e. @x(t) = E (eitX).
Kaxnasi cayualiHasi BeJMYMHA HMEET XaPaKTEPHCTHYECKYIO (DYHK-
IHI0, KOoTOopas OJHO3HAYHO onpenesser (GYHKUHIO paclpeneseHHus
3TOH BeJHYHHBl. Xapakrepucruieckas (YHKUHS CyYMMbl He3aBHCH-
MBIX CJYYaHHbIX BeJMYHH DaBHAa NPOU3BENEHUIO XapaKTepHCTHUe-
CKHX (QYHKUHMH cnaraeMbix. M3 3THX CBOHCTB sICHO, MOYEMy Xapak-
TePHCTHYECKHE (PYHKLHH CTOJIb BaXKHBI NPH peuieHHH npobJeM, CBs-
3aHHBIX C KOMNo3uuMe# M ¢QakTopusanueii. XapaKTepHCTHYECKHE
$YHKUHH Hcrosb3oBadu eme B 1853 r. A. Kowu u Ha pyGexe
XX Bexka A. M. Jlanynos, C 1920-x rof0B Mo CHJIbHHM BJIHSAHHEM
pabor Hoc. [Totia u II. Jlegu xapakrepucTuiecKHe (YHKLUHH OYeHb
4acTo NPHUMEHSIOTCA MJA  pelleHHsi Npo6jeM O KOMIO3HLIUAX.
C 1930-x ropoB 6maronaps teopeMaM Kpamepa, Xunwuna n Pail-
KO8a BO3HHKAEeT TeOpHs AEKOMNO3HIHUH. B 3T0oi obsactH HeT Heo-
CTaTKa B YAHMBHTE/bHHX pe3y/bTaTax U Hapajpokcax (HeKOTOpble H3
HHX CM. HHXe).

6) Ilapadokcol

(i) Cywectsylor cayuaiinbie Beanurdsl X, Y u Z takue, uTo Be-
posTHOCTHBle pacnpenenenus cyMM X -+ Y u X + Z cosnaaaior, HO
pacnpejeseHnsl BeMMYUH Y ¥ Z pa3auuHB. 10T (akr, BIepBHIE OT-
MeueHHHH Xunwunoim B 1937 r., 10CTaTOYHO YAHMBHTEJEH, TaK Kak
ecan X — orpaHnyeHHas cayyafiHasl BeJHUHHA, HJIM €CJH €€ Xapak-
TepPHCTHUYECKas QYHKIHs HHrAe He o6paujaercs B HyJb (HampuMep,
KOrfla OHa 6e3rpaHHyHO JAeJHMa), TO pacnpefeseHHsi BeJHUMH Y H



Z nomxkHB coBmagatb. B cuay nmapamokca XHH4YMHA B oOLleM CJy-
yae GeCCMBICJAEHHO FOBOPHTH 00 «0CTaTKe» BEPOATHOCTHOIO pacIpe-
JeJleHHsl TOCJHe ero COKpalleHHs Ha ONHH H3 JeJuTesied, TakK Kak
OCTaBLIASICS YacTh He onpejessercs oAHO3Ha4HO. [To aToi npuuuHe
B ajre6pe BEpOSITHOCTHHIX pacnpejeJeHHH BO3HHKaeT OYeHb MHOTO
TpyAHocTeH. B To ke BpeMs, Tak Kak XapaKTepHCTHYecKas (DyHK-
IHs HOPMaJbHOIO pacnpegeseHdsi Hurge He paBHa 0 (xapakrepH-
cTHuecKasi GYHKUUSA CTAHAAPTHOTO HOPMAJBHOTO paclpele/eHHs eCTh
e—t1?) ecTeCTBEHHO MOCTAaBHTb BONMPOC O TOM, YTO OCTaHETCH, €CJH
YAAJHTb Y BePOSITHOCTHOTO pachpejiefieHHss HOPMaJbHYI0 COCTaB-
aswomyn. OgHako onpejnejeHHas OCTOPOXKHOCTb HeoOXOAHMAa H B
3TOM cJydae. A HMeHHO, CYLIECTBYIOT He3aBHCHMble OJHHAKOBO pac-
npefejeHHble caydaiiHble BeJHUYHHB X H Y, y KOTOpHX HeT HOp-
MaJIbHO pacrnpejeeHHbX HequTeneil (C HONOXHTENbHOH AHCHep-
cueil), Ho oHa ecTb Yy HX cyMMbl X 4 Y. BrnepBre 3roT pesyibrar
ony6aukosand B 1948 r. J. Hwee u P. Quwep (cM. HHXKe HX
CTaThio).

(ii) MNycts Xi, Xs, ..., X, — He3aBHCHMBIE Cly4YadHBHE BeJH-
YHHH C HEH3BECTHHIMH (M, BOOGlle rOBOpPs, Pa3JHYHBIMH) pacnpene-
genusaMu. Ho mpeanoJiolkuM, YTO H3BEeCTHH paclpeleeHHs JHHeH-

HBIX KOMOHHAUHH
n

Y,=kzlc,ka, ji=1,2, ..., n
(cjx — npousBoabHoe uHca0). Ecau cymecTByIOT BeJHUYHHB X|,
Xo, ..., Xn, yooBJIeTBOpAIOLIHE 3TOH CHCTEMe ypaBHeHHH, H JeTep-
MHHAHT MaTPHUK (c;) oTaudeH oT 0, To (MOCKOJBKY B 3TOM cJydae
Y, Y, ..., Y, onpexeasiior Xy, Xo, ..., X, ONHO3HAYHO) MOIKHO
0XHIaTh, UTO paclpeneseHus BeJuduH Xi, X, ..., X, Takxe onpe-
neasioTcs ofHO3HayHo. OaHako, Kak Mokasana B 1950 r. A. Peneu,
3TO He TakK.

8) Ob6BacHenue napadokcos

(i) MoxHo moxka3saThb, YTO eciH 3HaueHHe QYHKUHH @(f) HeoT-
pHUaTeJbHO NpH Jio60M peiicTBuTesbHOM £, 9 (0) =1, @(—1) =
= ¢(?), u AJas BceX NMOJOXKHUTEJNbHHX 3HaueHHH ¢ GpyHKuUHSA @ (f) BH-
nykna u lime@(¢)=0 npu f{— oo, To HalgeTcs cayyaliHas BeJsH-
4yMHa, AJs KOTOpoH @ (f) — ee xapakrepuctHyeckas ¢pynkuus. Cie-
LOBATENbHO, CYLIECTBYET CJydaiiHast BeJHYHHA X ¢ XapaKTepHCTHUe-
ckoll pyHkuHedl, paBHoit 1 — |?|, ecan |{|<< 1, u 0 B NHpoTHBHOM
cayyae. CyliecTBYIOT TaKxke caydailiHble BeJHYHHH Y H Z, xapakre-
pHCTHYeCKHe (YHKIHH KOTOPHIX OAMHAKOBH Ha HHTepBaie |f| < 1,
HO PasJHuHBl BHe 3TOro WHTepBasa. Takum o6pa3oM, AJif He3aBH-
cumbix X, Y u Z umeem

Pxiy &) =0x,z(D),



T. e. cyMMbel X + Y u X + Z pacnpeaeneHb oAMHAKOBO, HO paclnpe-
neseHusi Bequuud Y u Z pasanunu. ([ pyro#t npumep cm. B 0. 13a).

MoxHo n0Ka3aThb HeuTo GoJibLiee, YeM TO, YTO yTBEpXKAaercs B
napajaokce. MoXHO IOKa3aTh, 4YTO ecad (f) — nepHoanyeckas
¢yuruus ¢ mepuoaoM 2 u P(f) =1— |¢| npu |¢| << 1, To Haiiger-
csl cayyaiiHas BeJH4YHHa Y, xapakrepHcTHYecKas (yHKUHS KOTOPO#H
KakK pa3 pasHa ¢ (f). Orciona cieayert, uro @ (¢)P(f) = @(f)? 1. €.
CYILIECTBYIOT He3aBUCHMble cayyaitHble BequuuHbl X, Y u Z Takwue,
yro pacnpeneneHuss cymm X -+ Y u X 4 Z coBmaaamT, OAHHAKOBH
TaKXe pacnpejesieHHsi BelMuHH X U Z, HO pacnpefeseHHss BEJHYHH
Y u Z pasjnyHHL.

(i) Ecaum cayuafinple BenuuuHbl Y; 3aJaHBl H OIpeleJHTeNb
llejell = 0, To cnyuaitHble BeJMHYMHBL X; oNpelensiloTcs OJHO3HAUYHO.
OpHako caydyailHble BeJIMYMHBI Y; MOXHO 3ajJaTh DasHBIMH CIIOCO-
6aMH Tak, YTO HX paclpelelNeHHsl OCTAOTCH HeH3MeHHHIMH. Cielo-
BATEJIbHO, €CJIM Mpeinosaaratb ToJbKo, uto ¢l = 0, To coBceM He
OUEBHJAHO, YTO paclipejieJleHHs BeJHYHH Y; OJHO3HAYHO OMNpeAensT
pacnpeneneHus X;.

2) 3ameyanus

Penbn nokasaJ, uto, Boo6uie roBopsi, He06XOAHMO TaK¥Ke Mpej-
noJlaraTh OTJHYHE OT HYJA ONpefesHTeNs “c';’k". Ecaun u3secTHo,

4qTo
| a0 u i |0,

TO NpH AOCTATOYHO OGILHX YCJOBHAX rapaHTHPOBaHa OJHO3HAYHOCTb
pacnpejenenuit X; (HanpuMep, eclM XapakTepHCTHYecKas (YHKLHS
BeJIHUHHBL Y; — Henas ¢GyHKUHS NOpAAKA <<2, H ecJH BOOGLle eCThb
peilleHHe). DTOT ()aKT HMeeT OYeHb BAaXKHHE NpaKTHYeCKHe INocjej-
creusa. B 11/136 MBl BHIenH, 4TO ¢ MOMOIUBIO JABYX H3MepeHHIl
MOXHO HaHTH GoJjiee TOYHBEe OLEHKH (HMX AMCIIEPCHH MeHbllle) ABYX
HEU3BECTHHIX 3HAUeHHH, eClM M3MepSTh 3TH 3HaYeHHsS He OTHEJbHO
ApYr OT JApyra, a CHayaJa M3MepHTb HX CYMMy H 3aTeM — HX pas-
HOCTb. AHaJ/IOrHYHasi CHTyalust BO3HMKAaeT, KOrAa Mbl XOTHM HaiTH
n pas/IMYHBIX HeHU3BeCTHhIX BeauuuH Xi, Xo, ..., X,. Ilpu usmepe-
HHH OIpefle/leHHbIX JHHEeAHBIX KoMOuHauuit Y,, Y, ..., Y, MoxHo
nosly4utb 0oJiee TOYHHIE pe3yJabTaThl. B oflleM cJaydae 1uesnecoob-
Pa3HO HCNOJL30BAaTb MaTpHUY (Cjr), 371€MeHTaMH KOTOpO# fABJIAIOT-

cst Tonbko +1 u —1. Torna, ouesuaHo, | c3, |=0 n, crenosatensHo,

pacnpenenendss BequuyMH Y,, Yy, ..., Y, He onpeaensitor oAHO3HAaY-
Ho pacnpefenenuss X, Xo, ..., X,. Ilycts, HanpuMep, Kaxpaas H3
BeJHuMH Y, = X3+ X; u Y2 = X, — X, uMeer craHxapTHOe HOp-
ManpHOe pacnpenejenve. Torpa Tteopema Kpamepa yTBepxkiaer,
uto X, B Xp TakXKe paclpeleseHbl HOPMaJbHO ¢ HYJEBEIM MareMa-



THYeCKHM oOXHJaHHeM. OJHAKO HX JHCIEDCHH He ONpejessioTCs
OfHO3HayHO. OHM JIMWIb YAOBJIETBOPAIOT cooTHoweHuio D?(X,) +
+ D?(X,;)= 1.
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Dugué D., Fischer R. A. “Un résultat assez inattendu d’arithmétique des
lois des probabilités™, C. r. Acad. Sci., 227, 1205—1207, (1948).

Feller W. An Introduction to Probability Theory and its Applications,
Vol. II, Wiley, New York, 1966 (Chapter XV). [Mmeercs nepeson: ®ennep B.
BBeaenne B TeopHio Befomuoc*reﬁ H ee mpuaoxenHs. B 2-x Ttomax. T. 2.
I'a. XV.— M.: Mnup, 1984.]

Lukacs E. Characteristic Functions, Griifin, London, 1960. [Mmeetcs uepe-
Boa: Jlykau E. XapakrepucTnHueckue ¢ynkumn. — M.: Hayka, 1979.]

Renyi A. “On the algebra of (ﬁstributions", Publ. Math., 1, 135—149,
(1950).

12. Mapapokc HePa3NoXKMMbIX M NPOCTLIX pPacnpeaeneHnn

a) Hcropus napadokca

Hepasaaoscumoie wucaa, 1. e. yucaa (Gosblie 1), uMelolHe B Ka-
YyecTBe Ae/HTeJeHd TOJbKO €IHHHLY H caMHX cebs, rpailoT B apuo-
MeTHKe (yHAaMeHTaJbHYIO poJb. DTH uucaa: 2, 3, 5, 7, 11, 13, 17,
19... SIBASIIOTCS TaKXKe NPOCTbLMU HUCAAMU, T. €. YUCIaMH, KOTOpHIE,
OyAyYd AENUTEJNSIMU NPOHM3BEAEHHS ABYX HATYpaJbHBIX uHceJ], SiB-
JISIOTCS AEJHTeJSIMH MO KpaHHell Mepe OJHOrO H3 3THX COMHOXHTe-
Jeii. Cpelln HaTypasJbHEIX YHCEJ] MHOXKECTBA HEPa3JOXKHMLIX H MpO-
CTBHIX YHCEJ COBMNAajaloT, U uMcaa 2, 3, 5, 7, ... Bcerja Ha3bBalOTCS
NpOCTEHIMH  yHcaaMH. (PyHaaMeHTa/bHAasi TeopeMa apH(METHKH
yTBepXKJaeT, YTo IJsi KaXK/JOro LEeJ0ro YHc/a, KOTopoe GoJblle efu-
HHUH, CYIeCTBYeT €JAWHCTBEHHOe pa3JioXKeHHe Ha MNpOCThle COMHO-
KHUTENH (NOPSNOK COMHOXKHTe e He yuHTHBaercs). TakuM o6pa3om,
NpocThlie YKcaa B apH(PMeTHKe MNOAOOGHBI AETCKHM KyOHKaM HJH
atoMaM B (u3uyeckoM MHpe. HauboJjee ecTecTBeHHBIH crnocob mno-
JyYeHHs1 HHPOpPMALHH O KAaKOH-IHGO CJIOXKHOH CTPYKType COCTOHT
B pa3bHeHHH ee Ha aTOMBH, [109TOMY BIOJIHE OGBbACHHMO, YTO (HauH-
Has C NpPOILJIOro BeKka) MOHATHA HepPas3JoKHMOCTH M NPOCTOTH ObLIH
pacrnpocTpaHeHH Ha o6liHe ajre6paHyecKue CTPYKTYph. DTH IOHS-
THSl MOXKHO HHTEPIPeTHpOBATL M [AJ5 BepOATHOCTHBIX pacrnpejeJe-
HUA: 3[lecb DOJIb HaTypaJbHBEIX YHCEJ HIPAalOT BepOSITHOCTHbIE pac-
npefesieHHss U POJb YMHOXEHHS — CBepTKa (onpejeJieHHe CBEpPTKH
cM. B «[lapajaokce 6e3arpaHHYHO JeNHMBIX pacrpejeseHui»).

Pacnpenenenne F Hepasaoscumo, eciau u3 paBeHctBa F =G = H
cjelyeT, 4TO OAHO M3 pacnpefeseHui G uau H BHpOXKAeHO (T. e.
COCpPEeAOTOYEeHO B OJHOH TOYKe C BEpPOSITHOCTbIO 1; 3TH pacnpelele-
HH#l HTPAIOT pPoJib eAuHHL). PacnpeieneHne F Ha3bIBaeTCs NPOCToHLM
pacnpedenenuem, eclu OHO sBJAseTcs JenutejeM cBepTKH G« H



TOJMILKO TOTAa, KOrla OHO TaKXe siBJseTcs JenureneM G uau H.
B 1937 r. XuHUHH [OKa3aJ, YTO KaXKJoe pacnpefejeHHe NpeACTaB-
JsieT co60#t cBepTKy 6e3rpaHHyYHO [AeIHMOrO paclpefeseHHs ¢ KO-
HEeYHOH HJ/IM CUETHOH CBepTKOH HepasJOXXKHMEIX DaclpejeseHHi, T. e.
KaXIylo XapakTepHcTHYecKylo (yHKUHIO ¢(f) MOXHO MpeACTaBHTb

B CJedyloleM BHIE cp(t)=1p(t)];[(p,- (t), rae $(f) u @: (t) — xapak-

TepPHCTHYECKHE (DYHKILHH COOTBETCTBEHHO Ge3rpaHUYHO AeJHMOro H
HEepa3JOXHMEX pacnpeleleHnil. 3To NoXoxe Ha (PyHIaMeHTAJbHYIO
TeopeMy apH(dMeTHKH, HO eCTb OLHO BaxHOe OTJHuHe: ¢aKTOpH3a-
uKsa pacnpeflefieHHdi He eIMHCTBeHHa. Hanpumep, eciu pacmpenene-
Hue F umeer sHauenus 0, 1, 2, 3, 4, 5 ¢ OOMHAKOBHIMH BepOSITHO-
ctamu 1/6, To F npeAcTaBHMO B BHAe CBEPTKH Hepas3JOXKHUMHX pac-
npefeseHHi AByMsl pas3jMYHBIMH coco6aMH: NPH MNEpBOM passoxe-
HHHU MepBHH AeNUTeJb NpHHUMaeT 3HaueHHs 0 ¥ 1, BTopoit genuTenb
npuHHMaeT 3HayeHHs 0, 2 M 4 ¢ OLHHAKOBEIMH BEpPOSITHOCTAMH; NpPH
BTOPOM Da3J/IOXKEeHHH NepBHIH [AeJuTesNb NPpHHAMAaeT 3HaueHus 0 u 3,
BTOPOH AeJHTeJb NpHHHMaeT 3HaueHus 0, 1 U 2 ¢ paBHBIMH Bepo-
ATHOCTAMH. DTa HeONpeleJeHHOCTb NOKA3bIBAET, YTO CXOACTBO MeX-
Ly <«apuMeTHKaMH» 4YHCeJl H BEPOSTHOCTHHIX paclpefeleHHH He-
nosHoe. Ciefyoomuii napafokc JeMOHCTpHPYeT 6osee CyIeCTBEHHbIe
pas3JHyHs.

6) Ilapadokc

BeposTHoCTHBIe pacnpelieeHHsl ¢ onepauueil cBepTKH 06pasyioT
anre6panHyecKylo CTPYKTYPY, COJepIKallyl0. MHOXECTBO HepasJioXH-
MBIX pachnpefeseHHi (HampHUMep, KaxJaoe paclpefeleHHe, cOCpeno-
TOYEHHOe B JBYX TOYKaX, Hepas/oXHMO), HO B Hell HeT HH OJHOrO
npocroro pacnpeneienus. CiaenoBaTeNbHO, €CIH MH AeHCTBHTEIbLHO
CYHTaeM IIPOCTHe paclpeleseHHs] «aTOMaMH», TO 3lechb BOOGlIe HeT
aToMoB. JOroT (akT BmepBhie OTMeTHaH B 1979 r. H. Pywa u
I. Cexkeil.

8) Ob6vacrenue napadokca

CoBceM HeyAHMBHTEJbHO, YTO NPOCTOTA H HEPA3NOXKHMOCTb — 3TO
OGHIYHO He ONHO M TO Ke. DTOT (PaKT MpeacTaBJsieTCs HEOXHIaH-
HBIM TOJIBKO IIOTOMY, 4TO B CaMOH 3HAKOMOH H BaXHOH CTPYKType —
MHOXeCTBe HaTypaJlbHBIX 4HCeJ — 5TH 06a MOHATHS 3KBHBAJEHTHHI
Onnako B ofLieM clyyae MOXHO JIHIIb YTBEPXAaTb, YTO MPOCTOH
3JIEMEHT BCerfa siBJsieTcsi Hepa3/oXKHMHM, a ob6paTHoe He o6s3a-
TeJlbHO BepHo. CoBnajseHne o6GoMX NMOHATHH (rpy6o roBopsi) o3Ha-
yaeT, 4T0 (aKTOPH3aLHs Ha HePa3JOXKUMbIe 3JEMEHTH elHHCTBEH-
Ha. Yxe B 1937 r. XHHUMH 3aMeTHJ, YTO [IpelCTaBJE€HHEe BEPOSTHO-
CTHBIX pacnpeleseHHi B BHIAe CBEDTKH Hepa3JOXKHUMBIX pacnpeaee-
HU{l He €AMHCTBEHHO, T. €. MOJyyaeTCs, YTO He KaXkJI0e Hepassoxi-



Moe pacnpeaeneHue npoctoe. B cBoefi cratbe Pyxka u Cekeft
NOKa3kIBalOT, YTO B 3TOH CTPYKType BOOOLIe HeT NMPOCTHX 3JeMeH-
TOB, H IIO3TOMY, UYTO KacCaeTCs CBA3H MEXKIAY MNOHATHAMH HepasJjo-
XKHMOCTH H INPOCTOThI, CTPYKTypa HATypaJbHHX YHCeJ C YMHOXKe-
HHEM H CTPYKTYpa BepOSITHOCTHHIX pacrnpeleseHHi cO CBEpTKOH Mo-
JISIPHO TNPOTHBOMOJIOXKHBI.

2) 3ameuanue

[Ba pacnpeldenenuss F u G Ha3HBAIOTCA 83AUMHO NPOCTLIMU,
ecin F u G Moryt OHITb AeJdHTeNsIMH pacnpelesneHuss H ToOJbKO
torja, koraa F = G Takxe sBasieTca Aeaurejem H. B craTtbe, o Ko-
TOpPOR [OBOPHJIOCH BHIIIe, [OKa3aHO, YTO OrpaHHYeHHHe (H HEBH-
pOXJeHHHe) pacrnpefeneHHs] He MOryT GHTb B3aHMHO NPOCTHIMH, H
MH JyMaeM, 4To BOOOLle HeT B3aHMHO MPOCTHX pacnpeaeseHui; HO
3Ta npobJieMa ellle He pelleHa.
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13. Ewe Heckonbko NapafoKcos

a) Iapadokc Oenenus pacnpedesenuii nonosam

[Myetb X w Y — He3aBHCHMEIE OJHHAKOBO paclpejeseHHbe Cay-
yalHple BeJHYHHH. PacnpeneneHne cyMMbl X 4+ Y 06HYHO OAHO-
3HayHO ompejaeJseT obllee pacnpeleseHne BenuydH X u Y, OJlHAKO,
KaK 3TO He mapafoKcaJbHO, Tak ObIBaeT He BcerAa. DTO YAHBHTE/b-
HO NMOTOMY, UTO Ha MpakKTHKe pacnpeles]eHHs, KaK NPaBHJIO, AeJIATCA
'OAHO3HAYHO, T. € HX n-1 4YacTb (ec/H OHa CYIIecTBYeT) onpefe-
JsieTcsl eHHCTBEHHbIM 00Gpa3oM, Kak, HanphuMep, B cjayuyae OI'paHH-
YeHHHIX MM O€3rpaHHyHO JeJuMbIX pacnpeneneHufi. PaccMoTpuM
Tenepb NMapalaoKcaJbHBIH NpHMep.



Ecnu cayyaiiHas Be/lM4MHa MNpPHHMMaeT 3HauyeHHs 2R+ 1 (k=
=0, 41, £2, ... ) ¢ COOTBETCTBYIOIINMH BepOSITHOCTSIMH

4
7 (2k + )2

TO ee XapaKTepHCTHuYecKasi pyHKuus @({) siBJaseTCS MepHOAHYECKOMH
C MEepHOJAOM 27 M Ha HHTepBaJle —n << I << m

et)=1—2[¢|/n.

OnpenennM cefiyac APYryio cJaydaiiHylo BeJqWYMHY, KOTOpas paBHa
HYJII0O C BepOSITHOCTbIO 1/2 W mpuHHMaeT 3HayeHust 4k + 2 c Bepo-
SITHOCTSIMH
2
(2% + 1)2

Xapakrepuctuueckast QyHKuus P(f) 3To#i cayyaiHON BeJMYHHHI
TakXke MNepHOAMyecKas. Ee mnepHOol paBeH m M Ha HHTepBaJje
—n/2<t<< /2

b(t)=1—2[t|n.

OuesuzHo, ¢ () = |@(f)|, cnemoBatensHo, P(t) 2==¢(f) 2. Takum
obpasoM, ecau XxapaKrepHcTHYeckas (yHkuus cymms X -+ Y ectb
P(£)2=@(f)? To oblueli XapaKTepUCTHYECKOH (YHKIHEH BeJHYHH
X n Y Moxer GuTh JaH6O @(f), 1uGO P (f), MOITOMY OAHO3HAYHOMH
ONpefeJeHROCTH HeT.

3ameruM, uto (P(f) + @(f))/2 Takke sIBIASETCS XapaKTEPHCTH-
yecKol (YHKuMEH, cleIoBaTeIbHO,

‘P(f)-;lb(t) ()= tP(f)-lz;ﬂ?(f) ¥ ()

YTO AaeT ApYroi NpuMep MepBOro napaiokca ¢akTOpH3alMH, TaK
KaK NMpHUBEJEHHOe BHIle PAaBEHCTBO Hesb3sl cOKpauwath Ha (¢(f) +
+¥(0)/2.

MoOXHO TakXe YyKa3aTh TaKHe XapaKTepHUCTHYeCKHe (YHKIHH,
YTO MX 3HaY€HHs He BCerja AEHCTBHTENbHB, HO KBaJpaTH (GYHKUHUM
AeHcTBHTeNbHE BCerja. CleoBaTeNbHO, CYLIECTBYIOT BepOSITHOCT-
Hble pacnpefesieHHsi, CHMMeTPHYHBIE OTHOCHTENbHO HYJS, HO <«HX
MOJIOBHHEI» HECHMMETDHYHH B TOM CMBICJe, YTO CYIUECTBYIOT He3a-
BHCHMBbIE OJMHAKOBO paclnpefiesieHHble cJydaiiHble BeJHYMHH X u Y,
cymMa KoTopux X -+ Y pacnpepseneHa cuMMeTpuuHo, HO X u Y He-
cHMMeTpuYHH. (Ecan cayvafiHele BeIWYMHH OTpaHHYEHBl, TO TaKas
CHTyanHs: HEBO3MOXHa.) YIHMBHTEJNbHHM TakXe MpeAcTaBJsercs
TOT ()aKT, YTO eCJH IJIOTHOCTH BEPOSITHOCTH f(X) cayuyaitHO#H BeJH-
uuHbl X cumMerpuuHa (f(—x) =f(x)), npu atom 0 < a < f(f) <
<b<oo paa [t{]<c<<oou f(f) =0 npu |{| >c, 10y X Her



NOJIOBHHH, T. €. He CYWeCTBYeT XapaKTepHCTHYecKOH (GYHKUHH @,
nns koropoii @x = @2 (JIut.: IIpo6aema 10, Mat Lapok, 30, 1982,
c. 272. (Ha Benrepckom s3nike.) Ilpepnoxuan T. Mopu
I'. Cekeii.)

6) Iatoaocuyeckue 8epOATHOCTHbLe pacnpedeserus

(i) Tlycrb dyHKuMs pacnpeneieHuss F HeKOTOpoO# ciayyaliHOH Be-
JUyHHBL 06JlallaeT caeAylOWMMH cBoHcTBaMu: F(0) =0, F(1) =1
H Aas

o0
x= Z 27% (@< a; < ay< ...— [ONOXKHTEJbHbIE YHCJA)

r=0

HMeeM
F(x)= goa' (14a)~%,

rie @ — NpPOH3BOJbHOE MOJOXHTenbHoe uuciao. JI. Takauw mnokasan
(The American Math. Monthly, 85, 35—37, 1978), uro F(x)—
CTpOro BO3pacTalollasi W HemnpepuBHasi (YHKUMS Ha HHTepBaJe
(0, 1). IIpy a=1 noayuum F(x) =x Ha uHTepBane (0, 1), T. e.
clyyaiiHasi BeJIHYHHA DaBHOMEDHO pacilpellesieHa, ee IJOTHOCTb Be-
pOSITHOCTH paBHa HyJ10 BHe WHTepBaJja (0, 1) u paBHa 1 Ha camom
HHTepBaJe. YIHMBHTENbHO, HO eclH a5 1, T0 F (H COOTBETCTBYIO-
mas cayyaiiHas BeJIHYMHa) BOOOILE He MMEIOT IJIOTHOCTH, T. €. He
cymectByeT ¢GYHKUHH f, 15 KOTOPOH
X
F= | f@au

— 00

Xors Haunbosee yacTo BCTpPeyalolllHecss HeNpepLIBHbIE pacnpelene-
HHSl BCErla MMEIT NMJOTHOCTH BEPOSITHOCTH, HeJb3s 3a6LlBaTh O Na-
TOJIOTHYECKHX CJYyYalHHIX BeJIHUYHHAX, KOTOpLIE MBI TOJBKO YTO pac-
cMmorpenn. Hanpumep, HHTepeCHO OTMETHTb, YTO €CJAH PABHOMEPHO
pacnpelieleHHas clyyailHasi BeJHYHHA NPEACTABJSIETCS B BHIE CYyM-
MBI IByX HE3aBHCHMBIX CJYYaHHBIX BEJHYHH C HeNpepHBHEIMH (YHK-
UHAMH pacnpelleJieHHsl, TO N0 KpaHHed Mepe OLHO M3 pacmpenele-
HHA [aToJOrHyeckoe, T. €. He HMeeT IJIOTHOCTH BePOSITHOCTH.
(McTopusi naToNIOTHYECKHX H OYeHb NMATOJNOTHYECKHX, T. €. CHHTY-
JApHbIX», GYHKUHA Hauanace B 1904 r., xorna A. Jle6ez ony6.u-
KOBaJl CBOIO KHHTY IO HHTerpHpoBaHUIO ¢yHKuuit. OOuH U3 mociaen-
HHX  pe3y/JIbTATOB 10 CHHTYJSAPHBIM (QYHKUHAM [PHHALJEKHT
rakxe Cater F. S. "Most monotone functions are not singular®,
T. 3ampugpecky, cm. Zamrifescu T. "Most monotone functions are
singular, The American Math. Monthly, 88, 47—49, (1981). Cwm.
The American Math. Monthly, 89, 466—469, (1982).)



(ii) Tlycth coBMecTHasi NJIOTHOCTb BEPOSITHOCTH CJYYaiHBIX Be-
auyud X u Y 3ajlaHa paBeHCTBOM

h(x, =._|L|__e—(lxl+x’y’/2)_
& 9) =5 7=

Toraa nioTHOCTL BepOSITHOCTH BEJIHYHHBI X .CThb
+o0 0, X = 0,
f@=§he0dy= 1 a0

- 00

SIcHO, uTO ¢QYHKUHA h HenpephiBHA, a GYHKUHS [ B HyJe pa3phiBHA.
JI. Kaapx nocrpoun npuMep (The American Math. Monthly, 82,
845—846, (1975), korza h HenpephiBHa Be3le, a [ He sBJAseTCA
HenpephiBHOH HHrge! Jlerko nokasath, uTo f Bcerja noJyHenpepbis-

Ha CHH3Y, T. €.
lim f(x) =T (x).
x'->x

Bonee Toro, eciu HHTerpas no Bcell HPSAMOM OT HeOTpHIATENbHOMH
nosyHenpepHBHOH (QYHKIHH paBeH eJHHHIE, TO CyLIeCTBYeT Herpe-
pBIBHASI MJIOTHOCTb BEpPOSITHOCTH A (X, y), LISt KOTOpO#H

oo

Fo= { hex pdy.

(Jlut.: Pelling M. J., Verbeek A. “On marginal density functions of continuous
densities 11", The American Math. Monthly, 84, 364—365, (1977).)

8) Ilapadokc npodasya zaser

[MpomaBen raser 3akasbiBaeT exeaHeBHO N raser. C kaxnofi
NpooaHHOM raseTsl OH nojydaer NpHOLLIL B b HOJNapOB H TepseT ¢
IOJJ1apoB. Ha KaXJIoH rasere, ocTaBllefics HenpolaHHOH. Kakum
HyXHO BHOGpath N, 4YTOOH MaKCHMH3HDOBATb OXHIAEMYIO HpH-
6bb? Uucsao nokynatejed, oueBHAHO, caydafiHo. [Ipeanosoxum,
YTO OHO HOAYMHseTcsl pacnpeleseHuio [lyaccoHa ¢ HekoTOpHIM na-
paMeTpoM A, T. e. BEPOSITHOCTb TOro, YTO YHCJO MOKynaresell B TOU-
HOCTH paBHO n, ectb Ate~*/n!. Tlosoxum b=1 c=2 u A =10,
T. e. CpelHee uYHcJO nokynareseit paBHo 10. Torza MoxHO mnoka-
3aTb, YTO CJefyeT 3akKasbiBaTh B cpedHeM 9 raser. OgHako, oue-
BUIHO, €CJH MNpOJAaBell 3aKa3blBaeT JHIIb 9 raser exeIHEBHO, TO
cpellHee YHCJO nOKynarteseit yMeHbmutces ¢ 10 1o 9; Ho B 3TOM cay-
yae ONTHMaJbHOe yHcJo raser 6yger paBHO 8 u T. A. OGbscHeHHe
3TOH napajoKca/lbHOH CHTyallHH COCTOHT B TOM, YTO HEOOXOLHMO
NPHHHMATb BO BHHMaHHe yOLITKH, BO3HHKAIOIHe H3-3a MOTEPH <«IO-
TEHLHAJbHOrO MOKYNaTeNsi», KOTOPbIH YXOLHT HEYNOBJETBOPEHHBIM.
ITycTs d nmonsapoB cocTaBJSIOT NOTEpH HPOAABLA, €CAH OH HE MO-



XKeT NPeMJIOKHTb KakoMy-i1n6o mokynaTesio rasery. (3HaueHue d
HeJb3sl ONPEeAeUTh CTOJb XKe MPOCTO, KaK 3HaueHHs b W ¢, mo sToh
npHYKMHe €ro, K COXaJleHHI0, 4acTo BooOLle He Y4YHTHBaIOT. Hampu-
mep, ecan d =18, To ans A = 10 onTuMasbHOe 3HaueHHe N paBHO
10.

)B obuieM cayuyae o6o3Hauum yepe3 X (ciayyaiiHoe) YHCJO TMOKY-
natesiefl (Temepb Mbl He mpeanoJaraeMm, uto X HMeeT pacnpejesne-
Hue IlyaccoHa). MoxXHO mOKasaTb, YTO ONTHMaJbHOe 3HaueHue N

ecTb pellleAde ypaBHeHHs P (X > N) =~ b_.i_iﬂ’

JaBel raser 3anacaercsi N 3K3eMIvsipaMu raset, rie N — pelleHHe

3TOro ypaBHeHHs, TO ero oxujaemasi NnpuHGHJIb GyJeT MaKCHMaJbHa.
(JIut.: Morse P. M, Kimball G. E. Methods of Operations Research, Wiley,
New York, 1951.
DeGroot M. H. Optimal Statistical Decisions, McGraw Hill, New York,
1970. [Mmeercs nepesox: Je Ipoor M. OnTHManibHBIe CTaTHCTHYECKHE
pewenns. — M.: Mup, 1974.])

T. €. ecJH Mpo-

e) Ilapadokc Kecrena

CorJslacHO ycHJIEHHOMY 3akoHy O6oJibimiux uucea Kosimoroposa
IJIsi He3aBHCHMBIX OJHHAKOBO pacnpejeseHHBIX CJAyd4aHHBIX BeJHYHH
X1, X9, X3, ... DocJsenoBaTeSbHOCTh

Xo=Xi+Xo+ ... +X)n

CXOAUTCS K HekoTopoil mocrosiHHOH M c BepositHocThio 1 Torza
TOJIbKO TOTAa, KOrja y BeJIHYHH X; CYLIECTBYIOT MaTeMaTHYeCKHe
OXHIAHHS; 3TH MaTeMaTHYeCKHe OXHIAAHHS paBHH Kak pa3z M.
Hrak, ecaiu M cymectByer, TO ¢ BEPOSATHOCTBIO 1 nocnenoBatenb-
HocTb X, OueHb «peryJisipHa»: ee eAUHCTBEHHOH MpeAesbHOH TOUKOH
asiasiercsi M. Jlo Kakoil cTeneHd nocseaoBaTeNbHOCTb X, <«Hppery-
aspHa», korga M He cyuecrByer? B 1970 r. I'appu Kecren noxa-
3aJl, YTO MHOXECTBO MNpelJeJbHEIX TOYEK M0CJeJ0BaTelbHOCTH X,
MoXeT OLITb MNPOU3BOJIbHBIM (HecJyuaHBHIM) 3aMKHYTHIM MHOXe-
CTBOM, COAepKAaLlUM —oo H oo ¢ BeposiTHOCThbIO 1. [loaToMy MHoO-
JKeCTBO MNpelle/lbHbIX TOYEK MOXET COBNAaAaTh CO.BCeH YHCJIOBOMH
NpsIMOMH, XOTs MOKa HEH3BECTHO, KAKUMH CBOHCTBAMH B 3TOM cJjyuae
nosiKHa o6JlajaTh (yHKHHS paclpeleseHHs BeJHYHH X,.

(JIut.: Kesten H. “The limit points. of a normalized random walk”, Annals of
: Math. Statist., 41, 1173—1205, (1970).)

0) Ilapadokc croxacruueckozo 2eiidepa

B 1962 r. Anbdpen Penbu nocTtaBus ciaeAywouuii sonpoc. Pac-
CMOTPHM TreiHsep, Bhi6pachBaioluii ¢oHTaH ¢ HHTepBaJjamu X,
X, ... . TlpeanosioxXuM, 4TO 3TH HHTEpPBAbl SIBJISIOTCS HE3aBHCH-
MBIMH OXMHAKOBO pacnpeiejieHHHMH CJIyYalHbIMH BeJMYMHAMH.



HaiigeM MOMeHTH BpeMeHH, KOTAa HPOHCXORMJH BHOPOCH, S, ==
= X1+ X+ ...+ X,. Kak Besuku Moryt OGHTb OWIMOGKH NMpPH ompe-
JIeJIEHHH C BEpPOSITHOCTbIO 1 HeH3BeCTHHX pachpelieJeHHil ciyyaii-
HHX BeJHYHH X; Ha OCHOBe MOJYYeHHHX JAaHHHX? ITOT BONpPOC
TecHO cBSI3aH co cienyioumed npo6aemodt. ITycty S, = X: 4 X, 4 ...
oo+ XpuTp=Y +Yy4...+ Y, — uacTHuHHe CYMMH HE3aBH-
CHMHX OJHHAKOBO pachpefeleHHHX CJAYyYafHHX BeJHYHH (BeJHYH-
HH X;, He o0si3aTeJbHO He 3aBHCAT OT BeauuuH Y;). Hackosabko
6ausko S, Moxer OHTb K T, eciu pacnpeneienus X; u Y; pas-
anuHH? Ecan (S.—T,)/n crpeMuTcssi K HyJIO, TO IO YCHJEHHOMY
3aKOHY GOJIbLUIMX YHCEJ MaTeMaTHYeCKHe OXHAAHHS BeJHUHH X; H
Y; (npH ycJOBHH, YTO OHH CYLIeCTBYIOT) He MOTYT pasjiHyaThbCs
(c BepositHocTbio 1). H3BecTHHII 3aKOH NMOBTOPHOro Jorapugma
yCTaHaBJIHBaeT, 4TO €cjH y X CcylecTByeT CTaHAapTHOE OTKJIOHEHHE
D(X), to
lim sup———s"_._—E(S") =D (X).
n-veo A2 ininn
CaenoBaTesIbHO, eClH Jaxe (S,,—T,,)/q/—n_ CTPEMHTCS K HYJIO, TO
CTaHXapTHHe OTKJOHeHHs Y X H Y JNONXHH coBnafartb. Mccienosa-
Hus, npoBefeHHHe CkopoxoioMm u lllTpacceHOM Ha OCHOBe TEOpHH
GpOYHOBCKOrO JABHXKEHHS, NpPHBEJNH K NpPEANOJIOXKEHHIO, YTO eCJH,
Hanpumep, BeJHuHHa X orpaHHueHa, a Y HOpMaJibHO paclpefesieHa,
4

10 |Sp—T,| He Menbwe 4/ (mpu Aocratouno Gosbwux n). Ta-
4

KHM--06pasoM, (S, — T,)/A/n He MoXeT cxomuTbcsi K Hymo (C Be-
posATHOCTbIO 1). B cHily 3THX pe3yJbTaToOB CYHTAJH, YTO MOMEHTH
BHOpoca y reidepa AOCTaTOYHO H3MepSTb ¢ OWIHOGKOH, He NMPEBOCXO-

4

Asmefi 4/n. BoJblwOl HEOXHIAHHOCTHIO SBHJOCH TO, UTO HOCJE
nepBHx pe3yJabraToB I1. Peseca u M. Yepze B 1974 r. 1. Komaow,
I1. Maiiop u I'. Tywsadu noxasaniu, 4to S, MOXKHO Npu6AH3UTD T,
HACTOJbKO XOpouo, uto Aaxe BeauunHa (S,—T,)/Inn ocraercs
orpanHuenHofi. MTak, npu 3amncH MOMeHTOB BHGpOca OWIHGKH H3-
MepeHHH NOMXKHH 6HTb B mpefenax Inn. I1. Baprdaii nokasal, uro
eCJIH OWIHGKH H3MepeHHs, AeJeHHHe Ha Inn, cXOZATCA K HYJIO, TO
pacnpefieieHHsi HHTEPBAJOB MeXAy Nocjef0oBaTeJbHHMH BHOpOCaMH
MOryT GHTb OnpefesieHH C BepOsSITHOCTbIO 1.

(JInt.: Csorgd M., Révész P. Strong Approximations in Probability and Sta-
tistics, Akadémiaj Kiad6, Budapest, 1981.)

e) Ilapadokc 8epoATHOCTU 8 KBAHTOBOL (pusuxe

Meronn TEeOpHH BepOATHOCTEA WIHPOKO HCHOJAb30BaJHCh B (u-
3HKe yXe B mpountoM Beke. Kiaccuueckas craTucTHueckasi hu3Hka
HauHHajlach ¢ HAEH O TOM, YTO PaBHOBECHe CHCTEMH (cocTosiuieli U3



60JIbLIOrO0 YHCJAa YacTHL) ecTb HaHOOJiee BeposITHOE COCTOSIHHE CH-
creMbl. CuHTaJOCh, YTO METOAH CTATHCTHYECKOH (PH3HKH JHLIb NpPH-
GJIHXKEHHO ONMHCHBAIOT MAKPOCKOMHYeCKOe NMOBefeHHe cHcTeMBl. Of-
HaKO B pe3yJbTaTe BepOSTHOCTHOH HHTepNpeTalHH KBaHTOBOH ¢u-
3HKH CJY4aiHOCTh H BepOSITHOCTb CTAJH HeOThEeMJEeMOH 4acTblo BCel
¢u3ukH. BeposiTHOCTL cTajJa CTOJNb Ke ¢GYHAAMEHTAJbHHM IOHS-
THeM Kak, HanpHMep, 3HeprHs, a He YeM-TO HCIOJBb3YEeMHM JHIIb B
KadecTBe NMpHOJHKeHHs H 6e3 yero B NpHHIHIE MOXHO O0GOHTHCH.
Haxe DHHWTEHAHY, XOTS OH BOBce He OB KOHCEPBAaTHBEH, He Hpa-
BHJIHCb 3TH pajHKaJbHHE H3MeHeHHS B OCHOBaHHMAX (PH3HKH.
B nmuceMe K Makcy Bopuy (nonyuusiiemy HoGeseBCcKylo mpeMHIO 3a
BEPOSATHOCTHYIO MHTEpPNpPETalHI0 BOJHOBOH (YHKUHMH B KBaHTOBOI
MeXaHHKe) OH HamHcaJ, 4TO BEepHT B CyIIECTBOBaHHe COBepIUeHHBIX
3axkoHoB Ilpupoan: «bor He urpaer B kocTh». B cBoeM oTBere Boph
OGBACHMI, 4TO BMeCTO pellleHHs 6oJbwioro uyxcaa auddepeHuHa b-
HBIX YpaBHeHHH B HEKOTOPHIX CJyYasiX MOXHO NOJYYHTb NpHeMJe-
MEe pe3yJabTaTh, 6pocast urpaJjbHylo Koctb. C Tex nmop Haen Bopra
cTaqH AoMHHHpYIOmHMH. CilyualfHOCTb H BepOSTHOCTb — yXKe IpH-
3HaHHble TOHATHS B (PH3HKe. DTH H3MEHEeHHs MOBJHSJIH W Ha (HJO-
coHI0: MeXxaHHCTHYECKHH JeTepMHHH3M NOTepsiJ CBOIO IVIaBeHCTBYIO-
myio poJb. CoBpeMeHHOe COCTOSIHHE MHpa He MOJHOCTBIO oOmpele-
Jsiet ero 6yaymee coctosiHHe. Ha ocHoBe HacTosIIHX 3HAHHHA MOXKHO
ONpele/IMTh JHIUIb BEPOATHOCTh COOLITHH, KOTOpHE NPOH30HAYT B OY-
Aymem. OaHako 3TO He O3HauaeT NpPH3HAHHe arHOCTHUM3Ma, TakK
KAaK 3aKOHH NPOsIBJEHHS CJAY4YaHHOCTH NMO3HaBaeMhl (HMEHHO 3THM
H 3aHHMaeTcsi TeOpus BeposiTHOcTel). IlapajokcanbHo, HO ¢H3HUe-
CKasi KOHLENUHs BePOATHOCTH He SIBJIsSeTCS IPOCTHIM NpPHMeHeHHeM
MaTeMaTHYeCKOH BepOSATHOCTH B (H3HKe. MOTHBH H AyX 06eHX KOH-
uenuufi pasinynnl. CordacHo P. Peiinmany, xotopomy B 1965 r.
npucyxjesa HoGeneBckasi mpemus mo ¢H3HKe, 3aKOHH KBaHTOBOM
(HM3HKH MOXHO IIOHSTb, OMHpAasich HAa TEOPHIO BEPOSITHOCTEH, BO3-
HHKAlOLLyl0 M3 TEOPHH a3apTHHIX HIp, €CJH NMPHMEHHTb 3aKOHH -Teo-
PHH BepOsITHOCTell K GOJBLIOMY YHCJY YacTHIl, OAHAKO 3TH 3aKOHH
He OOBSACHAIOT NOBefleHHe 0TOeAbHO20 3JEKTPOHA WJIH NMPOoTOHA. BoJ-
HOBasi TeopHs de bpoiiaa u ILlIpéduneepa W NPHUHUMI HeompeleeH-
HocTH [lelizen6epza mpusesH, Bo MHOroM Ojarojapsi pa6oraMm Bop-
Ha, K CO3AaHHI0 MeXAy 1926 um 1929 rr. HOBoli KBaHTOBOH TeOpHH
BeposiTHOCcTeH. MaremaTHyeckass Teopusi BepositHocTefi Kousmoro-
poBa OHUIa TOCTpOeHa TaKiKe MPHOJIH3HTENbHO B 3TO BpeMs. Beisic-
HeHHe CBsI3H MeXIy ABYMs THIIAaMH TEODHH BepOSITHOCTeH HauaJochb
3HAYHTEJNBHO NO3XKe, NMOYTH ABaAuaTh JeT cmnycrts; 60JbLIyI0 pOJb
3aechb cHrpaa pabora I'. Makku, ocHoBaHHasi Ha GoJlee PaHHHX HcC-
ciaenoBaHusax ¢on Hefimana. B kxoHue KOHLOB Ghiia pa3paboTaHa
o6wmasn exMHas TeOpHsl BepOSTHOCTeH, KOTopasi BKJOUasla B ce6s H
KJIaCCHYECKY10, H KBAHTOBYIO TeOpHH BeposiTHocTeH (cM. KHury Ian-



Aepa). D10 paspelaeT NPOTHBOPEUHe H MO3BOJISET ONMHCATh TEOPHIO
BEpPOSITHOCTEH, OCHOBAHHYI0 Ha O0OIlleH CTpYKType CJAy4yaHHHX CO-
GLITHI.

(Jlur.: Born M. Natural Philosophy of Cause and Chance, Dover Pub., New
York, 1964.
Gudder S. P. Stochastic Methods in Quantum Mechanics, North-Hol-
land, New York, 1979.)

ac) Iapadokc kpunrozpaguu

Ha nporsikeHHH HeCKOJbKHX THICAYEJETHA HCTODHH KpHNTOrpa-
¢buHn cnenHaJHCTH MO TaHHOIHCH NMPUAYMHBAJH Bce GoJiee H GoJsee
H3OLIpeHHHe IIHGPH, a HX NMPOTHBHHKH COOTBETCTBEHHO HAaXOJHJIH
Cnoco6n HX NEpEeXHTPHThL C NMOMOILIbIO Bce Gojee u GoJsee sddek-
THBHO# TEeXHHKH pasraiku uiudpos. Jdeap Aasaw Ilo, cuuTaBLIMl
ce6s1 MmacrepoM TalHONHCH, Ghl yOexXIeH, 4TO «..YeJOBeuecKas
H306peTaTeJbHOCTh He MOXKET NMPHAYMAaTh TakoH LIH(P, KOTOpPHIH Onl
yeJlOBeyecKass HaXOAYHBOCTb He cMOrJia pasrajartby. [lepBHii mepe-
JIOM B HCTOPHH KpHNTOrpadMH HacTymHJ B ABafuaThie TOMH, KOTAa
6BnTH OTKPHTH «0AHOpa3oBhle MHGpPH». TakHe ofHOpa3oBHe MLIHD-
pPH GHJIM BlepBHE HCINOJb30BaHH B ['epMaHud W ynoTpeGasiuch
MOBCIOJlYy Ha NPOTSKEHHH MoJgyBeka. PasjHuHbIe THIIH OJHOPA30BHIX
IHGPOB CUHTAIOTCH OUeHb 3((EKTHBHRIMH H CErOfHsI MOCTOSTHHO HC-
MOJIb3YIOTCS BO MHOTHX CTPaHax AJS ClenHaJIbHHX nocjaHuil. B 3Ha-
MEHHTOH «ropsiueil JIHHHH» MeXXJy BamuHrroHom H MoOCKBOH TakkKe
TPUMEHSIOTCS OJHOpa30BHe WHMpPH. AT wWHOPH AeACTBHTENBHO
'HepasrafbiBaeMH B IpHHIHIIE, TaK KaK pas3jUuHHE WHGPH-CABHIH
KOLHPYIOT KaXAbli CHMBOJ B HCXOLHOM TEKCTe, NIPH 3TOM BCAKHM
pa3 cIBHr BHOHpaercs clyuyafiHHM o6pa3oM. Ecin 6YKBY «e» Bcerza
KOAHpOBAaTh Kak «t», To 3T0 6b1 6H NpOCTOH MOACTAHOBOYHHIA
wHbp, KOTOPHIA JIETKO pasrafaTh ¢ MOMOIILIO CTATHCTHYECKOTO aHa-
Ju3a (Tak Kak «e» —HauGojee yacto ymoTpebisieMas 6yKBa BO
MHOrHX f3HKax). ONHaKo, eciii «e» KOAHPOBaTb MHOTAA KaK «a»,
HHOI'ZA KaK «C», a NOPOA Kak «wW», H BHOOp 3aMeHH OCYIIECTBJSTDb
CJIy4aiiHO, TO TaKOH OJHOPa3OBHIA WIH(Gp Heslb3si pasrafarbh Jaxe B
npunuune. [IndppoBaHHHA TeKCT HHYEM He OGHApPYXKHBAeT 3aKOMH-
poBaHHOe cofepxanue. HefoctaTok mogoGHO# NpouefypH 3aK/IiO-
4aercs B TOM, YTO ONHOPAa30BHeE MIH(PH MOXKHO HCIOJAB30BATh JIHLIb
ONHAXIH AJsI €IHHCTBEHHOTO MOCAaHUSA. 3aMeuaTeJlbHOE OTKPHITHE
CNENHAJHCTOB MO 3JeKTpoHHKe H3 CTaH(OPACKOro yHUBEpCHTETA
Yurgurda Quppu u Mapruna Xessmana peBOMIOLHOHH3HPOBAJIO
BCIO O6GJacCTb CeKpeTHOH CBsi3H. Iloj BJHSAHHEM MaTeMaTHUYeCKO
TE€OPHH CJIOXXHOCTH OHH NpeNJNoXKuJaH B 1975 r. HOBHI THN 1IHOPAa,
KOTOPHIH pasrajpisaeM B IPHHUHIE, HO aGCOJIOTHO He pasTalHBaeM
Ha mNpakTHke. TouHee, 3TH HOBHe WIHPPH MOXKHO pasrajaTb, HO



JIHLIb ¢ MIOMOMIBIO MporpaMm Ha 3BM, kKoTopHe GYAYT BHIIOJHATHCA
MULTHOHH JeT. MHTepecHo, uTo mpoueaypa 1wH(pOBKH H pacuiud-
poBkH, npeagnoxennas Nuddu u XeanMaHoM, HeCHMMETpHYHA, T. €.
€CJIH H3BECTEH JIHIIb MeTOA IIH(POBKH, TO C NMOMOIIbIO BHYHCIECHHMA
HepeaJbHO O6HApYXHThb cnocob pacmindpoBKH, a 3TO 06ecmeyHBaeT
abcomoTHylo cekpeTHocTb. (Takoft meron nepenauu mHGbpPOBAHHHX
coo6IeHHl no3BoJsier K06uTbcsA Toro, uto Huddu u Xennman ua-
3Baju (yHKUHeRA-JOBYIMIKOH ¢ OZHOCTOPOHHHM BxoAoM.) Cekper
MOXeT OHTb 3aKOAMPOBAaH H PAaCKPHT pa3HHIMH crnocobamu (u aas
pacuudpoBKH Tpebyercsi Gojiee TOHKHH MeTon). OcHOBHasi Haest
OXHOCTOPOHHero 1HGPOBAaHHS OYeHb MPOCTAa: ABa YHCJA JIETKO Ile-
PEMHOXHTb, HanpHMep, npousBefeHne uncea 101 u 211 BryHcaseTcs
npocro H oHo paBHO 21311, HO ecnM Ham HyXHO HafiTH ABa YHCJA,
KOTOpHe 60JIbllle eHHHIIH H HX Npou3BeleHHe paBHO 21311, To mas
TOro, YTOGH YCTAaHOBHTb, YTO €IXHHCTBEHHO BO3MOXKHOE pellleHHe —
ato 101 u 211, notpeGyercs 3HaunTeabHO Gosblie BpeMeHH. Ectecrt-
BEHHO, CYIECTBYIOT BHIYHCJHTEJbHHE AJrOPHTMH /Sl Pa3JoXKeHHS
yHCeNl Ha MHOXHTENH, HO B CJIy4ae, KOrja YHcJo cOocToHuT H3 40—50
uucdp, BpeMsi, Heo6XOQHMOE AJs HAaXOXKAEHHS MHOMXKHTeJell, cocTa-
B0 6H MHJJIHOHH JeT. Ha OCHOBe TeOpHHM MpPOCTHIX uuceJa Ohuia
Hafiflena npocrasi GYHKIHS-JOBYIIKA: KJIIOY AJS IHPPOBKH 3aBHCHT
JHLIbL OT NPOH3BeAEHHS NBYX MPOCTHX YHCEJN, B TO BpeMs KakK AJs
paciindpOBKH TeKCTa HEOGXOZMMO 3HAaTb CAaMH NPOCTHE YHCJA.
OcraHoBuMcs noApo6Hee Ha 3Tofi GYHKUHH-TOBYLIKe!

Ilycte p 0 ¢ — ABa GOJBIIHX CJOy4yafHHX NPOCTHX uuciaa. Ilpo-
H3BeleHHe n 3THX ABYX 4HCeJ H ellle OAHO cayuafinoe uucio E
ABNAIOTCA KalouoM muppa (E, n) Ans mojb3oBartens, NpPH 3TOM
K04 He 0053aTeJlbHO JAepXKaTh B CEKpeTe, €r0 MOXKHO IOMECTHThb
B Kakofi-1u6o o6mufi ¢aftsi, Hanpumep, B TeledOHHHH CIpaBOYHHK.
a5 HemoT>30BaHUs KJIOYa OTIPaBHTENb CHAauaJa npeoGpasyer CBOe
nocjaHHe B LENOYKy HH(DP, KOTOPYIO OH 3aTeM pa3GuBaer Ha 6JOKH
By, B,, .... Kaxnoe uucjio B; B HCXOZHOM TeKCTe HOJXKHO OHThb
mMexny 0 u n— 1. Il KaxKAOro 4ucja B UCXOXHOM TekcTe B; oT-

NpaBuTeJb BHYHCASET YHCAO B WW(POBAHHOM TekcTe C;==Bf mo
monymo n (T. e. C;—ocraTok npu deneHuu E-B cremenu uucia B;
Ha n). Taroft o6menocTynHwi cnoco6 MWHPPOBKH OCHOBAH HA TOM
bakre, 4TO XOTS HaxoXKAeHHe BOJBILUX MPOCTHX uucea (p H g) ¢
BHUYHCJIHTENbHOR TOYKH 3DEHHSI NMPOCTO, ONHAKO PAa3JOXKEHHE IPOH3-
BeleHHs JIBYyX TAKHX YHCeJ Ha MHOXHTENH C IOMOIILIO BHYHCJEHHA
B HacToflllee BpeMs HepeasibHO, Tak u4To, 3Has Jumib (E, n) u Ci,
6esnafexxHo nHTaTees HafiTH B; Jas pacmudpoBKH TeKcTa
Ci, C,, ... MONB30BATeNI0 HYXHH N H CEKPeTHHA KJ0Y AJs pac-
mwHdpoBkH D, nosyuaeMut H3 NMPOCTBIX COMHOXuUTedefl p U g uHucaa
n. D ectb MYJbTHIVIUKATHBHO o6paTHoe K E uHcjO MO MOAYJIO
{(p — 1) (g — 1), 1. e. npoussenenue ED no monymo (p—1)(q—1)



paBHo 1. (ITpoussemenne (p — 1) (¢ — 1) HaeT KOJHYECTBO LEJHX
yHceJ MeXAy | H n, He UMeOWHKX ¢ n o6mux - genuteneit.) ITocae
BCEro 3TOr0 MOJydJaTe/]b JIeTKO HaXOAHT B;:

¢? =(Bf)? =B, no moayao n.

dror meron paspaborann Pusecr, lllamup u AOseman ¥ OH Ha3w-
Baercs cHcreMoit RSA.

(JTur.: Hellman M. E. “The mathematics of public-key cryptography”, Sci.
Amer., 241, 130—139, (1979).
Simmons G. J. “Cryptology, the mathematics of secure communication”,
The Math. Intelligencer, 1, 233—246, (1979).
Shamir A, “A polinomial time algorithm for breaking Merkle — Hell-
man cryptosystems”, Research Announcement, 1982.)

3) ITapadokc nossuu u Teopuu uxgopmayuu

B kauecrBe mocJieaHero napajokca B 3Tofi KHUre IpPHBENY CJIOBa
Moero MoKOHHoro yuurens npodeccopa Asoghpeda Penou:

«C Tex mnop, Kak s HavaJ 3aHHMAaTbCsl TeopHel HHGOpMAILMH,
A 4acTO PasMHILIAK HaJ KPaTKOCTBIO CTHXOTBODEHHH; moueMy OfHa
CTPOKa CTHXOTBOPEHHS COAEPXKHT 3HauHTeJbHO GoJsiblle «HH}pOpMa-
IHH», YyeM OYeHb KOPOTKasl TejerpaMMa TaKO# Xe MJIHHH. YIHBH-
TeJbHOe 60raTcTBO 3HauYeHu# B JIHTEPaTYPHHX TPYAaX KaXKeTcs Npo-
THBOPEYHT 3aKOHaM TeopHH HHpopMauuu. Kiaouom k atomy napa-
IOKCy, A HAyMaio, fABJseTcs INOHATHe «pe3oHaHca». [IHcaTeNb He
TOJIbKO €0001iaer HaM HH()OpPMaLHIO, HO H HrPaeT Ha CTpyHax s3H-
Ka C TaKHM MacTepCTBOM, YTO Halll pasyM H JAaxKe CaMO MOACO3HA-
HHe pe3oHHPYIOT. [To3T ¢ moMoubio yAauHOro CJIoBa MOXKET BH3BAThH
LIENOYKY HJeH, SMOLHA U BocnOMHHaHHA. B 3TOM CMHCJe TPYA nu-
caTteJis — BOJIIEe6GCTBO.»



FJIABA V
NAPAQOKCONOIrns

B ray6une Ayl MH BEPHM B PeajbHOCTb
MaTeMaTHKH, Ho Koraa dunocodH ykasH-
BalOT HaM Ha NapajloKCH B MaTeMaTHKe,
MBI, KOHEUHO, CIICIUKM COPSITaThCH 32 ab-
CTPAKUHSIMK H TOBOPHM: MaTeMaTHKa —
3T0 JIKIIb KOMOHHAUHA GeccMHBICJAEHHHX

CHMBOJIOB...
X. A. 3. Qvedonne, 1970

Kak u GOJBIIHHCTBO pPa3lesOB HayKH, MaTeMaTHKa — 3TO TaKxkKe
H HCTOpHSI MapajoKcoB. BesHuafilllHe OTKPHTHS, KaK NPaBHJIO, pa3-
pellajH BeJHyafillve mapalJokch (BcrmoMHHTe [lapBuHa W DfAHLITeH-
Ha) H B TO XKe BpeMsl OHH B CBOIO ouepelb GHIJIH HCTOYHHKOM HO-
BHIX MapajgokcoB. Merox o6yuennst CokpaTa, 0 KOTOPOMY O HOBHIX
HleAX Haj0 y3HaBaTb Yepe3 NMapajJOKCH, SBJAsETCS caMuM (yHaa-
MEHTaJbHHIM, TaK KaK NpOLecC HAyyHOro MO3HAHHSI caM ONMHpaercs
Ha MapafoKCHI.

Inst pasBHTHS HAeAyKTHBHOH MaTeMaTHKH OTPOMHYI0 POJb CHIT-
pajo To, uTo (HecMOTpsi Ha MHeHHe NHdaropuiines, 4TO «BCe eCTh
YHCJIO», T. €. LieJioe YHCJIO) CYINeCTBYIOT OTpe3KH (HampuMep, AHa-
roHaJb H CTOpOHa KBajApaTa), OTHOILIEHHe IJIMH KOTOPHX HE SIBJIS-
€TCA OTHOLIEHHEM UEJHX YHCEJN, a 3TO O3HAuaeT, YTO TaKoe OTHO-
LIeHHe ¢ TOYKH 3peHHs nHdaropufineB — He yHchao. (B cooTBeTcTBHH
C COBpeMEHHOH TEepMHHOJIOTHEell OHO He SBJSETCS PalHOHAJNBHHM
YHCIOM.) DTOT MapafoKC <«HECOH3MEPHMOCTH» INpPHBEN K pacrnagy
nudaropufickoi MWKOJIH H OCTa6NEHHI0 YHCIOBOTO MHCTHIHM3Ma, a
TaKXe K eBKJIHJ0BOH reoMeTpHH (rae poJib YHCEN CTaJH HIPaTh reo-
MeTpHUecKHe GHIYpH) H K <«MaTeMaTHYeCKOMy HAeanausMmy» Ilia-
TOHa (Ha MpaKTHKe «HECOM3MEPHMOCTb» Helb3sl NMPOBEPHTH HeMoc-
peACTBEHHO, MO3TOMY, corjlacHO IlnaToHy, ONEIT He MOXET NMPHBECTH
K HCTHHHOMY 3HaHHMI0). Besnuafimuii mapafokc MaTeMaTHKH Cpel-
HHX BEKOB COCTOSIT B TOM, YTO «HHYTO», T. €. HYJb, CJIE[OBAJO pac-
CMaTpHBaTb KaK HEYTO H KaK-TO ero o6o3HayaTb. B pesyabTare,
Gnarofaps HHAOapaGCKOMY cnoco6y 3amHCH uyHcell, BHUHCJEHHS B
3HAUNTEJNbHOR cTeneHH o6Jeriynauch. [To3qHee BO3HHMKJM MapajoK-
CH, CBSI3aHHHIE C OTPHUATEJbHEIMH H 3aTe€M KOMILJIEKCHHIMH YHCJa-
Mu. Hanpumep, ofgnH M3 mapajoxcoB yTBepx/iaj, YTO PpaBeHCTBO
(—1):1=1:(—1) HeBO3MOXKHO, TaAK KaK OTHOLIEHHe MEHBLIETO
YyHcaa K GosblieMy He MOXET PaBHSATHCS OTHOLIEHHIO GOJIbILEro
4HCJIa K MeHblleMy. B Hallle BpeMsi BO Bcex pasjesnax MaTeMaTHKH
NOSIBHIOCH HECKOJIbKO HOBRIX NapajJOKCOB, HayHHasi OT pa3pelInMo-
CTH aJre6panyecKOro YpaBHEHHs M KOHuas reoMerpHcii Bohau. Un-



TepecHO, YTO YXKe B [1epBOH INOJIOBHHe MPOILJIOrO BeKa YelICKHi
mateMatduk H3 Ilparn B. BosbLaHO MOCBSATHJ LeJNYI0 KHHTY mapa-
nokcaM GeckoHeuHoro («Paradoxen des Unendlichens), xors Ham-
6osiee  JIOGOMEITHHE MNapajoOKCh OeCKOHEYHOro MOSIBHJHCH JIHLIb
nocsae ony6ankoBaHust B 1872 r. tpyaa I'. Kanropa mo Teopun MHo-
KecTB. Beayluue MaTeMaTHKH NpOIUWJIOro BeKa TakHe, Kak [ ayce,
Kown, Kpounekep, IlyaHkape W Apyrue, OTBeprajH NOHSATHE aKTy-
aJbHOK GECKOHEYHOCTH H NPHIHCHBAJH OeCKOHEYHOCTH JHIUb CHM-
BoJIHyeckoe 3HaueHHe. OaHaKo TeopHss KaHTopa, B KOTOpOH HCIOJIb-
3yeTcsl MOHSITHE AKTyaJbHOH GEeCKOHEYHOCTH, SIBJISIeTCS KpaeyroJb-
HEIM KaMHEM COBpEMEHHOH MaTeMaTHKH, XOTs cJeldyeT NOA4YEePKHYTb,
4TO «yXac mepell 6eCKOHeUHHIM» Bce ellle He Hcue3d. Ha camom pere
HOBble MapajOKCH YBEJHYHBAIOT YHCJO INPHBEpKEHUEB «OHHHTH3-
Ma». [Toxoxuit cTpax mepex cJay4yaiHOCTBIO CyLIeCTBYeT [0 CHX IOD.
MareMaTHyecKHe NapafloOKCh OECKOHEYHOTO M CJYy4YaHHOro Ype3BHI-
yaflHO BaXKHH, TaK KakK 06a 3TH MOHATHS OKa3hBalT (yHAaMeH-
TaJbHOE BJHSIHHe Ha HAalUM B3IISAH H (uiocodckue mpeacrasie-
Husi. Teopusi BeposiTHOCTeH pa3BHBasiach KaK OTPaxkeHHe B CHMBO-
Jlax CAy4aHHOH BCeJIeHHOM, MO3TOMY ecTb HajeXAa, YTO MapajoKCHl,
NpHBeAE€HHEle B 3TOH KHHre, NOMOTYT YHTaTelJ 0 JAefiCTBOBaTb HaH-
Jyquinm o6pasoM B HallleM CJAy4YalHOM MHpe.

Bce mocTosHCTBO B 3HGKOCTH OXHOH,
Bce cmyTHO npes riasaMu O4eBHAuA,
$1 cnOXHOCTL BHXKY B MCTHHE MPOCTOH,

Hayxoii mpaBuT cayuait — He 3aKOH...
Buiion P. Bassada, nanucannas 048
cocrasanus 8 bayat)

1) Bumiion ®. Cruxu: cGopuuk/Coct. I'. K. Kocukos.—M.: Panyra, 1984.
OTpHBOK M3 cTHXOTBOpeHus naH B nepeBofe 0. A. KoxenHukona,
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Tabauya 1. CrarpapTHas HOpMaabHAS GYHENHA pacnpenencHHs

O (x)=

x

L S e gy, [@ (—x)=1—O (x)]

P(x)

®

d(x)

@ (x)

®

P(x)

0,5000
0,5040
0,5080
0,5120
0,5160
0,5199
0,5239
0,5279
0,5319
0,5359
0,5398

0,5478
0,5517
0,5557

0,5753
0,5793
0,5832
0,5871
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0,6950
0,6985
0,7019
0,7054
0,7088
0,7123
0,7157

0,7910
0,7939
0,7967
0,7995
0,8023
0,8051
0,8078
0,8106
0,8133
0,8159
0,8186
0,8212
0,8238
0,8264
0,8289
0,8315
0,8340
0,8365
0,8389
0,8413
0,8438

0,8461
0,8485
0,8508
0,8531
0,8554
0,8577
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0,9345
0,9367
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0,9370
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0,9474
0,9484
0,9495
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Tabauya 2. Teppule 2 000 3naKkoB yHcAa . JleAcTBHTENLHO AH caydafino
MOAB/IEHHE ITHX JECATHYHBLIX 3HAKOB HJAH OHO TMOAYHHAETCA HEKOTOPOMY 3aKOHY?

n=3, +

1415926535 8979323846 2643383279 5028841971 6939937510
8214808641 3282306647 0938446095 5058223172 5359408128
4428810975 6659334461 2847564823 3786783165 2712019091
7245870066 0631558817 4881520920 9628292540 9171536436
3305727036 5759591953 0921861173 8193261179 3105118548
9833673362 4406566430 8602139494 6395224737 1907021798
0005681271 4526356082 7785771342 7577896091 7363717872
4201995611 2129021960 8640344181 5981362977 4771309960
5024459455 3469083026 4252230825 3344685035 2619311881
5982534904 2875546873 1159562863 8823537875 9375195778

3809525720 1065485863 2788659361 5338182796 8230301952
5574857242 4541506959 5082953311 6861727855 8890750983
8583616035 6370766010 4710181942 9555961989 4676783744
9331367702 8989152104 7521620569 6602405803 8150193511
6782354781 6360093417 2164121992 4586315030 2861829745
3211653449 8720275596 0236480665 4991198818 3479775356
8164706001 6145249192 1732172147 7235014144 1973568548
4547762416 8625189835 6948556209 9219222184 2725502542
8279679766 8145410095 3883786360 9506800642 2512520511
0674427862 2039194945 0471237137 8696095636 4371917287

9465764078 9512694683 9835259570 9825822620 5224894077
4962524517 4939965143 1429809190 6592509372 2169646151
6868386894 2774155991 8559252459 5395943104 9972524680
4390451244 1365497627 8079771569 1435997700 1296160894
0168427394 5226746767 8895252138 5225499546 6672782398
1507606947 9451096596 0940252288 7971089314 5669136867
9009714909 6759852613 6554978189 3129784821 6829989487
5428584447 9526586782 1051141354 7357395231 1342716610
0374200731 0578539062 1983874478 0847848968 3321445713
8191197939 9520614196 6342875444 0643745123 7181921799

5679452080 9514655022 5231603881 | 9301420937 6213785595
0306803844 7734549202 6054146659 2520149744 2850732518
1005508106 6587969981 6357473638 4052571459 1028970641
2305587631 7635942187 3125147120 5329281918 2618612586
9229109816 9091528017 3506712748 5832228718 3520935396
6711136990 8658516398 3150197016 5151168517 1437657618
8932261854 8963213293 3089857064 2046752590 7091548141
2332609729 9712084433 5732654893 8239119325 9746366730
1809377344 4030707469 2112019130 2033038019 7621101100
2131449576 8572624334 4189303968 6426243410 7732269780

6655730925 4711055785 3763466820 6531098965 2691862056
3348850346 1136576867 5324944166 8039626579 7877185560
7002378776 5913440171 2749470420 5622305389 9456131407
6343285878 5698305235 8089330657 5740679545 7163775254
0990796547 3761255176 5675135751 7829666454 7791754011
9389713111 7904297828 5647503203 1986915140 2870808599
8530614228 8137585043 0633217518 2979866223 7172159160
9769265672 1463853067 3609657120 9180763832 7166416274
6171196377 9213375751 1495950156 6049631862 9472654736
6222247715 8915049530 9844489333 0963408780 7693259939




ITpodoascerue Taba. 2.

n=3, +
5820974944 5923078164 0628620899 8628034825 3421170679
4811174502 8410270193 8521105559 6446229489 5493038196
4564856692 3460348610 4543266482 1339360726 0249141273
7892590360 0113305305 4882046652 1384146951 9415116094
0744623799 6274956735 1885752724 8912279381 8301194912
6094370277 0539217176 2931767523 8467481846 7669405132
1468440901 2249534301 4654958537 1050792279 6892589235
5187072113 4999999837 2978049951 0597317328 1609631859
7101000313 7838752886 5875332083 8142061717 7669147303
1857780532 1712268066 1300192787 6611195909 2164201989
0353018529 6899577362 2599413891 2497217752 8347913151
8175463746 4939319255 0604009277 0167113900 9848824012
9448255379 7747268471 0404753464 6208046684 2590694912
2533824300 3558764024 7496473263 9141992726 0426992279
5570674983 8505494588 5869269956 9092721079 7509302955
6369807426 5425278625 5181841757 4672890977 7727938000
1613611573 5255213347 5741849468 4385233239 0739414333
5688767179 0494601653 4668049886 2723279178 6085784383
7392984896 0841284886 2694560424 1965285022 2106611863
4677646575 7396241389 0865832645 9958133904 7802759009
2671947826 8482601476 9909026401 3639443745 5305068203
5709858387 | 4105978859 | 5977297549 | 8930161753 | 9284681382
8459872736 4469584865 3836736222 6260991246 0805124388
4169486855 5848406353 4220722258 2848864815 8456028506
6456596116 3548862305 7745649803 5593634568 1743241125
2287489405 6010150330 8617928680 9208747609 1782493858
2265880485 7564014270 4775551323 7964145152 3746234364
2135969536 2314429524 8493718711 0145765403 5902799344
8687519435 0643021845 3191048481 0053706146 8067491927
9839101591 9561814675 1426912397 4894090718 6494231961
6638937787 0830390697 9207734672 2182562599 6615014215
6660021324 3408819071 0486331734 6496514539 0579626856
4011097120 6280439039 7595156771 5770042033 7869936007
7321579198 4148488291 6447060957 5270695722 0917567116
5725121083 5791513698 8209144421 0067510334 6711031412
3515565088 4909989859 9823873455 2833163550 7647918535
6549859461 6371802709 8199430992 4488957571 2828905923
5836041428 1388303203 8249037589 8524374417 0291327656
4492932151 6084244485 9637669838 9522868478 3123552658
2807318915 4411010446 8232527162 0105265227 2111660396
4769312570 5863566201 8558100729 3606598764 8611791045
8455296541 2665408530 6143444318 5867697514 5661406800
1127000407 8547332699 3908145466 4645880797 2708266830
2021149557 6158140025 0126228594 1302164715 5097925923
2996148903 | 0463994713 | 2962107340 | 4375189573 | 5961458901
0480109412 1472213179 4764777262 2414254854 5403321571
7716692547 4873898665 4949450114 6540628433 6639379003
8888007869 2560290228 4721040317 2118608204 1900042296
4252308177 0367515906 7350235072 8354056704 0386743513
7805419341 4473774418 4263129860 8099888687 4132604721




IIpodosricerue Taba. 2.

r=3, +
5695162396 5864573021 6315981931 9516735381 2974167729
4037014163 1496589794 0924323789 6907069779 4223625082
5578297352 3344604281 5126272037 3431465319 7777416031
3162499341 9131814809 2777710386 3877343177 2075456545
3166636528 6193266863 3606273567 6303544776 2803504507
9456127531 8134078330 3362542327 8394497538 2437205835
0408591337 4641442822 7726346594 7047458784 7787201927
8350493163 1284042512 1925651798 0694113528 0131470130
9562586586 5570552690 4965209858 0338507224 2648293972
4803048029 0058760758 2510474709 1643961362 6760449256
2901618766 7952406163 4252257719 5429162991 9306455377
2540790914 5135711136 9410919139 2351910760 2082520261
2784768472 6860849003 3770242429 1651300500 5168323364
1960121228 5993716231 3017114448 4640903890 6449544400
2283345085 0486082503 9302133219 7155184306 3545500766
4611996653 8581538420 5685338621 8672523340 2830871123
2184564622 0134967151 8819097303 8119800497 3407239610
9567302292 1913933918 5680344903 9820595510 0226353536
2711172364 3435439478 2218185286 2608514006 6604433258
0516553790 6866273337 9958511562 5784322988 2737231989
4460477464 9159950549 7374256269 0104903778 1986835938
3634655379 4986419270 5638728317 4872332083 7601123029
0126901475 4668476535 7616477379 4675200490 7571555278
2772190055 6148425551 8792530343 5139844253 2234157623
2276930624 7435363256 9160781547 8181152843 6679570611
3776700961 2071512491 4043027253 8607648236 3414334623
9164219399 4907236234 6468441173 9403265918 4044378051
1266830240 2929525220 1187267675 6220415420 5161841634
9104140792 8862150784 2451670908 7000699282 1206604183
9598470356 2026293486 0034158722 9805349896 5022629174
5771028402 1998066365 8254889264 8802545661 0172967026
5178609040 7086671149 6558343434 7693385781 7113864558
6161528813 8437909904 2317473363 9480457593 1493140529
9203767192 2033229094 3346768514 2214477379 3937517034
8244625759 1633303910 7225383742 1821408835 0865739177
3408005355 9849175417 3818839994 4697486762 6551658276
4043523117 6006651012 4120065975 5851276178 5838292041
7267507981 2554709589 0455635792 1221033346 6974992356
7429958180 7247162591 6685451333 1239480494 7079119153
9289647669 7583183271 3142517029 6923488962 7668440323
9588970695 3653494060 3402166544 3755890045 6328822505
6909411303 1509526179 3780029741 2076651479 3942590298
6922210327 4889218654 3648022967 8070576561 5144632064
2248261177 1858963814 0918390367 3672220888 3215137556
2543709069 7939612257 1429894671 5435784687 8861444581
5510500801 9086996033 0276347870 8108175450 1193071412
1596131854 3475464955 6978103829 3097164651 4384070070
3084076118 3013052793 2054274628 6540360367 4532865105
5020141020 6723585020 0724522563 2651341055 9240190274
2645600162 3742880210 9276457931 0657922955 2498872758



Ipodoaserue taba. 2.

n=3, +
4526379628 9612691572 3579866205 7340837576 6873884266
1443545419 5762584735 6421619813 4073468541 1176688311
9467300244 3450054499 5399742372 3287124948 3470604406
3583446283 9476304775 6450150085 0757894954 8931393944
7643800125 4365023714 1278346792 5101995585 2247172201
7235467456 | 4239058585 0216719031 3952629445 5439131663
9187497519 1011472315 2893267725 3391814660 7300089027
1054967973 1001678708 5069420809 2232908070 3832634534
7550493412 6787643674 6384902063 9640197666 8559232565
3845534372 9141446513 4749407848 8442377217 5154334260
1370924353 0136776310 8491351615 6422698475 0743032971
9637637076 1799191920 3579582007 5956053023 4626775794
8135789400 5599500183 5425118417 2136055727 5221035268
3889710770 8229310027 9766593583 8758909395 6881485602
3624078250 5270487581 6470324581 2908783952 3245323789
8127810217 9912317416 3058105545 9880130048 4562997651
6165356024 7338078430 2865525722 2753049998 8370153487
3938352293 4588832255 0887064507 5394739520 4396807906
5306184548 5903798217 9945996811 5441974253 6344399602
0072629339 5505482395 5713725684 0232268213 0124767945
4555711266 | 0396503439 7896278250 0161101532 3516051965
0135295661. | 3978884860 5097860859 5701773129 8155314951
4466283998 8060061622 9848616935 3373865787 7359833616
4837011709 6721253533 8758621582 3101331038 7766827211
71547570354 6994148929 0413018638 6119439196 2838870543
3055861598 9991401707 6983854831 8875014293 8908995068
1651716677 6672793035 4851542040 2381746089 | 2328291703
4453184040 4185540104 3513483895 3120132637 8369283580
4490453627 5600112501 8433560736 1222765949 2783937064
6202215368 4941092605 3876887148 3798955999 9112099164
8158686952 5069499364 6101756850 6016714535 4315814801
0556211671 5468484778 0394475697 9804263180 9917564228
0259627304 3067931653 1149401764 7376938735 1409336183
5955595546 5196394401 8218409984 1248982623 6737714672
1431885988 2769449011 9321296827 1588841338 6943468285
4165654797 3670548558 0445865720 2276378404 6682337895
4502285157 9795797647 4670228409 9956160156 9108903845
8365620945 5543461351 3415257006 5974881916 3413595567
7948282769 3895352178 3621850796 2977851461 8843271922
8442253547 | 2653098171 5784478342 1582232702 0690287232
6282727632 1779088400 8786148022 1475376578 1058197022
8307332335 6034846531 8730293026 6596450137 1837542889
2679332107 2686870768 0626399193 6196504409 9542167627
1591845821 5625181921 5523370960 7483329234 9210345146
3996122816 1521931488 8769388022 2810830019 8601654941
8052187292 4610867639 9589161458 5505839727 4209809097
4627134946 3685318154 6969046696 8693925472 5194139929
5888676950 1612497228 2040303995 4632788306 9597624936
3547891129 2547696176 0050479749 2806072126 8039226911
2968106203 7765788371 6690910941 8074487814 0490755178



Ipodoascerue Taba. 2.

=3, +
5667227966 1988578279 4848855834 3975187445 4551296563
7634180703 9476994159 7915945300 6975214829 3366555661
4599041608 7532018683 7937023488 8689479151 0716378529
1384987137 5704710178 7957310422 9690666702 1449863746
1963403911 4732023380 7150952220 1068256342 7471646024
0273900749 7297363549 6453328886 9844061196 4961627734
4810688732 0685990754 0792342402 3009259007 0173196036
4495397907 0903023460 4614709616 9688688501 4083470405
2431974404 7718556789 3482308934 1068287027 2280973624
0630792615 9599546262 4629707062 5948455690 3471197299
3831591256 8989295196 4272875739 4691427253 4366941532
0298865925 7866285612 4966552353 3829428785 | 4253404830
0598135220 5117336585 6407826484 9427644113 7639386692
6977631279 5722672655 5625962825 4276531830 0134070922
7099558561 1349802524 9906698423 3017350358 0440811685
2669178352 5870785951 2983441729 5351953788 5534573742
1080485485 2635722825 7682034160 5048466277 5045003126
2432227188 5159740547 0214828971 1177792376 1225788734
2778944236 2167411918 6269439650 6715157795 8675648239
8783419689 6861181558 1587360629 3860381017 1215855272
6435495561 8689641122 8214075330 2655100424 1048967835
3100735477 0549815968 0772009474 6961343609 2861484941
0558642219 6483491512 6390128038 3200109773 8680662877
8936793008 1699805365 2027600727 7496745840 0283624053
6640075094 2608788573 5796037324 5141467867 0368809880
7391253835 5915031003 3303251117 4915696917 4502714943
2342548326 1119128009 2825256190 2052630163 9114772473
1112635835 5387136101 1023267987 7564102468 2403226483
9630878154 3221166912 2464159117 7673225326 4335686146
8850280054 1436131462 3082102594 1737562389 9420751367
4725470316 5661399199 9682628247 2706413362 2217892390
7386480584 7268954624 3882343751 7885201439 5600571048
3604103182 3507365027 7859089757 8272731305 0488939890
9077271307 0686917092 6462548423 2407485503 6608013604
5823626729 3264537382 1049387249 9669933942 4685516483
5220935701 6263846485 2851490362 9320199199 6882851718
5982311225 0628905854 9145097157 5539002439 3153519090
7806101371 5004489917 2100222013 3501310601 6391541589
0594741234 1933984202 1874564925 6443462392 5319531351
9149419394 0608572486 3968836903 2655643642 1664425760
8153740996 1545598798 2598910937 1712621828 3025848112
2994972574 5303328389 6381843944 7707794022 8435988341
1000162076 9363684677 6413017819 6593799715 5746854194
6778113949 8616478747 1407932638 5873862473 2889645643
2961273998 4134427260 8606187245 5452360643 1537101127
5829486191 9667091895 8089833201 2103184303 4012849511
7253558119 5840149180 9692533950 7577840006 7465526031
0425845988 4199076112 8725805911 3935689601 4316682831
7903688786 8789493054 6955703022 6190095020 7643349335
1786227363 7169757741 8302398600 6591481616 4049449650




ITpodoasicenue Taba. 2.

n=3, +
4434803966 4205579829 3680435220 2170984294 2325330225
5678736400 5366656416 5473217043 9035213295 4352916941
0234529244 9773659495 6305100742 1087142613 4974595615
4595280824 3694457897 7233004876 4765241339 0759204340
3354400515 2126693249 3419672977 0415956837 5355516613
4951827369 5588220757 3551766515 9895519098 6665393549
2254756478 9406475483 4664776041 1463233905 6513433068
4607429586 9913829668 2468185710 3188790652 8703665083
8093996270 6074726455 3992539944 2808113736 9433887294
6409089418 0595343932 5123623550 8134949004 3642785271
3610045373 0488198551 7065941217 3524625895 4873016760
8330701653 7228563559 1525347844 5981831341 1290019992
4803118364 4536985891 7544264739 9882284621 8449008777
3343657791 6012809317 9401718598 5999338492 3549564005
5265311709 9570899427 3287092584 8789443646 0050410892
6085902908 1765155780 3905946408 7350612322 6112009373
2008007998 0492548534 6941469775 1649327095 0493463938
7718819682 5462981268 6858170507 4027255026 3329044976
9391760426 0176338704 5499017614 3641204692 1823707648
6683008238 3404656475 8304051380 8016336388 7421637140
2858829024 3670904887 1181900904 9453114421 8287661810
7850171807 7930681085 4690009445 8995279424 3981392135
9239718014 6134324457 2640097374 2570073592 1003154150
4603726341 6554259027 6018348403 0681138185 5105979705
6097164258 4975951380 6930944940 1515422221 9432913021
3151558854 0392216409 7229101129 0355218157 6282328318
3148573910 7775874425 3876117465 7867116941 4776421441
4641766369 8066378576 8134920453 0224081972 7856471983
1865452226 8126887268 4459684424 1610785401 6768142080
2751674573 1891894562 8352570441 3354375857 5342698699
3176085428 9437339356 1889165125 0424404008 9527198378
1194988423 9060613695 7342315590 7967034614 9143447886
0992391350 3373250855 9826558670 8924261242 9473670193
6689511840 0936686095 4632500214 5852930950 0009071510
2611341461 1068026744 6637334375 3407642940 2668297386
3953669134 5222444708 0459239660 2817156551 5656661113
2107119457 3002438801 7661503527 0862602537 8817975194
5780371177 9277522597 8742891917 9155224171 8958536168
0331147639 4911995072 8584306583 6193536932 9699289837
7914710869 9843157337 4964883529 2796328220 7629472823
3890119682 2142945766 7580718653 8065064870 2612289282
0035838542 3897354243 9564755568 4095224844 5541392394
6334893748 4391297423 9143365936 0410035234 3777065888
5987746676 3847946650 4074111825 6583788784 5485814896
4680977870 4464094758 2803487697 5894822824 1239292960
6203534280 1441276172 8583024355 9830032042 0245120728
4461670508 2768277222 3534191102 6341631571 4740612385
7632356732 5417073420 8173322304 6298799280 4908514094
9106024545 0864536289 3545686295 8531315337 1838682656
1173213138 9574106208 8474802365 3710311508 9842799275



MMpodoasicerue Taba. 2.

=3, +
4426853217 | 9743113951 | 4357417221 | 9759799359 | 6852522857
4059909935 | 0500081337 | 5432454635 | 9675048442 | 3528487470
8654489377 | 6979566517 | 2796623267 | 1481033864 | 3913751865
3471606325 | 8306498297 | 9551010954 | 1836235030 | 3094530973
8992161255 | 2559770143 6858943585 | 8775263796 { 2559708167
7772370041 7808419423 | 9487254068 | 0155603599 | 8390548985
1345308939 | 0620467843 | 8778505423 9390524731 3620129476
7689631148 | 1090220972 | 4520759167 | 2970078505 | 8071718638
5203802786 | 0990556000 | 1341371823 | 6837099194 | 9516489600
4639138363 1857456981 4719620184 1080961884 6054560390
3066988317 | 6833100113 | 3108690421 9390310801 | 4378433415
6746964066 | 6531527035 | 3254671126 | 6722246055 | 1199581831
3936307463 | 0569010801 1494271410 | 0939136913 8107258137
0373572652 | 7922417373 6057511278 | 8721819084 | 4900617801
6322439372 | 6562472716 | 0378908144 | 5883785501 | 9702843779
6029841669 | 2254896497 | 1560698119 | 2186584926 | 7704039564
1212415363 | 7451500563 5070127815 | 9267142413 | 4210330156
9300806260 | 1809623815 | 1613669033 | 4111138653 8510919367
7086806445 | 0969865488 | 0168287434 | 3786126543 | 8158342807
9025100158 | 8827216474 | 5006820704 | 1937615845 | 4712318346
2264482091 0235647752 | 7230820810 | 6351889915 | 2692889108
5904211844 | 9499077899 | 9200732947 | 6805868577 | 8787209829
6814671769 | 5976099421 0036183559 | 1387778176 | 9845875810
1338413385 | 3684211978 9389001852 | 9569196780 | 4554482858
5726949518 1795897546 | 9399264219 | 7915523385 | 7662316762
6117432242 | 7680913236 | 5449485366 | 7680000010 | 6526248547
5453076511 6803337322 | 2651756622 | 0752695179 1442252808
2754257508 | 6765511785 | 9395002793 | 3895920576 | 6827896776
8271937831 | 2654961745 | 9970567450 | 7183320650 | 3455664403
7842645676 | 3388188075 | 6561216896 | 0504161139 | 0390639601
6464411018 | 5682770045 | 7424343402 | 1672276445 | 5893301277
0545886056 | 4550133203 | 5786454858 | 4032402987 | 1709348091
0987399876 | 6973237665 | 7370158080 | 6822904599 | 2123661689
3216142802 | 1497633991 8983548487 | 5625298752 | 4238730775
2606163364 | 3296406335 | 7281070788 | 7581640438 1485018841
9006664080 | 6314077757 | 7257056307 | 2940049294 | 0302420498
2827105784 | 3197535417 | 9501134727 | 3625774080 | 2134768260
8245026792 | 6594205550 | 3958792298 | 1852648007 | 0683765041
1964965403 | 2187271602 | 6485930490 | 3978748958 | 9066127250
3223810158 | 7444505286 | 6523802253 | 2843891375 | 2738458923
3300538621 6347988509 4695472004 7952311201 5043293226
2630971749 | 5072127248 | 4794781695 | 7296142365 | 8595782090
7557971449 | 9246540386 | 8179921389 | 3469244741 | 9850973346
8409146698 | 5692571507 | 4315740793 | 8053239252 | 3947755744
2643744980 | 5596103307 | 9941453477 | 8457469999 | 2128599999
6542616968 | 5867883726 | 0958774567 | 6182507275 | 9929508931
8172932393 | 0106766386 | 8240401113 | 0402470073 | 5085782872
1465242385 | 7762550047 | 4852964768 | 1479546700 | 7050347999
1510102436 | 5553522306 | 9061294938 | 8599015734 | 6610237122
0277722610 | 2544149221 5765045081 | 2067717357 | 1202718024




ITpodosxcenue Taba. 2.

n=3, +
4786724229 2465436680 0980676928 2382806899 6400482435
2168895738 3798623001 5937764716 5122893578 6015881617
9906655418 7639792933 4419521541 3418994854 4473456738
3220777092 1201905166 0962804909 2636019759 8828161332
7723554710 5859548702 7908143562 4014517180 6246436267
3114771199 2606381334 6776879695 9703098339 1307710987
7152807317 6790770715 7213444730 6057007334 9243693113
4781643788 5185290928 5452011658 3934196562 1349142415
8584783163 0577775606 8887644624 8246857926 0395352773
2742042083 2085661190 6254543372 1315359584 5068772460
9914037340 4328752628 8896399587 9475729174 6426357455
8798531887 7058429725 9167781314 9699009019 2116971737
3503895170 2989392233 4517220138 1280696501 1784408745
6198690754 8516026327 5052983491 8740786680 8818338510
8282949304 1377655279 3975175461 3953984683 3936383047
2827892125 0771262946 3229563989 8989358211 6745627010
3685406643 1939509790 1906996395 5255300545 0580685501
1920419947 4553859381 0234395544 9597782779 0237421617
8856986705 4315470696 5747458550 3323233421 0730154594
8757141595 7811196358 3300594087 3068121602 8764962867
1465741268 0492564879 8556145372 3478673303 9046883834
9113679386 2708943879 9362016295 1541337142 4892830722
1965362132 3926406160 1363581559 0742202020 3187277605
3610642506 3904975008 6562710953 5919465897 5141310348
0861533150 4452127473 9245449454 236828 8606 1340841486
5189757664 5216413767 9690314950 1910857598 4423919862
3338945257 4239950829 6591228508 5558215725 0310712570
8475651699 9811614101 0029960783 8690929160 3028840026
7180653556 7252532567 5328612910 4248776182 5829765157
8788202734 2092222453 3985626476 6914905562 8425039127
6407655904 | 2909945681 5065265305 3718294127 0336931378
7367812301 4587687126 6034891390 9562009939 3610310291
7634757481 1935670911 0137751721 0080315590 2485309066
4366199104 0337511173 5471918550 4644902636 5512816228
1509682887 4782656995 9957449066 1758344137 5223970968
5848358845 3142775687 9002909517 0283529716 3445621296
9748442360 8007193045 7618932349 2292796501 9875187212
3025494780 2490114195 2123828153 0911407907 3860251522
2673430282 4418604142 6363954800 0448002670 4952482017
2609275249 6035799646 9256504936 8183609003 2380929345
4525564056 | 4482465151 8754711962 1844396582, 5337543885
9695946995 | 5657612186 | 5619673378 | 6236256125 | 2163208628
9279068212 | 0738837781 | 4233562823 6089632080 | 6822246801
0037279839 4004152970 0287830766 7094447456 0134556417
2314593571 9849225284 7160504922, 1242470141 2147805734
2339086639 3833952942 5786905076 4310063835 1983438934
7360411237 3599843452, 2516105070 2705623526 6012764848
7065874882 2596815793 6789766974 2205700596 8344086973
2162484391 4035998953 5394590944 0704691209 1409387001
4610126483 6999892256 9596881592, 0560010165 5256375678



Jlutepatypa no TEOPHH BepoOsTHOCTEH H MaTeMaTHUECKOM
CTATHCTHKe, BHNYUleHHAas! H3AaTeabcTBOM «Mup» ')
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1) HacroslMi CHHCOK /HTEpaTypH NPHBOAHTCA IJs YAOGCTBAa UHTaTedel H
COJEPXXHT KHHIH, BHNYILIEHHbIe H3AaTeJbcTBOM «Mup» B 1970—1979 rr. B 3tux
KHHraX MOXHO HafiTH JNONOJNHHTENbHYIO MHDOPMALHIO MO BONPOCAM, H3JIOXKEHHHM
B AaHHOA kHHre. — [Tpum. ped
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Cekefi T'. Tlapaokcw B Teopuu BepoATHOCTER H MaTeMaTHUeCKOM CTaTHCTHKe,
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